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Université de Liège, B-4000 Sart Tilman, Belgium

4Experimental Physics of Nanostructured Materials, Q-MAT,
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We numerically investigate the effect of an edge indentation on the threshold field of thermo-
magnetic instabilities in superconducting films subjected to a ramping magnetic field, applied per-
pendicular to the plane of the film. In particuar, we are able to address the question on whether
edge indentations promote magnetic flux avalanches. For magnetic field-independent critical current
densities model, the triggering of the first magnetic flux avalanche systematically occurs at the edge
indentation. In contrast to that, for the more realistic field-dependent critical current density model
the first flux avalanche can take place either at or away from the indentation. This selective trig-
gering of magnetic flux avalanches is shown to result from the variation of the threshold magnetic
field for the first flux avalanche triggered at the indentation and the reduction of the critical current
density by large local magnetic fields at the tip of the indentation which translates in a lower power
density dissipated near the tip. We demonstrate that this interplay can be tuned by varying the
indentation size, ramp rate of applied field Ḣa, and working temperature T0. We build up a phase
diagram in the µ0Ḣa − T0 plane with well-defined boundaries separating three distinct regimes of
thermomagnetic instability.

I. INTRODUCTION

Microscopic-scale defects in an ohmic conductor alter
the flow of electric current in a region extending over
a few times the size of the defect. In superconductors,
microscopic defects lead to modifications of the current
streamlines over a range much larger than the defect lin-
ear size and, therefore, produce a major impact on the
response of the system [1]. When such defects lie at the
edge of the superconducting sample, even more dramatic
consequences can be expected, as a result of the penetra-
tion of magnetic flux through the sample borders.

More specifically, it is widely believed that magnet-
ic flux avalanches of thermomagnetic origin[2–4] should
preferably nucleate at the location of defects. The main
argument behind this belief leans on the fact that edge
indentations give rise to current crowding in their vicin-
ity [5], i.e. a larger current density J and, hence, an
enhanced local electric field E, both conspiring to local-
ly generate substantial Joule heating Q = J · E. Thus,
theoretically, magnetic flux avalanches are predicted to
be larger and occur more frequently at the location of
the defect [6–9]. This phenomenon was observed in
YBa2Cu3O7−δ by Baziljevich et al [10].

Surprisingly, recent experimental evidence in Nb sug-
gests that edge indentations might actually have the op-
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posite effect, that is thermomagnetic avalanches are sta-
tistically less likely to occur in their vicinity [11]. This
is illustrated by the set of magneto-optical images pre-
sented in Fig. 1, obtained in a 2 × 2 mm2 square-shaped
140 nm-thick Nb film with edge indentations which are
10 µm wide and are sitting at opposite sides (upper and
lower rows). More information about the technique of
magneto-optical imaging (MOI) used to image flux den-
sity in various superconductors can also be seen in Refs.
[12–20], including the smooth flux penetration [13–15]
and the lighting-like flux avalanches (e.g. Nb [12, 16],
MgB2 [17, 18] and YB2Cu3O7−x [19, 20]). These im-
ages were taken at T0 = 2.5 K and in zero-field cooling.
Bright (dark) color indicates high (low) local magnetic
fields. Panels (a) and (b) show flux expulsion from the
interior of the sample at µ0Ha = 0.22 mT and magnet-
ic flux concentration at the border. Note that the two
opposite indentations are visible close to the center of
each panel. At µ0Ha = 0.4 mT (panels (c) and (d)) a
clear plume-shaped magnetic flux penetration emanat-
ing from the indentations is observed. Further increasing
the applied magnetic field to µ0Ha = 0.58 mT leads to
abrupt burst of flux avalanches, distinctly away from the
indentation (panels (e) and (f)). Panel (g) shows a more
spectacular multibranched avalanche avoiding the edge
indentation, as observed in a sample with similar geom-
etry and composition.

