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AbstractRecently, it was noted by Park & Gott (1997) that there is a statistically signi�cant, strong, negative cor-relation between the image separation �� and source redshift zs for gravitational lenses. This is somewhatpuzzling if one believes in a at (k = 0) universe, since in this case the typical image separation is expectedto be independent of the source redshift, while one expects a negative correlation in a k = �1 universeand a positive one in a k = +1 universe. Park & Gott explored several e�ects which could cause theobserved correlation, but no combination of these can explain the observations with a realistic scenario.Here, I explore this test further in three ways. First, I show that in an inhomogeneous universe a negativecorrelation is expected regardless of the value of k. Second, I test whether the ��-zs relation can be usedas a test to determine �0 and 
0, rather than just the sign of k. Third, I compare the results of the testfrom the Park & Gott sample to those using other samples of gravitational lenses, which can illuminate(unknown) selection e�ects and probe the usefulness of the ��-zs relation as a cosmological test.IntroductionHistorically, there has been little interest in the ��-zs relation compared to other cosmological tests basedon gravitational lensing statistics, perhaps because the inationary paradigm (e. g. Guth (1981)), whichbegan about the same time as the discovery of the �rst gravitational lens (Walsh et al. 1979), has becomeso inuential. Since a at (k = 0) universe is a robust prediction of ination, many researchers assumethis and consider only at universes (or, at most, k = �1 cosmological models with �0 = 0). Due to thefact that for the popular single isothermal sphere model for a single-galaxy lens the image separation �� iscompletely independent of the source redshift zs in a at universe, there is little point in pursuing the ��-zsrelation if one is interested primarily in at cosmological models. If one is not committed to a at universe,then of course one should not assume k = 0, but even if one believes that the universe must be at, it isstill important to test this belief observationally. The situation is somewhat worsened by the fact that most`standard' cosmological tests (m-z and �-z relations, `conventional' gravitational lensing statistics, age ofthe universe) are relatively insensitive to the radius of curvature of the universe (R0 � 1=qj
0 + �0 � 1j),being degenerate in combinations of 
0 and �0 in directions roughly perpendicular to lines of constant R0in the �0-
0 plane. (A notable exception are constraints derived from CMB anisotropies.)One of the goals of the CERES project is the determination of cosmological parameters from gravitationallensing statistics. Even though the observational tasks are not yet complete, the JVAS and CLASS surveyswhich constitute the data base have already yielded enough gravitational lenses to enable one to make anindependent analysis, as in this poster. See the companion poster by Marlow et al. for another example ofthe uses to which this observational data base can be put.TheoryFor a singular isothermal sphere, the image separation is given by (Turner et al. 1984)�� = 4�  vc!2 DdsDs (1)where v is the velocity dispersion. Even if the singular isothermal sphere is not a perfect model for thegravitational lens systems considered, it is still a good approximation when one is only concerned with theimage separation. For a given v, one can show that��(z)��(0) = 0B@ zsZ0 D3dsD2d (1 + zd)2D3sQ(zd) 1CA 0B@ zsZ0 D2dsD2d (1 + zd)2D2sQ(zd) 1CA�1 (2)where Q(zd) = r
0 (1 + zd)3 � (
0 + �0 � 1) (1 + zd)2 + �0 (3)The Dij (with Dk := D0k) are angular size distances, which are functions of the lens and source redshifts zdand zs, the cosmological parameters �0 and 
0 as well as the `homogeneity parameter' �, which gives thefraction of smoothly, as opposed to clumpily, distributed matter along the line of sight. Note that Eq. (1)is valid for all combinations of �0, 
0 and �. The angular size distances can be computed for arbitrarycombinations of these parameters by the method outlined in Kayser et al. (1997). A well-tested, portableFortran code for the caculation of angular size distances for arbitrary values of �0, 
0 and � is publiclyavailable fromhttp://multivac.jb.man.ac.uk:8000/phillip/angsiz_prog/Figures 1 and 2 show �� as a function of zs for various cosmological models, for � = 1 (the traditionalcase assuming a completely homogeneous universe) and � = 0 as extreme cases. Note in Fig. 1 that thecurve is a horizontal line for k = 0, has positive slope for k = +1 and negative slope for k = �1. InFig. 2, for � = 0, the slope is negative regardless of the value of k. Thus, it appears that an inhomogeneousuniverse, a possibility not investigated by Park & Gott, might be able to explain the puzzling negativecorrelation between �� and zs.
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Figure 1: Normalised image separation as a function ofsource redshift. From the top, the (�0,
0) values are(2,4), (0,4), k = 0, (0,0.7), (0,0.3) and (-5,1). For k = 0the result is valid for all (�0,
0) values whose sum is 1.� = 1. 1.0 2.0 3.0 4.0
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Figure 2: The same as Fig. 1 except that here � = 0.

