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Abstract: Helioseismology is one of the most successful fields of astrophysics. The observation and character-
ization of solar oscillation has allowed solar seismologists to study the internal structure and dynamics of the
Sun with unprecedented thoroughness. Ground-based networks and dedicated space missions have delivered
data of exquisite quality, enabling the development of sophisticated inference techniques. The achievements
of the fields count, amongst other, the determination of solar photospheric helium abundance, unacessible to
spectroscopic constraints, the precise positioning of the base of the convective zone and the demonstration of
the importance of microscopic diffusion in stellar radiative regions. Helioseismology played also a key role in
validating the framework used to compute solar and stellar models and played an important role in the so-called
solar neutrino problem. In the current era of astrophysics, with the increasing importance of asteroseismology
to precisely characterize stars, the Sun still plays a crucial calibration role, acting as a benchmark for stellar
models. With the revision of the solar abundances and the current discussions related to radiative opacity com-
putations, the role of the Sun as a laboratory of fundamental physics is undisputable. In this brief review, I will
discuss some of the inference techniques developed in the field of helioseismology, dedicated to the exploitation
of the solar global oscillation modes.
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1 Introduction
The study of solar oscillations, coined helioseismology by Douglas Gough, has so far been one of
the most successful field of astrophysics. Thanks to the excellent quality of the data, the precision
of the inferences on the solar structure and the level of details and thoroughness that can be achieved
are unmatched in astronomy. Amongst these successes, one can note the precise determination of the
position of the base of the convective envelope, the determination of present-day helium abundance,
unaccessible to spectroscopy, and the determination of the radial profiles of thermodynamic quanti-
ties as well as the 2D rotation velocity profile inside the Sun [82, 27, 144, 61, 84, 43, 4, 5]. These
inferences have served to validate the framework of the standard solar models [15, 39, 141], which
has since been extensively used to model solar-like stars with asteroseismology. Seismic inference
techniques became more and more sophisticated, establishing the reliability of seismology and its
position as a goldgen path to study stellar structure and evolution. In the meantime, the fundamental
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ingredients of solar and stellar models were being revised, with improvements made on the equation
of state of the solar plasma, the radiative opacities, the transport of chemical elements,... Amongst
those revisions, the most problematic one was the reduction of 30% of the solar heavy element abun-
dance by Asplund et al. [12] which led to the so-called “solar modelling problem”. In this paper, I will
give a brief overview of the field of global helioseismology, focussing on the inferences from normal
acoustic modes using seismic inversion techniques. I will not discuss the field of local helioseismol-
ogy (see for example [68] for a review on this topic) which focusses on studying the properties of the
upper convective zone. I will start in section 2 by a brief history of the observations of solar oscilla-
tions and the future of solar missions. I will then discuss the variational approaches for solar rotation
and structure inversions and present some results of these inferences in sections 3 and 4. Finally, in
section 5, I will briefly discuss how innovative inversion techniques and calibration procedures have
been used to gain insights on the solar modelling problem.

2 Observations
The first observations of the solar five minutes oscillation were made by Leighton et al. [89], us- ing
Dopplergrams from Mt Wilson Observatory and later confirmed by Evans & Michard [64]. Detailed
analyses of the oscillations by Frazier [66] indicated that the oscillations were not purely superficial,
confirming the analysis of P. Mein [92]. Theoretical works by Ulrich [138] and Stein & Leibacher
[129] suggested that the oscillations could be standing acoustic waves. C. Wolff and Ando & Osaki
analysed the stability of such oscillations in the observed frequency and wavenumber range and found
that they could be linearly unstable [147, 3]. Their nature was however made clear when F.L. Deubner
identified ridges in the wavenumber frequency diagrams [53], confirming the fact that the oscillations
were indeed acoustic modes. These observations were independently confirmed by Rhodes et al.
[110] who also used them to make inferences on the properties of the solar convective zone.

Quickly, early works were attempted to constrain the properties of the solar interior using the
observed oscillation frequencies [119, 41, 79, 114]. Brookes et al. [26] and Servenyi et al. [122]
announced the detection of a long period oscillation (≈ 160min) in the solar spectrum which was
found again later in two independent studies. This long-period signal then disappeared from later
observations. The next step was taken by the Claverie et al. [46] and by Grec et al. [74] who provided
observations of modes of low harmonic degrees in the same range of period. Both datasets at low
and high degrees were bridged by Duvall & Harvey [58] who observed low and intermediate degree
oscillation modes. The stage was thus set for the use of solar seismic observations to constrain solar
models (see for example [119, 41, 1, 24, 124] for early works).

