Results Math (2020) 75:177
Online First

© 2020 The Author(s) . .

https://doi.org/10.1007/s00025-020-01303-3 | Results in Mathematics
Check for
updates

Continuously Differentiable Functions on
Compact Sets

Leonhard Frerick, Laurent Loosveldt, and Jochen Wengenroth

Abstract. We consider the space C'(K) of real-valued continuously dif-
ferentiable functions on a compact set K C R%. We characterize the com-
pleteness of this space and prove that the restriction space C’l(Rd|K ) =
{flr : f € C*(RY)} is always dense in C*(K). The space C*(K) is then
compared with other spaces of differentiable functions on compact sets.
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1. Introduction

In most analysis textbooks differentiability is only treated for functions on
open domains and, if needed, e.g., for the divergence theorem, an ad hoc gen-
eralization for functions on compact sets is given. We propose instead to define
differentiability on arbitrary sets as the usual affine-linear approximability—
the price one has to pay is then the definite article: Instead of the derivative
there can be many. We will only consider compact domains in order to have
a natural norm on our space. The results are easily extended to o-compact
(and, in particular, closed) sets.

An R™-valued function f on a compact set K C R? is said to belong
C(K,R") if there exits a continuous function df on K with values in the
linear maps from R? to R™ such that, for all z € K,

i )~ @) — @)y~ 2)
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=0, (1)
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where | - | is the euclidean norm. For n = 1 we often identify R? with its dual
and write (-,-) for the evaluation which is then the scalar product. Questions
about C'(K,R") easily reduce to the case C'(K) = C'(K,R).

Of course, equality (1) means that df is a continuous (Fréchet) derivative
of f on K. As in the case of open domains, every f € C'(K) is continuous
and we have the chain rule: For all (continuous) derivatives df of f on K and
dg of g on f(K) the map x — dg(f(z)) o df(z) is a (continuous) derivative of
go fon K.

In general, a derivative need not be unique. For this reason, a good tool
to study C*(K) is the jet space

JHEK) = {(f,df) : df is a continuous derivative of f on K}

endowed with the norm

ICf, d) 7y = Il + lldf [k,

where || - ||k is the uniform norm on K and |df (z)| = sup{|df(x)(v)| : |v] < 1}.
For the projection 7(f,df) = f we have C'(K) = n(J'(K)), and we equip
C'(K) with the quotient norm, i.e.,

I fllcrxy = | fllx + inf{||df ||k : df is a continuous derivative of f on K}.

It seems that the space C''(K) did not get much attention in the litera-
ture. This is in sharp contrast to the “restriction space” C*(R4|K) = {f|x :
f € CHR)}. Obviously, the inclusion C*(R4|K) C C*(K) holds but it is well-
known that, in general, it is strict. Simple examples are domains with inward
directed cusps like

K ={(z,y) € [-1,1)%: |y| > e~/ for = > 0}.

The function f(z,y) = e~ /(%) for 2,y > 0 and f(z,y) = 0 elsewhere, is in
CY(K) but it is not the restriction of a C'-function on R? because is is not
Lipschitz continuous near the origin.

In a famous paper from 1934 [1], Whitney proved that C'(RYK) =
m(&1(K)) where &(K) is the space of jets (f,df) for which the limit (1) is
uniform in x € K. Moreover, &'(K) endowed with the norm

[/ (y) = f(=)]

1(F>df)lsrcay = NCFdf) | *S“p{ ly— |

rx,y € Koy # ﬂc}
is a Banach space. Thus, C'(R%K) equipped with the quotient norm
| - llcr (e iy inherited from || - [|1(x) is also a Banach space.

Since their introduction, Whitney jets (also of higher orders) have been
widely studied, in particular in the context of extension operators [2-5]. Gener-
alizations of them have been defined in various contexts such as Baire functions
[6], holomorphic functions [7], Sobolev spaces [8,9], so-called C™* (R?) spaces
[10] or (generalized) Holder spaces [11].
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In this paper, we prove that &1(K) is always a dense subset of J!(K).
The density of C*(R?|K) in C*(K) is then an immediate consequence. To-
gether with a characterization of the completeness of (C*(K), || - [|c1(k)), this
leads to a simple geometric criterion for the equality C1(K) = C1(R4|K) as
Banach spaces. In the one-dimensional case, we also give a characterization of
the mere algebraic equality.

If the compact set K is topologically regular, i.e., the closure of its inte-
rior, another common way to define differentiability is the space

Cry(K)={feC(K): flgy€ C'(K) and df extend continuously to K},

int

see for instance [12,13]. For f € Cl, (K) we will denote the unique continuous
extension to K of the derivative again by df.

In this topologically regular situation, the derivative of a continuously
differentiable function on K is uniquely determined by the function, which
means that the projection 7 is injective on J!(K) and therefore C'(K) and
JHK) as well as CH(R?|K) and &*(K), respectively, can be identified.

Equipped with the norm || f|| x +]|df || i, it is clear that CiL, (K) is always a
Banach space which contains C'*(K). Despite this nice aspect we will see by an
example of Sauter [14] that C} (K) has a dramatic drawback: Compositions
of ClL, (K)-functions need not be differentiable.

We will present some results about equalities between CL, (K), C1(R?| K)
and C'(K) which are related to the so-called “Whitney conjecture” ([9,15]).

