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Abstract. For a few decades, the influence of a magnetic field on the aggregation process of superparam-
agnetic colloids has been well known on short time scale. However, the accurate study of the equilibrium
state is still challenging on some aspects. On the numerical aspect, current simulations have only access
to a restricted set of experimental conditions due to the computational cost of long range interactions
in many body systems. In the present paper, we numerically explore a new range of parameters thanks
to sped up numerical simulations validated by a recent experimental and numerical study. We first show
that our simulations reproduce results from previous study in well-established conditions. Then we show
that unexpectedly long chains are observed for higher volume fractions and intermediate fields. We also
present theoretical developments taking into account the interaction between the chains which are able
to reproduce the data that we obtained with our simulations. We finally confirm this model thanks to
experimental data.

PACS. 81.16.Dn Self-assembly – 47.57.J- Colloidal systems – 82.60.Lf Thermodynamics of solutions

1 Introduction

Self-assembly of superparamagnetic colloids has been a
topic of intense research from a few decades [1–18]. In-
deed, resulting structures can form microswarms or mi-
croswimmers useful for mixing in low Reynolds number or
manipulate specific targets such as proteins, cells or bacte-
ria, which leads to applications in waste capture, protein
isolation, chromatography, bacteria processing, cell sep-
aration, etc. [4,7,10,18–32]. However, the previous stud-
ies often focus on the properties of such complex assem-
blies. The detailed formation process and the origin of
those properties is still an open question. To our knowl-
edge, the only system for which some model of growth
has been published in the literature up to now is the col-
loidal chains formed under constant magnetic fields [12,
23,33–39]. The assembling mechanisms rely on the char-
acteristic high magnetic response and quasi-zero residual
magnetization of the building particles consisting of mag-
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netic nanoparticles inserted in a matrix of non-magnetic
material (polystyrene or silica) [17,18,23,35].

Given those properties, the particles interact magnet-
ically as if they were perfect dipoles. Formally, let us con-
sider the effective magnetic susceptibility χ of the particles
and their volume V = 4

3πR
3, given their radius R. Then,

when an external magnetic field B is applied on the sus-
pension, the particles acquire a magnetic dipole moment
µ = χVB/µ0. Actually, this equation is only valid for
values far under the so-called magnetic saturation. With
the paramagnetic materials we used, the magnetic field
where this saturation is reached is of the order of 250 G
[40,33,12]. Since we will consider only magnetic field of
the order of 10 G, we will always stay in this linear regime
for the considerations of this work. The interaction force,
between two identical particles separated by a distance r,
is therefore given by

Fm =
3µ0µ

2

4πr4
((1− 3 cos2 θ)er − sin 2θeθ), (1)

where θ is the angle between the line joining the centre
of the particles and the magnetic field B, er = r

r and
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Fig. 1. Typical chains from numerical simulations (left) and
experiments (right). Effective volume fraction of approximately
φE = 0.015.

eθ = ez × er if ez is the unitary vector perpendicular to
the plan containing er and B. If er and B are parallel,
θ = 0 and the orientation of eθ is meaningless. Regarding
the orientation of Fm and r, if r points from particle 1 to
particle 2, F is the force acting on particle 2. The subse-
quent magnetic interaction energy between those particles
(Fm = −∇U(r, θ)) is then

U(r, θ) =
χ24πR6B2

9µ0

(
1− 3 cos2 θ

r3

)
, (2)

Two particles then repel each other if they are side-by-
side, while they attract each other when they are aligned
with the field B. This interaction implies that two par-
ticles tend to aggregate aligned with the magnetic field
B. It has also been shown that the magnetic field pro-
duced by each particle influences the magnetic moments
of their neighbours, through mutual induction [41]. How-
ever, this effect is significant only if the magnetic suscep-
tibility is of the order of ferromagnetic materials. In this
paper we used particles with magnetic susceptibility of
χ ≈ 0.1, with SI units convention. In this situation, the
mutual induction only modifies the magnetic moment of
approximately one procent, while the value of Γ is mod-
ified by less than two procent. We can then neglect this
effect. Note that, in this paper, the field will always be
assumed to lie in the y direction, and the system is thin
in the z direction (10 diameters of particles). As shown by
several studies, both experimental and theoretical, super-
paramagnetic colloids self-organize into chains under those
conditions, through diffusion-limited aggregation, as illus-
trated in fig.1 [34,42–45,27,46]. The characteristic dimen-

sionless parameters governing this self-assembly are the
volume fraction φ0 and the ratio between the maximum
of the magnetic energy and the thermal energy

Γ =
µ0

4π

µ2

4R3kBT
=
πR3χ2B2

µ09kBT
. (3)

Moreover, this aggregation is reversible, meaning that the
chains break up if the magnetic field B is suppressed [12,
38]. Experimentally, chains of several particles are typi-
cally observed [34,44,42] and, after a transient behaviour,
the growth is successfully described on short timescale
(typically a few hundreds of seconds) by a Smoluchowsky
equation, predicting a power law behaviour of the mean
size of the chains 〈s〉 ∝ tz [34,42–45]. Current research
usually focuses on more complex structures, looking like
ribbons or bundles, that have been observed under those
conditions [47,36] and new theoretical models are stud-
ied in order to take them into account and describe their
properties [46,48,49]. On longer time scales, though, it has
been shown that the system reaches a thermal equilibrium
[23,35,47,36,39]. The saturation time varies between the
instantness and tenths of years, depending on the volume
fraction and the value of Γ [23]. For values of mean length
at saturation 〈s〉 varying from unity to ≈ 102, we previ-
ously observed experimental saturation time in the range
of a few minutes to a few hours [36,39]. Up to now, the
most convenient and efficient model for the mean length
〈s〉 of the agglomerates at thermal equilibrium has been
established by Faraudo et al. [47]