In the meantime, observations by Rhodes et al. [111, 54] allowed to determine for the first time
the rotational splitting of high degree p modes. The analysis was extended by Duvall et al. [59] on
intermediate and low degree modes. These observations were then used to infer the properties of the
solar rotation profile (see section 3). With the development of the field, it became clear that long,
uninterrupted time-series where required to provide accurate and precise inferences on the solar inter-
nal structure. The advent of observational programs such as GONG [77] and BiSON [26, 81], using
networks of ground-based observatories provided high-quality data for helioseismic investigations.
With the advent of the SOHO spacecraft [56], in 1996, the quality of the data further improved and
led to the development and extensive use of sophisticated inversion techniques.
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3 Inversions of solar rotation

3.1 Formalism
It is well known from the classical theory of stellar pulsations [38, 139] that for a non-rotating star,
the solutions to the eigenvalue problem are degenerate and all the frequencies can be characterised
by two quantum numbers only, their degree, ` and their radial order, n. However, if the rotation of
the star is taken into account, the symmetry of the system will be broken and the solutions have to be
characterised by three quantum numbers, `, n and the azimuthal order,m. In the case of slow rotation,
as for the Sun, these effects can be treated as a perturbation of the spherically symmetric solutions
and to the first order for a rigid rotation. In that case, the changes on the frequencies are written as

ν±mn,` = ν0
n,` ±mβn,`Ω, (1)

with Ω the rotation rate of the star, νmn,`, the frequency including the effect of rotation, ν0
n,` of the non-

rotating star, and βn,` the Ledoux constant related to rotation. If one considers a differential rotation in
radius, the rotational splitting will be symmetrical and one can apply a variational analysis leading to
an integral relation between the splitting and the rotational profile. If the horizontal variations of the
rotational profile are taken into account, the rotational splitting is not constant anymore. This integral
relation was used in the solar case to carry out inversions of the solar rotation profile. In the 2D case,
the relation reads

δωn,`,m =
mRm

n,`∫ R
0
ρ0

[
ξ2
r,0 + `(`+ 1)ξ2

h,0

]
r2dr

, (2)

withRm
n,` defined as follows

Rm
n,` =

∫ π
0

sin θdθ
∫ R

0

(
|ξr|2Pm

` (cos θ)2 + |ξh|2
[
(
dPm

`

dθ
)2 + m2

sin2 θ
Pm
` (cos θ)2

]
−Pm

` (cos θ)2 [ξ∗rξh + ξrξ
∗
h]− 2Pm

` (cos θ)
dPm

`

dθ
cos θ
sin θ
|ξh|2

)
Ω(r, θ)ρ0(r)r2dr, (3)

which is often written in the so-called kernel form

δωn,`,m = m

∫ R

0

∫ π

0

Kn,`,m(r, θ)Ω(r, θ)rdrdθ, (4)

with Kn,`,m the rotational kernel associated with the splitting denoted δωn,`,m. A review on the
various methods used for rotational inversions can be found in [116]. Other approaches can be used
to express the rotational splitting, following a decomposition of the splitted frequencies in a series of
Legendre polynomial. We refer the reader to e.g. [117, 101, 38] and references therein for additional
discussions of such approaches. In figure 1 we illustrate the behaviour of 1D rotational kernel for
various p-modes observed in the solar spectrum and show in Fig 2 the important complementary
nature of g-modes to constrain the rotation of the solar core.

The first order approximation is well suited for the Sun which we discuss here, or other typical
slow rotators. However, for the sake of completeness, we mention that the first order variational
analysis is insufficient for faster rotating stars. One solution is to use high order perturbative develop-
ments of the variational approach. It is possible to push further the perturbative developments, lead-
ing to higher order expressions (see e.g. [60]). It is also possible to develop fully two-dimensional
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Figure 1: 1D Rotational kernels for low order
pressure modes of a standard solar model built
using the AGSS09 abundances, FreeEOS equa-
tion of state and OPAL opacities.
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Figure 2: Same as Fig. 1, but also including ro-
tational kernels of some gravity modes, show-
ing their capabilities to strongly constrain the
rota- tion of the solar core.

pulsation codes taking into account the complex geometry of the pulsation modes in fast rotators
[107, 106] [105, 108, 98]. Recently, a non-adiabatic version of such a code has been developed [109,
108].

However, the main issue of the fast rotators is the absence of regularity in their oscillation spectra,
making it almost impossible to identify the modes1.