In this work, we shed light on the origin of the above
described discrepancy between the theoretical expecta-
tion and the experimental findings. By performing nu-
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FIG. 1. Selected set of magneto-optical images obtained in a 2 × 2 mm2 square-shaped 140 nm-thick Nb film with 10 µm wide
triangular edge indentations sitting at opposite sides (upper and lower rows). All images were acquired at T0 = 2.5 K and in
zero-field cooling. Bright (dark) color indicates high (low) local magnetic fields. These particular samples have been previously
investigated in Ref. [21].

merical simulations of the thermomagnetic instabilities
in a superconducting film with a field-dependent critical
current density, we show the existence of three regimes,
corresponding respectively to no avalanches, avalanch-
es triggered at the indentation, and avalanches triggered
away from the indentation. In addition, we investigate
the effect of indentation size, working temperature and
ramping rate of magnetic field on the selective trigger-
ing of magnetic flux avalanches. The paper is organized
as follows: Section II introduces the theoretical model,
Section III presents the numerical simulated results and
discuss how edge indentations affect the flux penetra-
tion and the thermomagnetic stability of superconduct-
ing films. Finally, we summarize the most salient results
is Section IV.

II. MODEL

We consider a square superconducting film (2a×2a) of
thickness d subjected to a gradually increasing transverse
field Ha, as schematically shown in Fig. 2. The super-
conducting film is assumed to be in thermal contact with
a substrate which is kept at a constant temperature T0.
The superconducting film contains a triangular indenta-
tion of width 2s and depth s sitting at the middle of one
of its edges.

The electrodynamics of the superconducting film is
solved from Maxwell’s equations in the quasistatic limit
(the displacement current is neglected),

Ḃ = −∇×E, ∇×H = Jδ(z) and ∇ ·B = 0, (1)

with B = µ0H and ∇·J = 0. Here, the film thickness d
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FIG. 2. Schematic of the sample. A square superconducting
film of width 2a and thickness d with a triangular indentation
is in thermal contact with a substrate. The substrate is kept
at a constant temperature T0. The heat exchange between
substrate and superconducting film takes place with a heat
transfer coefficient h. The red curve shows the distribution
of the sheet current Jz along the x-axis as obtained from the
Kim model.

is neglected against the other characteristic length scales
and the current density is given as Jδ(z), with J the
sheet current and δ(z) the Dirac delta distribution.

The heat transport in the system is governed by the
equation

dcṪ = dκ∇2T − h(T − T0) + J ·E, (2)
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where κ, h and c are the thermal conductivity of the
superconducting film, the coefficient of heat transfer be-
tween the superconducting film and the substrate, and
the specific heat of the film, respectively. The thermal
parameters are assumed to be proportional to T 3, i.e.,
κ = κ0(T/Tc)

3, h = h0(T/Tc)
3 and c = c0(T/Tc)

3 [22].
The last term of Eq. (2), J ·E, represents Joule heating
in the superconducting film.

The constitutive relationship between current and elec-
tric field is given as [22]

E = ρ(J)J/d, (3)

with a resistivity law

ρ(J) =

 ρ0(J/Jc)
n−1, J ≤ Jc, T ≤ Tc,

ρ0, J > Jc, T ≤ Tc,
ρn, T > Tc,

(4)

where ρ0 is a constant resistivity, ρn is the normal state
resistivity, Jc is the critical sheet current density, and n
is the flux creep exponent taken as n = n0 Tc/T , with
n0 constant. For J ≤ Jc and T ≤ Tc, the E-J law is
highly nonlinear and describes flux creep. In this regime,
the superconducting film is typically divided in an outer
region which is penetrated by the magnetic flux and a
inner region which is flux-free. For J > Jc and T ≤ Tc,
the E-J law is linear and describes flux flow. Last, for
T > Tc, the material follows a linear Ohm’s law with the
normal state resistivity.

The critical current density is further assumed to de-
pend on the magnetic flux density, following a field- and
temperature-dependent critical current law [23],

Jc = Jc0

(
1− T

Tc

)
B0

|B|+B0
, (5)

where Jc0 is the zero-field sheet current and B0 is a con-
stant field which represents the degree of field depen-
dence. McDonald and Clem [24] derived the exact solu-
tions for the flux penetration into a infinitely long super-
conducting film with such field-dependent critical curren-
t. Xue et al [25] extended it to the case where both a
transport current and a magnetic field are applied to a
superconducting film. In the case considered here, with
such a field-dependence, the distribution of sheet curren-
t across the film typically has the shape illustrated in
Fig. 2, with a decrease of |J | towards the edges [24].

