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Abstract 

Class-modelling methods aim to predict the conformity of new unknown samples with a single target 

class, using statistical decision rules built exclusively with objects of that class. This article introduces 

a novel class-modelling method for spectral data. The method uses the concept of 𝛽%-prediction band 

for functional data to classify spectra. The band is defined by an upper and a lower limiting spectra 

which delimit critical trajectories for 𝛽% of future spectra of the target class. It is constructed in three 

main steps: firstly, a naïve bootstrap sample of calibration spectra is projected onto a parsimonious 

principal component (PC) basis and their scores are estimated. The posterior predictive distribution of 

the scores on each PC is estimated using a Bayesian zero-mean normal model. This procedure is 

repeated on naïve bootstrap estimations of the PCs to obtain the predictive distribution of the scores. 

These enable to account for all modelling uncertainties including the random deviation of scores from 

their zero-mean on each PC, uncertainty in the variance of scores (eigenvalue) on each PC, and 

uncertainty in the PC estimations. Secondly, the predicted scores are back-transformed to the original 

signal scale to obtain the predictive distribution of future spectra. Thirdly, the predicted spectra are 

ranked to select the 𝛽% most central ones as typical set, whose ranges of variation are used to 
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construct the simultaneous limits of the band. Once the band is constructed, reconstructions of future 

unknown test spectra by bootstrap PC models are projected onto it, and the extent to which they 

overlap with it is used to decide their acceptance or rejection. The statistical properties and 

classification performances of the proposed prediction band are evaluated on real near-infrared 

datasets and compared to the well-known soft- independent modelling of class analogy (SIMCA) 

model. The results of the evaluation provide evidence that the proposed prediction band possesses 

satisfactory predictive performances. It even outperforms the SIMCA while offering attractive 

advantages like risk-management and straightforward physical interpretability of outlyingness 

patterns of tested spectra. 

1. Introduction 

Class-modelling (CM) is an important family of semi-supervised classification methods, fundamental 

to multivariate pattern recognition in analytical chemistry [1,2]. These methods primarily aim at 

predicting the belonging of future unknown objects to a given class, called the target class. These 

classifications are based on statistical decision rules built using a set of objects belonging exclusively 

to that class. Mathematically, this is achieved firstly by building a prediction space of acceptable 

variation of some attributes for regular or typical objects of the target class, and secondly by verifying 

whether the same attributes for any future unknown object comply with the predicted space or not. 

Hence, conceptually, CM methods resemble multivariate outliers or extreme objects detection 

methods [2e6], and are based on reference spectrum data only, as with auto-encoders. If there is more 

than one class, a model is built for each, independently of the others. As a result, the prediction spaces 

of two or more classes may overlap and new objects may be assigned to two or more classes [7,8]. The 

principal motivation of using CM methods, instead of discriminant classification methods, lies in the 

fact that they do not require information about objects belonging to non-target classes to define 

decision rules. Thus, they are more appropriate for authentication and verification issues where non-

target or alternative classes are generally not known [2,5]. 

In an ever-growing number of CM applications, measurements on objects are one-dimensional 

functional spectral data. This means that, the observation for each object consists of a set of signal 

values measured along a possibly infinite sequence of (ordered) values of a spectral variable (e.g. NIR 

wavelengths or Raman shifts) [9]. These observations are assumed to be values of an underlying 

random smooth curve, which are measured at a finite grid of points, possibly with noise. Because of 

this continuum of the spectral variable, functional data differ from standard multivariate data and 

specific statistical methods that account for this peculiarity may be devised for them. Such methods 

are known as functional data analysis (FDA) and include for example functional principal component 

analysis and functional regression models [9e11]. Typical examples of functional data in chemistry 

include spectroscopic curves such as near-infrared (NIR) and Raman spectra [9,11]. For instance, the 

studies depicted in the present paper aims at identifying drugs having similar compositions based on 

their NIR spectral signature taken through their unopened blister. 

There exists a small number of CM methods used to analyze spectroscopic data in chemometrics, all 

of which are exclusively multivariate methods in nature, meaning that they do not account for the 
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intrinsic functional nature of the spectrum. Briefly, these methods generally proceed first by selecting 

a parsimonious projection subspace (e.g. a principal components’ subspace) to represent the dataset 

as a cloud of points. Second, a univariate outlyingness metric is estimated for each observed spectrum 

in that subspace (e.g. the Mahalanobis distance). Third, assuming a probability distribution of the 

estimated outlyingness metric, a statistical confidence region is determined as acceptance space for 

testing unknown future spectra [1,6]. Typical representatives are: the soft independent modelling of 

class analogy (SIMCA) method which uses as outlyingness metric the so-called orthogonal distance (Q-

statistic) and score distance (T2-statistic) or a combination of both [5,12,13]; and the unequal class 

modelling (UNEQ) method which uses as outlyingness metric the Mahalanobis distance of each object 

from the centroid of the class [14]. These methods are well-established among the chemometric 

community, SIMCA being the most prominent one [1e3,6]. 

The present article aims at introducing a novel approach of class-modelling for spectroscopic data, 

especially NIR data. The proposed approach uses as classification rule, the concept of prediction band 

for a random spectrum, which extends the well-known concept of two-sided prediction interval for a 

random variable to random curves. In this approach, each measured spectrum is considered as an 

observation of an underlying random smooth spectrum. Then, a Bayesian zero-mean model of 

principal component (PC) scores combined with a naïve bootstrap of the PC decomposition are used 

to estimate the predictive distribution of future spectra given the observed spectra. This distribution 

predicts the expected trajectories of the spectral population of the target class that might be observed 

in the future given the observed dataset. It accounts for all types of modelling uncertainties including 

uncertainties in the mean spectrum and the PC decomposition quantities involved in estimating the 

spectrum-level deviation from the mean spectrum (i.e. eigenvalues, eigenfunctions and number of 

eigenfunctions). Eventually, a statistical prediction band is defined to include the most central 

(deepest) spectra of the predictive distribution, using the concept of functional depth statistics [15]. 

This band defines critical boundaries for acceptable trajectories for future spectra of the target class. 

It is delimited by an upper limiting spectrum and a lower limiting spectrum, which are defined so that 

the band contains on average, a pre-specified proportion of future spectra of the target class, the most 

central ones. If the reconstructions of an unknown tested spectrum are inside this band, entirely or 

partly, with a certain probabilistic or risk criterion, it is accepted as conforming to the target class. 

Otherwise, it is considered as an outlier. Moreover, the band may be used to derive further information 

about the outlyingness patterns of spectra of target and non-target classes, by computing for any 

tested spectrum interpretable outlyingness metrics such as the proportion of points outside the band. 

This information may be used to further tune classification rules, similarly to decision rules used in 

control charts, say tolerating a small number of points outside the band. 

Compared to the existing CM methods like the SIMCA, the proposed approach has several attractive 

advantages. First and foremost, because it models the whole spectrum, it enables to analyze the 

outlyingness pattern of tested unknown spectra alongside the spectral variables, hence enabling more 

interpretable classification results, e.g. identifying the subset of spectral variables where departure 

from reference limits is observed. Second, it is fully predictive as it accounts for all relevant modelling 

uncertainties. Hence, it is more correctly interpretable as probabilistic prediction region for a single 

future spectrum of the target class. Overall, the proposed approach provides a comprehensive 
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assessment of outlyingness behaviour of a tested spectrum while being fully predictive, risk-oriented 

and practically implementable. 

The article is organized as follows. Section 2, details the statistical concepts and techniques upon which 

the proposed CM method is based. The concept of prediction band as classification rule is explained 

(Section 2.1) and the workflow of the method to construct it is briefly and schematically presented 

(Section 2.2). Then, Section 2.3 to 2.10 detail the statistical models and estimation techniques involved 

in this workflow including the functional class-model (Sections 2.3-2.4), and its estimation and the 

prediction of the future curves (Sections 2.5-2.8), the construction of the band limits (Section 2.9) and 

the proposed probabilistic procedures to test the conformance of unknown spectra (Section 2.10). 

Section 3 presents the methodologies to evaluate the statistical properties and performances of the 

prediction band, and to compare them to those of the benchmark SIMCA model using four real NIR 

datasets. Section 4 presents the results of the evaluation studies and discusses the advantages and 

possible limitations of the prediction band, compared to the SIMCA model. Conclusions and 

opportunities for research and improvement are presented in Section 5. 

2. Method 

2.1. CONCEPT OF PREDICTION BAND FOR A SINGLE FUTURE SPECTRUM 

The concept of prediction band for a next future spectrum is the foundation of the classification rule 

of the proposed CM method. This band is simply a conceptual and mathematical extension of the 

concept of two-sided prediction interval for a univariate random variable to a functional variable. To 

recall, a prediction interval for a single future observation with confidence level 𝛽%, denoted 𝛽%-

prediction interval, is a statistical interval with an upper and a lower limits, inside which a future 

observation of the same population would fall with a confidence 𝛽% [16]. It is also interpreted as a 

𝛽%-expectation tolerance interval, which is an interval inside which a prespecified proportion 𝛽% of 

the sampled population falls on average [17]. Such statements are not possible with a confidence 

interval, which provides an interval estimate of a population parameter (e.g. the mean or the standard 

deviation). These intervals are used to define reference regions in analytical conformity testing 

problems such as the well-known total analytical error profile [18,19]. Several statistical approaches 

have been proposed to construct such intervals, including the Bayesian approach [17,20]. In this 

approach, the interval is computed using quantiles of the so-called posterior predictive distribution of 

the outcome of interest, to select its most central range [17,20]. This is the probability distribution of 

a future outcome that accounts for both model error and uncertainty about unknown model 

parameters [20]. 

By analogy with a two-sided prediction interval for a single future univariate observation, this work 

defines a prediction band for a spectral curve as a statistical band, delimited by an upper and a lower 

limiting spectra, and inside which one can state with a confidence level 𝛽% that a single future 

spectrum from of the same spectral population falls. However, because there might exist substantial 

uncertainty in the estimations of an unknown tested spectrum to be tested, these estimations may fall 

entirely or partly inside the band, i.e. they may overlap with the band partly or entirely. This 
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uncertainty in the estimations of unknown spectra to be tested is also considered to define 

probabilistic procedures for testing their conformity. 