The paper is organized as follows. In Sect. 2, we start with some more
or less standard facts about rectifiable paths and integration along them to
establish the fundamental theorem of calculus for C'!'(K)-functions, and we
present the above mentioned example of Sauter of C{ -functions where this
result fails. In Sect. 3 we characterize the completeness of C*(K) by a simple
geometric condition, and in Sect. 4, we prove the density of C1(R¢|K), which
relies on very deep results of Smirnov [16]. In Sect. 5, we compare the spaces
CHRIK), CY(K) and C},(K) and finally, we complement this with specific
results for compact subsets of R.

2. Path Integrals

A function f € C'(K) need not be Lipschitz continuous because segments with
endpoints in K, to which one would like to apply the mean value theorem, need
not be contained in K. Instead of segments one then has to consider rectifiable
paths in K, i.e., continuous functions v : [a,b] — K such that the length

L(y) =supQ > |9(t;) = y(tji-1)| ta=tg < <ty =b
j=1

is finite. The function £(t) = L(7l|[,4) is then continuous: Given ¢ > 0 and
a partition such that the length of the corresponding polygon is bigger than
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L(v) —e¢, every interval [r, s| lying between two consecutive points of the parti-
tion satisfies £(s) — £(r) = L(7},5)) < |7(s) —~(r)| + . For the minimal length
of the subintervals of the partition one then easily gets the required continuity
estimate.

Proposition 2.1. (Mean value inequality) Let f € CY(K) and z,y € K. If
df is a deriwative of f on K and if x and y are joined by a rectifiable path
v :la,b] = K, then

|f(y) = f(2)] < L(v) sup{|df (z)] : z € 7([a, b])}- (2)

Proof. We essentially repeat Hormander’s proof [17, theorem 1.1.1]. For each
¢ > sup{|df(2)| : z € v([a,b])} the set T = {t € [a,b] : [f((t)) — f(x)[ < cl(t)}
is non-empty and closed because of the continuity of f o~ and ¢, hence is has
a largest element t € [a, b]. If t were different from b, the differentiability of f
at z = y(t) gives a neighbourhood U of z such that

1f(2) = f(w)] < |f(2) = f(w) — df (2)(z — w)| + |df (2)(z — w)| < c|z — w]
for all w € U. By the continuity of v we find s > t with y(s) € U so that

[f(v(s)) = F(@)] < |F(v(s)) = F(y ()] + cb(t) < ely(s) — v (B)] + cl(t) < cl(s),

contradicting the maximality of ¢. O

The mean value inequality does not use the continuity of a derivative and
has the usual consequences. For example, if df = 0 is a derivative of f and K
is rectifiably pathwise connected (a certainly self-explaining notion) then f is
constant.

Our next aim is to show that a continuous derivative integrates back
to the function along rectifiable paths. We first recall the relevant notions. If
F: K — R% is continuous and v is a rectifiable path in K we define the path
integral fv F as the limit of Riemann-Stieltjes sums

(F(v(15)),7v(t5) = v(tj-1))

n
=1

J
where a = tg < ... < t, = b are partitions with max{tj—tj,l :1<j<n}—0
and t;_; < 7; < t;. The existence of the limit is seen from an appropriate
Cauchy condition (or by using the better known one-dimensional case where
rectifiable paths are usually called functions of bounded variation). If y is even
absolutely continuous, i.e., there is a Lebesgue integrable 7 : [a, b] — R? with
v(B) —v(a) = ff A(t)dt for all a < 3, one gets from the uniform continuity of
F o~ the familiar representation

/7 r- [ (B0, 5 (0)d

If v is even continuously differentiable and F = df for a function f € C'(K),
the integrand in the last formula is the derivative of f o~ (by the chain rule)
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and the fundamental theorem of calculus gives fv df = f(v(®)) — f(~(a)).
Since continuous differentiability of v is a not a realistic assumption in our
considerations (interesting phenomena typically occur for quite rough compact
sets K'), we need a more general version:

Theorem 2.2. (Fundamental theorem of calculus) For each f € CY(K) with a
continuous derivative df and each rectifiable v : [a,b] — K we have

/ df = F(3(0)) — F(7(a)). (3)

Proof. Given a partition a =ty < ... < t, = b and a fixed j € {1,...,n} we
set z = y(t;) and apply the mean value inequality to the function

g9(x) = f(z) = f(z) = {df (2),2 — 2)
on y([tj—1,t;]). Since dg(z) = df (z) — df (z) is a derivative of g, we obtain
|F(r(@t5)) = F(r(t5-1)) = {df (v(£5)), v (E5) — ¥ (t5-1))]
=19(v(tj-1)) — 9| < LVt -.51)
sup{[df (v(t)) — df (v(t;—1)| : ¢ € [t;-1, 8]}
The uniform continuity of df oy yields that this supremum is small whenever
the partition is fine enough. The theorem then follows by writing f(v(b)) —

f(v(a)) as a telescoping sum and inserting these estimates together with the
obvious additivity of the length. O

Below, we will need a slightly more general version of the fundamental
theorem: The formula f,y df = fo~|? holds if f and df are continuous on K
and df (z) is a derivative of f at x for all but finitely many z € v([a, b]).

Indeed, if only the endpoints y(a) and ~(b) are exceptional, this follows
from a simple limiting argument, the general case is then obtained by decom-
posing the integral fv df into a sum.

