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Introduction

Since the celebrated Stone duality [70] between Boolean algebras and Stone spaces, several other
dualities/equivalences joined up in such a way as to create a large graph between numerous
categories. For instance, one should consider Priestley duality [56], de Vries duality [26], Gelfand-
Neumark duality [37], Esakia duality [32], Jonsson-Tarski duality [48], etc.

Let us note that two orthogonal ways of extending Stone duality are to contemplate in the
all but exhaustive list we mentioned. The first one is to consider a "weaker" category on one
side of the duality/equivalence and investigate the future of the category on the other side. This
is for instance what happened for Priestley duality, where Boolean algebras were weakened to
bounded distributive lattices (namely, by dropping the existence of a complement). The second
way of generalising Stone duality is, on the contrary, obtained by adding new structures to the
pre-existing categories. The Jonsson-Tarski duality is a striking example. Finitary operators are
added to Boolean algebras and are translated in a specific family of relations added to Stone
spaces.

The motivations behind these dualities and equivalences differ widely. For instance, Stone
duality was intended as a way to establish a representation theorem for Boolean algebras, so that
it would always be possible to compare an "abstract" Boolean algebra with a "concrete" one.
Concerning de Vries duality, the main goal was to develop a theory of compactification (see for
instance [77] for a survey on compactifications) of completely regular spaces.

However, a duality may see its use shift through time. To give one example Jonsson-Tarski
duality was first intended to be a representation theorem for Boolean algebras with operators.
Then, it was rediscovered latter as a bridge between the relational and the algebraic semantic of
modal logic, allowing us to co-ordinate their respective advantages.

In accordance with this theme, the main motivation of this thesis is to further extend this
ever growing graph of equivalences and dualities, but with different goals.

In this thesis, three specific directions will be considered:

e In Chapter[2] we will explore four dualities that extend the duality between modal algebras
and modal spaces. Thanks to these dualities, subordination algebras will have a suited
theory to be used as models for standard modal logic.

e In Chapter [3] we push further the generalisation initiated in Chapter 2] First, by noticing
that subordination algebras are equivalently presented as unary slanted algebras (that is
algebras with operators that do not map element of the algebra to the algebra itself but to
closed /open elements of its canonical extension). Then, by moving from Boolean algebras
to bounded distributive lattices.

e Finally, in Chapter[5] we will explore a duality that mimics the transition from Stone spaces
to Priestley spaces in a Gelfand-Neumark duality setting. This duality is a formalisation of
the techniques used by Hansoul in [43] to realise the "Nachbin-Stone-Cech" compactification
of a completely regular ordered space.
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De Vries algebras

As we mentioned earlier, we extend a tree of dualities and equivalences in several directions.
However, these directions share a common "ancestor": de Vries algebras. Indeed, de Vries
algebras are nothing but a particular case of subordination algebras treated in Chapter [2] and,
morevoer, they are part of a triangle of dualities and equivalences with compact Hausdorff spaces
and C*-algebras, which is extended in Chapter |5l Therefore, it is natural to begin the thesis, in
Chapter (1} with the duality developed by de Vries in his thesis [26] and well discussed in [3].

Subordination algebras

The concept of subordination algebra popped up under different names through history: prox-
imity algebras in [30] and [54], pre-contact algebras in [28], strict implication algebras in [5] and
quasi-modal algebras in [14]. To describe them shortly, they are hybrid structures, between the
algebraic and the relational world.

As announced previously we define, in Chapter [2] four categories whose objects are subor-
dination algebras but whose morphisms differ slightly. Dually, we define four categories whose
objects will be subordination spaces, a.k.a. Stone spaces endowed with a binary closed relation
and whose morphisms also differ. Of course, these categories are paired in twos, in order to
establish four interconnected dualities. We retrieve in particular the dualities of [5] and [I4] as
two of these four dualities.

Afterwards, we establish four discrete dualities (i.e. non-topological) between complete atomic
subordination algebras and Kripke structures. While these dualities are still set in a subordi-
nation environment, we remark that they are actually equivalent to dualities, set in a modal
environment, between complete atomic modal algebras and Kripke structures.

Having hence noticed that complete atomic subordination algebra and complete atomic modal
algebra are isomorphic concepts, we extend the notion of canonical extension of lattices with
operators (see for instance [34]) to subordination algebras.

Once proven that the canonical extension of a subordination algebra is a standard modal
algebra (and even, more precisely, a tense one), subordination algebras have an appropriate access
to a modal structure and we will use this access to promote them as models for modal/tense
logic. Moreover, we prove in Section [2.6] that the usual completeness theorems in modal logic
can be transported(with a minor variation) into the subordination setting. This last result may
be of great importance to show that a formula cannot be proved from a certain set of axioms.
Indeed, the pool of frames available to build counterexamples is now larger than since one can
use the all set of subordination space.

Subordination algebras as models for tense/modal logics

Let us discuss the challenges behind the promotion of subordination algebras to the rank of
model. The most apparent one is that they do not carry a modal structure, but a weaker one.
However, their duals, namely subordination spaces, are topological spaces endowed with a closed
binary relation. Therefore, it is not hard to see that subordination spaces can be used as models
for modal logic, through the usual definitions of valuation (see for instance [16, Section 3.2]).
Hence, thanks to the dualities we established previously, we can directly consider subordination
algebras as models for the standard tense logic.

Nevertheless, this procedure conceals a less apparent issue: the valuation of a (bi)modal
formula on a subordination algebra may fail to be an element of the initial algebra. This is where
the canonical extension we introduced previously plays a major role. Indeed, the valuation of
a (bi)modal formula is actually an element of the canonical extension. Hence, we have another
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way, purely algebraic, to consider subordination algebras as models: through their canonical
extensions. Fortunately, this second option coincides with the previous one.

A Sahlqgvist theorem and canonicity for subordination algebras

We spend the second half of Chapter 2] extending the well known Sahlqvist theorem [63] from the
modal/tense to the subordination setting. Recall that this theorem provides a specific family of
modal formulas (the Sahlqvist formulas, not to name names) with a first order translation in the
language of the accessibility relation. We obtain a family of formulas (the s-Sahlqvist formulas)
which is a restriction of the original family of Sahlqvist formulas in the tense case. The reasons
behind this restriction are explained infra. We also discuss in Sections and additional
kinds of translations which arise naturally from the subordination setting.

Back to the Sahlqvist theorem, the key Lemma in its proof is the Esakia Lemma ([32]). It
was proved in [65] in a modal environment with topological methods. Since it only requires the
accessibility relation to be closed, it easily transfers to the subordination setting. Nevertheless,
some adjustments have to be done for the key corollary of Esakia Lemma (that we may call
Generalised Esakia Lemma). This is due to two facts: the first is that Esakia Lemma requires,
in its statement, closed subsets. The second is that, for subordination spaces, the accessibility
relation does not send clopen subsets to clopen subsets, but only to closed sets. Therefore, for
instance, the box 0O of a clopen set O is not a closed set, but an open one, while it is impossible
to determine whether OO is closed or open.

However we do not have to entirely forbid the presence of open sets in our Sahlqvist theorem.
Indeed, it is sufficient to ensure that they do not appear in a "critical situation", namely in one
where the Esakia Lemma is genuinely required.

Besides providing a translation result, the modal Sahlqvist theorem also entails a canonical
one: every Sahlqvist formula is canonical, in the sense that it is valid in a modal algebra if
and only if it is valid in its canonical extension. This latter outcome is also carried out in the
subordination world, where the canonical extension intended is the one we defined earlier.

Subordination and tense/modal languages

We end Chapter [2| with a comparison between the subordination and the tense/modal language.
Indeed, since we know that subordination algebras may be used as models for tense/modal
logic, we can compare their power of expression in this language with the language that they
naturally carry: the subordination one. We lay emphasis on the fact that, when one considers
the subordination language, two options arise: one, considered for instance in [I] and [74], which
handles the subordination language as an equational language (i.e. without quantifiers) and the
other, considered for instance in [4] and [66], which handles it as a first order language (i.e. with
quantifiers). The relations between the subordination language and the modal one are of course
greatly impacted by the selected option. We discuss this aspect in Section [2.10| and, later on, in
Section [4.8

Slanted duality

Subordination algebras may be presented as a particular case of slanted lattices, namely lattices
endowed with operators that do not restrict to clopen elements but can map elements of the
original algebra to open or closed elements of its canonical extension. The results presented here
answer to the natural question that now arises: what should be the topological counterpart of
slanted algebras? Perhaps unsurprisingly, we turn to Stone/Priestley spaces with closed relations,
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as it was done for standard (i.e. non-slanted) operators in [48] for Boolean algebras and in [67]
for distributive bounded lattices. Hence, in short, the slanted duality is a extension of the
subordination duality in two different directions: from the Boolean world to the distributive
lattice one and from unary operators (or binary relations) to operators of arbitrary arities.

Slanted canonicity

To pursue the generalisation from the subordination algebras world to the slanted lattices one,
we extend the Sahlqvist-like result obtained in Chapter [2] from subordination algebras to slanted
lattices via the duality established in Chapter [3| Moreover, the fragment of (slanted) canonical
formulas obtained is larger that the fragment presented in Chapter [2] since we now have that all
analytic inductive formulas are canonical. Note that the concept of analytical formulas arose in
[41] in a context apparently uninvolved with the topological restrictions we made. Indeed, they
were introduced as a characterisation, in the theory of analytic calculi in structural proof theory,
of the logics which can be presented by means of proper display calculi.

A Gelfand duality for compact po-spaces

It is well known that a compact Hausdorff space can be characterised by its ring of complex
continuous functions (see [46]) or its ring of real continuous ones (see [7]). Both these character-
isation lead to a duality between the category of compact Hausdorff spaces and the C*-algebras
on one side, and the Stone rings on the other side. Interestingly, these dualities belong to a wider
frame, which was extended in all directions, but this one, by Bezhanishvili and Harding in [6].

Chapter [5] is dedicated to extend the Gelfand duality to the compact po-spaces. As an order
is required in the po-space setting, it is natural to opt for a real ring as in [7] instead of a
complex one. As we said earlier, the key observation to obtain this duality is given by Hansoul in
[43]: the compactification of completely regular ordered space is obtained via its set of positive
real increasing continuous functions. Now, of course, this set is not a ring, as an increasing
function clearly lacks an opposite. Therefore, it is natural to turn to a category whose objects
are semi-rings.



Chapter 1

De Vries duality

De Vries duality concerns compact Hausdorff spaces and de Vries algebras. The main idea behind
this duality is similar to the one behind Stone’s one (see Appendix E[) Indeed, Stone duality
uses the fact that clopen subsets of a Stone space constitute an open basis. Of course, this is not
valid anymore for a compact Hausdorff space X which is not zero-dimensional. Nevertheless, X
is in particular a regular space and, as such, its regular open sets form a base of X. Therefore,
after having studied some properties of regular opens sets given in [39, Chapter 10], we will use
them to establish de Vries duality.

1.1 Regular open sets

Notation 1.1.1. Let X be a topological space and S C X. We denote by S° the interior of S,
that is the largest open set contained in S; by S, or S~, the closure of S, that is the smallest
closed set containing S; by S¢ the complement of S and by St the set S~¢ = §°. Finally, S*
will denote the boundary of S, that is S™ N 5°°.

Definition 1.1.2. Let X be a topological space, an open set O in X is said to be regular if
O = O7°. Dually, a closed set F' in X is said to be regular if ' = F°~. The set of regular
open sets of X will be denoted by RO(X) while its set of regular closed sets will be denoted by
RC(X).

Lemma 1.1.3. Let X be a topological space and let O,U C X, then
1. O is a regular open set if and only if O¢ is a regular closed set,
2. 07° =0+,
3. if O is open, then O~° is the smallest reqular open containing O,
4. if O and U are open sets, then (ONU)"°=0"°NU"°.
Proof. See [39, Chapter 10]. O

As a direct corollary of this lemma, we have that RO(X) is a (complete) Boolean algebra for
the operations defined in the next theorem.

Theorem 1.1.4. Let X be a topological space. The set RO(X) ordered by inclusion is a complete
Boolean algebra such that, for every O and U in RO(X), we have :
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1.1=X and O =),
2.O0NU=0nU,

3. OVU=(0UU)"°,
4. =0 = O+,

Proof. 1. Tt is clear that () and X are regular open sets and that they are respectively the
bottom and the top element.

2. Since we have
onuvcoOonU)y°co°nU"°=0nU,

O NVU is a regular open set and the conclusion follows easily.
3. The conclusion is immediate by Item 3 of Lemma [T.1.3]
4. First, the set Ot is a regular open set. Indeed, we have
Ol — ¢ o _ e _ L
Then, we have

OANOt=0nNn0O*
=07°NO*
C (0" NO°°
— O.o g O.fo — @,

and

ovot=Ouot)
=(0°NO7)°
_ oo
_preo
_ 0" — o — X

We still have to show that RO(X) it complete, but it is just a routine calculation to show
that if S C RO(X), then V.S and AS exist and are respectively equal to (U{U | U € S})~° and
(N{U | U € S})~°. O

Remark 1.1.5. We described here a part of what will be the "de Vries dual" of a compact
Hausdorff space. However, to fully establish the duality, more than just a (complete) Boolean
algebra will be required. Therefore, we turn to the notion of de Vries algebras introduced by de
Vries in [26] Definition 1.1.1.] under the name of compingent Boolean algebras. This notion will
be further extended to the more general cases of subordination algebras and contact algebras in
Chapter [2| which will be themselves extended to the notion of slanted lattices in Chapter
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1.2 The category DeV

Definition 1.2.1. Let B be a Boolean algebra, a binary relation < on B is a de Vries relation
if it satisfies the following properties:

dvl. 0 <0Oand 1 <1,

dv2. a < b,c implies a < b A ¢,

dv3. a < b < ¢ <dimplies a < d,

dv4. a < b implies a < b,

dv5. a < b implies =b < —a,

dv6. a < b implies a < ¢ < b for some c,
dv7. a # 0 implies b < a for some b # 0.

A de Vries algebra is a pair 8 = (B, <) where B is a complete Boolean algebra and <
is a de Vries relation. Note that we will sometimes abuse notations and write B for B when it
causes no confusion.

Remark 1.2.2. Here are some immediate consequences of the definition of de Vries algebras.
1. In presence of dv4, the following axiom
dvl’ 0 <a=<1.
is equivalent to dvl.
2. In presence of dvl and dv4, axioms dv6 and dv7 are equivalent to
dv8 a < b # 0 implies that there exists ¢ # 0 such that a < ¢ < b.
3. In presence of dv5, axiom dv2 is equivalent to
dv2’ a,b < cimplies a Vb < c.
Lemma 1.2.8. Let B = (B, <) be a de Vries algebra.

1. For all a € B, we have
a=V{b|b=<a}=A{b|a<b}.

2. For all a,b € B, we have

a<bs (VeeB)(b<c=a=<c)).

Proof. 1. We give the proof of the first equality and leave the second one the the reader. By
axiom dv2, it is clear that

a>V{b|b=<a}.

Ou the other hand, suppose that ¢ is an upper bound of the set {b | b < a} and suppose
that a £ ¢. It follows that a A =¢ # 0. Therefore, by axiom dv7, there exists an element
d # 0 such that d < a A —c¢. Hence, by dv3 and dv4, we have that d € {b | b < a} and
d < —¢. This is absurd, since in particular, it means that d < ¢ A —¢ = 0.
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2. It is clear that the if part follows directly from axiom dv3. For the only if part, suppose
that @ £ b. Using the same trick as in the first item, we find an element ¢ # 0 such that
¢ < a and ¢ < b, hence, by dv5, b < —¢. But we cannot have a < —c¢ as it would imply
that

0#£c<aAN—-a=0,

which is absurd.
O

Example 1.2.4. As previously stated, we intended de Vries algebras to form a category dual to
the one of compact Hausdorff spaces. We saw in Theorem that, for a compact Hausdorff
space X, its set of regular open sets RO(X), ordered by inclusion, is a complete Boolean algebra.
To obtain a de Vries algebra, we must define a de Vries relation on it. Consider the binary
relation < on RO(X) where

U<V < U CV

and let us check that < is actually a de Vries relation. Since proving the four first properties is
quite straightforward, we will focus on the last three.

dvd Suppose that U < V, that is U~ C V. Then, we have that V¢ C U~¢ = ~U. But, since
V € RO(X), it follows that

V=V =V = (V)"
and, finally, that -V < —U.

dv6 Suppose that U < V. It follows that U~ NV = (. Moreover, since X is compact Hausdorff,
it is normal. Therefore, there exists an open set w such that

U Cwandw NVe=40.
Le W denote w™°. Then, by Lemma W is in RO(X). Finally, we have

e U- CwCW,that is U < W and
o W C w™, which implies W~ Cw~ CV, thatis W < V.

dv7 Let U € RO(X) \ {0}. There exists © € U and thus, by regularity of X, there exists a
closed neighbourhood v of z such that v C U. In particular, there exists an open set w
such that

rewCrClU.

Taking V as w™° givesus 0 #V < U.

Definition 1.2.5. Let B = (B, <) and € = (C, <) be de Vries algebras. A map h: B — C'is
a de Vries morphism if it satisfies the following properties:

1. h(0) =0,

2. h(a Ab) = h(a) A h(D),

3. a < b implies —h(—a) < h(b),
4. h(a) = V{h(b) : b < a}.

Lemma 1.2.6. If h is a de Vries morphism from B = (B, <) to € = (C, <), it satisfies the
following properties for every a,b,c,d € B:
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1. h(a) < =h(-a),
2. ifa<bandc<d, then h(aV c) < h(b) V h(d),
3. a < b implies h(a) < h(b),
4. h(1)=1.
Proof. 1. It follows from 0 = a A —a that
0 = h(0) = h(a A —a) = h(a) A h(—a)
and so that h(a) < =h(-a).
2. From a < b and ¢ < d, we have directly that
—h(=a) V =h(=c) < h(b) V h(d).
The conclusion now follows from the first item, by noticing that

h(aVec) < =h(=(aVc)) = -h(-a A —c) = -h(=a) V =h(=c).

3. Since a < b and 0 < 0, we obtain immediately from the second item that

h(a) = h(aV 0) < h(b) V h(0) = h(b).

4. Since 1 < 1, using the first and third properties of de Vries morphisms, we have 1 < h(1),
which concludes the proof.
O

As noted in [2], the usual composition of two de Vries morphisms may fail to be a de Vries
morphism. Indeed, it may not satisfy the fourth property of Definition Thus, we have to
use a slightly different composition in the category of de Vries algebras.

Definition 1.2.7. If h: B — C and g : D — B are de Vries morphisms, their composition
is defined as
hxg:D — C:a+— V{h(g(d)): b < a}. (1.1)

To actually use this composition to form a category, it remains to prove that h x g is a de Vries
morphism and also that * is indeed a categorical composition (see Appendix|A.2.1)).

Proposition 1.2.8. Let f, g, h be composable de Vries morphisms and let id denote the identity
map.

1. The map id is a de Vries morphism.
2. The map f xg is a de Vries morphism.
3. We have fxid = f=id*f and fx(gxh) = (f xg) x h.
Proof. 1. Trivial.
2. We have to check one by one the properties of a de Vries morphism.

(a) Since b < 0 implies b = 0, we have

(f*x9)(0) = V{f(g(b) : b< 0} = f(g(0)) = 0.
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(b) First off all, since ¢ < a A b implies ¢ < a and ¢ < b, it is clear that

(fxg)(anb) =V{f(g(c)) :c<anb}
<V{f(g(c)) : c = a} AV{f(g(c)) : c < b}
= (fxg)(a) A(f*xg)(b).

On the other hand, ¢ < a and d < b implies ¢ A d < a A b. Therefore, it implies also

Flg(e)) A f(g(d) = flg(e nd)) < (f*g)(anb).

It follows that

(fxg)(a) A(f > g)(b) = V{f(g(c)) : ¢ < a} AV{f(g(d)) : d < b}
=V{f(g(c)) A f(g9(d)): ¢ < aand d < b}
< (fxg)(anb),

~~

as required.

(¢c) If @ < b, there exist ¢ and d such that a < ¢ < d < b. From a < ¢, we obtain
first —¢ < —a and then f(g(—c)) < (f x g)(—a). From ¢ < d, we obtain successively
-d < —¢, ~g(d) < g(—c) and =f(g(d)) < f(g9(—c)). Finally, from d < b, we obtain
f(g(d)) < (f xg)(b), which is —(f * g)(b) < =(f(g(d)). It suffices now to put together
what we just obtained to find

=(f % 9)(b) < =(f(g(d)) < f(g(=c)) < (f *g)(—a).

Finally, we have that —(f % g)(—a) < (f * g)(b).

(d) Since b < a implies that there exists ¢ such that b < ¢ < a, which itself implies that
f(g(b)) < (f x g)(c), we have that

(f *9)(a) = V{f(g(b)) : b < a} < V{(f*g)(c): c < a}. (1.2)

But, from item (b), we already know that ¢ < a implies (f * g)(¢) < (f * ¢)(a), which
means that the inequality (1.2 is actually an equality, as required.

3. It follows directly from the definitions that fxid = f = idxf. Now, to prove associativity,
consider the following elements

ar = ((fxg) x h)(a) = V{(f x g)(h(b)) : b < a},

az := (f *(g*h))(a) = V{f((g*h)(b)) : b < a},

az == V{f(g(h(d)) : b < a}.
Let us observe that for every de Vries morphisms f,g and for every element ¢, we have
f(g(e)) = (f xg)(c). It follows therefore that a; < az and as < as.

Moreover, if b < a, then there exists ¢ such that b < ¢ < a and, henceforth, such that
h(b) < h(c). Tt follows that f(g(h(b)) < (f x g)(h(c)) and, consequently, that a3 < ay.
With an analogue reasoning, one proves that az < a;. In the end, we obtain a1 = a3 = as.

O

Corollary 1.2.9. The de Vries algebras and de Vries morphisms with * as defined in (1.1) as
composition form a category, denoted by DeV.
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1.2. The category DeV

Remark 1.2.10. It is important to note that de Vries morphism have extremely weak properties
as they are not even Boolean morphisms. However, Dimov, Ivanova-Dimova and Tholen proved
in [27, Theorem 5.13] that a de Vries morphism could be generated as follows

V(e)(a) = v{p(b) : b < a},

with ¢ a Fedorchuk morphism, that is a Boolean morphism such that a < b implies p(a) <
o(b)-

To end this presentation of the de Vries category, we will introduce an equivalent condition
for a de Vries morphism to be an isomorphism of the category DeV. However, we do not have
yet all the required tools to prove the only if part and we will come back to it later, in Theorem
0.0l

Theorem 1.2.11. Let B = (B, <) and € = (C, <) be de Vries algebras. If h: B — C is a
Boolean isomorphism such that, for every a,b € B, we have

a <b< h(a) < h(b), (1.3)
then h is an isomorphism of DeV.

Proof. Once again, first of all, we have to check that h is indeed a de Vries morphism. Since h
is a Boolean morphism, it is clear that h(0) = 0 and h(a A b) = h(a) A h(b) for every a,b € B.
Let us now focus on the last two properties of de Vries morphisms.

e As his a Boolean morphism, we have h(—a) = —h(a) for every a € B. Then, we obtain by
hypothesis that a < b implies =h(—a) = h(a) < h(b).

e Using Lemmal[L.2.3] we obtain that h(a) = V{d : d < h(a)}. Then, since h is bijective, this
is equivalent to h( ) = V{h(b) : h(b) < h(a)}. The conclusion now follows directly from

3.

Secondly, for h to be an isomorphism of DeV, it remains to prove that there exists a de Vries
morphism g : C — B such that both gxh and hxg are identity morphisms. The morphism g we
are looking for is of course h~!. Indeed, due to the fact that h~' and h have identical properties,
we know that h~! is a de Vries morphism. Finally, it is trivial to prove that hx h~! = idp and
that A=t % h = idc. O

Definition 1.2.12. We call (temporarily) strong de Vries isomorphism a map that verifies
the properties of Theorem [1.2.11

An interesting property of strong de Vries isomorphisms is that the de Vries composition of a
strong isomorphism and an arbitrary de Vries morphism corresponds to the usual composition,
as we will see in the next proposition.

Proposition 1.2.13. if h : B — C is a strong de Vries isomorphism and g : C — D,
f+A— B are de Vries morphisms, then gxh =goh and hx f =ho f.

Proof. 1. For a € B, we successively have that

(9xh)(a) = V{g(h(b)): b < a}
= V{g(h(b)) : h(b) < h(a)} (1.4)
= V{g(c) : ¢ < h(a)} = g(h(a)), (1.5)

where (T.4) follows from a < b < h(a) < h(b) and (L.5) from the fact that h is onto.

11



Chapter 1. De Vries duality

2. For a € A, we have that

h(f(a)) = h(V{f(b) : b < a})
= V{h(f()) : b < a} = (h* f)(a),

where we simply used the fact that h is a Boolean isomorphism.

1.3 Round filters

Remember that in Stone duality, the Stone space associated to a Boolean algebra B is the set of
B ultrafilters. In de Vries duality, the counterparts of ultrafilters are maximal round filters (or
concordant filters in [26] Definition 1.2.1]) . We introduce them in this section and develop some
of their properties.

Definition 1.3.1 ([3]). Let B = (B, <) be a de Vries algebra. A subset x of B is a round filter
if it is a filter such that for every b € z, there exists a € x such that a < b. Moreover, an end is
a round filter maximal among proper round filters ordered by inclusion.

Theorem 1.3.2. Let B = (B, <) be a de Vries algebra. If a € B\ {0}, then there is an end x
of B such that a € x.

Proof. By the properties of de Vries algebras, we have 0 < a1 < a for some a; € B\ {0}. By
induction, we find a sequence (a,)nen constituted by elements of B\ {0} such that, for each
n € N, we have 0 < a,11 < a, < a. Consider then

x={be B|a, <bfor some n € N}.

We have that x is a proper round filter containing a. Using Zorn lemma, it is possible to show
that there is a maximal round filter containing = and hence containing a. O

Corollary 1.3.3. Let a,b be two elements of a de Vries algebra B = (B, <). We have a < b if
and only if for every end x of B, a € x implies b € x.

Proof. Since an end z is in particular a filter, it is clear that a < b and a € = implies b € x .
On the other hand, suppose that a £ b. Then, we have a A b # 0 and it follows from

Theorem that there is an end x with (a A =b) € z. Trivially, we have that = is an end

containing a and not b. O

Just as an ultrafilter x of a Boolean algebra B can be characterised via the condition that
for every a € B, x must contain exactly one among a and —a, it is possible to characterise the
ends of a de Vries algebra.

Theorem 1.3.4. A proper round filter x of a de Vries algebra B = (B, <) is mazimal if and
only if for every a,b € B, a < b implies b € x or —a € x.

Proof. Let us begin by assuming that x is not an end. Then, there is a proper round filter y
such that  C y. Now, let us take an element a € x and an element b € y \ z. Since y is a filter,
we have a A b € y and since it is round, there exists an element ¢ € y such that ¢ < a A b. Now,
as bZ x, we have a A b x. But we also have that —¢ ¢ x, otherwise we would have —c € y and
¢ € y, implying 0 € y, which would be nonsense.

12



1.3. Round filters

Now, suppose that = is a round filter such that there exist a,b € B with a < b, b&€x and
—a ¢ x. This implies that
(cerxanda<d)=cAd#D0. (1.6)

Indeed, otherwise ¢ A d = 0 would imply ¢ < —d and, consequently, -d € y. Since a < d, this
would lead to =d < —a and would imply —a € x, contradicting our hypothesis. We now set y as

y:={cAd:cecxanda<d}

and prove that y is a round filter. First of all, if y 3 (¢cAd) < e, then we have e = (eV ) A(eVd).
Therefore, since eV ¢ € x and a < d A e, we have that e € y. Thus, y being trivially closed under
A, we have that y is a filter. Secondly, if ¢ A d € y, then there is e; € x such that e; < ¢ and
e2 € B such that a < es < d. So, we have y 3 (e1 A ea) < (¢ Ad) and y is indeed a round filter.
Finally, it is clear that y satisfies the following conditions:

xCy, b=1Abeyand 0&y,
which yields that y is a proper round filter strictly containing x. O

Corollary 1.3.5. If © and y are distinct ends of a de Vries algebra B = (B, <), then there
exists an element a € B such that a € x and —a € y.

Proof. Since x and y are distinct, there exists an element b € x \ y. Moreover, since « is round,
there exists a second element a € z such that a < b. By Theorem [1.34] it follows that —a € y as
required. O

Now, just as Example foreshadows the functor from KHaus to DeV, we will give the
constructions that will lead to the inverse functor (from DeV to KHaus).

Definition 1.3.6. Let B = (B, <) be a de Vries algebra. We denote by End(8) its set of ends.
Moreover, we define, for a € B

n(a) = {z € End(*B) | a € z}.
Lemma 1.3.7. For B = (B, <) a de Vries algebra and a,b € B, we have:
1. a < b if and only if n(a) C n(b),
2. n(a Ab) = n(a) Nn(d),
3. n1(0) = 0 and n(1) = End(B).

Proof. The proofs follow directly from the definitions or are just restatements of Corollary
O

Definition 1.3.8. Let B = (B, <) be a de Vries algebra. We equip the set End(B) with the
topology whose base is given by B = {n(a) | a € B}. Note that, by Lemma [1.3.7) we know that
B is indeed a topological base for End 8.

Lemma 1.3.9. For B = (B, <) a de Vries algebra and for a,b € B, we have:

L. 77(“) €= 77(_‘(1)’
2. a < b implies n(a)~ C n(b).

13



Chapter 1. De Vries duality

Proof. 1. Suppose first that 2 € n(—a). Since n(—a)Nn(a) = 0, we have directly that = € n(a)~.
On the other hand, if z € n(a)~, there exists b € x such that n(bAa) =n(b) Nn(a) =0. It
follows that b A a = 0 and moreover that b < —a. We then have € 7(b) C n(—a), which
concludes the proof.

2. Suppose that a < b and let 2 be an element of 7(a)~. By item 1, we have that x € n(-a).
Then, it follows by Theorem that b € x or, in other words, that x € n(b).
L

Corollary 1.3.10. Let B = (B, <) be a de Vries algebra and let « be in End(*B), then
By ={n(a)” | a €z}
is a basis of closed neighbourhoods for x.

Proof. Since x € n(a) C n(a)”, it is clear that the elements of B, are closed neighbourhoods of
.

Suppose now that = € n(b) for some b € B. As x is a round filter, there exists a € = such
that a < b and so such that x € n(a)™ C n(b). O

Lemma 1.3.11. Let B = (B, <) be a de Vries algebra. Then, for every subset S C B,

n(VA) = (U{n(a) [a € A})~"°.
Proof. First of all, if S C End(*B), we have that
ST={z]|acex=Ty:yeSnn(a)}

={r|a€zrz=acUS}
={z |z CUS}.
Thus, we can conclude that
St ={z|zZUS}

and that
S =8 ={z |z ZU{y|y g US}}

So, in our case, we have
(Ufn(a) [a€ AN ={z |2z ZU{y |y £ U(U{n(a) | a € A})}}.

Moreover, b € U(U{n(a) | a € A}) if and only if there are a € A and z € n(a) such that b € x
which is equivalent to ask that there is an element a € A such that a A b # 0. Hence, we have
y Z U(U{n(a) | a € A}) if and only if there exists some b € y such that a Ab =0 for all a € A,
or equivalently, such that VA A b= 0. It follows that

U{y |y £U(U{n(e) [ac A})} ={be B[ (=VA)Ab#0}

Indeed, if =(VA) A b # 0, then there exists and end y such that =(VA) A b € y. Hence, since
VAA-(VA) Ab = 0, it follows that y € U(U{n(a) | a € A}). On the other hand, if b is an
element of U(U{n(a) | a € A}), then there is an end y and an element ¢ such that c € y, b € y
and VA A ¢ = 0. Suppose that =(VA) A b= 0. Then we would have

ydcAb<(VA)AVA =0,
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1.3. Round filters

which is absurd since y is an end.
In brief, we proved that

(Ufn(a) lae A} ={z |z £ {be B|=(VA)Ab#0}},

which means that « € (U{n(a) | a € A})~° if and only if there is b € x such that =(VA) Ab = 0.
The last condition being equivalent to b < VA, it follows that

z € (U{n(a)|ae A})™° < VA € z,

as requested. O

Theorem 1.3.12. Let B = (B, <) be a de Vries algebra. The set End(B) equipped with the
topology whose base is given by B = {n(a) | a € B} is a compact Hausdorff space.

Proof. Suppose that x and y are distinct elements of End(%8). Using Corollary we have
that x € n(a) and y € n(—a) for some a € B. Since n(a) N n(—a) = 0, it follows that End(B) is
a Hausdorff space.

To prove that End(B) is compact, let F be a family of closed subsets with the finite inter-
section property and let xo be defined as

x9={a € B|3F},...,F" € F for some n € N and
ElbaeB:Falﬂ---ﬂFggn(ba) and b, < a}.

It is clear that xq is a round filter and, due to F having the finite intersection property, it is a
proper subset of B. Therefore, there exists an end x such that xzg C .

We now prove that x € N{F | F' € F} and so that End(B) is compact. If this is not be the
case, there exists F' € F such that x ¢ . Thanks to Corollary we know that End(B) is
a regular space, which implies that x € n(a) and n(a)™ N F = @ for some a € B. It follows that
F C n(a)~° = n(—a) and, since z is round, there exists b € x such that —a < —b. In particular,
it means that —b € xg C x which is impossible as we already have b € . O

Corollary 1.3.13. For a de Vries algebra B = (B, <) and for a,b € B, we have
a=<bwmn(a)” Cnd).

Proof. The if part was already proven in Lemma Now suppose that n(a)~ C n(b). If
x € n(a)”, since it is round, there exists d,, € x such that d, < b. In particular, we have

n(a)” CU{n(ds) | € n(a)™ }.

But, n(a)~ is closed and thus compact, so that there exists dy, ..., d,, € z such that d;V---Vd, <b
and

n(a) S nla)” Sn(d) U---Un(dn) Snldy V-V dy).

From Lemma[1.3.7} we obtain a < d; V---Vd, < b, and this leads us to the conclusion.
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Chapter 1. De Vries duality

1.4 The functors End and RO

In this section, we describe the functors that go from DeV to KHaus and from KHaus to DeV.

We also prove that they are indeed (contravariant) functors. The duality will be fully realised in
Section [L.Al

Lemma 1.4.1. Let h be a morphism of DeV (B,C) and x be an end of C.
1. The set
<(h™Yz),-):={acB|3Ibch  (z):b=<a}
is an end of B.
2. The map
End(h) : End(C) — End(D) : & +— <(h ™! (x), )
is a continuous function.
Proof. 1. Tt is clear, using the properties dv3 and dv2 of de Vries algebras, that <(h~!(z), —)
is a filter of B while the property dv6 assures us that it is round. Moreover, since 0 cannot

be in <(h~!(x), —), which would imply that 0 is an element of z, <(h~!(x),—) is proper.
Hence, it remains to show that it is maximal.

Suppose that a,b € B are such that a < b. Then, we have a < ¢ < d < b for some ¢,d € B.
As h is a de Vries morphism, it follows that —=h(—c) < h(d) and, since z is an end, it follows
that h(—c) € x or h(d) € x. The first possibility implies that ~a € <(h~!(x), —) while the
second one implies that b € <(h~!(z), —). This leads to the conclusion.

2. From the previous point, we know that End(h) is well-defined, so that it remains to prove
that End(h) is continuous. Let a € B, we have

End(h)"'(n(a)) = {z € End(C) | <(h~ ' (z),~) > a}
={r €End(C)|3bech z):b=<a}
={z € End(C) | 3b € B:z € n(h(b)) and b < a}
= U{n(h(b)) | b < a}.

Hence, End(h) is a continuous function.
O

Lemma 1.4.2. If hy is a morphism of DeV (A, B) and hs is a morphism of DeV (B, C), then
End(ha x h1) = End(hq) o End(hs).

Proof. Let us take z in End(C), we have
a € End(hy *hi)(x) < I e A: (haxh1)(b) €z and b<a (1.7)

and
a € (End(hy) o End(hs))(x)

& (1.8)
dee Aand d € B: ho(d) € z, d < hi(c) and ¢ < a.

So, first, let us take an element a in End(h * hy1)(2) and let b be the element given in (1.7).
Then, we have b < d < a for some ¢ € A and since (hg * h1)(b) < ha(h1(b)) and (he x h1)(b) € x,
it follows that

ha(h1(b)) € , h1(b) < hi(c) and ¢ < a.
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1.4. The functors End and RO

Let us set d = hy(b) and this is exactly the condition of (L.8).

Now, let us take an element a in (End(h1) o End(hs))(z) and let ¢, d be the elements given in
(1.8). From ¢ < hy(d), we draw ha(d) < ha(hi(c)), and from ¢ < a, we draw ¢ < b < a for some
b € A and, in particular, we have hy(h1(c)) < (hg *h1)(b) . It follows that

x D hg(d) < (hz*hl)(b) and b < a,

which is exactly the condition in ([L.7)).
O

Lemma 1.4.3. If idp is the identity morphism of DeV (B, B), then End(idg) is the identity
morphism of KHaus(End(B), End(B)).

Proof. If x € End(B), then it follows immediately that
z = =<(z,—) = End(idp)(x).
O

Definition 1.4.4. We denote by End the functor from DeV to KHaus which sends a de Vries
algebra B to its set of ends End(B) and a de Vries morphism h : B — C to the continuous
function End(h) : End(C) — End(D).

Lemma 1.4.5. Let f be a morphism of KHaus(X,Y). The map
RO(f) : RO(Y) — RO(X) : O — (f1(0))~°
is a de Vries morphism.

Proof. Let us remark that, by Lemma[1.1.3] we know that RO(f) is well-defined. Now, we will
check that RO(f) verifies the properties of a de Vries morphism. Let O and U be elements of
RO(Y)

1. Trivially, we have RO(f)(0) = 0.

2. We have
RO(f)(OAU) = (f~HOAU))~
=(f'(on ))
=(o)ynf i)
=(f" 1(0)) N (1))~ =RO(£)(0) ARO(f)(U).

3. We have to prove that if O < U, or in other words if O~ C U, then -RO(f)(-0) <
RO(f)(U). Let us unwind - RO(f)(-0),

ﬁRO(f)(ﬁO) = -RO(f)(0™)
=((f7H079)™)
=((f7107)77°)
(0 = o
So, we have to prove that f~1(07)°=° < f~1(U)~°, that is
O = O S )
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Chapter 1. De Vries duality

Since we have that

O CU=f Yo )y cfrio)criwcrtwre,

and the proof is concluded.

4. We have to prove that RO(f)(O) = V{RO(f)(U) | U < O}, that is
(fHo) e =u{f o) con. (1.9)
For the sake of simplicity, let us denote by u the set f~1(O) and by v the set
u{fTlo)yC vt cop

To obtain the equation (1.9)), it suffices to prove that u= = v~.

Let z be an element of v~ and w an open set containing x. Since x € v~, there is an
element y € v Nw. By definition of v, we have y € f~1(U)~° for some regular open set U
such that U~ C O. Hence, it follows that

ye fTHU)TC U CfTHUT) S fH0),

which proves the inclusion v~ C u™.

For the second inclusion, let us consider € u~ and an open set w containing x. As
previously, there is an element y such that y € wNu and, more precisely, such that f(y) € O.
Since Y is compact Hausdorff, we have that f(y) € U and O°¢ C (U~)° for some regular
open set U of Y. In particular, this means that U < O and that y € f~1(U) C f~1(U)=°
or, in other words, that y € v.

O

Lemma 1.4.6. If f1 is a morphism of KHaus(X,Y) and f> is a morphism of KHaus(Y, Z),
then RO(f2 o fl) = RO(fl) * RO(fg)

Proof. We need to prove that for every regular open subset O of Z, we have
RO(f2 0 f1)(O) = (RO(f1) * RO(£2))(0).
Using the same trick as before, we will prove that v~ = v~ for
w= fr'(fy1(0)) and v = U{f~(f; (U)™°)"° |U~ C O}

Let us consider € v~ and w an open subset of X containing . There is y € u Nw, that is
f2(f1(y)) € O. Then, fa(f1(y)) € U and U~ C O for some regular open set U. It follows that

ye fi (5 U) C AU ) C TN U)o

Hence, y is in v.
On the other hand, suppose that x € v~ and that w is an open subset containing x. Hence,
there exists y € v Nw, which means that y € f;(f; *(U)~°)~° for some U~ C O. We thus have

yE S (f (U)°)° C AT (0) =
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Lemma 1.4.7. Ifidx is the identity morphism of KHaus(X, X), then the map RO(idx) is the
identity morphism of DeV (RO(X),RO(X)).

Proof. If O € RO(X), then it follows immediately that
O = 07° =RO(id,)(0).
O

Definition 1.4.8. We denote by RO the functor from KHaus to DeV which sends a compact
Hausdorff space X to RO(X) and a continuous function f : X — Y to RO(f) : RO(Y) —
RO(X).

1.5 Duality

Theorem 1.5.1. Let B be a de Vries algebra. The application
n: B — RO(End(B)) : a — n(a)
is an isomorphism of DeV (B, RO(End(B))).

Proof. First of all, we have to prove that 7 is well-defined. For every a € B, we have

n(a)=° =nla)** =n(-a)* = n(=-a) = n(a).

Hence n(a) is indeed a regular open set, as required.
Then, by Theorem we know it is sufficient to prove that 7 is a Boolean isomorphism
such that
a <b< nla) <nb). (1.10)

We already know by Lemmas [1.3.7 and [1.3.11] that 7 is injective and respects A, V 0 and 1.
Hence, 7 is an injective Boolean morphism. Moreover, by Corollary it is clear that 7
respects condition (1.10). Therefore, it only remains to prove that 7 is onto.

Let O be an arbitrary regular open set of End(98). Since {n(a) | « € B} is a base of End(B),
we know that

O =U{n(a) | a € A}
for some A C B. Now, since O is regular, we have, by Lemma [I.3.11]
0=07°=(U{nla) | ac A})™° =n(VA),
which immediately leads to the conclusion. O

Proposition 1.5.2. Let X be a compact Hausdorff space. A subset E of RO(X) is an end if
and only if there exist v € X such that

E=c¢(z) ={0 € RO(X) |z € O}.

Proof. First let us prove that ¢(x) is an end for all z € X. Since It is clear that (z) is a proper
filter, we have to prove that it is round and maximal among round filters. Let O be a regular
open set of ¢(x). By regularity of X, there exists an open set w such that € w and w™ C O.
For the same reason, there exists another open set v such that € v and v~ C w. Set now
U := v=°. We have that U is a regular open set such that z € U and U~ C O. Hence, &(z) is
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indeed round. To prove that it is maximal, we use the characterisation of ends given in Theorem
Let O and U be regular open sets such that O~ C U. As =0 = O~¢, it is then clear that
if x¢Z -0, then z € U.

It remains now to prove that for any end = of RO(X), there is € X such that E = e(x). In
order to achieve this goal, we will prove that there exists an element x in N{O | O € E}. This
will give us = C ¢(z) and the equality will simply follow from the maximality of =.

Since = is a round filter, for each O € =, we have U, C O for some Up € Z. In particular,
this means that

U, |0OeZCn{O]| 0 €=}

Let F be a finite family of {Up | O € E}. We have
(M{Uo |Uo € F})~ Cn{U, |Uo € F}).
Now, since = is a filter, we have N{Up | Up € F} € E and, since = is proper, we have that
0#£n{Uo |Up € F} € E.

Using the compactness of X, we can conclude that the intersection N{U, | O € =} is non-empty,
and hence so is N{O | O € =}. O

Theorem 1.5.3. Let X be a compact Hausdorff space. The function
g€: X — End(RO(X)) : . — e(x)
is an isomorphism of KHaus(X, End(RO(X))).

Proof. We just proved in Proposition that € was well-defined and onto. So we just need to
prove that it is injective and continuous.

1. Take z and y € X such that e(x) = e(y). It means that a regular open set of X contains
z if and only if it contains y. Now, since X is Hausdorff and since its regular open subsets
form a basis, it follows trivially that x = y.

2. Let n(O) be an open of End(RO(X)) basis. Since we have that
ree t(n(0)) & reo,
it is clear that ¢ is continuous.
O

Theorem 1.5.4. The categories DeV and KHaus are dually equivalent via the functors End
and RO.

Proof. Since we already proved Theorems [I.5.1] and [I.5.3] it remains to show that 7 and e are
natural (in the sense of Definition |A.3.1). That is, for every morphism h € DeV (B, C) and for
every function f € KHaus(X,Y), the following diagrams are commutative

B 2, RO(End(B)) X —% End(RO(X))
h RO(End(h)) f End(RO(/))
' —— RO(End(C) Y —— End(RO(Y))
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1.5. Duality

1. We have to show that, for every b € B,
(RO(End(h)) +n5)(b) = (nc * h)(b).
But, since np is a strong de Vries isomorphism, that is equivalent to show that
RO(End(h))(nz (b)) = (nc * h)(b).

Moreover, since
RO(End(h)(n5(b)) = (End(h) ™' (n5(b)))~°
and
(nc * h)(b) = (U{nc(h(c)) : c < b})~°,

it is enough to prove that
End(h) ™ (n5(b)) = U{nc(h(c)) : ¢ < b}.
Let z € End(C), we have

r € End(h) "' (ng(b)) & End(h)(x) € np(b)
sbe=<(h(z),-)
Sdceh Hz):ie<b
< (Je)(h(c) € x and ¢ < b)
<z e U{nc(h(c)) : c < b}.

2. We have to show that, for every z € X

End(RO(f))(ex (z)) = ey (f(=)),
that is, in other words, that for O € RO(Y'), we have

f(z) €O (AU e ROY) (U~ COand zc f~HU)™°).

For the if part, we have the following sequence of inclusions:

ze fFHU)°CfTHU)T CfTHUT) S F7HO0).

For the only part, recall that Y is, in particular, a regular space. Therefore, if f(x)¢ O,
there exists an open set w such that f(x) € w and w™ C O. For analogue reasons, there ex-
ists an open set v such that f(z) € v and v~ C w. Finally, we have z € f~1(v) C f~1(v™°)
and v~ °~ Cw™ C O. Hence, we can conclude that U := v~° fulfils the requirements.

O

We will now use the duality between DeV and KHaus to give the counterpart of Theorem
1.2.11}about the characterisation of isomorphisms in DeV. This counterpart will of course make
the denomination of strong isomorphism obsolete.

Theorem 1.5.5. Fvery isomorphism h between de Vries algebras is a strong isomorphism.
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Chapter 1. De Vries duality

Proof. Without loss of generality, we may consider that there exists a homeomorphism f :
X — Y between two compact Hausdorff spaces such that h = RO(f). But now, since f is a
homeomorphism, we have that

RO(f)(0) = f71(0)™° = f71(0™°) = 71(0),
for O € RO(Y). It is then not hard to prove that RO(f) is a Boolean isomorphism such that
RO(f)(O) <RO(f)(U) =0 <U
for every O,U € RO(Y). O

Remark 1.5.6. In this presentation, we chose to present the duality between DeV and KHaus
via the functor RO, albeit there exists another functor. Indeed, recall that regular opens sets
and regular closed sets are in correspondence. Therefore, it is also possible to map a compact
Hausdorff space X to its set of regular closed sets RC(X). Indeed, (RC(X), <), where < is the
binary relation defined as

F<G& FCGe,

is a de Vries algebra. Moreover, the functor RC assigns to a morphism f of KHaus(X,Y) the
de Vries morphism
RC(f) : RC(Y) — RC(X) : F— (f~HF))°".

While the functor End from DeV to KHaus is identical as in the regular open case, it is
important to note that the isomorphism between a de Vries algebra B and RC(End(B)) is not
directly n anymore. Indeed, n(a) is a regular open set and, therefore, n(a)¢ is a regular closed
one. It follows that we should rather use the map

n°: B — RC(End(B)) : a — n(a)° = {z € End(B) | a g x}

to obtain the required isomorphism.

1.6 DeV and ubal

Both DeV and ubal are categories dually equivalent to KHaus (see Appendix [B.4). As a
direct consequence, they are equivalent categories. In this section, we give a description of the
functor between ubal and DeV. To give a sketch of this description, recall that the functor
ubal — KHaus sends an ubal A to the set of its maximal ¢-ideals MaxId,(A). Then the functor
KHaus — DeV sends a compact Hausdorff space to its set of regular open sets or, dually and
with the adequate adaptations discussed in Remark [I.5.6] to its set of regular closed sets. Hence,
essentially, to describe the functor from usbal to DeV is to characterise the regular closed sets
of MaxId,(A). This question about regular closed sets in MaxIdy(A) has been treated in [7] to
achieved a different objective. Nevertheless, we can use their notations and results to obtain the
desired functor.

It isknown (once a gain, see Appendix that the set MaxIdy(A) of maximal ¢-ideal of a
bal A is naturally endowed with a topology whose base is given by

w(a) = {M € MaxId,(A) | a¢g M}, for a € A.

In the next lemma, we give a description of the closed sets of MaxId,(A) based on the ring ideals
of A.
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Lemma 1.6.1. Let A be a bal. The closed sets of MaxId,(A) are exactly the subsets of the form
Zo(I) :={M € Maxldy(A) | I C M} for some ring ideal I.

Proof. First, since
Z(I) = (Ww(a) [ a € I1})S,

we have that Z,(I) is indeed a closed set.
Secondly, if F' is a closed subset of MaxIdy(A), then there exist S C A such that

F =n{w(a)|ac S}.
It is now just a routine computation to show that F' = Z;(I) with I the ideal generated by S. O

Therefore, characterising the regular closed sets of MaxIdy(A) is to determine the ring ideals
that generate them. In [7, p. 460], Bezhanishvili, Morandi and Olberding brought forward the
notion of annihilator ideals. Using their notations and proofs, we investigate in this direction.

Definition 1.6.2. Let A be a commutative ring and I a ring ideal of A. We say that I is an
annihilator ideal if
I=ann(J):={a€ A|aJ =0},

for some ring ideal J.

It is quite obvious, but still worth noticing, that ann(J) is indeed a ring ideal. In fact, we
have a stronger property: ann(S) is a ring ideal for all S C X.

Finally, we denote by ANN(A) the set of all annihilator ideals of A.

Definition 1.6.3. A Galois connection between two ordered sets P and (@ is a pair of antitone
maps g1 : P — @Q and g5 : Q — P such that for all p € P and q € Q

p < 92(g1(p)) and ¢ < g1(g2(q))-

It is well known (e.g. [I0, Section 1.6]) that for Id(A), the set of ring ideals of a commutative
ring A ordered by inclusion, the map

ann : Id(A) — Id(A) : I — ann(])

establishes a Galois connection. Therefore, directly from the properties of Galois connections
(see for instance [55, pp. 495-496]), we obtain the following lemma.
Lemma 1.6.4. For a commutative ring A, we have:

1. ann® = ann,

2

2. ann”® is idempotent,

2

3. ann? is a closure operator on (Id(A), C).

As a direct corollary, we have that a ring ideal I is an annihilator if and only if I = ann?(I).
Indeed, if J denotes the ideal such that I = ann(J), it follows that

ann?(I) = ann®(J) = ann(J) = I.

Remark 1.6.5. Before we actually get started with the proofs, let us recall three useful facts,
for future convenience.
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Chapter 1. De Vries duality

1. If A is a commutative ring and if I is a ring ideal of A then the quotient A/; is a field if
and only if I is a maximal ring ideal.

2. If I is a maximal ¢-ideal of a bal A, then the quotient A/; is isomorphic to R (as proved
in [7]). Consequently, every maximal ¢-ideal is also maximal among ring ideals.

3. The intersection of all maximal ¢-ideals of a bal is reduced to {0} (see [45} Definition II.1.3
and Theorem I1.2.11]).

Lemma 1.6.6. Let A be a bal. For every ring ideal I of A, we have
ann(I) = N(Z,(1)°)
where Zy(I) is defined as in Lemma[1.6.1]

Proof. Let K denote the intersection NZy(I)°. We prove the claim by showing that the two
inclusions hold.

First of all, let M be a maximal ¢-ideals such that M € Z,(I)¢. Notice that we trivially have
I-ann(I) = 0. Therefore, since M is in particular a maximal ideal ring (as recalled in Remark
, it follows that I C M or ann(l) C M. By our hypothesis on M, only the latter inclusion
is possible. Since this inclusion is valid for all M € Z,(I)¢, it is clear that ann(l) C NZ,(I)¢ = K.

Now, let M be an arbitrary element of MaxIdy(A) and suppose, at first, that I € M. Then,
by definition of K, we have K C M. Since M is an ideal, this implies that I - K C M. Now, if
instead we suppose that I C M, we also have immediately I - K C M. It follows that

I-K CN{M e MaxId,(A)} = {0}.
Hence, we have K C ann(/) and the proof is concluded. O
Lemma 1.6.7. Let A be a bal.
1. For all S C Maxld,(A), we have S = Z,(NS);
2. For every ring ideal I of A, we have Z;(1)°~ = Z,(ann?(I)).

Proof. 1. As we already noticed in Lemma|1.6.1} we have that Z,(N.S) is indeed a closed set of
MaxIds(A). Moreover, for x € S, we have that NS C x and, consequently, that € Z,(NS).
Hence, S C Zy(NS). So, it remains to show that it is the smaller closed set satisfying this

property.

Let F be a closed subset of MaxId,;(A) such that S C F and let I be the ring ideal with
F = Zy(I). Then, for all M € S, we have I C M and thus I C NS, so that Z,(NS) C Z,(I),
as required.

