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Basics

e A is a finite alphabet with a <.
Example: A ={0,1} with 0 < 1
e A* is the set of all finite words over A.
Example: A* ={0,1}* ={¢,0,1,00,01,10,11,...}
e AT is the set of all nonempty finite words over A.
Example: AT ={0,1}* ={0,1,00,01,10,11,...}
e ¢ is the empty word.
e The length of w € A* is the number of letters of w, denoted by |w|.
Example: [101] =3
e uc A" isaprefir of we A" if Jv € A* s.t. w = ww.
v € A* is a suffiv of w € A* if Ju € A* s.t. w = uw.
Example: 1000101011
e A prefix (resp., suffix) = of w is proper if z # w.
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The lexicographic order

The order < on the letters of A induces a on A*:

Lexicographic order

r<iexy < x€Pref(y)\{y}
a<b
or Ip € A* and a,b € As.t. { pa € Pref(z)

pb € Pref(y)

Notation: & <jox 3y if * <jex y Or T = y.

Example: 0 <jex 00 <jey 011
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Lyndon words

Definition: A word x is a power if x = u*, for a word u and k > 2.
A word is primitive if it is not a power.

Lyndon word

A finite word w over A is Lyndon if it is and
, i.e., for all u,v € A" such that w = uv,
we have w <jex VU.

Over {0,1}:
0,1 0,1
00, 01, 10, 11 01
000, 001, 010, 011, 001, 011

100, 101, 110, 111
0000, 0001, 0010, 0011, | 0001, 0011, 0111
0100, 0101, 0110, 0111,
1000, 1001, 1010, 1011,
1100, 1101, 1110, 1111
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Chen-Fox-Lyndon theorem, 1958

Theorem

Every finite word w over A can be as

with £ € N and (¢;)1<i<k a lexicographically non-increasing sequence
of Lyndon words, i.e., {1 >jex *** Zlex Lk-

y

Some Lyndon factorizations:

0110101 = (011)(01)(01)
0100010110 = (01)(0001011)(0)
000100111001 = (000100111001)
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Nyldon words

Recursive definition of Lyndon words

e Letters are Lyndon.

e A finite word is Lyndon if and only if it cannot be factorized into a
lexicographically sequence of

Question: What happens if we reverse the lexicographic order?

Nyldon words (recursive definition)

e Letters are Nyldon.

e A finite word is Nyldon if and only if it cannot be factorized into a
lexicographically sequence of
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Origin of Nyldon words

Nyldon words were defined by Darij Grinberg in a post on Mathoverflow
in November 2014, along with three questions:

Q1. For all n > 0, length-n Nyldon words are there?

Q2. Is it true that any finite word can be factorized as a lex-
icographically non-decreasing sequence of shorter Nyldon words?
(Chen-Fox-Lyndon theorem for Nyldon words)

Q3. Is it true that every primitive word admits
?

We already know the answers in the Lyndon case.
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First few Nyldon words on {0, 1}

0,1 0,1

00, 01, 10, 11 10

000, 001, 010, 011, 100, 101

100, 101, 110, 111

0000, 0001, 0010, 0011, 1000, 1001, 1011

0100, 0101, 0110, 0111,
1000, 1001, 1010, 1011,
1100, 1101, 1110, 1111
00000, 00001, 00010, 00011, | 10000, 10001, 10010,
00100, 00101, 00110, 00111, | 10011, 10110, 10111
01000, 01001, 01010, 01011,
01100, 01101, 01110, 01111,
10000, 10001, 10010, 10011,
10100, 10101, 10110, 10111,
11000, 11001, 11010, 11011,
11100, 11101, 11110, 11111

Counting them: 2,1,2,3,6,9,18, 30, 56,99, 186, 335, 630, 1161, 2182, . . .
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Lyndon words are lex. minimal among their conjugates.
Nyldon words are not lex. maximal among their conjugates.

Example: 101 is Nyldon, and 101 <jey 110.
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Prefixes of Nyldon words

Apart from 0 and 1, all binary Nyldon words start with the prefix 10.

Other words are in the family of Nyldon words.
For instance,

00,01 (0 is the smallest Nyldon word)

11,1010,100100, . .. (general form 10¥10k)
11011,101011,1001011, ... (general form 10¥1011)
10101,1011011,101110111,... (general form 101%*+101%+1)
10011011, 1000110011, ... (general form 10*+2110%+111)

We found a family of forbidden prefixes:

F={peA*: p=pipap3, p1 Nyldon , p; <jex p2,
Vo € A", pap3x =nq---nk = |n1| > |p2l}.

Question: Are there other forbidden prefixes?
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Suffixes of Nyldon words

It is difficult to understand more the prefixes of Nyldon words.
What about their suffixes then?
Suffixes of Lyndon and Nyldon words share some properties.

Theorem (Lyndon)

Let w € A*. Then the following assertions are equivalent:

o wis
e w is strictly than all its proper suffixes
e w is strictly than all its proper Lyndon suffixes.

| A\

Theorem (Nyldon)

If a word w is , then w is strictly than all its proper
Nyldon suffixes.

v

The converse is not true.

Example: 110 is greater than all its proper (Nyldon) suffixes (0, 10),
but 110 = (1)(10) is not Nyldon.
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The longest Nyldon suffix of a word

Theorem (Lyndon)

Let w = #1405 - - - £}, be the Lyndon factorization of w. Then
e /. is the of w

e /1 is the of w.