DataFigure 3 shows the sample of gravitational lenses, taken from the literature, which were used by Park &Gott in their analysis. Figure 4 includes the gravitational lens system 0218 + 357, whose source redshifthad been published at the time of the appearance of the Park & Gott paper (Lawrence 1996) and whichlies at the extreme lower left of the group of points, weakening the puzzling negative correlation as is shownbelow. Although the source redshift in Lawrence (1996) was somewhat uncertain at the time of publication,it has since been con�rmed.
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Figure 3: The sample used by Park & Gott. Zs
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Figure 4: The sample used by Park & Gott with theaddition of the gravitational lens system 0218+ 357.The table shows the current state of knowledge about the JVAS/CLASS gravitational lenses. (JVAS isthe Jodrell Bank VLA Astrometric Survey (Patnaik et al. 1992); CLASS is the Cosmic Lens All-Sky Survey(de Bruyn et al. 1998).) Note that the questionable source redshift for 2114 + 022 is probably the redshiftof an additional lensing galaxy (this interpretation is supported by several independent lines of evidence).Name #images �� [00] lens galaxy type zd zs0218+357 ring + 2 0.33 spiral 0.6847 0.960414+0534 4 2.0 elliptical ? 2.620712+472 4 1.2 ? 0.406 1.341030+074 2 1.6 peculiar 0.599 1.531422+231 4 1.2 ? 0.65 3.621600+434 2 1.4 spiral 0.415 1.571608+656 4 2.2 spiral? 0.64 1.391933+503 4+4+2 0.9 ? 0.755 ?1938+666 4+2 0.9 ? ? ?2045+265 4+1? 2.0 ? 0.87 1.282114+022 2+2? 2.4 ? 0.316 0.588?Figure 5 shows the CLASS sample while Figure 6 shows a union of the Park & Gott and CLASS samples.
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Figure 5: The CLASS sample of gravitational lenses. Zs