2. Using item 1 and Lemma [1.6.6] we have first
Zy(1)™ = Zo(N(Ze(1))) = Ze(ann(I)).

Then,
Zo(I)° = Zy(I)°™¢ = Zy(ann(]))°.

Finally,

24



1.6. DeV and ubal

We are now ready to characterise the regular closed sets of MaxIdy(A).

Theorem 1.6.8. Let A be a bal. A closed sets F' of MaxId;(A) is regular if and only if there
exists a unique annihilator ideal I with F = Z,(I). Hence, there exists a bijection b between
RC(MaxIdy(A)) and ANN(A).

Proof. If F' = Zy(ann(J)), then
Fo~ = (Zy(ann(J))"" = Zo(ann®(J)) = Zy(ann(J)) = F,
that is F' is regular. On the other hand, if F is regular and if F' = Z,(I), then
F =F°=Z(ann*(I))

with ann?(7) an annihilator ideal.
We now have to prove that if I = ann(K) and J = ann(L) are annihilators ideals such that
Zo(I) = Z¢(J), then I = J. By Lemma|1.6.6) we have

ann(l) = NZ,(I) = NZ,(J) = ann(J),
that is ann?(K) = ann?(L). By applying ann one more time and using the equality ann® = ann,
we can conclude that
I =ann(K) =ann(L) = J,

as required. O
In short, we just established a bijection between RC(MaxId,(A)), which is a de Vries algebra,

and ANN(A). The point now is to transform this bijection into a (strong) de Vries isomorphism
by endowing ANN(A) with a structure of de Vries algebras.

Proposition 1.6.9. Let A be a bal and I,J be annihilator ideals of A. In the de Vries algebra
RC(MaxId¢(A)), we have the following equalities:

1. Zg([ ﬂZg( ) Zy <IUJ>)

)
Zo(I) N Ze(J)
Zy(I)V Z(J)
~Zy(I) = Zy(ann(I)),
Z({0}) = MaxIdg(A) and Zo(A) = 0.
Proof. 1. We have

(
Zy(ann*((I U J))),
Zg([ﬂ )

)

S o e

Me Z(I)N Zy(J) < M DI and M D J
SMDOIUJe MD(IUJ).

2. We have

Zo(I) N Zg(J) = (Ze(I) N Ze(J))°™
= (Z((IUJ)))°” = Zg(ann2(<IU J))).

3. We will show that the two inclusions hold.
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Chapter 1. De Vries duality

N

Let M € Z@(I)\/Z@(]) :Zg(I)UZg(J), then
MDIDINJorM>DJ2INJ,

such that M € Z,(INJ).

D If M e Z,(INnJ), we have in particular that I -J C INJ C M. This implies that
ICMorJCM,thatis M € Z,(I)U Z,(J).

o We get

ﬁZg(I) = Ze([)c_ = Zz(ﬁZ@(I)C) = Zg(ann(l)).

For Proposition to be complete, we need the following lemma.

Lemma 1.6.10. Let A be a bal and I, J be annihilator ideals of A. The intersection I N J is
still an annihilator.

Proof. This follows immediately from
InJ=ann(K)Nann(L) =NZ(K)°NNZ(L) =NZ((KUL)) =ann((KUL)),
for some ring ideals K and L. O

Therefore, by Proposition [1.6.9] we know how to define the Boolean operators on ANN(A)
to make it isomorphic (as a Boolean algebra) to RC(MaxId,(A)). To conclude we need to equip
it with a de Vries relation satisfying

I1<J& Z(I)< Z(J) e Zi(I) C Ze(J)°.

To describe this relation in a purely algebraic way, we have to recall something used in Lemma
we have the equality Z,(I)° = Z,(ann(I))°. It follows that

Zo(I) = Zy(J) & Ze(I) C Zy(ann(J))C,
which is equivalent to
(VM € MaxId,(A))(M 2 I = M 2 ann(J)).

We thus have the following theorem.
Theorem 1.6.11. Let A be a bal. The set ANN(A) equipped with the operations

1. IANJ=ann?((IUJ)),

2.1vJ=1InJ,

3. —=I = ann(J),
and with the relation

4. I < J if and only if for every mazimal £-ideal M, M D I implies M 2 ann(J),
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is a de Vries algebra whose top and bottom elements are respectively given by {0} and A. More-
over, the map
Zy : ANN(A) — RC(MaxId,(A)) : I — Z,(I)

is a de Vries isomorphism.
Now that the functor is defined on the objects, we can focus on the morphisms.
Theorem 1.6.12. If o« : A — B is a bal morphism, then
ANN(a) : ANN(A) — ANN(B) : I — ann?(a([))
is a de Vries morphism equal to Z[l * RC(MaxIdy(a)) * Zy.
Proof. Let I be an ideal of ANN(A), we then have

Zo(ANN(a)(I)) = Ze(ann*((1)) = Ze(a(1))°~
= {M € MaxId,(A) | M D a(I)}°~
= {M € MaxId,(A) | a= (M) D I}°~

= {M € MaxId,;(A) | MaxId,(«

(4)

(a)(M) 2 I}~
= {M € Maxldy(A) | Maxldy(a)(M) € Z¢(I)}*~
= (MaxId,(a)) " (Ze(I1))°~
= RC(MaxId,(«))(Z¢(1))

Hence, we have Z; o ANN(a) = RC(MaxId(«)) o Zy. But, Z; is an isomorphism and hence, by
Proposition [1.2.13] this implies

Zop*x ANN(a) = RC(MaxId,(a)) * Zy,
as required. O

Thus we have a functor ANN which maps a bal A to the de Vries algebra ANN(A) and a bal
morphism « to the de Vries morphism ANN(«). By construction, it is clear that this functor
is equivalent to the composition of the functors RC and MaxId, and hence it establishes an
equivalence between usbal and DeV with the functor C' o End where C' is the functor that maps
a compact Hausdorff space to its ring of real continuous functions (see Appendix .

1.7 Stone and de Vries duals

In the previous sections, we have seen that de Vries established a duality between a de Vries
algebra B = (B, <) and its space of ends Y = End(B). Now, as B is a complete Boolean
algebra, it admits a Stone dual Xp = Ult(B). Then, it is natural to wonder whether the two
topological spaces are related to each other.

Looking at a characterization of the ends of (B, <) different to the one given in Theorem
[[-3:4 may somehow suggest the answer

Proposition 1.7.1. A filter x of a de Vries algebra B = (B, <) is an end if and only there
exists an ultrafilter v of B with x = <(u, —).
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Proof. For the if part, since x is in particular a proper filter, there exists an ultrafilter u such
that « C u. Let us prove that <(u, —) is a proper round filter that contains x, the conclusion
will then follow from the maximality of z. We have that 0 & <(u, —), as otherwise there would be
a € U with a < 0 and, hence, with a = 0. It is clear that <(u,—) is increasing and closed under
A, hence a filter. And finally, if a € e, then, by definition of roundness, there exists b € e C u
with b < a. Therefore, a € <(u, —) as required.

For the only if part, we just have to check that <(u,—) is indeed an end. We already now
that <(u,—) is a round filter, so that we need to prove that it is maximal. We use Theorem
[[-3:4] Suppose that a < b. There exists ¢ € B with a < ¢ < b. Now, since u is an ultrafilter, we
have —¢ € uw or ¢ € u. The first case implies that —a € <(u, —) while the second one implies that
b € <(u,—), hence, <(u,—) is maximal. O

Of course, the map Ult(B) — End(B) : v — <(u,—) may not be one-to-one since an

end may correspond to several ultrafilters. However, if we consider the equivalence relation on
Ult(B) defined by
uRve <(u,—)=<(v,—), (1.11)

then
op : Ult(B)/p — End(B) : v — <(u, -)

becomes a bijection, and, even more, a continuous bijection from a compact space to a Hausdorff
one, hence, a homeomorphism.

Theorem 1.7.2. Let B = (B, <) be a de Vries algebra.
1. The relation is closed on Ult(B),
2. Ult(B)/g = End().

Proof. In order to avoid confusion, we will denote the elements of the base of End(B) by r(a)
instead of n(a), which will be reserved for the base of Ult(B).

1. Suppose that (u,v) € R. Then, without loss of generality, we may assume that there exists
a € B such that a € <(u,—) and a ¢ <(v,—). There exists b € u with b < a and hence,
such that —b € <(v, —). Consequently, ¢ < —b for some ¢ € v. We now have

(u,v) € n(b) x n(c) € R".
Indeed, suppose that (s,t) € n(b) x n(c) N R. Then, we have
—c e <(b,—) S <(s,—) = =(t,—-) S,
which contradicts ¢ € n(c).

2. Since Ult(B)/g is the quotient of a compact space, it is a compact space. Hence, since
End(8) is Hausdorff, we just have to show that op is continuous. Let r(a) be an open set
of End(8) for some a € B and let 7 the canonical function associated to R. We have, for
u € Ult(B)

ue (05 (r(a))
s uf € ozl (r(a))
& a€ =<(u,—)
< (Fbeu)(b=<a)
< (3b)(u € n(b) and b < a)
< ueU{n):b<a}.
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Therefore, 7= (o 5" (r(a)) is an open set of Ult(B), which implies that o ;' (r(a)) is an open
set of Ult(B)/g.

O

Actually, the definition of the relation R here is quite similar to the one used for the accessi-
bility relation on modal spaces (see Appendix [B.3]). That is, if 9 = (B, {) is a modal algebra,
we define the relation Se on Ult(B) as follows:

u Sy ve Qv Cu.
But the similarity can be pushed one step further thanks to this equivalent definition of R:
uRv e <(v,—) Cu. (1.12)

The implication = simply follows from the inclusion <(u,—) C u. For the other
implication, suppose that a € <(v,—). Then b < ¢ < a for some b € v and ¢ € B. It follows
that ¢ € <(v, —) C u and, hence, that a € <(u, —). The maximality of <(v, —) implies then that
<(v, =) = <(u,—).
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Chapter 2

Subordination algebras and tense
logic

In Section we saw that a de Vries algebra B = (B, <) gives rise to a Stone space endowed
with a closed equivalence relation. Moreover, we also saw that this relation was constructed in a
way which is very similar to the one used to construct the accessiblity relation dual to a modal
operator (see Theorem .

In this chapter, we will investigate a category which is more general, at the objects level, than
the de Vries one: the category of subordination algebras. These algebras are Boolean algebras
endowed with a (subordination) relation which satisfies minimal requirements to produce a closed
binary relation on the Stone dual (not necessarily an equivalence, as in )

It is interesting to note that the concept of subordination algebra has cropped up under
different names and for different scopes throughout history: pre-contact or proximity algebras in
[28], [30] and [54], as a way to establish a region based theory of space, quasi-modal algebras in
[14], as a generalisation of modal algebras, subordination algebras in [5], as a generalisation of de
Vries algebras or even strict implication algebras in [4], as an algebraic semantic correspondent a
compact Hausdorff one. The equivalence between all these concepts is well discussed for instance
in [T5].

Therefore, according to the selected option, it may seem at first glance that a subordination
algebra and a modal algebra have very little in common: one is a purely algebraic structure
while the other is a hybrid structure, with algebraic and relational flavours. Nevertheless, both
structures share common features. The choice of Celani in [14] perfectly illustrates the situation.
Indeed, a quasi-modal algebra is a Boolean algebra B endowed with a map B from B to its set
of ideals and which satisfies the usual conditions of modal operators. Moreover, we have already
mentioned another common feature: the shape of their Stone duals. Namely, these duals are
Stone spaces endowed with a closed binary relation (which is also continuous in the modal case).
Hence, keeping both these facts in mind, it seems natural to look for a way to use subordination
algebras as models for standard modal logic (and even standard tense logic, since the accessibility
relation is not "asymmetrical" in the subordination setting).

Before we continue our discussion, two important remarks have to be done. The first one is
that, while the quasi-modal option seems the more adequate to our declared goal, we chose to stick
with the subordination one. The main reason behind this odd decision is that it allows us to have
a rich and unique environment (subordination algebras) which supports three languages (with
different expression power): the standard modal/tense language, the subordination (or contact,
see Appendix language and the accessibility language. Hence, we have perfect structures
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for a study of the relations between these three languages. These relations will be discussed in
Sections 2.7 and E101

The second remark is that our aim is absolutely not to substitute standard modal algebras
in the theory of modal logics. We rather want to add a new class of models which can be
considered alongside the standard ones. The advantages and disadvantages of these new models
will be presented in Section 2.6

Let us now describe the structure of the current chapter. In the first two sections, we will
describe the well known duality between subordination algebras and subordination spaces at
the objects levels (see [3] or [I4]). Then, we will construct several adequate category-theoretic
structures by considering different kinds of morphisms, generalising the morphisms of [5] and
[14]. These different kinds of morphisms steer us to four dualities.

Then, we will describe how to consider subordination algebras and subordination spaces
as model for the standard tense logic. On the topological side, there is almost no work to
accomplish. Since subordination spaces are actually "augmented" Kripke frames, we can use the
usual definitions for validity of formulas, restricted to clopen valuations (as it is done for general
frames).

As there is an obvious definition for topological validity, we are entitled to expect it has an
algebraic counterpart. Unfortunately, the situation here is a bit more critical. Indeed, if we look
at Celani’s definition, it will be clear that a valuation of a formula on a subordination algebra
may certainly fail to be an element of its underlying Boolean algebra, as it is in general an
element of its canonical extension.

To overcome this problem, and hence restore the balance between the topological and the al-
gebraic worlds, we will lay emphasis, in Sectionsand on the discrete (i.e. non-topological)
versions of the dualities we just established and point out that these dualities are the well known
dualities between complete atomic modal algebras and Kripke frames (see for instance Chapters 7
and 8 of [16]), so that, from a discrete point of view, there is no differences between subordination
and modal algebras.

Once the topological an discrete dualities are established, they will serve as a stepping stone
for the constructions of canonical extensions of subordination algebras in Section [2.4] Then,
we will use the just established canonical extension to overcome our aforementioned valuation
problem. Recall indeed that we want to interpret standard tense formulas in the subordination
setting.

We will then be ready to examine the relations between the three available languages in the
subordination setting. First, in Section we establish a fragment of tense formulas, namely
s-Sahqlvist formulas, which admit a first order correspondent in the accessibility language. Let
us note that s-Sahlqvist formulas are particular Sahlqvist formulas ([63]). Finally, in Section
[2.10, we establish a second fragment of tense formulas which, this time, admit a first order
correspondent in the subordination language. We also discuss the possibility of correspondence
between tense formulas and subordination formulas (i.e. without quantifiers).

2.1 Basic definitions and properties

In this section, we describe the duality, at the objects level, between subordination algebras
and subordination spaces. Moreover, we also describe the translation of additional properties
on subordination algebras to subordination spaces. Note that since the objects involved here
are the objects of Stone duality with additional structures, almost every results of Stone duality
(described in Appendix can be transposed here.

These results are adaptations of the results obtained by Celani in [14] for quasi-modal alge-
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bras, by Diintsch and Vakarelov in [30] for proximity algebras and by Bezhanishvili et al. in [3]
for subordination algebras.
We recall that, for a Boolean algebra B, Ult(B) denotes its set of ultrafilters with the topology
generated by the sets
n(a) ={z € Ult(b) | a € =}

for a € B and that, for a Stone space X, Clop(X) denotes its set of clopen subsets. Also, the
unit 1 and the co-unit € of Stone duality are given by

1 : B — Clop((Ult)(B)) : a — n(a)

and
g: X — Ult(Clop(X)) : z — {O € Clop(X) | z € O}.

Definition 2.1.1. A subordination algebra is a structure 8 = (B, <) where B is a Boolean
algebra and < is a subordination relation on B, that is a binary relation on B such that:

S1. 0<0and 1<1,

S2. a < b,cimplies a < bAc,
S2’. b,c < a implies bV ¢ < a,
S3. a <b<c<dimplies a < d.

Note that an arbitrary binary relation < on a Boolean algebra B is a subordination relation
if and only if for all a € B, the subset <(a,—) := {b € B | a < b} is a filter and the subset
<(—,a):={b€ B|b=<a} is an ideal.

Definition 2.1.2. A subordination space is a topological structure X = (X, R) where X is a
Stone space and R is a closed binary relation on X. Sometimes we will call the relation R the
accessibility relation of X.

Lemma 2.1.3. Let X = (X, R) be a subordination space and F a closed subset of X. Then
R(—,F) and R(F,—) are closed subsets of X.

Proof. Suppose that y € R(F,—), i.e. (z,y) ¢ R for all z € F. Since R is closed, there exist open
sets O, and U, such that
(z,y) € O, x U, C R°.

Now, of course {O, : € F'} is an open cover of F', which is closed. Hence, there exists S C F
finite with F' = U{O, | x € S}. We just have to remark that

ye Uy |z €S} CR(F,-)°

to conclude.
Furthermore, R(—, F') is proved to be closed with a symmetric proof. O

The next proposition was first stated by Esakia in [32], an restated by Sambin and Vaccaro
in [65] for modal spaces. But, since it only requires the accessibility relation to be closed, it is
immediately applicable to subordination spaces.

Proposition 2.1.4 (Esakia Lemma). Let X = (X, R) be a subordination space and (F; | i € I)
a filtered family of non-empty closed sets of X. Then,

R(—, ﬂFz) = ﬂR(—, Fz) and R(QFZ‘, —) = QR(FZ‘, —).
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Proof. Let us prove the case R(—,NF;) = NR(—, F;), the other one being exactly symmetrical.
Notice that we have immediately R(—,NF;) C NR(—, F;).

To prove the other inclusion, suppose that € NR(—, F;). Then for all i € I, we know that
x R y; for some y; € F;. Therefore, R(z,—) N F; # () for all ¢ € I. Now, since R(z,—) is closed
and (F; | ¢ € I) is filtered, we can conclude that

{R(z,-)}U(Fi |iel)

is a family of closed subsets of X whose every finite intersection is non-empty. By compactness
of X, we get that

R(z,—)NNE; # 0.

Hence, there exists y € NF; such that + R y. In other words, we have x € R(—,NF;) as
required. O

Proposition 2.1.5. 1. Let B = (B, <) be a subordination algebra. Then X = (Xp,R<),
with Xp = Ult(B) and Ry the binary relation defined by

rRiye<(y,—)Cz
18 a subordination space.

2. Let X = (X, R) be a subordination space. Then B = (Bx,<pg) with Bx = Clop(X) and
<R the binary relation defined by

O<U& R(—,0)CU
is a subordination algebra.

Proof. 1. We have to prove that R is closed. Suppose that (z,y) & R<. Then, we have b € y,
b < a and —a € x for some a,b € A. It follows that

(z,y) € n(—a) x n(b) € R°.

2. Immediately from the definition, we have that <p verifies (S1), (52), (S2’) and (S3).
O

Of course, for < and R~ to actually define a duality, we should check if the subordina-
tion algebras (B, <) and (Clop(Ult(B)), <r.), as well as the subordination spaces (X, R) and
(Ult(Clop(X)), R~,,), are somehow "isomorphic". While the definitions of the "isomorphic" con-
cept may not be the cause of surprise, we will discuss them in the next sections. Yet, Proposition
is a first step in this direction.

Proposition 2.1.6. 1. Let B = (B, <) be a subordination space and n the unit of Stone
duality. Then

a<bemnla) <r, nb)
2. Let X = (X, R) be a subordination space and e the co-unit of Stone duality. Then

xRy & e(r) Repe(y).
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Proof. 1. Suppose that a < b and that z € R<(—,n(a)). If follows that there exists y € n(a)
with <(y,—) C . Thus, b € <(a,—) C <(y,—) C z and z is an element of n(b) as required.

Suppose now that a £ b. Hence, we have <(a, —)NJb = 0. Since <(a, —) is a filter and |b is
an ideal, there exists an ultrafilter « such that <(a,—) C z and —b € z. From <(a,—) C z,
we get <(—,z¢) Nta = @ and, therefore, <(—,z¢) C y° and a € y for some ultrafilter y.
Now, <(—,z¢) C y° is equivalent to <(y, —) C x. In short, we have an ultrafilter = such
that = € n(=b) and z € R<(—,n(a)), whence R-(—,n(a)) € n(b) as required.

2. Suppose that Ry and O € <r(e(y), —), i.e. there exists a clopen U such that y € U and
R(—,U) C O. It implies « € O and, hence, O € ¢(x).

On the other hand, if = R y, since R is closed, there exists clopen sets O and U with

(z,y) € O x U C R".

In other words, we have R(—,U) C O°, y € U and z ¢ O°. Henceforward, <gr(e(y),—) €

e(x).
O

Remark 2.1.7. In the previous proof, we used a useful equivalence which is worth noticing. Let
X be any set equipped with a binary relation R and let O,U be any subsets of X, then

R(-,0)CU & R(U,~)CO° & U x 0 C R".

Remark 2.1.8. Actually, if X is a Stone space and if R is any binary relation on X (not
necessarily closed), then (B,,<pr) defined as above is still a subordination algebra. However,
now we have

z Ry e e(r) Repey),

where R is the adherence of R in X?2.

Definition 2.1.9. An example of subordination algebras is given by contact algebras (see for
instance [31] and [51]). They are subordination algebras which satisfy the axioms S4 (reflexivity),
S5 (symmetry), S7 (extensionality):

S4. a < b implies a < b,
S5. a < b implies —b < —a,
S7. <(—,a) = <(—,b) implies a = b.

Of course, another example of subordination algebras are given by de Vries algebras: they are
Boolean complete contact algebras verifying axiom S6 (transitivity):

S6. a < b implies a < ¢ < b for some c.

Remark 2.1.10. A careful reader might notice that the statements of axioms S7 and dv7
of Definition [[.27] differ. Yet, they are equivalent for a subordination relation satisfying S4.
Moreover, if (B, <) satisfies also S5, then S7 is equivalent to

S7. <(a,—) = <(b, —) implies a = b.
The names of the additional axioms S4 to S6 are not anodyne. Indeed, we have the following

equivalences.
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Proposition 2.1.11. Let (B, <) be a subordination algebra. Then:
1. < satisfies S4 if and only if R< is reflexive,
2. < satisfies S5 if and only if R~ is symmetric,
3. < satisfies S6 if and only if R~ is transitive,

Proof. 1. If < satisfies S4, then we have <(z,—) C tz = z.

Now if < does not satisfies S4, there exist a,b with ¢ < b and a £ b. Hence, a € = and
b¢ x for some ultrafilter x. In particular, this implies that <(x,—) € z for at least one
ultrafilter x and, so, that R is not reflexive.

2. Suppose that < satisfies S5 and let x, y be ultrafilters with <(y, —) C = (which is equivalent
to <(—,—z) C —y). If a € <(x,—), then b < a for some b € z. By S5, we have —a < —b for
some —b € -z, that is —a € <(—, —z) C —y. Hence, we have a € y as required.

On the other hand, if < does not satisfies S5, then there exist a,b such that a < b and
b 4 —a. Tt follows that <(—b, —) N }—a = 0 and, hence, that <(—b,—) C = and a € z for
some ultrafilter z. Since <(=b,—) C z is equivalent to T=b N <(—, —z) = (), we can draw
the existence of an ultrafilter y with —b € y and <(—,—z) C —y, that is z R y. Now, we
have that y R x, because b € <(a,—) C <(x,—) but b y.

3. Suppose that < satisfies S6 and let z,y and z be ultrafilters such that <(z,—) C y and
<(y,—) € x. We have to prove that <(z,—) C z. So, suppose that a < b for some a € z.
Then, a < ¢ < b for some ¢. But ¢ € <(z,—) C y and hence b € <(y,—) C z.

Now if < does not verify S6, then there exist a and b such that a < b and, for all ¢, we
have a £ ¢ or ¢ A b. This means that <(a,—) N <(—,b) = 0 and, hence, that there exists
an ultrafilter  with <(a, —) C z and <(b, —) C —z. It follows from the first inclusion that
a € z and <(z,—) C z for some z and, from the second one, that by and <(z, —) C y for
some y. In short, there exist ultrafilters x,y and z such that y R z R z and y R z, since
be <(a,—) C<(z,—) and b y.

O

Remark 2.1.12. Usually another axiomatisation is used for contact algebras. Indeed, the
conventional relation in contact environment is the contact relation C, which can be defined as

aCbsa A b

In Appendix [C] correspondences between subordination axioms and usual contact axioms are
given.

Example 2.1.13. We already saw the similarity between the constructions of the accessibility
relation in the modal and in the subordination case. But it is time to say that subordination
algebras are, in two different ways, a generalisation of modal algebras. Indeed, consider a modal
algebra B = (B, {) and set < and <4 as the following relations:

a <o biff Ga <band a <4 biff a <0O0.

It is not hard to prove that both (B, <¢) and (B, <) are subordination algebras. The denomi-
nation <4 may seem surprising at first glance but will be fully realised with the next example.
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Example 2.1.14. Let us consider the case of tense algebras (or temporal algebras ([60]).
A tense algebra is a triple B = (B, ¢, ¢), where (B, ) and (B, 4) are modal algebras, such that
one of the following equivalent conditions is satisfied:

1. for every a € B and for B the dual operator of ¢, we have a < Ba and OMa < a,
2. for every a,b € B, we have Qa < b if and only if a < Hb,
3. for every a,b € B, we have Q0a < b if and only if ¢-b < —a.

Of course, tense algebras regroup in a category, denoted by TensAlg, whose morphisms are
Boolean morphisms that respects both modal operators ¢ and ¢.

Let B = (B, 0, #) be a tense algebra and consider the subordination relation < associated
to (B, ) and the one <4 associated to (B, ). In this case, we have that, for all a,b € B

a <o biff a ¢ b.
Indeed, we have

a—<¢b
< Oa<b
= BQa < Wb
=a<HWb=a<4b

By a symmetric argument, we obviously have a <4 b implies a < b.

Note that it was shown in [72] that a bimodal algebra B = (B,{,4) was indeed a tense
algebra if the accessibility relation associated to ¢ was the converse of the accessibility relation
associated to ¢, that is

T RoysyRe .

2.2 Subordination morphisms

To investigate on subordination algebras in a categorical environment requires a suitable defini-
tion for morphisms, keeping in mind that our goal is to obtain a category that reduces to the
category ModAlg of modal algebras (described in Appendix . We already saw a possible
definition of morphisms in Chapter [T} the one of de Vries morphisms, but, as we already stated,
they are extremely weak morphisms, as they are not even Boolean. In [5], Definition 2.7], the au-
thors considered morphisms that respect the subordination relation < "weakly", but to actually
obtain a category appropriate to our goal, we shall consider morphisms analogous to the ones of
Celani in [14, Definition 8§].

Definition 2.2.1. Let B = (B, <) and € = (C, <) be subordination algebras and h: B — C
a Boolean morphism. We consider the following axioms:

(w) a < bimplies h(a) < h(b),
(0) h(a) < c implies a < b and h(b) < ¢ for some b,
(#) ¢ < h(a) implies b < a and ¢ < h(b) for some b.
With these axioms, we can consider four different categories whose objects are subordination

algebras:
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1. the category wSubAlg , whose morphisms are weak morphism, that is Boolean mor-
phisms satisfying (w),

2. the category ¢SubAlg, or more simply SubAlg, endowed with white morphisms, that
is Boolean morphisms satisfying (w) and (0),

3. the category #SubAlg, with black morphisms which satisfy (w) and (¢),

4. the category sSubAlg, whose morphisms are strong morphisms;, i.e. Boolean morphisms
that satisfy all three axioms.

Let us have a look at how these categories interact with each other, with ModAlg and with
DeV.

Proposition 2.2.2. Let B = (B, <) and € = (C, <) be subordination algebras and h : B — C
be a Boolean morphism. Then, h is an isomorphism in wSubAlg, SubAlg, ¢SubAlg and
sSubAlg if and only if h is a Boolean isomorphism satisfying

a<b< h(a) < h(b).
Hence, wSubAlg, SubAlg, $SubAlg and sSubAlg share the same isomorphisms.

Proof. Suppose first that A is an isomorphism in any of the mentioned categories. Then, there
exists a morphism g such that h o g and g o h are identity morphisms. Hence, h is a Boolean
isomorphism and we have

h(a) < h(b) = a = g(h(a)) < g(h(b)) =b.

On the other hand, we just have to prove that if i : 8 — € is a Boolean isomorphism with
a < b < h(a) < h(b), then h and h~! satisfy all three axioms (w), () and (4).

(w) By hypothesis, h has the (w) property. Now, let ¢,d € C with ¢ < d. Since h is a bijection,
¢ = h(a) and d = h(b) for some a,b € B. Then, it follows from h(a) < h(b) that a < b,
that is h=!(c) < h=1(d).

(¢) If h(a) < ¢, then there exists b € B with h(b) = c¢. And, by hypothesis, we have a < b.

Now, if h=!(c) < b, then ¢ < h(b) and there exists a € B with ¢ = h(a). By letting d
denote h(b), we obtain from a < b that ¢ < d and since h=1(d) = b, the proof is concluded.

(#) The proof is similar to the white case.
O

Proposition 2.2.3. The categories SubAlg and ¢SubAlg are isomorphic and are subcategories
of wSubAlg. Furthermore, sSubAlg is a subcategory of both SubAlg and ¢SubAlg.

Proof. Only the isomorphism between SubAlg and ¢SubAlg requires a proof. The isomorphic
functor maps a subordination algebra B = (B, <) to B = (B, <’) and a morphism to itself,
where <’ is the dual subordination relation defined by a <’ b if and only if =b < —a. O

Remark 2.2.4. The quasi-modal algebras category defined by Celani in [I4] corresponds to our
black category (see Appendix |C)) and the subordination algebra category defined in [5] is exactly
our weak category. Note that DeV is not a subcategory of any the four categories, of course
because it has non Boolean morphisms. For ModAlg, we have the following proposition.
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Proposition 2.2.5. The category ModAlg is a full subcategory of SubAlg and $SubAlg. The
category TensAlg is a full subcategory of sSubSalg.

Proof. Suppose that (B, Q) and (C, ) are modal algebras. First, if h : B — C is a modal
morphism, from the definitions of < and <4, we have immediately that h is a white morphism
between (B, <¢) and (C, <¢) and a black morphism between (B, <4) and (C, <s).

Second, suppose that h : (B, <¢) — (C, <¢) is a white morphism. On one hand, we have
that a <¢ Oa and, by (w), this implies that h(a) <¢ h(Qa), that is Oh(a) < h(Oa). On the
other hand, from h(a) <¢ Oh(a) and (Q), we get that a < b for some b, that is 0a < b, and
h(b) < Oh(a). Now, since h is monotone, we have h(¢a) < h(b) < Oh(a) and, consequently,
h(Oa) = Oh(a).

Third, if h : (B, <¢) — (B, <e) is a black morphism, following a path analogue to the one
used in the white case, one proves easily that h(Oa) = 0O h(a) for all a € B.

Finally, the case TensAlg is a mere consequence of the two previous cases. O

Definition 2.2.6. Let X = (X, R) and 2 = (Y,r) be subordination spaces and f: X — Y a
continuous function. Consider the following axioms:

(w) = Ry implies f(z) R f(y),
(¢) f(z) Ry implies z R z and f(z) = y for some z,
() y R f(x) implies z Rz and f(z) = y for some z.

Asg in the algebraic case, we consider four different categories whose objects are subordination
spaces:

1. the category wSubSp, whose morphisms are weak functions, that is continuous functions
satisfying axiom (w),

2. the category ¢SubSp, or more simply SubSp, whose morphisms, called white functions,
are continuous functions which satisfy axioms (w) and (0),

3. the category 4#SubSp whose morphisms are continuous functions verifying (w) and (4)
and are called black functions,

4. the category sSubSp whose morphisms are strong functions, continuous functions that
satisfy all three axioms.

Remark 2.2.7. In general, a map that satisfies the conditions (w) and () is called a p-
morphism (see for instance [9]). To prevent any possible confusion between morphisms of
subordination algebras and functions of subordination spaces, we chose to not use this usual
denomination.

Proposition 2.2.8. Let X = (X, R) and Q) = (Y, R) be subordination spaces and f : X — Y be
a continuous function. Then f is an isomorphism in wSubSp, SubSp, ¢SubSp and sSubSp
if and only if f is a Boolean isomorphism satisfying

z Ry« f(x) R f(y)
Hence, wSubSp, SubSp, ¢SubSp and sSubSp share the same isomorphisms.

Proof. The proof follows the same lines as the one of the algebraic case. O
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We have the expected dualities between subordination spaces and subordination algebras. It
was proved in [5] for the weak case and in [I4] for the black one. We extended it to the strong
case.

Theorem 2.2.9. The functors Ult and Clop of Stone duality establish a duality between wSub-
Alg and wSubSp, that reduces a to duality between SubAlg and SubSp, ¢SubAlg and
4#SubSp and, finally, between sSubAlg and sSubSp.

Proof. Most of the proof follows immediately from Stone duality and from Proposition [2.1.6
which states that n and e are isomorphism in their respective categories. Hence, we just need
to prove that the algebraic axioms (w), (¢) and (#) correspond to their respective topological
counterparts. Let 8 = (B, <) and € = (C, <) be subordination algebra and h: B — C be a
Boolean morphism.

(w) Suppose that h is weak and that x,y are elements of Y = Ult(C) with R y. We need to
prove that we have h=1(z) R h=1(y), that is <(h~!(y),—) C h™1(x). Let a < b for an a
such that h(a) € y. Then, by weakness of h, we have

h(b) € <(h(a),—) € <(y,—) C =,

that is b € h=1(z).

Suppose now that Ult(h) is weak and that we have a < b. Then, it follows from Proposition
2.1.6] that R(—,n(a)) € R(—,n(b)). Let us prove that R(—,n(h(a))) C n(h(b)). Let z and
y be ultrafilters of C' such that <(y,—) C « and h(a) € y. Then, by weakness of Ult(h)
, we have <(h™!(y),—) C h™1(z). And, since we have b € <(h™1(y),—), it follows that
h(b) € x, as required.

(¢) Suppose that h is a white morphism and that © € X = Ult(B) and y € Y = Ult(C) are
such that Ult(h)(y) R z, that is <(z, —) € h~1(y). A quick proof shows that this inclusion
implies

<(—=, ) Nth(z) = 0. (2.1)
Indeed, otherwise there would exist d € y and ¢ € C such that we have h(a) < ¢ < =d for
some a € x. Since h is white, we would have a < b and h(b) < —d for some b € B and,
therefore, b € <(z,—) N h~'(—y), which is absurd. Hence, from , we can conclude
that there exists an ultrafilter z of C such that th(z) C z, that is h~1(2) = =z, and
<(—,—y) C -z, that is y R z.
Suppose now that Ult(h) is white and let a € B and ¢ € C be such that h(a) < c. As we
already point out, by Proposition this is equivalent to R(—,n(h(a))) C n(c). Let us

prove that
R(=,n(a)) N ULt(R)(n(c)®) = 0.

If not, there exist ultrafilters € n(c)® and y € n(a) which satisfy Ult(h)(z) R v.
whiteness, there is an ultrafilter z such that « R z, that is <(z,—) C « and Ult(h)(z) =
that is h=1(2) = y. But we have h(a) € z and hence ¢ € x, which contradicts = € 7(c
Hence, there exists a clopen 7(b) such that R(—,n(a)) C n(b), that is a < b, and n(b) C
h=t(n(c)) = n(h(c)), that is b < h(c), as required.

By

)

(#) Suppose that h is black and let x and y be ultrafilters of X and Y respectively such that
x R Ult(h)(y). To prove that there exists z such that x = Ult(h)(z) and z R y, one can
adapt the proof of the white case, considering, this time that

Lh(y) N <z, —) = 0.
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Now, if Ult(h) is black and if a € B and ¢ € C satisfy ¢ < h(a), we can once more exploit
the white proof to find an element b with ¢ < h(b) and b < a, by observing, this time, that

R(n(a)®, =) N ULt(h)(n(c)) = 0.

O

Remark 2.2.10. Let us mention that, aside of functors Ult and Clop, there exist other functors
that establish equivalence between the algebraic categories and the topological ones. While their
actions on morphisms remain unchanged, their behaviours in confront of the objects are different.
First, there is the functor ¢ Ult, which maps a subordination algebra (B, <) to the subordi-
nation space (Ult(B), R%) with
z RY y & <(z,—) Cy.

Then, there is the functor ¢ Clop, which maps a subordination space (X, R) to the subordination
algebra (Clop(X), —<1'%) with
0 <%= R(O,-) CU.

In short, the relations R: and ‘<1‘2 are symmetrical to the relations R and <g. This is the
way the duality is generally expressed in the contact algebras situation (see for instance [I] or
[66]). It is not hard, using symmetry, to be convinced that these functors also establish a duality.

Finally, even though the next proposition could be demonstrated immediately without any
difficulties, we also have it as a direct corollary of Theorem and Propositions and
2.2.9

Proposition 2.2.11. The categories SubSp and ¢SubSp are isomorphic and are subcategories
of wSubSp. Furthermore, sSubSp is a subcategory of both SubSp and $SubSp and, finally,
the category ModSp is a full subcategory of SubSp and ¢SubSp.

2.3 Complete atomic subordination algebras

We observed in Proposition that modal algebras are, in a way, a particular case of subor-
dination algebras. Furthermore, the converse is not true, as, for instance, the dual algebra of a
subordination space whose relation is simply closed is not a modal one. Nevertheless, in precise
circumstances, a subordination algebra could be endowed with a modal structure. Namely, a
subordination algebra (B, <) is a modal algebra if and only if for every a € B, the set <(a,—)
is a principal filter, that is, there exists an element, denoted {a, such that

'<(a7 _) = 10a.

Let us note that a subordination relation that respects (the order-dual of) this condition is
rightfully named modally definable in [5].

In this section, we will examine a particular subcategory of SubAlg whose objects will
be modal algebras and that, in addition, yields a discrete duality with the category of Kripke
structures.

In order to ease future definitions, we recall the definitions of atoms and atomic Boolean
algebras.

Definition 2.3.1. Let B be a Boolean algebra.
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2.3. Complete atomic subordination algebras

1. An element o € B is an atom if a # 0 and b < « implies b = 0. We denote by At(B) the
set of atoms of B.

2. We say that B is atomic if for every a € B, a < a for some atom «.
We now have these well known properties.
Proposition 2.3.2. Let B be an atomic Boolean algebra and o an atom of B.
1. The set Ta is an ultrafilter.
2. For every a € B, a=V{a:a > «a € At(b)}.
3. For every S C B with o < VS, there exist s € S with a < s.

Proof. 1. It is clear that T« is a filter. Now, if a € A with a &€ T, we have
0#aN-a<a.
Therefore, o A—a = « and —a is then an element of T, which is consequently an ultrafilter.

2. Clearly, a is an upper bound of {« : a > « € At(B)}. Now let b > « for all @ < a and
suppose that a £ b. It follows that a A =b # 0 and, hence, that there exists an atom § with
B < a A —b. In particular, we draw that 5 < a, hence, that 8 < b, and that § < —b. This
is impossible since it would imply that g = 0.

3. Suppose that a £ s for all s € S. Since T« is an ultrafilter, it follows that a < —s for all
s € S. Therefore, we have that

a<AN{-s:s€S}=(VS),

and, consequently, that o € VS.
O

Definition 2.3.3. Let 8 = (B, <) be a subordination algebra. We say that B is complete
atomic if:

1. B is a complete Boolean algebra,
2. B is atomic,
3. < is a complete subordination relation, that is it satisfies, for any S C B :

CS2. a < s for all s € S implies a < AS,

CS2’. s < a for all s € S implies VS < a.
As in the non-complete atomic case, we have to consider four categories whose objects are
complete atomic subordination algebras: the categories wCASAlg, CASAlg, ¢CASAlg and

sCASAlg which are constructed alongside the categories wSubAlg, SubAlg, ¢SubAlg and
wSubAlg, with arrows given by complete Boolean morphisms instead of all Boolean morphisms.

As we foreshadowed in the introduction, complete atomic subordination algebra and complete
atomic modal algebra are equivalent concepts. Indeed, axiom CS2 implies that <(a,—) is a
principal filter, so that there exists Qa with

=<(a,—) =10aq,
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while axiom CS2’ implies that the map a — {a is a complete operator, i.e. it commutes with
arbitrary infima. Order dually, axiom CS2’ signifies that <(—, a) is a principal ideal, i.e. there
exists an element, denoted by Ma, such that

<(—,a) = |Ma,

whereas CS2 means that the map a — Ba is a complete dual operator, i.e. it commutes with
arbitrary suprema. On the other hand, it is easy to prove that if B = (B, 0) is a complete modal
algebra, its associated subordination algebra is complete. Henceforth, we have the following
immediate proposition.

Proposition 2.3.4. The categories CASALg, ¢CASALg and CAMALg, whose objects are
complete modal algebras with complete modal morphisms, are isomorphic.

Remark 2.3.5. Let us note that, if 8 = (B, <) is a complete subordination algebra and if ¢
and B are the operators we just obtained from <, then (B, ), #) is a tense algebra. Indeed, for
all a € A, we have that <(a, —) = 10a and, hence, a < Qa. Now, since

ac <(77<>a) = \l/(.<>a)a
it is clear that a < B{a. Similarly, we also have OMa < a as required.

As an immediate consequence of Proposition 2.3.4] we get the duality between complete
atomic subordination algebras and Kripke structures. This is a well known duality (see for
instance [16]) and we recall it here for the sake of completeness.

Definition 2.3.6. A Kripke structurtﬂ is a pair X = (X, R) were X is a set and R is a binary
relation on X.

Just as in the topological situation, Kripke structures give rise to four different categories: the
weak one wKStr, whose morphisms are maps that satisfy (w). The white category KStr, whose
morphisms are maps that satisfy (w) and (¢). The black category #KStr whose morphisms are
maps satisfying (w) and (#) and finally the strong category sKStr whose morphisms are maps
which satisfy the three axioms.

Definition 2.3.7. Let B = (B, <) be a complete atomic subordination algebra. We endow its
set of atoms At(B) with the binary relation R given by

a R B & =<(8,-) C ta.

It is clear that (At(B), R) is a Kripke structure. Remark that, since f« is an ultrafilter and
<(18,—) = <(B,—), the connection with the relation R we build previously in the topological
case is clear as day.

On the other hand, if ¥ = (X, R) is a Kripke structure, we define on the power set P(X) the
relation < given by

E<F&<R(—,E)CF

With a quick verification, one proves that (P(X), <) is a complete atomic subordination algebra.

1Here, we chose to use the denomination Kripke structure instead of the more classical Kripke frame to avoid
any possible confusion with frames in the lattice environment. Also, I take advantage of this footnote to make a
mandatory reference to a well known science-fiction series. T hope you have your towel.
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Definition 2.3.8. We extend the objects mapping P : X — (P(X), <) to a functor by defining
P(f) = f~! for all maps between Kripke structures. Likewise, we extend the object mapping
At : B — (At(B), R) to a functor by sending a morphism h : B — C' between complete atomic
subordination algebras to

At(h) : At(C) —s At(B) : o —s Alb € B | a < h(b)}.

Remark that the map At(h) is well-defined as, for every a € At(C'), At(h)(«) is an atom of
B. Indeed, suppose that a is an element of B such that

a<AN{beB|a<h(b)}.

=S

It follows that a € h(a) and, hence, that o > o A h(—a) # 0. Now, due to « being an atom, we
have that « = o A h(—a). Therefore, —a is an element of S and a < —a, which is the case if and
only if a = 0.

Substantially, we developed here discrete (i.e. without topology) versions of the dualities
given in Section We give here the statement of the discrete counterpart of Theorem [2.2.9
without proof (see for instance [73]). Of course, it is to note that Propositions and
also have their discrete counterparts.

Theorem 2.3.9. The functors At and P establish a dual equivalence between wCASALg and
wKStr, that reduces to a dual equivalence between CASALg and KStr, ¢ CASALg and $KStr
and, lastly, between sCASALg and sKStr.

2.4 Canonical extension and modalisation

In this section, we will set up two constructions based on subordination algebras. The first
one, the canonical extension, will play a crucial part in the definition of valuation of (bi)modal
formulas on subordination algebras (See Section . The second one, the modalisation, will
have applications in correspondence and Birkhoff-like theorems.

Canonical extensions of po-sets, lattices, Boolean algebras and modal algebras are a well
studied concept (see for instance [29], [34], [47] and [76], Section 7]). Here are stated the required
definitions and results.

Definition 2.4.1. ([34], Definition 2.1]) A completion of a lattice L is a pair (C, e) where C' is
a complete lattice and e : L — C' a lattice embedding.

An element ¢ € C is say to be open (resp. closed) if ¢ is the supremum (resp. the infimum)
of elements in the images of L. We say that L is dense in C if every of its elements is both an
infimum of open elements and a supremum of closed elements. We say that L is compact in C
if for every closed element k and every open element o of C, k < o implies k < e(a) < o for some
a € L. Finally, we say that (C,e) is a canonical extension of L if L is dense and compact in
C.

In the remainder of text, we will sometimes abuse notations and write C for (C,e) when it
causes no confusion.

We have now the following theorem.
Theorem 2.4.2. ([34, Propositions 2.6. and 2.7]) Every lattice L has a canonical extension

which is unique up to isomorphism. We will denote this unique canonical extension by L°.
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Chapter 2. Subordination algebras and tense logic

Remark 2.4.3. The canonical extension of a Boolean algebra B can be constructed via Stone
duality whereas the one of a bounded distributive lattice L via Priestley duality (see Appendix
. Indeed, it can be shown (see for instance [39, Chapter 23]) that B’ is isomorphic to
(P(Ult(B)),n) and L° is isomorphic to (1P (Prim(L)),n), where $P(Prim(L)) denotes the set of
the increasing subsets of Prim(L).

Now, let B = (B, <) be a subordination algebra. We would like to endow its canonical
extension B® with a complete subordination relation <° satisfying, for all a,b € B,

a < b na) < nb). (2.2)

Such a relation can be obtained quite easily via the previously established dualities. Indeed, we
know that a < b if and only if R(—,n(a)) C n(b). Moreover, we know that for a Kripke Structure
(X, R),

E<F&R(—E)CF

is a complete subordination relation on P(X).

What we did here is actually concatenate the functor Ult of Theorem the forgetful
functor from SubSp to KStr and the functor P of Theorem [2.3.9] Hence, we have a functor,
which will be denoted by -° from SubAlg to CASAlg. We summarise this construction in the
following definition.

Definition 2.4.4. Let B = (B, <) be a subordination algebra, then its canonical extension is
given by B° := (B%, <%) where B’ = P(Ult(X)) and E <’ F if and only if R(—, E) C F.

As a natural corollary-definition of the canonical extension, we have the notion of canonicity
in the setting of subordination algebras.

Definition 2.4.5. We say that ¢ is canonical if B |= ¢ implies B° |= ¢ for all subordination
algebras ‘B.

Let us remark that the construction of the relation <° given in Definition is not "unique".
Indeed, we know that

R(—,E)CF & R(F¢,—) C E° & E C R(F°,-)".

And, unsurprisingly, this dual definition mirrors the links between the categories SubAlg and
#SubAlg. Indeed, we have that the map ¢ : £ — R(—, E) is a diamond, while the map B
defined as F — R(F°, —)¢ is a box. Moreover, we have

Onla) <n(b) & a < b= n(a) < Wyb).

Proposition 2.4.6. For each morphism f in wSubAlg from B into a complete atomic subor-
dination algebra €, there is a unique morphism g : B — ¢ in wCASAlg such that gon = f.

Proof. First of all, notice that this assertion does not follow from the functioriality of -° because
@ does not necessarily coincide with € in case the latter is a complete atomic subordination
algebra. Anyway, the result is well known at the Boolean level, so that we can focus on the
subordination one. To reach it, the easiest way is to notice that g is necessarily the dual (in the
discrete duality wCASAlg - wKStr) of the composition h = Ult(f) o j, where j is the natural
weak embedding At(C) — Ult(C) : o — a 1, and Ult(f) is the dual (in the duality wSub -
wSubS) of f: B — €. So g is weak whenever f is weak since j is weak. O
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2.5. Validity on subordination algebras

Remark 2.4.7. Note that Proposition 2:4.6 does not extend to morphisms in SubAlg, meaning
that g is not necessarily a morphism in SubAlg in this case, as seen in the case 6 = € and f is
the identity.

It is now the time to recall that, since B is a complete atomic subordination algebra, it can
be seen as a modal algebra as shown in Section [2.3] Therefore, it is possible to consider the
modal subalgebra generated by 7(B) in B?.

Definition 2.4.8. Let B be a subordination algebra and let 1 be the embedding B — B,
The (white) modal subalgebra of B° generated by 7(B) is called the modalisation of 9B and it
is denoted by B and we have the following result.

Proposition 2.4.9. The object mapping B — B can be extended to a covariant functor
‘M . SubAlg — ModAlg. The natural map n: B — B™ is an embedding such that a < b if
and only if Qa < b.

Proof. Suppose that f : B — € is a morphism in SubAlg. By the canonical extension functor,
f lifts to £ : B —» €% in CAMAIg. Let f™ be the restriction of f° to B™. It suffices now to
show that f™ takes value into €™.

If b € B, there are by, ...,b, € B and a modal formula ¢ such that b = ¢(b,...,by). As f°
is a morphism of ModAlg), it follows that

F2(0) = £op(br, oonsbi)) = @(f2(b1), ., f2 (b)) € E™

as required. O

Remark 2.4.10. In particular, we showed in Proposition that the map n : B8 — B™
is a morphism of wSubAlg. However, it is not a morphism of SubAlg. Indeed, consider X
to be a Stone space with an accumulation point o and R to be {(zg,z0)}. Then, (X,R) is a
subordination space and, now, take 8 to be its dual.

We have that On(1) = R(—,X) = {0}, such that {zo} is an element of B™ which is not
open, and, consequently, 0 is the unique element of B such that n(0) = 0 < On(1).

Now, we have On(1) < On(1), that is (1) <o n(1), and, if n was a morphism of SubAlg,
then there would be an element b € % such that 1 < b and n(b) < ¢n(1), which is impossible
since 1 £ 0.

Recall that every modal algebra 98 can be seen as a subordination algebra. We have then the
following proposition.

Proposition 2.4.11. If B is a modal algebra, then B = B™,

Remark 2.4.12. Of course, next to the modalisation functor, there is the black modalisa-
tion functor -*'" : $SubAlg — ModAlg (with B™ is the "black" modal algebra generated
by 7(B)) and the bimodalisation functor -*™ : sSubAlg — TAlg (where TAlg is the
category of tense algebras and B”™ is the least tense algebra generated by n(B)).

2.5 Validity on subordination algebras
It this section, we will define valuation of (bi)modal formulas on subordination spaces and sub-

ordination algebras. While defining valuations on subordination spaces can be done exactly as
it is done in modal spaces, a crucial difference emerges. Indeed, the valuation of a formula in a
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Chapter 2. Subordination algebras and tense logic

subordination space may fail to be a clopen subset of the latter. While harmless in the topolog-
ical setting, it will create problems in the algebraic one. Indeed, the elements of a subordination
algebra B are the clopen subsets of a subordination space. Therefore, the valuation of a modal
formula on a subordination algebra may fail to be one of its elements. Nevertheless, we will see
th?t the valuation does not leap to far away from B, since it lands in the canonical extension
Be.

Definition 2.5.1. The bimodal language is constituted by a set of propositional variables
Var = {p,q,r,---}, a constant symbol T, the classical Boolean operators V and — and finally
two modal operators ¢ and ¢.

A bimodal formula is constructed by induction as follows:

e for all p € Var, p is a bimodal formula,
e T is a bimodal formula,
e if ¢ and x are bimodal formulas, then ¥ V x, =, 01 and ¢ are bimodal formulas.

As shortcuts, we also have the following operators 1, A, —, [0, B defined as follows

Notation 2.5.2. Let ¢ be a bimodal formula. We write ¢(p1,...,pn) to indicate that the
variables p1, ..., p, occur in ¢. Moreover, for the sake of a compact notation, we will sometimes
denote pi,...,p, as p. Also, if p is a variable that occurs only once in a formula ¢, we will
highlight it through the notation ¢(!p). Joining these two conventions, we write ¢(!p) to indicate
that all variables in p occur exactly once. a

Definition 2.5.3. Let X = (X, R) be a subordination space. Then, a valuation on X is a map
v : Var — Clop(X).

A valuation v is extended to the set of all bimodal formulas according to the following
inductive definition:

o o(T) =X,

o v(¥Vx)=v(y) Uv(x),
o v(=) = (v(¥))",

o v(0Y) = R(—,v(¥)),

o v(#Y) = R(v(¥),-).

Note that we have as direct consequence of this definition that:

o v(Ll)=0,

o v(¥ Ax) =v(¥) Nv(x),
o v(0Y) = R(—,v(¢))",
o v(MY) = R(v(¥)%,—)°.

Notation 2.5.4. Suppose that ¢(p) is a bimodal formula and that v is a valuation on a sub-
ordination space X such that v(p) = O for all p € p. Then, for the sake of simplicity, we will
sometimes write ¢(Q) instead of v(¢(p)).
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2.5. Validity on subordination algebras

Example 2.5.5. As stated in the introduction, the valuation of a bimodal formula may fail to
be a clopen subset. Consider the following example.
Let X be an infinite Stone space with a limit point xy and endowed with the relation R
defined by
rRy&xz=yorx=ux.

Then R is a closed relation and, consequently, ¥ = (X, R) is a subordination space. Indeed, if
(z,y) € R, then x # xo and z # y. Therefore, there exist clopen sets O and U such that x € ONU,
y € O° and zg € U and such that we have (O NU) x O° C R¢. Indeed, if (z,t) € (ONU) x O,
then z # t, as the first is in O and the second in O¢, and z # =z, as the first is in U and the
second in U°.