Theorem (Nyldon)

Let w = ning - --ni be a Nyldon factorization of w.
Then ny, is the of w.

There is no similar condition on prefixes in the Nyldon case.

Example: A Nyldon factorization of 10100 is 10100 = (10)(100) but its
longest Nyldon prefix is 101.
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Unicity of the Nyldon factorization

Using the results on suffixes, we proved:

Theorem (Charlier, Philibert, S., 2019)

Every finite word w over A can be factorized /written as

with £ € N and (n;)1<i<i a lexicographically non-decreasing sequence
of Nyldon words, i.e., n1 <jex *** <jex Nk-

v

Lyndon factorizations VS Nyldon factorizations:

(011)(01)(01) = 0110101 = (0)(1)(10)(101)
(01)(0001011)(0) = 0100010110 = (0)(1000)(10110)
(000100111001) = 000100111001 = (0)(0)(0)(100111001)

Remark: Answer to Q2 (Darij Grinberg’s questions).
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The sequence A001037 in OEIS

There are Lyndon and Nyldon words of each length. \

In Sloane’s On-Line Encyclopedia of Integer Sequences (OEILS),
the sequence A001037

2,1,2,3,6,9,18, 30, 56, 99, 186, 335, 630, 1161, 2182, 4080, . . .
gives the number of (binary) Lyndon words of each length.

Remark: Answer to Q1 (Darij Grinberg’s questions).
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Complete factorizations of the free monoid

A totally-ordered family F' C A™ is a complete factorization of the free
monoid A* if each w € A* can be as

W =TT Tk (1)
with & € N and (z;)1<i<k a non-increasing sequence of F'.

Example:

e Lyndon words are a complete factorization for the order <jey.
(Chen-Fox-Lyndon, 1958)

e Nyldon words are a complete factorization for the order >jqy.
(Charlier, Philibert, S., 2019)
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A powerful tool for complete factorizations

Theorem (Schiitzenberger, 1965)
Let F C AT with a total order <.
Then any two of the following three conditions imply the third:

e Each w € A* admits at least one factorization (1).

e BEach w € A* admits at most one factorization (1).

e All elements of F' are primitive and each primitive conjugacy class
of AT contains exactly one element of F.
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Representatives of primitive conjugacy classes

As a consequence of the unicity of the Nyldon factorization and Schiitzen-
berger’s theorem, we have:

All Nyldon words are and every primitive word admits

Remark: Answer to Q3 (Darij Grinberg’s questions).

Length-preserving

Nyldon — Lyndon: w — w’ Lyndon — Nyldon: w' — w
where where

w’ = unique Lyndon conjugate w = unique Nyldon conjugate
Easy: w’ lex. min. conjugate Less easy: Mélancon algorithm
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Lyndon and Nyldon words: a short comparison

Many results for Lyndon words do not have analogues for Nyldon words.

e Suffixes of Lyndon/Nyldon:

w Lyndon < w is strictly than all its proper (Lyndon) suffixes.
w Nyldon = w is strictly than all its proper Nyldon suffixes.
The converse is not true.

Example: 110 is greater than all its proper (Nyldon) suffixes (0, 10),
but 110 = (1)(10) is not Nyldon

e Concatenation of Lyndon/Nyldon:
u,v Lyndon with v <jex v = wv Lyndon

u,v Nyldon with © >ex v uv Nyldon

Example: 10010, 1 Nyldon with 10010 > 1
but 100101 = (100)(101) is not Nyldon
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e Standard factorization:

If w = uv where v = of w (standard fact.),
then w Lyndon < w Lyndon and u <jey v.

Moreover v is the nonempty proper suffix of w.

If w = uv where v = of w (standard fact.),
then w Nyldon < u Nyldon and u >y v.

But v is necessarily the nonempty proper suffix of w.

Example: w = 100 Nyldon with (u,v) = (10,0)
but the lex. greatest proper suffix of w is 00

e Sirsov factorization:
If w = uv where u = of w (Sirsov fact.),
then w Lyndon < v Lyndon and u <jex v.

for Nyldon.

Example: w = 10010100100 Nyldon with (u,v) = (100101001, 00)
but v = 00 = (0)(0) is not Nyldon
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e Comma-free codes:
FCA* code: x1- Ty =y1---Yn With 21, ..., Ty, Y1,...yn € F
< m=nand z; = y;
F C A* comma-free code: w € F*, u,v € A*, vwv € F* = u,v € F*

The length-n Lyndon words over A form a comma-free code
& , or , Or

The length-n Nyldon words over A form a comma-free code
& , or , Or

e Lazard factorization:
Theorem (Viennot, 1978)

A complete factorization (F, <) of A* is left (resp., right) Lazard
S Vr,ye F,ay € F = x < xy (resp., zy < y).

Lyndon words form a and factorization for <jey.

Nyldon words form a factorization for >, but a
Lazard factorization for >j..
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Conclusion

Answers to Darij Grinberg’s questions:

Q1. For all n > 0, there are equally many length-n Lyndon and Nyldon
words.

Q2. Every finite word can be uniquely factorized as a lexicographi-
cally non-decreasing sequence of shorter Nyldon words. (Chen-
Fox-Lyndon theorem for Nyldon words)

Q3. All Nyldon words are primitive and every primitive word admits
exactly one Nyldon word in its conjugacy class.

Lyndon words have many (strong) properties.
Some of them have analogues in terms of Nyldon words, while some of
them (many in fact) do not.
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