In the proof of Proposition 3.4, we will have to find a rectifiable path
by using the Arzela-Ascoli theorem. It is then essential to have a “tame”
parametrization which we explain briefly; more details can be found, e.g., in
[18]. Given a continuous 7 : [a,b] — R? with length L = L(v) and length
function £(t) = L(7|[a,s), the function a(s) = inf{t € [a,b] : £(t) > s} is again
increasing but not necessarily continuous, it jumps over the intervals where ¢
is constant. Nevertheless, 7 = y o« : [0, L] — R? is a continuous path with
A([0, L)) = v([a, b]) such that all path integrals along v and 4 coincide and such
that L(§|j,4) =t for all ¢t € [0, L]; in particular, ¥ is Lipschitz with constant
1. This path 7 is called the parametrization of v by arclength.

If {7; : i € I} is a family of curves with equal length, it then follows that
{%: : i € I} is equicontinuous. Moreover, Rademacher’s theorem implies that
7 is almost everywhere differentiable and absolutely continuous.

We have seen that the behaviour of functions f € C'(K) concerning
compositions and the fundamental theorem together with its consequences
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is essentially as in the case of open domains. We will now present Sauter’s
example [14] showing that this not the case for f € Cl, (K).

Let C be the ternary Cantor set and U its complement in (0,1). The
open set € is constructed from U x (0,1) by removing disjoints closed balls
(Bj)jen that accumulate precisely at C' x [0,1] and such that the sum of their
diameters is < 1/4. This implies that there exist horizontal lines that do not
intersect any of the balls and are thus contained in K = Q.

If f is the Cantor function on [0, 1], we consider the function F' defined
on K by F(x,y) = f(z). We have F' € CL (K) because it is continuous and
dF =0on Q= K, as f is locally constant on U. If now 7 : [0,1] — K is the
obvious left-to-right arclength parametrization of one of the horizontal lines
crossing K, we have

/ dF = 0 while F(4(1)) — F(1(0)) = (1) — £(0) = L.

This proves F' ¢ C!(K). This example shows that the fundamental theo-
rem does not hold for C, and also reveals the catastrophe that compositions

n
(namely F o) of Cl -functions need not be Cy.,.

3. Completeness

We study here the completeness of (C*(K), || [lc1(x)) and (T (EK), || | 71 (x))-
We show that, if K has infinitely many connected components, then these
spaces are not complete. In contrast, if K has finitely many connected com-
ponents, the completeness of both spaces is characterized by a pointwise geo-
metric condition whose uniform version goes back to Whitney in [15]. Tt is
interesting to note that this characterization is conjectured in [19] in the con-
text of complex differentiability.

First we consider the case of compact sets with infinitely many connected
components. This is similar to [20, Theorem 2.3].

Proposition 3.1. If K is a compact set with infinitely many connected compo-
nents, then (C*(K),|| - llc1(k)) is incomplete.

Proof. We can partition Sy = K into two non-empty, disjoint sets S; and K7,
both closed and open subsets of K, such that S; has infinitely many connected
components. Iterating this procedure we obtain a sequence (K;);en of pairwise
disjoint non-empty closed and open subsets of K.

We fix z; € K; and, by compactness and passing to a subsequence, we
can assume that z; converges in K. The limit zy cannot belong to any K;
because they are open and pairwise disjoint.

We consider the functions f,, : K — R defined by fn(z) = |z; — o] for
z € Kjwithl < j <nand f,(z) = 0, else. These functions are locally constant
and hence f,, € C*(K). It is easy to check that (f,,)nen is a Cauchy sequence



Continuously Differentiable Functions Page 7 of 19 177

in (C*(K),| - [lc1(x))- The only possible limit is the function f(z) = |z; — zo|
for all z € K; and j € N and f(z) = 0 otherwise. But, for all j € N, we have

|f () = f(wo)]

|z — ol
and since df,, = 0 this shows that f cannot be the limit in C!(K). O

A set K C R is called Whitney regular if there exists C' > 0 such that
any two points z,y € K can be joined by a rectifiable path in K of length
bounded by C|x — y|; sometimes this condition is called quasiconvexity, e.g.,
in the book [21].

We say that K is pointwise Whitney regular if, for every x € K, there
are a neighbourhood V,, of z and C; > 0 such that any y € V,, is joined to z
by a rectifiable path in K of length bounded by C,|z — y|.

The inward cusp mentioned in the introduction distinguishes these two
notions. If K is geodesically bounded (i.e., any two points can be joined by
a curve of length bounded by a fixed constant) one can take V, = K in
the definition so that the crucial difference is then the non-uniformity of the
constants C.

:1,

Proposition 3.2. If K is a pointwise Whitney reqular compact set, then the
space (T (K), || - |71 (k) is complete.
Proof. For a Cauchy sequence ((fj,df;))jen in J'(K) we get from the com-
pleteness of C'(K) uniform limits f and df and we only have to show that df
is a derivative of f.

Given x € K and a path v from z to y of length L(v) < C,|x — y|, the
formula in the fundamental theorem of calculus immediately extends from f;
and df; to the limits and thus gives

F(9) — (@) — (df @),y — o) = / (df — df (2)).

.
The continuity of df and the bound on L(y) then easily imply the desired
differentiability. O

To obtain the converse of this simple result we first apply the uniform
boundedness principle to show that the completeness of (C*(K), | - |lc1 (k) is
equivalent to some bounds for the difference quotient of a function f € C'(K).
This is the same as in the case of complex differentiability [20,22].