Equations (1) are numerically solved using the integral
method of Refs. [22, 26]. The sheet current density is
derived from the local magnetization g = g(x, y),

J = ∇× gẑ, (6)

where ẑ is the unit vector normal to the film plane. The
perpendicular component of the magnetic field Bz(r) is
obtained from g by means of Biot-Savart’s law,

Bz(r)−Ha =

∫
S

d2r′Q(r, r′)g(r′), (7)

where the integral is carried over the superconducting
film and Q(r, r′) is a 2-dimensional kernel satisfying
F(Q) = k/2 [27], with F denoting the Fourier transform
and k = |k|, with k an in-plane wavevector. Equation
(7) can be inverted to express the time derivative of g as

ġ(r, t) = F−1
{

2

k
F [Ḃz(r, t)/µ0 − Ḣa(t)]

}
, (8)

where F−1 denotes the inverse Fourier transform. Inside
the superconducting film, Ḃz is obtained from Faraday’s
law and the constitutive law of Eq. (4), as

Ḃz = ∇ · (ρ∇g)/d. (9)

For the domain outside the superconducting film, Ḃz can
be determined by an iterative method which guarantees
that ġ = 0, hence precluding any current flow oustide the
superconductor, as reported in [22].

Equation (8) is solved with the fast Fourier transform
(FFT) [22] over a domain consisting of a rectangular area
of size 2Lx × 2Ly discretized on a 256× 256 equidistant
grid, where Lx = Ly = 1.3a. The superconducting film
half-width and thickness are a = 1.0 mm and d = 100 nm.
The superconducting parameters are given as Tc = 9.2 K,
jc0 = Jc0/d = 1.2× 1011 A/m2, and ρ0 = ρn = 5× 10−9

Ωm [28]. A random disorder is introduced by reducing
jc0 by 10% at 5% of the grid points, selected randomly.
The thermal parameters κ0, h0, and c0, which correspond
to κ, h, and c at T = T0, are given as 20 W/Km, 104

W/Km2 and 3×104 W/Km3, respectively [28]. We adop-
t n0 = 20 and limit the creep exponent to n(T ) ≤ 100
for convergence issues [29]. The superconducting film is
exposed to an increasing magnetic field ramped at a rate
Ḣa, from an initial zero-field cooled state. The magnet-
ic response of the film is determined from T and g, by
integrating Eq. (2) and Eq. (8) over time.

III. RESULTS AND DISCUSSION

The field dependence of the critical current density has
been shown to influence both the magnetic flux penetra-
tion in superconducting films [11] and the occurence of
thermomagnetic instabilities [30]. Our first goal is to dis-
cuss these effects when considering a thin superconduct-
ing film with a single triangular indentation of height
s = 62 µm, subjected to a magnetic field ramped at a
rate µ0Ḣa = 3 T/s, with a fixed substrate temperature
T0 = 2.5 K. Figure 3 shows the calculated magnetic flux
distributions in a superconducting film under either a low
applied magnetic field of 1.5 mT (left column), or a mag-
netic field equal to the threshold field µ0Hth required to
trigger the first magnetic flux avalanche (right column).
The distributions are shown for different parameter ra-
tios B0/Bf = ∞ (a, b), 5 (c, d), and 1 (e, f), where
Bf = µ0jc0d/π.

As the applied magnetic field increases to µ0Ha = 1.5
mT, the magnetic flux gradually penetrates into the su-
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FIG. 3. Simulated distributions of Bz in a superconduct-
ing film with a triangular indentation of size s × 2s where
s = 62 µm, for µ0Ha = 1.5 mT [(a), (c), (e)] and for mag-
netic fields corresponding to the onset of avalanches [(b), (d),
(f)]. The excess flux penetration depth ∆ is indicated in panel
(a). The results from the first row to the last one are obtained
with B0/Bf = ∞, 5, and 1, respectively. The image bright-
ness represents the magnitude of Bz, as in the experimental
magneto-optical images. In all cases, the substrate tempera-
ture is T0 = 2.5 K and the ramp rate is µ0Ḣa = 3 T/s.