Now, let Og be a clopen set of X that does not contain zg and let v be the valuation defined
as v(p) = Op. Then, we have

v(0p) = R(=, Oo) = {zo} U O,
which is not clopen, as {z} would be open, an absurdity.
Definition 2.5.6. Let ¢ be a bimodal formula, X = (X, R) a subordination space and = € X.
1. We say that ¢ is valid in « for a valuation v, which is denoted by (X, ) =, ¢, if x € v(yp).

2. We say that ¢ is valid in X for a valuation v, which is denoted by X |=, ¢, if (¥X,2) =, ¢
for all x € X.

3. We say that ¢ is satisfied, which is denoted by X = ¢, if X =, ¢ for all valuations v.

Now that we have a definition of satisfaction of bimodal formulas on subordination spaces,
we could define quite easily satisfaction on a subordination algebra B via the duality of Section
22 ie.

B = @ iff Ult(B) = . (2.3)

Nevertheless, a purely algebraic definition of validity, equivalent to (2.3) can be obtained via the
canonical extension defined in Section [2.4]

Definition 2.5.7. Let B = (B, <) be a subordination algebra. A valuation on 98 is a map
v:Var — B.

We now go back to Example and consider B to be the dual of X. It is clear that a
valuation cannot be extended to all bimodal formulas, as v({p) is not clopen and, hence, not an
element of B. However, v(0p) = R(—,v(p)) is an element of P(X), the canonical extension of
9. Thus, by composing the valuation v : Var — B with the canonical embedding 7 : B — B?,
we obtain a valuation nowv : Var — B%. Now, since B° is a modal algebra, this latter valuation
can be extended to a unique modal morphism between the set of formulas and B?.

Definition 2.5.8. Let ¢ be a bimodal formula. We say that ¢ is valid in B for a valuation v,
which is denoted by B =, ¢, if B° k=, ¢ in the usual sense, that is (170 v)(p) = lgs = 1.
We say that ¢ is satisfied in B if ¢ is valid for all valuations.

Finally, we have to check that the equivalence (2.3) is indeed respected.

Theorem 2.5.9. Let ¢ be a bimodal formula and B = (B, <) a subordination algebra whose
dual is X = (X, R). Then
BEpesXEe
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Chapter 2. Subordination algebras and tense logic

Proof. Suppose that B | ¢ and let v : Var — Clop(X) be a valuation on X. Then, in particular,
it is a valuation v : Var —» B% on B° which comes from the valuation n~! o v : Var — B.
Hence, we have v(p) = 1gs = X.

On the other hand, suppose that X |= ¢ and let v : Var — B be a valuation on B. Then,

nov : Var —s Clop(X) is a valuation on X (and on 8°). Hence, we have (nov)(¢) = X = 1gs. [

Remark 2.5.10. For obvious reasons, a valuation Var — B’ which arises from a valuation
Var — B is often called a clopen valuation.

We saw that tense algebras and modal algebras were particular examples of subordination
algebras. Since both of these structures were already endowed with notions of validity, it is
important that the notion of validity we presented here corresponds to them.

Proposition 2.5.11. 1. If B is a tense algebra and ¢ is a bimodal formula, then the validity
of p on B qua subordination qua tense algebra correspond.

2. If B is a modal algebra and ¢ is a modal formula, then the validity of v on B qua subor-
dination qua modal algebra correspond.

Proof. This follows trivially from the fact that 8 is a subalgebra of B° whenever B is a tense
or a modal algebra. O

This is not the only case that we have to consider. Indeed, we saw that complete atomic
subordination algebras were actually complete atomic modal algebras and complete atomic tense
algebras. Hence, we have a sort of converse proposition to Proposition to consider. In
order to prove it, the following lemma will be required.

Lemma 2.5.12. Let B = (B, <) be a complete atomic subordination algebra and B’ = (B, )
(resp. B’ = (B,0,$)) its associated complete atomic modal (resp. tense) algebra, then the
topological dual of B is the topological dual of B'.

Proof. We only prove the modal case and leave the tense one to the reader. Since the underlying
topological set of both duals is Ult(B), we just have to check that R~ and Ry are identical, that
is that, for z,y € Ult(B), <(y,—) C z if and only if ¢y C .

Hence, suppose first that ¢y C x and let a,b € B such that ¢ < b and a € y. Now, recall
from the discussion after Definition that Oa = A{c € B | a < c}. Hence, it is clear that
Qa < b and since Qa is an element of x, it is also the case for b.

Now, suppose that <(y,—) C x and let b = Qa for some a € y, that is b= A{c € B |a < c}.
Since < is a complete subordination relation, it follows that a < b and therefore, that b € x, as
required. O

Proposition 2.5.13. Let B be a complete atomic subordination algebra.

1. If ¢ is a bimodal formula, the validity of ¢ on B qua subordination algebra qua tense algebra
correspond.

2. If p is a modal formula, the validity of ¢ on B qua subordination algebra qua modal algebra
correspond.

Proof. This is a direct corollary of Lemma [2.5.12] Indeed, since the topological dual (X, R) of
(B, <) is identical to the topological dual of (B, <), we have

(B, <)y <= (X,R)F¢ < (B,0) F ¢
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2.6. Completeness theorems

2.6 Completeness theorems

In this section, we consider the logic of a class K of subordination algebras, that is, the family of
modal (resp. bimodal) formulas that are satisfied in all subordination algebras/spaces of a given
class. However, we will see that this family is nothing but modal (resp. tense) logic, which we
recall the definitions of.

Definition 2.6.1. 1. The modal logic K is the smallest family of modal formulas containing
all tautologies, the axiom K:

(K) O(p = q) = (Op = Oq)
and closed under the following induction rules:

(MP) Modus Ponens: %_”’Z’;

—~

p) .

)

(Sub) Substitution: g(

(RN) Necessitation ru

o =

e: IZI%o'
It is well known (see for instance [16]) that K is the family of modal formulas that are
satisfied by all modal algebras and all Kripke frames.

2. The tense logic T is the smallest family of bimodal formulas containing all tautologies,
the white and black versions of the axiom K and the axioms

(Th) p— Oep;
(T>) ¢Op — p,

and which is closed under (MP), (Sub) and black and white (RN). Once again, it is well
known (see for instance [60]) that T is the family of bimodal formulas that are satisfied by
all tense algebras.

Definition 2.6.2. Let K be a class of subordination algebras, or spaces. We denote by Log(K)
the logic of /C, that is
Log(K) :={p |VB € K:B = p}.

The first observation about Log(K) is that it is not a normal logic, while this would be the
case for a class I of modal algebras. Indeed, while it is not hard, using classical methods, to
prove that Log(KC) is closed under modus ponens and necessitation, Log(K) is not necessarily
closed under substitutions, as we now prove in the following example.

Example 2.6.3. Let us consider once more the subordination space X of Example We
proved in Example that X = p — OOp. Now consider the formula ¢ (p) = —-p A Op and O
a clopen set not containing x¢. Then, we have 0O = O U {z¢} and hence ¢(O) = {z¢}. Now,

00y (0) = Oh = 0.

Hence, we have zy € ¥(0) but zo ¢ 00y (0), consequently, X £~ ¢ — OO, It follows that
Log(%) is not closed under substitution.

An immediate observation is that the substitution rule may be replaced by the use of schemes.
To distinguish the formula ¢(p) from its associated scheme, we shall write the latter ¢(1), this
expression denotes the collection of formulas ¢ (1)) when ¢ ranges over all modal (or bimodal if
needed) tuples of formulas. The next definition will lead us to completeness results for standard
modal logic in subordination algebras.
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Definition 2.6.4. Let o be a bimodal formula. We say that ¢ is scheme extensible if B = ¢(p)
implies B = ¢(1) for all subordination algebras B and for all k-uples ¢ of bimodal formulas.

Theorem 2.6.5. Let L be a set of schemes of modal formulas, and let ¢ be a modal formula.
Then the following are equivalent:

1. LF o,
2. for any modal algebra B, B |= L implies B = ¢,
3. for any subordination algebra B, B |= L implies B = .

Proof. The implication 3. = 2. follows from while 1. & 2. is well known. It remains to
show the soundness part 1. = 3.. We can proceed by induction on the length of a proof of ¢ if
we prove first that the formulas 6 obtained in the said proof are also scheme-extensible. If 6 is an
axiom, then it is clear by definition. The claim is also immediate if 6 is obtained by substitution
or the necessitation rule. Hence, it remains to consider the case where € is obtained by modus
ponens x, x — 0. By induction, we know that there exist formulas a; (p),a2(p), ¢1 and @2 such
that

B = a1(¥), B = a2(1), x(p) = a1(41(p)) and az(¢2(p)) = x(p) — 0(p).
Now, let ¥» be an arbitrary k-uple of bimodal formulas. We need to prove that B |= 6(v). But,
we have a;(¢1(¢¥)) = x(¥) and az(¢2(¢)) = x(¥) — 0(3)). Since we have
B = o (¢1(¢)) and B |= az(d2(¥)),

the conclusion is immediate. O

We also have the tense version of the previous theorem.

Theorem 2.6.6. Let L be a set of schemes of bimodal formulas containing the least tense bimodal
logic, and let ¢ be a modal formula. Then the following propositions are equivalent:

1. LF o,
2. for any tense algebra, B = L implies B = .
3. for any subordination algebra B, B |= L implies B = .

Note that both Theorem [2.6.5] and Theorem [2.6.6] are not really new completeness theorems.
Indeed, only the part 1. = 3. is really a new result. Nevertheless, we have a direct corollary
that, under the hypothesis of the theorem, if there exists a subordination algebra B = L with
B [~ ¢, then there exists some modal algebra € = L with € £ ¢. An analogue observation can
be made about Theorem [2.6.6| Hence, the theorems mostly allow to enlarge the pool of algebras
and spaces (from modal/tense to subordination) available in the search of counterexample.

Moreover, Theorems [2.6.5] and [2.6.6] highlight that it is the scheme of a formula that bears
importance for the validity in the subordination setting.

It is possible to characterise the scheme-extensible formulas via the bimodalisation. Moreover,
this characterisation will determine precisely the algebra € mentioned earlier.

Proposition 2.6.7. Let B = (B, <) be a subordination algebra. Then, for any scheme ¢(1),
B = o(¥) & B = oY)
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Proof. Suppose that B"™ = ¢(1) and let v : Var — B be a valuation on B, extended to B°.

In particular, since B*™ is a tense subalgebra of B° containing B, we get, that v(p(y)) € BY™,

Consider now the valuation v’ : Var — B%™ such that v'(¢(¢)) = v(¢(1)), then by hypothesis,
we have v'(¢(1)) = 1 = v(p(1))), as required.

Now, suppose that B = (1) and let v : Var — B"™ be a valuation on pbim Tt 1) breaks
down in (11,...,9%), then for every i < k there exists b¢,. .. b;i € B and a bimodal formula
®i(pi,- - -, py,) such that v(;) = ¢4(by,...,b;,,). Set v’ : Var — B as the valuation that maps
Pl to b’ for all 4, j. Then, since B = ©(4), we have that

v'(p()) =

<ﬂ(v’(¢>1(p1,---,pil)),---,v'(¢k(p57--~,pﬁ,k))) =1
& @(@1(b1s by )y GO, BE)) = 1
p(¥),. . v(Yr)) =1

U(@(%’-n’wk)) =

as required. O

Remark 2.6.8. Note that, in Proposition 2.6.7, we use schemes of formulas instead of actual
formulas. Indeed, the proposition is simply false in the latter case, since a formula may fail
to be preserved under modalisation. Consider for instance 8 to be the dual algebra of the
subordination space ¥ given in Example We know that B = p — O0p, but it is clear
that we also have B"™ K p — O0p. Indeed, since BY™ ig a tense algebra and, hence, such
that its logic is normal, we would have that B E p — OOp implies pbim E ¢ — OOy. But,
by Proposition it would also imply that B = ¢ — OO, which was proven to be false in
Example

Corollary 2.6.9. Let ¢ be a bimodal formula. Then, ¢ is scheme extensible if and only if B |= ¢
implies B"™ = ¢ for all subordination algebras B.

Proof. Suppose that ¢ is scheme extensible and let B be a_subordination algebra such that
B |= . Then, B |= (1) and it follows from Proposition that B"™ = ().

On the other hand, suppose that ¢ is not scheme exte nsible. Then, there exists a subordi-
nation algebra B such that B | ¢ and B ¥~ ¢(¢). By Proposition we hence have that
pbim F o(1). Now, since BY™ is a tense algebra, this is equivalent to ‘B = o, as required. [

We conclude this section with a theorem that provides a useful criterion to determine the
non-canonicity of a formula.

Theorem 2.6.10. If a bimodal formula ¢ is canonical, then it is scheme extensible.

Proof. Suppose that B = ¢. Then, since ¢ is canonical, we have 8o = ¢. Moreover, as pbim
is a tense subalgebra of %5, we have B = . The conclusion is now direct from Corollary
2.6.9 O

2.7 A Sahlqvist theorem for subordination algebras
Correspondence between modal formulas on modal algebras and first order formulas on their

dual modal space is a classical problem in modal logic. A well known example is given by the
formula Op — OOp which is satisfied in a modal algebra if and only if the accessibility relation
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Chapter 2. Subordination algebras and tense logic

on its dual space is transitive (see for instance [9]). It is easy to show that this correspondence
stays true for subordination algebras.

In [63], Sahlqvist gave a family of modal formulas, now called Sahlqvist formulas, that admit
a first order translation, translation which is effectively obtainable from the modal formulas. A
topological proof of this correspondence was given by Sambin and Vaccaro in [64] and [65] and
the results presented here are an adaptation of their work to the subordination algebra case.
Finally, the Sahlqvist theorem was extended to Boolean algebras with operators by de Rijcke
and Venema in [23].

However, for subordination algebras other kinds of correspondence may be studied. We have
seen for instance in Proposition 2.1.17] that a subordination algebra satisfies the formula S6, that
is

a=<b—(Je)(a<c=<Db)

if and only the accessibility relation associated to < is transitive. The correspondence between
subordination formulas and first order formulas has been studied by Balbiani and Kikot in [
and by Santoli in [66, Chapter 6].

Therefore, with both this examples, we deduce that a subordination algebra satisfies the
modal formula Op — OOp if and only if it satisfies S6. Hence, we have a third kind of possible
correspondence: between (bi)modal and subordination formulas. This last kind of correspon-
dence is studied in [24, Section 3].

We will further expand on the connections between the various kinds of correspondence in
Section [2.101

Now, let us start the study of the correspondence between (bi)modal formulas and first order
formulas in the subordination setting.

Definition 2.7.1. Let ¢ be a bimodal formula. We say that:

1. ¢ is closed (resp. open) if it is obtained from constants T, L, propositional variables and
their negations, by applying Vv, A, ¢ and ¢ (resp. V, A, O and ).

2. ¢ is positive (resp. negative) if it is obtained from constants T, 1 and propositional
variables (resp. and negations of propositional variables) by applying A, Vv, O, O, ¢ and B

3. ¢ is s-positive (resp. s-negative) (s for subordination) if it is obtained from closed
positive formulas (resp. open negative formulas) by applying Vv, A, 00 and B (resp. V, A,
O and 4).

4. ¢ is strongly positive if it is a conjunction of formulas of the form
Op :=0O0%...0%p,
where p € Var, k € N, e € {1,0}* and 0! := 0 and (09 := W.

Remark 2.7.2. Let us make a couple of remarks about the taxonomy of the formulas in Defini-
tion If ¢ is a closed formula and v : Var — X is a valuation, then v(¢p) is a closed set, of
X (hence the name "closed"). Conversely, if ¥ is an open formula, then v(1)) is an open set of X
for all valuations v : Var — X. In general, if Fy,. .., F}, are closed subsets of X and Oq,...,0,
are open subsets of X, we have that ¢(F1y,..., F,) is closed and (Oy,...,0,) is open. These
assertions can be proved rather easily by induction on the length of ¢ and v, using Lemma [2.1.3

Moreover, if ¢(p) is a positive formula, then it is monotone, in the sense that, for S; and So
subsets of X, S; C Sy implies ¢(S1) C ¢(S2). Conversely, if ¢(p) is a negative formula, then it
is antitone. Both these assertions can be checked quite easily by an induction on the length of

@(p) and P(p).
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2.7. A Sahlqgvist theorem for subordination algebras

Finally, the motive behind the specifications of s-positive and s-negative from positive and
negative formula will become clear later, but we can anyway give an alternative definition. A
bimodal formula ¢ is s-positive (resp. s-negative) if and only if it is a positive (resp. negative)
formula with no O or B under the scope of a ¢ or ¢ (resp. no ¢ or 4 under the scope of a (I or
m.

Definition 2.7.3. Let ¢ be a bimodal formula without implication. The dual formula of ¢,
denoted by ¢?, is the formula obtained by interchanging the roles of T and L, A and V, { and
O and, finally, the roles of ¢ and H.

For instance, if ¢ := p; V(Op2 ABp3) then its dual formula 2 is given by ¢ = pi A(CpzVéps3).

Lemma 2.7.4. 1. A bimodal formula ¢ is closed if and only if its dual formula ©° is open.

2. A bimodal formula ¢ (p) is positive if and only if p(—p) is negative and if and only if ©°(p)
18 positive.

3. A bimodal formula ¢(p) is s-positive if and only if gpa(—@ is s-negative.

Lemma 2.7.5. Let X = (X, R) be a subordination space, o(p) a bimodal formula. Then, for all
E € (P(X))", we have
¢(E) = (=" -)(E).

Proof. As usual, it can be proved by induction on the length of . As an example, we can
consider the case where ¢ = Op. Then, ¢? = Op and, for all E C X, we have ¢(E) = R(—, E°)°
and

(=) (E) = ~¢”(E) = =R(—, E°) = R(—, E)".

O

Definition 2.7.6. Let X = (X, R) be a subordination space. An R-expression on X is the
empty set or a set of the form

RY(—,z1)U---UR"(—,xp)

with n € N, ¢; € {1,0}% for some k; € N, z; € X and where R (—,z;) is defined recursively on
the length of ¢; by

RO (= a5) = R(=, R (—,22))
RO(—, ) = R(R (~ ), -).

Remark 2.7.7. Using a notation similar to the one of strongly positive formulas, an R-expression
can be rewritten as

Ot({z ) U--- U0 ({zn}).

As a direct consequence of the definition and Lemma [2.1.3] we have that every R-expression
on (X, R) is a closed subset of X.

Lemma 2.7.8. Let X = (X, R) be a subordination space, £ R-expressions on X and ¢(p) a
bimodal formula. Then x € p(£) is equivalent to ®(x) for some first order formula ®(t) where t
is a free variable.

Proof. Let us proceed by induction on the length of .
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o If o = py, then ©(€1) = €1 and we proceed by induction on the length of £;. If £1 = 0,
then € & if and only if « # . If £, = {21}, then x € E; if and only if 2 = z1. Now,
the induction. Suppose that

gl = R(17€)(_7x1)7

then x € &£, if and only
(Fy)(y € R°(—,21) and = R y.)

Since by induction, y € R¢(—,z1) is equivalent to a first order formula, the conclusion is
immediate. Of course, the case x € R(?¢)(—, 2,) is proved similarly. Finally, we consider
the case

& :Rel(—,.%'l)U...URC"(—,Qﬁn). (24)

We have that © € R%(—, x;) is equivalent to a first order formula ®;. Then, (2.4) is rapidly
seen to be equivalent to the disjunction of the formulas ®;.

e If p =1V, then z € p(€) is equivalent to
zey(€) orz e x(&).
The conclusion then follows from the induction on z € ¥(£) and x € x(£).
o If o = =), we have the same proof as the previous case.
e If o =[Oy, then z € p(€) is equivalent to
(Vy)(x Ry =y € ¥(£)).
The induction on y € ¥(&) allows us to conclude. The case ¢ = WY, is treated similarly.

O

Lemma 2.7.9. Let X = (X,R) be a subordination space and let ¢(p) be a strongly positive
formula. Then there exist R-expressions E1,...,E, such that for every S1,...,5, C X

Proof. By induction on the length of . It is sufficient to remark that x € IS if and only if
R(z,—) C S and z € WS if and only if R(—,z) C S. O

We now have a generalisation of Esakia Lemma (see Proposition [2.1.4)).

Lemma 2.7.10 (Generalised Esakia Lemma). Let X = (X, R) be a subordination space, ¢(p)
an s-positive formula, 1 (p) an s-negative formula, (F; | i € I) a filtered family of closed sets and
Ch,...,Ck, closed sets of X. Then, we have

1. (p(cla ) mFlv "'7076—1) = m{ﬁp(Cl, ~"7Fi7 "'7Ck7—1) | (S I}
2. 1#(01, ., NE;, -~-;Ck—1) = U{’(/)(Cl, o By -~-7Ck—1) | 1€ I}

Proof. For the sake of readability of the proof, p(Cy,...,*,...,Cr—1) will be shortened as ¢(x),
and the same applies of course for 1. We will nevertheless highlight where the condition C;
closed is important.
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2.7. A Sahlqgvist theorem for subordination algebras

1. Of course, by monotonicity, the inclusion
e(NF;) € Np(F)

is trivially satisfied, so that we only have to prove ¢(NF;) D Ne(F;). We proceed by
induction on the length of .
(a) If ¢ = p, then the inclusion is blatantly true.

(b) If ¢ = x A&, suppose that = &(x A &)(NF;). Without loss of generality, we may
consider that = ¢ x(NF;). Hence, by induction, there exists ¢ € I such that x & x(F;).
Therefore, we have that

zZ(X AN ) (F))
and, so, that x & Ny (F;) as required.

(c) If ¢ = x V&, suppose that = €(xVE)(NF;). Then, x is neither an element of x(NF;) nor
one of £(NF;). By induction, there exist ¢,j € I such that & x(F;) and = & x(F}).
Now, since (F; | ¢ € I) is a filtered family, there exists an element k € I with
Fi, C F; N F; and, by monotonicity of both x and &, it follows that  ¢(x A &)(F%).

(d) If ¢ = Ox, then x is a positive closed formula as, otherwise there would be a O or a
B under the scope of ¢, which is impossible for an s-positive formula. We have that
Np(F;) is equal to NR(—, x(F;)). Then, since F; and C; are closed for all ,7, it is
clear that (x(F;) | ¢ € I) is a filtered family of closed sets such that, by Proposition
we have NR(—, x(F;)) = R(—,Nx(F;)). Finally, the conclusion follows from the
induction hypothesis on x. The case ¢ = #x is treated similarly.

(e) If ¢ = Oy, then we have by induction on x
e(NF;) = R(—, x(NF;)%)* = R(—, Ux(F)°)".

Then, we simply have to rewrite R(—,Ux(F;)¢)¢ as NR(—, x(F};)¢)¢ to conclude the
proof. Of course, the case ¢ = By is treated similarly.

2. Using this time antonicity, we only have to prove ¥(NF;) C Uy (F;).
(a) If ¥ = —p, then we have
@(NFy) = (NF1)° = UF} = Up(F).
(b) If ¢ = x A&, we have, by induction on x and &,
Y(NE;) = x(NF;) NE(NE) = (Ux(F7)) N (UE(F))

that is

V(NE;) = U{x(F;) N&(F) | 0,5 € I}
Now, remember that (F; | i € I) is a filtered family and that the formulas x and & are
antitone. Hence, we have

Y(NF;) = U{x(F3) NE(E;) [ i € I} = Uyp(F).
(c) If ¥ = x V&, suppose that = € U (F;), then we have that

z & U(X(Fy) UE(F)).

Hence, for all i € I, we have x & x(F;) and = ¢ £(F;) and, consequently, we have by
induction that = & x(NF;) and = € E(NF;). That is x € x(NF;) U E(NF;) as required.
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Chapter 2. Subordination algebras and tense logic

(d) If » = Oy, then we have by induction on y
Y(NF;) = R(=,x(NF)) = UR(=, x(F})) = UY(F).

The case 1) = ¢y is treated similarly.

(e) If vp = Ox, then y is a negative open formula as, otherwise there would be a ¢ or a
¢ under the scope of J, which is impossible for an s-negative formula. We have that
U (F;) is equal to UR(—, x(F;)¢)¢ that is (NR(—, x(F;)°))°. Now, since x is negative
open, we have that (x(F;)¢ | ¢ € I) is a family of filtered closed sets such that, by
Proposition [2.1.4] we have

U (F) = (R(=,Nx(F:)%))* = (R(=, (Ux(F3)))"
The conclusion now follows immediately from the induction hypothesis on x.
O

This generalised Esakia Lemma conceals behind its hypothesis a far more simple proposition
that will be helpful in the future.

Corollary 2.7.11 (Intersection Lemma). Let X = (X, R) be a subordination space, ¢(p) an s-
positive formula and ¢(p) an s-negative formula. For every S C X and every C1,...,Cy_1 closed
sets of X,

(,D(Cl, ey S, ...7016,1) = ﬂ{w(Cl, ey O, ...,Ckfl) | SCOEe€ ClOp(X)}

and

11)(01, ey S, ...,Ckfl) = U{’l/)(cl, ...,O, ...,Ckfl) | SCOEe€ ClOp(X)}

Proof. One has simply to remember that F = {O € Clop(X) | S C O} is a filtered family of
closed sets such that S = NF. O

We just encountered the propositions where the extraction of s-positive formulas from the
positive ones is needed. It appeared in the proof of more specifically in the case ¢ = Q1)
of the induction. Indeed, unlike the modal case, where this proposition is valid for all positive
formulas, Op may fail to be a closed set of X (recall Example 2.5.5). And, hence, (x(F;) | i € I)
may fail to be a family of closed sets, making it impossible to use Proposition[2.1.4] Nevertheless,
this does not imply that we could not have bypassed this problem with another proof. Later, we
will prove that this extraction was indeed needed. Let us now introduce the penultimate family
of bimodal formulas required for the Sahlqvist theorem.

Definition 2.7.12. Let ¢ be a bimodal formula. We say that ¢ is s-untied (with, again, s for
subordination) if it is obtained from strongly positive and s-negative formulas using only A, ¢
and ¢.

Proposition 2.7.13. Let X = (X, R) be a subordination space, ©(p1,...,pr) an s-untied for-
mula. Then, for all O1,...Oy clopen sets of X, x € p(O1,...,0y) is equivalent to

(Hyl,...,ﬂyn)(‘l’/\ /\gl CO; N /\ u; € Nj(Ol,...,Ok)),

i<k j<m
where

e n,meN,
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2.7. A Sahlqgvist theorem for subordination algebras

o &, is an R-expression for all i,

e N; is an s-negative formula for all j,

e (y; | i <n) are pointwise distinct variables, all distinct from x,
o U is a conjunction of formulas of the form u; R u;,

o (u; | j < n) are variables taken from yi,...., yn, .

Proof. Let us proceed by induction on the length of .
e If o is a strongly positive formula, then, this is simply Lemma [2.7.9
e If ¢ is an s-negative formula, then it is sufficient to set y; = vy = = and Ny = .
e If o =1 A x, the conclusion is immediate by induction.

e If o = O, then x is an element of ¢(Oy,...,0;) = O¢Y(0q,...,0y) if and only there
exists an element y in (O, ....,Of) such that © R y. By induction, we know that y €
¥(01, ..., O) is equivalent to

(E'yl E'yn)(\:[/ A\ /\ gl - Oz A\ /\ Uu; € Nj(Ol, ,Ok))

i<k j<m

Therefore, we have that

(@)@ Ry A | Gyr - Fy) (@A N\ ECOin N uj € Nj(O1,...,0))

i<k j<m
is equivalent to = € ¢(Oq, ..., O).
Since each y; is a variable distinct from y, this formula can be rewritten as

Fy3yr - Fyn) (WA N\ ECCin N\ uj € Nj(Cy, ..., Ci))

i<k j<m
where ¥/ = (z Ry) A V.
o If o = @1, the proof is identical to the white one.

O

Definition 2.7.14. Let ¢ be a bimodal formula. We say that ¢ is an s-Sahlqvist formula if it
is of the form 0(p; — 2) with ¢; an s-untied formula, @5 an s-positive formula and € € {1,9}*
for some k € N (Recall that we introduced the notation [1¢ in Definition [2.7.1)).

Theorem 2.7.15 (Sahlqvist theorem for subordination algebras). Let ¢ be an s-Sahlquist for-
mula. Then, there exists a first order formula ® in the language of the accessibility relation,
effectively computable from , and such that for all subordination algebra B = (B, <) with dual
X=(X,R)

By iff XE .
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Chapter 2. Subordination algebras and tense logic

Proof. We have B8 = ¢ if and only if X = ¢.
Set x € X, we have successively

X ':af ¥
&(V0;...04, € Clop(X))(z € O%(¢1 — ¢2)(O1, ..., Ox))
& (V0;...0k € Clop(X))(Vy)(z R y =y € (¢1 = ¢2)(O1, ..., Ok))
<(VO0;...01, € Clop(X))(Yy) {z Ry

= (Hylyn)(\lf A\ /\ E;iCO; N /\ u; € Nj(Ol, 7Ok)
i<k j<m
=Y < ¢2(010k)]}
< (V0;...0 € Clop(X))(Vy)(Vy1...yn){z REy AT

= /\(C:Z CO; N /\ U j ENj(Ol,...,Ok) :>y€¢>2(01...0k)

i<k j<m

By Lemmas and , we know that = (Au; € N;(O1,...,0p)) and V u; € Nja( .., 05)

are equivalent, and that N; (—=p1, ..., 7px) is an s-positive formula.

Set then P] = ﬁj(_‘plw'v_'pk) fOI'j < m, Pm+1 = ¢2(p17"'7pk)7 Um+1 = Y and ﬁnally
U’ =z Ry A ¥, we obtain

(VO ...0 € Clop(X))(z € O(¢1 — ¢2)(Ox, ..., Ox))
S (VY1 Yma1) {¥ = [(VO;...0 € Clop(X))

/\(81 - Ol) = \/ Uu; € Pj(Ol,...,Ok)

i<k j<m+1

We just have to apply Proposition to get the equivalence between the previous formula
and

(V1 yms) (¥ =\ uj € Pi(Er, ... Ex)). (2.5)
j<m+1

Finally, the conclusion follows from the fact that u; € P;(€1, ..., ) is equivalent to a first order
formula via Lemma 2.7.8 O

To conclude the section, we recall that, in the modal setting, every Sahlqvist formulas is
canonical. This characteristic is carried in the subordination setting, as stated in the next
theorem.

Theorem 2.7.16. If a bimodal formula ¢ is an s-Sahlquist formula, then it is canonical.
Proof. Let us denote by ® the first order formula equivalent to ¢. Suppose that B = ¢. Then,
for X the dual of B, we have X = ® and the topology of X does not have any role to play in

this latter validity. Therefore, since ¢ is an s-Sahlqvist formula and, hence, a Sahlqvist one, the
discrete dual of X, that is $B°, satisfies . O
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2.8. Examples

2.8 Examples

In this short section, we will give some examples of translations of bimodal formula into first
order ones. We will always let B = (B, <) and X = (X, R) be respectively a subordination
algebra and a subordination space, duals to each other.

Example 2.8.1. We have
B=Wp—->p<—=XEzRu.

Let us first note that Hp is a strongly positive formula, and hence an s-untied one, and that p is
an s-positive formula. Therefore, Mp — p is an s-Sahlqvist formula.
As for the translation, we have successively:

BE=HEp—p
— XEmWp—p
— (Vz € X)(YO € Clop(X))(z € (HO — 0))
<— (Vz € X)(VO € Clop(X))(z €« BO = z € O)
<— (Vz € X)(VO € Clop(X))(R(—,z) CO = z € O) (by Lemma[2.7.9)
< (Vz € X)(z € R(—,z) = R(—,z)) (By 7.1 and R(z,—) closed)
— (Vre X)(z Rx)
— XgEzRuz.

—_—— =

Example 2.8.2. We have
BEOp 00 — XE(rRyandaz Rz)= (I)(y Rtand z R1).

The formula Op is a strongly positive formula, and hence, ¢0p is an s-untied formula. More-
over, [(JOp is an s-positive formula. In conclusion, ¢UClp — OOp is an s-Sahlqgvist formula.

Now, we have the following succession of equivalences, where, for the sake of readability, we
omit to write

(Vz € X)(YO € Clop(X))

when it is needed. We have

X | 00p — O%p
<~ (z € 00O = 2 € TJOO)
< [By1)(z Ry1 Ay € D0)] = [& € OOO]
> (Vy)[(xz Ry1 Ayr € JO) = (z € D0O)]
= (W)t Ry1 ={  (y €00) = (z € 000)}]
————
Strongly positive formula
= (Yy1)lr Ry1 = {R(y1,—) € O =z € DOO}]
< (Vy1)[z Ry1 = 2 € OOR(y1, —)] (by R.7.11).

Then, we have

xr € DOR(yl,*)
— (Vz)(x Rz=2z€ QOR(—,y1))
— (Vz)(x Rz= (3t)(z Rt Ay1 Rt)).
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It follows that

X = 00p — O0p
<~ (Vy1)lx Ry1 = {(Vz)(e Rz= (3t)(z Rt Ay; Rt))}
— (Vy1)(V2)[(x Ryr Az R z) = {(3t)(y1 Rt Az R1)}].

Renaming y; as y concludes the proof.

Example 2.8.3. We have
B =B(00-pAO0p) - p) < Xz Ry= V)t RyVVz(yRz=3s:zRs Rt)).

The formula Op is a strongly positive one and $C—p an s-negative one. Therefore, GT—p A OOp
is an s-untied formula. Since p is s-positive, we have that B((0O-p A OOp) — p) is indeed an
s-Sahlqvist formula.

We have

X ER((OO-p A O0p) — p)
— (Vy)ly Rz = {y € (OO° Ay € O00) = y € O}]

Now, we have

y e (OO-ONy e O00)=yeO
{@)(teBO0OAyRt)}A(y € 0O-0)] = [y € O]
(F)(R(t,—) COAy Rt)] = [y € (OVvIOOO)] ( by Lemma [2.7.5)

= |
adl
— (Vt)(y Rt=y € (R(t,—) UOOR(—,1))).

—_

Moreover, we have

y € (R(t,—) UOOR(—,1)))
< tRyVVz(yRz=3s:2RsRt).

Hence, we have

B = B((0U-p A 00Op) — p)
<~ XExzRy= M)t RyVvVVz2(yRz=3s: 2 Rs Rt))

2.9 Discussion about s-Sahlqvist formulas

By construction s-Sahlqvist formulas form a family strictly included in the one of Sahlqvist
formulas, that is bimodal formulas that admit a first order translation for tense algebras. For
instance, the formula p — OOp is a Sahlqvist formula, while it is not an s-Sahlqvist one.

The question that remains now is: is the set of translatable formulas for subordination alge-
bras actually smaller than the one for tense algebras? In order to answer this question, we will
consider in more detail the formula p — ¢Op, formula which contains a forbidden O in the scope

of a O.

Example 2.9.1. The formula p — OUp is a Sahlqvist formula (for modal algebras) equivalent
to
O := V)T ((z Ry)A(y Rz — z=1x)). (2.6)
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This can be proved using Sahlqvist’s theorem from [65], which we extended in Theorem [2.7.15
Indeed, let X = (X, R) be a modal space. We obtain, for all O € Clop(X) and for all x € X

re 0 —xedlo
e{z} CO — 2 €000
Sz en{0dO |0 2 {z}} (2.7)
sz e O0{x} (2.8)
Sjyelzr:z Ry
Sdy (VzyRz—z=xz) Az Ry).

Where the transition from to is done by the Intersection Lemma, valid only in the
modal case.

However, the equivalence between p — OOp and is not true anymore in a subordination
environment. Indeed, consider the subordination space X = (X, R) of Example that is an
infinite Stone space X with a limit point xg endowed with the relation R defined by

zRy& x=yorz=ux.
Let us show that X = (X, R) satisfies p — OUp but not (2.6).

1. To prove that X satisfies p — OOp is to prove that for all 2 € X and for all O € Clop(X),
z € O implies x € OLJO. More specifically, we have to prove that for all x € O there exists
y € X with ¢ Ry and R(y,—) C O.

(a) If  # xo. Then, x R x and R(z,—) = {z} C O.
(b) If £ = x9. Then, as x is an accumulation point, there is y € O \ {x}. We thus have
zo Ry and R(y, —) = {y} \ O.
2. On the other hand, X does not verify (2.6)). This follows from the fact that, for all y € X,
R(y, =) # {zo}-

In short, we just proved that, for a subordination space X, X | p — OUp does not imply
X E (2.6). Notice that it is however quite simple to prove the converse implication.

Example 2.9.2. Note that, while p — Op may not have a first order correspondent when
considered alone, since it is not an s-Sahlqvist formula, this is not the case anymore when it is
associated with other bimodal formulas.

1. For a subordination space X = (X, R), we have

X Ep— OOp,0Op — O0p,p — OOp (2.9)
transivity symmetry
if and only if
XExzRy+oz=y. (2.10)

It it almost immediate that implies (2.9), so let us focus on the other implication.
Suppose that there exist z,y € X such that x R y and = # y. Since X is a Stone space,
this implies that € O and y € O°¢ for some clopen set O. Now, by X = p — OUp and
x € O, we have that € QTO, hence, there exists z € X such that R z and R(z,—) C O.
By symmetry and transitivity, we have y € R(z,—) C O, which is absurd.
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2. For a subordination space X = (X, R), we have

XEp—O0Up, Op—0p (2.11)
———
functionality
if and only if
%= (¥2)(3y)(x Ry and R(y,—) = {z}). (2.12)

Once again, we have immediately that (2.12) implies (2.11). For the other implication, set
z € X. Since X = p — Op, it follows that x € OO0X and, hence, in particular, that there
exists y € OJX such that R y. Now, by functionality, we have that R(x,—) = {y}.

By contradiction, suppose that y R z for some z # x. Since X is a Stone space, there exists
a clopen set O with z € O and z € O°. Moreover, we have x R t and R(t,—) C O for some
t. But, we know that ¢ is necessarily y, so that z € R(y, —) C O, which is absurd.

Remark 2.9.3. Let us consider the second item of Example in a modal setting. We have
that the following are equivalent:

e X =p— 00p, Op — Op,
o X |= (Vz)(Jy)(z Ry and R(y, —) = {z}),
e X Ep— O0p.

In particular, this implies that there exists a syntactical proof of ¢p — [p when p — OUp
is considered as an axiom. Moreover, we know that this proof should at least contain one
substitution, since modus ponens and necessitation are sound in the subordination setting.

As we already said, we know that X = p — OUp is not equivalent to

X | (Vo)(Jy)(z Ry and R(y, —) = {z}).

Moreover, we have to consider another property that the formula p — OUp lacks. Indeed,
recall that we proved that it was not scheme extensible. Therefore, one could ask: what about
X E ¢ —» O0p? Even if we do not have an answer yet, the previous example gives us the
following proposition.

Proposition 2.9.4. Let X be a subordination space. We havd?]

(X ¢ = 00¢] & [X = (Vo)(Fy)(z Ry and R(y, —) = {«})].
if and only if X = ¢ — OOy implies X = Op — Op.
Proof. = We have successively, by Example

XEe—00p
= X | (Vz)(Jy)(z Ry and R(y, —) = {z})
= XEOp—Dp

< Since, in this case, X E ¢ — OOy implies both X = p — ¢Op and X = Op — Up, the
conclusion follows immediately from Example [2.9.2]
O

2Note that the necessary condition of Proposition is always verified for modal spaces.
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2.10 Further correspondences

As stated in the introduction of Section subordination algebras (and hence, subordination
spaces) are an ideal setting to study the interaction between three languages: the modal one,
the subordination one and the accessibility one.

Nevertheless, until now, we did not define precisely the subordination syntax and we actually
have two options to consider. The first option is the one we implicitly considered up to this
point in this thesis and which also considered in [66] (under the name statements): namely,
the subordination syntax is constructed in a similar way to the one of the accessibility relation.
Hence, we have first-order formulas/statements such as

a<b=3dc:a<c=<b.

The second option is to consider the subordination syntax as the modal syntax (that is
without quantifiers). This second option is considered for instance in [I] and [74]. Let us have a
look at both options.

2.10.1 Subordination statements

Using the accessibility language as a bridge, we know that there exist modal formulas which are
equivalent to subordination statements. Indeed, consider for instance the following correspon-
dences.

Tense Accessibility Subordination
Op — O0Op | Transitivity a<b=dc:a<c<b
p—Op Reflexivity a<b=a<b
p— OOp Symmetry a<b=-b=<-a
Op — Op | Right seriality p£0=pA£0
Hp— &p Left seriality pEl=14p

A natural question that now arises is to determine whether it is possible to bypass the accessibility
bridge between bimodal formulas and subordination statements or not. Let us start with an
example.

Example 2.10.1. Let X = (X, R) be a subordination space such that X = Op — OOp. Hence,
for every clopen subset O of X, we have

0o ¢ O0o. (2.13)

Now, OO is an open subset of X and, as such, it is a union of clopen subsets. Therefore, (2.13)
is equivalent to
YU € Clop(X) : U COO = U C OOO. (2.14)

Let us have a detailed look at the antecedent and the consequent of (2.14). First, we have
UCOO<UCR(—0%9 < R(—,0° CU°= -0 < —U.

Then, for in consequent, we have U C OO if and only if 4U C JO. Furthermore, since U is
closed and (JO is open, 4U C [JO is equivalent to

3V € Clop(X) : U C V C 0O.
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With the technique used for the antecedent, we have that U C V C O is equivalent to
-0 < =V < =U. Renaming -0, —U and =V respectively as O,U and V, we obtain that
is equivalent to

O<U=3aV:0<V=<U,

as required.

Hence, we just saw a way to establish a subordination statement correspondent to the modal
formula Cp — OOp. The key feature in this example is that, for propositional variables p and
q, a subordination space X and a valuation v, we have X =, Op — ¢ if and only if X =, p < ¢,
X |y p— Og¢ifand only if X |, 7¢ < —-pand X &, p — ¢ if and only if X &, p < ¢q. Hence, we
will now define a fragment of (bi)modal formulas for which these equivalences can be adequately
used in order to find a correspondence. Another important fact has to be noted in Example
The variable of Op — OOp (that is p or, in its topological valuation, O) stays a variable
of its correspondent statement and we added variables which were disjoint from p (in this case
U and V).

Definition 2.10.2. Let ¢(p) be a bimodal formula. We say that

1. ¢ has a correspondent subordination statement (or in short has a css) if there
exists a subordination statement ®(p), effectively computable from ¢, such that, for every
subordination space X, we have

X | ¢(p) if and only if X = ®(p).

2. ¢ has an upper correspondent subordination statement (or in short has a ucss)
if there exists a subordination statement ®,(p,q), effectively computable from gt = ¢
(where g% is a shorthand for g or =¢), such that, for every subordination space X, we have

XEgt - @(p) if and only if X |= ®,(p,q).

3. ¢ has a down correspondent subordination statement (or in short has a dcss) if
there exists a subordination statement ®,(p, ¢), effectively computable from ¢ — g, such
that, for every subordination space X, we have

X ¢(p) — ¢* if and only if X = ®4(p, q).

Before we start to prove the expected correspondence theorem, we have the following useful
lemma.

Lemma 2.10.3. Let ¢ be a bimodal formula.
1. If ¢ has a ucss, then ¢ has a css.
2. If ¢ has a dcss, then —¢ has a css.

Proof. Let p denotes the variables of ¢ and let us prove Item 1 (Item 2 is proved similarly).
Suppose that X is a subordination space such that X |= ¢(p). Then, in particular, we have that
X =T — @(p). Hence, if ¢ is a variable distinct from p, we have that X =, ¢ — ¢(p) for all
valuations v’ such that v(q) = 1. Therefore, since ¢ has a ucss ®(p, q), we know that X = ¢(p)
if and only X = ®(p, 1) and the proof is complete. a O

It turns out that we already have encountered fragments of formulas having css. Indeed,
consider the following proposition.
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Proposition 2.10.4. If ¢ is an open (resp. a closed) formula, then ¢ and —p have both a ucss
and a dcss.

Proof. Let us prove the open case by induction on the length of ¢.

1. If ¢ is a (negation of a) variable, then we already observed that p* — ¢* was equivalent
to p* < g*.

2. If ¢ = ¢V x, then 9 and x are again open. Since the formula (¢ V x) — ¢ is equivalent to
(¥ = qF) A (x — qF), we can use the induction to conclude. Now, let us consider the case
gt — (¥ V). We know that a valuation of ¢* is a clopen set (let O denote this valuation)
and that valuations of y and 1 are open (valuations that we will denote respectively by w;
and wy). Moreover, we have ¢& — x V ¢ if and only if O C w; Uw,. Hence, in particular,
there exist clopen sets Uy and Us such that O \ wy C Uy Cwy and O\ wy C Uy C wo. It
follows that V4 = (U3 U (O \ Uz)) and V5 = (U2 U (O \ Uy)) are clopen subsets such that
O C V1 UV, and V; C w;. Therefore, we have ¢& — 1) v x if and only

Fr,s:(r =) A (s = x)A(¢E = rVs).
Finally, the conclusion follows from the induction.

3. If ¢ = 4 A x, then ¢ and y are also open. The case ¢& — (¢ A ) is trivial and we can
focus on the second one. For () A x) — ¢, since (¢ A ) is open, we know that it is an
union of clopen subsets. Therefore, we have () A x) — ¢F if and only if

Vrir < (PAY) = (r<q*)

that is
Ve [(r <) A (r < x)] = (r <¢b).

It is now enough to use the induction hypothesis on < ¢ and r < x to conclude the proof.

4. Suppose that ¢ = (. Then ¢ — i is equivalent to #¢= — 0. Now, since 4¢7 is closed
and 1 if open, we know that #¢* — 1 if equivalent to

37“:(0qjE <r)A(r < ).

The conclusion once again follows from the induction on r < 7). Moreover, for [(J¢) — ¢+,
we can use the fact that [Jv is open to have that the formula is equivalent to

Vi (r < Oy) = r < g%,

and, since we just proved that (i has a ucss, the proof is complete. Note that the remaining
case o = Y can be treated similarly.

O
We now use this proposition and the generalised Esakia Lemma, to conclude this section.

Definition 2.10.5. A bimodal formula ¢ is g-closed (resp. g-open) (where the letter g stands
for generalised) if it is obtained from closed formulas (resp. open formulas) by applying A, V, O
and B (resp. V, A, O and ¢). In particular, if ¢ is g-closed (resp. g-open) if and only if there
is an open positive (resp. closed positive) formula x(p) and closed (resp. open) formulas 1) such
that ¢ = x(¢).
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Theorem 2.10.6. If ©1 is g-open and ps is g-closed, then p1 — o has a css.

Proof. By the definition, we know that ¢ = Xl(wl) where x is closed positive and 1/11 are open

and that ¢ = x2 (@2), where 5 is open positive and ¥, are closed. Now, by Proposition [2.7.10]
we have that

1 =V{x1(p,) | p, <¥,} and 2 = A{x2(p,) | p, = ¥, }-
Hence, ¢1 — o is equivalent to

Vp, <9, VY, <p,xa(p) < xa(py)- (2.15)

Since x1(p, ) is closed and x2(p,) is open, it follows that (2.15) is equivalent to

Vp, <, Vp, >4, 3q:xa(p,) < gand g < xa(p,)
We can hence conclude by Proposition 2.10.4] O

The g-closed and g-open fragments relate to the ones already mentioned in Section as
described in the next proposition.

Proposition 2.10.7. Let ¢ be a bimodal formula.
1. If ¢ is s-positive, then ¢ is g-closed.

2. If o(p) is s-negative, then ©?(—p) is g-closed.

3. If @(p) is strongly positive, then p°(—p) is g-closed.
4. If o(p) is s-untied, then goa(—\g) 1s g-closed.
5. If ¢ is an s-Sahlquist formula, then o is equivalent to a g-closed formula.

6. The formula ¢ is g-closed if and only if the formula ©° (in the sense of Deﬁnition
1§ g-open.

Proof. Ttems 1 and 6 follow immediately from the definitions while item 2 follows from item 1
and Lemma Let us prove item 3. Since ¢(p) is strongly positive, it is in particular open.
Therefore ¢?(—p) is (g-)closed, as required. Let us prove item 4 by induction on the length of .
The cases where ¢ is strongly positive or s-negative have already been considered in the previous
item. If p(p) = 1(p) A O(p), then ©?(=p) = ¢?(—=p) v 67 (=p), and we can conclude by induction.
If o(p) = OO(p), then ¢?(p) = 0A?(—p), and we can again conclude by induction. Therefore, it
remains to consider item 5. By definition, there exist an s-untied formula 6 and an s-positive
formula ¢ such that ¢(p) = O°(6(p) — ¥(p)). In particular, for a subordination space X, we
have

X | ¢ if and only if X = O°(¢(p) Vv 98(—\]3)).

Now, 9 (p)V69(—p) is g-closed by the previous items and the conclusion follows from the definition
of g-closed formulas.
O

In particular, we hence have the following corollary.

Corollary 2.10.8. If ¢ is an s-Sahlquist formula, then ¢ has a css.
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2.10.2 Subordination formulas
Definition 2.10.9 ([I]). The subordination language is constituted by:
e a set of Boolean variables Var = {p,q,r,...},
e the Boolean operations U and — and Boolean constants 0, 1,
e the propositional connectives V, = and the propositional constants T and L,
e the subordination connectives < and <.

In addition to the usual shortcuts, we also have the following ones
a=b:=(a<b)V(<a)|atb:==(a=b)|aAb:==(a=<D).

From this language, we can define the Boolean terms, which are inductively constructed as
follows:
ax=pl0|1]|d]|(aUd).

Then, we have the subordination formulas which are, for their part, inductively constructed
as follows:

pu=a<bla<b|T|L|—-p]|pVi.
Note that in the subordination language, we indeed have two sets of connectives: one for the
terms and one for the formulas.

Let us now turn on the definitions of validity.

Definition 2.10.10. As usual, a valuation v on a subordination space ¥ = (X, R) is a map
v : Var — Clop(X) which is inductively extend on the set of terms as follows: v(1) = X,
v(0) =0, v(a') = v(a)® and v(a Ub) = v(a) Uv(b). The validity of a subordination formula ¢ for
this valuation v in X is inductively defined as follows:

1. X =y a < bif and only if v(a) C v(b),

2. X |, a < bif and only if for all z € v(a), y R x implies y € v(b) (that is R(—, v(a)) C v(b)),
3. Xy Land X =, T,

4. X =, v if and only if X F&, ¢,

5. X E, oV ifand only if X |, ¢ or X =, .

Let us now consider the following definition. A subordination formula ¢ has a first order
correspondent if there exists a first order formula ® in the language of the accessibility relation
such that, for every subordination space X, we have

X | pif and only if X = ®. (2.16)

Balbiani and Kikot established in [I] a family of subordination formulas, that we choose to call
Balbiani-Kikot formulasEI in this work, for which there exists a first order formula ¢ satisfying
(2.16). This fragment of formulas was further extended by Santoli in [66].

Since Balbiani-Kikot formulas behave like s-Sahlqvist formulas, one can wonder if it is possible
to obtain the first family from the second, or vice-versa. However, this will be an impossible
challenge. Indeed, consider the following examples from [74], Section 3].

3In [T, Section 2], Balbiani and Kikot used the name Sahlqvist formula. We changed it to prevent any possible
confusion between Sahlqvist formulas for the standard tense language and Sahlqvist formulas for the subordination
language.
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Chapter 2. Subordination algebras and tense logic

1. The Balbiani-Kikot formula ¢ : p £ 0A ¢ # 0 — p £ ¢’ corresponds to the universality of
R (that is (Vz,y)(z R y),) for which there is no correspondent bimodal formula.

2. The s-Sahlqvist formula ¢ : Op — OOp corresponds to the transitivity of R, for which
there is no correspondent subordination formulas (recall that (S6) is not a subordination
formula in the sense of Definition [2.10.9).

Therefore, we know that there can be no correspondence between s-Sahlqvist and Balbiani-Kikot
formulas. However, Vakarelov gave in [74, Section 3| a translation from subordination formulas
(or, more precisely pre-contact formulas, see Appendix |C| for further details) to formulas in a
pluri-modal language, one of the modalities being the universal one. Since this discussion is more
linked to the arbitrary signatures case than to the tense one, we will continue this discussion at
the end of Chapter [
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Slanted duality

In this chapter, we first generalise the concept of subordination algebras to the concept of cs-
lattices, that is distributive lattices endowed with a pre-contact relation C and a subordination
relation <. Then, we give conditions on the relation C and < to be generated by an unique
relation on the Priestley dual.

We then go one step further by generalising the concept of cs-lattice to slanted lattices, that
is distributive lattices endowed with maps that send elements of the said lattices to elements of
their canonical extensions. Then, we introduce the slanted Priestley spaces as the topological
part of the generalisation from subordination to slanted. In addition, we provide a suitable
definition for the morphisms in these categories.

Some dualities with a similar sketch are to be considered. For instance, Sofronie-Stokkermans
established in [67] to "clopen" correspondent of the duality. Moreover, Celani and Castro estab-
lished in [I2] the unary case. We hence prove that both these dualities are particular cases of
the duality presented here.

We end the chapter with outlines for a universal algebraic study of slanted lattices.

3.1 Canonical extensions of maps

To complete the reminder about canonical extension theory started in Section [2.4] we will now
recall how to extend a map h : M — L between two lattices to a map h : M9 — L% between
their canonical extensions.

Definition 3.1.1 ([34]). Let L and M be lattices and let h : M — L be some map. The
o-extension h? of h is defined first for every k € IC(M?) as

h? (k) = A{h(a) |k <a€ L}
and then, for every u € L?,
h (u) = V{h (k) | k € K(L%) and k < u}.
The m-extension h™ of h is defined first for every o € O(L°) as
h™(0) = V{h(a) | a € L and a < o}
and then, for every u € L?,

h™(u) = A{h™(0) | 0 € O(M?®) and u < o}.
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Definition 3.1.2. We say that a map h between lattices is smooth if its o-extension and its
m-extension correspond. It this case, both extensions are denoted h9.