Proposition 3.3. The following assertions are equivalent:
(a) The space (J'(K), || - ||71(k)) is a Banach space.
(b) The space (C*(K), | - |lc1(x)) is @ Banach space.
(¢c) For every x € K, there exists C, > 0 such that for all f € CY(K) and
y € K\{z}
[f(y) = f=)|

<C, 1 . 4
|yf:E| = ||fHC (K) ( )
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Proof. That (a) implies (b) is a standard fact from Banach space theory. Let
us show that the second assertion implies the third. For fixed z € K and each
y € K\{z} we define a linear and continuous functional on C*(K) by

fly) = f(=)
ly — 2|
For fixed f € C'(K), we get a bound for sup, ¢ e\ (.} [®y(f)| because of the

differentiability at .
The Banach-Steinhaus theorem thus gives

Cy = sup{[®y ()| : [|fllcrx) <1,y € K\{z}} < oc.

Now we assume that inequality (4) holds and show that (J'(K),|| -
| 71(k)) is complete. For a Cauchy sequence ((f;,df;))jen in J'(K) we have
uniform limits f and df. In particular, for all ¢ > 0, x € K, and p < ¢ big
enough, we have

®y(f) =

€ €
1o = falleraoy < W (oo dfp) = (fo, df) g2y < g7 and ldfy, — dfllxe < 3
Now, there exists § > 0 such that, for all y € B(z,d)\{x},
B— |fo(y) = fp(z) — (dfp(z), y — @) < f
ly — = 4
Finally, for all such y, if g is large enough,
1 00— )~ @) — Syl _ <
ly — | 4
and an application of inequality (4) to f, — f, then yields
[f(y) — f(@) — (df(z),y — =)
|z -yl
which shows that df is a derivative of f on K. O

Next we show that, for connected sets K, inequality (4) implies pointwise
regularity. This is a simple adaptation of a result in [17, theorem 2.3.9]; we
repeat the proof for the sake of completeness.

Proposition 3.4. Let K be a compact connected set. If, for any v € K, there
exists Cy, > 0 such that for all f € CY(K) and y € K\{z} we have

|f(y) — f(z)]
ly — |

then K is pointwise Whitney regular.

< Cellfller ks (5)
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Proof. For any ¢ > 0,
K. = RY : inf |z —
c={ze Jnf |z —y| <e}

is an open connected neighbourhood of K. Let us fix x € K and define the
function d. on Ko, by

d.(y) = inf{L(7y) : v rectifiable path from x to y in Ks.}.

Then, for fixed yo € K, we set u.(y) = min{d.(y), d:(y0)}. If y and ¢’ are close
enough in K., we have

ue(y) —ue() < ly =¥/l (6)
as any rectifiable path from x to y can be prolonged by the segment between
y and 3y’ to a rectifiable path from z to y’.

If ¢ is a positive smooth function with support in B(0,¢) and integral 1,
the convolution u.*¢, defined in K, is a smooth function for which |d(us*¢@)| <
1 on K, because of inequality (6). Then, from (5), we have

|(ue * @) () = (ue * @) (yo)| < Calde(yo) + 1]z — yo
which gives us, passing to the limit supp(¢) — {0},

de(yo) < C(de(yo) + )|z — yol-

For yo € B(x, ﬁ) N K, this implies d.(yo) < 1 and thus de(y0) < 2C3|x — yol-
Hence, there exists a rectifiable path from x to yg in Ko, of length bounded by
2C;|x—yo|+e. Using the parametrization by arc length gives an equicontinuous
family of paths and the conclusion follows from the Arzeld -Ascoli theorem.

O

Remark 3.5. If the constant C,, in previous proposition is uniform with respect
to € K, then inequality (6) is equivalent to the Whitney regularity of K, as
stated in Hormander’s book.

Collecting all the results of this section, we have the following character-
ization of the completeness of (C*(K),|| - [|c1(k))-

Theorem 3.6. (C'(K),||-||c1(k)) is complete if and only if K has finitely many
components which are pointwise Whitney regular.

Remark 3.7. In this pointwise Whitney regular situation, the jet space J*(K)
can be described as a space of continuous “circulation free vector fields” F on
K, i.e., vector fields F' for which fﬁ/ F =0 for all closed rectifiable paths ~ in

K. More precisely, if (f,df) € J'(K), the fundamental theorem of calculus
implies that df is circulation free, and if F' is circulation free and continuous
we can define, for some fixed zg € K, for all z € K
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where ~ is a path in K from zg to x. This definition makes sense as F' is
circulation free and F' is a continuous derivative of f on K, by a similar
argument as in the proof of Proposition 3.2.

4. Density of Restrictions

In this section we will show that the space C!(R?|K) of restrictions of con-
tinuously differentiable functions on R? to K is always dense in C!(K). As
2(R%), the space of C*°-functions with compact support, is dense in C!(R%),
this is the same as the density of test functions restricted to K in C*(K) and
again, it is advantageous to consider this question on the level of jets, that is,
we will show that

i: 2R = THK), ¢ — (¢|k,do|K)
has dense range.

For general K, the standard approximation procedures like convolution
with smooth bump functions do not apply easily, and we will use the Hahn—
Banach theorem instead.

A continuous linear functional ® on J*(K) C C(K)*! is, by the Hahn—

Banach and Riesz’s representation theorem, given by signed measures pu, p1,
..y pbg on K via

d
or.df) = [ s+ [ a;sa,
j=1

where d; f are the components of df. If ® vanishes on the image of i we have,
for all p € Z(RY),

d
/@dwr Z/ajwduj = 0.
j=1

For the distributional derivatives of the measures this means that

d
p="> ;= div(T)
j=1

where T = (p1, ..., pq) is a vector field of measures or a charge.