2.2. WORKFLOW OF THE METHOD TO BUILD A 𝜷%-PREDICTION BAND 

The methodology used to construct a 𝛽%-prediction band combines two major statistical techniques: 

firstly, a Bayesian zero-mean model on mean-centered principal component (PC) scores combined with 

a naïve bootstrap of the PC decomposition [21]. This technique is used to derive the predictive 

distribution of a future spectrum given the observed dataset. The workflow of this technique is 

summarized in Fig.1. Secondly, a non-parametric centrality or depth statistics [15] is used to perform 

a center-outwards ranking of the predicted spectra, hence enabling to choose the most central ones 

as typical and to set the limits of the band. 

Fig.1. Statistical workflow to compute the predictive distribution of future spectra of the target class. The whole workflow is 
repeated on naïve bootstrap submatrices of the spectral matrix to account for uncertainties in the mean spectrum, the 
eigenfunctions, and the number of eigenfunctions. Notations: 𝒀 is the 𝑁 ×  𝐾 spectral matrix, where 𝑁 is the number of 
spectra and 𝐾 is the number of spectral variables; 𝒀𝑏 is an 𝑛 ×  𝐾 submatrix of 𝒀 at bootstrap iteration 𝑏 (𝑏 =  1, … , 𝐵), 

where 𝑛 <  𝑁 is the number of randomly sampled spectra at each bootstrap iteration; 𝜑̂b is 𝐾 ×  𝑅̂𝑏the matrix of values of 

eigenfunctions at the 𝐾 spectral variables and 𝜑 ′̂
b is its transpose, where 𝑅̂𝑏is an estimated truncation point of the PCs at 

bootstrap iteration b; 𝑪𝑏 is an 𝑛 ×  𝑅̂𝑏 matrix of PCs’ scores; 𝑪̃b and 𝒀̃b  are respectively 𝑀 ×  𝑅̂𝑏 and 𝑀 × 𝐾 matrices of 
predicted PCs scores and predicted spectra, where 𝑀 is the total number of predictions at each bootstrap iteration.  

 
 

The Bayesian zero-mean model on PC scores involves as a first step, projecting each preprocessed and 

mean-centered spectrum onto a truncated principal component (PC) basis, which may be either the 
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standard PC or the functional PC bases. The core idea of functional PC analysis is to estimate smoothed 

eigenfunctions, enabling a proper control of overfitting while preserving all the properties of standard 

PC analysis, including decorrelation of the signal, energy conservation and sparsity [21]. In a second 

step, the scores on the selected PCs are modelled using a Bayesian zero-mean normal model, and their 

posterior predictive distribution accounting for uncertainties in the eigenvalues given the PC 

decomposition is derived. This posterior predictive distribution is then back-transformed to the original 

signal space to obtain the posterior predictive distribution of future spectra given the PC 

decomposition and the spectral data (Fig. 1). These modelling steps are repeated on naïve boostrap 

submatrices of the dataset to account for uncertainties in the PC decomposition quantities (mean 

spectrum, eigenfunctions and number of eigenfunctions). This bootstrap is necessary as modelling 

uncertainties about the PC decomposition within a Bayesian Markov Chain Monte Carlo (MCMC) 

sampler is not trivial. This enables to obtain an appropriate estimation of the predictive distribution of 

future spectra given the observed dataset. This distribution predicts possible trajectories of the 

spectral population accounting for all modelling uncertainties including the uncertainty about the 

mean spectrum and uncertainties about the PC decomposition quantities involved in estimating the 

spectrum-level deviation from the mean spectrum (eigenvalues, eigenfunctions and number of 

eigenfunctions). 

The depth concept generalizes the univariate concepts of rank and order statistics to functional data 

[15]. It enables a center-outwards non-parametric ranking of the predicted spectra [15], the selection 

of the most central ones and the definition of the limits of the prediction band based on the trajectories 

of most central or deepest predicted spectra. 

All these modelling procedures are detailed in Sections 2.3-2.9. The algorithms and codes to implement 

them are available on request. 

2.3. MODEL OF THE RANDOM SPECTRUM VARIATION 

Assume that 𝑦(𝑡) is a random spectrum characterizing some analytical features of a given target 

product, where is the spectral variable (e.g. wavelength or Raman shift with a possibly infinite number 

of values). 𝑦(𝑡) is assumed to be of finite-energy, i.e. the integral of its squared absolute value is finite. 

This assumption is necessary for basis representations of 𝑦(𝑡). 

The generic class-model that accounts for the random variation of 𝑦(𝑡) is a functional mean-model, 

written 

  

and its truncated Karhunen-Loève decomposition [21] is written 

 

where µ(𝑡) is the expected spectrum; µ(𝑡) is the random deviation of 𝑦(𝑡) from µ(𝑡); 𝜑𝑟(𝑡)(𝑟 =

1, … , 𝑅) is the 𝑟-th orthonormal eigenfunctions of the covariance surface of 𝑦(𝑡) with associated 

eigenvalues 𝜆𝑟 ; 𝑅 ≥  1 is the basis truncation point, i.e. number of eigenfunctions selected out of a 

possibly infinite set to approximate 𝑦(𝑡); 𝑐𝑟 (𝑟 = 1, … , 𝑅) is the score of 𝑦(𝑡) associated with 
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eigenfunction 𝜑𝑟(𝑡) ; 𝑐𝑟 is a zero-mean random variable with variance 𝜆𝑟, uncorrelated with any other 

score variable 𝑐𝑟′  (𝑟 ≠  𝑟’); hence, it may be modelled and predicted in subsequent analyses by 

assuming a convenient probabilistic model [21,22]. If 𝑦(𝑡) is gaussian, then 𝑐𝑟   is independent of 𝑐𝑟′  

(𝑟 ≠  𝑟’) and normally distributed, 

 

In Equation (3), 𝜆𝑟   is the unknown model parameter to be estimated if µ(𝑡), 𝜑𝑟(𝑡) and 𝑅 are fixed or 

known [23]. In fact, µ(𝑡), 𝜑𝑟(𝑡)and 𝑅 are also unknown random quantities [22] and hence are 

considered as hyperparameters upon which the model in Equation (3) is conditioned [22,23]. Hence, 

they must be estimated from discretized and noisy observations of 𝑦(𝑡), and uncertainties in their 

estimations can reasonably be accounted for by a naïve bootstrap procedure, i.e. by performing PC 

decompositions on bootstrap samples of the observations [23]. 

2.4. DESIGN AND BOOTSTRAP MODEL FOR NOISY OBSERVATIONS 

Suppose that 𝑁 independent and noisy realizations of 𝑦(𝑡) are observed at discretized values of 𝑡 . In 

other words, 𝑁 spectra (indexed by 𝑖 =  1, … , 𝑁) are independently sampled from the target class, and 

the intensities of each spectrum is measured at 𝐾 ordered and equally spaced values 𝑡𝑘(𝑘 =  1, … , 𝐾) 

of 𝑡, with homoscedastic measurement noise. Let 𝒕 =  [𝑡1 , … , 𝑡𝐾 ] denotes the 1 ×  𝐾 vector of the 

equispaced values of 𝑡, and 𝒚𝑖  =  [𝑦𝑖1, … , 𝑦𝑖𝐾] the 1 𝑥 𝐾 vector containing intensities of 𝑖-th spectrum. 

Denote by 𝒀 the  𝑁 𝑥 𝐾 signal matrix containing the 𝑁 spectra 𝒚𝑖  (𝑖 =  1, … , 𝑁)that are stacked. 

To account for uncertainties in the estimations of µ(𝑡), 𝜑𝑟(𝑡) and 𝑅 in (2), one can build 𝐵 bootstrap 

submatrices (indexed by 𝑏 =  1, … , 𝐵), each of size 𝑛 ×  𝐾, by randomly resampling 𝑛 out of the 𝑁 

rows of 𝒀. Let 𝒀𝑏 (𝑏 =  1, … , 𝐵) be one of these bootstrap submatrices, and 𝒚𝑖𝑏 =

 [𝑦𝑖𝑏(𝑡1), … , 𝑦𝑖𝑏(𝑡𝑘)] =  [𝑦𝑖1𝑏 , … , 𝑦𝑖𝐾𝑏]be the 𝑖-th row of 𝒀𝑏 , with 𝑖 =  1, … , 𝑛. Denote by 𝑅𝑏 the 

optimal number of meaningful eigenfunctions to approximate 𝒚𝑖𝑏  given 𝒀𝑏 , with 𝑅𝑏  ≤ minimum 

(𝑛, 𝐾). 

Then, given any bootstrap submatrix 𝒀𝑏, the model in (1) becomes 

 

and its principal component (PC) decomposition is 

 

Where µ𝑏(𝑡𝑘) is the value of the mean spectrum at 𝑡𝑘; 𝑢𝑖𝑏(𝑡𝑘) is the 𝑖-th spectrum random deviation 

from µ𝑏(𝑡𝑘)  at 𝑡𝑘; 𝑒𝑖𝑏(𝑡𝑘) is the white noise at 𝑡𝑘  with the assumption that 𝑒𝑖𝑏(𝑡𝑘) ∼ 𝑁 (0, 𝜎𝑏
2), 

where  𝜎𝑏
2 >  0 is the noise variance; 𝜑𝑟𝑏(𝑛)(𝑟 =  1, … , 𝑅𝑏) are the set of 𝑅𝑏 orthonormal 

eigenfunctions with associated eigenvalues 𝜆𝑟𝑏 satisfying 𝜆1𝑏 ≥  …  ≥  𝜆𝑅𝑏𝑏 and 𝑐𝑖𝑟𝑏 the 

corresponding scores for the 𝑖-th spectrum; hence, 𝑐𝑖𝑟𝑏 (𝑟 =  1, … , 𝑅𝑏) are random variables 

independent across 𝑖 because of the sampling design and uncorrelated across 𝑟 , with zero-mean and 

variances𝜆𝑟𝑏 . If 𝑦(𝑡) is a gaussian process, then 
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or more compactly 

 

where 0𝑏 is an 1 ×  𝑅𝑏 zero-vector and 𝒄𝑖𝑏  is 1 ×  𝑅𝑏 the vector of scores for the 𝑖-th spectrum; 𝜦𝑏 is 

an 𝑅𝑏  × 𝑅𝑏 diagonal covariance matrix whose elements are the true but unknown eigenvalues 

𝜆1𝑏, … , 𝜆𝑅𝑏𝑏. It is worth to note from (4), (5) that the noise terms 𝑒𝑖𝑏(𝑡𝑘) can be computed from the 

eigenfunctions  and scores as                                                          . Hence, once the eigendecomposition 

is estimated and identifiable (unique), then the separation of the signal 𝑢𝑖𝑏(𝑡𝑘) and the noise 𝑒𝑖𝑏(𝑡𝑘) 

is also identifiable (unique). 