Lemma 3.1.3. Let h: L — M be a map between lattices,
1. If h? preserves non-empty joins, then h is smooth,
2. if h™ preserves non-empty meets, then h is smooth.

Remark 3.1.4. Let L and M be lattices and h : L™ — M a map. Then, h° and h™ should be
map between (L°)" and M?. But we have (L")? = (L%)" (see [34]). Therefore, h® and h™ can

also be considered as n-ary maps. Moreover, if L? denotes the order-dual lattice of L, one also
has (L9)° = (L°)9.

Lemma 3.1.5. Let h : L™ — M be an order preserving map. If h preserves finite joins in
its it coordinate, then h° preserves arbitrary non-empty joins in its i*" coordinate. Dually, if h
preserves finite meets in its i™" coordinate, then h® preserves arbitrary non-empty meets in its

it" coordinate
Corollary 3.1.6. If h is a lattice morphism, then h’ is a complete lattice morphism.

Remark 3.1.7. It may seem that any application that respects finite meets or joins coordi-
natewise is smooth. While this is true for unary operators, it is not true for binary operators
(see for instance [36, Example 6]). For non-smooth operators, we want of course to consider the
extension that preserves the properties of the original map. For instance, if h preserves finite
joins, we will consider its o-extension.

3.2 Cs lattices

In Chapter [2| we saw that subordination relations on Boolean algebras are a concept dual to
closed relations on Stone spaces. We also mentioned that subordination relations and pre-contact
relations on Boolean algebras are interdefinable via the relation

aCb<s a# b (3.1)

This situation mirrors the one existing in modal algebras, where modal operators are a concept
dual to closed relations preserving clopen sets and where ¢ and [ operators are interdefinable

via
Oa = —O—a. (3.2)

In short, in both cases, it is sufficient to have a relation on a Stone space to obtain two
operations/relations on its dual algebra. Now, in a lattice environment, the interdefinitions
and do not hold. Consequently, having a unique closed relation on a Priestley does not
guaranteed the existence of two relations/operations on its dual.

In [58| Definition 4.1], Pfenosil gave conditions for a modal lattice £ = (L, ¢, ) to have both
modal operators ¢ and [] generated by a unique relation R on the Priestley dual of L. Namely,
£ must satisfy the axioms

P. 0b < (QaV ¢) implies Ob < O(a A D) Ve,
N. Ga A ¢ < Ob implies O(a V b) A ¢ < 0.

This section is devoted to find conditions on a structure £ = (L,C, <) such that C and < are
generated by a unique relation on the Priestley dual of L.
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Definition 3.2.1. ¢ A pre-contact lattice is a structure £ = (L,C) where L is a bounded
distributive lattice and C is a pre-contact relation on L, that is a binary relation such that

Cl.1¢0and 0¢ 1,

C2. aCbVcimpliesaCboralec,
C2. aVbCcimpliesaCcorbCec,
C3. a>bC c<dimplies a C d.

¢ A subordination lattice is a structure £ = (L, <) where L is a bounded distributive
lattice and < is a subordination relation in L, that is a binary relation such that

S1. 0<0and 1 <1,

S2. a < b,cimplies a < bAc,
S2°. a,b < cimplies a Vb < ¢,
S3. a <b<c<dimplies a < d.

e A pre-contact subordination lattice (in short cs lattice) is a structure £ = (L,C, <)
where (L, C) is a pre-contact lattice, (L, <) is a subordination lattice and where the relation
C and < are connected by the following axioms

CS1. a < (bVc) and a @ b implies a < ¢,
CS2. a@ (bAc) and a < b implies a ¢ c.

Remark 3.2.2. As we already said in the introduction, we know that for Boolean algebras,
pre-contact relations and subordination relations are bound by the equivalence (see Appendix
C.1.5)

a<bead b (3.3)

However, this equivalence between < and C does not hold anymore in a lattice context, obviously
because of the possible non-existence of a complementary element —b.

Hence, axioms CS1 and CS2 of Definition can be interpreted as a generalisation of
to lattices as the following properties are equivalent for a cs-lattice £ = (B,C, <) where B is a
Boolean algebra:

1. (B,C, <) satisfies (3.3),
2. (B,C, <) satisfies axioms CS1 and CS2.

Indeed, suppose that (3.3)) is satisfied. Then, a < (bAc¢) and a ¢ b implies a < (bV¢) and a < —b.
Hence, by S2, we get
a<bVe)AN-b=cA-b<c,

and axiom CS1 then follows from S3. Moreover, if a ¢ (b A ¢) and a < b then, again by S2,
a=<(=bV-c)ANb=bA—c< e,

such that CS2 follows also from S3.

Now, suppose that CS1 and CS2 are satisfied and suppose first that a < 5. By C3 and C1,
we draw that a ¢ 0 = (bA—b) and therefore, by CS2, that a ¢ —b. Secondly, suppose that a ¢ —b.
It follows from S1 and S4 that a < 1 = (b V —b). Hence, we obtain a < b from CSI.

Note that, quite obviously, if (B,C, <) is a cs lattice, then (B, <) is a subordination algebra.
Therefore, it has a dual subordination space (X, R). Now, we are able to construct both relations
C and < from R, since a < bif and only if R(—,n(a)) C n(b) and a C bif and only if the intersection
R(—,n(a)) Nn(b) is not empty.
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Now that the algebraic objects are settled, we can look for the topological ones. Of course,
we begin first with a Priestley space endowed with two relations: one related to C and one to <.
We will merge these two topological relations latter. For future convenience, we introduce the
following notation.

Notation 3.2.3. Let X be any set and R, S be binary relations on X. We will denote by Ro S
the binary relation defined by

z(RoS)ye3zeX: xRz Sy.

Definition 3.2.4. Let £ = (L,C, <) be a cs-lattice, then X¢ denotes the tuple (X, <, R, Sc)
where (X, <) is the Priestley dual of L and R~ and S¢ are binary relations on X defined by:

1. z Ry yif <(y,—) C =
2. xScyif (yxz)CC,

Of course the relation R is defined in a similar way to the relation associated to a subordination
relation in Chapter 2l Moreover, the relation S¢ is symmetric to the usual accessibility relation
used in pre-contact setting (see for instance [I] or [51]).

Definition 3.2.5. A cs Priestley space is a tuple X = (X, <, R, S) where (X, <) is a Priestley
space and R and S are binary closed relations which satisfy the following axioms:

T1. S=<0S502,

T2. R=>o0Ro>,

TCS1. z Ry implies that z < x and z (RN .S) y for some z € X,

TCS2. x Sy implies that z < z and z (RN S) y for some z € X.

Proposition 3.2.6. If £ = (L,C, <) is a cs lattice, then X¢ is a cs Priestley space.

Proof. T1. Consider z,y € X, with (x,y) € Sc. Then, there exists a pair (a,b) € (y x x) such
that a ¢ b. In particular, (y,z) € n(a) x n(b) and n(a) x n(b) C Sg, it follows that S§ is
open.

By reflexivity of the order, it is clear that S¢ C <oSco>. Now, suppose that z < o S¢ o > y,
that is, there exist s,t € Xy, such that x < s S¢ t > y. In other words, we have

yxxCtxsCC,
whence, the conclusion.
T2. The proof is similar.

TCS2. We have to find a prime filter z such that = C z, <(y, —) C z and ¢(y, —) C z. Since the
subset ¢(y, —) is an ideal, this can be done by proving that

Gy, —) Nz U =<(y, —)a = 0.

If this is not the case, then there would be an element b € L such that there exists a € y
with a ¢ b, and such that there exist an two elements d € x and ¢ € L such that b > cAd
and a' < ¢ for some a’ € y.

Using the axioms of C and <, we draw that (aAa’) ¢ (cAd) and (aAa’) < c. Therefore, by
axiom CS2, it follows that (a Aa’) ¢ d. But, we know that d € z, aAa’ € y and y x x CC,
hence this is absurd.

72
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TCS1. With a similar argument, it follows from

=y, =) N @ Uy, —))ia =0
that R- and Se satisfy TCS1.

Now, we have the dual versions of Definition and Proposition [3.2.6

Definition 3.2.7. If X = (X, <, R, S) is a cs Priestley space, then we denote by £x the tuple
(L,Cs,<gr) where L =1 Clop(X) is the Priestley dual of (X, <) and Cs and < are the binary
relations on L defined by

OCsU &= SU,-)ZO%and O <g U < R(—,0) CU.
Proposition 3.2.8. If X¢ = (X, <,R,S) is a cs Priestley space, then £x is a cs lattice.

Proof. Tt is easy to check that Cg and R~ are respectively a pre-contact and a subordination
relation. Hence, it remains to prove that they satisfy CS1 and CS2. We give the proof for CS1
and leave the other one to the reader. We have to show that for O,U and V three increasing
clopen sets, we have

O<UuUVandOQU =0 <V,

or, equivalently,
OAVandOQ@V =0ALUUV.

Hence, suppose that R(—,0) € V and S(U,—) C O°. It follows that there exists z € V¢ and
y € O such that R y. By TCS1, there exists an element z € X such that z <z and z (SN R) y.
Hence, we have z € S(—,0) C U° and, since V° is decreasing, that z € V°. Consequently, z is
an element of R(—,O)N(UUV)¢ and O AU UV. O

Now that we have determined how to construct a cs Priestley space from a cs lattice and
vice-versa, it is time to look for the expected isomorphism theorem:.

Theorem 3.2.9. Let £ = (L,C,<) be a cs lattice, and X(X,<,R,S) a cs Priestley space.
Moreover, let us denote by n and € the unit and the co-unit of the Priestley duality.

1. For every a,b € L we have

a Cb iff n(a) Cs, n(b) and a < b iff n(a) <1 n(d).
2. For every z,y € X, we have

xSy iffe(x) Sey e(y) and x T y iff e(x) T<, €(y).

Proof. As we have done before, we only give the proof for the pre-contact relation and its
associated relation S.

1. First, let us suppose that n(a) Cs. n(b), hence the exists a filter z in Sc(n(b), —) N n(a).
Therefore, there exists also a filter y € 7n(b) with y S¢ x. The conclusion follows immediately
from

(a,b) ex xy CC.

Now suppose that a C b. We have to show that Sc(n(b), —) Nn(a) # 0. It is easily checked
that ¢(—,b) is an ideal of L, disjoint from Ta. Hence, there exists a prime filter « such that
a € z and ¢(—,b) Nx = 0. From the latter, we get that ¢(z,—) N1b = 0. Again, it is not
hard to prove that ¢(x, —) is an ideal, so there exists a prime filter y such that b € y and
@(xz,—)Ny =0, that is x x y CC, or y Sc z as required.
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Chapter 3. Slanted duality

2. First, let us suppose that z S y. Then, for all increasing clopen sets O € e(x) and U € e(y),
we have S(O,—)NU # 0, i.e. U Cs O. Therefore, we have £(y) x e(x) C Cg, which means,
by definition, that e(x) Sc, €(y).

Now, suppose that x g y. Then, there exist two increasing clopen sets O and U such that
(O,U) € e(x) xe(y) and OxU C S°. Since the last inclusion is equivalent to S(O, —) C U¢,
we have that U s O and therefore that e(y) x e(z) € Cg, as required.

O

Proposition 3.2.10. Let X = (X, <, R, S) be a cs-Priestley space. If T denotes the intersection
RN S, then for all y € X, we have

1T (= y) = S(=y) and 1T(=,y) = R(—,y).

Proof. Suppose first that « € {T(—,y), then we have x < z S y for some z € X. Now, since S is
a relation that satisfies T1, we have immediately that S y. On the other hand, suppose that
x € S(—,y). Then, by definition of cs Priestley spaces, there exists an element z € X such that

x<t(SNR)y,
———
=T

as required. The remaining case is left to the reader. O

Definition 3.2.11. An ucs Priestley space is a triplet X = (X,<,T) where (X, <) is a
Priestley space and 7' is a binary relation on X which is closed, convex in its left coordinate and
decreasing in its right one.

It is clear that if X = (X, <, R, S) is a cs Priestley space, then the triplet X* := (X, <, RN S)
is a ucs one. Moreover, in this case, the intersection (RN S) determines exactly R and S, as we
saw in Proposition [3.:2.10] The next proposition will confirm that this association actually leads
to a bijection.

Proposition 3.2.12. Let X = (X,<,T) be an ucs Priestley space. Then X, := (X, <,R,S)
where the relations R and S defined as R=>0T and S = <o S (recall Notatz'onm is a cs
Priestley space such that T = RN S.

Proof. Let us start by noticing that, since T is decreasing in its second component, then T' = T'o>,
so that

S=<oT =<o0To>=<o0<o0To>=<0S50>,

which implies that S is indeed a relation satisfying T1. Similarly, we have that R = <o Ro >,
i.e. R satisfies T2. Finally, note that, as compositions of closed relations, R and S are closed
relations.

To continue, let us prove that we have T'= RN S. First, if x T y, we have x < T y and
x > x T y. On the other hand, if x RN S y, then there exist s and ¢ in X such that

r<sTyandz>tTy. (3.4)
Now, since T is convex in its left component, (3.4 clearly implies that = T y.

Finally, let us prove TCS1. Suppose that R y. By definition, we have z > z T y for some
z € X. Since T is equal to RN S, the conclusion is immediate. O
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3.3. Slanted lattices

Remark 3.2.13. Of course, if X = (X,<,T) is an ucs Priestley space, then it is possible to
define directly a pre-contact and a subordination relation on 1 Clop(X), without using >oT and
<oT, by

O<xrUeT(—,0)CUand OCr U & T(U,—) L O°.

However, doing so, we will lose the isomorphism of Theorem [3.2.9
Finally, we have the next immediate corollary as conclusion.

Corollary 3.2.14. If £ = (L,C, <) is a cs lattice, then there C and < are generated by a unique
binary relation T on Prim(L) such that (Prim(L),C,T) is an ucs Priestley space.
Conversely, if X = (X, <,T) is an ucs Priestley space, then £x, is a cs lattice.

3.3 Slanted lattices

To make the readability of the next sections easier, we introduce the following notations.

Notation 3.3.1. Let € € {1,0}" be an order-type and L be a bounded lattice. We denote by
L€ the product L x --- x L where L' = L and L is the dual order lattice. We also denote
by 0° the bottom element of L€, that is Q¢ is a vector of L™ such that (0°); = 0 (resp. = 1) if
¢, = 1 and (0°); = 1 (resp. ¢; = 0). Similarly, 1¢ will denote the top element of L¢.

In the same vein, let € € {1,0}" be an order-type, X be an arbitrary set and y; ...,y, be
subsets of X. Then Ye denotes the Cartesian product y{* X ... X y&» where y;* = y; (resp. yf) if
€; =1 (resp. ¢ = 9).

Furthermore, for a1, ...,a, € L and for n the unit of the Priestley duality, i.e.

n: L — 1 Clop(Prim(L)) : a — {z € Prim(L) | a € z},

(see Appendix |B.1.14) we will abuse notations and denote 7(a) by n(a). It follows that, for y

a vector of prime filters, we have the nice equivalence

yen(a) < ac€y"

To introduce one last notation, let us consider (X, <) to be an ordered space. If z and y are
elements of X", we write x < y if and only if z; < Y, when ¢, = 1 and z; > Y, when ¢; = 0
(substantially if z; < y.). Moreover, if A is a subset of X", we define

TA={yeX"|qzcA:z<y}and ["A:={yc X" |z e A:y < z}.

Finally, to further improve readability, we omit to write the superscript € should the context

cause no possible confusion.

Definition 3.3.2. Let L be a bounded distributive lattice, n be a natural number and € € {1,9}"™
be an order-type. An n-ary c-slanted operator of order-type € is a map A : L™ — L% such
that Aa € K(L?) and

1. if ¢, = 1, then we have

(a) a(ar,...,0,...,a,) =0;
(b) alar,...,a; Vb, ...,an) = Aar, ..., a5, ...,an) V Aa1, ..., by, ... ay);

2. if ¢; = 0, then we have

75



Chapter 3. Slanted duality

(a) Alar,...,1,...,a,) = 0;
(b) Alary...,a; Nbyy... an) = Aar, ... a5y an)V A(a1, ... by yan).

An n-ary o-slanted operator of order-type ¢ is a map V : L™ — L° such that va € O(L°)
and

1. if ¢, = 1, then we have

(a) V(at,...,1,...,a,) =1;
(b) V(ar,...,a; ANbyy... an) =V(a1,... 45 ...,0n) AV(a1,...,biy .. an);

2. if ¢; = 0, then we have

(a) v(a1,...,0,...,a,) =1;
(b) V(ay,...,a; Vb ...,an) =V(a1,... 65 ...,05) AV(a1,...,biy .. an).

Now, a slanted lattice is a triplet £ = (L,T';,T'2) where L is a bounded distributive lattice,
I'y = (&, | i €I)is a family, possibly empty, of c-slanted operators on L and I's = (V; | j € J)
is a family, possibly empty, of o-slanted operators on L.

Let £ = (L,T'1,T2) be a slanted lattice with I'y = (A; | i € I) and T's = (V; | j € J). The
family (¢; | ¢ € I) U (e; | j € J), where ¢; is the arity of A; and €; of V;, is the signature of £.

The definition of morphisms for slanted lattices comes now quite naturally and was already
suggested in [25].

Definition 3.3.3. Let 9 = (M,I'1,T'3) and £ = (L,T'1,T2) be slanted lattices whose signatures
are identical. A map h: M — L is a slanted morphism if h is a lattice morphism such that,
for every A; € Ty, V; € T'p and every a € M™, we have h?(A;a) = A;h(a) and h°(V;a) = V;h(a),
namely the following diagrams are commutative:

§ é
M6 L, LzS MzS h L5
A [ Ay Vj [ Vi
h"™ h"™

where h® is the canonical extension of h.

Proposition 3.3.4. A lattice morphism h : M — L is a slanted morphism between M =
(M,T1,T3) and £ = (L,T1,T2) if and only if for all A € Ty and all vV € Ty, one has:

1. Aa < c implies Ah(a) < h(c);
2. Va < c implies Vh(a) < h(c);
3. Ah(a) < b implies Aa < ¢ and h(c) < b for some c € M;

4. b < Vh(a) implies c < Va and b < h(c) for some c € M.
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3.3. Slanted lattices

Proof. Suppose first that h is a slanted morphism. Recall that, since Ag is closed for all ¢ € A™,
we know that
R’ (na) = A{h(c) : Aa < ¢} = A(h(a)).
<

Therefore, if Aa < ¢, it is clear that A(h(a)) < h(c). Moreover, if A(h(a)) < b, then the existence
of an element ¢ € A such that Aa < ¢ and h(c) < b is assured by compactness.

On the other hand, suppose that h satisfies conditions 1. and 2. We have to prove that
A(h(a)) = h%(ra). Now, recall that A(h(a)) and Aa are both closed, so that we have to prove
that

A(h(a)) = Alb € B: a(h(a)) < b} = A{h(c) : Aa < ¢ € A} = 1P (ra).

First, we know that if Ag < ¢, it comes by hypothesis that A(h(a)) < h(c). Therefore, we have
immediately A(h(a)) < h°(Aa). Secondly, if A(h(a)) < b, then there exists ¢ € A such that
Aa < c and h(c) < b, that is b > h?(Aa), hence the conclusion.

The open case is proved dually and is left to the reader. O

Proposition 3.3.5. If hy : M — £ and hy : £ — N are two slanted morphisms, then hy o hy
is also a slanted morphism.
Moreover, if hy is bijective, then hl_1 : £ — M is also a slanted morphism.

Proof. To be convinced, one just has to recall that (hoohi)’ = hjohS. (see [34, Lemma 4.5]). O

Definition 3.3.6. A slanted isomorphism is a bijective slanted morphism.

Finally, note that we have the following characterisation for isomorphisms between slanted
lattices with identical signatures.

Proposition 3.3.7. A map h: M — L is a slanted isomorphism between M = (M,T'1,T'3) and
£=(L,T1,T9) if and only if h is a lattice isomorphism such that for all A € Ty and all vV € Ty,
we have

Aa < ¢ <= Ah(a) < h(c) and Va < ¢ <= Vh(a) < h(c). (3.5)

Proof. We suppose first that h is a slanted isomorphism. Then, there exists a slanted morphism
g: L — M such that go f = id and f o g = id. Hence, it is clear that f (and g) is a lattice
isomorphism. Since both the only if parts of follow from Proposition we can focus
on the if parts. Suppose that Ah(a) < b. Then, since g is a slanted morphism, we have

sa = ng(h(a)) = ¢°(a(ha)) < ¢° (h(b)) = g(h(b)) = b.

The open case is treated similarly.

Now, suppose that h is a lattice isomorphism which satisfies (3.5). Then, clearly, h~! is
also a lattice isomorphism which satisfies . Now, we prove that h satisfies the conditions
of Proposition We have immediately that items 1 and 2 are satisfied. Let a and b be
such that Ah(a) < b. Then, since h is bijective, we can suppose that b = h(c) for some ¢ € M.
Moreover, by , we obtain that Aa < ¢ and, consequently, item 3 is proven. The remaining
item is treated similarly. So, we just showed that h is a slanted morphism. Similarly, we can
prove that h~! is also a slanted morphism, which concludes the proof. O

Remark 3.3.8. Let L be a lattice. It is well known (see for instance [34, Lemma 3.3]) that there

are lattice isomorphisms between the open elements of L and the ideals of L as well as between
the closed elements of L® and the filters of L. Hence, alternative definitions of c-slanted and
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Chapter 3. Slanted duality

o-slanted operators could be considered. For instance, an n-ary c-slanted operator of order-type
e= (1) isamap A : L™ — Fr, such that

Alar,...,a; Vbj,. .. an) = Aar, ..., 65 an) UA(a1, ... b, ap)

and A(a,...,0,...,a,) = 0. With this definition, we retrieve the multi-operators of Raskin
[59], the generalised implication of Castro, Celani and Jansana [13], the quasi-modal lattices and
quasi-modal algebras of Celani and Castro [12] and [14].

Moreover, the notions of morphisms in the articles mentioned above correspond, with the re-
quired translation from closed and open elements to filters and ideals, to the notion of morphisms
of Definition [3:3.3] as we show in the following examples.

Example 3.3.9. Of course, a first example of slanted lattices is given by the cs lattices of Section
Indeed, let £ = (L,C, <). Its associated slanted lattice is £* = (L, A<, V¢) where A~ is the
map defined as a — A{b € L | a < b} and V¢ is the map defined as a — V{b € L | a ¢ b}.
Note that £* is a slanted lattice which satisfies the following axioms:

CS1. Aca<bVcandb< Vca implies Aa < ¢;
CS2'. bAc< Vea and Asa < bimplies ¢ < Vea.

Conversely, if £ = (L, A, V) is a slanted lattice which satisfies CS1’ and CS2’, then it associated
cs lattice is £, = (L,Cy, <, ) where

a=<pbiff Aa<band aCy biff b £ Va.

Moreover, if £ is a cs lattice, then £ = (£*), and if £ is a slanted lattice which satisfies CS1’
and CS2’, then £ = (£.)*.

In particular, we note that a morphism between cs lattices should be a lattice morphism A
which satisfies the following conditions:

1. a < b implies h(a) < h(b),
2. a @ b implies h(a) ¢ h(b),
3. h(a) < b implies that a < ¢ and h(c) < b for some c,
4. b @ h(a) implies that b < h(c) and ¢ ¢ a for some c.

Let us finally go back to the Boolean case where a < b if and only if agZ—b. Hence, < and C
are linked together like the modal operators ¢ and 0. However, the slanted operator associated
to C is not the natural box associated to ¢ <. Indeed, the pre-contact relation C is associated to
=0 <, or (4, as we observe with the following equalities:

~Oza=—(Ab|a=<b})=Vv{-b|a=<b}=V{b|a@b}=vc(a)

Example 3.3.10. A generalized implication lattice (or more simply a gi-lattice) [13] is a
pair £ = (L, =) where L is a bounded distributive lattice and = is a map from L? to the set of
its ideals which satisfies for every a,b and ¢ € L the following conditions:

1. =(a,b) N=(a,c) = =(a,bAc),
2. =(a,b)N=(b,c) ==(aVb,c),

3. =(a,b)N=(b,c) C =(a,c),
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4. =(a,a) = L.

For each gi-lattice £, its associated slanted lattice is £* := (L, V~ ) where V_, : L? — L9 is defined
as the operator that maps (a,b) to the open element V{c € L | ¢ € =(a,b)}. In particular, V_,
is a binary o-slanted operator which order-type is (9, 1) and which satisfies V= (a,a) = 1 and
Vo (a, b)) AV (b, ¢) < Vo (a,c) for every a,b, ¢ € L. On the other hand, if V is a binary o-slanted
operator satisfying the previous properties, then £, = (L,=v) where =y (a,b) :={c€ L | ¢ <
V(a,b)}, is a gi-lattice. Moreover, one has (£,)* = £ and (£*), = £.

Now, for the morphisms, we recall a map h(L,=) — (M,=) between gi-lattices is a gi-
morphism [13] if it is a lattice morphism such that, for any a,b € L, we have

(h(=(a,b))) ia = =(h(a), h(b)). (3.6)

Then, we have that h : (L,=y) — (M, =-y) is a gi-moprhism if and only if h : (L, V) — (M, V)
is a slanted morphism.

Indeed, let us suppose first that h is a slanted morphism. We prove that h satisfies
by showing that the two inclusions hold. Let ¢ be an element of =y (h(a), (b)), that is ¢ <
V(h(a),h(b)). Since h is a slanted morphism, we have that ¢ < h(d) and d < V(a,b) for some
d. Hence, we have ¢ € (h(=(a,b))) ia , as required. Now, let ¢ be an element of (h(=(a,b))) ia -
Then, we have ¢ < h(d) for some d < V(a,b). It follows that

¢ < h(d) < v(h(a), h(b)),

which concludes the if part.
On the other hand, suppose that A is a gi-morphism and let a, b, ¢ be such that ¢ < V(a,b).
Then, we have
h(c) < h™(V(a,b)) = V{h(d) | d < V(a,b)}.

a,b)
Hence, by compactness, we have h(c) < h(d) for some d < V(a,b). In other words, we just
obtained the equality
h(c) € (h(=(a,b))) ia = =v(h(a), h(b)),

which implies h(c) < V(h(a), h(b)). Finally, let a,b and ¢ be such that ¢ < V(h(a), h(b)). Then,
we have

¢ € =y (h(a), (b)) = (h(=(a,))) ia ,
and, it follows that there exist d < V(a,b) such that ¢ < h(c) as required.

Example 3.3.11. Of course, (classical) Boolean algebras with operators (see [48] and [49])
are slanted algebras. Moreover, clopen versions of slanted algebras have been studied. Indeed,
consider the following definition given in [67, Definition 1]. Let L be a bounded distributive
lattice. A meet hemiantimorphism on L is a map f : L™ — L such that, for all 1 <14 < n,
we have

1. f(ala "'aai1707ai+la "'aan) = 1)
2. flar,..oya; Vbiy.ooyan) = flar,- .oy aiy.ooyan) A flar, .. biy .o an).

It clear that a meet hemiantimorphism is an o-slanted operator of order-type € = 0. Indeed, the
elements of L are exactly the clopen elements of L?, so that f maps elements of L” to elements of
O(L?%). Moreover, a slanted morphism between lattices endowed with meet hemiantimorphisms
are exactly the lattice morphisms that respect f in the classical sense. This observation follows
easily from the fact that, for a lattice morphism h : L — M, h° restricted to L is actually h
himself.
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We also find in [67, Definition 1] the concepts of join hemimorphism, meet hemimorphism
and join hemiantimorphism which correspond respectively to c-slanted operators of order-type
1, o-slanted operators of order-type 1 and c-slanted operators of order-type 9 which all map
elements of L to clopen elements of L9.

Example 3.3.12. Linked to the previous one, the penultimate example is given by the residuals
of standard operators on lattices. Let us consider an operator f : L™ — L of order type 1. Then,
f can be extended as a complete operator f°: (L%)"™ — L. Then, the residual ff (L) — L? of
f? restricted to L is an o-slanted operator (see for instance |20, Section10]).

Example 3.3.13. If (X, <) is a Priestley space, then Clop(X) is a Boolean algebra. We can
define on it the operators

[<]:Clop(X) — P(X): O — (JO°)¢ and <<>: Clop(X) — P(X): 0 +— O

which are respectively o-slanted and c-slanted. Note that Esakia spaces are the Priestley spaces
such that these operator are clopen. Moreover, note that these operators are linked to the
Godel-McKinsey-Tarski companion of intuitionist logics (see for instance [21]).

3.4 Slanted Priestley spaces

Definition 3.4.1. Let R be an n-ary relation on (X, <) an ordered set and € € {1,0}™ be an
order-type. We say that R is a relation of order-type ¢ if for all i € {1,...,n} we have that
(X1, oy T4y ... xp) € R and ; <% y implies (x1,...,y,...,2,) € R. That is, using Notation
R is a subset of X" such that R = 1°R.

Notation 3.4.2. Using Notation [3.2.3] we have that a binary relation R on an ordered set is:
1. of order-type (1,1) if and only if R= >0 Ro <,
2. of order-type (1,0) if and only if R=>0Ro >,
3. of order-type (0,1) if and only if R = <o Ro <,
4. of order-type (9,0) if and only if R = <o Ro >.

This kind of notations can of course easily be adapted to any pair of "compatible" n-ary relations.

Lemma 3.4.3. Let (X, <) be a Priestley space and R an n-ary relation of order-type € € {1,0}™.

Then, for all x ¢ R there exists Qea € 1Clop(X), or equivalently O € | Clop(X), such that
z€0C R

Proof. Since z ¢ R and since R is of order-type ¢, then for all y € R, there exists i € {1,...,n}
such that Y, £¢ z,. Therefore, since (X, <) is a Priestley space, there exists an increasing clopen

i iVe: ie?
set Oy such that y, € (Og) and z; € (Og) . Set now U, as follows

w,
U,
Now, R is compact and it can be proved quite easily that {(U,)° | y € R} is an open cover
of R. Therefore, we have a

o]

)i = (0,)
) =Xifj#i
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for some Y-y, €R. Finally, we have

C
z € leﬂ...ﬁng C R,

| S —

=0 with 0,=N7", (U, ):
=J

and the proof is completed. O

Proposition 3.4.4. Let L be a bounded distributive lattice and (X, <) be a Priestley space which
are dual from one another. Then

1. if A : L™ — L% is an n-ary c-slanted operator of order-type e, its associated relation R,
on X", defined by

rRyye{bel|3acy :ra<b} Cu,

is a closed (n + 1)-ary relation of order-type ¢ = (1,¢9);
2. if R is a closed relation on X"! whose order-type is € = (1,¢), its associated operator,

AR(O) := R(—, Qed), is an n-ary c-slanted operator of order-type €2 on L;

3. if Vv : L™ — L° is an n-ary o-slanted operator of order-type e, its associated relation Sy
on X", defined by

xSvgﬁ{b€L|3Q€gea:bSVQ}gxc,

is a closed (n + 1)-ary relation of order-type ¢ = (9,¢€);

4. if S is a closed relation on X"t whose order-type is € = (0,¢), it associated operator,
Vs(0) :=S(—, Qea)c, is an n-ary o-slanted operator of order-type € on L.

Proof. We give the proofs of the c-slanted case (Items 1 and 2) and leave the open one (Items 3
and 4) to the reader.

1. Let us show first that R, is closed. Indeed, suppose that (z,y) & R,. Then, by definition,
there exists @ € L™ and b € L such that a € y°, b¢x and Ag < b. We then have

(z,y) € n(b) x n(a) € RS,
which leads to the conclusion.
Now, we clearly have that (z,y) € R, and x < z implies that (z,y) € R,, so that €] = 1.
Finally, let i € {1,...,n}, (z,y) € R and y; §68 z, that is z <€ ;. Then we have that

€ €n

YitoX X 2 XXy Cyt XL XY X XY
and the conclusion is straightforward.

2. Since R is a closed relation and since QEB is closed, it is clear that Ag(O) is a closed
subset of X. Moreover, since the order-type of R is (1,¢), we have that Ar(O) is indeed
an increasing set.

Furthermore, if ¢; = 1, that is ¢/ = 0, then

AR(. X, ) =R(—,..., X, . )=R(—,....0,..)=0
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and
AR(...,0NU,..)=R(—,....,(0NU)%,..)
= R(-,...,0°UU",...)
=R(—,...,0%..)UR(—,...,U%,...)
:AR(...,O,...)UAR(...,U,...),

as required. The remaining case ¢; = 0 is left to the reader.
O

Lemma 3.4.5. Let L be a bounded distributive lattice, A : L" — L% and v : L — L
respectively a c-slanted operator and an o-slanted operator of order-type € and, finally, let R and
S be their respective associated closed relations, then for all a € L™, we have

N{n(b) [ 2a <be L} = R(—,n(a%)) (3.7)

and
N {n®)° | L3b< va) = S(—,na)) (3.8)

Proof. We prove (3.7) by double inclusion. First, suppose that z € R(—,7(a%)). Then = Ry,
namely
{b€L|EIQ€QE:AQ§b}§$,

for some y € 1(a®). Therefore, it is clear that x € n(b) for all b € L such that Aa < b.
On the other hand, suppose that ¢ R(—,n(a¢)). The procedure will be analogue to the one

used in [42) Lemma 1.4] for the classical (i.e. non-slanted) case. We will build for all y € n(a) a
sequence co(y), ..., ca(y) such that, for all j € {0,...,n}, we have

Ly €nlc(y)9),
2. {be L|ac(y) <bfnac#0,

3. forall k e {1,...,j}, a, <* &(y)k

Once the sequences are built, we will able to conclude the proof. Indeed, for j = n, it will follow
that, for all y € n(a), there is ¢, (y) € L™ such that

D#{beL|ncy(y) <blna®C{beL|aa<bina’.

Hence, we have z ¢ N{n(b) | Aa < b}, as required.

Therefore, let us build the sequences co(y), . .., ca(y). We will proceed by induction on j. For
j =0, since 2 & R(—,n(a)), for all y € n(a), there exists c € y such that {b € L | Ac < b} £ =.
Therefore, we see that co(y) = c satisfies the requirements.

Suppose now that we built co(y),...,c;j(y) for some j < k and for all y € n(a). For an
arbitrary y € n(a), we let L;;1 denote the following set

Liwi(y) ={z€n(a) |y, =2z, if k#j+1}

We then claim that {n(c;(2);+1)“** | z € L;j+1(y)} is an open cover of n(a;+1)“+'. Indeed,
suppose that z € n(a;4+1)“** and let z be the element of L;1(y) such that z;; = z. It follows,
by the first point of the induction on j, that z € n(c;(z);+1)¥** and the claim is proved.
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3.4. Slanted Priestley spaces

Now, since n(a;41)%+! is compact, there are elements z',...,z™ € Lj1(y) such that

n(ajr) o+ Cnle(2h)j+) 9 U Unle(2™)j41)9+

A m €j % €41 3.9
= 77((\/1':1) Hlﬁ(é )j+1) it1, (3.9)
Set now
1)1 = (\/)9*¢;(z");41 and
=1
@k = (N\)* () if b #j+1.
i=1

It remains to show that c;;(y) satisfies the conditions 1, 2 and 3.

1. First, we have
Y © n(a;41) " S nlcj1(y)jr)

and, if £ # j + 1, we have that Y, = 24 for alli € {1,...,m}. Hence,

Y, =z € nlci(2)r) 9
by induction on j.
2. By induction on j, we know that
{beL|nc(z)<byna®#0

for all i € {1,...,m}. Moreover, we have

Acjr1(y) = Alcirr ()1 1Y) jt1s - i1 (Y)n)

m

= A(cir1 - - (\/)Ej+1&(gi)j+1, i1 (Y)n)

A1y ¢ (254155 ¢ (Y)n)

|

@,
Il
_

A

<
=
Qﬁ
foo]

@
Il
—

The conclusion now follows immediately from the fact that z¢ is an ideal.

3. If k < j, we know, by induction, that a;, < c¢;(2");. Hence, we have

ap <F ()% (2D = ¢ (W)

i=1
Finally, if £ = j + 1, then the conclusion follows from (3.9).

Hence, the equality (3.7) is proved. Obviously, one can prove (3.8)) similarly. Note that, this
time, the sequence cy(y), ..., cn(y) must satisfy the following conditions
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o

Loy enlcy) ),
2. {beL|b<ve(y}nz#0,
3. forall k e {1,...,5}, &(y)k < .

O

Definition 3.4.6. A slanted Priestley space is a triplet X = (X, <, Ay, Ay) where (X, <)
is a Priestley space, Ay = (R; | ¢ € I) is a family, possibly empty, such that for all i € I, R;
is a closed (n; 4+ 1)-ary relation on X of order-type (1,¢;) for some natural n; and order-type
€; € {1,0}™ and Ay = (S; | j € J) is a family, possibly empty, such that for all j € J, S; is a
closed (n; + 1)-ary relation on X of order-type (0, ¢;) for some natural n; and some order-type
€; € {1,0}". The family (¢; | i € I U J) is called the signature of X.

Examples of slanted Priestley spaces have already been studied in the literature, with slightly
different axiomatisations. In [13], we have the Priestley duals of gi-lattices mentioned in Example
B:3.10 We now give additional examples.

Example 3.4.7. In [12] Definitions 3 and 12], the authors defined a descriptive quasi-modal
space to be a tuple (X, <, Ry, Rs) such that

1. (X, <) is a Priestley space,
2. >o0R; C Ry and >0 Ry C Ry,
and such that for all O € 1 Clop(X) and all z € X, we have that
4. Vp,(0O) ={x € X : Ri(z,—) C O} is open and decreasing,
5. Ap,(O)={xz € X : Ro(x,—) N O # (0} is closed and increasing,
6. Ry(xz,—) is closed and increasing,
7. Ro(x,—) is closed and decreasing.

By routine calculations, one can show that Vg, (O) = Ry (—,0°)¢ and Ag,(O) = Ra(—, O). Using
this fact, it can easily be checked that (X, <, R, Rs) is a descriptive quasi-modal space if and
only if (X, <,{R2},{R:1}) is a slanted Priestley space whose signature is given by ((1,9), (9, 1)).

Finally, note that descriptive quasi-modal spaces are defined to be Priestley duals of slanted
lattice £ = (L, A, V) where A is an unary c-slanted operator and V an o-slanted one, both of
order-type 1.

Example 3.4.8. In [67, Section 2.1], the author defined a Ma relation on a Priestley space
X = (X, R) to be a subset Q C X"*! for some n € N such that:

1. for all x € X™ and every y,z € X, if 2 Q y and y > 2, then z Q z,

2. for every y € X, Q(—,y) is closed on (X, 7")", where 71 denotes the topology of increasing
open sets of X,

3. for all Oq,...,0, € Clop(X), the set
ho(O) :={y|Vze X" :2Qy= 3x; £0;}

is clopen.
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3.4. Slanted Priestley spaces

Moreover, we have that Ma relations on a Priestley spaces are in bijective correspondence with
meet hemiantimorphisms of its Priestley dual (recall Example [3.3.11)).
Consider now the relation Q™ defined by

rQ7ysyQ .

Then, items 1 and 2 in the definition of Ma relation guarantee that Q™ is a relation of order-type
O (recall that closed sets of the topology 7' are, by definition, decreasing sets). Moreover, items
2 and 3 guarantee that Q~ is closed in X" *!. Indeed, suppose that (z,y) ¢ Q~, then it follows
that y is an element of Q™ (x, —), which is an open set by item 2 (and necessarily increasing by
item i). Therefore, there exist increasing clopen sets Oy, ..., O, such that

y€ Oy x---x0, CQ7(z,—)".

This implies in particular that = € hg(Q). Hence, by item 3, we know that there exists a clopen
O such that x € O C hg(O). It follows that

(z,y) €0 x 0 C(Q7)S,

and the proof is concluded.

Hence, using our notations, if @ is a Ma relation on a Priestley space (X, <), then (X, <
,0,{Q~}) is a Slanted Priestley space whose signature is given by (9) and such that Vo~ (O) is
a clopen increasing set for all tuples O of increasing sets. This last property comes from the fact
that meet hemiantimorphisms map clopen sets precisely to clopen sets.

To continue the description of slanted Priestley spaces, it is now natural to look for a defini-
tion of morphisms in the slanted topological category, duals to the algebraic slanted morphisms
of Definition Such topological morphisms have already been studied in the particular
categories of [I2, Definition 16] and [67, Definition 4] which we just discussed the objects.

Definition 3.4.9. Let X = (X, <, A1, Ag) and Q) = (Y, <, A1, Ag) be two slanted Priestley spaces
with identical signatures. We look for the properties that an increasing continuous function
between X and Y should satisfy to be a "slanted function". By considering the Boolean case
broached earlier, it seems natural to require that f : X — Y should satisfy

f(R(z, =) = R(f(z),—) and (f(S(z,—)) = S(f(z), —)

for all R € A; and all S € As. Recall however that R and S are respectively of order-type (1,€;)
and (9, €2), so that we should actually have

19 f(R(z, —)) = R(f(2), =) and 1% f(S(z, —)) = S(f(z), -). (3.10)

We therefore define f : X — Q) to be an order slanted function if f is an increasing continuous
function satisfying (3.10)) for all z € X, all R € A; and all S € As.

Proposition 3.4.10. If fi : X — 2 and fo : Q) — 3 are two order slanted functions, then
fao f1:X — 3 is also an order slanted function.

Proof. It is routine calculation. O

Definition 3.4.11. An order slanted function f : (X,A1,As) — (Y,A1,A2) is an order
slanted homeomorphism if f is a bijective map that satisfies:

1. z <y if and only if f(x) < f(y) for all 2,y € X,
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2. x Ry if and only if f(x) R f(y) for all z € X, all y € X™ and all R € I'y,
3. x Syif and only if f(x) S f(y) forall z € X, all y € X™ and all S € I'y,

Proposition 3.4.12. A map f: X — Q) is an order slanted homeomorphism if and only if f
and f~' are order slanted functions.

Proof. For the if part, by Priestley duality, it suffices to prove that
rRy < f(x) Rf(y)andz Sy <= f(z)S f(y)

Hence, suppose first that « R y. Then, we have f(y) € f(R(x,—)). Moreover, since f is slanted,
we also have f(R(x,—)) C R(f(z),—), so that f(z) R f(y). By a similar prove, we have that
f(x) R f(y) implies 2 R y, using this time the fact that f~! is slanted.

For the only if part, once again by Priestley duality, it suffices to prove that f and f~! both
satisfy . Hence, let y be an element of R(f(z),—). Since f is bijective, we know that
y = f(z) for some z. Then, we have f(z) R f(z) and, consequently, z R z. In other words, we
have y € f(R(z,—)) C 1°(f(R(x,—)). On the other hand, if y € 1°(f(R(z, —)), then we have
y >¢ f(2) and = R z for some 2. Since, once again, f is bijective, we know that y = f(t) for
some t. It follows that we have B

xRz<t

Now, the conclusion follows from the fact that R is of order-type (1,¢). The case of f~! is treated
similarly. U

The characterisation of isomorphisms for slanted Priestley spaces can be simplified one step
further with the following proposition, whose proof is left to the reader.

Proposition 3.4.13. A map f : X — Q) is an order slanted homeomorphism if and only if f
is a bijective order slanted function which satisfies x <y if and only if f(x) < f(y).

Notation 3.4.14. Let £ = (B,I'1,T'2) be a slanted lattice with I'y = (4A; |4 € I) and T's =
(V;|j€J). Wedenote by X¢ = (X1, <, Ar,, Ar,) the slanted Priestley space whose underlying
Priestley space is (X1, <) = (Prim(L), C) and whose families of closed relations are Ar, = (R; |
i € I) where R; is the relation R,, for all ¢ € I and Ap, = (S, | j € J) where S; is the relation
Sy, for all j € J.

On the other hand, let X = (X, <, A1, A3) be a slanted Priestley space with Ay = (R; | i € I)
and Ay = (5; | j € J). We denote by £x = (Lx,['s,,'a,) the slanted lattice whose underlying
bounded distributive lattice is Lx = 1 Clop(X) and whose families of slanted operators are
', = (4| @ € I) where A; is the operator Ag, for all i € I and T'a, = (V; | j € J) where V; is
the operator Vg, for all j € J.

Proposition 3.4.15. 1. Let £ = (L,T1,T'3) and £ = (M,T'1,T2) be slanted lattices with
tdentical signatures and h : M — £ be a slanted morphism. Then

Rt Xe — Xon:w— bl (2)
is an order slanted function.

2. let X = (X, <,A1,A2) and Y = (Y, <, A1, As) be slanted Priestley spaces with identical
signatures and f : X — ) be an order slanted function. Then,

1Ly — Lx: 00— f7HO)

is a slanted morphism.
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3.4. Slanted Priestley spaces

Proof. As usual, only the c-slanted case will be proved.

1. Let X denote Prim(L) and Y denote Prim(AM). Moreover, let A; € 'y whose order-type is
€. We need to show that for every x € X and every y € Y™, we have

12}

y€Ri(h Y (z),—) = 3tech (Ri(x,-)): y>° oz (3.11)

Before we start to prove (3.11) itself, recall that ¢ € h~1(R;(x, —)) if and only if there is
z € X™ guch that

j:hfl(g) and {beL|Ja€z:Nrja<b}Cux.
Recall also that y € R;(h™*(z), =) if and only if
{beM|3aecy:ria<b} Ch ' (z)

We can now turn to the actual proof of (3.11]).

< Let b be an element of M such that A;a < b for some a € y. Hence, since his a
slanted morphism, we have

Aih(a) = B2 (nsa) < B2 (b) = h(D).

Moreover, Since y 268 hil(g) for some z € X™ such that z R; z, we have that a €
y € h™*(2), that is h(a) € z, and therefore, h(b) € z or, in other words, b € h™(z).

= Suppose now that ggTeah_l(Ri(x,:)). Since h~! is continuous and R;(x,—) com-
pact, we have that h=!(R;(x, —)) is compact and, therefore, that Teah_l(Ri(m,:)) is
closed (cf. [38 Proposition VI-1.6.]) Therefore, by Lemma [3.4.3] there is @ € L™ such

that y € n(a) and
n(@) N1 h~ (Riw, =) = 0. (3.12)

Recall that the proof is concluded if there exists b € M such that A;a < b and
bg h~1(x). Let us proceed by contradiction and suppose that h(b) € x for each b € M
that satisfies A;a < b. As a direct consequence, we have that ¢ € x for all ¢ € L such
that A;h(a) < c¢. Indeed, if A;(h(a)) < ¢ then, by Proposition there is b € M
such that A;a < b and h(b) < c. Therefore, since z is a filter and h(b) € z, it is clear
that ¢ € z for all ¢ > A;h(a). Consequently, we have

z € N{n(c) | Aih(a) < e} = Ri(—,n(h(a)).

Henceforth, there is t € X™ such that  R; ¢t and t € n(h(a)) or, in other words, such
that h(a) € t or even h=1(t) € n(a). It follows that

h=H(t) € n(a) N h™ (Ri(z, =),
which clearly contradicts (3.12)).

2. Let R; be a relation of A; whose order-type is (1,¢). We need to show that the following
diagram is commutative
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( 71)5
TP(Y) TP(X)
N oY)
+ Clop(Y)" o 1 Clop(X)"

First of all note that (f~1)? is just f~', so that we need to show that for every O €
(1 Clop(Y))™, we have
_ &0 _ 0
FHRi(=,09) = R(—, f7HO)).
Therefore, suppose on the one hand that x € f~!(R;(—, Qea)), that is there exists z € Q68
such that f(z) R; z. It follows that

z € Ri(f(x), =) =1°f(Ri(z, 2)).
Therefore, we have z <¢° f(t) forsome t € R;(xz,—). But Q68 is an element of (1 Clop(X))68
and, hence, we obtain f(t) € 0 and also z € Ri(—, f‘l(QEB)).

Suppose now that x R; z for some z € f‘l(Qea). In particular, we have z € R;(x,—) and
therefore

f(2) € f(Ri(z, =) € Ri(f(2), =)
Now, we have f(z) € R(—, Qea), that is z € f~1(R(—, Qea)), as required.
O

We now have the duality theorem between slanted Priestly spaces and slanted lattices, which
is a generalisation of the duality theorem in [12], Section 3.2] but also of the duality of Chapter

Theorem 3.4.16. Let £ = (L,T'1,T3) be a slanted lattice and X = (X, <, A1, A2) be a slanted
Priestley space. Thenn: £ — Xe, s a slanted isomorphism and € : X — Xe, s an order
slanted homeomorphism.

Proof. 1t is clear by Lemma [3.4.5] that 7 is a slanted morphism. Indeed, we have, for a c-slanted
operator A; € 'y of order-type e,

1°(8sa) = N{n(b) | Aia < b} = Ry(—,n(a%)) = Ar, (n(a))

recall that R; is of order-type (1,€?)) and for an o-slanted operator V; € I'y of order-type e
J

o

n°(Via) = U{n(b) | b] b < v a} = S;(=,n(a”)) = Vs, (n(a)).

Finally, since by Priestley duality the map 7 is a bijection, we have the conclusion.
Now, for the topological part, by Priestley duality, it is sufficient to prove that = R; y if and
only if e(x) Ra, €(y). Hence, suppose first that = R; y. It follows that

{0 € 1Clop(X) | 3U € 1 Clop(X) : y € U and R;(—,U) C O} C e(x). (3.13)
Now, since we have y € U if and only if U € e(y), it is clear that (3.13) is equivalent to
e(x) Ry, e(y)-
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Finally, suppose that  R; y. By Lemma , there exists O € | Clop(X) and QCB €
1 Clop(X) such that (z,y) € O x U C R;°. Henceforth, we have U € £(y), Ri(—,U) C O° and

O° ¢ e(x), which implies that e(x) Ra, £(y), as required.

The last condition to satisfy, that is = S y if and only if e(x) Sy, e(y) for all S; € Ay, is left
to the reader. O

3.5 Canonical extensions of slanted lattices

As we recalled in Section for L and M lattices, a map h : L™ — M can be extended to
amap h? : (L) — M?°. In our situation, we have maps A : L — L% and v : L™ — L?
that therefore should be extended to maps A% : (L°)* — (L°)° and Vv? : (L°)" — (L°)°.
However, in this particular case, these maps will be extended as follows A% : (L°)" — L and
Vo . (L9)" — L? (as it is done in [35]). We know that such maps should exists thanks to the
universal properties of canonical extension.

As a consequence of the choice we made for the extension, the canonical extensions of slanted
lattices will be complete lattices with (clopen) operators. This choice is natural when we think
of slanted lattices as models for logics. Let us recall indeed that we built canonical extensions of
subordination algebras to obtain complete atomic modal algebras. Namely, we wanted to obtain
a semantic where bimodal formulas could be valuated. The scope here is identical.

Definition 3.5.1. Let L be a bounded distributive lattice, n be a natural number and € € {1, 9}"™
be an order-type. An n-ary operator of order-type € is a map A : L™ — L such that

1. if ¢, = 1, then we have

(a) Alay,...,0,...,a,) = 0;

(b) Alar,...,a; Vb, ...,an) = A0a1,..., 45, a,) V A(ar, ... by yan);
2. if ¢; = 0, then we have

(a) Alar,...,1,...,a,) = 0;

(b) A(ar,...,a; Abiy... an) =A0a1,. .., 5. .. a,) V A(ar, ... by an).

An n-ary dual operator of order-type € is a map vV : L™ — L such that

1. if ¢, = 1, then we have

(a) V(ar,...,1,...,a,) =1;

(b) V(ai,...,a; Abiy...,an) =V(a1, ..., Q... an) AV(ar, ... by an);
2. if ¢; = 0, then we have

(a) V(a1,...,0,...,an) =1;

(b) V(ai,...,a; Vb ...;an) =V(a1,..., Q... an) AV(a1,..., b ... an).

A distributive lattice expansion (abbreviated in DLE) is a triplet £ = (L,T'1,T'3) where L
is a bounded distributive lattice, I'y = (A; | @ € I) is a family, possibly empty, of operators on L
and I'y = (v, | j € J) is a family, possibly empty, of dual operators on L.

Let £ = (L,T'1,T2) be a slanted lattice with I'y = (4; | i € I) and T's = (V; | j € J). The
family (¢; |t € I) U (¢; | j € J), where ¢; is the arity of A; and €; of V;, is the signature of £.
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Remark 3.5.2. As modal algebras were particular subordination algebras, it is clear that DLOs
are particular slanted lattices. Indeed, the elements of L are clopen elements of L° such that
every operator is a c-slanted one and every dual operator is an o-slanted one.

Definition 3.5.3. A perfect DLE is a DLE £ = (L,T";, ') such that

1. L is a perfect lattice , that is L is both completely join-generated by the set J°°(L) of
the completely join-irreducible elements of L, and completely meet-generated by the set
M (L) of the completely meet-irreducible elements of L.

2. the operators of I'y and the dual operators of I's respect the infinitary versions of the
distribution /reversion laws of Definition for instance if A € 'y is of order-type € = 0,
then

A(NS) =V{as|se S}

forall S C L.