3.2 Results and current questions
The inversion of the solar rotation profile was first carried out by Brown & Morrow [27] and by A.
Kosovichev [82] and was a striking success for helioseismic inferences. Over the years, the improve-
ment of the dataset and of the inversion techniques allowed for a precise 2D cartography of the solar
rotation profile. As can be seen from the results of, for example, Schou et al. [117, 116], the rotational
inversions are unable to probe the deep core and the poles. This is essentially linked to the behaviour
of the kernel functions which are poorly localized in both regions. The low intensity of the kernels
in the central regions is a result of the nature of the oscillation, and the same limitations will apply
to the structural inversions. Their inability to probe the polar regions results from their asymptotic
behaviour with lattitude, falling quickly to 0 at the poles. As a result, even a large number of p modes
do not allow to probe efficiently the solar rotation at the poles. The inversion results of the solar
rotational profile were a surprise for stellar modellers, as theoretical prescriptions predicted a steep
differential rotation in the solar radiative layers. Consequently, the solid-body rotation of the solar
radiative zone was a surprise and called for investigations of additional processes for the transport of
angular momentum.

A few processes were suggested: fossil fields [36, 72, 127], turbulence-induced gravity waves [37]
and the dynamo process suggested by H. Spruit [128, 63]. Recently, plume-induced gravity waves
have also been suggested by Pincon et al. [102, 103] to reproduce the core rotation of subgiants
observed with Kepler. Hence, as the efficiency of these plume-induced waves has been found to be
higher than the ones generated by turbulence, their impact on the rotation profile of solar models

1We refer the interested reader to the work by Lignières et al. [90] and Mirouh et al. [93] and references therein for
further discussion on this topic.
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should also be tested. Currently, all suggested processes can reproduce with more or less the same
degree of agreement the solar rotation profile and thus there is no way to distinguish between them.
There has been some debate as to physical occurence of some of these processes in the litterature but
none has been currently ruled out.

As a matter of fact, the solution to this issue is linked to the unraveling of the rotation of the
solar core. One way to achieve this is by detecting solar gravity modes, which would provide such
a diagnostic. In the past, various detections of these modes have been claimed, with the most recent
being made by Fossat et al. [65]. However, each detection has been highly debated (see e.g. the work
by Schunker et al. [118] and Appourchaux & Corbard [8] discussing the Fossat et al. detection) and
it appears that there is still no undisputed detection of the solar gravity modes. We refer to the paper
by Appourchaux et al. [7] for a review on the history of solar g-mode detections.

Besides classical linear inversions, Corbard et al. [49] have also carried non-linear inversions,
to resolve the rotation in the tachocline region. Their approach is based on a generalization of the
classical Regularized Least Square inversion technique used in helioseismology, better known as the
Tikohnov regularization. This method uses of a smoothing constraint on the second derivative of the
profile of the inverted quantity, which is inadequate to resolve the sharp variations expected in the
tachocline. In addition, Corbard et al. [50] attempted to invert the solar core rotation rate from the
splitting of low degree p modes but found that the results were not robust and thus could not be used
to draw firm conclusions on the solar core rotation rate.

4 Inversions for solar structure
As mentioned above, the detection of the solar oscillations paved the way for the development helio-
seismic inference techniques. The first comparisons were rather simple and consisted in comparing
the frequencies of solar models to the observations. However, it quickly became clear that the small
mismatches in frequencies between theoretical models and observations could be used to truly infer
the properties of the solar plasma. The first inversions were based on the asymptotic approximation
of stellar adiabatic oscillations and used to infer the sound speed profile in the Sun. We will briefly
present this approach in Section 4.1. In Section 4.2, we will discuss the variational formalism of
structural helioseismic inversions and briefly discuss the variables that can be inverted using these
equations as well as the limitations of this formalism.

4.1 Asymptotic inversions
The first solar structural inversions were based on the asymptotic expression of Duvall [57]. The
asymptotic analysis of adiabatic oscillations allows to reduce the 4th order system to a 2nd order
one. This is made by using the so-called Cowling approximation, namely that the perturbation to the
gravitational potential can be neglected in the pulsation equations.

Interesting properties of oscillations in a specific range of ` and n can be derived in the asymptotic
regime of the stellar oscillations, which drove the first helioseismic inferences and defined helioseis-
mology as an inverse problem. A full description of the mathematical developments related to the
asymptotic regime of adiabatic stellar oscillations can be found in [123, 135]2.