2.5. ESTIMATION OF THE MEAN SPECTRUM, EIGENFUNCTIONS AND THE NUMBER 

EIGENFUNCTIONS 

Given the submatrix 𝒀𝑏, first, the mean spectrum is estimated by computing the sample mean at each 

spectral point 𝑡𝑘 in 𝒕 as                                                         or more compactly as 

 

where                                                                                                           is the 1 ×  𝐾 vector of estimated 

means; 1n is the 𝑛 ×  1 vector whose elements are all 1; 𝑛 and 𝒀𝑏 are defined as in Section 2.4. 

Second, the empirical covariance matrix is computed from the centered submatrix as 

 

where 𝚺̂b is the 𝐾 ×  𝐾 empirical covariance matrix; 𝐌̂b is a 𝑛 ×  𝐾 means matrix obtained by stacking 

𝑛 times   𝝁̂b; 𝑛 and 𝒀𝑏 are defined in Section 2.4. 

Third, the values of the eigenfunctions at 𝑡𝑘 , denoted 𝜑𝑟𝑏(𝑡𝑘)  and the associated eigenvalues 𝜆𝑟𝑏 are 

estimated either by a standard PCA approach or by a functional PCA approach [21]. Standard PCA of 

spectral data is a well-known technique to the chemometric community. It aims at discovering the 

dominant modes of variations of the spectra. It proceeds either by eigendecomposition of 𝜮̂𝑏 or 

singular values decomposition of 𝒀𝑏– 𝑴̂𝑏 , to derive the (unsmoothed) values of the eigenfunctions 

at 𝑡𝑘, denoted 𝜑̂𝑟𝑏 (𝑡𝑘) for 𝑘 =  1, … , 𝐾 and the associated eigenvalues λ̂𝑟𝑏 of 𝚺̂b [21]. Unlike the 

standard PCA, functional PCA takes a further step by estimating smoothed values of the eigenfunctions 

at 𝑡𝑘 , also denoted 𝜑̂𝑟𝑏 (𝑡𝑘), and the associated eigenvalues,  λ̂𝑟𝑏  [21,24]. Indeed, eigenfunctions 

estimated through standard PCA, for example by singular values decomposition of 𝒀𝑏– 𝑴̂𝑏 , might 

exhibit excessive variability, especially in low sample size and noisy spectra contexts. Hence, 

regularization through smoothing might be needed to prevent overfitting [21,24]. A simple and direct 

approach to functional PCA, is the so-called two-step functional PCA that consists in smoothing the PCs 
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estimated by singular values decomposition using the well-known smoothing splines technique, and 

then rescaling the smoothed PCs so that their quadratic integral equals 1 [21,24]. 

Fourth, the number 𝑅𝑏 of meaningful eigenfunctions to retain, i.e. the truncation point of the 

eigenvalues, is estimated by the rank 𝑅̂b of the centered data matrix 𝒀𝑏– 𝑴̂𝑏  . Indeed, under the 

assumption of the model in (4) that  , the rank of 𝒀𝑏– 𝑴̂𝑏 can be estimated as 

the number of PCs minimizing the cross-validation prediction error [25]. However, this method is 

rather computationally intensive. Instead, a generalized cross-validation approach might be used as a 

faster alternative to approximate 𝑅𝑏[25]. However, it is rather unstable and generally results in an 

overestimation of the number of meaningful PCs [25]. More recently, Gavish and Donoho [26] 

proposed a principled and mathematically proven rule to estimate 𝑅𝑏. They established that, if the 

assumption that  holds, the optimal threshold below which eigenvalues can be 

set to zero, is 

 

or 

 

where λ̂𝑜 > 0 is the optimal eigenvalues’ hard-thresholding or truncation point; 𝜔(𝜅0) is a function of 

𝜅0 = 𝑛 ∕ 𝐾; 𝑛, 𝐾 are defined as in Section 2.4 and  λ̂𝑟𝑏 (𝑟 = 1,…, 𝑛) are the estimated eigenvalues. The 

analytic form of 𝜔(𝜅0) is not available, but it can be approximated numerically [27]. Moreover, when 

a high-precision value of 𝜔(𝜅0) is not needed, one can use the approximation 𝜔(𝜅0) = 0.56𝜅0
3+ 0.95𝜅0

2+ 

1.82𝜅0 + 1.43. This thresholding rule has been demonstrated to adapt to the unknown rank and the 

unknown noise level in an optimal manner and is more and more recommended to recover unknown 

rectangular signal matrices in the presence of unknown noise [[26], [27], [28]]. In the present study, it 

has been used to estimate 𝑅𝑏 by the rank 𝑅̂b of 𝒀𝑏– 𝑴̂𝑏 , assuming the number of components to 

extract is a priori completely unknown. 

The above described standard PCA and functional PCA as well as the method to select the number of 

meaningful PCs are implemented with the fpca2s function of the refund package [24,28] of R statistical 

software environment [29], which outputs as results of the analysis: 

• 𝑅̂b, the estimated number meaningful PCs; 

• , the vector of the estimated mean signal values; 

• , the 𝐾 ×  𝑅̂𝑏 matrix containing values of either the unsmoothed or 

smoothed eigenfunctions at the 𝐾 spectral points, i.e. ; 

• , the 𝑅̂𝑏 × 𝑅̂𝑏  diagonal matrix of estimated eigenvalues. 
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2.6. ESTIMATION OF THE SCORES 

Given the values of the eigenfunctions, 𝜑̂𝑏 , the scores of the 𝑖-th mean-centered spectrum are 

estimated either by its projection onto eigenfunctions estimated by standard PCA, as 

 

or by a least square estimator whose design matrix is the eigenfunctions’ matrix estimated by 

functional PCA [24], as 

 

where                                     is the 1 × 𝑅̂𝑏   vector of estimated scores for the 𝑖-th spectrum; 𝒚𝑖𝑏 is 

defined as in Section 2.4; 𝝁̂𝑏 and 𝜑̂𝑏 are defined as in Section 2.5. 

2.7. ESTIMATION OF THE POSTERIOR PREDICTIVE DISTRIBUTION OF THE SCORES 

Given the values of the eigenfunctions, 𝜑̂𝑏 , the scores 𝒄𝑖𝑏 are random vectors, and under the 

assumptions of models in Equations (3), (4) that 𝑦(𝑡) is a gaussian process, they are modelled with a 

multivariate zero-mean normal model as 

 

where 𝒄𝑖𝑏 is the scores’ vector of the 𝑖-th spectrum, defined as in Equation (12) or (13); 0b is an 1 × 𝑅̂b 

zero-vector; 𝜦𝑏 is an 𝑅̂b × 𝑅̂b diagonal covariance matrix whose elements are the model parameters, 

i.e. the true but unknown eigenvalues 𝜆1𝑏, …, 𝜆𝑅̂𝑏𝑏. 

The model in Equation (14) is fitted using a Bayesian approach to enable to properly predict the scores, 

accounting conveniently for the uncertainty about the model parameter 𝜦𝑏  through the so-called 

posterior predictive distribution of future scores’ vectors [20]. In a nutshell, the Bayesian approach to 

the model in (14) with unknown parameter 𝜦𝑏 uses the Bayes theorem to estimate the probability 

distribution of 𝜦𝑏 given the observed scores and eigenfunctions (known as posterior distribution of 

𝜦𝑏), as the product of the scores’ likelihood and a prior probability density of 𝜦𝑏  that encodes any 

prior knowledge about the unknown eigenvalues [20]. This posterior distribution accounts for 

uncertainties about 𝜦𝑏 given the observed scores and estimated eigenfunctions. Propagating that 

uncertainty to the scores in Equation (14) enables to derive the posterior predictive distribution of the 

scores’ vector of a future spectrum given the observed scores and estimated eigenfunctions. 

A multivariate normal likelihood of scores vectors combined with independent non-informative 

Jeffreys’ priors on the inverse of the eigenvalues (i.e. on the reciprocal of each diagonal element of 𝜦𝑏) 

to encode a ‘complete’ lack of prior knowledge about 𝜦𝑏 may be used [20]. It is well-established in 

statistical textbooks [20] that the analytic expression of the posterior predictive distribution of the 

scores’ vector, denoted 𝒄̃𝑏 , of any future spectrum from the same spectral population is a product of 

independent univariate Student-t distributions each with 𝑛 degrees of freedom, written as 
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is a 1 ×  𝑅̂b scores’ vector for a future spectrum; where                                  

of dimension 𝑛 ×  𝑅̂b is the scores’ matrix, with rows 𝒄𝑖𝑏 of size 

1 × 𝑅̂b and columns 𝒄𝑏
(𝑟)

of size 𝑛 ×  1;  λ̂𝑟𝑏  is the 𝑟-th diagonal element the eigenvalues’ matrix 

defined in Section 2.5 and estimated as                                                                                                      ; the 

symbolism 𝑋 | 𝑍   ̴ 𝑃 means variable 𝑋 given 𝑍 is distributed as 𝑃 . Note that because of independence 

of the Student-𝑡 distributions in (15), each score variable can be predicted independently from the 

others, by a univariate Student’s t distribution with n degrees of freedom as 

 

Where 𝑐̃𝑟𝑏  is the predicted score for the 𝑟-th PC; 𝒄𝑏
(𝑟)

 is the 𝑟-th column of the scores’ matrix 𝑪𝑏 as 

defined in (15); 𝜑̂𝑟𝑏  of size 1 ×  𝐾 is the 𝑟-th PC as defined in Section 2.5;  λ̂𝑟𝑏 = 𝑛−1𝒄𝑏
(𝑟)′𝒄𝑏

(𝑟)
is the 

eigenvalue or variance of scores on the 𝑟-th PC. Monte Carlo (MC) samples of the posterior predictive 

distribution in (15) or (16) can be quickly generated in any statistical computing environment, e.g. by 

the 𝑟𝑡 function in R [29]. 