Fortunately, such charges were thoroughly investigated by Smirnov in
[16]. Roughly speaking, he proved a kind of Choquet representation of charges
in terms of very simple ones induced by Lipschitz paths in K. If v : [a,b] — K
is Lipschitz with a.e. derivative ¥ = (¥1,...,%q4) and F = (F1,...,Fy) is a
continuous vector field, we have, as noted in Sect. 2,

b d b
[F= [ wamrima =3 [ Bowroa
¥ a j=1"a
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d
In order to see this as the action (T, F) = Y [ Fjdu; of a charge T =
j=1

(1, ..., pa), we denote by p; the image (or push-forward) under v of the
measure with density 4, on [a, b] so that [ F;(vy(t))¥;(t)dt = [ Fjdu;. For the
charge T', = (1, ..., ftq) we then have
- / F
-

The fundamental theorem of calculus for ¢ € Z(R?) with derivative dy
then gives

div(T;)(p) = — / dp = p(v(a)) = @(7(b)) = (0y(a) — 04»)) (), that is

div(Ty) = o(y) = Oecy)

where b() and e() denote the beginning and the end of v (the change of signs
comes from the minus sign in the definition of distributional derivatives).

To formulate Smirnov’s results we write I' for the set of all Lipschitz
paths in R%. Moreover, for a charge T' we denote by

|T||(E) = sup Z |T(E jen is a partition of E
JEN

the corresponding variation measure.

Given a set S of charges, a charge T is said to decompose into ele-
ments of S if there is a finite, positive measure on v on S (endowed with the
Borel o-algebra with respect to the weak topology induced by the evaluation

(15 pa)s (P15 -5 pa)) = D25 4 [ o;du;, @ € Z(R) such that

/Rdz/ ) and | T = /||R||dzx

where these integrals are meant in the weak sense, i.e., = [J(R st (R)
for all p € (2(R%))?. By density and the contlnulty of charges w1th respect
to the uniform norm, this extends to all ¢ € (C.(R9))?, where C.(R?) is the
space of continuous functions with compact support.

We can now state a consequence of Smirnov’s results (theorem C of [16]
is somewhat more precise than we need).

Theorem 4.1. Every charge T with compact support such that div(T) is a
signed measure can be decomposed into elements of T, i.e., there is a posi-
tive finite measure v on I" such that

7~ [ Tavty) and |71 = [ 17 lavt0).
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The decomposition of the corresponding variation measures has the im-
portant consequence that the supports of v-almost all T, are contained in the
support of T' (where the supports are meant as the supports of signed measures
which coincide with the supports of the corresponding distributions). After re-
moving a set of v-measure 0 we can thus assume that all paths involved in the
decomposition of 7" have values in the support of 7T'. Using the definition of the
distributional derivative we also obtain a decomposition of the divergences:

div(T) = Amv /% 5uydi().

We are now prepared to state and prove the main result of this section.
Theorem 4.2. For each compact set K, the space C*(RY| K) is dense in C1(K).

Proof. We will show that i : 2(RY) — JYK), ¢ — (¢|x,dp|x) has dense
range, the conclusion then follows by projecting onto the first components.
Let us consider ® € (C(K)?*!)" such that ® vanishes on the range of i.
By the Hahn-Banach theorem it is enough to show that ®| 1 (x) = 0.
As explained at the beginning of this section we get signed measures p
and p; on K with

S((f, fr,-- afd)):/fdﬂ+/fldﬂl+"'+/fdd,ud

for all (fv fla t afd) € C(K)d+17 and T = (:uh T 7:u’d) satisfies le(T) = M.
We can thus apply theorem 4.1 and get a measure v and S C I' such that all
paths in S have values in K and

T:An@m.

For (f,df) = (f,dif,...,daf) € T*(K) we extend all components to C.(R%)
by Tietze’s theorem and obtain from the fundamental theorem of calculus for
C!(K)-functions

/ dyfdun + -+ / dafda = (T, df) = / (T, dfydv(7)
= / Se() (f) = Op(py (f)dv(y) = — div(T /fdu,
S

which means that ®|71(x) = 0. O

The use of the Hahn-Banach theorem has the disadvantage of not giv-
ing any concrete approximations. Let us therefore very briefly mention two
situations where approximations can be described explicitly.

A natural idea is to glue the local approximations given by the definition
of differentiability together with a partition of unity. We decompose R? into
d-dimensional squares ();, choose points z; € K N Q; and a partition of unity
(¢;); subordinated to slightly bigger squares with a fixed number of overlaps
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and bounds on the derivatives |9y¢;| < Cvol(Q;) ! as, e.g., in [17, Thm. 1.4.6].
Then one expects

h(z) = Z @i (@) (f () + (df (), © — x5))

to be an approximation in C*(K) of a given f.
However, to estimate ||df — dh||x by using theorem 2.2 requires enough
curves in K with uniform bounds on the length, i.e., that K is Whitney regular.
An even simpler approximation works for compact sets which are (locally)
starlike or, in the terminology of Feinstein, Lande and O’Farrell [23] “locally

radially self-absorbing”. In the simplest case, we have K C rK for every r > 1.

Then given f € C'(K) one gets an approximation h(z) = f(+z) on rK for r

close to 1 which one can multiply with a cut-off function which is 1 near K
to get an approximation by functions in C''(R%). This “blow up trick” can be
localized with the aid of a partition of unity.

5. Comparison
In this section, we compare the spaces C*(R?|K), C1(K) and CL (K).

Theorem 5.1. C'(K) = C* (R4 K) with equivalent norms if and only if K has
only finitely many components which are all Whitney regular.