Once the Cowling approximation has been used to reduce the order of the system, the equations
can be then rewritten (see [71] for a more thorough discussion) as a function of a modified displace-
ment function

2We also refer the reader to the reference textbook by Unno et al. [139] and the lecture notes by Jrgen Christensen-
Dalsgaard [38] as well as the papers by M. Takata [132, 131] for asymptotic developments applied to mixed modes.
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X = c2√ρ~∇ · ~ξ. (5)

By neglecting the variation of the gravity, g and density, ρ when compared to the perturbed ther-
modynamical quantities, one can obtain a second order differential equation for X

d2X

dr2
= −K(r)X, (6)

with

K(r) = 1
c2

[
S2
`

(
N2

ω2 − 1
)

+ ω2 − ω2
c

]
, (7)

where we defined the acoustic cut-off frequency, ωc as

ω2
c = c2

4HP

(
1− dHP

dr

)
. (8)

If K(r) is positive, the solution will be an oscillating function. However, if K(r) is negative, the
solution will show an exponential behaviour. In the surface layers, the dominant term of K(r) will be
(ω2 − ω2

c ) because S2
` becomes negligible. Consequently, the behaviour of the mode will be dictated

by the difference (ω2 − ω2
c ). If ω < ωc the mode will show an exponential decay in the upper regions

and thus be trapped in the star. If, in contrast, ω is larger than ωc, it will show an oscillating behaviour
in the atmosphere and thus will lose its energy very quickly.

The analytical solution to equation 6 is found by using the JWKB approximation (standing for
Jeffreys, Wentzel, Kramers, and Brillouin) which was used in quantum mechanics and applied by
Unno et al. [139] in the context of stellar pulsations. The fundamental hypothesis is that the solution
will vary faster than the equilibrium quantities. In other words, X(r) varies more rapidly than K(r)
and can be described by a function of the form

X(r) = a(r)eiφ(r), (9)

where φ(r) varies much faster than a(r) and one can derive a local wavelength of the form

n = dφ
dr
. (10)

This solution can be inserted in equation 6 and one can find that the behaviour of the solution will
again be sinusoidal or exponential depending on the sign ofK(r). After some additional mathematical
developments and the proper treatment of the boundary conditions at the reflexion points, one can
derive the asymptotic form of the eigenfunctions and show that the frequencies of modes trapped
between two turning points r1 and r2 must satisfy the following relation

∫ r2

r1

K1/2(r)dr =
(
n− 1

2

)
π. (11)

For pressure modes which have ω2 � |N |2, it can be shown that equation 11 reduces to the
so-called Duvall law [57] ∫ R

rt

(
1− (`(`+ 1))2c2

ω2r2

)
dr

c
= (n+α(ω))π

ω
, (12)
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with α(ω) depending on the surface regions, rt being the lower turning point where S`(rt) = ω and
R the upper turning point where ωc(R) = ω, which is valid for moderate values of `.

This expression can then be used to infer the sound speed profile of a solar model. Equation
12 is an integral equation of the Abell type, which can be inverted analytically to infer the sound
speed profile. A generalization of this expression for high ` modes has been derived by Vorontsov
& Shibahashi [145]. In practice, various techniques have been developed to invert the Duvall law
[70, 40, 1, 24, 25, 124], with some using a differential formulation of the dispersion relation [44, 43].

4.2 Variational approach
The most commonly used formalism to carry out inversions of the solar structure is based on the
variational principle of stellar adiabatic oscillations, which has been derived in a very general context
by [35, 91]. The variational formalism can be used to describe the relation between frequency pertur-
bations and structural corrections in relatively simple form. This was shown by Dziembowski et al.
[62], who wrote the now classical integral relations between frequency perturbations and sound speed
and density corrections:

δωn,`

ωn,`
=
∫ R

0

[
Kn,`
c2,ρ

δc2

c2
+Kn,`

ρ,c2
δρ
ρ

]
dr, (13)

where we have defined theKn,`
c2,ρ, K

n,`
ρ,c2 , the structural kernels of the (ρ, c2) structural pair. It should be

noted that these functions are only depending on unperturbed variables, thus only on the theoretical
model that is built to carry out the inversion. The mathematical expression of the structural kernels is
the following

Kn,`
c2,ρ =

c2ρΛ2
` (r)r2

2En,`ω
2
n,`
, (14)

Kn,`
ρ,c2 = 1

2En,`ω
2
n,`

(
−ω2ρ [ξr(r)

2 + `(`+ 1)ξh(r)
2] r2 + 2ρ(ξr

dφ
′

dr
+ `(`+1)

r
ξhφ

′
)r2

−2ξrΛ`ρGm(r) + 4πGρ2ξ2
rr

2 + 2ξr
dξr
dr
Gρm(r)

−4πρG(
∫ R
r
ξ2
r
dρ
dr

+ 2Λ`ρξrdr̃)r
2 + Λ2

`c
2ρr2

)
, (15)

where

En,` = 4π

∫ R

0

[
|ξ̃n,`r (r)|2 + `(`+ 1)|ξ̃n,`h (r)|2

]
ρr2dr. (16)

This relation has since been extensively exploited to test the internal structure of standard solar
models, confirming their good agreement and thus the relative accuracy of our depiction of solar
structure.