Non-informative Jeffreys’ priors on reciprocal of eigenvalues might have detrimental effects on 

inferences and predictions, especially if true eigenvalues are low or close to zero, or the sample size is 

too small [20]. Alternative choices of priors include the independent non-informative uniform priors 

denoted Uniform(0,+∞), vague priors (e.g. a half-normal distribution with variance 100, denoted 

Normal+(0,100)) and weakly informative priors (e.g. a half-normal distribution with variance 1, 

denoted Normal+(0,1)) on the square-root of the eigenvalues, i.e. the square-root of the diagonal 

elements of 𝜦𝑏 in (14) [20]. For each of these priors on square-root of eigenvalues, the resulting 

posterior predictive distributions of 𝒄̃𝑏 is not analytically tractable, but can be validly approximated 

using well-known Markov Chain Monte Carlo (MCMC) procedures such as the Hamiltonian Monte 

Carlo (HMC) available in Stan programming language [20,30]. 

As in any Bayesian analysis, the model must be thoroughly criticized and validated using recommended 

techniques such as the diagnosis of the quality of MCMC chains (convergence and mixing) for each 

element of 𝜦𝑏 if an MCMC procedure is used to approximate the posterior distribution of 𝜦𝑏 and the 

posterior predictive check [20,30]. Especially, the posterior predictive check is a crucial indicator of the 

adequacy of the Bayesian prediction model; it has to provide strong evidence that the predictions of 

scores on each PC are consistent with the observed scores. Simple graphical visualizations (e.g. 

boxplots) comparing the distributions of both predicted and observed scores may be used [20,30] (see 

an example in Appendix A.2). 
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2.8. ESTIMATION OF THE PREDICTIVE DISTRIBUTION OF A FUTURE SPECTRUM 

Suppose that, given the values of the eigenfunctions, 𝜑̂𝑏 , M predicted scores vectors, each of size 

1 ×  𝑅̂b and denoted 𝒄̃𝑚𝑏 (m = 1,…,M) have been drawn from the posterior predictive distribution of 

future scores by a MC sampling from (15), (16) or a HMC sampling, and stacked resulting in a matrix of 

predicted scores denoted 𝑪̃𝑏 of dimension M × 𝑅̂b . Then, the posterior predictive distribution of any 

future spectrum 𝒚̃ given 𝜑̂𝑏 and Yb , can be approximated by first back-transforming the predicted 

scores matrix, 𝑪̃𝑏 , to the original signal scale and then adding the mean matrix, 𝑴̃𝑏 , i.e. 

 

Where 𝒀̃𝑏 is the M × K matrix of predicted spectra at bootstrap iterations b ; 𝑴̃𝑏 is the M × K mean 

matrix obtained by stacking M times 𝝁̃𝑏 . 

Eventually, the predictive distribution of 𝒚̃ given 𝒀, accounting for uncertainties about the mean, the 

eigenfunctions and the number eigenfunctions and the eigenvalues, is approximated by pooling 

together the predictions from the 𝐵 boostrap iterations, i.e. 

 

where 𝒀̃ is the (𝐵𝑛𝑀)  ×   𝐾 matrix of predicted trajectories for 𝒚̃ . This predictive distribution 

simulates plausible trajectories of future spectra from the same spectral population that might be 

expected given the observed spectral dataset. 

2.9. ESTIMATION OF THE PREDICTION BAND LIMITS 

Let 𝒚̃𝑚 of size 1 ×  𝐾 denotes the 𝑚-th row of the predicted spectral matrix 𝒀̃ and 𝒚̃𝑘 of size 

(𝐵𝑛𝑀) ×   1 denotes the 𝑘-th column of 𝒀̃ . Once, the matrix of predicted spectra 𝒀̃ is obtained, two 

types of 𝛽%-prediction bands may be constructed using the most central regions of the predicted 

spectra. On one hand, a pointwise band is the simplest. It is built by computing at each spectral point 

𝑡𝑘, the (100 - 𝛽)/2 and (100 + 𝛽)/2  quantiles of 𝒚̃𝑘, the 𝑘-th column of 𝒀̃. However, it is well-known 

that the resulting pointwise band limits do not necessarily guarantee the intended nominal coverage 

of  𝛽% , due to multiplicity testing over a potentially large set of spectral variables 𝑡𝑘 [20,23]. On the 

other hand, a simultaneous band is more likely to guarantee the intended nominal coverage of 𝛽% 

[20,23]. Our proposed approach to construct such a band is to use the non-parametric concept of 

functional band depth [15,31] to perform a center-outwards ranking of the predicted spectra. Then, 

the boundaries of the 𝛽% most central spectra are used as limits of the prediction band. Specifically, 

the so-called Modified Band Depth (MBD) can be used [15]. Briefly, the MBD of any predicted spectrum 

𝒚̃𝑚 w.r.t the predicted spectra, 𝒀̃ , denoted 𝑑̃𝑚  , is defined as the average proportion of spectral points 

at which 𝒚̃𝑚 falls inside bands delimited by all pairs of spectra of 𝒀̃  [15,31,32]. It is calculated as 

follows: first, a pair of spectra (rows) is selected from 𝒀̃ , say 𝒚̃𝑚1 and 𝒚̃𝑚2 , with 1 <  𝑚1 <  𝑚2 <

 (𝑀 ∙  𝐵); second, the proportion of spectral points where 𝒚̃𝑚  is inside 𝒚̃𝑚1 and 𝒚̃𝑚2  is calculated; 

third, this proportion is calculated for all pairs of spectra of  𝒀̃ and then averaged. Mathematically, this 

is written 
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where 𝑦̃𝑚1𝑘, 𝑦̃𝑚1𝑘 and 𝑦̃𝑚𝑘 are the 𝑘-th elements of 1 𝑥  𝐾 the predicted row-vectors 𝒚̃𝑚1 , 𝒚̃𝑚2 and 

𝒚̃𝑚 of  𝒀̃ respectively. The MBD values 𝑑̃𝑚 , can be obtained for all predicted spectra 𝒚̃𝑚 

(𝑚 =  1, … , 𝑀 ∙  𝐵), resulting in an (𝑀 ∙  𝐵)-vector of depth values, denoted  𝒅̃ . This is done efficiently 

in a few seconds with the package roahd [31,32] in R software [29]. Based on these depth values, the 

predicted spectra are ranked from the deepest having the highest depth value to the most outlying 

having the lowest depth value w.r.t 𝒀̃  [15,31,32]. Then, the 𝛽% (say 95%) deepest predicted spectra 

are selected as typical or regular spectra and the band defined by their range of variation is used as 

prediction band. 

Let 𝒚̃𝑙 = [𝑦̃𝑙1, …, 𝑦̃𝑙𝐾] and 𝒚̃𝑢 = [𝑦̃𝑢1, …, 𝑦̃𝑢𝐾]  be respectively the lower and upper 1 ×  𝐾 boundary-

vectors of the obtained band. They may be interpreted as critical or limiting trajectories for typical 

spectra of the target class. 

2.10. TEST OF CONFORMITY OF UNKNOWN SPECTRA 

Let 𝑧(𝑡) be a new unknown spectrum to be tested and 𝒛 its values at 𝒕, i.e. 

. The scores of 𝒛 are predicted in each of the 𝐵 eigenfunctions-

basis to account for uncertainties in its predictions. These scores are computed in the case of the 

standard PCA as 

 

or in the case of functional PCA using the least square estimator as 

 

Where 𝒄̃𝑧𝑏 is the 1 × 𝑅̂b vector of predicted scores for 𝒛 ; 𝝁̂𝑏 and 𝜑̂𝑏 are defined as in Sections 2.5. 

𝒛 is then reconstructed in each eigenfunctions-basis resulting in 𝐵 predictions accounting for the 

uncertainty in its reconstruction as 

 

where  is the 1 ×  𝐾 vector of reconstructed values 𝑧̃𝑘𝑏  

of 𝒛 at 𝑡𝑘  (𝑘 =  1, … , 𝐾)  given 𝜑̂𝑏(𝑏 =  1, … , 𝐵). 

Because of these uncertainties in the reconstruction of 𝒛 , three probabilistic testing procedures are 

proposed to decide whether 𝒛 is inside the band limits or not. These three procedures aim at evaluating 

how likely the reconstructions of 𝒛, 𝑧̃𝑏(𝑏 =  1, … , 𝐵) , overlap with the 𝛽%-prediction band. The first 

and most rigorous procedure computes a bootstrap probability of overlapping with the band, denoted 

𝜋1, as the proportion of times 𝒛̂𝑏 is entirely inside the prediction band, as 
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where 𝐼 [∙]  is the indicator function; 𝑧̃𝑘𝑏 is the reconstructed value of 𝒛 at 𝑡𝑘 in eigenfunctions-basis 𝑏 

as defined as in Equation (22); 𝑦̃𝑙𝑘 and 𝑦̃𝑢𝑘  are the lower and upper band limits at 𝑡𝑘 as defined in 

Section 2.9. 𝑧(𝑡) is accepted as the conforming to 𝑦(𝑡), if 𝜋1 is greater than or equal to a threshold, 

say 𝜅1, with 0 < 𝜅1 ≤ 1. For example, 𝜅1 = 0.50 means that 𝑧(𝑡) is accepted if at least 50% of its 

reconstructions in the 𝐵 eigenfunctions-basis are entirely inside the band. 

The second procedure consists in computing a probability of conformance at each spectral point 𝑡𝑘, 

denoted 𝜋2𝑘 (𝑘 = 1, … , 𝐾), as the proportion of times when 𝑧̃𝑘𝑏 (𝑏 =  1, … , 𝐵) is between 𝑦̃𝑙𝑘 and 

𝑦̃𝑢𝑘, as 

 

where 𝐼 [∙] is the indicator function; 𝑧̃𝑘𝑏 is the reconstructed value of 𝒛 at 𝑡𝑘 in eigenfunctions-basis 𝑏 

as defined as in Equation (22); 𝑦̃𝑙𝑘  and 𝑦̃𝑢𝑘  are the lower and upper band limits at 𝑡𝑘 as defined in 

Section 2.9. 𝑧(𝑡) is accepted as the conforming to 𝑦(𝑡) if 𝜋2𝑘 is greater than a threshold, say 𝜅2, at all 

spectral points t1,…, 𝑡𝐾, with 0 < 𝜅2 ≤ 1 . For example, 𝜅2 = 0.50 means that 𝑧(𝑡) is accepted if the 

pointwise medians of its reconstructions at each point 𝑡𝑘 fall inside the band. This procedure is less 

rigorous than the previous one and might be used to set different probabilities of acceptance at 

different spectral points. 