Definition 3.5.4. Let £ = (L,I'1,T'2) be a slanted lattice whose dual is X = (X, <, Ay, Aq),
then for every A; € I'; of order-type ¢; define

A2 (IO — L° : E v+ Ry(—, E%)

and for every V; € I'y of order-type ¢; define

5]

V(L) — L’ : Ev— S;(—, E9)".
Finally, we denote I'{ = (A? | A; € T'y) and T'§ = (V? | a5 €T9)

Theorem 3.5.5. If £ = (L,'1,T) is a slanted lattice, then £ := (L°,T9,T%) is a perfect DLE
such that for every A; € I'y and every V; € I's we have, for a € L™

Af(g) = A;a and V?(g) =V,a
Proof. This is a direct consequence of Section L

3.6 A universal algebra approach

In this short section, we present the beginning of a universal algebra approach of slanted lattices.
Unary results in the Boolean setting were already given by Celani in [14].

We start the section with a little description of the behaviour of the canonical extension in
respect to the usual constructions of universal algebra, namely subobject, quotient and finite
product. Recall that we already broached the product in Section [3.1]

3.6.1 Canonical extensions and universal algebra
Sublattices
Let M be a sublattice of a lattice L. Then, the identity

1M —L:ar—a

is an one-to-one morphism and, as such can, be extended to a one-to-one morphism ([34, Lemma
4.9])

P M° — L° s u— i%(u).
It follows that M? is isomorphic to a sublattice of L%, which is clearly the complete sublattice
of L% generated by M.
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Quotients
Let 6 be a lattice congruence on a lattice L. Then, the canonical projection
m:L—L/0:a— a’
is an onto morphism and, as such, can be extended to an onto morphism ( [34, Lemma 4.9])
70 LS — (L)0)° : u—s 7 (u).
Now, by the first isomorphism theorem, we have
L°/ker(n®) = (L/6)°,
such that we can consider the following definition.

Definition 3.6.1. Let 6 be a lattice congruence on a lattice L. The binary relation 6% on L? is
defined as
uf v = 7u) =7°().

In particular, for any a,b € L, we have the following property

alb < ab’b.

Proposition 3.6.2. Let L be a lattice and 0 a congruence on L. Then, an element u?’ € L°/6°
is closed (resp. open) if and only if there exists k € K(L°) (resp. o € O(L®)) such that u 0° k
(resp. u 6° o).

Proof. Suppose first that k € IC(L?), then we have
K = 10(k) = n7(k) = AM{n(a) | a < k} = A{a® | a < k).

Hence, k9 is closed.
Suppose now that u® is closed in L° /0°. Then, we have

W =na® [a? >u”} = A{m(a) | o <u”} =7 (Ma]a < u)).
Hence, since A{a | a < u} is a closed element of L, the proof is concluded. O
Proposition 3.6.3. If h : L — M is a lattice morphism, then
ker(h)® = ker(h°).
Proof. Now for ki, ks € K(L°), we have

ky ker(h)? ko
<= (Yag > ka)(3a1 > k1 : ay ker(h) az) and (Vay > k1)(3az > ko : ag ker(h) as)
< (Vag > ko)(3a1 > k1 : h(a1) = h(ag)) and (Vay > k1)(3as > ko : h(ar) = h(az))
= 00 (k) = h®(ky)
> ki ker(R°) ko.

We can similarly prove that for o1, 0o € K(L?%), we have

01 ker(h)® 09 < 01 ker(h?) os.
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Chapter 3. Slanted duality

Finally, we have for u,v € L°
uker(h)v
= (Vo >wvand Vk < u: (k Vo) ker(h)’ 0) and (Yo > u and Vk < v : (k V o) ker(h)° o)
= (Vo >wvand Vk < u: (k Vo) ker(h®) 0) and (Yo > u and Vk < v : (k V o) ker(h°) o)
= (Vo >wvand Vk <u:h®(kVo)=h’0)) and (Yo >u and Vk < v : h’(kV o) = h°(0))
> h’(u) = h®(v)

> u ker(h?) v.

3.6.2 Subobject, quotient and finite product

Definition 3.6.4. Let £ = (L,I'1,T'2) and M = (M,T'1,T'2) be two slanted lattices with same
signature. Then 90 is a sub-slanted lattice of £ if M is a sublattice of L, each slanted operator
o€ '1UTl'y on M is the restriction of o on L and, for 7 the inclusion map, the following diagram
is commutative

,1:5
M6 - 5 L6

|

1

(¢]

In other words, M is a sublattice of L such that the inclusion map is a slanted morphism.
Equivalently, M is a sublattice if i satisfies the following conditions for A € T'y and Vv € T's:

1. Aa < cimplies Ai(a) < i(c);
2. Va < cimplies Vi(a) <i(c);
3. Ai(a) < bimplies Ag < ¢ and i(c) < b for some ¢ € h(L);
4. b < Vi(a) implies ¢ < Va and b < i(c¢) for some ¢ € h(L).

Conditions 1 and 2 are always trivially satisfied by definition and conditions 3 and 4 may be
summarised in

3. If Aa<bforae M™ and b € L, then we have Aa < ¢ < b for some ¢ € M,
4. If b < va for a € M™ and b € B, then we have b < ¢ < Va for some ¢c € M.

Proposition 3.6.5. Let £ = (L,T'1,I'3) and M = (M,T'1,T'2) be slanted lattices and h : £ — M
be a slanted morphism. Then, MM* = (h(L),T1,T) is a sub-slanted lattice of M.

Proof. We need to prove that h(L) satisfies the conditions 3’ and 4’ of Definition Let us
prove 3". Let a € h(L)™ and b € M such that Aa < b. By definition, there exists a’ € L such
that h(a’) = a and, since h is an slanted morphism, Aa < b implies that there exists ¢ € L such
that Aa’ < ¢ and h(c) < b. It is sufficient to use the other property of slanted morphisms to
obtain

Aa = Ah(d) < h(c) <b

and conclude the proof. O
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Definition 3.6.6. Let £ = (L,T';,T'2) be a slanted lattice. A lattice congruence 6 is a slanted
congruence if and only if for every A € T'; and V € T'y, we have that a 6 b implies Aa 0° Ab
and Va 6° Vb.

Proposition 3.6.7. Let £ = (L,T'1,T'3) be a slanted lattice and let 6 be a slanted congruence.
Then, L/0 equipped with the operators

)

2°(a®) = (8(a)” and v°(a’) = (V(a))’

0

is a slanted lattice such that w:a+— a’ is a slanted morphism.

Proof. As usual, we only give the proof for A. The first thing to note is that A? is well defined
thanks to the definition of slanted congruence. Now, we have to check that A? is a c-slanted
operator which share a common order-type € with A. Consider the case where ¢; = 1. Then, we
have

A a? vl
=A% .. (aVvD)?,..)
=(a(...,aVbh,..))"
=(AC.ay )V (b))
=(AC.a,. )" v(al.. b)Y
=A% a0 ) val vl )
and
£, 0% )
=(A(+,0,..))"
:0952007

as required, the case ¢; = 0 is of course treated identically. Moreover, since A(a) is closed in L?,

we have that (A(g))eé is closed in L/69.
Now, we have to check that 7 is indeed an a slanted morphism, that is, the following diagram
is commutative.

7w

LS ——— L°/¢°

Lt ——— (L/0)"

,n.n
But this follows immediately from the definition of A?. O

Proposition 3.6.8. Let £ = (L,I'1,I'3) be a slanted lattice and 0 be a lattice congruence. Then,
0 is a slanted congruence if and only if 0 satisfied the following conditions:

1. a 0 b and Ab < ¢ implies Aa < d for some d 0 c,

2. a0band c < Vb implies d < Va for some d 0 c.
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Chapter 3. Slanted duality

Proof. Suppose first that 6 is a slanted congruence and consider that a 8 b and Ab < c¢. It follows
that Aa 09 Ab, that is

7% (aa) = ©(ra) = 7 (Ab) = 77 (Ab) < 7(c).

Now, we have
77 (8a) = M(d) | b < d} < w(0),

such that, by compactness, we can find an element d such that Aa < d and 7(d) < 7(c). It
follows that Aa < dV cand 7(dV c) =n(d) Vr(c) = w(c), that is (d V ¢) 0 ¢, as required.
Suppose now that 6 satisfies condition 1, we have to prove that a 6 b implies Aa #° Ab, that
is
NMm(e) | Aa < c} = A{r(d) | Ab < d}.

It is sufficient to show that {7(c) | Aa < ¢} C {n(d) | Ab < d}. Indeed, by symmetry of the
reasoning, we will also have the other inclusion. Let ¢ such that Aa < ¢. Then, by condition
1, since @ 6 b, we have Ab < d for some d 0 ¢, that is 7(c) = =w(d) and the conclusion is
immediate. O

Proposition 3.6.9. If h: L — M s a slanted morphism, then ker(h) is a slanted congruence.

Proof. We already know that ker(h) is a lattice congruence. Therefore, we only have to prove
that ker(h) satisfies

1. a ker(h) b and Ab < ¢ implies Aa < d for some d ker(h) ¢,
2. aker(h) b and ¢ < Vb implies d < Va for some d ker(h) c.
We prove 1. Suppose that h(a) = h(b) and Ab < ¢. Since h is a slanted morphism, it follows that
Ah(a) = AR(D) < h(c).
Moreover, there is an element d such that Aa < d and h(d) < h(c). Finally, we have

Aa < dVeand h(dVe) = h(ce),

as required.
O

Definition 3.6.10. Let A"t and A”2 be c-slanted operators with identical order type respectively
on Ly and Lo, we define on Ly x Ly the operator

AEE2 (L) X L) — LS x LS : (a,b) — (aL1a, AT2D).

le XLQ

We define similarly the operator for o-slanted operators.

Proposition 3.6.11. Let £, = (Ly,T'F", YY) and €5 = (Lo, TF2,TL?) be slanted lattices with

identical signature. Then Ly X Ly endowed with the operators of Definition|3.6.10 is a slanted
lattice, which will be denoted by £1 x Lo, which have the same signature as £, and L.
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Proof. First of all, remember that (LS, L) = (L x L)? and that K((L; x L2)°) correspond
exactly to KC(L9) x K(L3). Therefore, we just have to check that A%**L2 have the same order-
type € as APt and AT2. We prove the case ¢; = 1. We have
ALz (a,b) V (¢, d), .. )

=pabrxl2( (aVe,bvd),...)

=(alr (. ,ave,. ), a2 (00 bvd, . )

=(af (. a )y valr (e ) a2 b v At d L)

(A ay ) AR b )V (BB e ), AR (L d,. )

AL (a,b), . )V AL (ed), . )

and

=(1,1).
O
Proposition 3.6.12. The projection maps p; : (a1,a2) — a; are slanted morphisms.
Proof. Tt follows directly from the definitions. O
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Chapter 4

Slanted canonicity

At the end of Chapter [2] we established a class of formulas, namely the s-Sahlqvist formulas,
which were canonical for subordination algebras in the sense of Definition and that admit a
first order translation. In this section, we extend this result from the category of subordination
algebras to the more general one of slanted lattices and we prove that s-Sahlqvist formulas are
very specific examples of a more general class of canonical formulas: the class of analytic inductive
formulas. This class was introduced in [41I] in the context of the theory of analytic calculi in
structural proof theory, to characterize the logics which can be presented by means of proper
display calculi. This

The precautions used in Chapter [2] due to the inherent natures of subordination algebras,
are still to be considered here. Indeed, the usual models of Lp g-languages are "standard"
distributive lattices expansions. Now, as subordination algebras were, in general, not standard
modal algebras, the slanted lattices of Chapter [3| are not standard lattices expansions, since their
associated operators are slanted. Hence, once again, the valuations of formulas may fail to be
elements of the lattices, but are rather elements of their canonical extensions.

The method used to achieve canonicity in this chapter is based on the algorihtm ALBA
(Ackermann Lemmas Based Algorithm) developed first for distributive logic in [19] and then
for non-distributive logic in [20]. The results presented here concern the slanted (distributive)
lattices with topological methods but can be proved for the more general case of non-distributive
slanted lattices in purely constructive ways (that is without axiom of choice) as it is done in [25].
Once the process to prove canonicity is established, we comment in Section [I.7] the similitudes
and differences with Chapter [2]

We end the chapter with a comparison between the Balbiani-Kikot formulas (already men-
tioned in Section and the analytic inductive formulas of an extended language in the
subordination setting.

4.1 The Lp e-language

We start with the usual definitions of language, satisfaction and validity.

Definition 4.1.1. 1. The language Lp1g(T'1,'2), from now shortened as Lp g if the context
causes no confusion, is constituted by:

e a denumerable set Var = {p,q,r, ...} of propositional variables,

e the classical lattices connectives A and V,
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4.1. The Lp g-language

e the classical lattices constants T and L,

e disjoint sets of connectives I'y and I';. Each connective o € I';y UT's has an associated
arity no and an associated order-type €.

2. The formulas of Lp g are defined recursively as follow

pu=p|L]TleAp|leVelolp)
where p € Var and o € 'y U 5.

3. The inequalities of Lp g are expressions of the form ¢ < 1) where ¢ and @ are Lp.g
formulas.

Example 4.1.2. In Chapter the language was given by I'y = {0, ¢, -} and 'y = {TJ, M, —, —}
with the following order-types: g =c¢ =eg=cm =1, =0 and e, = (9, 1).

The interpretation of the language Lpig in a slanted lattice £ = (L,T';,T'5) is of course con-
structed in a way similar to the one used for subordination algebras, namely, through canonical
extension. Indeed, once again, the valuation of a formula may fail to be an element of the original
lattice. Moreover, since 29 is a LpLg lattice in the usual sense, we can use the usual notion of
validity available on £9.

Definition 4.1.3. Let £ = (L,I'1,T'3) be a slanted lattice. A valuation on £ is a map v :
Var — L.

Definition 4.1.4. Let ¢ < be an Lp g inequality, £ be a slanted lattice and 7 be the canonical
embedding from £ to £°. We say that ¢ < ¢ is valid in £ for a valuation v, which is denoted
by £ =, ¢ <9, if £9 =0, ¢ < 9 in the usual sense, that is (nov)(p) < (n0v)(¥). We say that
¢ < 1) is satisfied in £ if ¢ <) is valid for all valuations.

On the topological side, the interpretation of Lp g in a slanted Priestley space X = (X, <
,A1,As) is defined quite naturally, by extending a valuation on variables to one on formulas,
using the different accessibility relations of A; and As,.

Definition 4.1.5. Let X = (X, <, A1, A2) be a slanted Priestley space. A valuation on X is a
map v : Var — 1O f(X).

A valuation v is extended to the set of all Lp| g formulas according to the following inductive
rules:

e v(T)=X,v(L)=10
o v(¥Vx) = v(@) Uv(x), o(¥ Ax) = v(e) Nwlx),
o if A; € T'y is of order-type €;, then v(A;(¥)) = Ri(—,v(¥)),

a

o if V; € I'y is of order-type €, then v(V (1)) = Si(—,v(¥%))%,

Definition 4.1.6. Let ¢ < ¢ be an Lp g-inequality, X = (X, <,T";,T'3) a slanted Priestley space
and z € X.

1. We say that ¢ < ¢ is valid in X for a valuation v, which is denoted by X |, ¢ < 1, if
v(p) S v(¥).

2. We say that ¢ < % is satisfied, which is denoted by X | ¢ < ¢, if X |, ¢ < % for all
valuations v.
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Chapter 4. Slanted canonicity

Finally, we can observe that the definition of satisfaction in slanted Priestley spaces coincides
with the definition of satisfaction in slanted lattices, in the sense of the following theorem.

Theorem 4.1.7. Let £ be a slanted lattice whose dual is the slanted Priestley space X. Then,
for any LpLg-inequality ¢ < 1), we have

LEe<yiff TEp <.
Finally, we arrive at the notion of slanted canonicity, which is defined quite naturally.

Definition 4.1.8. An Lp g-inequality ¢ < ¢ is slanted canonical if £ | ¢ < 1 implies
£° = ¢ < ¢ for any slanted lattice £.

On the topological side, if %° denotes the discrete version of a slanted Priestley space, then
the definition of slanted canonicity corresponds to

X <yiff X° ¢ <.

Now that the fundamentals have been established, we can look at the analytic inductive
inequalities in the language Lp g, which will be a fragment of canonical inequalities in the
slanted setting.

4.2 Analytic and inductive inequalities

4.2.1 Generations trees and formulas

In this section, we introduce the terminology relative to the topic and illustrate the given defini-
tions with short examples. We redirect the reader to [18], [19], [20] and [41I] for more information
and details.

Definition 4.2.1. For the next definitions, we will consider ¢(p) to be an Lp g-formula and e
to be an order-type on p = (p1,...,pn), that is a n-uple in {1,0}" for some natural n.

1. The positive (resp. negative) generation tree of ¢ is defined by labelling the root node
of the generation tree of ¢ with + (resp. —), and then propagating the labelling on each
remaining node as follows:

(a) For any node labelled with A, V, we assign the same sign to its children nodes.

(b) For any node labelled with o € 'y UT'; of arity n, > 1, and for any 1 < i < n,, assign
the same (resp. the opposite) sign to its i*! child node if ,(i) = 1 (resp. if &, (i) = ).

2. A node in a signed generation tree is said to be positive (resp. negative) if signed +
(resp. —).

3. For a formula ¢(p1,...,p,), an order-type € over n and ¢ € {1,...,n}, a e-critical node
in a signed generation tree of ¢ is a leaf node +p; if ¢, =1 or —p; if ¢; = 0.

4. A e-critical branch in a signed generation tree is a branch whose leaf is a e-critical node.

5. Let ¢ < 1) be a bimodal inequality. Its generation tree is the combination of the positive
generation tree of ¢ and the negative generation tree of 1.

6. An Lp g-inequality ¢ < 1) is said to be uniform in a given variable p if all occurrences of
p in its generation tree are labelled with the same sign.
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4.2. Analytic and inductive inequalities

7. Let € be an order-type. An Lp g-inequality ¢ < v is e-uniform in a (sub)array pi,...,pn
of its variables if ¢ < ¢ is uniform in p;, for the sign dictated by ¢;, for all i € {1,...,n}.

Example 4.2.2. The positive signed generation tree of the the bimodal formula (Hp — p) A

(g Vv Or) is given by:

+
N

AN
AN 7

p q

< «— B
2 — O

We have that the node p is e;-critical for e; = (9,1,1), the node 5 is eg-critical for e5 = (1,1,0).
Hence, for instance, the branch

S o— Wl [ >+

which ends with a e;-critical node is e;-critical.

Definition 4.2.3. For an Lp g-formula ¢(p1,...,pn) and an order-type €, we say that the gen-
eration tree +¢ (resp. —¢p) agrees with €, and write e(4+p) (resp. e(—y)) if every leaf in the
positive (resp. negative) generation tree of ¢ is e-critical.

We will also write +¢’ o @ (resp. —¢' o *p), with * € {—,+}, to indicate that the
subformula ¢’ inherits the positive (resp. negative) signs from the signed generation tree.

Finally, we write e(¢’) o ¢ (resp. €2(¢') o ) to indicate that the signed subformula ¢/,
with the signs inherited from x¢, agrees with € (resp. €?).

Example 4.2.4. Let us consider the signed generation tree given in Example [£.2.2] It cannot
agree with any order-type since the variable p appears positively and negatively.

Now consider the negative generation tree of the formula ¥ (p,q) = Op A —=0q. Tt is given by:
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/N

N o«— [
Qt — OF —

Since p is always signed negatively and g always positively, we have that —i agrees with the
order-type € = (9,1). Moreover, consider the subformulas ¥’(p, ) = Op and ¢”(p,q) = Oq of ¢
and the order-type €; = (9,9). Taking some time to write it properly, it should be clear that we
have —1)’ oc —1p, +4p” o =1, €1 (¢) o« —1p and €9 (") ac —ah”.

Definition 4.2.5. We continue the presentation of the terminology of [20].

1. Nodes in signed generation trees will be called A-adjoints, syntactically left residuals
(SLR), syntactically right adjoint (SLR) (SRA) or syntactically right residual
(SRR) and will be split into Skeleton nodes and PIA nodes according to Table

Skeleton PIA
A-adjoints Syntactically Right Adjoint (SRA)
+ Vv + A V withny=1
- A — V. A withn,=1
Syntactically Left Residual (SLR) | Syntactically Right Residual (SRR)
+ A A withny >1 + VvV VvV withny>2
— V V withny>1 — A A withn, >2

Table 4.1: Skeleton and PIA nodes for Lp(g.

For the reader’s information, the table of PIA and Skeleton nodes in the bimodal language
of Chapter [2 are given in Table

Skeleton PIA
A-adjoints Syntactically Right Adjoint (SRA)
+ VvV + AOH-
A - VOe~
Syntactically Left Residual (SLR) | Syntactically Right Residual (SRR)
+ AOe- + V-
- viom- - A

Table 4.2: Skeleton and PIA nodes

2. A branch in a signed generation tree xp with x € {+,—} is a good branch if it is the
concatenation of two paths P; and Py, one of which may possibly be of length 0, such that
Py is a path from the leaf consisting (apart from variable nodes) only of PIA nodes and P,
consists (apart from variables nodes) only of Skeleton nodes.
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3. A branch is excellent if it is good and the path P; contains only SRA nodes.

4. If ¢ is a formula such that only PIA nodes occur in 4+ (resp. —¢p), we will say that ¢ is
a positive (resp. negative) PIA formula.

5. If ¢ is a formula such that only Skeleton nodes occur in +¢ (resp. —¢), we will say that
© is a positive (resp. negative) Skeleton formula.

4.2.2 Inductive inequalities
Definition 4.2.6. The inductive inequalities of Lp g are defined by the following construction.

1. For any order-type € and any strict partial order Q on {p1,...,p,}, the signed generation
tree *p, where * € {+, —}, of a formula ¢(p1,...,pn) is (22, €)-inductive if

(a) for all 1 <1i <mn, every e-critical branch with leaf p; is good,

(b) when p; is a critical variable, every SRR node occurring in the critical branch is of the
form o(y1,...,7vj—1,B8,%j+1,---,Vn) Where, for every h € {1,...,5 — 1,7+ 1,...,n},
we have

o () o xp,
o p <q p; for every p occurring in .

We will refer to 2 as the dependency order on the variables.

2. An inequality ¢ < v is (Q, €)-inductive if the signed generation trees +¢ and — are both
(2, ¢)-inductive.

3. An inequality ¢ < ¢ is inductive if it is (€, €)-inductive for some 2 and e.

The condition €?(7;,) o *¢ insures that there is no e-critical variables except for p; below the
SRR node. As a particular case of the inductive inequalities, we have the Sahlqvist inequalities,
which do not contain SRR node in their good branches.

Definition 4.2.7. 1. For an order-type ¢, the signed generation tree ¢ of an Lp g- formula
»(p1,---,Pn) is e-Sahlqvist if every e-critical branch is excellent.

2. An inequality ¢ < 1) is e-Sahlqvist if the signed trees +¢p and —1 are both e-Sahlqvist.
3. An inequality ¢ < 1) is Sahlqvist if it is e-Sahlqvist for some order-type e.

Remark 4.2.8. If ¢ is a e-Sahlqvist signed generation tree for some order-type ¢, then it is a
(€, e)-inductive generation tree for every strict order 2. Indeed, the strict order §2 impacts only
SRR nodes, which do not occur in excellent branches.

Conversely, if the signed generation tree x¢ is (£2, €)-inductive for the strict order Q = ), then
it is e-Sahlqvist. Indeed, since Q = (), it is impossible to satisfy p <q p;, thus no e-critical branch
can contain SRR nodes.

In [19], it is proved that every inductive inequality is canonical in a lattice expansion, that
is a slanted lattice whose operators are clopen. However, we already observed in Chapter [2] that
the passage from tense algebras to subordination algebras leads to restrictions in the computable
canonical formulas, namely from Sahlqvist to s-Sahlgvist formulas. Such a restriction is still
required in the formalisation of ALBA. We need to limit the inductive inequalities to the analytic
inductive inequalities. The name analytic is not innocent since it was proved in [41] that they were
inequalities in correspondence with analytic structural rules in display calculi. Their appearance
in this apparently disconnected theory is still to be understood.
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Chapter 4. Slanted canonicity

Definition 4.2.9. For every order-type € and every strict partial order Q on {pi,...,p,}, the
signed generation tree x¢ of a formula ¢(p1, ..., p,) is analytic (£, €)-inductive (resp. analytic
e-Sahlqvist) if

1. xp is (€2, €)-inductive (resp. e-Sahlqgvist),

2. every branch (i.e. even non-critical ones) of xp is good.

The necessity to have good branches also in the non-critical branches will become clear in
Section 4] But the reason is roughly the same as in Chapter [2] Indeed, during the execution of
ALBA, we will try to eliminate all propositional variables of a given inequalities by generating
a "minimal valuation". The critical occurrences of a variables will be the ones to generate
this valuation while the non-critical ones will the occurrences receiving it. The good shapes of
the non-critical branches is there to allow us to pull this minimal valuation up (think of the
intersection lemma).

Notation 4.2.10. Following the notation of [I7], we will sometimes represent analytic inductive
inequalities as follows:

(o <P)la/'z, B /1y, v /'z,d /'],

where (¢ < 1p)[lz,y, !z, 1] is the Skeleton part of the given inequality, a (resp. ) denotes the
positive (resp. negative) maximal PIA-subformulas, i.e. each a in o and 3 in § contains at least
one e-critical occurrence of some propositional variable and, moreover:

1. for each a € a, either +a o« +¢ or +a o« —1p,
2. for each 3 € 3, either —3 oc +¢ or —f3 ¢ —1),
and 7 (resp. ) denotes the positive (resp. negative) maximal e?-uniform PIA-subformulas, i.e.:
1. for each 7 € v, either +v o +¢ or +v o —1),
2. for each § € §, either —§ oc +p or —§ o —h.

Example 4.2.11 ([I8]). 1. The signed formula +¢(p,q) = +(0p A Oq) is e-Sahlqvist for the
order-type € = (1,1). The tree is given by

>+

VAN

=+ — O+
Qt — O+

Hence both leaf nodes +p and +q are e-critical, so that we have to show that every branch
is excellent (since they are all critical).

First, the branch

[+ — O+ < >+
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is good as the node +A is Skeleton and the node + is PTA. Moreover, since +[J is in
particular a SRA node, the branch is excellent.

Secondly, the branch

Rt «— OF «— >+

contains only Skeleton nodes and is therefore excellent.
Note that, in particular, +¢(p, q) is also (1, 9)-Sahlqvist, (9, 1)-Sahlqvist and (8, 9)-Sahlqvist.

2. The signed formula —1(p, q) = —O(pAq) is (1, 1)-Sahlqgvist but not (1, 9)-Sahlqvist. Indeed,
the signed generation tree is

> — <

and, hence, it does not contain any (1, 1)-critical node.

On the other hand, the tree does not contain any excellent branch either, as the node —¢
is PTA and the node —A is SRR.

3. With the first and the second item, we have that the inequality (Op A Og) < O(p A ) is
(1,1)-Sahlqvist but not (1,d)-Sahlqvist. Let us also use this example with the order-type
(0, 0) to illustrate Notation [4.2.10 The Skeleton part of Op A Og < O(p A ¢) is given by

A Qy < z.

The critical variables are concentrated in —3(p,q) := —(Op A ¢) which is negative PIA.
Then, we have y; = Op and v, = ¢ which are both ¢?-uniform. Hence, we can rewrite
OpAOg<O(pAg)as Ay <B.

4. We know that (Op A Oq) < O(p A q) is not a e-Sahlqvist inequality for e = (1,9), however
it is (£, €)-inductive for the strict order p <q ¢. Since we already proved that +(Op A Oq)
was e-Sahlqvist and hence (2, €)-inductive, we only have to focus on the tree
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Chapter 4. Slanted canonicity

whose only (1, d)-critical branch is:

R — > — O

Since —¢ is an SRA node and —A is an SRR one, it is a good but not an excellent branch.
Now, the only SRR node is A(p,q) and its critical variable is —¢q. Let us check that it
satisfies the requirements of Definition The node is of the form 8 Ay where = p
and v = g and we have

o ¢”(p) cc —O(p A g) and
o p<aq.

Example 4.2.12. The inequality B(q V p) < O(r A ¢) is not Sahlqvist. Consider indeed its
generation tree:

+ —
m o
! |
+ —
Vv AN
/ O\ / N\
g b < q r

If €(q) = 1, then the critical branch ending with +¢ is not excellent (but may be good) since
the node +V is either Skeleton or SRR. On the other hand, if €(q) = 0, then the critical branch
ending with —q is not excellent (but may be good) either since the node —A is either Skeleton
or SRR. Then, it is impossible for M(q V p) < O(r A g) to be Sahlqvist.

Let us show that the inequality is (€, €)-inductive for e = (9,1, 1) and the strict order p <q q.
We only have one critical branch to examine: the one ending with +¢. As we already noticed
previously, this branch is good since it contains one SRA (+HM) and one SRR node (+V). Hence,
to have an inductive inequality, we only have to check the conditions of Definition £.2.6] Using
the notations given there, the node is V(8,v) with § = g and v = p. Note that p is positive in
+M(q V p), and hence that ¢?(p) oc +B(q V p). Finally, since p <q ¢, the inequality satisfies all
the required conditions to be inductive. Moreover, since all its nodes are PIA nodes, it is clear
that it is also analytic.

Example 4.2.13. The inequality T < B(q — Op) — (—¢ A p) is analytic (9, 1)-Sahlgvist, but
not (1, 1)-Sahlqvist. Indeed, by observing the negative generation tree of B(q — Op) — (—gAp),
one remarks that the critical branch ending in +p is not excellent, and so, the inequality cannot
be (1, 1)-Sahlqvist.

Since we already defined a notion of Sahlgvist formulas in Chapter[2] we know illustrate how
this previous concept interacts with the the terminology of the current chapter.
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Lemma 4.2.14. Let ¢ denote a bimodal formula and € the order-type 1.
1. If ¢ is closed (resp. open), then —y is PIA (resp. Skeleton).
2. If ¢ is positive (resp. negative), then —p (resp. +p) does not contain any e-critical node.
3. If ¢ is strongly positive, then +¢ is PIA and any one of its branches is excellent.

4. If ¢ is s-negative (resp. s-positive), then +¢ (resp —p) does mot contain any e-critical
(resp. €?-critical) node and any one of its branches is good.

5. If ¢ is s-untied, then 4+ is analytic e-Sahlquist.
6. If p is s-Sahlquist, then —y is analytic e-Sahlquist and so is T < .
Proof. 1. This follows immediately from the definitions.

2. By construction of ¢ and the way in which the sign propagates through the tree, it is clear
that every leaf node in —¢ (resp. +¢) will inherit the negative sign, and therefore will not
be e-critical.

3. By construction, ¢ contains only nodes of the form +A, + or +M, which are all SRA
nodes.

4. Since an s-negative formula is in particular negative, it is clear from item 2 that +¢ does
not contain any e-critical node. Let us now show that every branch of +¢ is good. Now,
by the definition of an s-negative formula, we know that every node of +¢ (apart from
variable nodes) is positive and that there is no positive (black or white) diamond under
the scope of a positive (black or white) box. Hence, every branch in +¢ is good.

The s-positive case is proved dually and left to the reader.

5. Since ¢ is built from s-negative and strongly positive formulas using only A, ¢ and ¢, which
are all Skeleton nodes when positively signed, it follows immediately from the previous
items.

6. We have that the negative generation tree of ¢ is of the form

with ¢ s-untied and @9 s-positive. Since both nodes —[0¢ and — — are Skeleton, the
conclusion follows immediately from the previous items.

O

To consider the other direction, we will use the following notation: if p is a variable, p! := p

and p? := —p. To extend this notation to vector of variables, if € is an order-type and p=
(P1,-..,pn) is a vector of variables then p® denotes the vector (p{',...,p5").
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Chapter 4. Slanted canonicity

Since we are in a Boolean setting, some modifications can be operated on the formulas thanks
to the existence of the connective —. Indeed, first, it is possible to consider a node — as the
contraction of —-V-. Then, in a formula ¢, we can always move a node — down to the leaf nodes
via the equivalence between —=¢— and O, between —(- A -) and — V —, etc.

Lemma 4.2.15. Let ¢(p) and 1(p) be bimodal formulas, ¢ and ¢ be the bimodal formulas
obtained with the modification we just described and X = (X, R) be a subordination space.

1. For every valuation v : Var — Clop(X), we have v(p) = v(9).
2. We have X |= ¢ < 1 if and only if X = ¢ < 9.

3. For a variable p of ¢, an order-type € and x € {—,+}, an occurrence of p is a e-critical
node in xp if and only if it is a e-critical node in *Q.

4. For a variable p of ¢ and x € {—,+}, an occurrence of p is the leaf of a good branch in *p
if and only if it is the leaf of a good branch in .

5. For an order-type €, Q a strict partial order and x € {—,+}, @ is (analytic) (Q, €)-inductive
(resp. e-Sahlquist) if and only if x@ is (analytic) (Q, €)-inductive (resp. e-Sahlquist).

6. The inequality o < is (Q,¢€) is (analytic) (2, €)-inductive (resp. e-Sahlquist) if and only
if @ <4 is (analytic) (2, €)-inductive (resp. e-Sahlquist).

Finally, for the sake of readability in the next lemma, if € is an order-type and ¢ is a bimodal
formula whose variables are p, we will write ¢(p, p) to separate the e-critical occurrences of p (in
the first coordinate) from the non-e-critical occurrences of p (in the second coordinate).

Lemma 4.2.16. Let ¢ and v denote bimodal formulas.

1. If —(p) is analytic e-Sahlquist, then w(QEO,BE) is equivalent to an s-positive formula.
2. If +p(p) is analytic e-Sahlquist, then @(ES,BEB) is equivalent to an s-negative formula.

8. If (¢ < ¥)(p) is an analytic e-Sahlquist inequality, then (o — w)(]f,]fa) is equivalent to
an s-Sahlquist formula.

Proof. We only prove item 1, as item 2 is proved similarly and item 3 is an immediate consequence
of items 1 and 2.

As we saw in Lemma (p) is equivalent to the formula Qﬁ(g), whose negative generation
tree is also analytic e-Sahlqvist. Now, suppose that ¢; = 9, then the critical occurrences of p; in 1;
are not preceded by — (if not they would be positively signed), but so do non-critical occurrences.
And, on the contrary, if ¢; = 9, then the occurrences of p; which are preceded by — are the critical
ones. Therefore, ﬁ(pea, p°) is equivalent to a positive formula x(p). It remains to show that x(p)
is s-positive, but this a consequence of the analyticity of ¢). Indeed, by construction, —i only
contains negative nodes (in the exception of the variable ones). Moreover, since every branch of
fi) is good, we know that 1/;, and hence y, does not contain any — in the scope of a —{, as
required.

O

106



4.3. The L} g-language

4.3 The L} -language

The expanded Lp g-language, we are about to describe was introduced in [I8, Chapter 36.2] in
order to express minimal topological valuations in an algebraic setting. Let us return to the
modal setting one moment for the sake of this introduction and consider for instance the formula
@ = Op. For a valuation v on a modal space X and an element z € X, one has

z € v(p) & R({z}, =) S v(p). (4.1)

This equivalence leads us to introduce a new kind of variables that will be interpreted as singletons
instead of clopen sets, the soon to be defined nominals ¢, and a new symbol ¢ to describe the
map

EeP(X)— R(E,—) € P(X),
so that the equivalence (4.1) can be equivalently presented as
1 <[Op< ¢i<p.

Let us remark that, in the subordination setting, there is no need to introduce the new symbol
¢ which is already part of the base language. Indeed, the accessibility relation of a subordination
space (unlike the modal one but similarly to the tense one) is not asymmetrical in its properties
and hence does not favour one side (see the definition of modal space in [B.3.2)). Therefore, in
the subordination setting, to go from the basic language to the expanded one only requires to
add a new kind of variables.

In the general slanted setting, we did not specify that the set of connectives I'y and I's should
be closed under residuation. This is why the "black" symbols should be added in the expansion
L5 e of LpLe. The next example illustrates how we should behave with residuations of slanted
operators. They are a consequence of the following equivalence:

R(—,Al,...,Aj_l,Aj,Aj+17...,An) QA < Aj - R(AC,Ah...,Aj_l,—,Aj+1,...7An)c.

Hence, for instance, consider the connective A € T'; of order-type (1, 9) and its associated relation
R, that is
A (01,02) — R(—,OhOS).

We have the residuals

1. a%(U, 0,5) = R(U*, —, 05)¢ is an o- slanted operator of order-type (1,1), such that we have
A(O1,0,) < U if and only if U < A% (U, 0,),

)
2. ﬂ(Ol, U) = R(U 0q,—) is a c-slanted operator of order-type (1,9), such that we have
A(O1,05) < U if and only if A%(O1,U) < O,

Note that A'i and Ag are well defined. Indeed, since A is of order- type (1,9), we know that R
is (as a relation) of order-type (1,9, 1). Therefore, A (U 03) and A (Ol, U) are both increasing
subsets of X.

On the other hand, for a connective V € 'y of order-type (1, ), we have:

1. v} is a c-slanted operator of order-type (1,1) such that U < v(O;,0,) if and only if
V?(U, 02) < Ola

2. V5 is an o-slanted operator of order type (1,d) such that U < v(O;,0,) if and only if
0Oy < VZ(Ol,U).
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Chapter 4. Slanted canonicity

From the previous example, we can extrapolate the generalisation given in the next theorem,
which is given without proof.

Theorem 4.3.1. Let £ = (L,T'1,T3) be a slanted lattice, A € Ty of order-type e, and V € Ty of
order-type ey. We have

1. if ep(i) = 1, then there exists an o-slanted operator Ag such that:

(a) s (i) = 1 and ¢,3() = (ca(4) Jor any j #1,

(b) A(ay,... a4, ...an,) <bif and only if a; < Ag(al,...,b,...,am),
2. if ex(i) = O, then there exists a c-slanted operator Ag such that:

(a) s (i) = 0 and ¢,5(j) = (ca(1))° for any j # i,

(b) Aar,...,a4,...an,) <bif and only ifA?(al,...7b,...7anA) < a;,
3. if ey(i) = 1, then there exists a c-slanted operator V? such that:

(a) then egs (i) =1 and eg (j) = (€9(5))? for any j # i,

(b) b< V(a,...,a;,...an,) if and only V2 (a1,...,b,... a,,) < a;,
4. if ey(i) = O, then there exists a c-slanted operator Vg such that:

(a) €y (i) = 0 and €g;(j) = €v(j) for any j # i,
(b) b<V(ay,... a5 .. an,) iff V2(a1,..., b, .. an,) > a;.

The additives connectives being defined, we can look at the new variables. They will be split
in two disjoints sets: the first one is the set of nominals Nom = {%,7,...} and the second the
one of the set co-nominals Co-Nom = {m,n,...}.

For a slanted Priestley space X = (X, <, A, As), the valuation of an element 2 € Nom will
be a subset of the form Tz for some x € X. On the other hand, the valuation of an element
m € Co-Nom will be a subset of the form X \ | = for some z € X.

For a slanted lattice £ = (L,T'1,'9), the valuation of an element ¢ € Nom will be a completely
join irreducible element of L? and the valuation of j € Co-Nom will be a completely meet
irreducible element of L?.

Now that we have all the ingredients of the new expanded language, we can define it properly.

Definition 4.3.2. The expanded language L (I'1,I';), from now denoted by L ¢ is con-
stituted by the original language Lpig (see Definition 4.1.1) augmented with the set Nom of
nominals and Co-Nom of co-nominals and the sets of connectives I'] and I'} definied as follows:

L Ii=T,U{V|VeTlyand er(i) =1} U{af | A €Ty and €,(i) = 8},
2. T3 =T,u{a? | AeTy and e,(i) =1} U{V? | vV €Ty and ey (i) = 0}.
The L{ g-formulas are then defined via the following inductive rules:

pu=iljlxleNeleVelale)]| Viev)

where 4 € Nom, j € Co-Nom, x is an Lp g-formula, A € I'] and V € I's. Note that we write
o(p,®) to indicate that ¢ is used in the coordinates of o whose order type is 1 and ¢ in the
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coordinates whose order-type is 0. In other words, we may suppose that the order-type of the
connectives are always of the form (1, 9).

As they will be the sinews of war, we define the pure formulas to be the L c-formulas
where no (propositional) variable occurs.

Of course, L} g-formulas can be assigned to subsets of a slanted Priestley space via a valu-
ation, as Lp g-formulas. The two procedures are quite similar and we will therefore often refer
to Section for precise definitions. For a slanted Priestley space X, let us denote by x° the
order-Kripke structure associated to X (that is, the image of X via the forgetful functor). From
the definitions of valuation we just established, we have almost directly the next lemmas.

Lemma 4.3.3. Let ¢ be an L} c-formula, £ be a slanted lattice, £9 its canonical extension and
X its dual slanted Priestley space.

1. We have £ = ¢ < if and only X |= ¢ < ¢ and £° |= o < 1 if and only X° = ¢ < ).

2. IfxX° = o <1 then X = ¢ < 0,
3. If v is pure, then X |= ¢ < ) implies x? E o <.

We observed in Chapter [2] that being able to determine whether clopen sets were mapped
to an open or to a closed one was of major importance to use correctly the intersection lemma.
This why we introduced the notion of closed and open formulas in Definition Of course,
we have here notions of closed and open formulas, that we introduce now.

Definition 4.3.4. The strictly syntacticly closed formulas (shortened as ssc formulas ) and
strictly syntacticly open formulas (shortened as sso formulas ) of L ¢ are simultaneously
defined by the following induction:

eu=plJ| T|ILleVeleAe|a (e ), (Ssc)
Yu=p[m|T[L[YVY YAy |V (Y, 0) (Sso)
with p € Var, j € Nom, m € Co-Nom, A* € '] and Vv € I';.

We extend our notation A*(p, 1)) to formulas, and directly obtain the next lemma from the
definitions.

Lemma 4.3.5. For all ssc formulas ¢(!z,'y) and all sso formulas {(lz,y) which are positive in
any = in lz and negative in any y in'y, and all tuples ¢’ and )’ of scc formulas and sso formulas
respectively,

1. @l lx, 2" ly] is ssc;
2. Y[’ 1z, o' [y is sso.

The denominations of closed/open formulas is clear in the sense that the valuations of ssc
formulas ¢ on a slanted Priestley space X are closed subsets of X and the valuations of sso
formulas 1 are open subsets. This can be observed by a simultaneous induction on the length of
¢ and v thanks to a property which is the n-ary version of Lemma

Lemma 4.3.6. Let X be a slanted Priestley and F1, ..., F, closed subset of X. Then, for every
R e Ay and S € A>, we have that

R(Fl,...7Fj1,—,Fj+1,...,Fn) and S(Fla“-aFjp_vFj-i-la'--aFn)

are closed subsets of X.
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Chapter 4. Slanted canonicity

As we will see in the section the residuation of the connectives in a PIA formula will play
an important role in the execution of the algorithm ALBA. For future convenience, we introduce
the following notations and results from [25].

Definition 4.3.7. For every definite positive PIA Lp g-formula ¢ = ¢(lz, z), and any definite
negative PIA Lp g-formula ¢ = ¢ (!z, z) such that the variable z occurs in them exactly once,
the L£§, g-formulas LA(p)(u, z) and RA(¢)(u, z) (for u € Var\(zUz)) are defined by simultaneous
recursion as follows:

Il
—
P
S
~
=
[
s
d
&
=
=
\\N/

RA(z) =
RA(A(Y-(2), ¥(2,2),0(2) = RA@)(A%(¥_;(2),u,¢(2)), 2);
RA(A(Y(2), o—j(2), 5(%.2)) = LA(g;)(AE((2), o—;(2),u).2).

Above, ¢_; denotes the vector obtained by removing the jth coordinate of .

Lemma 4.3.8. For every definite positive PIA Lpig-formula ¢ = p(lz,z), and any definite
negative PIA Lp g-formula v = (lx, 2) such that © occurs in them ezactly once,

1. if 4+x o« +p then LA(p)(u, z) is monotone in u and for each z in z, LA(p)(u,z) has the
opposite polarity to the polarity of p in z;

2. if —x o +¢ then LA(¢)(u, 2) is antitone in u and for each z in z, LA(p)(u, z) has the same
polarity as ¢ in z;

3. if +x o« +1p then RA(Y)(u, 2) is monotone in u and for each z in z, RA(Y)(u, z) has the
opposite polarity to the polarity of ¥ in z;

4. if —x o« +9 then RA(Y)(u, z) is antitone in u and for each z in z, RA(Y)(u,z) has the
same polarity as ¥ in z.

Proof. By simultaneous induction on ¢ and . If ¢ = 9 = z, then the assumptions of item 1
and 3 are satisfied; then RA(¢)) = LA(¢) = w is clearly monotone in u and the second part of the
statement is vacuously satisfied. As to the inductive step, if ¢(lz, z) = g(¢’ ;(2), ¥} (=, 2),¢'(2)),

with each ¢ in ¢’ being positive PTA and each ¢’ in ¢’ being negative PIA, then V? eIy is
monotone in its j* coordinate and has the opposite polarity of ey in all the other coordinates.

Hence, V?(@Lj (2),u,v'(z)) has the opposite polarity of ¢(lz,z) in each z in z. Two cases can

occur: (a) if +x o +¢;, then by induction hypothesis, LA(y,)(w, z) is monotone in «’, and has
the opposite polarity of ¢; in every z in z. Hence,

LA(p) = LA(9;)(V5(¢" ;(2), u, %' (2)) /0, 2)

is monotone in u and has the opposite polarity to the polarity of ¢ in each z in z. (b) if —z o +¢;,
then by induction hypothesis, LA(¢;)(v/, ) is antitone in «’, and has the same polarity as ¢; in
every z in z. Hence,

LA(p) = LA(p)) (V5 (¢! (2), u, ¢ (2)) /', 2)
is antitone in u and has the same polarity as ¢ in each z in z. The remaining cases are ¢ :=
V(¢ (2), ¥4 (2), ¥n(®,2)), ¥ = 80l ;(2), ¥)(x, 2),¢'(2)), and ¥ == A(¢'(2), 9L, (2), ¥}, (w,2))

and are shown in a similar way. O
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Lemma 4.3.9. If o(!z) is a definite positive PIA Lyg-formula and 3(12) is a definite negative
PIA Lig-formula, then

1. « is sso and [ is ssc.
2. If 42 o« +a and +x o +3, then LA(«)[j /lu] is ssc and RA(B)[m /lu] is sso.
3. If —x o« +a and —x o +3, then LA(«)[j/!u] is sso and RA(B)[m/!u] is ssc.

Proof. 1. Straightforward by simultaneous induction on « and .

2. and 3. We proceed by simultaneous induction on « and f.

If « = 8 = z, then the assumptions of item 2 are satisfied; then LA(a)[j/!u] = j/u is clearly
ssc and RA(B)[m/!u] = m/u is clearly sso.

As to the inductive step, if & = V(p,), with each ¢ in ¢ positive PTA (hence, by item 1,
sso) and each ¢ in v negative PIA (hence, by item 1, ssc), and the only occurrence of z is in
©n, then ¢y, is positive PIA, and moreover, A?L € I'] is positive in its hAth coordinate and has the
opposite polarity of ey in all the other coordinates. Hence, V5 (p_p,j/'u, 1) is ssc. Two cases
can occur: (a) if 4+ o +a, then +x o +¢y,, hence by induction hypothesis, LA(p5)[i/!u/] is ssc,
and moreover, +u’ oc LA(pp,)(u') (cf. Lemma [£.3.8). Hence,

LA(c)[5/'u] = LA(pn) [V} (9, 3/ u, ) /1]

is ssc (cf. Lemma [4.3.5). (b) if —z o +a, then —x o 4y, hence by induction hypothesis,
LA(¢pp)[i/!/] is sso, and moreover, —u’ o« LA(pp)(u') (cf. Lemma [4.3.8]). Hence,

LA(a)[5/'u] = LA(pn) [V} (9-n, 3/ 1u, ) /1]

is sso (cf. Lemma(4.3.5)). The remaining cases are o = V(g,) such that the only occurrence of
x is in ¥p, B = A(p,¥) with z occurring in @y, or 1y, and are shown in a similar way. O

Example 4.3.10. Let us illustrate the inequality obtained by applying the process given in
Lemma to the inequality Og A #(-p A r) < m with ¢(p) = 1. We have the following
succession of equivalences

Qg N @(—pAT)<m
<~ #(pAr)<mV-)q
<~ pAr<OmV-0q)
<~ —p <OmV-0q) V —r
<~ rA-0Om \/—\Oq) <p.
Here, the formula 8,(p, ¢,r) is Og A #(—pAr) and the formula RA(5,)(m, g, r) is r A=O(m V—0q)

or, equivalently, » A O(—=m AQq). Notice that ¢ and 7 occur negatively in 8, and in RA(S,), that
m occurs positively in RA(S,) and that RA(3,) is indeed ssc.

4.4 Preliminaries for ALBA

In this section, we introduce some results that will be of great use in the execution of the
algorithm ALBA. They are topological versions of lemmas used in [19] and [20] by Conradie and
Palmigiano.
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Definition 4.4.1. 1. An £}, -formula ¢ is positive (resp. negative) in a variable p if all
occurrences p are positive (resp. negative) in ¢. An L} -formula ¢ is monotone in a
variable p if ¢ is positive or negative in p.

2. An L} c-inequality ¢ < 9 is positive (resp. negative) in a variable p if ¢ is positive
resp. negative) in p and v is negative (resp. positive) in p. An L, g-inequality ¢ < 9 is
g g DLE ¥
monotone in a variable p if ¢ < 1) is positive or negative in p.

Proposition 4.4.2. If o < 1 is an L g-inequality positive in a variable p, then for any slanted
Priestley space X we have

X Eplp) <v(p) <= XEo(T) <9(T).

Dually, if ¢ < 1 is an L] g-inequality negative in a variable p, then for any subordination
space X = (X, R) we have

X E o) <) = XEp(L) <y(l).

Proof. We prove the positive case and leave the negative one to the reader.

First, we have that X = ¢(p) < 9(p) immediately implies X = ¢(T) < ¢(T) as the latter is
equivalent to X =, ¢(p) < ¢(p) for the valuation v(p) = X. Suppose now that X | ¢(T) <
¥(T), that is suppose that ¢(X) C ¢(X). Since ¢ is positive in p and 1) is negative in p, for any
increasing clopen set O, we have

©(0) C p(X) CY(X) C¥(0).

In other words, for all valuations v : Var — 1 Clop(X), we have ¢(v(p)) C ¢ (v(p)), as required.
O

Lemma 4.4.3 (Distribution lemma). If o(lx), ¥ (1z),{(1x), x(\z) are LpLg formulas, X an slanted
Priestley space and (S; | j € I) a family of increasing subsets of X then:

1. o(Ujer S5) = U{e(S;) | j € I}, when +x o< +o(lz) and in +¢(z) the branch ending in
+x 18 SLR;

2. P(Njer S5) = U{(S;) | 7 € I}, when —x o« +4p(1z) and in +y(!z) the branch ending in
—x 18 SLR;

3. &(Njer Si) = N{E(S;) | 7 € I}, when —z o« —¢(!z) and in —{(!z) the branch ending in —x
is SLR;

4- x(Ujer S5) = N{x(5;) | j € I}, when +x o< —x(!z) and in —x(lz) the branch ending in
+x 15 SLR.

Proof. The proof is by simultaneous induction on ¢, ¥, ¢ and x. The base cases for L, T, and
x, when applicable, are trivial. We check the inductive cases for ¢, and note that all the other
cases follow in a similar way.

o of the form A(p1,...,0i(12),...,pn,) With A €'y and €, (i) = 1: By the assumption of a

unique occurrence of z in ¢, the variable x occurs in ¢; for exactly one index 1 < i < n,.
The assumption that e, () = 1 implies that +2 o +;. Then, we have
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e(Ujer85) = Alerse-0ilUjeras) -5 0n,)
= A(‘Pla"'aneISOi(Sj)"'»SDnA)
= R(_w“,U]‘e]‘Pi(SJ)w~)
= UjeIR(_a"'vWi(Sj)""):UjeI@(Sj)a

where R is the (1,€?)-relation associated to A and where the second equality holds by the
inductive hypothesis, since the branch of +¢ ending in +x is SLR, and it traverses +¢;.

¢ of the form A(py,...,xi(1z),...,¢n,) with A € T'; and €, (i) = 9: By the assumption of a
unique occurrence of x in ¢, the variable x occurs in v; for exactly one index 1 < i < n,4.
The assumption that e, () = 0 implies that +x oc —x;. Then

@(Uje[sj) = A(‘ﬂh"'v)ﬁ(Uje[ ) "7<P7LA)
= Alp1,--- mjerz(aj)-”v‘PnA)
= R(= s (Njerxi(S)% )
= Rl sy iS5 )
Ujer B(= - xi(55)% ) = Ujer 2(55),

where R is the (1, ei )-relation associated to A and the second equality holds by the inductive
hypothesis, since the branch of +¢ ending in 4+ is SLR, and it traverses —yx;.

¢ of the form A(yy,...,¢0;(1z),... ¢, ) with A € Ty and e (i) = 1or f(¢1,...,&(12), ..., on,)
with A € T’y and €, (7) = 0.

¢ of the form V(&q,...,&(1z),..., &, ) with V € Ty and ey (i) = 1 or g(&1, ..., ¥i(1z), ..., &ny)
with Vv € T’y and ey (i) = 0.

x of the form V(xi,...

yXi(1), ooy Xny) With V € Toand ey () = 1 or V(x1,- .., @i(12), ..., &ny)
with v € T’y and ey (7)

=0.
O

The next two lemmas will be the n-ary versions of Esakia’s and intersection lemma (see
and 2.7.11)).