perconducting film. The current density reaches its crit-
ical value in the flux-penetrated regions, while Meissner
currents with J < Jc flow in the non-penetrated ones.
Figure 3 shows that the magnetic flux penetration is
deeper near the tip of the indentation, by an amount
∆ called the excess penetration depth [8]. According to
the authors of Ref. [8], the excess depth ∆ arises as the
currents running parallel to the sample edge must locally
circumvent the triangular defect. This leads to a crowd-
ing of the Meissner currents near the tip, where the sheet
current reaches Jc, thus extending further the magnetic
flux penetration depth. Direct inspection of the images
presented in the left column of Figure 3 shows that ∆ is
larger when Jc(B) decays more rapidly with B, i.e. for

smaller ratios B0/Bf . This result stems from a suppres-
sion of the critical sheet current Jc by the local magnetic
field, so that the Meissner sheet current reaches its crit-
ical value under smaller applied fields, allowing the flux
front to penetrate deeper into the film.

The most interesting point is the influence of the ra-
tio B0/Bf on the location of the nucleation of the first
flux avalanche, as shown in Fig. 3(b), (d), and (f). For
the limit B0 →∞ (Fig. 3(b)) the first flux avalanche nu-
cleates at the tip of the indentation, for an applied flux
density of 1.6 mT. This scenario agrees both with the ob-
servations of Baziljevich et al. [10] on a YBa2Cu3O7−δ
film with a 0.5 mm long and 80 µm wide slit and ap-
plying the magnetic field at a rate of 3000 T/s, as well
as with the theoretical predictions reported by several
authors in Ref. [6–9]. These predictions follow from the
consideration that current crowding near the indentation
induces an increase in the sheet current density and the
strength of the electric field, both effects contributing
to an increased Joule heating J · E. This in turn fa-
vors the thermomagnetic instability which is at the ori-
gin of magnetic flux avalanches. However, the situation
appears to be somewhat more complex with a Jc(B) law.
For B0/Bf = 5 (Fig. 3(d)), it can be observed that the
first avalanche is still triggered at the indentation, un-
der a magnetic flux density of 1.7 mT. For B0/Bf = 1
(Fig. 3(f)), on the other hand, the first avalanche nucle-
ates away from the indentation, along a border and at a
field of 2.4 mT. The preferential triggering of avalanch-
es away from the defect was previously observed in Nb
films [11, 21]. This situation was interpreted as resulting
from a reduction of surface barriers near the indentation,
inducing a release of the magnetic flux pressure and a
smooth flux penetration through the defect. The latter
then acts as a magnetic flux faucet, whereas the magnet-
ic pressure can still build-up away from the defect, until
thermomagnetic instabilities with large releases of mag-
netic flux are triggered. Here, a similar effect may occur,
now with the help of the field-dependent current densi-
ty. Indeed, at the indentation the local magnetic field is
the largest and therefore Jc is locally depressed allowing
further entrance of additional magnetic flux.

Independently of the nucleation loci of the first
avalanche, Fig. 3 shows that the threshold applied mag-
netic flux density increases as B0/Bf is decreased. This
result can be naturally accounted for within the thermo-
magnetic instability model presented in Ref. [31]. Fig. 4
shows generic curves for the threshold applied magnet-
ic field as a function of Jc. The blue and red dashed
lines in Fig. 4 are the threshold applied magnetic field-
s leading to the first avalanche triggered away from the
indentation and at the indentation, respectively. It is as-
sumed that the conditions for triggering avalanches away
from the indentation are nearly invariable in a range of
the parameter B0/Bf . The presence of the indentation
bends the current flowing around it, which increases the
local magnetic field. As a consequence, the threshold
magnetic field for which the first flux avalanche is trig-
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FIG. 4. Generic curves giving the threshold fields µ0Hth

away from the indentation and at the indentation as a func-
tion of Jc. Several cases of Jc(B) laws with different B0/Bf

are shown, illustrating the increase of µ0Hth as B0/Bf is de-
creased.