The variational equations can be modified, implying that one has access to more than the just the
sound speed and the density profile of the Sun. This can be done using simple algebra to obtain the
kernels related to density and Γ1 = lnP

∂ ln ρ
|S perturbations. Other mathematical “tricks” can be used

to derive kernels for less obvious structural quantities, such as the Ledoux discriminant or an entropy
proxy, defined as S5/3 = P

ρ5/3
[31, 28]. These methods have been recently used to perform extensive

tests of the internal structure of the Sun, in light of the revision of the solar metallicity by Asplund
et al. [12]. We illustrate some of the structural kernels used for the inversion of the solar structure in
figure 3.

As an illustration, we also show in figures 4, 5 and 6 some inversion results for solar models built
using both the AGSS09 and GN93 abundances combined with both the OPAL and OPLIB opacities,
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Figure 3: Example of structural kernels for the (A,Γ1) structural pair (upper figures) and for the
(c2, ρ) structural pair (lower figures).

illustrating the changes that resulted from the revision of the solar opacities. Similar results can be
found in LePennec et al. [88] for the OPAS opacities and a more extensive investigation of various
inversion results can be found in Buldgen et al. [30]. The dataset used for these inversions is a
combination of MDI and BiSON data [19, 51].

Thanks to these generalized formalisms, any variable that can appear in the adiabatic pulsation
equations can be probed using seismic inversions. This enables to focus the seismic information on
various aspects of the solar structure. The variational approach can also be extended to derive so-
called secondary variables, which do not directly appear in the equations of adiabatic oscillations
[73]. Usually, this is done by assuming that the equation of state of the solar plasma is known.
Using this approach, one can either directly develop the perturbations of the “acoustic” variables
into perturbations of the secondary thermodynamic variables that one wishes to infer, or to fit the
inverted results of the acoustic variables in the computation of a static solar model (see for example
[133, 134, 69, 125]). The variational developments of quantities related to the equation of state have
also been used to seismically infer the helium abundance in the convective zone, using perturbations
to the adiabatic exponent Γ1 following the formula

δΓ1

Γ1

=
∂ ln Γ1

∂ lnP
|ρ,Y,Z

δP

P
+
∂ ln Γ1

∂ ln ρ
|P,Y,Z

δρ

ρ
+
∂ ln Γ1

∂Y
|P,ρ,ZδY +

∂ ln Γ1

∂Z
|P,ρ,Y δZ. (17)

with P the pressure, ρ the density, Y the helium and Z the heavy-elements mass fractions. The
main weakness of equation 17 is its strong dependency on the equation of state of the solar plasma.
This was already noted in early investigations [61, 112], who noted that this was the largest source
of uncertainties. Even the recent investigations by Vorontsov and collaborators [142] show relatively
large uncertainties in their inferences of the chemical composition of the solar envelope, despite the
excellent quality of the seismic data and the thoroughness of the investigation. To circumvent the
problem, other authors have used the adimensional sound speed gradient, defined as

W (r) =
1

g

dc

dr
, (18)
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Figure 4: Squared adiabatic sound speed inversions for standard solar models built using the AGSS09
and GN93 abundances combined with both the OPAL and OPLIB opacity tables.

to constrain the helium abundance in the solar envelope, with g = Gm
r2

. While this quantity is certainly
less directly sensitive to the equation of state, the inference still relies on the reproduction of the Γ1

properties in the helium ionization regions, which are undoubtedly influenced by the properties of the
solar equation of state.

Seismic inversions have also been used to infer constraints on the heavy element abundances in the
solar envelope. The first of such an investigation was presented in Takata & Shibahashi [130], before
the revision of the solar abundances. Elliott also investigated the behaviour of Γ1 to determine the
agreement of various equations of state to helioseismic results [64]. They report a good agreement
for the GS98 metallicity value but do not attempt to infer it directly from the inverted Γ1 profile,
given its strong dependency in the equation of state. Since then, various groups have made similar
attempts, following different approaches. Basu & Antia attempted to determine the heavy elements
abundance in the solar convective region by analysing the behaviour ofW (r) and found an abundance
in agreement with the GS98 determination [21].

More recently, Vorontsov et al. [142, 143] pointed out the limitations of the study by Antia &
Basu and Basu & Antia [21, 6], stating that the equation of state they used was not suitable for such
detailed investigations. They carried out an extensive study of the properties of the solar convective
envelope and determined a low value for the solar metallicity, in agreement with the Asplund value
[11, 12]. In 2017, Buldgen et al. [29] carried out an independent study and confirmed the results
of Vorontsov et al. [142], noting however the strong dependency on the equation of state and on the
properties of the underlying reference model.