All  

D
J

1.0 2.0 3.0 4.0

1.
0

2.
0

3.
0

4.
0

5.
0

6.
0

7.
0

Figure 6: Combined sample: union of Park & Gott andCLASS samples.CalculationsAll calculations here implement the method of Park & Gott, which uses the Spearman rank correlation testto generate a relative probability for a given cosmological model. Park & Gott noted the fact that theyalways obtained a low probability with their sample, even when allowing for non-at cosmological models(albeit in a limited area of parameter space), galaxy evolution or departure from the singular isothermalsphere model. As Park & Gott noted, allowing for these e�ects increases the probability, since they all tendto create a negative correlation in a at universe, but the magnitude of the e�ect is not large enough toexplain the observations. (Again as noted by Park & Gott, if the lenses are part of clusters, then this willwork in the opposite direction, making the observed negative correlation even more puzzling.)Results and discussionSince the Park & Gott test assigns a low probability to a k = 0 universe, the question arises as to whetherit can be used as a general cosmological test to determine the values of �0 and 
0. This is not the case,as is demonstrated in Figs. 7{10 for each of the four samples. The Spearman rank correlation probabilityis essentially constant over a wide range of parameter space|basically, either all cosmological models areprobable, or all are improbable, depending on the sample used. Since there are no known selection e�ectswhich can account for the di�erences, either the test is not very useful and/or it is pointing to unknownselection e�ects in the literature sample used by Park & Gott.
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Figure 7: Spearman rank correlation probabilities as afunction of �0 and 
0 for the Park & Gott sample. Fig-ures 7{10 all utilise the same linear grey scale with 0being white and 1 black. The highest value on this plotis 0.025, barely visible in the lower left corner. Thediagonal line is the 1% contour level. The area abovecontains smaller values; larger ones are below. l
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Figure 8: The same as Fig. 7 but for the Park & Gottsample with the addition of 0218 + 357. The maximumis 0.184. The thin curve is the 1% contour, the thickcurve is the 5% contour.
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Figure 9: The same as Fig. 8 but for the CLASS sample.The maximum is 0.955. l
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Figure 10: The same as Fig. 8 but for the combinedsample. The maximum is 0.583.It is interesting to compare the probabilities from the Spearman rank correlation test for the Park &Gott sample using the actual values of zs and �� as used by Park & Gott to those obtained using moreup-to-date data for the same lens systems. If two values are very near each other, rounding them o� tothe same values produces a di�erent result for the rank correlation test than if they di�er by even a smallamount. Using more up-to-date data, an even lower probability is obtained for the Park & Gott sample,for � = 1 and � = 0, for a wide variety of cosmological models.Another aspect of round-o� error is seen in computing the Spearman rank probability for k = 0 models.Park & Gott give a probability of 0.012 for a at universe. I can reproduce this value by using �0 = 0:5 and
0 = 0:5. Other values of �0 and 
0 (with the sum of 1, corresponding to k = 0) result in values between0.008 and 0.017, while inserting k = 0 `by hand' instead of doing the computations for explicit �0 and 
0values (that is, using the fact that the ��-zs relation is at in this case rather than computing it) resultsin a value of 0.011. This, and the problem with inexact observations mentioned above, suggest that theprobabilities computed using the Spearman rank correlation test should be taken with a grain of salt.ConclusionsPark & Gott pointed out that the image separations in gravitational lens systems are strongly signi�cantlynegatively correlated with the source redshift, while in a at universe one would expect no correlation(while a negative correlation would be expected in a universe with negative curvature and a positive on ina universe of positive curvature). None of the possibilities they examined were strong enough to explainthe e�ect. A possibility not examined by them, namely an inhomogeneous universe, produces a negativecorrelation regardless of the sign of the curvature, but it too is not strong enough to account for the e�ect.As a general test for the values of �0 and 
0 the test is of no use, all cosmological models being assignedroughly the same probability, but which value they are assigned depends on the sample used.The strong dependence of the result on the sample used seems to indicate that the result of Park & Gottis due not to some physical cause but rather to ununderstood selection e�ects in the sample of gravitationallenses taken from the literature. The large number of CLASS lenses gives us an independent comparisonsample, thus demonstrating the need for discovering a large number of lenses in a well-de�ned sample. AsPark & Gott point out, since many conclusions based on `conventional' gravitational lensing statistics arebased on essentially the same lenses as in their literature sample, if this sample is for some unknown reasonatypical, then conclusions drawn from statistical analyses of it must be examined with care. It will thusbe interesting to see what conclusions can be drawn from a statistical analysis of the CLASS sample afterthe observational tasks have been completed. (We expect to �nd more lenses, but have no qualms aboutusing the present incomplete sample in this analysis since there is no reason to believe that a larger samplewould show a di�erent ��-zs relation.)AcknowledgementsThis research was supported by the European Commission, TMR Programme, Research Network ContractERBFMRXCT96-0034 `CERES'.Referencesde Bruyn, G. et al., 1998 (in preparation)Guth, A. H., 1981, Physical Review Letters, D23, 347Kayser, R., P. Helbig & T. Schramm, 1997, A&A 318, 680Lawrence, C. R., 1996, in: Astrophysical Applications of Gravitational Lensing, IAU Symposium No. 173(C. S. Kochanek & J. N. Hewitt, eds.)Park, M.-G. & J. R. Gott III, 1997, ApJ (submitted)Patnaik, A. R. , I. W. A. Browne, P. N. Wilkinson & J. M. Wrobel, 1992, MNRAS, 254, 633Turner, E. L., J. P. Ostriker & J. R. Gott III, 1984, ApJ, 284, 1Walsh, D., R. F. Carswell & R. J. Weymann, 1979, Nature, 279, 381CERES publications: http://multivac.jb.man.ac.uk:8000/ceres/papers/papers.html