Lemma 4.4.4. Let (X,<) be a Priestley space and R an n-ary closed relation on X and
Fiy...,Fn be filtered families of closed subsets of X, then for every j € {1,...,n} we have

R(ﬁfh...,ﬁfj_l,—,ﬁfj+1,.. m{R Fl,... G— 1,—,Fj+1,...,Fn) |er~7:z}

Proof. Let us do the proof for the ternary case. Let F; and F5 be two filtered families of closed
subsets. For every Fy € Fo, let us define the binary relation Rp, to be R(—,—, F3). We know
that Rp, is a closed relation and so, we can apply Esakia’s lemma to obtain

(WR(— F\,F) | Fy € Fi,F; € Fa}
=V Br(-.F) | Fi € Fi} | F» € F»}
=(WRr(—.NF) | F € F}
=({R(=,NF1, F) | F; € Fa}.
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We can use Esakia’s lemma once again for the binary relation Rz defined by R(—,NF, —), which
is closed, to obtain

({R(=.NF1, F) | F € Fo}

*ﬂ{RH ) | B € Fo}
:R}—l(_7ﬁf2)
ZR(—,ﬂf17ﬂf2)7

as required. O

Let us now introduce a notation for the next theorem. If ¢ is a formula, p is a variable
occurring in ¢, v a valuation on a slanted Priestley space X and S C X, then ¢(v(p)/S) will
denote the subset of X which is obtained via the usual method for calculating the valuation v of
¢ (see Definition , but where, instead of mapping p to v(p), we map it to S. If the context
causes no confusion, we will simply write ¢(S).

Lemma 4.4.5. Let ¢ and 1) be respectively ssc and sso, X a slanted Priestley space, F a filtered
family of closed subsets, O a directed family of open subsets and O a vector of clopen subsets of
X. Then, for any variable p of ¢ or ¢ and for any valuation v in X:

1. (a) If ¢ is positive in p, then o(v(p)/ NF) = {e(p)/F) | F € F},
(b) If ¢ is negative in p, then p(v(p)/ NF) = U{p(v(p)/F) | F € F},
2. (¢) If ¢ is negative in p, then p(v(p)/ UO) = {p(v(p)/O) | O € O},
(d) If ¢ is positive in p, then (v(p)/ U O) = H¢(v(p)/0) | O € O},

Proof. 1. We proceed by simultaneous induction on the lengths of ¢ and . The cases ¢ =
©1 A\ pa, ¢ = @1V e (and respective for ¥) are treated exactly as in the unary setting (see
Lemma [2.7.10). Now suppose that ¢ = A*(p, 7)), then p occurs positively in all ¢; of ¢
and negatively in all ¢, or ©. Hence, by induction, we have

p(NF) = 8™ (p(NF), »(NF)) = a7 (Np(F), U (F)).

Since A* is a c-slanted operator of order-type (1, 9), if we denote by R* its associated closed
relation, we have

p(NF) =07 (N p(F), Uy (F))
=R*(=,Ne(F), (Ve (F)))
=R*(=,Ne(F),Ny(F)%)
=R (=, [) e1(F),s [) @ v () e (Fasn)e [ n(FR)°
FPerF F,eF Fn+16]: FreF

Now, since every ¢; is positive in p and every 1; is negative in p, we have that the families
Fi ={(pi(F})) | F; € F} and Fj = {(¢;(F}))° | F; € F} are all filtered. Hence, by Lemma

we have

ﬂ{R asolFl 7wk(Fk)c)|Fla7er‘F}

To conclude the proof, we finally have to show that

(WER (= or(F1), o e (FR)) | Fr,o B € FYy = (R (= @1(F), ..., n(F)°) | F € F}.
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The inclusion C is clear. For the inclusion D, it is sufficient to note that, since F is filtered,
for all Fy, ..., F, € F, there is an element F' € F such that FF C Fy;N---N Fy and, therefore,
such that o;(F) C ¢;(F;) and ¢, (F;) C 9;(F), which leads to the conclusion.

O

Corollary 4.4.6 (Righthanded Ackermann lemma). Let ¢ be an ssc formula and p a variable not
occurring in p. Let 61(p), ..., 0,(p) be ssc formulas where p occurs positively and v1(p), - .., Yn(p)
sso formulas where p occurs negatively. For any slanted Priestley space X and for any valuation
v on X, we have

Xy 6i(0) <7i(p) foralli <n

if and only if there is a valuation v’ on X that may only differ from v in p such that

X Ev o <pand X [y 6i(p) < 7i(p) for all i <n.

Proof. For the if part , note that since p does not occur in ¢, we have trivially v(¢) = v'(p).
Hence, we only have to use the monotonicity of §; and the antitonicity of ~; to obtain

v(8i(p)) = di(v(p) = 6i(v'()) < 6i(v'(p)) < %V (p)) < %' (9)) = v(7i())-

We now prove the only if part. First, note that since ¢ is an ssc formula, its valuation v(¢p)
is a closed increasing set. Consequently, we have

v(p) = (O € 1 Clop(X) | v(y) C O}.

Hence, since by hypothesis X =, §;(¢) < vi(¢), we have

5;([J{O € 1 Clop(X) | v(¢) € O}) € %(N{{O € 1 Clop(X) | v(p) C O}),

which is equivalent to

({6:(0) €+ Clop(X) | v() € O} €| J{7i(0) € 1 Clop(X) | v() € O}

by Lemma m Then, §;(0) is closed and 7;(O) is open for every increasing clopen set O.
Therefore, by compactness, there exist Oq,...,0,, and Uy, ..., U, clopen sets containing v(y)
such that
3;(01)N---N&(On) Cv(U1) NNy (Up).

Set V; as O1N---NO,p NU; N---N Uy, then V; is an increasing clopen set containing v(yp)
and satisfying §;(V;) C ~:(V;), by monotonicity of §; and antitonicity of ~;. Finally, set O
as Vi N---NV,. We have that O is an increasing clopen set containing v(¢) and such that
0;(0) C ~;(0) for all i < n. We just have to let v be the valuation defined as v'(p) = O and
v'(q) = v(q) for all g # p to conclude. O

Corollary 4.4.7 (Lefthanded Ackermann lemma). Let ¢ be an sso formula and p a variable not
occurring in 1. Let §1(p), ..., 0n(p) be ssc formulas where p occurs negatively and v1(p), ..., ¥n(p)
sso formula where p occurs positively. For any slanted Priestley space X and for any valuation v
on X, we have

Xy 0:(Y) <43 (W) for alli <n

if and only if there is a valuation v’ on X that may only differ from v in p such that

X Eyp<¢and X =y 0;(p) < 7i(p) for all i <n.
Proof. The proof is similar to the one of Corollary with the required adaptations. O
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4.5 ALBA on analytic inductive inequalities

The aim of the algorithm ALBA is to determine whether a Lp g-inequality ¢ < 1 can be
transformed into a set of pure inequalities ALBA(p < ) := {p; < ;|1 € {1,...,n}} such that,
for a slanted lattice £, we have

LEe<y <= LEALBA(p < ). (4.2)

Note that if this equivalence is achieved, we will immediately have that ¢ < ¢ admits a first
order translation. Concerning canonicity, we should also prove that the equivalence remains
valid for perfects distributive lattices (i.e. discrete ones), which is proved for instance in [20].
Hence, we have for every canonical extension £° of a slanted lattice

L Ee<y = £ EALBA(p <) (4.3)

Finally, using Lemma and the fact that ALBA(p < ) is a set of pure inequalities, we
have a bridge between (4.2) and (4.3)), to an obtain the following diagram:

L EFe<y Lle<y
CEALBA(p <) & £ = ALBA(p < ¢)

Alongside the description of the algorithm, we prove that every one of its stages transforms
its input in an equivalent (for slanted lattices) output. We also highlight where the different
properties of analytic inductive inequalities are required. Finally, at the end of the algorithm,
we will state the one theorem that generalises Theorems 2.7.15] and [2.7.16]

Stage 1 : Preprocessing and initialization
Stage 1.1

ALBA receives an analytic (€, ¢)-inductive inequality ¢ < 1 and applies the following rules
for elimination of monotone variables (whose soundness is guaranteed by Proposition {4.4.2)
exhaustively

Y(p) x(p) <€
Y(T) x(L) <&(L)

for p(p) < ¥(p) positive and x(p) < £(p) negative in p, respectively.

Let us note that a non-critical variable is always monotone. Indeed, otherwise at least one
of its occurrence should be critical. Therefore, after Stage 1.1 we can consider, without loss of
generality, that the inequality contains only critical variables.

Stage 1.2

ALBA exhaustively distributes nodes A € T'; over V and nodes V € T'y over A, according to
their respective order-type, so as to bring occurrences of A and V to the surface whenever this is
possible and then eliminate them via exhaustive applications of splitting rules

p<PAE oVx <y
<Y p<E <y x<
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Definition 4.5.1. An inductive inequality is definite if the Skeleton nodes occurring in its
critical branches are SLR nodes.

When Stage 1.2 is completed on an analytic inequality, we obtain a set of definite inequalities
{¢l <} |1<i<n}. Indeed, suppose there is a +V node in ¢} or ;. Then, it is necessarily
under the scope of a +V or a —A, since otherwise it would have disappeared with the splitting
rules. Now +V and —A are PIA nodes (see Table and every branch of ¢} and ¢} is good,
hence +V must also be a PIA node. Of course, the argument is similar in the case of —A nodes.

As a consequence, we will from now on assume to work with definite analytic
inductive inequalities only.
Stage 1.3

Let (¢ <¥)[a/'z,B /'y, /2,0 /'] (recall Notation |4.2.10) denote one of the inequalities result-
ing from Stage 1.2. The algorithm ALBA transforms it into the following initial quasi-inequality

= 4.4
VivmVivn((j<a & B<m & i<y & d<n)= (¢ < )[4, 'm, i, !n]) (44

In the quasi-inequality above, symbols such as j < « denote the conjunction of inequalities of
the form j, < ay, for each j, € j and each aj € a. The soundness of this transition follows almost
immediately from Proposition [4.4.3] For instance, consider the case ¢(a/2) < ¢ with +a o ¢
(remember Notation [£.2.10). First, we have, almost by definition, that « = U{j € J* | j < a}.
Then, since we assumed to work only with definite inequalities, we know that the branch of ¢
ending in « is an SLR one. It follows that p(a) = U{p(j) | @« > j € J*}. Hence, we have that
w(a) < 1) is equivalent to j < o = ¢(j) < 1), as required.

Stage 1.4

Before moving each quasi-inequality separately to Stage 2 (described below), by exhaustively
applying splitting rules to the top-most nodes of the formulas in « and f, it is possible to
transform the resulting inequality of into one of similar shape in which each oy in o and
B in B contains exactly one e-critical occurrence.

Indeed, suppose for instance that 3 < m and § contains two e-critical occurrences. Neces-
sarily, 8 must contain an SRR node (recall that 8 is a definite PIA formula). Then, 8 cannot
satisfy the condition (b) in Definition of inductive formulas, which is absurd.

Consequently, the quasi-inequality will be represented as follows:

VivmViva((j <o, &j<a, &S <m& p <m&i<y&i<n)

= (o < )/ 1, tm Ny, Y1z, '), (4.5)

where p (resp. ¢) is the vector of the variables in ¢ < 4 such that €(p) = 1 (resp. €(q) = 9) and
the subscript in each PIA-formula in o and f indicates the unique e-critical variable occurrence
contained in that formula.

Stage 2: Reduction and elimination
Stage 2.1

From now on, we will work on the of inequalities in the antecedent of an (initial) quasi-inequality
(4 < a,...). The objective is to remove all propositional variables from it. The execution will
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be separated in two. In the first, we merely modify the inequalities to obtain inequalities of
the form required to use Ackermann lemmas, namely £ < p or ¢ < £. It will be done by using
the splitting rules already introduced in Stage 1.2 and the following residuation rules (whose
soundness is guaranteed by Theorem : For every A € T’y and V € 'y, and any 1 < i < ny

and 1 < j <ny,

INCIRC < i o) <
(Wl)r’1 y Pis 7507Lv)_1/) €v(Z):1 .];(901 % QDf) w Gf(l)za
wiévi(wl,"'arwa"'agonv) fi(%pla-"vww"a@nf)ggoi

¢§9<¢1,---7¢i7-~-,§0nv) N ¢§9(<P1>---7<Pi7~-~>90nv) N
- ev(i) =1 » ev(i) =0
G (@1, 30, 0ng) < 0 i <G (P15 55y Pn,)

Using the notations of Definition 4.3.7, the antecedent of (4.5) can be rewritten as

LA(op) (3, p,q) < p & RA(B,)(m,p,q) <p &zg (46)

& g <RA(Bg)(m,p.q) & i

Note that the non-critical variables in p and ¢ actually occurring in each formula LA(a,) (4, p, q),
RA(Bp)(m,p,q), LA(aq)(j,p,q) and R/—\(ﬁ;) (m,p, q) are those that are strictly Q-smaller than the
critical variable indicated in the subscript of the given PIA-formula.

We are now ready to actually remove all variables from the antecedent. This will be achieved

thanks to the Ackermann rules:
1. Right Ackermann Rule

&{xi <pl1<i<n} &{6;(p) <) 1< j<m} &{p < |1 <k <1} (RAR)
&{0;(Vi—y xi) <7 (Vimy xi) | 1< <m} &{0 <y |1 <k <1}

where:

e p does not occur in x1,...,xp orin 6y < p1,...,0; <y,
® 61(p),...,6m(p) are positive in p, and
e 1(p),...,Ym(p) are negative in p.

2. Left Ackermann Rule

&{p<xi |1 <i<n} &{dj(p) <vi(p) |1 <5 <m} &{bp < |1 < k<) (LAR)
&L (N xi) <Ny xa) | 1< <m} &{0p <y | 1 <k <1}

where:

e p does not occur in x1,..., X, orin 0y < py,...,0; < py,
e 51(p),...,0m(p) are negative in p, and

® 71(p), ..., ¥m(p) are positive in p.
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The soundness of theses rules is guaranteed by Corollaries and [£:47 Now, it should be
checked that has the shape required to apply Ackermann rules. This is where we see the
importance of the analyticity of the original inequality. Indeed, since every branch of ¢ < 9 is
good, it is clear that ~ is a positive PIA formula (recall Notation , while ¢ is a negative
PIA formula and that both are ¢?-uniform. Recall also that ¢(p) = 1 for every p € p and that
e(q) = 0 for every ¢ € g, so that we have —p o< +, —p ox —6,4-q o +v and + o« —§. Moreover,
we know firstly that 4 and n are respectively closed and open by definition and secondly that
every -y is sso and that every ¢ is ssc by Lemma Again by Lemma we know that
LA(cy,) and RA(B,) are ssc and that LA(ay,) and RA(f,) are sso. Hence, we may apply the right
Ackermann rule to every p € p and the left one to every ¢ € q.

Definition 4.5.2. For every p € p and ¢ € ¢, we define the sets Mv(p) and Mv(g) by recursion
on 2 as follows:

1. Mv(p) := {LA(ay) (G g, mv(p)/p, mv(q)/q), RA(By) (mp, mv(p)/p,mv(q)/q | 1 < k < ny, 1 <
h < ni,,mv(p) € Mv(p), mv(q) € Mv(q))}

2. Mv(q) := {LA(ag)(dp, mv(p)/p, mv(q)/q), RA(B,)[my, mv(p) /¢, mv(q) /g | 1 < h <my,, 1 <
k <mj,,mv(p) € Mv(p),mv(q) € Mv(q)}

~—

where n;, (resp. n;,) is the number of occurrences of p in « formulas (resp. in § formulas) for
every p € p and my, (resp. my,) is the number of occurrences of ¢ in a formulas (resp. in 3
formulas) for every q € q.

Lemma 4.5.3. The elements of Mv(p) (resp. Muv(q)) are closed (resp. open) pure formulas
whose nominal occurrences are respectively j and m.

Proof. This is done by induction on the strict order Q. We know by Lemma [4:3.9] that the for-
mulas LA(a,)(F, p, ¢) and RA(B,)(m, p, ) are ssc formulas while both the formulas LA(aq)(4,p, q)
and RA(ﬁp)(m,é@ are sso. It is then sufficient to use induction and Lemma m to conclude
the proof. O

By induction on €2, we can apply the Ackermann rules exhaustively so as to eliminate all
variables p and g. Then the antecedent of the resulting purified quasi-inequality has the following
form:

i <~(VMv(p)/p, \Mv(q)/q) & 6(AMv(p)/p, \Mv(q)/q) < n. (4.7)

Lemma 4.5.4. The inequalities of (4.7) are such that their left-hand sides are closed and their
right-hand sides are open.

Proof. Since we know that 1 is closed and that n is open by definition, we can focus on the formulas

vY(VMv(p)/p, AMv(q)/q) and §(AMv(p)/p, AMv(q)/q). First, let us show that v(mv(p)/p, mv(q)/q)
is closed for every mv(p) € Mv(p) and mv(q) € Mv(q). B a

Recall, from Notation 4.2.10|, that v(p, q) is a definite positive formula which is €?-uniform as

subformula of the original inequality. Recall also that €(p) = 1 for every p € p and that e¢(q) = 0

for every ¢ € gq. Therefore, we have —p oc +7v and +¢ o +~ for every p € p and every ¢ € gq.

Now comes the importance of the analytic status of the original inequality. Indeed, since every

branch of ¢ < ¢ is good, it is clear that « is a PTIA formula (again from Notation [4.2.10). Hence,

it is a positive PIA formula. Furthermore, recall that, by Lemma .3.9] we know that ~ is an

open formula and that by Lemma we have that mv(p) is ssc and mv(q) is sso. Therefore,

the conclusion is an immediate conclusion of Lemma H.3.5]
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To finally complete the proof, we will once again use the fact that « is a positive PTA formula
(that is it is practically a box) and therefore, for every variable p with —p o 4+, we have

Y(Vitixi/p) = N2y (Xi/p)
and for every variable ¢ with +¢ oc ++, we have
Y(NZixi/a) = Nz (Xa/ )

It follows that v(VMv(p)/p, AMv(q)/q) is a closed formula as conjunction of smaller closed for-
mulas. O

For the sake of aesthetic, let us shorten the formula v(VMv(p)/p, AMv(q)/q) into v(j,m) and
the formula §(AMv(p)/p, AMv(q)/q) into 0(j,m). The quasi-inequality . is hence equivalently
rewritten as

¥i¥mVYivn( <4(j,m) & 8(j,m) <n = (p < $)(G,mi,n)). (4.8)

And we finally arrive at the final stage of ALBA.

Stage 2.2
The quasi-inequality (4.8) is equivalent to the pure inequality
(v <¥)(F.m,v(j,m),5(j, m)) (4.9)
The direction (4.9) = (4.8) is immediate. To prove the direction (4.8) = (4.9), we have to

remember Notation [4.2.10| where we saw that ¢ was closed and 1 was open. It is then sufficient
to apply Proposition to conclude.

Conclusion

In every stage of ALBA, we transform the input in a semanticly equivalent output, starting from
an analytic inductive inequality ¢ < 4 to finally obtain a set of pure inequalities, set which is
denoted by ALBA(¢ < 1)). Therefore, for every slanted lattice £, we have

LEe<yiff £ ALBA(p < ).

It follows that the analytic inductive inequality ¢ < 1) admits a first order translation.
Moreover, since every inequality in ALBA(p < %) is pure, we have also

£ = ALBA(p < o) iff £° = ALBA(p < 7).

Now, it is proved in [20, Theorem 6.1] that the algorithm ALBA we discussed here is reversible
not only for clopen valuations but also for arbitrary valuations. Consequently, we have

£0 = ALBA(p < o) iff £0 = < 1.

In other words, the inductive inequality ¢ < 1) is canonical (in the sense of Definition [4.1.8). We
summarise this conclusion in the next theorem.

Theorem 4.5.5. Let p < v be an analytic inductive inequality. Then

1. there exists a first order formula ® in the language of the accessibility relations, effectively
computable from o <), such that for any slanted £ with dual X

LEe<yiff XEO,
2. for any slanted lattice £, we have

LEe<yiff £ Ep<y.
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4.6 Examples

Consider the inequality (Op A Oq) < O(p A ¢). We saw in Example that it was both
(1,1)-Sahlqvist and (€, (1,9))-inductive for the strict partial order p <g ¢. It is quite easy to
check that this inequality is also analytic. Hence, we can let ALBA run on the inequality with
two different set-ups. Remember that the generation trees of the inequality are given by

+
A

/N

IN
> —

/N

p q

=+ «— O+
_Qt — O+

Example 4.6.1 (Sahlqvist set-up). The critical nodes are +p and +¢. Using Notation |4.2.10)}
the inequality (Op A Og) < O(p A ¢) becomes a, A Qg <y with

e = A Qy < t, the Skeleton part of the inequality.

e a, = [p, a positive PIA formula (and hence open),

e a, = ¢, a positive PIA formula (and hence open),

e §=0(pAq), anegative (1,1)%-uniform and closed formula.

Stage 1.1 and Stage 1.2 do not apply in this example, so that we can directly move to Stage 1.3
and obtain

Vi,jmi<ap,& j<a, & <m=iA0j <m).
Now, by applying residuation rules of Stage 2, we obtain
Vi, jm#i<p& j<q&O(pAg) <m=iN0j<m).

Notice now that 44 is closed and p does not occur in it, ¢(p A q) is closed and positive in p
and —m is open (and negative in p). Hence, we can apply the Right handed Ackermann rule to
obtain

Vi, j,m(j < q & O(#ing) <m =iN0j <m).

Using a second time the Right handed Ackermann rule for ¢, we obtain
Vi, j,m(O(#iAj) <m=iA0j <m),

which is equivalent to
iN0G < O(#iNg), (4.10)

a pure expanded bimodal formula. The first order translation of (4.10)) is

{z} N R(—,y) € R(—, R(z,—) N {y})
which can easily be seen to be equivalent to

rRy=zRy.
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Example 4.6.2 (Inductive set-up). The critical nodes are +p and —q. With Notation 4.2.10]
the inequality (Op A Ogq) < O(p A ¢) becomes ay, A Oy < B, with

1. 2 A Qy < t, the Skeleton part of the inequality.
2. ap, = Op, a positive PTA formula (and hence open),
3. By, =O(p A q), a negative PIA formula (and hence closed),
4. v =g, a (1,0)%-uniform and open formula.
Once again, we can move directly to Stage 1.3 to obtain
Vi, jjmi<a, & f;,<m & j<vy=iA0j <m).
Now, by applying residuation rules of Stage 2, we obtain
Vi,jm@i<p&pAg<Bm & j<q=iA0j<m)
which is equivalent to (recall Lemma [4.3.8))
Vi, jm@i<p&¢<BmVp& j<qg=iA0j<m).

We have in particular LA(«,)(i) = 44 and RA(5,)(m,p) = Bm V—-p.
It is now time to define the sets Mv(p) and Mv(q). Since the strict partial order is given by
p <q ¢, we start with Mv(p), which is given by {#i}. Now, Mv(q) is given by

Mv(q) = {RA(5,)(m, mv(p)) | mv(p) € Mv(p)} = {Mm v—-4i}.

Hence, we get
v7‘7.777"'(.7 < .(m\/_")i é’l;/\OJ < m)’

which is equivalent to
(EmV—¢i) < B(mV-i), (4.11)

a pure expanded bimodal formula. The first order translation of is
R(—,y)°UR(—,2)° € R(— {z} n{y})"
which is equivalent to
[(z#YAGV2)zRyANz Re=2#2)]V[(e=y) AV2)(z Ro= 2z Ra)].
This last first order formula is shown to be equivalent, with some concentration, to
rRy=zRy.

It follows that the pure inequalities (4.10) and (4.11) obtained from (Op A Ogq) < O(p A q) in two
different settings are fortunately equivalent.

Example 4.6.3. Remember that in Example [2.8.2] we saw that the first order equivalent of the
inequality OOp < OOp was

(rtRyAnzRz)= (Ft)(yRtAzR1). (4.12)

Of course, we find this equivalence also in this formalism. First, we destructure our inequality
as usual in Qay, < 0§ where
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1. Oz < Oy, is the Skeleton part of the inequality,
2. oy, = Up, is an open formula,
3. § = Op, is a closed formula.

We then have the following sequence of equivalences

OUp < OOp
= Vjin(G<OpAdp<n=0j<0n))
<= Vjin4j<pAdp<n=0j<0O(n))
= Vjin(Oej<-n= 905 <0On))
= Vji(0F <O047)
= Vj(e0F < 00]).

Finally, the first order equivalent of the last expression is
R(R(_7 Z‘), _) - R(_’ R(JZ, _))
which is indeed equivalent to (4.12)).

4.7 Comparison with Chapter

We have seen two different processes (one in Section and one in this current chapter) to
determine whether a given formula/inequality is canonical/translatable or not. In this short
section, we discuss the differences and similarities between them.

The main idea remains identical: identify correct shapes of formulas to remove every oc-
currences of propositional variables via suitable "minimal valuations". Here stands the major
difference between the two chapters, which is actually the major difference between the Sahlqvist
and the inductive inequalities; the existence of an order to create these minimal valuations. In
Sahlqvist inequality, the minimal valuations can be determined somehow "simultaneously" while
the order € of inductive inequalities determine in which order we have to calculate the minimal
valuation associated the variables of the inequality (as it can be seen for instance in Example
4.6.2)). But, since this inductive case was not present in Chapter [2| we will not overly linger over
it and instead compare the resolution Sahlqvist inequalities. Consider for instance the following
executions for the formula Mp — p, the the inequality Hp < p for e = 1.

Chapter Chapter

Hp—p Hp<p
< WO CO & i<Epandp<m=i<m
& zcBO=2€0 & Qit<pandp<m=i<m
< R(—,z)CO=2z€0 & di<m=1i<m
& x € R(—,z) = R(—,x) & 1< 01

Table 4.3: Executions for Hp < p

In both cases, the minimal valuation is given by R(—, z), that is ¢ 4, and is generated by the
first occurrence of p (the one under the scope of ). We hence saw here that the Lemma
which guarantees the passage from = € BO to R(xz,—) C O, is a disguised use of the adjunction
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Chapter 4. Slanted canonicity

p < Mg if and only if Op < ¢. Alternatively, we could have solved the inequality Mp < p as 0-
Sahlqvist. In this case, we have the following execution and the minimal valuation is generated
by the second occurrence of p.

Hp<p
& i<Epandp<m=1i<m
& i<Em=i<m
< Em<m

Table 4.4: Execution for Hp < p

In particular, let us note that critical variable in the process of Chapter [2| can only occur in
the strongly positive part of the formula. On the other hand, for the process of [d] the critical
occurrence may appear everywhere in the inequality. Of course, the fact that Boolean algebras
constitute the setting of Chapter [2| part off nullifies this difference (¢ — % is equivalent to
Y = ).

The main ingredient of ALBA if of course the Ackermann lemmas. In Tables [1.3] and 4]
the Ackermann lemmas are used to transform ¢4 < p and p < m into {7 < m on one side and
i < Hp and p <m into ¢ < Mm on the other side. In the process of Chapter [2] the Ackermann
passage is somehow shortcut as we went from

0i <p (that is R(—,2) CO) =i <p (z€0)

to @ < i, using the intersection lemma (recall that the intersection lemma is a key element in
the proof of Ackermann lemmas). The limitation of this option is that clopen sets O can only be
considered as closed sets, since they approximate R-expressions (which are in particular closed
sets) from above.

Now, let us consider an example where the comparison of the methods is less straightforward:
the formula O(OOp — p), or, equivalently, the inequality T < O(O0Op — p). We have the
following executions:

Chapter Chapter

T <0O0Op — p)
i<Opandp<m=T <07 —m)
¢i<pandp<m=T<OWOi—>m)
¢i<m=T<0Oi—>m)
T<O0: — #1)

O — #1).

Let us recall that in Chapter |2 the creation of the minimal valuation for p (that is O) is not
immediate (see the proof of Theorem . Indeed, we first have to "extract" the part of the

formula R(¢t,—) C O to find the minimal valuation of p (in this case R(t,—) or, equivalently,

¢ i)and subsequently use the intersection lemma. Now, in Chapter 4 this "extraction" occurs

when we separate the Skeleton part of the inequality (in this case T < O(0x — y)) from its PIA

subtrees [Ip and p.

O(00p — p)

xRy= (ye OO =ye€O0)

rRy= (3t)(y Rtand R(t,—) CO) =y € 0)
tRy=(yRt= (R(t,—) CO=y€0))
rRy= (yRt=1tRYy).

teee
teeee

4.8 Balbiani-Kikot formulas

It is now time to continue the discussion started in Section .10l We first need to establish the
Balbiani-Kikot fragment of subordination formulas (in the sense of Definition [2.10.9).
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4.8. Balbiani-Kikot formulas

Definition 4.8.1 ([1]). Let a be a subordination term. We say that a is positive if it is obtained
from Boolean variables and the constant 1 by applying U and N.

Definition 4.8.2 ([I]). Let ¢ be a subordination formula. We say that ¢ is

1. negation-free if it is obtained from the atomic formulas a C b (where a C b is a shortcut
for a £b'), a # 0 and the constant T by applying V and A,

2. positive if it obtained from the atomic formulas a # 0, ma = 0, a C b and —a ¢ —b (with
a and b positive terms) and the constant T by applying A and V,

3. Balbiani-Kikot if it is of the form ¢; — ¢ with ¢ a negation-free formula and ¢, a
positive formula.

We already saw in Section [2.10] that there was no hope to obtain some kind of equivalence
between Balbiani-Kikot formulas (in the subordination language) and s-Sahlqvist formulas (in
the standard tense language). However, it is possible to translate subordination formulas into
the standard tense language when this language is extended with an universal modality ¢,. We
recall that a modal operator {,, is universal if {,,a = 1 for all a # 0. Equivalently, an universal
modality corresponds to the relation R = V. With this new modal operator, Vakarelov proposed
in [74] the following translation 7:

T(p)=p for all Boolean variables p

T7(0) =L

T(aUb) =71(a) V 7(b) for all Boolean terms a and b

7(a') = =7(a) for all Boolean terms a

7(a Cb) = 0u(O7(a) A7(b)) for all Boolean terms a and b

7(a <b) =0,(7(a) = 7(b)) for all Boolean terms a and b
(T)=T

T(p V) =71(¢) VT (1) for all subordination formulas ¢ and
7(=¢) = —7(¢) for all subordination formulas ¢.

It means that, instead of working with the tense language, we will work with the language

L= {/\7 vV, =, <>7 ’7 <>u}

Theorem 4.8.3 ([74]). Let X be a subordination space (or a Kripke structure) and ¢ be a
subordination formula. We have

X | if and only if X = 7(p).
Hence, in particular, we also have the following immediate theorem.

Theorem 4.8.4. Let ¢ and ¢ be subordination formulas. If 7(v) < 7(¢) is an analytic inductive
inequality, then ¢ — 1 is canonical and there ezists a first order formula ® such that for every
subordination space, we have

XEp—1ifand only if X = .

Now, we want to determine how the translation 7(p) of a Balbiani-Kikot formula ¢ slots into
the (analytic) inductive formulas of the current chapter.

Theorem 4.8.5. Let ¢ and v denote subordination formulas and a denote a Boolean term.
Then
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Chapter 4. Slanted canonicity

1. +7(a) and —7(a) are both Skeleton and PIA,
2. if v is negation-free, then +7(p) is Skeleton,

3. if ¢ is positive, then all variable nodes of —7(yp) are negative and all branches of —7(p)
are good,

4. if ¢ = ¥ is a Balbiani-Kikot formula then 7(¢) < 7() is an analytic 1-Sahlquist inequality.

Proof. 1. Tt immediately follows from the fact that the nodes ——, +—, +V, —V,+A and —A
are all Skeleton and PIA.

2. Since +A and +V are Skeleton nodes, it is sufficient to prove that the positive trees +7(a #
0) and +7(a C b) are Skeleton for all Boolean terms a and b.

e The formula a # 0 is trivially equivalent to the formula a € 0. Hence, we can consider
the positive generation tree of

7(a £ 0) = —0,(7(a) = L),

which is given by

b= B+

AN
<

1

P
=+
S—

By Item 1, we have that every node in this tree is indeed Skeleton.

e The positive generation tree of
T(a C b) = Ou(O7(a) AT(D))

is given by

and the conclusion once again follows from Item 1.
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4.9. An application: Canonicity via translation

3. Since —A and —V are Skeleton nodes and their children nodes are negative, it is sufficient
to prove that, in the negative generation trees of the formulas 7(a # 0), 7(—a = 0), 7(a C b)
and 7(—a ¢ —b), all variables nodes are negative and all branches are good when a and b
are positive Boolean terms.

We already have all the requisite trees from the previous item. Indeed, for the trees
—7(a #0) and —7(a’ = 0), we know that we will obtain —7(a) as child node of + — in the
first case and as children node of +— in the second case. Now, since a is a positive term,
we have that every variable node of +7(a) is negative, as required. Moreover, we have that
—7(a) is PIA from item 1. Hence, the conclusion follows from the fact that ——, +0, and
+— are PIA nodes in the first case, and from the fact that —[J,,, — and +— are Skeleton
nodes in the second case. The proofs for the remaining cases (¢ C b and —a ¢ —b) are
similar.

4. We have that every branch of +7(¢p) is good (since we only have Skeleton nodes) by item
2 and that every branch of —7(¢) is good by item 3. Moreover, since every variable node
of —7 (%) is negative, we know that it contains no 1-critical occurrence of variable. Hence,
every possible critical occurrence is contained in +7(p). Now, +7(¢) only contains Skeleton
nodes and, therefore, excellent branches.

O

Remark 4.8.6. Recall that the Balbiani-Kikot fragment was extended in [66], Section 6] to what
we could call Santoli formulas. Unfortunately, Theorem [£.8.5] does not extend to this greater
fragment of formulas, this is due to the presence of non-separating formulas in the consequent of
the implication. Consider for instance the subordination formula

T—(@CpVaCp)n(gCpVvpCq)
which is Santoli but such that its translation is not inductive analytic.

Remark 4.8.7. Looking carefully to the translation 7 proposed by Vakarelov, we can notice
that a valuation of 7(a C b) and 7(a < b) can only be equal to 0 or 1. Therefore, there is
another possible translation from subordination language to a modal language with two (binary)
operators which maps elements of B to 0 or 1, and hence, not slanted (we choose to blend the
language with its interpretation for the sake of readability). This is the option considered for
instance in [4] Section 7]

4.9 An application: Canonicity via translation

Let us conclude this chapter with an application of the canonicity and correspondence theorem of
Section 4.5 But, first, let us explain how to obtain a slanted algebra from a bounded distributive
lattice L. By Priestley duality (see Appendix [B.I)), we know that the elements of L can be
considered as the increasing clopen sets of a Priestley space X = (X1, <), which is, in particular,
a Stone space. Therefore, we can endowed the Boolean algebra Clop(X ) with the c-slanted
operators

O0<:0r— 10 and O> : O — 10

to obtain a slanted algebra B = (Clop(Xy,), 0<, ) associated to the original lattice L.

Note that, in certain cases, the operators ¢< and ¢> are actually operators in the standard
sense. For instance, if L is a Heyting algebra, that is if for every a,b € L there exists a greatest
¢ such that a A ¢ < b, then, by Esakia duality [33], we know that the operator Q< is standard.
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Chapter 4. Slanted canonicity

Moreover, the operator (> is standard when L is a co-Heyting algebra and both are standard
when L is bi-Heyting.

Moreover, thanks to [67], we know that every standard operator f (or g) of order-type e € 1,9"
on a bounded distributive lattice L correspond to an (n + 1)-ary closed relation, with additional
properties, on its dual. Therefore, since a closed relation is the only requirement to define
slanted operators on a Stone space (there is no order), we also have a slanted operator f° (or
g°) corresponding to the initial standard operator.

These constructions are considered in [21] where Godel-McKinsey-Tarski type translations
(GMT-type translations) are used to obtain Sahlqvist correspondence and canonicity as transfer
results. The idea is that a GMT-type type translation 7. is defined for each variable p of a set
of variables Var according to an order-type € over Var. The dependence on the order-type is
required to preserve the syntactic shape of (€2, ¢€)-inductive inequalities when passing from an
arbitrary distributive lattices expansions (DLE) language to its corresponding target Boolean
algebras expansions (BAE) language, augmented with the modalities < and ¢> we introduced
earlier.

With these parametric translations, the correspondence via translations is obtained for induc-
tive inequalities in an arbitrary DLE-language (see [2I, Theorem 6.1]), however the canonicity
via translations is only obtained for the particular case of bi-Heyting algebras (see [2I, Theorem
7.1]). This result was not directly extended to the general case because the operators {< and
O> are slanted and not standard and the results presented here and in [25] were not available.
Before we cut to the chase, let us introduce the following notations for further uses.

Notation 4.9.1. Let (X, <) be a Priestley space (resp. an ordered set), {R; | i € I} a set of
relations increasing in their first coordinate, {S; | j € J} a set of relations decreasing in their
first coordinate and {e; | kK € T U J} order-types. Then:

1. Bx (resp. B%) denotes the Boolean algebra Clop(X) (resp. P(X)) endowed with the
operators:

o A (Ey,....,Ey,)— Ri(—,Er,...,Ep,) foraliel,

o Vi (B, ..., Epy) — Si(— EY,... B} )¢ forall j€J.

¢ 0<: 0+ |0 and 05 : O —> 10,

2. L£x (resp. £%) denotes the distributive bounded lattice T Clop(X) (resp. 1P(X)) endowed
with the operators:

o 8;:(Er,...,Ep) — Ri(—, ESM . EZ")) forall i €1,
o 0i: (B, En)— S(— EYW . EGM))e for all j € J.

Note that, as we mentioned earlier, B x is in general a slanted algebra, while £x is a standard
DLE.

Definition 4.9.2. We freely use the notations and definitions of [2I], Section 5.2.1]. Let LpLg =
LpLe(F,G) be an arbitrary normal DLE-signature and let e be an order-type over Var, the
signature of the target language of the parametric GMT-type translations 7, is the normal BAE-
signature L5 = Lpar(F°,G°) where F° :={Ox>U{f° | f € F},and G°:={0<}U{¢° |g €
G}, and for every f € F (resp. g € G), the connective f° (resp. ¢°) is such that nyo = n, (resp.
nge = ng) and €y (i) = 1 for each 1 < i < ny (resp. €40 (i) =1 for each 1 <i < ny).

The target language for the parametrized GMT translations over Var is given by

Loapdas=p|Llavalara|-a|f@)|¢@) | 0sa|Dca.
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Then, for any order-type € on Var, the translation 7. : Lpr,g = L is defined by the following
recursion:

(L) = 1

Te(—l—) = T
. (p) _ DSP if 6(}7) =1 Te(¢ A 1[’) = T£(¢) A 7_6(1/1)
‘ Osp if €(p) = 0, T(oVY) = TA¢)VTA¢Q
T(f(9) = 0xf°(79) )
7e(9(0)) O<g°(7e(0) *)

where for each order-type 1 on n and any n-tuple ¥ of L3 ,p-formulas, @n denotes the n-tuple

(i), where ¥ = 1); if n(i) = 1 and ¢} = =, if n(i) = 9.
We now have the following theorems from [21] Corollary 5.13 and Proposition 7.4].

Theorem 4.9.3. Let (X, <) be a Priestley space (resp. an ordered set) and £x and Bx (resp.
% and B ) be the algebras introduced in Notation |4.9.1 Then, for any order-type € on Var
and for any inequality ¢ < ¥ in LpLg, we have

Lx ':SOS'IZJ <~ By ):TG(SD)STG('IZJ)

and
XFe <y = By Frlp) <1e(v).

As an immediate corollary of the previous theorem, we have that when the inequality 7.(¢) <
Te(1) is canonical (in the sense of Theorem , then the original inequality ¢ < ¢ is also
canonical (in the standard sense). In particular, we have therefore that ¢ < v is canonical
whenever 7.(¢) < 7.(¢) is analytic inductive. One may note that the translation 7. does not
preserve the analytic properties since it is intended to preserve only the shape of critical branches:
a O< connective is added in front of every occurrences of a variable p such that ¢(p) = 1 and a 0>
connective is added in front of every occurrences of a variable ¢ such that e(q) = 0. Therefore, in
the generations tree of 7.(¢) < 7.(¢)), we have PIA nodes right before the leaf nodes of e-critical
branches. Unfortunately, it also means that we have Skeleton nodes right before the leaf nodes
of non-critical branches. Let us consider the following examples.

Example 4.9.4. 1. The inequality O0p < OOp is analytic e-inductive for e(p) = 1 and its
Te-translation, which is given by

0>0°0<0°O<p < U<O°0> 00> p,
is not analytic since the branch associated with O<°¢>0°O>p is not good.

2. The inequality Op V ¢ < Op A Oq is analytic e-inductive for €(p,q) = (1,0) and its 7.-
translation, which is given by

0>0°0<pV O<q < O<O0°0O<p A 0004,

is analytic.
Hence, we can observe that an 7.-translation of an analytic inductive inequality remains
analytic if and only if the PIA parts of the non-critical branches are either reduced to a variable
node or variable frees. This observation leads to the following definition.
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Definition 4.9.5. Let € be an order type on Var, we say that an (,¢)-analytic inductive
inequality (¢ < ¥)[a@/'z, 3/19,7/'Z,5/'t] (as in Notation is 7.-transferable if for every
maximal positive (resp. negative) e?-uniform PIA-subformula vy in 7 (resp. § in 6), either v = ¢
(resp. 6 = p) for some g € Var (resp. p € Var) such that e(q) = 0 (resp. €(p) = 1), or v (resp. 9)
does not contain atomic propositions at all.

From the definition above, we immediately have the following proposition.

Proposition 4.9.6. If ¢ < 1 is a T.-transferable (Q, €)-analytic inductive Lprg-inequality ,the
Lpag-inequality 7.(¢) < 1.(1) is analytic inductive, and hence canonical (in the sense of Theorem

.

Hence, finally, we can extend [21], Theorem 7.2] as follows:

Theorem 4.9.7 (Canonicity via translation). For any order type ¢ and any strict order Q on
Var, the slanted canonicity theorem for analytic (2, €)-inductive L 5p-inequalities transfers to
Te-transferable analytic (2, €)-inductive Lprg-inequalities.
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Chapter 5

Gelfand duality for compact
po-spaces

In this chapter, our main goal is to mimic what happened when we went from Stone duality
to Priestley duality, more precisely when we went to Stone spaces to Priestley spaces, that is
"ordered Stone spaces".

In [7], Bezhanishvili, Morandi and Olberding established a duality between the categories
ubal and KHaus (see Appendix for details). This duality may be seen as a particular side
of a square of dualities and equivalences.

KHaus — KRFrm

o~ |
ubal DeV

In this square, we already explored the duality KHaus - DeV in Chapter [1] and gave a sketch
of the duality KHaus - ubal in Section For the duality between KHaus and the category
of compact regular frames and frames homomorphisms KRFrm, we redirect the reader to [46,
IT1.1.8 and II1.1.10] for definitions and a proof of the duality.

Bezhanishvili and Harding extended three of these dualities and equivalences in their article

[6]-

StKSp StKFrm

™~ _—

KHaus — KRFrm

o~ |
ubal DeV

\
PrFrm

It appears that the fourth corner of the external square is missing. In order to complete it,
we will make use of a category equivalent to StKSp (the category of stably compact spaces
with proper continuous functions): the category KPSp of compact po-spaces and continuous
increasing functions, which explains the parallel with the transition from Stone to Priestley we
made earlier.
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5.1 Stably compact and compact po-spaces

In this section, we will briefly describe the equivalence between KPSp and StKSp. The results
and definitions are mostly from to [38, Section VI-6] and [53].

Definition 5.1.1. A compact po-space (for partially ordered space - also sometimes called a
Nachbin space) is a pair (X, <) where X is a compact space and < is an order on X which is
closed in X?2.

Remark 5.1.2. Recall that a topological space X, whose topology is denoted by 7, endowed
with a closed order is necessarily Hausdorff and that 77, the set of increasing open sets, is a
topology on X. (see Proposition in the Appendix)

Definition 5.1.3. We denote by KPSp the category whose objects are compact po-spaces and
whose morphisms are continuous increasing functions.

In order to characterise the category of stably compact spaces, some preliminary definitions
will be required.

Definition 5.1.4. Let X be a topological space and S C X.

1. The saturation of S, denoted by S°, is the intersection of the open sets of X containing
S. Moreover, we say that S is saturated if it is equal to its saturation.

2. We say that S is irreducible if S C F; U F, for F; and F5 closed sets of X implies that
S C F; for at least one i € {1,2}.

We are now ready to give the definition of stably compact spaces.

Definition 5.1.5. 1. Let X be a topological space. We say that X is sober if every irre-
ducible closed subset of X is the closure of a singleton. We say that X is coherent if its
set of compact saturated sets is closed under finite intersection. We say that X is locally
compact if every z € X admits a base of compact neighbourhoods. Finally, we say that
X is stably compact if it is compact, locally compact, coherent and sober.

2. Amap f: X — Y between topological spaces is said to be proper if for every saturated
compact subset K of Y, the set f~!(K) is compact.

3. We denote by StKSp the category whose objects are stably compact spaces and whose
morphisms are proper continuous functions.

Theorem 5.1.6. Let (X, <) and (Y, <) be compact po-spaces and let f : X — Y be an increas-
ing continuous function. Then, Up(X) = (X,771) is a stably compact space and

Up(f) : Up(X) — Up(Y) : @ — f(x)
is a proper continuous function.

Proof. The proof strongly relies on two remarks. The first one is that an increasing subset K of
(X, <) is compact in the original topology 7 if and only it is compact in the topology 7. And
the second is that a locally compact Hausdorff space is sober if and only if it is well-filtered. [

Now, we have to find a way to obtain a compact po-space from a stably compact space.
According to Theorem [5.1.6] we should keep the same underlying set and define a new topology,
as well as an order, on it to obtain an equivalence.
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Definition 5.1.7. 1. Let (X, 7) be a stably compact space. The canonical order on X is
defined as follows L
r<,y< ey}

2. Let (X, 7) be a topological space. The co-compact topology, denoted by 7%, on X is the
topology whose closed sets are generated by the compact saturated sets of 7. The patch
topology, denoted by m, is the smallest topology that contains 7 and 7.

Theorem 5.1.8. Let (X,7) and (Y, 7) be stably compact spaces and let f : X — Y be a proper
continuous function. Then Ord(X) = (X, 7, <) is a compact po-space and

Ord(f) : Ord(X) — Ord(Y) : z — f(x)
is an increasing continuous function.

Proof. The compactness of (X, ) is again proved thanks to the fact that (X, 7) is well-filtered.
The proof that the order is closed exploits the fact that |,z is a closed set of 7. O

It remains to prove that the functors Ord and Up establish an equivalence. This can be
achieved by showing that Ordo Up and UpoOrd are the identity functor of their respective
category. This proof heavily relies on the following proposition.

Proposition 5.1.9. Let (X, 1) be a topological space. The following are equivalent:
1. (X, 7) is stably compact,
2. (X,m,<,) is a compact po-space such that 7' =7 and ™ = 7%,
3. there exists a topology o on X such that (X,0,<,) is a compact po-space and o' = T.
4. (X, 1) is locally compact and (X, 7) is compact.

We can now change the squares of dualities and equivalences with the following one.

KPSp StKFrm
\ /
KHaus — KRFrm
o~ |
ubal DeV

~

PrFrm (5.1)

5.2 Semibals

Uunlike the non-ordered case of compact Hausdorff space (see Appendix, the ring of contin-
uous functions C(X,R) cannot be used to characterise a compact po-space X. A quick way to
convince to see this is to consider a compact po-space (X, 7, <) with an order that is not the
equality (examples of such spaces are given by Priestley duals of bounded distributive lattices).
Then, as we already stated in Remark (X,7) is a compact Hausdorff space, and hence
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(X,7,=) is a compact po-space. Now, (X, 7,<) and (X, 7,=) obviously share the same ring of
continuous functions and are anything but isomorphic in KPSp.

As we will prove later on, the role of C'(X,R) will be fulfilled by the set of positive increasing
continuous functions, which will be denoted by I(X,R™). But, as this set is clearly not closed
under opposites, it is not a ring. This is why we turn to a category of semirings (see for instance
[40]) to describe it.

Definition 5.2.1. 1. A semiring is an algebra A = (A, +, -,0, 1) where the algebras (4, +,0)
and (A4, -,1) are commutative monoids, the distributive law holds and multiplications by 0
annihilates A.

2. A po-semiring (for partially ordered semiring) is an ordered structure A = (A4, <) where
A is a semiring and the following axioms hold:

(a) a<bifand onlyif a+c <b+c,
(b) a < band ¢ < d implies ad + bc < bd + ac.

A trivial observation about a po-semiring A is that it is additively cancellable, i.e. for every
a,b,c € A, a+ c=0b+ cimplies a = b. This follows immediately from the antisymmetry of the
order < and from point 2.(a) of Definition Moreover, a direct consequence of point 2.(b)
is that a < b and 0 < ¢ implies ac < be.

Finally, if a, b, ¢ and d are elements of A such that a < b and ¢ < d, then a+c¢ < b+d. Indeed,
by 2.(a), we have a + ¢ < b+ ¢ < b+ d. The conclusion then follows from the transitivity of <.

Definition 5.2.2. Let A be a po-semiring. We say that A is:
1. positive if every element of A is greater than 0,
2. bounded if for every element a € A, there exists n € N such that a <n -1,

3. Archimedean if for each a,b,c,d € A, n-a+c < n-b+d for every n € N implies that
a<b.

Recall that a po-ring B is said to be Archimedean if for each a,b € B, n-a < b for each
n € N implies a < 0. Therefore, it may seem at first glance that the two definitions of being
Archimedean differ. We will see later that this new definition of Archimedean is the one actually
required. Anyway we can understand now why it is not fundamentally different from the "original
definition". Indeed, suppose that a semiring admits opposites. In this case, we have

n-a+c<n-b+den-(a—b)<d-c

and
a<bsa—b<0.

Hence, we get back the usual definition of Archimedean.
Definition 5.2.3. A po-semiring A is:

1. an ¢-semiring if (A, <) is a lattice such that

(@) (avbd)+c=(a+c)V(b+c),
(b) (anb)+c=(a+c)A(b+c).
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2. a (real) semialgebra if it is endowed with a map

AxRY — A:(a,7)—71-a

such that:

(a) a<bimpliesr-a <7-b,

(b) r-(a+b)=r-a+r-band (r+s)-a=r-a+s-a,
(¢c) r-(a-b)=(r-a)band r-(s-a) = (rs) - a,

(d) 1-a=a.

3. a semibal if it is a semialgebra and a positive bounded Archimedan ¢-semiring.

Proposition 5.2.4. Let A be a semibal, a,b € A and r € RT. Almost immediately from the
definitions, we can derive the following equalities:

O0a=0, r(aVb)=raVvrd, r(aANb)=raArb.
Proof. The first equality follows from the fact that A is cancellable and the equality
0a+0=0a=(0+0)a = 0a+ Oa.

The second equality is trivially true when r = 0. In the other cases, we have ra, rb < r(aVb),
whence raVrb < r(aVb). Moreover, if ra, rb < ¢, then aVb < %c, or in other terms, r(aVb) < ¢
which concludes the proof.

The third equality is proved in a similar way. O

Example 5.2.5. 1. As stated in the introduction, for X a compact po-space, we wanted a
category to describe the set I(X,R™) of all increasing continuous function from X to R™.
It is then not a surprise that the main examples of semibals are given by these sets.

2. Consider B to be a bal (see Appendix [B.4.1)). Its positive cone
Bt :={beB|b>0}

with the operations inherited from B is a semibal. While this may seem trivial, it is
important to note that it is a valid example because B satisfies 0 < 1.

3. The set R" with the usual operations is a semibal.

Definition 5.2.6. We denote by sbal the category whose objects are semibals and whose mor-
phisms, named semibal morphisms, are defined in the natural way, that is they respect the
operations of semibals.

Now that we have a category candidated to fill the missing corner of Diagram (5.1), we have
to check if it respects the following conditions:

1. it admits ubal as a subcategory,
2. it is dually equivalent to KPSp,

3. the duality between ubal and KHaus is extended by the duality between sbal and KPSp.
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5.3 The -’ functor

Just as KHaus is a (full) subcategory of KPSp, we have to determine if bal is a subcategory
of sbal. While, in the topological case, the statement is quite obvious (just consider the equality
as an order), it will require further work in the algebraic case.

In this section, we will describe a functor from sbal to the category bal and its adjoint functor
from bal to sbal. Note that the former functor will enable us to transfer results obtained in bal
to sbal. These functors will be equivalent respectively to the forgetful functor from KPSp to
KHaus and to its adjoint, the inclusion functor.

Definition 5.3.1. Let A be an /-semiring. We define the binary relation ~ on A? as follows
(a,b) ~ (c,d) & a+d=b+c. (5.2)
Proposition 5.3.2. The relation defined in (5.2)) is an equivalence relation.

Proof. Tt is easy to prove that ~ is symmetric and reflexive. Now, suppose that (a,b) ~ (¢, d)
and (¢,d) ~ (e, f). Thatisa+d=b+cand c+ f = d+ e. Adding the two together, we obtain

a+f+(d+c)=e+b+ (d+c).
What remains to do is use cancellability to get a + f = e + b, that is (a,b) ~ (e, f). O

Note that the relation ~ is a, without any pun intended, natural way to construct opposites
in an environment that lacks this property. Indeed, it is analogue, if not identical, to the relation
used to construct Z from N. Hence, the equivalence class (a,b)~ may be considered as the
difference a — b. Consequently, the set A%/. may be considered as A — A, that is the set of
differences of elements in A. It follows that the product (a,b)™ - (¢,d)™, still to be defined, can
be seen as

(a—0)-(¢c—d) = (ac+ bd) — (ad + bc) = (ac + bd, ad + bc)™.

We will now prove that the natural definition of the operations on A2/ does not depend on the
chosen representative.