The results of seismic inversions have been used to build so-called seismic solar models [20, 133,
69]. These models do not stem from a standard calibration using evolutionary sequences, but from a
reconstruction of the solar structure using helioseismic data assuming hydrostatic and thermal equi-
librium. These models have been used to infer the properties of the solar tachocline [134], constrain
solar axions [146, 126], but also as “helioseismic” references for comparisons to solar models of
various groups.

Given the importance of opacity to infer properties of the solar structure, the variational formal-
ism has also been extended to the computation of so-called “opacity kernels” [137], which are use to
express the discrepancies of acoustic variables in terms of opacity modifications. These are imple-
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Figure 5: Entropy proxy inversions for standard solar models built using the AGSS09 and GN93
abundances combined with both the OPAL and OPLIB opacity tables.

mented following a perturbative approach, considering a linear response of the structural properties
of a model to opacity changes

δc

c
=

∫
Kc(r, T )δ log κ(T )d log T, (19)

δ lnφν =

∫
dKφ(r, T )δ log κ(T )d log T. (20)

Examples of these opacity kernels can be found in [140, 141]. The main hypothesis of this ap-
proach is that the models will respond linearly to the opacity changes, which is valid within a small
range of opacity modifications. Moreover, such variations are static inferences and may not reflect
the impact of opacity changes over the whole duration of a solar evolutionary sequence.

Analysing these opacity changes is of particular importance in the context of the solar modelling
problem and the potential sources of uncertainties in the Sun that may contribute to the current dis-
crepancies. We will further discuss these points in section 5.

One major difficulty when computing any structural helioseismic inversion is dealing with the
so-called surface effects. The issue is well-known in both helio- and asteroseismology and results
from the shortcomings of both the computation of solar and stellar oscillations, and that of the stellar
models. It is now well-known that the solar pressure modes are generated in the upper parts of the
turbulent convective envelope. Hence, the understanding of the driving and damping of the oscilla-
tions is intrisically linked to the turbulent closure problem the upper layers of the star, as well as to the
non-adiabatic properties of convection, both of which are poorly modelled and understood in stellar
conditions.

Thus, the surface effect is often said to arise from both a model and a modal contribution, the
former being related to the poor modeling of the properties of the equilibrium structure of the upper
parts of convective envelopes and the latter being related to the non-adiabatic properties of the oscil-
lation modes, resulting from the driving and damping by turbulent convection. In nearly all studies of
solar-like oscillations, including the Sun, oscillations are computed using the hypothesis of adiabatic-
ity, which is justified in the deep layers of the star only. The variational formalism is no exception,
as the hypothesis of adiabaticy is required to derive the symmetry properties of the operator of stellar
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Figure 6: Ledoux discriminant inversions for standard solar models built using the AGSS09 and GN93
abundances combined with both the OPAL and OPLIB opacity tables.

oscillations, leading in turn to the integral expressions used in the inversions. Furthermore, a few
boundary terms of integration by parts are neglected in the derivation of the integral relations between
frequency and structure, further contributing to inaccuracies in the surface layers.

The surface effects have been thoroughly studied in the solar case and are most often empirically
modelled following a parametrization of the observed trend. From a theoretical point, one can im-
pose that the perturbation generated from the surface effects, that we will note δDsurf , is only of high
amplitude in the surface layers. At a given frequency, it is possible to show that the behaviour of the
eigenfunctions does not depend on ` in the surface regions, especially for low degree modes.

As a first approximation, it is assumed that the eigenfunctions do not depend on ` and this allows
to define an equation similar to equation 13 for the surface effect

< ~ξn,`, δDsurf (~ξn,`) >

2ω2
n,`

= En,`
δωn,`
ωn,`

. (21)

This equation is formally very similar to equation 13, since we are trying to determine the impact
of a perturbation of the model on the frequencies. In this particular case, the perturbation is located in
the surface regions and equation 20 will thus behave like the eigenfunctions in these regions. In other
words, it will not be strongly dependent on `, especially if the modes are of low degree. We follow
here the developments of Christensen-Dalsgaard [38], introducing a Qn,` function defined as

Qn,` =
En,`

Ē0(ωn,`)
, (22)

with Ē0 being the inertia of the radial mode at a fixed ω, interpolated in ωn,`. One obtains the
following relations

Qn,`δωn,` =
< ~ξn,`, δDsurf (~ξn,`) >

2ωn,`Ē0(ωn,`)
. (23)

Christensen-Dalsgaard [38] illustrates the effects of this scaling for a comparison between a ref-
erence model and a model with a modified opacity in the upper regions. Consequently, this implies
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that the quantity Qn,`δωn,` is largely independent of ` and, in turn, the surface corrections will also
only depend on ω for a given `. A first correction is thus to apply this scaling method to eliminate
the ` dependency of the surface effects. However, this scaling is not sufficient to correct the observed
biases.