The third procedure consists in computing the average proportion of spectral points, denoted 𝜋3, 

where 𝑧̃𝑏is inside the band as 

 

where 𝐼 [∙] is the indicator function; 𝑧̃𝑘𝑏 is the reconstructed value of 𝒛 at 𝑡𝑘 in eigenfunctions-basis 𝑏 

as defined as in Equation (22); 𝑦̃𝑙𝑘  and 𝑦̃𝑢𝑘   are the lower and upper band limits at tk as defined in 

Section 2.9. 𝑧(𝑡) is accepted as the conforming to 𝑦(𝑡) if 𝜋3 is greater than a threshold, say 

(𝐾 – 𝜅3)/𝐾, where 𝜅3 is the average number of tolerable spectral points where 𝑧̃𝑏 (𝑏 = 1, … , 𝐵) is 

outside the band. This procedure is similar to decision rules used to enhance decision-making in control 

charts. 

3. Experimental section 

3.1. DATASETS AND PREPROCESSING 

The evaluation of classification performances of the proposed 𝛽%-prediction band was done in two 

studies, with four real NIR datasets. These four datasets were measured with two different pieces of 

portable device (Table 1) on two categories of model-formulations namely five paracetamol-based 

formulations and five ibuprofen-based formulations (Table 2). Table 1 describes the two pieces of 

device. The first piece of device, denoted Device 1, outputs a signal with 100 points while the second 
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piece of device, denoted Device 2, outputs a signal at higher resolution with 256 points. Table 2 

describes the four datasets including the drug formulations involved, the numbers of batches and 

samples’ sizes per piece of device and formulation. The two categories of model-formulations were 

studied by Ciza and coworkers as two challenging situations in vibrational spectroscopy [33]. They 

differ in the ratio of active pharmaceutical ingredient (API) to excipients contents denoted API-

excipients ratio. Firstly, paracetamol-based formulations were all tablets having high dosages of 

paracetamol and relatively low dosages of other compounds (high API-excipients ratio) [33]. Secondly, 

ibuprofen-based formulations were also tablets but with more balanced API-excipients ratio. They 

differs among themselves in their dosages of API, but also in their colors (e.g. white, pink) and coating 

nature (e.g. sugar coating) [33]. The drug samples were collected from local pharmacies in Belgium. All 

spectra were measured on tablets through their original blister [33]. The first two datasets were 

measured with the first piece of device (Device 1, Table 1) on the five paracetamol-based formulations 

(Dataset 1, illustrated on Fig. 2A–E) and the five ibuprofen-based formulations (Dataset 2, illustrated 

on Fig. 2F–J). The last two datasets were also measured on the five paracetamol-based formulations 

(Dataset 3, illustrated on Figs. 3A-2E) and the five ibuprofen-based formulations (Dataset 4, illustrated 

on Fig. 3F–J), but with the second piece of device with higher resolution (Device 2, Table 1). It is worth 

noting that, many of the datasets were highly dispersed and heterogeneous, mostly because of blister 

effect, measurement noise and a possible inter-batch variability (e.g. of Fig. 2A and B). They were 

chosen as limiting cases to evaluate the performances of the prediction band. More homogeneous 

datasets may include process analytical technology (PAT) datasets measured with benchtop device 

with higher resolution and less noise. 

Table 1. Description of the two near infrared spectrophotometers used to measure spectra, the features of the output signal 
and applied chemometric preprocessing. 

 
 

Regarding the preprocessing of the signal, all spectra were smoothed using the Savitzky-Golay 

smoother [34] parametrized for each piece of device as reported in Table 1, followed by the standard 

normal variate (SNV) normalization. 

The methodologies of the two evaluation studies are described in Section 3.2 Study 1: Simulations to 

evaluate the statistical properties of the 𝛽%-prediction band with datasets 1 and 2, 3.3 Study 2: 

applications to two verification problems with datasets 3 and 4. The first study involves Monte Carlo 

validations with Datasets 1 and 2 to study some statistical properties of the prediction band, in 

comparison with the benchmark SIMCA model. The second study involves external validations and 

application cases with Datasets 3 and 4. 
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Table 2. Description of the four near-infrared datasets used in Monte Carlo or external validation studies. 

 
 

 
Fig. 2. Samples of NIR (MicroPhazir® spectrophotometer) spectra of five paracetamol formulations (Dataset 1, panels A–E) 
and five Ibuprofen formulations (Dataset 2, panels F–J). Blue spectra represent the target classes; raw spectra were 
preprocessed by the Savitzky-Golay smoothing and SNV-normalization; see Table 1 for the detailed descriptions of the 
spectrophotometer and processing of the signal, and Table 2 for the drug formulations and the sample sizes. (For 
interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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Fig. 3. Samples of NIR (NIR-S-G1® spectrophotometer) spectra of five paracetamol formulations (panels A–E, Dataset 3) and 
five Ibuprofen formulations (panels F–J, Dataset 4); blue spectra represent the target classes; raw spectra were preprocessed 
by the Savitzky-Golay smoothing and SNV-normalization; see Table 1 for the detailed descriptions of the spectrophotometer 
and processing of the signal, and Table 2 for the drug formulations and the sample sizes. (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of this article.) 

 

3.2. STUDY 1: SIMULATIONS TO EVALUATE THE STATISTICAL PROPERTIES OF THE 

𝜷%-PREDICTION BAND WITH DATASETS 1 AND 2 

The first study consists in Monte Carlo validations to evaluate five key classification properties of the 

proposed 𝛽%-prediction band and to compare them to the benchmark class-modelling model namely 

the SIMCA model. Datasets 1 and 2 (Table 2, Fig. 2) involving the two categories of formulations 

measured with Device 1 were used. Formulations coded as P01 (Dataset 1, Fig. 2A) and I03 (Dataset 2, 

Fig. 2F) were used as target classes for the paracetamol-based and the ibuprofen-based formulations 

respectively. The corresponding non-target classes were respectively formulations P10, P11, P12 and 

P13 for the paracetamols (Fig. 2B–E) and I04, I08, I09 and I10 for the ibuprofens (Fig. 2G–J, Table 2). 

The evaluated properties were as follows: 

• Property 1 involves the coverage rate (i.e. average true positive rate) and the type 2 error rates 

(i.e. the average false positive rates) of the prediction band for each of the three testing procedures 

for new spectra described in Section 2.10, compared with those of the benchmark SIMCA model; 

it is important to mention that, for any probabilistic one-class classifier to be optimal, the coverage 

rate should agree with the a priori defined theoretical 𝛽%-confidence of band, while the type 2 

error rates should be as close to zero as possible [2,7,8]; 

• Property 2 involves the sensitivity of the coverage and type 2 error rates of the prediction band to 

the type of PC decomposition, i.e. whether the smoothed PC decomposition enhances the 

classification performances of the prediction band; 

• Property 3 involves the sensitivity of the coverage and type 2 error rates of the prediction band to 

the choice of the prior probability distribution on the singular values or eigenvalues for the 

Bayesian zero-mean model on the PCs’ scores; this sensitivity analysis is recommended for any 

Bayesian prediction model [20]; ideally the performances of the prediction band should remain 

stable under different types of prior models on the singular values or eigenvalues [20]; 



Published in: Analytica Chimica Acta (2021), vol. 1144, pp. 130-149 
DOI: 10.1016/j.aca.2020.11.039 
Status: Postprint (Author’s version)  

 

 

 

• Property 4 involves the interpretability of the classification results of the prediction band, 

compared to the benchmark SIMCA model; and 

• Property 5 involves the average computation time required for practical implementation. 

To evaluate these properties, the study proceeds as follows for each of the two datasets or categories 

of formulations. In a first step, four 95%-prediction bands were built for the target formulation (either 

P01 or I03) using standard PC decomposition on a given calibration set. Each band is built with one of 

the four prior models described in Section 2.8 to evaluate the sensitivity of the performances of the 

prediction band to the choice of the prior model. These include the independent non-informative 

Jeffreys’ priors on the reciprocal of the eigenvalues, and the independent non-informative 

Uniform(0,+∞), vague Normal+(0,100) and weakly informative Normal+(0,1) priors on the square-root 

of the eigenvalues. For each of the four resulting models, 𝐵 =  30 bootstrap resamples of the 

calibration set were used to account for uncertainties in the PC decomposition and 𝑀 =  2000 valid 

MC or MCMC samples of the scores’ vector were generated at each bootstrap iteration, not including 

the burn-in or warm-up phase of 1000 samples when the MCMC (HMC) sampling is used. Hence, a 

total of 60,000 MC or MCMC valid predictions were obtained for each of the four models. 

Regarding the calibration and test sets, they were defined as follows. For each target formulation (P01 

or I03), half of the spectra was randomly sampled without replacement from the pooled batches and 

used as calibration set for the four models described above. Pooling the batches before sampling 

enabled to account for inter-batch variability. Although this added variability would be better 

accounted for through the use of mixed-effect models, implementing such models is non-trivial, hence 

it is left out of the scope of this manuscript. The remaining half of the data was used as test set to 

evaluate the true positive rates. All the spectra of batches of the non-target formulations (P10, P11, 

P12, P13 for the paracetamols and I04, I08, I09, I10 for the ibuprofens) were used as test sets to 

evaluate the false positive rates per non-target formulation. To accept or reject any single test 

spectrum, the three testing procedures defined in Section 2.10 were considered: 

• Procedure 1 accepts a spectrum if at least 𝜅1𝑥 100% of its reconstructions in the 𝐵 =  30  

bootstrap PC-bases falls entirely inside the band limits; for the present study, 𝜅1 = 0.90  was used 

as threshold to decide acceptance of future spectra. Values of 0.50, 0.75 and 1.0 were also used 

to investigate the effect of lower or higher thresholds on model performances; 

• Procedure 2 accepts a spectrum if at each spectral point, at least 𝜅2𝑥 100% of its 𝐵 =

 30 reconstructions in the bootstrap PC-bases falls inside the band limits; for the present study, 

𝜅2 = 0.90  was used as threshold to decide acceptance of future test spectra. Values of 0.50, 0.75 

and 1.0 were also used to investigate the effect of lower or higher thresholds on model 

performances; 

• Procedure 3 accepts a spectrum if its reconstructions in the 𝐵 =  30  bootstrap PC-bases have at 

most 𝜅3 points outside the band limits on average; for the present study, 𝜅3 = 1  was used as 

threshold to decide acceptance of future test spectra. Values of 0, 2 and 3 were also used to 

investigate the effect of the effect of lower or higher thresholds on model performances. 