Proof. Assuming the stated isomorphism of normed spaces we get that C*(K)
is complete and Proposition 3.1 implies that K has only finitely many compo-
nents. Moreover, the equivalence of norms implies % < Cllfller (k) for
some constant so that Remark 3.5 implies that each component is Whitney
regular.

For the other implication we first note that the global Whitney condition
for each of the finitely many components implies, by the mean value inequality,
the equivalence of the norms || - || 1 (rejx) and || - o1 (k) on C*(R?|K). This is
thus a complete and hence closed subspace of C'(K) and, on the other hand,
it is dense by Theorem 4.2. O

If we assume a priori the completeness of C!(K), i.e., K has finitely many
components which are pointwise Whitney regular, then the algebraic equality
CYHK) = CYRYK) already implies the equivalence of norms by the open
mapping theorem. However, in the next chapter we will see that K = {0} U
{27" : n € N} satisfies C1(K) = C'(R|K) although C'(K) is incomplete. This
means that the algebraic equality, in general, does not imply the equivalence of
norms. Except for the one-dimensional case, we do not know a characterization
of the algebraic equality C'(K) = C'(R4|K). Nevertheless, we would like to
remark that this property has very poor stability properties. The example of
the inward directed cusp mentioned in the introduction is the union of two
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convex sets whose intersection is an interval (sadly, the two halves of a broken
heart behave better than the intact heart). More surprising is perhaps the
following example showing that the property C'(K) = C*(R?|K) is not stable
with respect to cartesian products.

Ezample 5.2. For M = {0} U{2™ : n € N} and K = M x [0,1] we have
CL(K) # CV(R?|K).

Proof. We construct a function f € C'(K) which is equal to 0 everywhere
except for some tiny bumps on the segments S, = {27} x [0,1]. More
precisely, we fix ¢ € C°°(R) with support in [—1,1] which is bounded in
absolute value by 1, and satisfies ¢(0) = 1. For (z,y) € S, we then set
f(z,y) = n3¢(n?(y — 1/n)). It is easy to check that f is differentiable on
K (the only non-obvious point is (0,0) where the derivative is 0), and that
one can choose a continuous derivative (because the second partial deriva-
tives on S, are bounded by ¢/n where ¢ is a bound for the derivative of ).
Hence f € C1(K) but f ¢ C'(R? K) because f is not Lipschitz continuous as
f(27 1/n) — f(27"*F1 1/n)) = n=3 which is much bigger than the distance
between the arguments. g

Let us consider now a topologically regular compact set K C R%. We can
formulate the main theorem of [15] in this context as follows.

Theorem 5.3. Let K be a topologically regular compact set. If K is Whitney
regular, then Ol (K) = C'(R?|K).

int

In 5.5 we prove that the reverse implication doesn’t hold. This should
be compared with a theorem of [9] about Sobolev regularity: For an open,
connected, and finitely connected set Q2 C R? every element of Wk () = {f €
CE=1(Q) : 0°f € Loo(Q) for all |a| = k} is the restriction of a function in
WE (R?) if and only if 2 is Whitney regular. As a preparation, we establish
the following proposition.

Proposition 5.4. Let K be a topologically reqular compact set and assume that,
for all x € OK, there exist C, > 0 and a neighbourhood V,, of x in K such that
each y € V, can be joined from x by a rectifiable path in KU {z,y} of length
bounded by Cy|lx —y|. Then CL (K) = C'(K).

Proof. Let us take f € C, (K). In order to prove that f € C(K), we just
have to show the differentiability at € K. For all y € V, we get from the
remark after the fundamental Theorem 2.2

(0) - £(@) ~ W @)y =) = [ (@f = (o))
%l
where + is as stated in the assumptions. This is enough to get the differentia-
bility at x, as we did previously in Proposition 3.2. O
We now construct a topologically regular compact connected set whose

interior is not Whitney regular, but where equality CL (K) = C*(RY|K) holds.

int
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Example 5.5. Let Q be the open unit disk in R? from which we remove, as in
Sauter’s example, sufficiently tiny disjoints balls which accumulate precisely
at S = {0} x [-1,3]. Then K = Q is connected, topologically regular and
Whitney regular (by the same argument as explained below). In particular,
from Theorem 5.1, we know that C!(R?|K) = C'(K).

Of course, K is not Whitney regular, because S is not contained in K , but
the assumptions of proposition 5.4 are satisfied and hence C1(K) = CL (K):
Indeed, a boundary point x of K is either a boundary point of the unit disc or of
one of the tiny removed discs in which cases the condition is clear, or z is on the
segment S. If then y is a point of K not lying on the {0} x [-1, 1], we consider
the line from y to x (which meets S only at the endpoint) and, whenever this
line intersects one of the removed discs, we replace this intersection by a path
through K which is parallel to the boundary of the little disc. The total length
increase of this new path is by a factor w. Finally, if z € K is arbitrary, we
can use the preceding argument to connect z by a very short path to some y
as considered before which we then connect to z.

To give a partial converse of Whitney’s Theorem 5.3 we state the following
consequence of 3.6.

Proposition 5.6. Let K be a topologically reqular compact set. If CL (K) =
CHK) (in particular, if CL,(K) = CL(RYK) holds), then K has only finitely
many connected components which are all pointwise Whitney regular.