gered at the indentation is lowered. Thus, the red dashed
curve, showing this threshold field as a function of Jc,
lies below the blue dashed curve, showing the threshold
magnetic field for which the first flux avalanche is trig-
gered away from the indentation. The red and blue sol-
id lines represent the Jc(Ha) model for different B0/Bf .
For a field-independent critical current density Jc = Jc0
(B0/Bf =∞), the threshold field is always reached first
at the indentation as shown by the red spot at the inter-
section of the solid and dashed red lines. In other word-
s, without a field-dependent critical current density, the
flux avalanches are always triggered at the indentation.
For a field-dependent critical current density Jc(B), i.e.
with a finite B0/Bf ratio, the current density at the in-
dentation (solid red line) decreases faster than that away
from the indentation (solid blue line). For large values
of B0/Bf ratio the first flux avalanche is still triggered
at the indentation. However, for weak B0/Bf ratios the
blue solid line reaches the threshold value first, which
means that the first flux avalanche will be triggered away
from the indentation. Furthermore, the red solid lines
with small B0/Bf show two possible situations. For the
rightmost red curve, avalanches can still be triggered at
the indentation, but the threshold is reached first at the
border. In contrast to that, for the leftmost curve, the
system is stable near the indentation, where no avalanche
can occur.

To pursue our study, we assume a field-dependent sheet
current density with B0/Bf = 1 and investigate the in-
fluence of the size of the indentation and the ramp rate.
According to Ref. [8], where the penetration of magnet-
ic flux through a semicircular edge defect was studied,
the excess depth ∆ increases with the size of the inden-
tation. Figure 5 shows the penetration of magnetic flux
in superconducting films with indentation of size 2s × s

(c)

(e)

(a)

Δ 

(b)

(f)

(d)

µ0Hth=2.5 mT

µ0Hth=2.5 mT

µ0Hth=2.4 mTµ0Ha=2.0 mT

µ0Ha=2.0 mT

µ0Ha=2.0 mT

FIG. 5. Simulated distributions of Bz just before (left colum-
n) and after (right column) flux avalanches has been triggered
for indentation size s × 2s with s = 31 µm (a, b), 62 µm (c,
d), and 93 µm (e, f). In all cases, the substrate temperature

is T0 = 2 K and the ramp rate is µ0Ḣa = 1 T/s.

for three different values of s: 31 µm (a, b), 62 µm (c,
d), and 93 µm (e, f). Panels on the left column (a, c, e)
show the field landscape just before an avalanche has trig-
gered, whereas panels on the right column (b, d, f) corre-
spond to the situation just after a flux burst. We confirm
that the excess depth ∆ generated near the indentation
is indeed smaller for the smaller defect. Interestingly, for
the sample with the smallest triangular indentation, an
avalanche is triggered at the defect (Fig. 5(b)) whereas
for the two largest indentations, in Fig. 5(d) and Fig. 5(f),
the first avalanches are triggered away from the defect.
In such cases, the nucleation point is not at the center
of the edge, due to the fluctuations in the electric field
caused by the quenched disorder, in accordance with the
findings of Refs. [22, 32, 33].

It is well known that the characteristics of flux
avalanches strongly depend on the environment temper-
ature [17]. The influence of T0 in the investigated su-
perconducting film with an indentation is shown in Fig-
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FIG. 6. Distribution of Bz as a function of temperature in
a sample with an indentation of size 2s × s with s = 62 µm
and for µ0Ḣa = 4 T/s: (a) 2.25 K and µ0Ha = 0.93 mT, (b)
2.5 K and µ0Ha = 1.2 mT, (c) 3.5 K and µ0Ha = 2.3 mT,
(d) 5 K and µ0Ha = 3.6 mT. (e) and (f) show the maximum
electric field Emax at the indentation (solid lines) and along
the border (dashed lines) for T0 = 2.5 K and 3.5 K just before
the nucleation of the flux avalanches in (b) and (c).

ures 6(a-d) for an indentation with s = 62 µm, ramp

rate µ0Ḣa = 4 T/s, and several substrate temperature
T0 = 2.25 K (a), 2.5 K (b), 3.5 K (c) and 5 K (d). For
the lower temperatures (Fig. 6(a, b, c)) the images cor-
respond to an applied field equal to the threshold field
for the first avalanche. With increasing temperature, the
avalanches become larger, and for a fixed field Ha > Hth,
the number of avalanches is found to decrease due to the
reduction of the critical sheet current Jc (not shown).
The first dendritic flux avalanche is no longer triggered
at the indentation when the temperature reaches 3.5 K.