In a second step, the four bands were built with the same calibration datasets using the functional or 

smoothed PC decomposition with the same prior models as for the standard PC decomposition to 

evaluate whether smoothing the eigenfunctions impacts the classification performances. 
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In a third step, to provide comparison with the SIMCA model, four rigorous SIMCA methods differing 

in the method of estimation of critical limits for the 𝑇2 and 𝑄 statistics were built for each dataset. 

These four variants reflect the most recent and important improvements of the original SIMCA [2,12]. 

They were all built with an a priori confidence level fixed at 95%, that is a content 𝛽% = 95% [7,36]. 

The only parameter affecting their performances was the number of PCs which was optimized by 

maximizing the sensitivity in leave-one-out cross-validation (CV). The first method, herein termed the 

Jackson-Mudholkar method, uses the Hotelling’s T-squared distribution and the Jackson-Mudholkar 

approximation to define the critical limits for the 𝑇2 and 𝑄 statistics respectively [35,37]. The second 

method herein termed the Chi-square method uses the Hotelling’s T-squared and the scaled Chi-

square distributions respectively on the 𝑇2 and 𝑄 statistics to define their critical limits [6,37]. The third 

and fourth methods are the so-called data-driven methods which use two different scaled Chi-square 

distributions on the 𝑇2 and 𝑄 statistics to define their critical limits [4,6,37]. The third method uses 

moment-based estimators to estimate the parameters (degree of freedom and scaling factors) of each 

distribution from the calibration data, whereas the fourth method uses robust estimators to estimate 

these parameters [6,36]. These four SIMCA methods were all implemented with the function simca of 

the package mdatools [37] of R software [29]. 

In a fourth step, all the previous steps were repeated 100 times to evaluate the bias and variance of 

the classification performances. The average and standard deviations of the true and false positive 

rates were reported and discussed. 

Apart from evaluating the performances, the practical application of the prediction band was 

illustrated, including the criticism and goodness-of-fit checks of the statistical models, the visualization 

of the band and outlyingness maps showing the outlyingness patterns of a target test spectrum against 

a non-target test spectrum. 

3.3. STUDY 2: APPLICATIONS TO TWO VERIFICATION PROBLEMS WITH DATASETS 3 

AND 4 

The second study to evaluate the classification performances consists in external validations using the 

same strategy and datasets (Dataset 3 and 4) as Ciza and coworkers [33]. As in Ciza and coworkers [33], 

P01 and I03 were chosen as target formulations for paracetamol and ibuprofen respectively. For each 

target formulation, three batches were selected as “genuine” or “reference” and their spectra used to 

calibrate eight 95%-prediction bands resulting from the combination of the two models with normal 

likelihood on either standard or smoothed PCs’ scores and the four prior models on either the 

eigenvalues or the singular values. Spectra of the three remaining batches were used as external 

validation data to evaluate the true positive rates. All the spectra of batches of non-target formulations 

(P10, P11, P12 and P13 for paracetamols and I04, I08, I09 and I10 for ibuprofens) were used as 

validation data to evaluate the false positive rates. A comparison of the performances of the prediction 

bands with the four benchmark SIMCA methods described in Study 1 in Section 3.2 was also done. 
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Fig. 4. Study 1: Adequacy of the prediction models and band limits for future spectra of the target paracetamol (P01, Dataset 
1) and target ibuprofen (I03, Dataset 2) formulations (A) agreement between the trajectories of the predicted spectra and 
those of the calibration spectra of the target paracetamol formulation P01 (Dataset 1); (B) agreement between the mean of 
the predicted spectra and the mean of the calibration spectra of P01; (C) agreement between the trajectories of the predicted 
spectra and those of the calibration spectra of the target ibuprofen target formulation I03 (Dataset 2); (D) agreement between 
the mean of the predicted spectra and the mean of the calibration spectra of I03. Predictions were obtained using a Bayesian 
zero-mean model on smoothed PCs’ scores with independent Jeffreys’ priors on the reciprocal of the eigenvalues, repeated 
on naïve 𝐵 =  30 bootstrap resamples of the calibration dataset to include uncertainties in the PC decomposition. 

 
 

4. Results and discussion 

4.1. STUDY 1: MONTE CARLO VALIDATIONS WITH DATASETS 1 AND 2 TO EVALUATE 

THE CLASSIFICATION PROPERTIES OF THE PREDICTION BAND 

4.1.1. MODEL ADEQUACY 

Basic statistical tools to evaluate the adequacy of each prediction model before its use for classification 

tasks are presented on Fig. 4 for both the paracetamol (P01) and the ibuprofen (I03) target 

formulations. These tools enable to visually check the agreement between the measured and the 

predicted spectra. It can be seen that the calibration spectra were overall within the range of predicted 

spectra for both target of formulations (Fig. 4A and C). Moreover, the means of the predicted and 
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observed spectra overlap almost perfectly for both P01 (Fig. 4B) and I03 (Fig. 4D) suggesting the 

unbiasedness of the predictions. These two figures also illustrates for each target formulation the limits 

of the band defined by the range of the 95% most central predicted spectra (Fig. 4B and D). Additional 

graphical tools that may be used to better understand how the model development proceeds and to 

practically evaluate the model adequacy at its various steps are provided and explained in Appendix 

A.1 and A.2. 

4.1.2. CLASSIFICATION PERFORMANCES WITH STANDARD PC AND UNDER INDEPENDENT 

JEFFREYS’ PRIORS 

Table 3 shows for each of the paracetamol (P01) and ibuprofen (I03) target formulations, the average 

and standard deviation of the true positive rates of classification by two 95%-prediction bands based 

on the models with normal likelihood on either standard or smoothed PCs’ scores and independent 

non-informative Jeffreys’ priors on the reciprocal of the eigenvalues. 

For testing procedure 1, the coverage rates were about the nominal 95% at 𝜅1 = 90%   for both P01 

and I03, i.e. by accepting a new tested spectrum if at least 90% of its reconstructions fall entirely inside 

the band limits. False positives rates were all 0.0%. Decreasing 𝜅1 to 50% enables to increase the true 

positive rates, while still discriminating the non-target spectra for both types of formulations. 

Increasing 𝜅1 to 90% decreases the true positive rate to about 91%. This procedure is the most rigorous 

and compliant with the concept of a simultaneous hypothesis testing. 

Table 3. Average (standard deviation in brackets) of true positive rates of classification (in percentage, %) of the target 
paracetamol formulation (P01 in Dataset 1) and the target ibuprofen formulation (I03 in Dataset 2), by four 95%-prediction 
bands. Models with normal likelihood on either standard or smoothed PCs’ scores and independent non-informative Jeffreys’ 
priors on the reciprocal of the eigenvalues are used. The three testing procedures for a new spectrum defined in Section 2.10 
are considered. 

 

Classification performances with procedure 2 were similar to those of procedure 1, with almost 

unbiased true positive rates (95.7% for P01 and 95.5% for I03) at 𝜅2 = 90%, i.e. by accepting an 

unknown tested spectrum if at each spectral point (wavenumber), at least 90% of its reconstructions 

fall inside the band limits. It is noted that with 𝜅2 = 50% , a minor increase in the false positive rate 

of paracetamol formulation P13 was observed (0.2%). This is not surprising because this procedure, 

which proceeds by a pointwise testing, does not consider the whole trajectory of each reconstruction 
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of the tested spectrum. Hence, it is less rigorous than procedure 1. In addition, setting 𝜅2 to a relatively 

low value might have increased the risk of false positives for this procedure. 

For testing procedure 3, tolerating on average 1 to 3 points per reconstruction outside the band 

increased the true positive rates to 98.7%–99.8% for P01 and 97.6–99.2% for I03, without affecting the 

false positive rates. Moreover, this procedure showed the lowest variability and seems to be more 

stable for both types of formulations. However, setting the average number of spectral points to 

tolerate outside the band (𝜅3) requires some prior knowledge of the outlyingness pattern of spectra 

of the target class. A first guess might be obtained during a possible model validation step from the 

proposed outlyingness map (see explanations and examples in Sections 4.1.6 Interpretability of the 

classification results, 4.2 Study 2: application to two verification problems with datasets 3 and 4). 

4.1.3. SENSITIVITY OF CLASSIFICATION PERFORMANCES TO THE TYPE OF PC 

DECOMPOSITION 

Regarding the type of PC decomposition, the results show that smoothing the eigenfunctions did not 

substantially impact the classification performances of the prediction bands compared with the 

standard PC decomposition for both target P01 and I03 formulations (Table 3). This suggests that 

standard PC decomposition on these NIR data performs satisfactorily. In practice however, the authors 

would suggest to use the smoothed PCs as this is an additional and recommended step in regularizing 

the model, that is controlling potential excessive and noisy variations of the eigenfunctions, and hence 

preventing overfitting [21,28]. 

4.1.4. SENSITIVITY OF CLASSIFICATION PERFORMANCES TO THE PRIOR MODELS 

Regarding, the sensitivity to the choice of the prior model, all the trends in the classification 

performances for both paracetamol-based and ibuprofen-based formulations under the Jeffreys’ 

priors on the reciprocal of the eigenvalues varied little under the independent non-informative 

Uniform(0,+∞), vague Normal+(0,100) and weakly informative Normal+(0,1) priors on the singular 

values (see Tables in Appendix A Supplementary data, .3 for more details). This suggests that for these 

SNV-normalized NIR data, the performances of the proposed method are little sensitive to the choice 

of the non-informative or weakly informative prior models. However, in practice the authors would 

suggest to use the weakly informative Normal+(0,1) priors for such pharmaceutical SNV-normalized 

data. Especially, when the sample size is low and insufficient to precisely estimate the eigenvalues, 

such priors can further regularized the estimations [20]. 

