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ABSTRACT 

Excessive vibrations in mechanical structures can cause many problems such as reducing structural integrity and compromising 

the commissioning of precise instruments. Tuned mass dampers (TMDs) are often employed to suppress undesirable vibrations. 

However, they are known to be effective only in a frequency band limited around one vibration mode and to be sensitive to the 

variation of primary structures. Alternatively, nonlinear energy sinks (NESs) can be used as they do not have a preferential 

resonance frequency making them more robust and capable of damping multiple resonances. In this paper, the performance of 

an active nonlinear energy sink (ANES) is investigated, which is realized using a novel integral force feedback controller. 

Unlike the traditional NES, which is realized by a cubic spring, a dashpot and an inertial mass, the proposed ANES is equivalent 

to a mechanical system which consists of a cubic root inerter, a dashpot and a linear spring. Because of the full analogy with a 

mechanical network, the stability of the proposed active system is guaranteed. Although the form of the proposed ANES is 

different from that of traditional NESs, it is found that the targeted energy transfer phenomenon also occurs with the ANES 

and the control effectiveness is similar to traditional NESs.  
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INTRODUCTION 

Tuned mass dampers [1] have been widely used to suppress undesirable vibrations of various types of mechanical structures 

such as machinery, helicopters, bridges, buildings, etc. The most generic form of a TMD is an auxiliary system which consists 

of a proof mass and a spring-dashpot pair. It has been shown that they are only effective around one particular vibration mode. 

Deviation from the desired settings can to some extent degrade their performance [2]. Instead, nonlinear strategies in vibration 

suppression have been proposed aiming to overcome this limitation. Nonlinear energy sinks have been extensively investigated 

for such a purpose [3,4]. The most popular form of a NES consists of a proof mass, a dashpot and a cubic nonlinear spring. The 

introduction of the essential nonlinearity allows NESs to absorb energy from the primary structure in an irreversible way and 

dissipate it locally. NESs do not have a preferential resonance which thus enables NESs to impede primary structure vibrations 

in a larger frequency band compared to TMDs. Substantial work has been done to better understand the underlying dynamics 

of NESs when coupled to single-degree-of-freedom (SDOF) systems and also multi-degree-of-freedom (MDOF) systems 

[3,5,6]. Nguyen and Pernot [7] established some design guidance for choosing the nonlinear stiffness and the damping 

coefficient of a NES coupled with a SDOF system under transient regime. Gendelman et al. studied the dynamics of a NES 

when it is mounted onto a forced SDOF system [8,9]. Similar to TMDs, the weight of the proof mass of NESs is important and 

better control performance comes with a heavier proof mass. However, the added mass may be penalizing in light weight 

applications, e.g. automotive and aerospace structures. Zhang et al. [10] and Javidialesaadi and Wierschem [11] have proposed 

to integrate inerters into NESs aiming to boost the performance as the inertance of inerters can be significantly greater than 

their actual mass [12].  



The inerter was initially proposed to complete the analogy between the mechanical and electrical networks, where the effect of 

inerters on the dynamic behaviour of mechanical systems is designed to be similar to that of electrical capacitors in electrical 

systems [13]. It is defined as a one-port mechanical element which impedes the relative acceleration across its terminals. Several 

mechanical forms have been proposed to realize inerters in practice such as rack and pinion based inerters [12], ball and screw 

based inerters [13] and hydraulic inerters [14]. However, some imperfections due to the mechanical construction will be 

inevitably present preventing them to act as idealized inerters. For instance, the performance of rack and pinion and ball-screw 

inerters may degrade because of the friction and backlash or elastic effect of gears or screws [15], and hydraulic inerters may 

exhibit some nonlinear damping in addition to the inertance-like behavior.     

In order to address the aforementioned problems associated with passive inerters, the potential of using active means has been 

investigated. Zhao et al. [16] proposed to realize an active inerter using reactive actuators and force sensors. An active inerter 

can be realized by feeding back the output of the force sensor through a double integrator. Following up this work, an active 

nonlinear energy sink is proposed in this paper as an alternative approach to traditional passive NESs. The ANES is equivalent 

to a pure mechanical system consisting of a cubic root inerter, a dashpot and a linear spring. The aim of this paper is to 

understand the energy transfer mechanisms of the proposed ANES and to validate the feasibility of targeted energy transfer 

from the primary structure to the ANES.  