No 
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0 thH
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away from the indentation 
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FIG. 7. Generic curves giving the threshold fields µ0Hth away
from the indentation and at the indentation as a function
of Jc. Several cases of Jc(B, T ) laws with different T0 are
shown. Jc0 with the superscripts L, M , and H denote the
critical current density at low working temperature, moder-
ate temperature and high temperature in zero magnetic field,
respectively.

One can also note that for the highest temperature of 5
K, the flux front almost reaches the center of the sample
without any thermomagnetic instability.

Since avalanches are triggered once a threshold electric
field is surpassed, it is interesting to analyze the behav-
ior of the electric field in the vicinity of the indentation
and along the smooth borders. To that end, we com-
pute the maximum electric field in a square region of size
similar to the base of the triangular indentation and in-
cluding the indentation, and separately we compute the
maximum electric field outside this region, i.e. count-
ing the smooth borders. Figures 6(e) and 6(f) show the
results of the maximum electric field Emax around the
indentation tip (solid lines) and along the smooth bor-
der (dashed lines) for T0 = 2.5 K and 3.5 K right before
the first avalanches are triggered. The associated snap-
shots of magnetic field landscape at the threshold field
(i.e. after the avalanche has been triggered) correspond-
ing to panels (e) and (f), are shown in panels (b) and
(c), respectively. During an initial phase of increasing
applied field and irrespective of the location of avalanche
nucleation, the electric field at the tip of the indentation
is larger than at any place along the border. However,
by further increasing the applied magnetic field, the local
temperature of the sample can increase rapidly due to the
random perturbations and even exceed the local temper-
ature at the indentation. Under these circumstances, the
electric field reaches the threshold conditions for thermo-
magnetic instability. When the first avalanche nucleates
at the indentation, Emax increases rapidly from 0.059
V/m, while Emax along the border remains constant at
about 0.01 V/m. On the contrary, for the case when the
flux avalanche is triggered at the border, there is a rapid
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FIG. 8. Distribution of Bz as a function of the ramp rate of the applied field µ0Ḣa for T0 = 2.5 K and µ0Ha = 2.8 mT. The
indentation size is 2s × s with s = 62 µm. The numbering within circles indicates the chronological order of flux avalanche
appearances.

rise of Emax as µ0Ha gets closer to Hth, while the electric
field at the tip of the indentation stays constant at about
0.03 V/m.

In order to better grasp the effect of working tempera-
ture on the location of the first flux avalanche, we proceed
further with the discussion associated to Fig. 4. To that
end, we present in Fig. 7 the situation corresponding to
changes in the working temperature T0. Similarly as in
Fig. 4, the red and blue solid lines represent the Jc(Ha)
model whereas the Jc0 with superscripts L, M , and H
denote the critical current density at low, moderate, and
high working temperatures in zero magnetic field, respec-
tively. At low working temperatures, the avalanches al-
ways take place first at the indentation, consistent with
the observation in Figures 6(a,b). As the working tem-
perature increases to a moderate value (see JMc ), all the
Jc curves are shifted to the left. In this case, the shift of
curves leads to a reversal of the threshold applied mag-
netic fields. In other words, it allows the blue solid line
to reach its threshold value at lower applied fields than
the red solid line and thus the first avalanche is triggered
at the smooth border, as shown in Fig. 6(c). At high
working temperatures, all the curves are shifted to the
stability region, which means that no avalanche can be
triggered in the film irrespective of the field-dependent
critical current law (see Fig. 6(d)). Note that the above
description implicitly assumes that the dashed red and
blue lines are temperature independent. Actually, these
curves shift to higher Jc values as T0 increases, and there-
fore the overall argument advanced above remains valid.

In addition to the substrate temperature, the ramp
rate of the applied field Ḣa also plays an important role
in generating flux instabilities [9, 10, 20, 34]. Figure 8
represents the magnetic field distributions of films with
an indentation with s = 62 µm at 2.5 K, after the ap-
plied field increases from zero to 2.8 mT, with ramp rates
ranging from 100 mT/s to 5 T/s. For the highest ramp
rate (Fig. 8(a)) many dendritic avalanches are triggered.
The large multibranched avalanche emerging from the

indentation is composed of three separated avalanches
occuring at different magnetic fields. For a ramp rate of
3 T/s (Fig. 8(b)) one sees that the number of avalanches
decreases and the avalanche morphology evolves to larg-
er trunks. Remarkably, the two dendritic flux avalanches
now occur along the borders. For even smaller ramp
rates (Fig. 8(c)) the field penetration is smooth and the
thermomagnetic instability condition is not reached.