4.1.5. COMPARISON OF PERFORMANCES WITH SIMCA MODEL 

Compared to the benchmark SIMCA model with 95%-confidence level, the 95%-prediction band 

outperformed the four rigorous SIMCA methods in terms of average and variability of the true positive 

rates for both P01 and I03 formulations, the average and variability of the false positive rates being 

similar (Table 4). Indeed, all the four SIMCA methods showed substantial undercoverage for both 

target formulations, meaning that their true positive rates were far below the theoretical a priori fixed 

confidence level of 95%. The best true positive rates, 88.4% for P01 and 88.0% for I03, were obtained 

with the moment-based data-driven SIMCA (Table 4). This undercoverage behaviour of the SIMCA 

model is well-known and often occurs in practice [2,6], despite the method has undergone several 
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improvements reflected in the four variants herein used [4,6,37]. The authors argue that one major 

cause for this undercoverage behaviour is the fact that the SIMCA model does not integrate 

uncertainties about model parameters in the definition of its acceptance limits. For example, in the 

data-driven moment-based SIMCA [4,6,7], point estimates of degrees of freedom and scaling 

parameters of the two scaled Chi-square distributions on the 𝑄 and 𝑇2 statistics are derived from the 

data, but neither uncertainties in these parameters nor the uncertainties in the PC decomposition are 

integrated in the decision rules or acceptance limits. Contrary to the SIMCA model, the proposed 

prediction band integrates all relevant modelling uncertainties in a statistically convenient manner, on 

one hand through the concept of predictive distribution of future PCs’ scores and future spectra, and 

on the other hand through uncertainty in the reconstructions of tested unknown spectra. Especially, 

integrating uncertainties about reconstructions of tested spectra is a unique feature of risk-

management by the proposed method. To the best of the authors’ knowledge, this type of uncertainty 

has never been integrated in a CM method before. By tuning the proposed intuitive and interpretable 

acceptance criteria 𝜅1, 𝜅2 and 𝜅3, the classification performances can be further optimized. Because 

of all these uncertainty management features, the proposed method is fully predictive, risk-oriented 

and more correctly interpretable as probabilistic prediction space for a single future spectrum. 

To conclude, these Monte Carlo validation results demonstrate the reliability of the proposed concept 

of 𝛽%-prediction band as CM method. 

Table 4. Averages (standard deviations in brackets) of true positive rates of classification (in percentage, %) of the target 
paracetamol formulation (P01 in Dataset 1) and the target ibuprofen formulation (I03 in Dataset 2), by four optimized SIMCA 
methods (Jackson-Mudholkar method, chi-square method, data-driven moment-based method and data-driven robust 
method), with a priori fixed 95%-confidence level. 

 

4.1.6. INTERPRETABILITY OF THE CLASSIFICATION RESULTS 

Besides a consistent control of coverage rate, another important feature of the proposed prediction 

band resides in the fact that it enables to easily visualize and characterize outlyingness patterns of 

tested spectra. Indeed, the band limits can be used as references defining critical or acceptable spectral 

trajectories for the target class. Hence, the range of spectral variables where a tested spectrum 

deviates from these references as well as the magnitude of these deviations can be derived and 

represented as an outlyingness map. This new concept of outlyingness pattern or map which enables 

a deeper understanding of how the band classifies spectra is illustrated on Fig. 5 for two paracetamol 

formulations. The acceptance criteria of a single spectrum for this illustration are those defined in the 

Experimental Section 3.2, that is 𝜅1 = 90% , 𝜅2 = 90% and 𝜅3 = 1 respectively for procedures 1, 2 

and 3. The top panels contrast the overlapping patterns of the reconstructions of one target test 

spectrum (P01, Fig. 5A) and one non-target test spectrum (P10, Fig. 5B) with the band. Clearly, the 

reconstructions of the non-target test spectrum (P10, Fig. 5B) were more spread than those of the 

target test spectrum (P01, Fig. 5A). 
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Fig. 5. Study 1: Comparison of the outlyingness patterns of one target spectrum (P01, Dataset 1) versus one non-target 
spectrum (P10, Dataset 1) w.r.t. a 95%-prediction band for formulation P01 (Dataset 1). (A): Overlap of the 𝐵 =  30  
reconstructions of the target spectrum with the band; (B): Overlap of the 𝐵 =  30 reconstructions of the non-target spectrum 
with the band; (C): Outlyingness map showing the average deviation of the 𝐵 =  30 reconstructions of the target spectrum 
from the band limits (blue bars have zero values; red bars have non-zero values); (D): Outlyingness map showing the average 
deviation of the 𝐵 =  30 reconstructions of the non-target spectrum from the band limits (blue bars have zero values; red 
bars are non-zero values); (E): Proportion of the 𝐵 =  30 reconstructions of the target spectrum outside the band at each 

wavenumber (the horizontal dashed line is a threshold of 10%, i.e. , 𝜅2 = 90% and red bars are above the threshold); (F): 
Proportion of the 𝐵 =  30  reconstructions of the non-target spectrum outside the band at each wavenumber (the horizontal 

dashed line is a threshold of 10%, i.e. , 𝜅2 = 90%  and red bars are above the threshold). (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of this article.) 
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Wavenumbers where they were outside the band are highlighted in red on their outlyingness maps 

(Fig. 5C and D). These maps contrast the average deviation of the reconstructions of the two tested 

spectra from the upper and lower band limits. The target test spectrum (P01, Fig. 5C) deviated at only 

one wavenumber with substantially lower magnitude than the non-target spectrum which deviated at 

several wavenumbers (P10, Fig. 5D). Only 1 out of the 𝐵 =  30 reconstructions of this target test 

spectrum deviated, i.e. the proportion of its reconstructions entirely inside the band was 96.7%. This 

proportion was above the predefined minimal acceptance threshold 𝜅1 = 90%  . Hence, using the 

testing procedure 1, this target test spectrum was classified as true positive. On the contrast, the 

proportion of the 𝐵 =  30 reconstructions of the non-target test spectrum P10 that was entirely inside 

the band was 0%, i.e. they all deviated from the band limits each at 1 to 16 points. This proportion was 

far below the predefined threshold 𝜅1 = 90%. Hence this spectrum was classified as true negative. 

Fig. 5E and F contrast the proportion of the reconstructions of the two tested spectra outside the band 

limits at each wavenumber. This proportion was below the predefined threshold of 10%, i.e. 100% −

𝜅2 , at all wavenumbers for the target test spectrum (Fig. 5E); hence the spectrum was accepted as 

true positive using procedure 2 with 𝜅2 = 90% . On the contrast, more than 10% of the 

reconstructions of the non-target test spectrum fell outside the band limits at several wavenumbers 

(Fig. 5F). 

The average number of points per reconstruction outside the band was 0.0 (0.2) with a range of 0–1 

for the target test spectrum, against 10.4 (4.0) with a range of 1–16 for the non-target test spectrum. 

Hence, using procedure 3 with the predefined threshold 𝜅3 = 1, the target test spectrum was accepted 

as true positive, while the non-target test spectrum was rejected as true negative. 

A similar detailed investigation of the outlyingness patterns of tested spectra was done for the 

ibuprofens on Fig. 6, contrasting the patterns for a target test spectrum (I03, Fig. 6A, C, 6E) with a non-

target test spectrum (I04, Fig. 6B, D, 6F). It can be seen that the reconstructions of the target test 

spectrum (6A) were less spread than those of the non-target test spectrum (6B). They deviated at only 

two points with very low magnitudes (6C) compared with the non-target test spectrum whose 

reconstructions deviated at greater number of points with substantially higher magnitudes (6D). At 

most of the wavenumbers, more than 10% of the reconstructions of the non-target test spectrum (6E) 

were outside the band limits contrary to the target test spectrum (6F). 

To the best of the authors’ knowledge, no projection-based CM method including the SIMCA provides 

such rich information about outlyingness patterns and such easy physical understanding of the 

classification results. 

It is important to note that the 95%-prediction band is different from a pointwise 95%-confidence band 

for the mean spectrum that is constructed by the mean-spectrum plus or minus 1.96 times its standard 

error at each spectral point, as provided by some chemometric software. This kind of band is a 

pointwise confidence band for the mean and not a prediction band for a next future spectrum. 

Furthermore, it is not a simultaneous band and hence, might not be effective in simultaneous testing 

of the whole trajectory of a future spectrum. 
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Fig. 6. Study 1: Comparison of the outlyingness patterns of one target spectrum (I03, Dataset 2) versus one non-target 
spectrum (I04, Dataset 2) w.r.t. a 95%-prediction band for formulation I03 (Dataset 2). (A): Overlap of the 𝐵 =  30  
reconstructions of the target spectrum with the band; (B): Overlap of the 𝐵 =  30 reconstructions of the non-target spectrum 
with the band; (C): Outlyingness map showing the average deviation of the 𝐵 =  30 reconstructions of the target spectrum 
from the band limits (blue bars have zero values; red bars have non-zero values); (D): Outlyingness map showing the average 
deviation of the 𝐵 =  30 reconstructions of the non-target spectrum from the band limits (blue bars have zero values; red 
bars have non-zero values); (E): Proportion of the 𝐵 =  30  reconstructions of the target spectrum outside the band at each 

wavenumber (the horizontal dashed line is a threshold of 10%, i.e. 𝜅2 = 90% , and red bars are above the threshold); (F): 
Proportion of the 𝐵 =  30 reconstructions of the non-target spectrum outside the band at each wavenumber (the horizontal 

dashed line is a threshold of 10%, i.e. 𝜅2 = 90% , and red bars are above the threshold). (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of this article.) 
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4.1.7. COMPUTATION TIME FOR PRACTICAL IMPLEMENTATION 

Regarding practical implementation, to generate the predictive distribution of the spectra for P01 on 

Device 1 using non-informative Jeffreys’ priors on the reciprocal of the eigenvalues, the average 

computation time was 1.6 ± 0.3 s, that is less than 0.06 s per bootstrap iteration on a 2.2 GHz computer 

using just one core (no parallelization). With flat uniform priors or half-normal priors on the square-

root of the eigenvalues using the HMC sampler of Stan probabilistic language [30] this computation 

time was about 10 times higher (17.9 ± 0.9 s, i.e. about 0.6 s per bootstrap iteration). Ranking the 

predicted spectra and setting the band limits took approximately 3.9 ± 0.3 s. Once the model is 

calibrated, the output for testing new spectra is a pair of vectors of band limits. Testing a single new 

spectrum involves projecting its 𝐵 =  30 reconstructions by the bootstrap PC models onto that pair 

of vectors and computing the decision-making metrics for the three procedures, including the 

outlyingness map. This testing step took 0.25 ± 0.05 s without parallelization. These computation times 

remain almost the same with ibuprofens formulations with the same piece of equipment. 