Lemma 5.3.3. If A is an {-semiring and if
(a1,b1) ~ (az2,b2) and (c1,d1) ~ (ca,d2),
then:
1. (a1 +c1,b1 +di) ~ (a2 + ca, b2 + d2),
2. (a1c1 4+ bidy, a1dy + bicr) ~ (agea + bada, asds + baca),
3. a1 +dy < by +cy if and only as + dy < by + co.
Proof. 1. Since we have a; + by = as + by and ¢; + ds = ¢o + dy, it is clear that

a1+01+b2+d2:b1+d1+a2+62.

2. Still from aq + by = as + by and ¢ + dy = ¢o + dq, we obtain

e ciay + ciby = c1b1 + craz,

[ ] d1a2 + dlbl = d1a1 + d1b2,
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e ascy + azdy = ascy + aqdy,
(] 6282 + b2d1 = bgCl + bgdg.

It suffices now to add the four equalities together and then use the fact that A is cancellable
to get the conclusion.

3. We have, by hypothesis and cancellability,
ay +dy <by +cy
= a1 +ba+di +do < by +c1 +da+ba
~—— N——

=bi+az =co+dy
< ag +dy < by + co.

O

Using Lemma [5.3.3) we are now going to prove that A%/ ~ is as bal. Of course the properties
bounded, Archimedean and R-algebra of an sbal A are intended to implies their respective
correspondents in A%/ ~, as we now see.

Lemma 5.3.4. Let A be an (-semiring and let A® be defined as A%/.. The set A equipped with
the operations +, - and the order < defined as :

1. (a,b)~ + (c,d)~ = (a + ¢, b+ d)",
2. (a,b)~ - (¢,d)™ = (ac+ bd,ad + be)™,
3. (a,0)~” < (c,d)” = a+d<b+ec,

is an (-ring.

Proof. Thanks to Lemma [5.3.3] we know that the operations and the order are well-defined.
It is not hard to prove that A® is a ring whose identity elements are (0,0)~ for addition and
(1,0)~ for multiplication. What remains to prove is that A is a lattice and that

(¢) (a1,b1)™ < (ag,b2)™ implies (a1,b1)~ + (¢,d)™ < (az,b2) + (¢, d)™,
(d) 0<(a,b)~,(c,d)™ implies 0 < (a,b)™ - (¢,d)™.
Let us show that (a,b)™ V (¢,d)™ exists and is equal to ((a +d) V (b + ¢),b+ d)~. Indeed, we
have first (a,b)™ < ((a+d) V (b+c),b+ d)”~ since
a+b+d<((a+d)V(b+c)) +b.

Similarly, we have (¢,d)™ < ((a+d) V (b+¢),b+ d)~. Moreover, let (e, f)~ be an equivalence
class such that (a,b)™, (¢,d)™~ < (e, f)~. It follows that ¢+ f < d+e and a + f < b+ e, hence
a+d+f<b+d+eand b+c+ f <b+d+ e. Now, it follows that

(a+d)Vb+e))+f=(a+d+f)V(b+c+ f)<b+d+e,

hence ((a+d) VvV (b+¢),b+d)~ < (e, f)~.

In an analogue way, one can prove that (a,b)™ A (¢, d)™ exists and is equal to ((a +d) A (b+
c),b+d)™~.

One just needs to use the definitions to prove (c) and (d).
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Lemma 5.3.5. If A is a positive bounded (-semiring, then AP is a bounded (-ring.

Proof. Let (a,b)™ be an element of A®. We have to find a natural n such that (a,b)™~ < n-(1,0)~,
or in other terms, such that a < n-1-+b. But, since A is bounded, there exists n’ € N such that
a <n'-1and, since A is positive, 0 < b. Hence, we get

a=a+0<n -1+0,

as required.

Lemma 5.3.6. If A is an Archimedean (-semiring, then A® is an Archimedean (-ring.

Proof. Suppose that (a,b)™,(c,d)~ € A® are such that n - (a,b)~ < (¢,d)~. That is, in other
words, such that n-a+d < c¢+n-b, for all n € N. Since A is Archimedean, it implies that a < b
and, hence, that (a,b)™ < (0,0)™ as required. O

Finally, we just have to focus on the R-algebra structure of bals and semibals.
Lemma 5.3.7. If A is a semialgebra, (a,b) ~ (c,d) and r,s € RT, then

(ra+ sb,rb+ sa) ~ (rc+ sd,rd + sc). (5.3)

Proof. Since is equivalent to
rla+d)+s(b+c)=rb+c)+s(a+d)
and since, by hypothesis, a + d = b + ¢, the conclusion is immediate. O
We now arrive at the theorem that conclude the construction of A°.

Theorem 5.3.8. If A is a semibal, then A’ equipped with the scalar multiplication defined by
(r—s)-(a,b)~ = (ra+ sb,rb+ sa)™ (with r,s € RT)
is a bal.

Proof. Thanks to Lemmal5.3.7, we know that the scalar multiplication is well-defined. Moreover,
since we already proved Lemmas 5.3.4] |5.3.5] and [5.3.6, we only have to to show that A° is an
R-algebra such that (0,0)~ < (a,b)~ and r» € R™ implies 0 < r(a, b)™.

It is straightforward to prove that A’ is an R-algebra. We will just prove, as an example,

that
((r=s)(a,0)7)(c,d)” = (r — 5)((a,b)"(c,d)™).

We have indeed

((r=s)(a,b)~)(c,d)~ = (ra+ sb,sa+rb)~(c,d)™

= (rac + sbc + sad + rbd, rad + sbd + sac + rbc)™

= (r(ac+ bd) 4+ s(bc + ad), r(ad + be) + s(bd + ac))™
= (r — s)(ac+ bd, bc + ad)™

=(r—

s)((a,0) (¢, d)™).

We just need the definition of semialgebra to prove the last part. O
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To conclude the construction of the passage from sbal to bal, we should now determine how
to lift a morphism between sbals to a morphisms between their associated bals.

Proposition 5.3.9. Let a be a morphism of sbal(A,C). The application o’ : A> — C° defined
by

a’((a,b)™) = (a(a), (b))~

is a morphism of bal(A® C?).

Proof. First, we have to prove that a’ is well-defined. But this is clear since, on one hand,
(a,b) ~ (c,d) means that a + d = b+ ¢ and, on the other hand, « respects the addition. Hence,
aa) + a(d) = a(b) + alc) as required.

In addition, we have to prove that the map o’ respects every operation o in {4, -, A, V, (1) er) }-
Let us show it for V, keeping in mind that the proofs of the remaining cases follow similar paths.
We have

Definition 5.3.10. We denote by -* the functor from sbal to bal which maps a semibal A to

the bal A and a semibal morphism « to the bal morphism a®.

Remark 5.3.11. In order to continue our presentation of the functor -® and its soon to be defined
adjoint, we will digress briefly giving a summary of some properties of f-rings. An interested
reader can find the wanted proofs in [8, Chapters XIIT to XVII].
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Property Required object
a<b=-b< —a partially ordered ring
a<cb<d=a+b<c+d
a>0etb<c=ab<ac
—(aVb)=(—a)A(=D) (-ring
~(anb) = (~a) v (-b)
a+(bAc)=(a+b)A(a+c)
nb>0=5b>0
a+bVe)=(a+b)V(a+c)
a+b=(aVb)+ (aAb)
a,b>0=a+b>aVb
la + 0| < |a| + |b]
la]=0=a=0
a>0=abVac<aVc)
a>0=abNac>a(bAc)
anNb=0etaNc=0=aA(b+c)=0
aVb=0etaVec=0=aV(b+c¢)=0
distributive lattice {-ring
aANb=0=ab=0 f-ring
laj]AN1=0=a=0
a>0=a(bVec)=abVac
a>0=a(bAc)=abAac

|ab| = |al[b]
a?>0
1>0
(totally) ordered integer f-ring
f-ring bounded /-ring

For the sake of completeness, we define the concept of f-ring: it is an ¢-ring satisfying the
following axiom:
aAb=0and c>0=caAb=acAb=0.

Definition 5.3.12. For an element b of an ¢-ring B, define

bt :=bVvO0and b~ := (-b) V0.
Using properties of /-rings, it is not hard to prove that

bt —b~ = (bVv0)+ (bA0) =b.

In particular, this will imply that an object of the category bal is completely determined by its
positive cone, as we will see latter.

Now that we have the functor from sbal to bal, we can focus on the other direction. As
Example suggests, this functor should map a bal B to its positive cone BT. The following
proposition completely determines the behaviour of the functor from bal to sbal.

Proposition 5.3.13. If « is a morphism of bal(B, D), then its restriction to BT, denoted by
a™, is a morphism of sbal(B*, DV).

Proof. First of all, if b € BT, then a(b) > «(0) = 0, so that we have a(b) € DT as required. In
addition, o™ obviously respects all the operations of semibals. O
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Proposition 5.3.14. For each bal B, the map
ng:B — (BN b (bF,07)™

is an isomorphism in the category bal such that, for every a € bal(B, D), the following diagram
1§ commutative.

B

B (B+)P
| e
D — = (DF)’

Proof. 1. The map np is injective. Consider two elements a,b € B such that (a™,a™)~ =
(b™,b7)~. By definition, it means that a* + b~ = b" + a~, or equivalently that

a=at—a” =bt —b" =,

as required.

2. The map np is onto. Consider (a,c)™~ € (B*)? and let b = a — ¢. Then, we have
b=bt—b"=a—ceb " +c=b" +a,

that is (bT,b7) ~ (a,c) as required.

3. The map 7p is a morphism in bal.
(a) Using the properties of Remark we have immediately that
I"T=1v0=1land 1~ =(-1) V0 =0,

such that np(1) = (1,0)".
(b) It follows from
at+b"—a —b " =(at —a )+ (bt —b)=a+b=(a+b)" —(a+b)"
that
(@t + 5%, 0™ +b7) ~ ((a+8)*, (a+b)),
that is ng(a) + np(b) = np(a +b).

(c) To prove that ng(a) - ng(b) = np(a - b), it suffices to check if (ab)™ = a™b* + a~b~
and (ab)” = a™b~ + a~bT. We prove the first equality:

The conclusion now follows from the fact that (a*d™ +a=b7) > 0 and (—a"b" —
atb™) <0.
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(d) We know that np is a bijection. Moreover, for every a,b € B, we have that a < b if
and only if ng(a) < ng(b) (Recall that the order of (BT)" is given in [5.3.4). This is
enough to prove that ng(a A b) = ng(a) Ang(b) and that ng(aVbd) =ng(a) VvV np(d).

4. The diagram is commutative. Indeed, for b € B, we have
a®)™ =ad)v0=ab)Va0)=abV0)=ab),
and similarly a(b)” = «(b~). Hence, we have

o (a(b) = ()", a(b)7)™ = (™ (b%),a (b7)~ = (™)’ (n5(b)).

Proposition 5.3.15. For each sbal A, the map
ea: A— (AT a— (a,0)”

is an injective morphism in the category sbal such that, for every morphism « of sbal(A,C),
the following diagram is commutative.

€A

A (Ab)+
o (a®)*
C — o (O)*

Proof. 1. The map €4 is well-defined since, A being positive, we have 0 < a and therefore
(a,O)N > O(Ab) = (O,O)N

2. The fact that €4 is one-to-one follows immediately from the definition of the equivalence
relation ~ in ([5.2)).

3. The fact that the map €4 is a morphism in sbal follows also immediately from (5.2) and
from the definition of the operations in A®.

4. The commutativity of the diagram follows from these equalities
((a,0)™)" = (a,0)~ and ((a,b)™)” = (b,0)~.
O

Example 5.3.16. Let us note that, in general, the co-unit £4 of Proposition [5.3.15] is not an
isomorphism. For instance, this is the case if we consider the semibal A = I(X,R™) of Example
with X = [0,1]. The bal generated by A, namely I(X,R")’ is not the whole set of
continuous functions C (X, R), but the set BV (X, R) of functions of bounded variation, which is
strictly included in C(X,R) (see for instance [61] for definitions and proofs). We are now going
to show that the semibals I(X,R") and (I(X,R")®)*, namely BV (X,R)*, are not isomorphic.

Consider the function f : z — 2 and g : 2 — 22 in I(X,R"). These functions are such
that f > g and for every h € I(X,R"), f # g+ h. Indeed, otherwise we would have that f — g
is an element of I(X,R™), which is obviously false. Now, for every elements f’, g’ of BV (X,R)*
such that f’ > ¢/, the difference b’ = f’ — ¢’ is also an element of BV (X,R)*. In particular, it
follows that there exists a function A’ such that f’ = ¢’ + A’. Since we showed that I(X,R™)
does not have this property, £;(x g+) cannot be an isomorphism.
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Theorem 5.3.17. The functor -* : sbal — bal is a right adjoint of the functor -+ : bal —
sbal. The unit is the isomorphism np while the co-unit is the embedding € 4.

Proof. The proof follows almost immediately from what we just proved and defined. O

With the help of the functor -*, we can transfer information obtained in the category bal to
the category sbal. Let us focus on topology for a moment.
Recall that A® endowed with the uniform norm

[|(a,0)~|| =inf{A € R | (a,b)~ V (b,a)~ < A},

is a topological algebra (see [7), p.444]), that is every operations in A is continuous for the topology
defined by this norm, and bal morphisms are continuous.

Of course, A = (A)7T is endowed with the norm and topology induced by Ab. It follows from
the corresponding facts in A® that A is a topological semialgebra (that is every operations on A
is continuous) and that semibal morphisms « are continuous.

5.4 Congruences and /(-ideals

In this section, we introduce the counterpart of the maximal f-ideals used in the ring setting:
congruences. Thanks to these congruences, we will be able to prove a representation theorem
for semibals, as a first step for the duality we are seeking to establish. Recall that a congruence
for an algebra of language £ = {f; | i € I} is an equivalence relation which respects all the
operations f;, fori € I.

Also recall that an ¢-ideal of a bal B is a ring ideal I such that for all a,b € B, |a| < |b| and
b € I implies a € I. While this definition is widely used, in this section it will be be more simple
to work with an alternative definition given in Proposition [5.4.1

Finally, for the sake of simplicity, through this section, we will denote a semibal by A and its
generated bal by B and denote the equivalence class (a,b)™ by a — b, morally (a,0)~ — (b,0)™.

Proposition 5.4.1. A ring ideal I of a bal B is an £-ring if and only if it is closed under V and
convex, that is a < b<c and a,c € I impliesb € I.

Proof. Consider first that I is an f-ideal. Note that since ||a|| = |a| for all @ € B, it is clear
that I is closed under taking absolute values. The convexity of I then follows from this remark.
Indeed, set a,c € I and b € B such that a < b < c¢. It follows that

aANc<b<aVe. (5.4)
Starting from ([5.4), we obtain that

o] =(=b)Vb< —(aAc)V(aVc)
=(—aV—c)V(aVec)
=(—aVa)V(-cVe)
= la| Vel <lal +|e| € I,

where the last inequality stems from

la] + |e] = (lal Ale]) + (la] V lef) = |a] Ve].
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Hence, we have |b| < ||a|] + |¢||, and so b € I as required. It remains to prove that I is closed
under V and this follows easily from

la Vb < |a| v [b] < |a] + [b].

On the other hand, suppose that I is a ring ideal convex and closed under V and that
|a| < |b| for b € I. Since b € I and since [ is a ring ideal, we have that —b € I. It follows that
|b| = bV (—b) € I and that —|b| € I. Using the convexity of I and the fact that —|b| < |a| < |b],
we obtain that |a| € I. Finally, using again the convexity and the fact that

aA—a=—la| <a<lal,
we have a € I. O
Remark 5.4.2. Note that for a ring ideal I of a bal the following are equivalent:

e [ is closed under V,

e [ is closed under A.
Indeed, suppose I closed under V and let a,b € I. Then —a, —b € I implies

—(anb)=(—-a)V(-b) eI
and, consequently, a Ab € 1.
Definition 5.4.3. Let A be a semibal. A congruence 6 on A is said to be strong if
(a+c)0(b+c)=abb. (5.5)

We use the denomination Cong(A) for the set of all strong congruences on A and MaxCon;(A),
or more simply X 4, for the set of all the ones maximal with respect to inclusion.

Proposition 5.4.4. If 0 is a strong congruence of A, then the subset I of A’ defined by
Iy :={(a,0)~ | a 0 b}
is an {-ideal of B.

Proof. As 0 is in particular a semiring congruence, it is easy to prove that Iy is a ring ideal.
Consequently, it suffices we prove that Iy is closed under V and convex.

1. Closure under V.
Let (a;,b;)~ € Iy for i = 1,2. We want to prove that

(al,bl)N vV (ag,bg)N = ((a1 +ba) V (a2 + b1>,b1 + bz)N € Iy,

that is
(a1 + b2) V (CLQ + bl) 0 by + bs. (56)

But, a; 0 by implies a1 4+ by 0 by + by and ao 6 by implies as + b1 6 by + b1. Hence, we obtain

(5.6) as required.
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2. Convexity.
Let (a;,b;)~ € Iy for i = 1,2 and

(a1,b1)™ < (c,d)™ < (az,b2)".

In other words, we have a; 0 b;, a1 +d < c+by and ¢c+bs < as+d. This can be reformulated
as (¢ + ba) A (ag + d) = as + d, and more generally, (¢ + b2) A (as + d) 6 az + d. Using
as 0 by, we get

a2 +d0 (C+ag) /\(d+a2) = (C/\d)"‘dg.
Finally, since 6 is strong, this is equivalent to d 6 (¢ A d).

Using a; 6 by and with a similar proof, one gets ¢ 6 (¢ A d) and, consequently, ¢ 6 d, as
required.
O
Proposition 5.4.5. If I is an (-ideal of B, then the binary relation 0; on A defined by
(a,b) € 0r & (a,b)~ €1
is a strong congruence of A.

Proof. From the fact that I is in particular a subgroup of (B, +), it follows that 6; is an equiv-
alence relation.

Moreover, it is clear that I being an ring ideal implies that 6; respects + and -. Therefore, it
remains to prove that 6; respects V and A and that it is strong. Let us prove it for V, noticing
that the proof for A is identical, thanks to Remarks Suppose that a; 07 b; for i =1,2. We
have (a;,b;)~ € I and (b;,a;)~ € I. Now, since I is closed under V, it follows that

(0,1, bl)N V ((ZQ, bg)N = ((a1 + b2) \Y (bl + 0,2), by + bg)N el
and
(bl, CLl)N V (bg, CLQ)N = ((a1 + bg) \Y (b1 + ag),al + CLQ)N el
We are going to prove that
(a1 + ag, (a1 + bg) V (bl + az))N §(a1 Vasg, by V bQ)N (57)
< ((a1 + bg) V (bl + ag), b1 + bg)N, (58)
the conclusion will then follow from the convexity of 1.
For (5.7), we have
(a1 4 ag, (a1 + ba) V (b1 + a2))™ < (a1 V az, by V ba)™
< a1+ a2 + (b1 \Y bQ) < ((a1 + bg) \Y (b1 + az)) =+ (a1 \Y a2)
< (a1 +azs+b1)V(ar +ag+b2) < (a1 +ba+ (a1 Vaz))V(by +as+ (a1 Vaz))
& (a1 +az +b1) V(ar +az+b2) < (a1 + ((a1 +b2) V (a2 + b2))
V (az + ((a1 +b1) V (a2 + b1))
And, since
(a1 + a2 +b1) < (az+ ((a1 +b1) V (a2 + b1))

and
(a1 + az + b2) < (a1 + ((a1 + b2) V (az + bz)),

145



Chapter 5. Gelfand duality for compact po-spaces

the inequality ((5.7) is proved. Of course, the procedure to prove the inequality (5.8)) is similar.
It remains to prove that 0; is strong. But, for a,b € A, we have

at+cOhrb+c
s (a+e,b+e)~ el
< (a,b)” 4+ (c,0)~ eI
=0
& (a, b)Y el & abrh,

as required. O

We now have the following theorem, which is a direct consequence of Propositions and
[(.4.5 and its useful corollaries.

Theorem 5.4.6. Let us denote by I1d,(A®) the set of all {-ideals of A®. The maps
T4 : Cong(A) — Idg(A%) : 0 — Iy and I;' :1dg(A®) — Cong(A) : T — 6;

are bijections inverse of each others and preserve inclusions. Hence, they are also bijections
between MaxId,(A%) and MaxConj,(A).

Corollary 5.4.7. Let A be a semibal. The set X 4 equipped with the topology generated by the
sets

wa((a,c)) :=={0 € Xa|(a,c) £},

with a,c € A is a compact Hausdorff space.

Proof. We know by [44] that MaxId,(A®) equipped with the topology generated by the sets
w((a,b)™) = {I € MaxId,(A®) | (a,b)~ ¢ I},

with (a,b)™ € A?is a compact Hausdorff space. Therefore, the result is trivial when the bijection
of Theorem [5.4.6 is taken into account. O

Corollary 5.4.8. For any semibal A and any 0 € X4, A/g = RT.

Proof. By Theorem [5.4.6] Iy is a maximal ¢-ideal, hence (see [7, p. 441]) there exist a unique
isomorphism
N:AY/y — R,

If a € A, then a’® > 0, therefore A\(a’?) > 0 and \ is an isomorphism between A/g and RT. [

Corollary 5.4.9. Let A be a semibal. Then the intersection of all mazimal strong £-congruences
of A collapses to the equality.

Proof. By the results of Johnson in [45] Definition II.1.3 and Theorem I1.2.11], we know that
the intersection of all maximal f-ideals of an object of bal is equal to the singleton {0}. Hence,
if a @b for all § € X4, we have that (a,b) ~ (0,0) and therefore, that a = b. O

Remark 5.4.10. The unique morphism A : A*/;, — R of Corollary is described in [44]
as follows: A(a) is the unique real such that a — A(a) € Iyp. In particular, this means that, for
a € A, we have that \(a) is the unique positive real such that (a, A\(a)) € 0 and that, for r € R,
Ar)=r.
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Definition 5.4.11. If 6 is a congruence of X 4, let us denote by A(—, ) the isomorphism A/y —
R* given in Corollary We define on X 4 the binary relation < as follow

0 <&<e Ma,b) < Aa,€) Va € A. (5.9)

Example 5.4.12. The case of maximal /-congruences of I(X,R"), for X a compact po-space,
was studied by Hansoul in [43]. He proved that an ¢-congruence 6 is maximal if and only if there
exists an element x € X such that

0 =0, :={(f,9) € (X,RT) : f(2) = g(x)}.
In this case, it is clear that A(f,6,) = f(x) for all f € I(X,R"), so that we obtain
0. <0y & f(x) < f(y) Vf € (X, RY).
Proposition 5.4.13. Let 0 € X 4. Then
ag: A— R :a+— \a,0)
is a semibal morphism such that 6 = ker(«y).

Proof. Tt suffices to check that the map «ay satisfies all the required properties and this follows
immediately from 6 being an ¢-congruence and the uniqueness of A(a, ) for a a € A. O

Proposition 5.4.14. Let A be a semibal. Then a < b in A if and only if Ma,0) < A(b,0) for
all 0 € X 4.

Proof. The only if part follows immediately from Proposition Now, for the if part, suppose
that @ £ b, hence that a A b # a. By Corollary (a Ab,a) €0 for some 6 € X 4. Let us
proceed by contradiction and suppose that

)\1 = )\(&,0) S )\(b, 0) = )\2.

We have
abB X OX AN OaNd,

which is a contradiction. O

Theorem 5.4.15. The relation < defined in (5.9) is a closed order on X . Hence, (X4,<) is
a compact po-space.

Proof. Tt is clear that < is reflexive and transitive, so that we just need to prove that < is
antisymmetric for it to be an order. Suppose that A(a,8) = A(a,§) for all a € A. We have to
prove that 8 = &, but since they are maximal /-congruences, we just have to show that 6 C &.
Hence, suppose that a 6 b. Then, by Remark we have that A(a,f) = A(b,0). It follows
now from our hypothesis that A(a, &) = A(b, ). Therefore, we have

a & Ma, &) EAD,€) E b,

that is a £ b.
Now, to show that the order < is closed, suppose that § £ £. It means that there exists a € A
such that A(a,0) > A\(a,&). Set O and U as follow:

0 =U{w(a,r-1)|r < Xa,0)} and U = Hw(a,r-1) | r > A(a,0)}.
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It is clear that O is a neighbourhood of § while U is a neighbourhood of £. To conclude, we need
to prove that for all @ € O and for all g € U, we have a £ 5. But, if a € O, we know that
(a,7) ¢« for all r < A(a, @), which in particular implies that A(a, @) > A(a,6). Similarly, from
B € U, we can deduce that A(a, 5) < A(a,0). Therefore, we have

AMa, B) < AMa,0) < Aa, @)
and a £ 8. O

Theorem 5.4.16 (Representation theorem). Let A be a semibal. Then the map
Ag:A—I(X4,RY) :ar—:Na,—) : 0 — M a,0)
is an embedding in sbal such that a < b if and only if Aa(a) < Aa(D).

Proof. First of all, let us prove that A, is well-defined, i.e. that A(a,—) is indeed continuous
and increasing for all @ € A. Given the definition of the order on X 4 in (5.9), the map A(a, —) is
trivially increasing. Therefore, let us focus on continuity. If r, s[ is an open interval of RT, then

Ma, =) H(r,s) ={0 € Xa:7 < \a,0) < s}
= U{w(a,r".1) |7 <r}nuU{w(a,s’.1)| s > s}.
Hence, A\(a, —) is continuous.
Moreover, by Corollary [5.4.9] it is clear that A4 is an embedding. Now, since the elements
of X4 are congruences, we have, given Remark [5.4.10} that A 4 is a morphism of bal.
Finally, let us prove that As(a) < A4 (b) implies a < b (the other direction being a direct
consequence of A4 being a morphism of sbal). By contraposition, suppose that a € b, hence

that a Ab # a. By Corollary this implies that there is a congruence § € X4 such that
((a AD),a) €6. In other words, 6 is a congruence such that

A(a,0) AXD,0) = Na Ab,0) # Aa, 0).

Therefore, we have A\(a,0) £ A(b,0) and, consequently, Aa(a) £ Aa(b).

5.5 Quotients

In this short section, which is complementary to Section we will prove that the quotient of
an object in sbal by a maximal /-congruence is still an object of sbal.

While it is clear, by universal algebra theory, that A/y is a semiring, an R -semialgebra and
a lattice with the operations defined as usual in quotients, some work has to be done for the
other properties.

Let us note, for future convenience, that the order on A/y is given by

a® <’ = (avb)0bs (aAbd)ba, (5.10)
while the order on A%/, is given by
(a,0)~ +1p < (¢, d)” +Ip < Fie€ Ip: (a,b)~ < (¢,d)™ +1i. (5.11)

(see for instance [68]).
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Proposition 5.5.1. Let A be a semibal and § € Cony(A). Then, the application
@ (Afg)" — A%/1, + (a®, %)™ — (a,b) + I,
is a ring, an R-algebra and a lattice isomorphism.
Proof. Tt is clear that ¢ is onto. Now, let us prove that
(a®,0%) < (¢,d%)~ & @((a,0)™) < p((e,d)™). (5.12)
On one hand, we have
(a?,b9)~ < (?,d%)~ & a® +d° <v® 4 ¢
& (a+d)?!<(+c)f
< (a+d)V(b+c)0(b+c)
& ((a+d)Vv(b+c),(b+c)™ €Iy,

=(a+d,b+c)~V(0,0)~

From (a +d,b+¢)~ V (0,0)~ € Iy, it follows that there exists an element i € Iy such that
(a,0)~ + (d,c)” =(a+d,b+¢)” < (a+d,b+¢)” V(0,00 =1.
Therefore, we proved that
(a®, b)Y~ < (&?,d%)~ = Fi e Iy : (a,b)~ < (¢, d)™ +1,

On the other hand, suppose that there exists ¢ € Iy such that (a,b)™ < (¢,d)™ + 4. Since Iy
is an (-ideal, we have by definition that |i| € Iy. Consequently, we obtain

Ip 30 < ((a,b)™ + (d,)™) VO < |i] € L.

Now, as Iy is convex, this implies that ((a,b)™ + (d,¢)™) V 0 € Iy, which we just proved to be
equivalent to (a?,b%)™~ < (¢?,d?)~. Hence, we have which, conveniently, implies that ¢ is
one-to-one and a lattice morphism.

What remains to prove is that ¢ is a ring and an R-algebra morphism, but this follows

immediately from the definitions of the operations on A® and from the fact that 6 is a congruence.
O

We will now use this proposition and the fact that the quotient of a bal by a maximal /-ideal
is a bal (see [7], p. 440) to obtain the result we were looking for.

Theorem 5.5.2. If A is a semibal and 0 € X 4, then A/y is a semibal.
Proof. From 6 € X4 comes I, € MaxId,(A%) and, consequently, that A®/;, is a bal.

1. A/p is a po-semiring.

(a) We have
a <’ s (avb)Ob
& (aVb)+chb+c
& (a+ce)V(b+ce)bb+c
& (a+b)? < (b+e)

& (19—1—09§ba—i—097

where we used that 6 is strong and that A is an /-semiring.
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(b) Suppose that a’ < b? and ¢/ < d’. This implies that
b7, a7, (d?, )~ > (0%,0%)~.
Now, as this implies, by Proposition that
(b,a)™ + 1o, (d, c)™ + Iy = Ip,
and since A%/;, is a bal, we have

((b,a)™ - (d,e)~) + Iy > Iy.

=(bd+ac,bctad)~+Iy

Again by Proposition [5.5.1] this implies that
((bd 4 ac)?, (be 4 ad)?)™ > (0,0)",
that is (bd + ac)? > (bc + ad)? as required.

2. A/y is positive. We have 0° < a? if and only if (0Va) 6 a. But, as A is positive, (0Va) = a
and the conclusion is immediate.

3. A/g is bounded. There exists n € N such that a’ < n-1% if and only if there exists n € N
such that a Vn -1 6 n-1. This follows immediately from A being bounded.

4. A/y is Archimedean. Suppose that, for each n € N
n-a’ + b0 §n~ce+d9.

This implies that
(n- ae, n- ce)N < (da,be)w,

and, by Proposition [5.5.1} that
n-(a,e)™ + Iy < (d,0)~ + Iy.
As Ab/Ie is Archimedean, this implies that (a,c)™~+1Is < Iy and, consequently, that a? < c?.

5. We already know that A/y is a lattice and , since  is an ¢-congruence, it is clear that A/y
is an f-semiring.

Finally, since we also already know that A/, is a RT-semialgebra, the proof is concluded. O

Remark 5.5.3. In the proof of Theorem [5.5.2) we used several times the fact that A’/;, is a
bal. Actually, if Iy is not a maximal (-ideal, A®/;, conserves virtually all the properties of A®
but one: A’ may fail to be Archimedean.

Of course, the semibal morphism A, given in Theorem [5.4.16] is intended to be the unit
of our duality between a subcategory of sbal and KPSp. However, being a unit in a duality
requires being an isomorphism, which is currently not the case. In this section, we will develop
additional properties of A4 and in Section we will find conditions under which it is indeed
an isomorphism.
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Definition 5.5.4. The object mapping A — X 4 is extended to a functor x : sbhal — KPSp
by defining for a morphism « € sbal(A, C) the dual map o* € KPSp(X¢, X4) such that, for
e Xe,

(a,b) € a*(0) if and only if (a(a), a(b)) € 0,

(in other words, a*(f) = (a x a)~1(#)). Let us now check that this functor is well-defined.

Lemma 5.5.5. Let A and C be semibals and o a morphism from A to C. Then, the map o* is
equal to the composition (I " o MaxId,(a®) o Ic), where MaxId,(a®) is defined as

MaxIdg(a?) : MaxId,(C) — MaxId,(A) : T — (a®)~*(I)

(see Appendiz . In other words, for every 6 € MaxCony(C'), we have

Lo~ (0) = (®) 71 (Iy).

Proof. For 0, a maximal strong ¢-congruence of C, we have that:

b))~ €Iy & a’((a,b)™)) € Io.
O

Corollary 5.5.6. Let A and C be semibals, o a morphism from A to C and 0 be a strong
L-congruence on A, then o*(0) is a mazimal strong {-congruence.

Proof. This a direct consequence of Lemma and Theorem [5.4.6 O
Lemma 5.5.7. Let « be a morphism of bal(A,C). Then, for any 0 € X¢ and a € A,
AMa, a*(0)) = Ma(a), 0).

Proof. Let us denote A(a,a*(0)) by r. We have r o*(0) a, which is, by the definition of a*(6),
equivalent to a(r) 6 a(a). Now, since r = a(r), we have r § a(a). Hence, by uniqueness of r, we
have immediately that r = A(«a(a), 0). O

Proposition 5.5.8. If a is a morphism of sbal(A, C), then «* is a morphism of KPSp(X¢, X4).

Proof. Namely, we need to prove that o* is continuous and increasing. We know by Gelfand
duality that MaxId,(a?) is continuous. Moreover, we know that the maps 14 and I¢ are home-
omorphisms. Therefore, by Lemma [5.5.5] o* is continuous.

Now, let 6,¢ € X¢ be such that for all ¢ € C, A(c,0) < A, &). We want to prove that, for
all a

A1 = Ma, a™(0)) < Aa,a*(§)) = Aa.

But, by Lemma [5.5.7, we have A\ = A(«a(a),0) and Aa = A(a(a),€) and, hence, A} < Ay, as
required. O

Finally, to actually have a functor, we need to have the following proposition, whose proof is
obvious.
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Proposition 5.5.9. 1. Ifa: A— C and B : C — D are semibal morphisms, then
(/Boa)* :a*oﬂ*.
2. If 14 is the identity morphism of A, then (14)* is the identity morphism of X 4.

Now that the functor from sbal to KPSp is defined, we can focus on the functor in the other
direction which obviously maps a compact po-space X to its semiring of increasing positive
continuous functions I(X,R™).

Definition 5.5.10. For a morphism f € KPSp(X,Y), its dual map f, € sbal(I(Y,R"), I(X,RT))
is defined by

fergr—gof.
Again, we have this trivial proposition.

Proposition 5.5.11. 1. Iff : X — Y and g : Y — Z are increasing continuous functions,
then

(g0 f)s = frogs
2. If 1x is the identity morphism of X, then (1x), is the identity morphism of I(X,R™).
Let us now focus on a sequence of propositions whose proofs follow the line of the bal case,

established by Bezhanishvili, Morandi and Olberding in [7, Lemma 2.9]. Nevertheless, we need
to introduce new concepts which will take the roles of epimorphism and embedding.

Definition 5.5.12. 1. A semibal morphism « : A — C is an order epimorphism if for
every semibal morphisms 8; and 82 : C — D, (81 0o ) < (3 o ) implies 51 < By (with
the inequalities defined pointwise).

2. A function f : X — Y between compact po-spaces is an order embedding if f(z) < f(y)
implies < y.
Of course the ordered properties imply respectively the non-ordered properties which they
are associated to.

Proposition 5.5.13. A semibal morphism o : A — C' is an order epimorphism if and only if

o™ is an order embedding.

Proof. = Let6; £ 05 in X¢, that is, there exists an element ¢ € C such that A(c,01) > A(e, 63).
By Proposition |5.4.13] there are semibal morphisms 3; : C — RY : a — A(a, 6;) such
that 0; = ker(3;) for i = 1,2. We have that 8; £ 35 as, otherwise we would have for ¢

e, 01) = B1(Ae,01)) = Pi(c) < Ba(c) = A(c, 62),

which is absurd.

Hence, since « is order epic, it follows that 8; o a £ B2 o «, and, more specifically, that
there exists an element a € A such that

Maf(a), 01) = Br(e(a)) £ Ba(afa)) = Ae(a), b2)-
In other words, since A(a(a),0;) = A(a, a*(0;)), there exists a € A such that

Aa, a”(6h)) £ Aa, a”(62)),
that is a*(61) £ a*(62), as required.
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< Suppose that « is not an order epimorphism. There exist semibal morphisms S, 82 : C —
D such that 81 £ B2 and B o a < P9 o a. This implies that, for some ¢ € C, we have
B1(c) £ Ba(c), hence

Bi(c) A Ba(c) # Bi(c).
Then, by Corollary there exists # € Xp such that
(B1(e), B2(c) A Bi(c)) £ 0. (5.13)
We have
A = )\(51(6), 0) > )\(ﬂg(C),Q) = Xo. (514)

Indeed, if it was not the case, we would have A1 < A5 and
ﬁl(c) 0N 0O ()\1 A /\2) 0 (Bl(c) /\ﬁQ(C)),

which contradicts (5.13)).

Now, as A(Bi(c),0) = X(c, 87 (¢)), it follows from the inequality (5.14) that 57 (0) £ 85(6).
Consequently, since a* is an order embedding, we have a*(85(6)) £ o*(55(0)). Therefore,
there exists a € A with

A1 = AMa, " (B1(0))) > Aa, a*(83(0))) = Xs. (5.15)

Also, we have that \; = A\(8;(a(a)),8) for ¢ =, 1,2. Moreover, we have by the assumptions
we made on 31 and (3 that 8;(a(a)) < B2(a(a)). It follows, via Proposition [5.4.13] that
A < AL, contradicting (5.15]).

O

Two remarks have to be done about the proof Proposition [5.5.13l The first one is that, with
a similar proof, one can demonstrate easily the non-ordered case, stated below for the sake of
completeness.

The second one is that, with a closer look at the proof, we can notice that the morphisms (5,
and B, used in the if part of the proof are quite specific: they map elements in RT. It may lead
us to consider another definition of order epimorphism, equivalent to the first one.

A semibal morphism o : A — C is a weak order epimorphism if for every semibal
morphisms 31,32 : C — RT, f1 o < B3 0 o implies 5, < 5. Surprisingly at first glance, the
notions of order epimorphism and weak order epimorphism are equivalent. Indeed, first, it is
clear that the weak property is vacuously a consequence of the other one. On the other hand,
we just said that if o was a weak order epimorphism, then a* must be an order embedding and,
consequently, o must be an order epimorphism.

Let us summarise both these remarks in the following proposition.

Proposition 5.5.14. 1. A semibal morphism is an order epimorphism if and only if it is a
weak order epimorphism.

2. A semibal morphism « is an epimorphism if and only if o* is an embedding.

Lemma 5.5.15. Let « : A — C be a one-to-one semibal morphism and 6 be a proper (-
congruence of C. Then the {-congruence generated by

(a x a)(0) := {(a(a),a(b)) : a 0 b}

is a proper {-congruence of C.
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Proof. Notice that an ¢-congruence 6 is proper if and only its associated ideal Iy is proper, which
is equivalent to ask that (1,0)™ & Iy, that is (1,0) € 6. Hence, we have to prove that (1,0) is not
in the ¢-congruence generated by (a x «)(6) and this is just routine. O

Proposition 5.5.16. A semibal morphism o : A — C is one-to-one if and only if o* is onto.

Proof. = Let 8 € X4. Since « is one-to-one, by Lemma [5.5.15] we know that there exists a
maximal ¢-congruence £ such that (o x «)(f) C €.

Tt is sufficient to show that 6 C o* () since, by maximality of 6, it will imply that § = o*(£).
We have
(a,b) € 0 = (afa),a(d)) € (a x a)(d) CE,

which, consequently, implies (a,b) € a*(§), as required.

< Let us suppose that « is not one-to-one, that is there exist distinct elements a,b € A such
that a(a) = a(b). Recall that, by Corollary [5.4.9] we know that there exist § € X4 such
that (a,b) €6.
Now, as a* is onto, there exists £ € X¢ such that o*(§) = 6. Furthermore, since they are

equal, we trivially have a(a) £ «(b), implying that a 6 b, which is absurd.
L

Theorem 5.5.17. A semibal morphism o : A — C is a one-to-one order epimorphism if and
only if a* is an isomorphism in KPSp.

Proof. 1t is clear that o* is an isomorphism of KPSp if and only if it is an onto order embedding.
Hence, the proof follows immediately from the previous proposition. O

As a corollary of what we developed in this section, we have the following improvement of
Theorem [5.4.16)

Theorem 5.5.18. Let A be a semibal. Then A4 is a one-to-one order epimorphism such that,
for every semibal morphism o : a — C the following diagram is commutative.

A
A —2 s [(Xa,RT)
o k(a*)*
I(Xo,RT
C AC ( CH )

Proof. In [43], Hansoul proved that the map
Cx X — Xyxpt) 20, :={(f,9): f(z) =g(z)}
was an isomorphism in KPSp. Letting X = X4, one gets, for § € X4
(a,¢) €Ny (Cx,(0)= Aa,—) Cx,(0) M, =) & Aa,0) = A(c,0) < (a,¢) €6.

Hence, A% o (x, is the identity and A% is an isomorphism.
Moreover, for all a € A and 6 € X, we have the following equality:

Ac(a(a))(8) = Ma(a),0) = A(a, a”(0)) = Aa(a)((a")(0)) = (a”).(Aa(a))(0).

So, the functions Ac(a(a)) and (a*),.(Aa(a)) are identical, as required. O
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5.6 A weak ordered Stone-Weierstrass theorem

It must no go unnoticed that, in Theorem we established that A% was an isomorphism.
Hence, a semibal A and its associated semiring of functions I(X 4, R™) have isomorphic po-spaces
of maximal ¢-congruences. We have to find conditions on A to lift this isomorphism to A and
I(X4,RT).

What is expected, as in the bal case, is to encounter some (uniform) completeness condition.
But we have to introduce another fundamental concept distinguishing A from I(X4,R™): if
f €I(X4,RT) and g < f is a constant function of I(X 4,R"), then the difference f — g is still
an element of (X4, RT). Hence, I(X4,R") has a property that we will define as admitting
difference with constants

Definition 5.6.1. A positive semiring A admits difference with constants (admits dc for
short) if for all @ € A an r € RT

a>r-1=(3)(a=b+r-1). (5.16)
Proposition 5.6.2. Let A be a semibal that admits dc and 0 and & elements of X 4, then
9 <& 0t Col.

Proof. For the if part, we know that a £ A(a, ). Hence, it follows that (a V A(a,&)) € A(a, ).
Recall that A(a,€) is a positive real number. Therefore, by , there exists b € A satisfying
aV Aa, &) =b+ Aa, ). Thus, we have (b+ A(a,&)) € A(a,§) and, by strongness of £, b £ 0. By
the assumptions we made, it follows that b 6 0, so that

(aVA(a,8)) = (b+ Aa,§)) 0 Aa, ).

Consequently, we have (A(a,0) V A(a,§)) 0 A(a,&), whence (A(a,0) V A(a,§)) = Aa,§).
For the only if part, for a € 0%, we have

0 < A(a,0) < Aa,&) =0.
It implies that A(a,#) = 0 and hence that a € 0°. O

In particular, this proposition shows that the order on X x g+ defined in [43] coincides
with the order defined in (5.9). We need this property to obtain an ordered version of the
Stone-Weierstrass theorem.

Definition 5.6.3. We say that a subset A’ of a semibal A order-separates the point of X 4
if it satisfies for all 0,& € X4

0 £ &= (Jae€ A)(N(a,0) > \a,)).

In particular, a subset A’ of I(X,R") order-separates the points of X if it satisfies, for all
r,y € X

xLy= 3feA)f(x)> fy))

Lemma 5.6.4. Let X be a compact po-space and let A be an (-subalgebra of (X, R+) that order-
separates the points of X and admits difference with constants. Then A satisfies the following

stronger separation property: x £ y in X and r > s € RT implies the existence of a function
f € A such that f(z) =1 and f(y) = s.
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Proof. Suppose z,y,r,s as in the statement. By Definition [5.6.3] there is f € A such that
f(z) > f(y). Set m as

r—s
m=———— > 0.

f@) = f(y)
Then, we have (mf +r)Vmf(x) > mf(z). So that, since A admits dc, there is b € A such that

(mf+r)Vmf(x) =b+mf(x).

Let us prove that b(x) = r and b(y) = s.
First, we have
b(x) +mf(x) = (mf(z) +r)Vmf(z) =mf(z)+r,

so that b(xz) = r. On the other hand, we have

b(y) + mf(z) = (mf(y) +r)vVmf(z).
Now, since
mf(y) +r>mf(x) & r>m(f(z) - fy) =r—s,
we can conclude that b(y) + mf(z) = mf(y) + r, that is b(y) = s. 0
Theorem 5.6.5 (Weak ordered Stone-Weierstrass theorem). If X is a compact po-space and A

an (-subalgebra of I(X,RT) that order-separates points of X and admits dc, then A is uniformly
dense in I(X,R") (that is dense for the topology of the uniform norm defined on C(X,R), see

Definition .

Proof. We follow the lines of the proof of the unordered Stone-Weierstrass theorem (see for
instance [62]). Let ¢ > 0 and f € I(X,R"). We have to prove that there exists a function g € A
with || — gl| < e.

For a pair (z,y) € X2, we know that there exists a function f,, € A such that f.,(z) = f(z)
and foy (y) = f(y). Let

Opy ={2€ X | f(2) < foy(2) + ¢},
Upy = {Z €X | fmy(z) < (Z) +5}-

For a fixed zy € X,
Pao = {Ouy | y € X}

is an open cover of X, and since X is compact, there exists F' C X finite such that
X =U{Ogy |y € F}.

Let fu, = V{fsy | v € F'}, which is an element of A. Then, for all z € X, there exists y € F with
2z € Ogyy, which implies that

[(2) < faoy(2) + € < foo(2) + e

Now, if Nyy = Uy | y € F}, Ny, is an open neighbourhood of zg, such that, for all
z € Ny,

fro(2) < f(2) +e.

Moreover,
pi={N,, | 20 € X}
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is an open cover of X. Once again, there exists G C X finite such that {N,, | zo0 € G} is a cover
of X. Let g = A{fs, | o € G}., which is also an element of A.
For each z € X, there exists g € G with z € N,,, so

9(2) < fao(2) = Vifaoy(2) [y € F} < f(2) + &

On the other hand, since f(z) < fz,(2) + ¢ for all z € X and all 2y € G, we have that

f(z) <g(z) +e

In a nutshell, we have for all z € X, g(z) < f(z) + e and f(z) < g(z) + ¢, hence the
conclusion. O

5.7 Stone semirings

We now have all the required tools to finish this chapter and establish the duality between
KPSp and the category whose objects are what we shall call Stone semirings. Moreover, we
have to prove that this duality extends the duality between the categories ubal and KHaus (see

Appendi.
Lemma 5.7.1. If o : A — C is a semibal morphism, the following conditions are equivalent:

1. « is a one-to-one order epimorphism,

2. o* is an isomorphism in KPSp,

3. there exists a one-to-one order epimorphism 3 : C — I(XA,R+) such that Boa = Ay.
Proof. (1. & 2.) This is exactly Theorem

(2. = 3.) If o* is an isomorphism in KPSp, then
(@) I(Xa,RT) — I(Xp,RY) : f— foa*

and (a*);! are isomorphisms in sbal.

Let 3 be the following semibal morphism
B:C — I(XA,RT):cr— (o) 1 (Ac(c)).

Since (a*);! and A¢ are one-to-one order epimorphisms, the former because it is an iso-
morphism and the latter by Theorem B is also a one-to-one order epimorphism. So,
it remains to prove that 8 o a = A 4, which is, by definition of 3, equivalent to prove that
Acoa = (a,)* o Aa. Since the latter equation was proved to be true in Theorem
the proof is concluded.

(3. =2.) Since foa = Ay, oo f* = A%. Hence, as A* and $* are isomorphisms, so is a*.
O

Lemma 5.7.2. If A is a semibal that admits dc and o : A — C is a semibal morphism, then
the following conditions are equivalent:

1. « is a one-to-one order epimorphism,

2. o is an isomorphism in KPSp,
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4. « is one-to-one and a(A) order separates the points of X¢,
5. a(A) is dense in C.

Proof. (2. =4.) Let 0 £ £ in X¢. As a* is an isomorphism, it follows that a*(0) £ o*(€).
Hence, there exists a € A with A(a, a*(0)) > A(a,a*(§), that is A(a(a),0) > A(a(a),§), as
required.

(4. = 5.) If a(A) admits dc, then this will be a direct corollary of Theorem [5.6.5] Therefore,
suppose that a(a) > r = a(r). We have a(a) = a(a V r) and, by injectivity, a = a V r.
Hence, there exists b € A such that a = r + b, and, moreover, such that a(a) = r + a(b).

(5. = 1.) Let B1, 82 : C — D be semibal morphisms such that 8;o0a < f20a. Since a(A) is
dense in B, for all ¢ € C' and for all n € N, there exists a,, € A such that ||a(ay) —c||[| <1
Hence, it is clear that («(ay))nen is a sequence that converges to c.

Now, for all congruences 6 in Xp, the map A(5;(-), ) is continuous. Consequently, the
sequence (A(Bi(a(ay)), @)nen converges to A(B;(c),d). We thus have
A

A(B1(¢),0) < A(Bi(a(an)), ) < A(Ba(a(an)),0) = A(B2(c), 0).

Also, as the order on R™ is closed, it follows that \(B1(c),8) < A(Bz2(c),0) for all @ € Xp.
Therefore, by Proposition [5.4.14} we have 51(c) < 2(c) as required.

O
Theorem 5.7.3. Let A be a semibal. The following conditions are equivalent:
1. A is uniformly complete and admits dc,
2. every one-to-one order epimorphism o« : A — C' is an isomorphism,
3. A4 is an isomorphism.
Proof. (1. = 2.) We just have to prove that « is onto. Let ¢ be an element of C, we need

to prove that there exists an element a € A such that a(a) = ¢. By Lemma [5.7.2) a(A) is
dense in C. So, for all n € N, there exists an element a,, € A such that ||a(a,) — c|| < L.
Moreover, for all n,m € N, we havdﬂ

llan = am|| < [la®(an — am)|l. (5.17)

Now, the sequence (a(a,)nen) converges to ¢ by construction. Therefore, it is a Cauchy
sequence. Hence, (5.17) implies that (a,)nen is also a Cauchy sequence and, as A is
complete, it converges to a for some a € A.

Now, let § € X¢. As « and A(-, 6) are continuous, we have

A, 0) +— Ma(an),0) = Aa(a),0).

convergences in R

It follows that A(c,0) = A(a(a),0), hence a(a) 6 c. Since this is true for all § € X, the
equality a(a) = ¢ follows from Corollary

(2. = 3.) By Theorem [5.5.18

1Here it is important to remember that we work actually in A,
2Idem.
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(3. = 1.) Since I(X,R") admits dc and is complete, the conclusion is immediate.
O

Definition 5.7.4. Let A be a semibal. We say that A is a Stone semiring if it is uniformly
complete and admits dc. Moreover, we denote by usbal the full subcategory of sbal whose
objects are Stone semirings.

Notation 5.7.5. Let us denote by x the functor sbal — KPSp which maps A to X4 and
a:A— Ctoa*: Xog — Xa. Also, let us denote by ¢ the functor KPSp — sbal which
maps X to I(X,RT)and f: X — Y to f, : I(Y,RT) — I(X,R™).

Theorem 5.7.6 (Gelfand duality for compact po-spaces). Let X be an object of KPSp and
A one of usbal. The applications A and (x are natural isomorphisms for their respective
categories. It follows that the functor x and v establish a dual equivalence between KPSp and
usbal.

Proof. By Theorems and [5.5.18] A4 is a natural isomorphism.
On the other hand, by [43], (x is an isomorphism and we have, for all x € X and f €

KPSp(X,Y) that

(9,h) €(f0)"(Cx(2)) & (fu(9); fx(Rh)) € (x (@)
< (9(f),n(f)) € 6x
< g(f(2)) = h(f(z))
& (9,h) €052y = Cy (f(2)).

O

Theorem 5.7.7. The duality between ubal and KHaus is a restriction of the duality establish
in the previous Theorem.

Proof. The conclusion follows easily from two facts. Firstly, it is not hard to prove that if B
is bal, then BT is a Stone semiring. And, by Theorem [5.4.6 we have MaxId,(B) & Xp+.
Secondly, for a compact Hausdorff space X ordered by the equality, I(X,R") = C(X,R)* and

(C(X,R)*)> = C(X,R) by Proposition [5.3.14 O

So, we have completed the outer square of dualities and equivalences, initiated by Bezhan-
ishvili and Harding in [6]:

KPSp StKFrm

BN —
|

usbal PrFrm
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Conclusion

In this thesis, we explored how to define subordination algebras, which are a generalisation of
de Vries algebras [26], as models for tense logics. We proceeded via a suitable definition of their
canonical extensions. To obtain these extensions, we established a strong topological duality
between subordination algebras and subordination spaces and a strong discrete duality between
complete atomic subordination algebras and Kripke structures. It should be noted that the
topological duality encompasses several previous dualities: namely the modal one, the weak one
[5] and the black one [14].

Once the dualities were settled, the construction of the canonical extension was obtained as it
is classically done in modal setting: namely, concatenating the topological and the discrete duality
with the forgetful functor such as to have a functor from subordination algebras to complete
atomic subordination algebras. Finally, we pointed out that complete atomic subordination
algebras and complete atomic tense algebras are equivalent categories, hence concluding the first
step.

As soon as subordination algebras were recognised as model for tense logics, we studied
completeness, correspondence and canonicity results. The family of canonical, and translatable,
formulas presented here, in the subordination setting, were a refinement of the canonical formulas
for tense algebras. Namely, we moved from inductive formulas [19] to analytic inductive formulas
(introduced in [41] in a totally different context). The main reason behind this refinement was the
restrictions we conceded to guarantee the generalised Esakia lemma (Proposition. We also
had an opportunity in Sections and to discuss the relation between the subordination
and the subordination and the tense language. In particular, we established a fragment of
subordination statements which admit equivalent tense formulas.