Proof. If C} (K) = C*(K), then (CY(K),|| - |lc1(x)) is complete and hence
theorem 3.6 implies the stated properties of K. O

6. The One-dimensional Case

In this last section we completely characterize the equality between the three
spaces of C'-functions for compact subsets of R. Of course, all three spaces
coincide for topologically regular compact sets with only finitely many compo-
nents, and otherwise C'!(K) is incomplete by Proposition 3.1 and thus different
from Cl,(K). The remaining question of when C*(K) = C'(R|K) holds alge-
braically (the equality as Banach spaces with equivalent norms is characterized
in theorem 5.1) will depend on the behaviour of the bounded connected com-
ponents of R\ K which we call gaps of K. These are thus maximal bounded
open intervals G in the complement, and we denote their length by ¢(G).

The simple idea is that small gaps are dangerous for the Lipschitz con-
tinuity on K which is a necessary condition for C*-extendability. In fact, we
will show that C*(K) # C1(R|K) whenever there are £ € K and nearby gaps
of K of length much smaller than the distance of the gap to £&. To be precise,
we define, for positive g,

ae(g)zsup{sul){'y_g(i):yEG} G C(§—¢,&+¢)isagap ofK},
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where sup () = 0. Of course, these [0, oo]-valued functions are increasing with
respect to € and thus we can define the gap-structure function

o(€) = lim 0. (€).

Theorem 6.1. For a compact set K C R we have C1(K) = CY(R|K) if and
only if 0(§) < oo forall £ € K.

Before giving the proof let us discuss some examples. The Cantor set K
satisfies o(£) = oo for all ¢ € K so that C1(K) # CH(R|K).

Other simple examples are sets of the form K = {0} U {z,, : n € N} for
decreasing sequences z,, — 0. Then o(z,) = 0 for all n € N and only the
behaviour of o(0) depends on the sequence. Since the gaps of K are (41, %y)

we get 0(0) = lim sup ﬁ This is finite for fast sequences like x,, = a™"

n—Tn
with a > 1 but infinite for slower sequences like x,, = n~P for p > 0.

This class of examples can be easily modified to topologically regular sets
of the form K = {0} U, cy[@n, Tn + rp). For r, = e we get 0(0) < oo,

e.g., for z, = e and 0(0) = oo for z, = 1/n.

Proof. We will use Whitney’s [1] characterization that f € C*(R|K) if and
only if, for all non-isolated £ € K,

. f(l’) 7f(y) o
Jm . @

Let us first assume o(§) = oo for some ¢ € K. There is thus a sequence of gaps
G = (ansb) € (€ — 1/n,€ + 1/n) with sup{ly — €] : y € Gp}/|an — byl > 2n.
Passing to a subsequence, we may assume that all these gaps are on the same
side of &, say £ < a, < by, so that b, — & > 2n(b, — ay,).

Moreover, again by passing to a subsequence and using o.(§) = oo for e =
(bn, — an)/2, we can reach b, 11 < a, and that the midpoints y,, = (a,, +b,)/2
of the gaps satisfy

Yn — Yn+1 >n
bp —an

We now define f: K — R by f(x) = (yn — &)/n for x € K N (ypn, yn—1) (with
yo = o0) and f(x) = 0 for < £. Since the jumps of f are outside K it is clear
that f is differentiable at all points € K\{{} with f'(z) = 0. To show the
differentiability at & with f/(§) = 0 we calculate for € K N (yn, Yn—1)

f@) - f(f)‘ _ ‘@n —/n| _|-9/n| 1
=8 =8 =& | T
Thus, f € CY(K) but f ¢ C'(R|K) because

Fbn) = flan) _ n=8)/n = (ns1 =/ +1) o (Un = Ynr1)/n

bn_an bn_an bn_an

<

> 1.

Let us now assume o(§) < oo for all £ € K. To prove that every f €
C(K) belongs to C*(R|K), we first show that we can assume f’ = 0. Indeed,
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we extend f/ : K — R to a continuous function ¢ : R — R and consider
g(z) = f(z) — [y @(t)dt. Then g € C*(K) satisfies ¢ = 0 and g € C'(R|K)
implies f € C'(R|K).

Let us thus fix f € C1(K) with f/ = 0. We have to show Whitney’s
condition stated above at any non-isolated point & which, for notational con-
venience, we may assume to be £ = 0. We fix ¢ > max{c(0),1} and € € (0, 1).
There is thus § > 0 such that, because of the differentiability at £ = 0 with
£'(0) = 0, we have

< % (7)

for all x € K with |z] < § and, because of o5(¢) < ¢ for small enough 4,
sup{|y| : y € G} < cl(G)
for all gaps G C (—6,0). For z,y € K N (—4,d) we will show

f(x) = fy)

r—y
If 2,y are in the same component of K this quotient is 0 because f is locally
constant. Moreover, if x,y are on different sides of 0, the quotient is bounded
by € because of (7) and ¢ > 1. It remains to consider the case 0 < x < y. Then
there is a gap G between z and y and, since f is locally constant, we may
decrease y so that y € 0K without changing f(y) which thus increases the
difference quotient we have to estimate. This implies that y is the endpoint of
gap G = (a,y) with @ > « which implies

ly — x| > |y —a| =4G) >y/c>z/c.