From the analysis of the variational equation 13, we know that no particular care is taken to
account for the surface effects. Indeed, the hypotheses of equation 13 are not satisfied in the surface
regions and these inaccuracies mean that there is no theoretical expression for Dsurf . Thus, we have
to add another function to the integral relations, attempting to take into account surface effects. This
function is usually denotedF(ω). Using theQn,` factor to normalise the expression, one gets a surface
term independent of `. In fact, F(ω) is simply an empirical modelling of the effects of the operator
δDsurf , whose form is unknown. For the (ρ, c2) structural pair, one gets the following relation

δωn,`

ωn,`
=
∫ R

0

[
Kn,`
c2,ρ

δc2

c2
+Kn,`

ρ,c2
δρ
ρ

]
dr + F(ω)

Qn,`
. (24)

The inversion technique now includes an additional function, taking into account the surface ef-
fects that need to be either modelled or eliminated. In practice, it can also be shown that F must
be a slowly varying function of frequency because any sharp variation in the structure leads to an
oscillating signature in the frequencies whose frequency is proportional to the acoustic depth of the
perturbation. In the case of surface effects, this signature is going to be very slowly varying.

Usually, the F function is modelled using Legendre polynomials to reproduce the surface effect
and including in the inversion technique an additional condition imposing

∑
i

ci(r0)F(ωi) = 0. (25)

This additional condition thus states that the model of the surface effect should be simultaneously
cancelled by the inversion as it computes the inversion coefficients used to recombine the frequencies.
In practice, the series of Legendre polynomial goes up to order 6 or 7. One should note that there is
no physical justification behind the choice of the Legendre polynomials and that one rather speaks of
“well chosen functions3”.

3See [38] for some additional discussion on this topic.
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Another method to model surface effects is to use a low-pass filter on the oscillation data [22].
One then uses an asymptotic form of the relation between frequency and structure, in the form

Si
δωi
ωi
' H1(

ωi
L

) +H2(ωi), (26)

where L = ` + 1/2. This expression is derived from the perturbative analysis of the asymptotic
relations of pressure modes given in equation 12. The exact analytical expression of the functions
H1 and H2 can be found in [42]. The filtering is done in three steps, with the hopes of delivering a
correction for the surface effects in the form∑

i

aiSi
δωi
ωi

= F(ωi). (27)

First, one fits a spline combination to equation 25. This allows to obtain an equation linking frequency
corrections toH2(ω).

The second step is then to apply a low pass filter to this relation to isolate any slowly varying
function of ω. One then obtains a filtered function,H2(ω), that is supposed to be linked to F(ω).

Thirdly, one fits this filteredH2(ω) to obtain a relation similar to equation 26. This fit then allows
to define coefficients to correct the individual frequencies such that one eliminates the surface effects
based on the asymptotic fit. One should note that due to this correction, the structural kernels are
modified and have much lower amplitudes in the surface regions. This method has the disadvantage of
introducing correlations between frequency differences, meaning that the treatment of the propagation
of errors is also slightly more expensive numerically.

5 The solar modelling problem
Following the revision of the abundances by [11, 10, 9], the helioseismic community was confronted
to a significant reduction of the agreement of standard solar models with inverted profiles. The revised
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abundances were subject to some controversy and various claims stated that they disagreed with
helioseismology. Further work by Asplund and collaborators [12] confirmed the revision and thus
the “solar metallicity problem”. Caffau and collaborators [32], using different hydrodynamical model
than the group of M. Asplund, carried out a re-analysis of solar spectra and found an intermediate
value for the solar metallicity. Further investigations were made to determine whether the origin of
the discrepancies stemmed from the atmosphere models. These analyses concluded that the small
differences in the models could not explain the abundance differences and that the discrepancies
between abundance determinations were likely due to the use of different spectral lines, which, in the
case of blends [2], could cause an overestimation of the chemical abundances.