The subordination algebras were then presented as a particular case of slanted lattices. There-
fore, it seemed natural to extend (as it is done algebraicly in [25]) the results previously obtained
to this wider class of algebras. We gave in this thesis the required topological tools and describe
the outlines of the canonicity result in Chapter[3] Then, we gave a duality result between slanted
lattices and slanted Priestley spaces and the resulting topological construction of canonical ex-
tensions of slanted lattices.

We also took advantage of the opportunity given by the slanted setting to determine conditions
for a pre-contact relation [28] and a subordination relation to be generated by a unique closed
relation on the dual.

Finally, we turned to another generalisation of de Vries algebras: the category PrFrm of
Proximity frames. They are part of an "outside" triangle (see [6]) of equivalences and dualities
between the categories KPSp, StKFrm and PrFrm. This outside triangle was an incomplete
generalisation of an inside square of dualities and equivalences whose corners were DeV, KHaus,
KRFrm and the category ubal, introduced in [7]. Hence, there were a missing corner in the
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outside square. We filled the gap with the category usbal which we proved to be dual to KPSp.
Roughly speaking, the duality was obtained by an adequate axiomatisation of semi-rings of
positive increasing continuous functions associated to compact po-spaces. To actually conclude
the generalisation, we also established an adjunction between the categories usbal and ubal that
mirrored the forgetful and the inclusion functors between KPSp and KHaus.

Future works

We present now some questions and ideas for future research.

Untranslatable formulas in the subordination setting

In Chapter 2] we saw that there were standard modal formulas which were canonical for standard
modal algebras but not for subordination ones (with our usual counterexample formula p —
O0p). What we did not see however is the existence of translatable formulas in the modal
setting but not in the subordination one. An obvious candidate should be p — OOp which is
already known to not admit the "modal" translation (see Example [2.9.1).

Complete the universal algebra approach of slanted lattices

Universal algebra already turned out to be of great use in the characterisation of canonical
formulas for subordination algebras. See for instance Corollary [2.6.9) and Theorem 2.7.16] The
main remaining problem in this area is certainly to determine wether a categorical product
exists or not. Indeed, since the canonical extension of an arbitrary Cartesian product is not the
Cartesian product of the canonical extensions, we cannot play the usual game. Moreover, it was
already remarked in [24] that the Cartesian product was not the categorical one for subordination
algebras.

A de Vries-like duality for slanted lattices

While the category SubAlg is clearly a generalisation of the category DeV at the objects level,
it is not the case anymore at the morphisms one. The other blatant difference between SubAlg
and DeV lies in their respective dual category SubSp and KHaus: the latter contains all
the required information in is topological part and, hence, does not require the presence of a
binary relation relation as the former. To find an actual generalisation of de Vries duality for
subordination algebras, we should turn to the work of Diintsh and Winter in [3I]. Note that
this generalisation does not consider the question of morphisms and is restricted to the Boolean
setting.

Three languages in slanted lattices

In the introduction of Section we stated that subordination algebras were the right environ-
ment to explore the relations between three languages: the modal/tense one, the language of the
subordination relation < and the language of the accessibility relation R. Such interconnections
are also naturally available in slanted lattices since, for instance, from an n-ary c-slanted operator
A comes the subordination-like relation (a,b) €<, if and only if A(a) < b.
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Topology in display calculi

We saw in Chapter [3| that the analytic inductive inequalities where a fragment of the canonical
inequalities on slanted lattices. Recall that the analytic inductive inequalities were introduced in
[41] in the context of analytic calculi in structural proof theory, to characterize the logics which
can be presented by means of proper display calculi. The reasons behind this unexpected result
are still to be explored.

Close the squares of Chapters [1] and [5]

The corner of the squares of equivalences and dualities in Chapters [If and [5] namely

KPSp StKFrm

LN _—

N
\
\

usbal PrFrm

are well established. However, several direct descriptions of the functors that link them together
are missing. In Chapter [I] we gave the functor from ubal to DeV but the converse functor
is still missing. Moreover, for instance, the functors between usbal and PrFrm also lack of a
direct description.
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Appendix A

Notions of category theory

A.1 Introductory example

In this appendix, we describe the duality between Boolean algebras and Stone spaces due to
Stone (see [70]) and use it as an introductory example for the terminology of category theory.

We assume the reader is familiar with notions and techniques in universal algebras, Boolean
algebras and topological spaces. Indeed, we will limit ourself to give the required basic definitions
and results. But we redirect the interested reader to our standard references, which are respec-
tively [I1I], [39] and [50]. We also redirect the reader to [52] for a larger insight into category
theory.

A.1.1 Boolean algebras and Stone spaces

Definition A.1.1. 1. A lattice is an algebra L = (L, A, V) where A and V are binary oper-
ations such that for every a,b € L

B1. vV and A are idempotent,
B2. V and A are commutative,
B3. V and A are associative,

B4. aV(aAb)=a=aA (aVD).

2. A lattice L is distributive if for every a, b, c € L, we have
B5. aA(bVc)=(aAb)V(aAc).

3. A lattice L is bounded if there exist elements 0,1 € L such that for all a € L
B6 aAnl=aand aV0=a.

4. A lattice L is complete if for every subset S C L there exist an element a € L such that
a < s for every s € S and such that

(c<sVseS)=c<a.
It is usual to denote this element a by AS.

5. A Boolean algebra is an algebra B = (B, A,V, ) such that (B,A,V) is a distributive
lattice and — is an unary operation on B such that for every a € L
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B7 aA—-a=0and aV-a=1,
B8 —(—a) = a,
B9 —(a Ab) = —a A —-band —(aVb)=-aV -b.

The element —a is called the complement of a.

6. Let B,C be Boolean algebras. A map h: B — C is a Boolean morphism if h respects
V, A, 0 and 1.

Lemma A.1.2. 1. In presence of B1 - B4, the axiom Bb5 is equivalent to the aziom
B5” aV (bAc)=(aVDb)A(aVec).
2. If B is a lattice, then the binary relation < on B defined by
a<b&sa=aAbd
is an order.
3. If B is a Boolean algebra, then for a,b € B, a < b is equivalent to a A —b = 0.

Definition A.1.3. Let B be a lattice and F' a non-empty subset of B. We said that F' is a
filter if F is:

1. an increasing subset, that is a € F' and a < b implies b € F' and
2. closed under A, that is, a,b € F implies a Ab € F.

Dually, a subset I of B is an ideal if I is a decreasing subset which is closed under V.

A filter F of B is an ultrafilter if it is maximal among the proper filters of B with respect
to the inclusion. Usually, we will denote an ultrafilter by z. Also, we say that an ideal I of B is
a maximal ideal if it is maximal among the proper ideals of B with respect to the inclusion.

A filter F' of B is a prime filter if it satisfies for every a,b € B

aVbe F=acForbcF.
Dually, an ideal I of B is a prime ideal if it satisfies for every a,b € B
aNbel=aclorbel.
Notation A.1.4. Let B be a Boolean algebra and S be a subset of B. We denote
+S={aeB|3dseS:s<a}and | S={a€eB|3seS:s>a}.

Of course, if S = {a}, we will write 1 a and | a instead of 1 {a} and | {a}.
With this notation in mind, F' is a filter if and only if ' =1 F and ' = F A F.

In a Boolean algebra, the notions of ultrafilter and prime filter coincide, as shown in the next
theorem. We also give other characterisations of ultrafilters.

Theorem A.1.5. Let F be a filter of a Boolean algebra B.
1. The filter F is an ultrafilter if and only if it is a prime filter.

2. There is an ultrafilter x such that F C x.
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3. The filter F is an ultrafilter if and only F°¢ is a mazimal ideal.
4. The filter F' is prime if and only F¢ is a prime ideal.

Theorem A.1.6 (Stone Theorem). Let B be a Boolean algebra, F a filter of B and I an ideal
of B. There exists an ultrafilter x such that F C x and x NI = (.

We can now take an interest in the topological side of Stone duality.

Definition A.1.7. 1. A topological space is a pair (X,7) where X is a set and 7 is a
collection of subsets of X such that:
(a) PeTand X €7,
(b) 7 is closed under finite intersections,
(¢) 7 is closed under arbitrary unions.
The elements of 7 are called open sets and 7 itself is called a topology. Furthermore, a

closed set is the complementary of an open set and a clopen set is a set which is both
open and closed.

Let us note that we will often, if not always, abuse notation and write X instead of (X, 7)
if the context is clear.

2. Let X,Y be two topological spaces. A map f: X — Y is a continuous function if for
every open set O of Y, f~1(0) is an open set of X.

Definition A.1.8. Let (X, 7) be a topological space. We say that (X, 7) is:

1. HausdorfT if for every pair z, y of distinct elements of X, there exist two disjoints elements
O, and Oy in 7 such that z € O, and y € Oy,

2. compact if for every family (O; | i € I) of 7 such that X = U{O; | i € I}, there exists a
finite subset I’ C I such that X = U{O; | i € I'}.

3. zero dimensional if for every O € 7, there is a family (U; | i € I) of clopen sets such that
0= UiUi,

4. a Stone space if it is Hausdorff, compact and zero dimensional.
Theorem A.1.9. Let f : X — Y be a continuous bijection between X a compact space and Y
a Hausdorff space. Then f~' is also a continuous function.

A.1.2 Stone duality

We now prove step by step the duality between Boolean algebras and Stone spaces, beginning
with the construction of a Stone space Xp associated to a Boolean algebra B. We denote by
Xp = Ult(B) the set of ultrafilters on B. We can endow Ult(B) with a topology where the open
sets are unions of sets of the form

n(a) :={zx € Ut(B) | z > a} (A1)

with a € B (we say that the topology is generated by {n(a) | « € B}). We now have to prove
that Ult(B) is a Stone space. To help us with the proof, we can consider first this preliminary
Lemma.
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Lemma A.1.10. If B is a Boolean algebra and a,b € B, then

1. m(a)® = n(-a),

(
2. n(a Ab) = n(a) Nn(b),
3. n(a Vv b) =n(a) Un(b),
4. n1(0) =0 and n(1) = Ult(B).

Proof. The proof follows immediately from the definition of ultrafilter and from Theorem
O

Theorem A.1.11. If B is a Boolean algebra, then Ult(B) is a Stone space.

Proof. By Lemma it is clear that Ult(B) is a topological space and that 7(a) is a clopen
set for every a € B. Consequently, the space Ult(B) is zero dimensional.

We prove now that Ult(B) is a Hausdorff space. Let x and y be two distinct elements of
Ult(B). Then, there is an element a € B such that n(a) > x and n(—a) 3 y. Since n(a) Nn(-a) =
n(0) = 0, the conclusion is immediate.

Finally, we have to show that Ult(B) is a compact space. Suppose that

Ult(B) C U{n(s) | s € S C B}.

To conclude the proof, it is sufficient to find elements s1, ..., s, € S that satisfy s;V...Vs, =1,
as we would have

Ult(B) = n(1) = n(s1) U...Un(sn).

Suppose by contradiction that it is impossible to find such si,...,s,. Then S is contained in
some maximal ideal J. It follows that x = J¢ is an ultrafilter such that = & n(s) for every s € S,
which is impossible. O

Let us now consider the other direction, that is, we want to associate a Boolean algebra to a
given Stone space.

Theorem A.1.12. If X is a Stone space, then

Clop(X) :={O C X | O is a clopen set}

C

is Boolean algebra with operations N, U, - and constants ) and X .

Proof. 1t is purely routine. O

A question that arises naturally now is what happens when we combine both constructions.
What we would like to obtain is that B and Clop(Ult(B)) and X and Ult(Clop(X)) are "ana-
logue", at least up to isomorphism. But, of course, we have first to define what isomorphic means
in both situations.

Definition A.1.13. 1. We say that two Boolean algebras B and C' are isomorphic, and
denote it by B = C, if there exists a bijective Boolean morphism h: B — C.

2. We say that two topological spaces X and Y are homeomorphic, and also denote it by
X 2, if there exists a continuous bijective function f : X — Y suchthat f =1 : Y — X
is also continuous.
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We can remark almost immediately that there is a substantial difference between the algebraic
and the topological case. It is actually due to the fact that if h is a bijective Boolean morphism,
then h~! is still a Boolean morphism, whereas it is not the case for f a continuous function.
Nevertheless, for Stone spaces, thanks to Theorem we know that we can restrict our
definition to a more "algebraic one".

With these considerations in mind, it remains to prove that B is isomorphic to Clop(Ult(B))
and that X is homeomorphic to Ult(Clop(X)). Using and Lemma [A.1.10] we already know
that the map

1 : B — Clop(Ult(B)) : a — n(a)
is well-defined and is a Boolean morphism. Hence, it remains to prove that is one-to-one and
onto.

Proposition A.1.14. The map n defined in (A.1)) is bijective.

Proof. To show that 7 is one-to-one, suppose a,b € B such that a € b. It follows that (aA—b) # 0
and, consequently, there exists 2 € Ult(B) such that (a A —b) € x. Therefore, we have a € 2 and
b¢ x or, in other terms, x € n(a) and x & n(b).

Now we want to prove that, for a clopen set O of Ult(B), there exists a € B such that
O = n(a). Since O is clopen, it is in particular open. Therefore, we have

O =U{n(s)|se S}
for a subset S of B. Moreover, since O is closed, it is also compact. Hence, we have

O =n(s1)U..Un(sp) =n(s1V..Vsyp),

for some s1, ..., 8, € 5, which concludes the proof. O

On the other direction, let us define € as the following assignment
g: X — Ult(Clop(X)) : « — {O € Clop(X) | O > =} (A.2)
and let us prove it is a suitable function.
Proposition A.1.15. Let X be a Stone space. The map ¢ defined in is a homeomorphism.

Proof. We have first to prove that € is well-defined. It is clear that ¢(z) is a filter for every
x € X. Moreover, since

Ode(z) €0 & 2e0°s 0° €e(x),

e(z) is in particular an ultrafilter.
We show now that ¢ is continuous. Let O be a clopen set of X, we have

e~ (0(0) = {z | e(x) € n(0)}
={z]0ece(@)}
={z|ze0}=0,

which is sufficient.

Since it follows easily from the fact that X a Hausdorff space that € is one-to-one, it remains
to prove that € is onto. It is enough to prove that if § is an ultrafilter on Clop(X), then there
exists an x € X such that

zen{O |0 €}

Indeed, we will then have § C e(x) and therefore, by maximality of § that § = e(x). But, the
intersection N{O | O € F} is not empty since every finite intersection of elements of § is not
empty and X is compact. O
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We can now summarise the previous propositions by the following theorem.

Theorem A.1.16. If B is a Boolean algebra and X is a Stone space, then B = Clop(Ult(B))
and X = Ult(Clop(X)).

To continue our exploration of Stone duality, we need to extend Theorem [A.T.T6] established
between Boolean algebras and Stone spaces, to morphisms and continuous functions. We proceed
as follows.

Proposition A.1.17. 1. Let B and C be two Boolean algebras and h : B — C' be a Boolean
morphism, then

R* - Ult(C) — Ult(B) : & — h™ ()
is a continuous function.
2. Let X and Y be two Stone spaces and f : X — Y be a continuous function, then
fx : Clop(Y) — Clop(X) : O — f~1(0)
1s a Boolean morphism.

Proof. 1. First of all, we prove that h* is well-defined. Indeed, for x € Ult(C), h=1(x) is
clearly a filter and since

a€h (z) < ha) € x <= —hla) gz < h(-a) € v < ~agh™*(z),

it is also a maximal one. Then, we prove that h* is continuous. Let b be an element of B,
we have

€ (W)~ (n(b)) & h*(z) € n(b) & b € h*(z) < h(b) € x < x € n(h(d)).

2. It follows immediately from f continuous that f, is well-defined and from the definitions
that this is a Boolean morphism.

O

Theorem A.1.18. 1. Let B and C be two Boolean algebras and h,g : B — C' be Boolean
morphisms, then h* = g* implies h = g. Moreover, we have that (h*), =nohon™!.

2. Let X andY be two Stone spaces and f,g: X — Y be continuous functions, then f, = gy
implies f = g. Moreover, we have that (f,)* =eohog™!

Proof. 1. Suppose that there is a € B such that h(a) # g(a). Then there exists an ultrafilter
x such that g(a) € x and h(a) €z. This latter statement is clearly absurd since h* = g*
implies

n(h(a)) = h*(n(a)) = g*(n(a)) = nlg(a)).
Now, it is not hard to prove that for every a € B, n(h(a)) = (h*)«(n(a)). Indeed,
(")« (n(a)) = (h*) ™ (n(a))
= {z e Uk(C) [ h*(z) € n(a)}
={x e Ult(C) | a € h*(z)}
= {z € Ult(c) | h(a) € x} = n(h(a))
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2. The proof follows the same process as the one of item 1.
O

What happened here between Boolean algebras and Stone spaces is just one example among
many of two families of mathematical objects which may seem different at first glance but actually
contain analogue information. Such relations are formalised in the mathematical field called
category theory and we will now introduce it shortly.

A.2 First definitions in category theory

First of all, let us note that we will not use all the available powerful machinery in category
theory as we will mostly applied it in specific cases. As we said previously, an interested reader
should be directed to [52] for more on this subject.

A.2.1 Categories
Definition A.2.1. A category C is a triple (Ob(C), Hom(C), o) where

e Ob(C) is the class containing the objects of C, note that we will often say, through misuse
of language, that an object ¢ is in C instead of Ob(C),

¢ Hom(C) is the class containing the morphisms, or arrows, between two objects of C.
To every morphism f is associated a domain object ¢ and an image object d. Often, we
will say that " f is a morphism from c to d" and write it f : ¢ — d. We denote then by
Homg (¢, d), or more simply by C(c,d), the class of morphisms from c¢ to d.

e o is a binary operation, called morphisms composition, such that for every c, d, e objects
of C and for every f in C(c,d) and every g in C(d, ¢), the element g o f is a morphism of
C(c,e). Moreover, o satisfies the following properties.

1. For every object ¢, there exists a morphism in C(e,¢), denoted 1. and called the
identity morphism, such that for every morphism f € C(c¢,d) and g € C(d,¢), we
have 1,og=gand fol. = f.

2. The operation is associative.

Example A.2.2. There are legions of examples of categories. Of course, what we have in
mind after the introductory example are the category denoted Bool whose objects are Boolean
algebras, morphisms are Boolean morphisms and morphisms composition is simply the habitual
composition and the category denoted Stone whose objects are Stone spaces, morphisms are
continuous functions and morphisms composition is again the habitual composition.

Here are some other examples. The first one is given by a Boolean algebra B itself. Indeed
B is a category whose objects are the elements of B and where there is a morphism between
two elements a,b € B when a < b. Since a < a, there is an identity morphism and the other
requirements of composition follow simply from transitivity.

Secondly, we could consider the category Stone* whose objects are Stone spaces and mor-
phisms are arbitrary functions, instead of continuous one.

These two examples lead to some remarks:

1. The morphisms of a category are not necessarily maps between objects. Furthermore,
the morphisms composition is not necessarily the habitual composition, even when the
morphisms are maps. We encountered such a situation with the category DeV of de Vries
algebras in Chapter [I}
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2. A given class of objects may be associated to several different classes of morphisms. An
important example of this situation appeared in Chapter [2] where four different categories,
namely Sub, 0Sub, ¢Sub and sSub, share a common class of objects, subordination
algebras, but have different classes of morphisms.

Let us now define some special sorts of morphisms that will come in handy in our approach
of the category sbal of semi-bounded Archimedean ¢-algebras

Definition A.2.3. Let C be a category and ¢, d be two objects of C. A morphism f in C(e,d)
is said to be:

1. an isomorphism if there exists a morphism g € C(d,c) such that fog and go f are
identities morphisms,

2. an epimorphism if for every pair ¢1,¢92 € C(d,¢€), g1 o f = g2 o f implies g1 = go,
3. a monomorphism if for every pair g1, g2 € C(e,c), f o g1 = f o g5 implies g; = ga,

4. a bimorphism if it is both an epimorphism and a monomorphism.

A.2.2 Functors

Definition A.2.4. Let C and D be two categories. A (covariant) functor T from C to D is a
map that assigns to each object ¢ in C an object T'(¢) in D and to each morphism f in C(ecy, ¢2)
a morphism T'(f) in D(T'(c1), T(c2)) such that for every c in C, we have T'(1.) = 1p(.) and such
that for every pair f, g of morphisms in C, we have T(f og) = T(f) o T(g).

A mindful reader might have noticed that the definition of functor we encountered, while
quite natural, does not correspond to the situation between Boolean algebras and Stone spaces
exposed earlier in Proposition [A.T.T7] For this reason, we need to introduce another kind of
functors.

Definition A.2.5. Let C and D be two categories. A contravariant functor 7" from C to
D is a map that assigns to each object ¢ in C an object T'(¢) in D and to each morphism f in
C(c1, c2) a morphism T'(f) in D(T'(c2), T (c1)) such that for every ¢ in C, we have T'(1.) = 1p(c)
and such that for every pair f, g of morphisms in C, we have T'(f o g) = T'(g) o T(f)-

Remark A.2.6. It is worth noticing that we can compose functors. For instance, if T is a
functor from C to D and if S is a functor from D to E, then T o S is the functor from C to
E which sends an object ¢ to the object S(T'(¢)) and a morphisms f to the morphism S(T'(f)).
The composition of two covariant or contravariant functors gives a covariant functor, while the
composition of a covariant and a contravariant functor gives a contravariant one.

One-to-one and onto concepts can be generalised to the functors situation as we will see with
the next definition.

Definition A.2.7. Let T be a functor from the category C to the category D. We say that T
is :

e faithful if for any morphism ¢ in D(T(c), T'(¢')), there exists a morphism f in C(e, ¢’) such
that g = T'(f).

e full if for every pair ¢, ¢’ of objects in C and for every pair of morphisms f, g in C(c, ),
T(f) =T(g) implies f = g.
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e an isomorphism if T is a bijection both for objects and for morphisms.

Example A.2.8. We will give a first theoretical but very important example of functor. Let
C be a category such for every pair (¢, d) of objects in C, the class C(c,d) is a set. Let ¢ be a
fixed object in C et let us consider the covariant functor Hom(c, ) from C to Set which sends
an object d in C to C(c,d) and a morphism f : d — d’ to the map

Hom(c, f) : C(c,d) — C(c,d') : g—> fog.
This last map will be denoted f,(not to be confused with f, in and will be called left

composition with f.
Still considering the category C and the fixed object c, let us define the contravariant functor
Hom(+, ¢) which sends an object d to the set C(d,c¢) and a morphism f :d — d’ to the map

Hom(f,c) : Hom(d’,¢) — Hom(d,c) : g — go f.

This map is often denoted f* (still not to be confused with A* in Proposition|A.1.17) and called
right composition with f.

Before giving other examples of functors, let us define the notion of subcategory.

Definition A.2.9. Let C be a category. A subcategory S of C is a collection Ob(S) of some
of the objects of C and a collection Hom(S) of some of the arrows of C such that for every object
s in Ob(S), the idendity arrow 1, is in Hom(S), for every arrow f in Hom(S), the domain and
the image of f are in Ob(S) and for every pair (f, f’) of composable arrows in Hom(S), their
composition f o f’ is also in Hom(S).

It is not hard to convince itself that a subcategory is a category and that the map which
sends every object every arrows in S to itself in C is a covariant functor from S to C. It is called
the inclusion functor.

Finally, we will be interested in the special case of full subcategories, that is subcategories
S of categories C such that if s,¢ are objects of S then every morphism f between s and ¢ in C
is also a morphism between s and ¢ in S. Of course, S is a full subcategory of C if and only if
the inclusion functor is a full functor.

Example A.2.10. 1. A first obvious example of functor is the identity functor which sends
the objects and the morphisms of a category C to themselves. We denoted it by I¢.

2. If we go back to Definition let us consider the category DLat whose objects are
bounded distributive lattices and whose morphisms are Boolean morphisms. The category
Bool is then a subcategory of DLat. Moreover, if we consider the category Bool’ whose
objects are Boolean algebras and whose morphisms are Boolean morphsisms h such that
h(—a) = —h(a), then Bool’ is a full subcategory of DLat. It follows that Bool and Bool’
are actually the same category.

3. The map which sends a Boolean algebra B to the Stone space Ult(B) and a Boolean
morphisms h : B — C to the continuous function h* : Ult(C) — Ult(B) : 2 — h~!(z)
is a functor, denoted Ult, from the category Bool to the category Stone.

On the other hand, the map which sends a Stone space X to the Boolean algebra Clop(X)
and a continuous function f : X — Y to the Boolean morphism f, : Clop(Y) —
Clop(X) : O — f~}O) is a functor, denoted Clop, from the category Stone to the
category Bool. Of course, there is more to say about the functors Ult and Clop than just
observing they are indeed functors. In order to deal with them in depth, we present the
required theory in the next section.
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A.3 Adjunctions, equivalences and dualities

Definition A.3.1. Let 7" and S be two functors from C to D, a natural transformation 7
from T to S is map that sends an object ¢ in C to a morphism 7, in D, called the component of
the natural transformation 7 in ¢, such that for every morphism f in C(c,¢’) we have 7.0T(c) =
S(c) o 7, i.e. the following diagram is commutative

Te

T'(c) S(c)
T(f)l kS(f)
T(c) - S(c)

A natural isomorphism is a natural transformation such that every of its component is an
isomorphism of D.

Definition A.3.2. Two categories C and D are equivalent (resp. dually equivalent ) if there
exist covariant (resp. contravariant) functors T' from C to D and S from D to C such that there
exists a natural isomorphism between S o T and I¢ just as between T 0 S and Ip. In that case,
we say that the functors T and S establish a equivalence (resp. a duality) between C and D.

Example A.3.3. The fact that Bool and Stone are dually equivalent comes as no surprise.
Indeed, consider the map 7 sending a Boolean algebra B to the map

ng : B — Clop(Ult(B)) : b— {x € Ult(B) | b € z}.

We already know, thanks to Theorems [A.1.16] and [A.1.18] that np is an isomorphism and that
the diagram

B Clop(Ult(B))
h Clop(Ult(h))
C Clop(ULt(C))

is commutative for every h in Bool(B, C).
To find the other natural isomorphism, it suffices to sends a Stone space X to the continuous
function

ex : X — Ult(Clop(X)) :  — {O € Clop(X) | z € O}.
We thus have the following theorem.

Theorem A.3.4. The category Bool and the category Stone are dually equivalent. This will
be denoted by the following diagram.

Bool — Stone
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Definition A.3.5. Let C and D be two categories. An adjunction from D to C is a triple
(T, S, ) where T is a covariant functor from D to C, S a covariant functor from C to D and ¢
is a map which sends every pair (c, d), where c is an objects of C and d one of D, to a bijection

Pe,d

C(T(d),c) =¥ D(d, S(c)) (A.3)
such that the following diagrams are commutative
C(T(d),c) —— D(d, 5(c)) C(T(d),c) —— D(d, 5(c))
k:*l lS(k)* T(h)*l Jh*
C(I(d), ") —;— D(d, 5(c)) D(T(d'), ) —;— D(d’, 5(c))

where k is a morphism of C(c,c’), h is a morphism of D(d,d’) and we consider the notation of
Example Using the notations of [75], we will denote the adjunction by T' 4 S.
In particular, T is said to be a left adjoint for S and S to be a right adjoint for T'.

Remark A.3.6. In (A.3), consider the case where the object ¢ is T'(d) for some object d of D.
We then obtain
C(T(d),T(d)) = D(d, S(T(d)))-

Since 17(q) is a morphism of C(7T'(d), T'(d)), it follows that ¢(17(4)) is a morphism of D(d, S(T'(d))).
We call this morphism the unit of the adjunction and denote it by ng.
On the other hand, the co-unit of the adjunction, denoted by &, is the morphism

v (Ls() : T(S(c)) — e
It is clear that the roles of unit and co-unit in Stone duality are fulfilled by 7 and e.

We end this short presentation of category theory with another characterisation of (dually)
equivalent categories.

Definition A.3.7. An adjoint equivalence between categories is an adjunction (T, S, ¢) such
that its unit and its co-unit are natural isomorphisms.

Theorem A.3.8. Let T : D — C be a functor. The following are equivalent:
1. D and C are equivalent categories,

2. T is a full and faithful functor such that for every c in C, there exists d in D such that ¢
and T(d) are isomorphic,

3. there exists a functor S : C — D such that T and S form an adjoint equivalence.

Proof. See [52], Theorem IV .4.1. O
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Some extensions of Stone duality

It is possible to generalise Stone duality to categories weaker than Bool and Stone. For instance,
we already saw in Example that Bool is a subcategory of DLat, whose objects are
bounded distributive lattices not necessarily complemented. One may ask not only if there exists
a topological category playing for DLat a similar role to the one played by Stone for Bool, but
also if this newer duality somehow extends Stone’s one. This topological category exists and is
the category Priest of Priestley spaces as proved by Priestley in [56] and [57].

On the other hand, the category Stone could be weakened by dropping the zero dimensional
property and therefore forming the category KHaus of compact Hausdorff spaces equipped with
continuous functions.

It was proved by de Vries in [26] that KHaus is dually equivalent to the category of compin-
gent algebras, more commonly called de Vries algebras. A de Vries algebra is a hybrid structure,
both algebraic and relational, a concept that popped under different names through history. We
can for instance quote contact algebras, subordination algebras or quasi-modal algebras. We will
explore these different concepts in other chapters as the scope of this chapter is to expose the
extensions of Stone duality we just discussed.

The common idea behind Stone, Priestley and de Vries dualities is that topological spaces
are characterised by a particular subfamily of their topology (namely the clopen, the increasing
clopen and the regular open sets). However, topological spaces can also be characterised by their
ring of real and complex continuous functions. This fact leads to the duality between KHaus
and ubal of [7], to the Gelfand-Neumark duality (see [37]) between KHaus and C*-algebras
(see [46], Chapter IV] for proofs and relevant definitions).

All the extensions of Stone duality we considered until now in this introduction share a
common feature: weakening one of the categories involved. However, we can seen extensions
from another angle: we keep the Boolean algebras and add to them supplementary structures.
Instances of this kind of extensions are of course subordination algebras, but also modal algebras,
which are respectively dually equivalent to subordination and modal spaces.

B.1 Priestley duality

The layout of Priestley duality is quite analogue to the layout of Stone’s one. Some differences
are nevertheless to note. First of all, the proper prime filters of a bounded distributive lattice
are not ultrafilters anymore, as it was previously the case, as seen in Theorem [A.T.5] Secondly,
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for a bounded distributive lattice L, if X denotes the set of proper prime filters of L, the set
n(a) ={reXr|x>a}

may fail to be a clopen set for some a € L in the Stone topology. We thus move to the following
construction.

Construction B.1.1. Let L be a bounded distributive lattice. We endow X with the topology
generated by
A={n(a)[aec L} U{X,\n(a)|ae L}

With this definition, we retrieve the fact that n(a) is a clopen set for every a € L but one can
remark that the characterisation of clopen sets given in Proposition for the Boolean case
is no longer on the agenda as Xy, \ n(a) is a clopen set and, unless there exists b € L such that
aAb=0and bV a=1, that is b = —a, there is no b € L such that X \ n(a) = n(b).
Fortunately, by ordering the elements of X, by inclusion, we obtain the following Proposition.

Proposition B.1.2. Let L be a bounded distributive lattice. The increasing clopen sets of X,
are ezactly the sets n(a) for a € L.

Proof. It is obvious by construction that n(a) is an increasing clopen set of X, for every a € L.
On the other hand, let O be an increasing clopen set. We can consider that O is a proper
not empty subset of X, as otherwise, we would have O = (1) or O = 1(0) and the proof would
be conclude. Thus we can consider prime filters z and y such that z € O and y € O°. As O is
increasing, we have that © £ y, such that there exists a,, € L such that a,, €  and azy, ¢y,
that is z € n(azy) and y € X1 \ n(azy).
Let us fix one yy € O, we have that

0 € U{n(azy,) | x € O},

With Proposition [B.1.4] we will know that X, is compact, ensuring us that O, as a clopen set,
is compact. Therefore, there exist z1,...,z, € O such that

O C n(az,yo) U . Un(az,y,) = n(a),

for a = agz,y, V ... V g, y,, Which concludes the proof.
O

Corollary B.1.3. Let L be a bounded distributive lattice. The decreasing clopen sets of Xy, are
exactly the sets X1 \ n(a) for a € L.

Proposition B.1.4. Let L be a bounded distributive lattice, then Xy, is a compact Hausdorff
space.

Proof. We start by proving that X, is indeed compact. Consider a cover of X,
0 ={n(s)|seStu{Xp\n@)[teT}

with S,T C L. Let F denote the filter generated by 7" and I the ideal generated by S.

In a first phase, we prove that ' T # (). If this not so, there exists a prime filter z such that
F Cxand INxz = 0. More precisely, we have T'C x and SNz = (). It follows that for every
teT, & X\ n(t) and that for every s € S, x ¢n(s). This is absurd since 6 is a cover of Xj.
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In a second phase, take a € F N I. By definition of generated filter and ideal, there exist
elements si,...,8, € S and ty,...,t,, € T such that

AN ALy <a<s1V..Vsy,.

Therefore, we obtain

Xr =n(a)U XL \n(a)
N(s1V...Vs) UXp\n(t1 Ao At)
n

(s1)U..Un(sp) UXp\n(t1) U...UXL \n(tm)

as required.

We will now prove that X is Hausdorff. Let x,y be two distinct elements of X, then we
can consider, without loss of generality, that x £ y. Henceforth, there exists a € L such that
a € xz and a €y, that is such that z € n(a) and y € X1, \ n(a). Thus we have the conclusion. O

Remark B.1.5. It turns out that X is a little bit more than just a compact Hausdorff space.
Indeed, in our proof of Proposition the open sets used to separate x from y have the
interesting properties to be clopen, respectively increasing and decreasing and each other’s com-
plements. . Thus, consider the following definition.

Definition B.1.6. A topological space X equipped with an order is a Priestley space if X is
compact and if for every x,y € X such that x £ y there exists an increasing clopen set O such
that z € O and and y ¢ O. This latter property is known as totally order-disconnected.

Proposition B.1.7. Let X be an ordered topological space.
1. If X is totally order-disconnected, then its order is closed in X2.
2. If the order of X is closed in X?, then X is a Hausdorff space.
3. If (X, 7,<) is an ordered space, then
MT={wer|tw=wland 7 ={werT|lw=uw}
are topologies on X.

4. If (X,7,<) is a Priestley space, then 71 is generated by the set T of increasing clopen sets,
74 by the set D of decreasing clopen sets and T by the set

A={ONU|0€Z, UeD}

Proof. Only the fourth assertion requires a non-trivial proof. Let us prove that 7 is generated
by A. Let w be an open set of X and = € w. For every y € w®, we have x € y or y £ z. In any
case, there exists a clopen sets such that x € O, , and y ¢ O, , which is respectively increasing
or decreasing.
We then have
W CUL0S, |y ¢w

and, by compactness of w¢, there exist y1, ..., ¥, in w® such that

wCW{0;g,, |1<i<n}
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It suffices now to denote
Op =N{O04y, |1 <i<n}
to obtain that w = UO, and conclude the proof.

The reasoning to prove that 7' is generated by Z and 7+ by D is practically identical with
the small difference that for y € w® we only have one of x £ y and y £ . O

Theorem B.1.8. Let L be a bounded distributive lattice. The topological space Xy of prime
filters of L is a Priestley space.

Proof. This is just a rewriting of Proposition taking into consideration Remark O

With the previous theorem, we established a functor from the category DLat of bounded
distributive lattices to the category Priest of Priestley spaces (although only for the objects).
To find the functor in the other direction, a closer look at Proposition gives us the right
approach.

Theorem B.1.9. Let X be a Priestley space. The set Lx of increasing clopen sets of X ordered
by inclusion is a bounded distributive lattice.

Proof. Tt is a simple verification. O

Now we end the definition of the functors between Priest and DLat by describing their
actions on morphisms.

Theorem B.1.10. 1. Let L and M be two bounded distributive lattices and h : L — M a
lattice morphism, then
h*: Xy — Xp o — ()

is an increasing continuous function.

2. Let X and Y be two Priestley spaces and f : X — Y an increasing continuous function,
then

fo:Ly — Lx :0— f71(0)
is a lattice morphism.

Proof. The proof follows the same lines as the one used in Stone’s case. O

Definition B.1.11. 1. We denote by Priest the category of Priestley spaces equipped with
increasing continuous functions.

2. We denote by DLat the category of bounded distributive lattice equipped with lattice
morphisms.

3. We denote by 1Clop the (contravariant) functor from Priest to DLat which sends a
Priestley space X to its lattice of increasing clopen sets X, and a function f € Priest(X,Y)
to the morphism f~! € DLat(Ly, Ly).

4. We denote by Prim the (contravariant) functor from DLat to Priest which sends a
bounded distributive lattice L to its set of prime filters X, and a morphism h € DLat(L, M)
to the increasing function h=! € Priest(Xy, X1).

Lemma B.1.12. A f: X — Y morphism in Priest is an isomorphism if and only if f is a
homeomorphism such that for v,y € X, x <y if and only if f(z) < f(y).
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Proof. 1t is straightforward. O

Definition B.1.13. An increasing continuous functions satisfying the conditions of Lemma
B.1.12]is said to be an order homeomorphism.

Before continuing, a reasonable question would be to ask if, since DLat extends Bool, Priest
does extend Stone? It is enough to consider that a Stone space is a Priestley space ordered by
the equality to see that indeed Stone is a full subcategory of Priest.

Theorem B.1.14. 1. Let L be a bounded distributive lattice. The map

3.

n: L — 1 Clop(Prim(L)) : a — n(a)
is a lattice isomorphism.
Let X be a Priestley space. The function
g: X — Prim(1Clop(X)) :2— {O € Lx |z € O}
is an order homeomorphism.

The functors Prim and 1 Clop establish a duality between Priest and DLat.

Proof. 1. By Proposition[B.1.2] we know that 7 is well-defined and onto. Moreover, since it is

not hard to prove that 7 is a lattice morphism, it only remains to prove that 7 is one-to-one.
Suppose, without loss of generality, that a,b are elements of L such that a £ b. It follows

that taN b = (), implying the existence of a prime filter x such that ta C x and |bNz = (.
Henceforth, we have x € n(a), while z & n(b).

First of all, we have to prove that e(x) is indeed an element of the set Prim(1 Clop(X))
but it is purely routine.
Then, we have

e~ ' (n(0)) = O and ™' (n(0)°) = O°,
for every O € 1 Clop(X). Consequently, the function e is continuous. Moreover, since
the clopen sets of 1 Clop(X) are increasing by definition, it is clear that < y implies
e(z) S e(y)-
Furthermore, since X is totally order disconnected, x £ y implies that x € O and y & O
for some increasing clopen set O. It follows that e(x) € £(y) and therefore that ¢ is one-
to-one. Considering that € has already been proven to be increasing, one can note that, in
particular, we showed that x <y if and only e(x) < e(y).
Finally, suppose that € is not onto. Then, there exists a prime filter § such that § ¢ e(X).
But, since Prim(1Clop(X)) is a regular topological space and ¢(X) is one of its closed
subset, there exists an open set w of Prim(1 Clop(X)) such that § € w and ¢(X) C w°.
Hence, by Proposition [B.1.7} we can consider that

w=mn(0)Nn(U)*
for some O,U € 1 Clop(X). In particular, it means that
0 =" (n(0)Nn(U)°) =0NU,

which means that O C U. Therefore, § € n(O) implies § € n(U). This contradicts
§ € n(U)¢ N n(0). Thus, € is a bijective continuous function between compact Hausdorff
spaces and so is a homeomorphism which completes our proof.
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3. What remains to prove is that € and 7 are natural transformations. The proof is identical

to the one of for Stone duality and is left to the reader.
O

B.2 Remarks on Priestley duality

The functors presented here for the Priestley duality are not the usual ones since it is more
common to work with prime ideals and decreasing clopen sets (see for instance [22]) instead of
prime filters and increasing clopen sets.

However, on one hand, there is a correspondence between prime ideals and prime filters of
a bounded distributive lattice, and on the other hand, there is another correspondence between
decreasing clopen sets and increasing clopen sets of a Priestley space (namely the complement
set gives both correspondences). Therefore, we can easily interchange a concept with another.

Finally, we have the theorem which states that Priestley duality indeed extends Stone duality.

Theorem B.2.1. 1. Let B,C be Boolean algebras and h : B — C' a morphism in Bool.
Then, Prim(B) = Ult(B) is a Stone space and Prim(h) = Ult(h) is a morphism of Stone.

2. Let X, Y be Stone spaces and f : X — Y a morphism in Stone. Then, 1 Clop(X) =
Clop(X) is a Boolean algebra and 1 Clop(f) = Clop(f) is a morphism in Bool.
Completing the picture of Theorem[A.3.4, we obtain the following diagram.

DLat Priest
\ /

Bool — Stone

Proof. Rather than an authentic proof, we just remark that for a Boolean algebra prime filters
and ultrafilters are equivalent notions and that, since the order in a Stone space is the equality,
the clopen sets of a Stone space are increasing. O

B.3 Modal algebras

Modal algebras are used as models for modal logic in a similar way as Boolean algebra are models
for classical logic. We redirect the reader to [16] or [9] for more details on the subject.

Definition B.3.1. 1. A modal algebra is a pair 6 = (B, () where B is a Boolean algebra
and ¢ is a map B — B such that :

(a) O(aVvb)=>CaV Obfor all a,b e B,
(b) 00 =0.

Note that [J is a common shortcut for —=—.

2. Let A = (A4,0) and B = (B, Q) be modal algebras, a map h : A — B is a modal
morphism if it is a Boolean morphism such that h(0a) = Oh(a) for every a € A.

3. We denote by ModAlg the category whose objects are modal algebras and whose mor-
phisms are modal morphisms.
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Hence, for a modal algebra B = (B, 0), its Boolean part B possesses a Stone dual X, the
main mission now is to determine what will become the modal part ¢ of 6. It could be interesting
to note that another family of objects is used to provide modal logic with models: modal spaces
(often called descriptive frames).

Definition B.3.2. 1. A modal space is a pair X = (X, R) where X is a Stone space and
R is a modal accessibility relation, that is a closed binary relation on X such that for
every clopen subset O of X, the set

R(—,0):={z€X|3ye0: xRy}
is still clopen.

2. Let X = (X,R) and 9) = (Y, R) be modal spaces, a function f : X — Y is a modal
function if it is a continuous function such that, for all x,y € X and z € Y

(a) = Ry implies f(z) R f(y),
(b) f(z) R = implies that there exists y € X such that x Ry and f(y) = 2.

3. We denote by ModSp the category whose objects are modal spaces and whose morphisms
are modal functions.

Remark B.3.3. An interesting property about the modal accessibility relation of a modal space
(X, R) is that for a closed subset F' of X, the sets

R(F,-)={zeX|JyeF :yRx}

and R(—, F') (defined analogously) are still closed, while for an open subset O of X, the sets
R(0O¢, —)¢ and R(—, O°)¢ are open.

Let us prove the first assertion and let us suppose that « ¢ R(F, —). Then, for every y € F,
we have that (y,z) ¢ R. As R is closed, there exist open sets O,, U, such that

(y,z) € O, x U, C R".

In particular, it follows that ¥ C UO,, and by compactness, there exist yi,...,y, € F with
F C O :=U0,,. Hence, it suffices to notice that

x € UU,, C R(F,—)°¢
to conclude.

The way a modal space is used as model for modal logic clearly enlightens us about the future
of ¢ in the duality. Indeed, let us consider a modal space X = (X, R) and a valuation v on X,
that is a map from a set Var of variables to Clop(X), then it is possible to extend v to the set
of the modal formula ¢p as follows

v(0p) = R(=,v(p))-
In other words, it means that for z,y € X
x Ry= (y € v(p) =z €v(0p)).
Using Remark it is not hard to prove that we have actually
x Ry < (Vv valuation)(y € v(p) = x € v(0p)).

Finally, we have to remember that v(p) and v(¢p) are clopen sets of X, and thus elements of its
dual to come up with the following theorem.

190



B.4. Bounded Archimedean ¢-algebras

Theorem B.3.4. 1. If B = (B,0) is a modal algebra, then the pair X = (Ult(B), Re) with
Ry defined as
zrRyye MaeB)acy=0uczx)=fyCux (B.1)

is a modal space.
2. If X = (X, R) is a modal space, then B = (Clop(X), Or) with Or defined as
OrO = R(—,0)
18 a modal algebra.
3. If h € ModAlg(A, B), then Ult(h) € ModSp(Ult(B), Ult(A)).
4. If f €« ModSp(X,Y), then Clop(f) € ModAlg(Clop(Y), Clop(X)).

5. The categories ModSp and ModAlg are dually equivalent

B.4 Bounded Archimedean /-algebras

We saw that Stone spaces could be characterised by their set of clopen subsets. In a similar way,
we saw in Chapter [I] that compact Hausdorff spaces can be characterised by their regular open
subsets.

Now, we will discuss another way to characterise compact Hausdorff spaces: through their
set of real continuous functions via real Gelfand-Neumark duality (see [37] and [71]).

As announced in the introduction, we will merely mention the definitions and theorems of

7.

Definition B.4.1. 1. An /-ring is an algebra (A4, -, +, A, V,0, 1) such that :
(a) (A,-,+,0,1) is a ring,
(b) (4, A,V) is a lattice,

(¢) a <bimplies a +c<b+ec,

(d) 0 <a,b implies 0 < ab.

We say that an ¢-ring A is

(a) Archimedean if for each a,b € A na < b for each n € N implies a < 0.

(b) bounded if for each a € A there exists n € N such that

a<l+...4+1.
—_————

ntimes

(c) a bal if it is a bounded Archimedean /(-ring which is also an R-algebra such that
0<acAandreR" implies 0 < ra.

2. For two bals A and B, a map a: A — B is a bal morphism if it is a lattice morphism
and an R-algebra morphism.

3. We denote by bal the category whose objects are bals and whose morphisms are bal
morphisms.
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Appendix B. Some extensions of Stone duality

Notation B.4.2. Let A be a bal and a € A. We denote by |a| the absolute value of a, that
isaV —a.

Definition B.4.3. Let A be a bal. A subset I of A is an f-ideal if it is a ring ideal such that
for a,b € A, |a| < |b] and b € I implies a € I.

Notation B.4.4. 1. For a bal A, we denote by MaxId,(A) its set of maximal ¢-ideals for the
inclusion.

2. For a compact Hausdorff space X, we denote by C'(X,R) its set of real continuous functions
(that is continuous functions from X to R).

Proposition B.4.5. 1. For a bal A, the set MaxId,(A) endowed with the topology generated
by the subsets of the form

w(a) = {I € MaxId,(A) | I Fa},
fora € A, is a compact Hausdorff space.

2. Let o € bal(A, B), then
MaxId (o) : MaxIdy(B) — MaxId,(A) : I — o~ '(I)
is a continuous function.

Proposition B.4.6. 1. For a compact Hausdorff space X, the set C(X,R) equipped with
pointwise operations and order is a bal.

2. Let f € KHaus(X,Y), then
C(f):C(Y,R) — C(X,R):g—gof
s a bal morphism.

With the previous two propositions, one could think that bal and KHaus are dually equiv-
alent categories. However, the next proposition will show us that this is not entirely the case.

Definition B.4.7. Let A be an object of bal and a € A. The uniform norm of a is defined by
lla|]| = inf{A € R | |a| < - 1}.

Proposition B.4.8. If X is a compact Hausdorff space then its ring of continuous functions
C(X,R) is complete with respect to its uniform norm, that is every Cauchy sequence in C(X, R)
1§ convergent.

Definition B.4.9. We denote by ubal the full subcategory of bal whose objects are uniformly
complete bals.

We are now ready to state the duality of this section.

Theorem B.4.10. The categories ubal and KHaus are dually equivalent.
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Appendix C

Contact - Subordination -
quasi-modal operator

We consider in this appendix four structures on Boolean algebras: subordination relation, already
encountered in Chapter |2} pre-contact relations and (dual) quasi-modal operators. The four
structures substantially bear the same information.

C.1 Interconnections between definitions

Definition C.1.1 ([5]). Let B be a Boolean algebra. A subordination relation on B is a
binary relation < on B such that

S1. 0<0and 1<1,

S2. a < b,cimplies a < bAc,
S2’. a,b < ¢ implies a Vb < ¢,
S3. a <b<c<dimplies a < d.

A subordination relation is a pair 8 = (B, <) where B is a Boolean algebra and < is a
subordination relation on B.

Definition C.1.2 ([I4]). Let B be a Boolean algebra. A quasi-modal operator on B is a
map
v :B — I(B)

such that :
1. V(aAb) =V (a)NV(b),
2. V1 =B.

A quasi-modal algebra is a pair 8 = (B, V) where B is a Boolean algebra and V is a quasi-
modal operator on B.

Definition C.1.3. Let B be a Boolean algebra. A dual quasi-modal operator on B is a map
A: B — F(B)

such that:
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Appendix C. Contact - Subordination - quasi-modal operator

1. A(aVd) = A(a) N A(D),
2. A0 = B.

A dual quasi-modal algebra is a pair B = (B, A) where B is a Boolean algebra and A is a
dual quasi-modal operator on B.

Definition C.1.4 ([28]). Let B be a Boolean algebra. A pre-contact relation on B is a binary
relation C on B such that

Cl.1¢0and 0¢ 1,

C2. aCbVcimpliesaCboralec,
C2. avbCcimpliesaCcorb(Cec,
C3. a>bC c<dimplies a C d.

A pre-contact algebra is a pair 8 = (B,C) where B is a Boolean algebra and C a pre-contact
relation.

Theorem C.1.5. Let B be a Boolean algebra, < a subordination relation on B, V a quasi-modal
operator on B, A a dual quasi-modal operator on B and C a pre-contact relation on 5. Then

1. the map V< : B — Z(B) defined by V(a) = <(—,a) is a quasi-modal operator,
2. the map A< : B — F(B) defined by A(a) = <(a, —) is a quasi-modal operator,
3. the relation <y defined by a <y b iff a € Vb is a subordination relation,
4. the relation <, defined by a <, b iff b € Aa is a subordination relation,
5. the relation C< defined by a C< b iff a A —b is a pre-contact relation,
6. the relation <¢ defined by a <¢ b iff a ¢ —b is a subordination relation.
Moreover, we have
7. a <bif and only if a < b if and only if a <v_ b if and only if a <¢_ b,
8. a(a) = b, (),
9. v(a) = V<, (a),
10. a C b if and only if a C<, b.
Proof. One just has to use the definitions to prove the theorem. O

Note that in Theorem [C.1.5] we chose to use < as a common ground. Of course, through their
associated subordination relations, it is possible to inter-define quasi-modal operator, dual quasi-
modal operator and pre-contact relation. In short, we have the following table of correspondences.

Subordination | Pre-contact | Quasi-modal | Dual quasi-modal
a<b a @ —b a € Vb be ha

Finally, note that the axiomatisation of pre-contact algebra given here in Definition is
not the usual one. Indeed, we wrote the axioms C1 - C3 so that they are the exact correspondent
of the axioms S1 - S3 of definition meaning that (B, <) satisfies the axiom Si if and only if
(B, (<) satisfies the axiom Ci. In the next section, we will discuss equivalent axiomatisation of
both subordination and pre-contact algebras, as well as giving translation for additional axioms.
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C.2. Equivalent and additional axioms

C.2 Equivalent and additional axioms

Definition C.2.1. Let B be a Boolean algebra and <, C some binary relations on B. We have
the following axioms

S4. a < bimpliesa <b C4. b,c>a#0impliesbC ¢

S5.  a < bimplies =b < —a C5. aCbimplies b C a.

S6. a<b=<cimpliesdc: a <c<b | C6. (Vc)(aC cor —cCb)implies a C b
S7. a#0implies I #0: b<a C7. bCaforall b0 impliesa =1

Note that, once again, we gave the axioms in order to ensure that (B, <) satisfies Si if and only
if (B, C<) satisfies Ci.

Proposition C.2.2. Let B be a Boolean algebra and <, C some binary relations on B.
1. If (B, <) satisfies S3, then (B, <) satisfies S1 if and only if it satisfies
eS1. 0<a =<1 forallacB.
Similarly, if (B,C) satisfies C3, then (B,C) satisfies C1 if and only if it satisfies
eCl. 0@ a and a @0 for all a € B.
Of course, we also have that (B, <) satisfies eS1 if and only (B,C) satisfies eC1.
2. If (B, <) satisfies eS1 and S4, then it satisfies S6 and S7 if and only if it satisfies
S6-7. a <b#0 implies Ic #£0: a < c < b.
3. (B,C) satisfies C7 if and only if it satisfies
aC7. a# 1 implies 3b #0: b ¢ a.
Moreover, if it satisfies C5, then it satisfies aC7 if and only if it satisfies
bC7. a # 1 implies 3b #0: a ¢'b.
Finally, if (B,C) satisfies C2 and C2’, then it satisfies bC7 if and only if it satisfies
cC7. a L b implies Ic: aC c and b c.
Moreover, if (B,C) satisfies eC1 and C4, then it satisfies cC7 if and only if it satisfies
dC7. C(a,—) =C(b,—) implies a = b.
Finally, (B,C<) satisfies dC7 if and only if (B, <) satisfies
dS7. <(a,—) = <(b,—).
4. If (B,C) satisfies C3, then C4 is equivalent to
eC4. a # 0 implies a C a.
Similarly, if (B, <) satisfies S3, then S4 is equivalent to
eS4. a # 0 implies a £ —a.
Finally, it is clear that (B, <) satisfies eS4 if and only if (B,C<) satisfies eC4.
5. If (B, <) satisfies S1, S6 and S3 then it satisfies S4 if and only it satisfies
eS4. a=Vv{b:b=<a}.
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