‘f(ﬂf)—f(O)’ 2
z—0

<

Therefore,
’f(x) - f(y)‘ - ‘f(f) — f(0) ‘ . ‘f(y) - f(O)‘
r—y B r—vy r—y
SHIOERCIIRTOET TP
- z—0 y—0 -
O
Acknowledgements

We thank the anonymous referee for his very thorough reading of the manu-
script and, in particular, for his remarks which helped to clarify the definition
of C} (K). Laurent Loosveldt’s research was supported by a grant of the
FNRS. The present paper was mainly written during a research stay of Lau-
rent Loosveldt at Trier University, supported by the University of Liege, the

University of the Greater Region and another grant of the FNRS.

Funding Open Access funding enabled and organized by Projekt DEAL.



177 Page 18 of 19 L. Frerick et al. Results Math

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

References

[1] Whitney, H.: Analytic extensions of differentiable functions defined in closed
sets. Trans. Am. Math. Soc. 36(1), 63-89 (1934)

[2] Fefferman, C.L.: A sharp form of Whitney’s extension theorem. Ann. Math. (2)
161(1), 509-577 (2005)

[3] Frerick, L., Jorda, E., Wengenroth, J.: Tame linear extension operators for
smooth Whitney functions. J. Funct. Anal. 261(3), 591-603 (2011)

[4] Frerick, L., Jord4, E., Wengenroth, J.: Whitney extension operators without loss
of derivatives. Rev. Mat. Iberoam. 32(2), 377-390 (2016)

[5] Frerick, L.: Extension operators for spaces of infinite differentiable Whitney jets.
J. Reine Angew. Math. 602, 123-154 (2007)

[6] Koc, M., Zajicek, L.: A joint generalization of Whitney’s C' extension theorem
and Aversa—Laczkovich—Preiss’ extension theorem. J. Math. Anal. Appl. 388(2),
1027-1037 (2012)

[7] Briick, R., Frerick, L.: Holomorphic extensions of Whitney jets. Results Math.
43(1-2), 56-73 (2003)

[8] Zobin, N.: Whitney’s problem on extendability of functions and an intrinsic
metric. Adv. Math. 133(1), 96-132 (1998)

[9] Zobin, N.: Extension of smooth functions from finitely connected planar do-
mains. J. Geom. Anal. 9(3), 491-511 (1999)

[10] Fefferman, C.L.: A generalized sharp Whitney theorem for jets. Rev. Mat.
Iberoamericana 21(2), 577-688 (2005)

[11] Loosveldt, L., Nicolay, S.: Generalized TE spaces:on the trail of Calderén and
Zygmund, Submitted for publication (2020)

[12] Folland, G.B.: Introduction to Partial Differential Equations, 2nd edn. Princeton
University Press, Princeton (1995)

[13] Ziemer, W.P.: Weakly differentiable functions, Graduate Texts in Mathematics,
vol. 120, Springer, New York, Sobolev spaces and functions of bounded variation
(1989)

[14] Sauter, M.: Density of polynomials in C*(2) (answer). MathOverflow. https://
mathoverflow.net/questions /234480 (2018). Accessed 23 Oct 2020


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://mathoverflow.net/questions/234480
https://mathoverflow.net/questions/234480

Continuously Differentiable Functions Page 19 of 19 177

[15] Whitney, H.: Differentiable functions defined in closed sets. I. Trans. Am. Math.
Soc. 36(2), 369-387 (1934)

[16] Smirnov, S.K.: Decomposition of solenoidal vector charges into elementary
solenoids, and the structure of normal one-dimensional flows. Algebra i Analiz
5(4), 206-238 (1993)

[17] Hormander, L.: The analysis of linear partial differential operators. I, second
ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles
of Mathematical Sciences], vol. 256, Springer, Berlin, Distribution theory and
Fourier analysis (1990)

[18] Hajtasz, P.: Sobolev spaces on metric-measure spaces. Heat Kernels and Analysis
on Manifolds, Graphs, and Metric Spaces. Contemporary Mathematics, vol. 338,
pp. 173-218. American Mathematical Society, Providence, RI (2002)

[19] Dales, H.G., Feinstein, J.F.: Normed algebras of differentiable functions on com-
pact plane sets. Indian J. Pure Appl. Math. 41(1), 153-187 (2010)

[20] Bland, W.J., Feinstein, J.F.: Completions of normed algebras of differentiable
functions. Studia Math. 170(1), 89-111 (2005)

[21] Brudnyi, A., Brudnyi, Y.: Methods of geometric analysis in extension and trace
problems. Vol. 1, Monographs in Mathematics, vol. 102, Birkh&duser/Springer
Basel AG, Basel (2012)

[22] Honary, T.G., Mahyar, H.: Approximation in Lipschitz algebras of infinitely
differentiable functions. Bull. Korean Math. Soc. 36(4), 629-636 (1999)

[23] Feinstein, J.F., Lande, H., O’Farrell, A.G.: Approximation and extension in
normed spaces of infinitely differentiable functions. J. London Math. Soc. (2)
54(3), 541-556 (1996)

Leonhard Frerick and Jochen Wengenroth

FB IV Mathematik

Universitat Trier

D-54286 Trier

Germany

e-mail: frerick@uni-trier.de;
wengenroth@Quni-trier.de

Laurent Loosveldt

Département de mathématique — zone Polytech 1
Université de Liege

12 allée de la Découverte, Bat. B37

B-4000 Liege

Belgium

e-mail: L.Loosveldt@uliege.be

Received: April 17, 2020.
Accepted: October 15, 2020.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



	Continuously Differentiable Functions on Compact Sets
	Abstract
	1. Introduction
	2. Path Integrals
	3. Completeness
	4. Density of Restrictions
	5. Comparison
	6. The One-dimensional Case
	Acknowledgements
	References