The solar problem has since been a tedious issue, as the solution might stem from various con-
tributions of constituents of the standard solar model such as the opacities, the equation of state, the
computation of microsopic diffusion and the heavy element abundance itself, since it is of course
subject to uncertainties. However, the issue has also led modellers to discuss extensively the lim-
itations of the standard model framework. For example, the potential of overshooting at the base of
the convective zone to reconcile low metallicity models with helioseismic constraint (see e.g. [120,
16, 76, 75, 95, 52, 121]), or scenarios involving accretion of material or intense mass loss in the early
days of the solar evolution (see e.g. [34, 148]).

To this days, no clear solution to the solar modelling problem has emerged, despite the publication
of updated opacity tables by various groups [94, 48]. In 2015, Bailey and collaborators [17] published
results of the first experimental measurements of iron opacity in the physical conditions of the base of
the convective envelope. These results led to intense discussions in the opacity community (see e.g.
[96, 23, 97, 85, 80, 104]), as the measurements suggested a very significant underestimation of the
opacity by theoretical calculations. While theoretical calculations are ongoing [99, 152, 86], it is also
important to point out the efforts of independent experimental determinations [113, 78, 100, 33, 47,
55].

Besides the opacity issue, a recent revision of the neon over oxygen ratio from analyses of the
solar corona has also been concluded by two independent studies [87, 150]. This revision significantly
improves the agreement of AGSS09 models with helioseismic constraints, although not back to the
level of agreement of GS98 models.

The main difficulty in trying to constrain the solar modelling problem using helioseismology
stems from the fact that seismic analyses do not directly probe key quantities such as the opacity
or the mean molecular weight. There will always be some degree of degeneracy in helioseismic
inferences, which leads to difficulties in pinpointing the exact causes of the discrepancies. Besides
helioseismic inversions, more direct constraints such as the so-called frequency ratios of low-order
pressure modes [115] to constrain the properties of the deep radiative layers of solar models. We
illustrate in figure 9 the changes that can be observed by changing the opacity tables and chemical
abundances of solar models.

An example of such degeneracy is illustrated in Buldgen et al. [30], where combinations of
various seismic inversions are used to draw conclusions on the solar modelling problem. Another
approach is to use seismic solar models to draw inferences on the properties of other secondary
thermodynamical quantities as in [125] for example. Other approaches include so-called extended
solar calibrations, as discussed in Section 4. These calibrations [13, 14], using more constraints
than a classical standard model calibration, allow for the inclusion of non-standard corrections to the
models, such as modifications of the opacity or the nuclear reaction rates. Interestingly, they draw
similar conclusions to the study by Buldgen et al. [30] and other studies using seismic models or
ad-hoc corrections to the models. Perhaps one of the most significant conclusion from these studies is
that a revision of the opacity on a restricted domain in temperature will not be sufficient to reconcile
low metallicity models with helioseismology.
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Figure 9: Frequency ratios of low order pressure modes observed by the BIrmingham Solar Oscilla-
tion Network compared to standard solar models built using both the GN93 and AGSS09 abundances
combined with the OPAL and OPLIB opacities.

Combining the inferences from seismic solar models with various structural inversions to these
calibrations may perhaps provide a way to test with unprecedented thoroughness the ingredients of
solar models. For example, helioseismology has clearly proven to be able to probe the temperature and
chemical composition gradient just below the base of the convective envelope. Such investigations
could provide stringent constraints on the properties of overshooting in stellar envelopes and perhaps
a crucial reference point for more realistic prescriptions [149, 109, 151, 67].

6 Conclusion
In this brief review, I have discussed some of the main inference techniques that have been used to
exploit the information of the solar global oscillations. More detailed discussions can be found in
more extended reviews (e.g. [45, 136, 18, 83]).

It is obvious that the main current issue in the analysis of the global solar oscillations is the inad-
equacy between the helioseismic constraints and standard solar models built using the revised solar
spectroscopic abundances. While it is certain that these determinations have their own uncertainties,
there seems to be no indication that further revisions would reincrease the solar metallicity back to
its value inferred from the empirical 1D model. Consequently, the low abundances are here to stay,
and it is up to seismologists and modellers to attempt to determine the origin of the discrepancies and
reduce them.

In this context, global helioseismology has a strong potential and a bright future. With a tremen-
dous amount of data to exploit, a large variety of new methods to implement and exploit, and a strong
implication of numerous groups involved in the refinements of the physical ingredients of the solar
and stellar models.

However, the stakes of the solar problem are not only a matter of detailed discussions about the
solar structure. Indirectly, a revision of the ingredients of solar models will snowball into a revision
of the model grids used widely in astrophysics to study all other stars in the Universe and is already
leading to intense discussions about the modelling of radiative opacities in stellar conditions. As such,
the Sun remains to this day a wonderful laboratory of fundamental physics on both microscopic and
macroscopic scales.
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