From these, it is clear that prediction bands over a complete spectrum can be built in a relatively short 

time, but careful model checking is mandatory. Moreover, testing new samples or batches against the 

obtained bands can be made nearly instantaneously, which allows envisaging the use of such 

methodology at a large scale. 

4.2. STUDY 2: APPLICATION TO TWO VERIFICATION PROBLEMS WITH DATASETS 3 

AND 4 

Graphics on Fig. 7 enable basic visual checks of the agreement between the predicted and the 

observed spectra for both formulations P01 and I03 before the use of their prediction bands for 

classification purposes. It can be seen that the measured spectra were overall within the range of 

predicted spectra for both formulations (Fig. 7A and B). The mean of the predicted and the measured 

spectra overlap almost perfectly suggesting the unbiasedness of the predictions for both formulations 

(Fig. 7B and D). The 95%-band limits used to classify spectra were also shown on Fig. 7B and D for both 

formulations. 

Classification results for the model with independent Jeffreys’ priors on the reciprocal of the 

eigenvalues of both standard and smoothed PCs are reported in Table 5 for both types of formulations. 

The results show that the 95%-prediction band yielded satisfactory classification performances with 

true positive rates about the nominal 95% at the threshold 𝜅1 = 90%, 𝜅2 = 90% and 𝜅3 =

1 respectively for procedure 1, 2 and 3 for both formulations. Decreasing 𝜅1 and 𝜅2 to 50%, and 

increasing 𝜅3 to 3 enabled to increase the true positive rates without affecting the false positive rates, 

whatever the PC decomposition method (Table 5). The method also outperformed the four rigorous 

optimized SIMCA methods with a priori fixed 95% confidence levels in terms true positive rates, false 

positive rates being similar (Table 6). Amongst the SIMCA methods, the data-driven moment-based 

SIMCA yielded the closest true positive rates (80% for P01 and 85% for I03) to the nominal 95%. But it 

is noticed how the true positive rates varied substantially from one SIMCA model to another, especially 

for formulation P01 (Table 6). 
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Fig. 7. Study 2: Adequacy of the prediction models and band limits for future spectra of the target paracetamol (P01, Dataset 
3) and target ibuprofen (I03, Dataset 4) formulations; (A) agreement between the trajectories of the predicted spectra and 
those of the calibration spectra of the target paracetamol formulation P01 (Dataset 3); (B) agreement between the mean of 
the predicted spectra and the mean of the calibration spectra of P01; (C) agreement between the trajectories of the predicted 
spectra and those of the calibration spectra of the target ibuprofen target formulation I03 (Dataset 4); (D) agreement between 
the mean of the predicted spectra and the mean of the calibration spectra of I03. Predictions were obtained using a Bayesian 
zero-mean model on smoothed PCs’ scores with independent Jeffreys’ priors on the reciprocal of the eigenvalues, repeated 
on 𝐵 =  30  naïve bootstrap resamples of the calibration dataset to include uncertainties in the PC decomposition. 

 

Outlyingness patterns of one target (P01) test spectrum and one non-target (P10) test spectrum with 

respect to the 95%-prediction band with acceptance thresholds 𝜅1 = 90%, 𝜅2 = 90% and 𝜅3 = 1  

respectively for procedure 1, 2 and 3, were investigated on Fig. 8. Clearly, the reconstructions of the 

target spectrum (Fig. 8A) were much less spread than those of the non-target spectrum (Fig. 8B). 

Wavenumbers where they deviated from the band limits and the average magnitude of deviations are 

depicted by the outlyingness maps (Fig. 8C and D). The target test spectrum (Fig. 8C) deviated at only 

two wavenumbers and with far lower magnitudes compared to the non-target test spectrum (Fig. 8D). 

76.7% and 0.0% of the reconstructions of the target test spectrum and the non-target test spectrum 

respectively were entirely inside the band limits. Fig. 8E and F contrast the proportion of the 

reconstructions of both tested spectra outside the band limits at each wavenumber, and clearly the 

patterns were different. Clearly, despite both the target and non-target test spectra were classified as 

negatives with the predefined thresholds 𝜅1 = 90% and 𝜅2 = 90% , the outlyingness map provides 

additional information to further discriminate between a false negative and true negative. The average 

number of points per reconstruction outside the band was 0.2 (0.4) with a range of 0–1 for the target 
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test spectrum against 27.7 (3.1) with a range of 22–34 for the non-target test spectrum. Hence, using 

𝜅3 = 1, the target test spectrum is accepted as positive. 

 
Table 5. True positive rates of classification (in percentage, %) of the target paracetamol formulation (P01 in Dataset 3) and 
the target ibuprofen formulation (I03 in Dataset 4), by four 95%-prediction bands. Models with normal likelihood on either 
standard or smoothed PCs’ scores and independent non-informative Jeffreys’ priors on the reciprocal of the eigenvalues are 
used. The three testing procedures for a new spectrum defined in Section 2.10 are considered. 

 
 
Table 6. True positive rates of classification (in percentage, %) of the target paracetamol formulation (P01 in Dataset 3) and 
the target ibuprofen formulation (I03 in Dataset 4), by four optimized SIMCA methods (Jackson-Mudholkar method, chi-
square method, data-driven moment-based method and data-driven robust method), with a priori fixed 95%-confidence 
level. 

 
 

A similar investigation of the outlyingness patterns of tested spectra can be done for the ibuprofens 

with Dataset 4 on Fig. 9. Clearly, the reconstructions of the target (I03, Fig. 9A, C, 9E) and non-target 

(I04, Fig. 9B, D, 9F) test spectra overlap the band with different patterns, in terms of spread of the 

reconstructions (9A versus 9B), the magnitude of the excursion outside the band limits (9C versus 9D), 

and the proportion of points outside the limits at each wavenumber (9E versus 9F). 

It is worth noting that, the fact that some spectral ranges may be out of the band even for target class 

spectra demonstrates a possible spectral acquisition variability or inherent spectral variability due to 

blister composition. Therefore, acceptance criteria may be tuned to account for those issues, hence 

increasing the odds of true positive and while still correctly rejecting true negatives. 
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Fig. 8. Study 2: Comparison of the outlyingness patterns of one target spectrum (P01, Dataset 3) versus one non-target 
spectrum (P10, Dataset 3) w.r.t. a 95%-prediction band for formulation P01 (Dataset 3). (A): Overlap of the 𝐵 = 30  
reconstructions of the target spectrum with the band; (B): Overlap of the 𝐵 = 30 reconstructions of the non-target spectrum 
with the band; (C): Outlyingness map showing the average deviation of the 𝐵 = 30 reconstructions of the target spectrum 
from the band limits (blue bars have zero values; red bars have non-zero values); (D): Outlyingness map showing the average 
deviation of the 𝐵 = 30  reconstructions of the non-target spectrum from the band limits (blue bars have zero values; red 
bars have non-zero values); (E): Proportion of the 𝐵 = 30 reconstructions of the target spectrum outside the band at each 

wavenumber (the horizontal dashed line is a threshold of 10%, i.e. 𝜅2 = 90%, and red bars are above the threshold); (F): 
Proportion of the 𝐵 = 30 reconstructions of the non-target spectrum outside the band at each wavenumber (the horizontal 

dashed line is a threshold of 10%, i.e. 𝜅2 = 90% , and red bars are above the threshold). (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of this article.) 
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Fig. 9. Study 2: Comparison of the outlyingness patterns of one target spectrum (I03, Dataset 4) versus one non-target 
spectrum (I04, Dataset 4) w.r.t. a 95%-prediction band for spectra of formulation I03 (Dataset 4). (A): Overlap of the 𝐵 = 30 
reconstructions of the target spectrum with the band; (B): Overlap of the 𝐵 = 30 reconstructions of the non-target spectrum 
with the band; (C): Outlyingness map showing the average deviation of the 𝐵 = 30  reconstructions of the target spectrum 
from the band limits (blue bars have zero values; red bars have non-zero values); (D): Outlyingness map showing the average 
deviation of the 𝐵 = 30 reconstructions of the non-target spectrum from the band limits (blue bars have zero values; red 
bars have non-zero values); (E): Proportion of the 𝐵 = 30 reconstructions of the target spectrum outside the band at each 

wavenumber (the horizontal dashed line is a threshold of 10%, i.e. 𝜅2 = 90%, and red bars are above the threshold); (F): 
Proportion of the 𝐵 = 30 reconstructions of the non-target spectrum outside the band at each wavenumber (the horizontal 

dashed line is a threshold of 10%, i.e. 𝜅2 = 90%, and red bars are above the threshold). (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of this article.) 
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5. Conclusion 

Classification models should not only seek precision, but also integrate uncertainties management in 

decision-making [38]. This article introduces a fully predictive and probabilistic class-modelling method 

based on the concept of 𝛽%-prediction band for NIR spectra. The evaluation of the classification 

performances provides evidence that this proposed method for class-modelling possesses satisfactory 

predictive performances on NIR datasets, even better than the soft independent modelling of class 

analogy (SIMCA), whereas SIMCA is often considered as state-of-the-art of class-modelling. To the best 

of the authors’ knowledge, this is the first class-modelling method based on bands, that is fully 

predictive and risk-oriented enabling a fully probabilistic decision making while providing easy physical 

interpretability. It uses whenever needed, appropriate techniques to account for all decision-making 

uncertainties including uncertainties about the band calibration and uncertainties about new spectra 

to be tested. 

The proposed methodology has been tested for a drug identification task but it may be used for several 

other tasks such as PAT applications (end-point of blending process, raw materials attributes 

verification), food authentication, etc. It may of course be extended to other spectroscopy 

technologies such as Raman spectroscopy. 
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