In order to clarify the process of nucleation of flux
avalanches, we consider the magnetic moment in unit-
s of m0 = a3jc0d and the maximum local temperature
as a function of the applied field Ha/jc0d for differen-
t substrate temperatures T0, as shown in Fig. 9. For
T0 = 2.25 K, the magnetic moment shows frequent flux
jumps of small amplitudes. As mentioned above, the first
of these jumps corresponds to an avalanche triggered at
the indentation. As the applied field increases, subse-
quent jumps correspond to flux avalanches avoiding each
other until a new avalanche will emerge from the inden-
tation tip again. For T0 = 2.5 K, the first jump corre-
sponds to a flux avalanche nucleated at the indentation
tip. For the two highest temperatures (T0 = 2.75 K and
T0 = 3 K), no avalanche nucleate at the indentation tip
but rather away from it for the field ramp rate here inves-
tigated. In this case, the magnetic moment curve shows
less frequent flux jumps of larger size and triggering at
larger threshold fields. It thus appears that the avalanch-
es triggered at the border at the highest temperatures
are larger and less numerous than those initiated at the
indentation at lower temperatures (see also Fig. 6). Fig-
ure 9(b) shows the temperature differences ∆T , between
the substrate temperature T0 and the maximum local
temperature Tmax, as a function of Ha/jc0d. The main
panel corresponds to the two highest temperatures T0,
for which the first flux avalanches are triggered along the
border, while the inset shows the case of the two low-
est temperatures for which the first avalanches nucleate
at the indention tip. It can be seen that every spike in
the temperature ∆T corresponds to a jump in magnet-
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FIG. 9. (a) Magnetic moment in units of m0 = a3jc0d and
(b) maximum temperature of the superconducting film with
an edge indentation (with s = 62 µm) as a function of the

applied field at four different T0 with µ0Ḣa = 4 T/s.

ic moment plotted in Fig. 9(a). Note that the m(Ha)
curves for T0 = 2.75 K and 3 K, exhibiting two jumps
corresponding to avalanches away from the indentation,
are rather similar. This observation suggests that in this
case the substrate temperature T0 has little effect on the
magnetic moment and the maximum temperature. Let
us now investigate the impact of the ramp rate on magne-
tization. Figure 10 shows the magnetization curves and
the maximum local temperatures for a substrate temper-
ature T0 = 2.5 K and different ramp rates, µ0Ḣa = 5 T/s,
4 T/s, 3 T/s and 1 T/s. The inset of Fig. 10(b) presents

the maximum temperatures at µ0Ḣa = 5 T/s and 4 T/s,
which corresponds to the case of flux avalanches triggered
at the indentation. It can be found that both the size
and the frequency of the jumps in the normalized mag-
netization and the maximum temperature depend on the
ramp rate. The jump frequency increases with the ramp
rate, while the jump size decreases with it. The ramp
rate, however, has little influence on the jump size and

(a)
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FIG. 10. (a) Magnetic moment in units of m0 = a3jc0d and
(b) maximum temperature of the superconducting film with
an edge indentation (with s = 62 µm) as a function of the

applied field at four different µ0Ḣa at T0 = 2.5 K.

frequency when avalanches occur at the border, similar
to the insensitivity to the substrate temperature point-
ed out above. In addition, we find that the threshold
magnetic field is smaller if the ramp rate is larger. This
result is in agreement with the theory in Ref. [35], which

states that Hth = djc/π atanh(hT ∗/nadjcµ0Ḣa), where
T ∗ = |∂ ln jc/∂T |−1.