MODELLING 

The system under investigation is shown in Figure. 1, which represents a linear oscillator. It is defined through a lumped mass

1m , a linear spring 
1k  and a dashpot 

1d , a reactive actuator with its stiffness denoted by 
ak  and a collocated force sensor which 

measures the actual force, represented by 
sF , transmitted to the structure. The active control loop is implemented by feeding 

the output of the force sensor 
sF  through a nonlinear controller  sC F  to drive the actuator.  
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Figure 1 (a) The scheme of the system under investigation and (b) its equivalent mechanical model 

The analysis hereafter will be conducted under transient regime. The governing equations of the system read: 

 
1 1 1 sm x d x k x F     (1) 

  s s aF C F k x     (2) 



The nonlinear controller  sC F  is built upon the linear controller proposed in [16], but modified to have a dynamic behavior 

similar to that of nonlinear energy sinks. The controller  sC F  reads: 
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In fact, the proposed system can be alternatively realized by a pure mechanical network composed of a spring, a dashpot and a 

cubic root inerter connected in series. This equivalent mechanical scheme is shown in Fig. 1 (b). The equivalent damping 

coefficient and the inertance can be expressed by: 
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Substituting the proposed form of   sC F  into Eqs. (1) and (2), and normalizing the resulting equations, yields: 

 
1 1 1 2 0y y y y        (5) 
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where 
1y x , 

2 2sy F k , 0 1 1k m  , 
0t  , 

1ak k  , 
1 0sg g  , 1 1c k m  ,  2 2

2 3 2 0dg g k    

ANALYSIS 

The energy dissipation within the ANES is used as the performance index to evaluate the capacity of the ANES to absorb the 

impulsive energy from the primary structure. It is defined as in [3]:  
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where 1_ initialy  denotes the normalized displacement of the primary structure.  

 ANESE t  in fact represents the percentage of the impulsive energy that is dissipated by the ANES up to the normalized time 

 .  The dependence of the performance index 
ANESE  upon the initial displacement of the primary structure is studied. The 

following parameters are used: 0.1  , 
1 0.02g  , 

2 1g   and 0.002  . The results are depicted in Figure 2. It is shown 

that there exists a threshold of the initial displacement below which the nonlinear dynamics of the coupled system is not 

triggered and it behaves linearly. Above the threshold, the dissipation efficiency is suddenly increased which indicates the 

occurrence of targeted energy transfer. The damping effectiveness does not hold when the impulse energy is further increased 

which might be due to another energy exchange mechanism.  

Figure 3-5 plot the time history of the response when the initial displacement is chosen at A, B, and C as given in Figure 2. At 

point A, the coupled system behaves linearly and it takes a quite long time to damp the initial energy. At point B as shown in 

Figure 4, the primary mass exhibits a nonlinear beating phenomenon and it vibrates in phase with the ANES which indicates 

the occurrence of the targeted energy transfer as also observed with traditional NESs [3]. In the regime around point C, the 

ANES vibrates three times faster than the primary system. The transient dynamics is captured on a 1:3 resonant manifold of 

the dynamics.   



 

Figure 2 Energy dissipation ratio by the ANES with respect to different initial displacements  

 

Figure 3 System response when the initial displacement is set to point A 

 



 

Figure 4 System response when the initial displacement is set to point B 

 

Figure 5 System response when the initial displacement is set to point C 

CONCLUSION 

This paper discusses a novel control concept for realizing an active nonlinear energy sink by using a pair of collocated reactive 

actuator and force sensor. The equivalent mechanical models of the controller’s components are derived in order to better 

illustrate the coupling of the electrical controller with the mechanical system. A cubic root inerter is introduced in the ANES. 

Numerical studies have been performed to explore the feasibility of using ANES for vibration mitigation. It is found that the 

proposed ANES behaves similarly to the traditional NESs. The targeted energy transfer phenomenon and the 1:3 resonance 

capture phenomenon in the transient regime are also observed with the proposed ANES.   Analytical analysis on the underlying 

dynamics will be continued in the future work.  
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