The discussion above suggests that the nucleation
locus for flux avalanches depends on both the ramp
rate of the applied magnetic field and the temperature
T0. Therefore, we map the different nucleation loca-
tions obtained from the numerical simulations in the
µ0Ḣa − T0 planes with field-independent critical current
Jc(T ) (see Fig. 11(a)) and field-dependent Jc(B, T ) (see
Fig. 11(b)). There are only two regions in Fig. 11(a), i.e.,
flux avalanches triggered preferentially at the indentation
(the blue region) and smooth penetration(the green re-
gion). This result is consistent with the predictions of
Fig. 4 and above explanations with field-independent Jc.
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In Fig. 11(b), the lower blue regime corresponds to the

lowest values of T0 and largest values of µ0Ḣa, for which
magnetic flux avalanches were found to nucleate at the
indentation. The middle yellow region corresponds to
intermediate temperatures for which flux avalanches are
preferentially nucleated along the smooth borders, away
from the indentation. Note that for a fixed T0, the low-
est ramp rates are seen to favor nucleation away from
the indentation, whereas flux avalanches nucleate at the
indentation for higher ramping rates. This is likely due
to an increase of the electric field at the tip by current
bending. For the green region extending to the highest
temperatures, no flux avalanches are observed and the
flux penetration is smooth. This regime corresponds to
lower sheet current densities and locally lower electric
fields yielding small Joule heating, so that no thermo-
magnetic instability is triggered. The results of the three
temperature zones corresponding to a fixed ramp rate are
consistent with the analysis in Fig. 7.

IV. CONCLUSIONS

In summary, we have used numerical simulations with
field-dependent critical current to investigate how a tri-
angular edge indentation affects the flux penetration in a
superconducting film. By comparing numerical result-
s obtained from field-dependent and field-independent
critical current, we find that the excess flux penetration
∆ obtained from the field-dependent Jc model is larg-
er than that from the field-independent Jc model and it
decreases with increasing B0. Namely, the indentation
helps magnetic flux to gradually enter and so to avoid
thermomagnetic instabilities for small B0, which corre-
sponds to a strong field-dependent critical sheet current
density Jc. Our numerical results show that ∆ increases
with the size of the triangle indentation, consistent with
previous reports [8]. However, against the common wis-
dom, the larger indentation induces no flux avalanches
due to a reduction of Jc, easing the entrance of magnet-
ic flux. Therefore, the field-dependent Jc(B, T ) model
not only implies a decrease of the local current density,
but also increases the threshold magnetic fields for the
first flux avalanche triggered at the indentation. So, it
is the competition between which Jc curve (Jc curve at
the indentation or Jc curve away from indentation) first
reaches its critical value to trigger a flux avalanche. The
fast-rising feature of threshold magnetic field (Hth(Jc)
curves) provides the opportunity for the observed first
flux avalanche triggered away from indentation. By vary-
ing the temperature with different field ramp rates, we
build up the phase diagrams in the µ0Ḣa-T0 planes de-
lineating the boundaries of the regimes of smooth pen-
etration, thermomagnetic instabilities nucleated at the
smooth border and avalanches triggered at the indenta-
tion. An explanation to the previous experimental re-
sults has been proposed in terms of the ability of edge
indentation to promote the flux entry, which decreases

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
2

2.5

3

3.5

4

4.5

Smooth penetration

Triggered at the
indentation

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
2

2.5

3

3.5

4

4.5

Triggered at the
indentation

Not triggered at the
indentation

Smooth penetration

(a) Jc = Jc(T)

(b) Jc = Jc(B,T)

FIG. 11. Thermomagnetic stability diagram in the µ0Ḣa-T0

planes with Jc = Jc(T ) and Jc = Jc(B, T ) for a supercon-
ducting film with an edge triangular indentation with s = 62
µm. Green, yellow, and blue denote the regions of smooth
penetration, with avalanches nucleating at the border, and
avalanches nucleating at the indentation, respectively. The
error bars show the accuracy of the dividing lines.

the local Jc, weakens the current crowding and increases
the threshold applied magnetic field at the indentation.
Within the region where avalanches are triggered at the
indentation, the current bending effect at the indenta-
tion plays a dominant role at low temperature or high
ramp rate. We stress on the fact that for the case of
field-independent Jc model, magnetic flux avalanches are
always triggered at the indentation. Further refinements
of the present model could be done by taking into accoun-
t surface barriers effects. It would be interesting to ex-
tend and confront the present investigation to the case of
current induced flux avalanches caused by flux focussing
effect as experimentally addressed in Ref. [36, 37]
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