〈s〉 =
√
φ0 exp (Γ − 1). (4)

Numerical simulations can be seen as useful tools to
compare ideal experiments with actual experiments or the-
oretical expectations. Comparing with actual experiments
can indicate if all the key physical ingredients are taken
into account in the models. It can also be used to test
some models in range of parameters which are not accessi-
ble experimentally. In the case of the analytical models for
the mean chains length at saturation, [26,37] such simula-
tions can (dis)confirm the mathematical approximations
and the dependencies in the various parameters. However,
classical techniques of numerical simulations (Langevin
Dynamics, soft sphere discrete element methods, molecu-
lar dynamics, ...) would require several years of computing
time to reach equilibrium state under some conditions: ac-
tual experiments last for hours and one second of simula-
tion currently takes from 300 to 1100 hours of computering
time. The most challenging situations are the ones leading
to long chains, for which experiments and analytical mod-
els disagree [26,36,47]. Some researchers have developed
alternative simulation techniques, where they consider the
aggregation of the particles as irreversible and use a sim-
plified magnetic interaction. This allows them to dynam-
ically redefine the objects in the system and shorten the
simulations by decreasing the numbers of objects to sim-
ulate [47]. However, those hypotheses are only valid when
the magnetic interactions are really high and the system
is diluted.
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In the present work, we performed simulations with a
modification of the viscosity of the surrounding fluid. We
considered a fluid with a viscosity of η = 2.5 10−5 Pa s.
As we showed in a previous work, above a certain thresh-
old value, this doesn’t fundamentally change the prop-
erties of the equilibrium of the system. [39] To validate
our approach, we first begin to show that we indeed ob-
tain the same results as with water (η = 1 10−3 Pa s)
in well-known conditions. Afterwards, we numerically ex-
plore the equilibrium of high volume fractions systems,
which could not be reached previously. We obtain unex-
pected high average lengths of the chains. We then demon-
strate that interaction between chains can explain those
results through a statistical approach. Eventually, we con-
firm the improvement of those theoretical considerations
with actual experimental data.

2 Numerical simulations methods

In our study, simulations are realised using a Soft Sphere
Discrete Element Method [50–52]. The code is the same
as the one we developed for previous studies [39]. The al-
gorithm progresses with a constant time step and solves
Newton’s equations of motion at each iteration. Regard-
ing the involved forces, it takes into account the dipole-
dipole interactions between the colloidal particles as well
as the Brownian agitation in the system. In order to limit
the computational cost, we introduced a cut-off distance
for the magnetic dipole-dipole interaction, of about 12R,
by using a linked-cell method [53]. The random motion
of a particle due to its interaction with surrounding fluid
molecules in the heat bath can be described by using a
Langevin equation [54]. To reproduce the effects of these
interactions with the fluid, we then considered a drag force
as F d = −6πRηv, where v is the velocity of the par-
ticle. The Brownian force F b is modeled as a Gaussian
white noise process [55,56]. Regarding the collisions be-
tween particles, as well as collisions between a wall and a
sphere, we model the normal contact force acting on two
impacting objects as a linear spring-dashpot. We also take
into account a tangential contact force, proportional to the
relative slipping velocities of the particles and bounded
by Coulomb’s criterion. Furthermore, since sedimentation
plays an important role in the dynamics of our system,
gravity and buoyancy have to be included. Detailed equa-
tions for each force can be found in a previous publication
[39].

It is worth noticing that changing the viscosity param-
eter η modifies both the drag force F d and the Brow-
nian force F b in the simulations (indeed, Fd ∝ η and

Fb ∝ η
√
D ∝ √η). Besides this, all the other parameters

remain constant since they depend only on temperature
and particle properties. In our simulations, we fixed the
viscosity at η = 25 µPa.s, in order to speed up the simu-
lations. [39] This value of the viscosity is fixing the Peclet

number Pe = Rχ2

36µ0

√
m

3kBT
B2

η ≈ 0.11 in a value largely

below the critical Peclet number PeC = 0.825 we deter-
mined in an earlier work. [39] This should then guarantee

that the equilibrium behaviour of the suspension is not
modified by the change of viscosity, but represents a gain
of a factor 40 on the simulation time. This gain would not
be possible by simply increasing the time step of the simu-
lations. Indeed, the time step intervals are fixed according
to numerical stability of the collisions between particles. A
safe value, not slowing down excessively the computation
time, is given by tstep = 2π

40

√
m
k , where m is the mass of

the particles and k is the stiffness in the Hooke model for
the particles collisions [50–52]. While increasing this time
step by a factor 40 would lead to numerical instability of
the collisions, decreasing the viscosity by this factor does
not modify the evolution of the mean size of the system,
as demonstrated in our previous work [39].

3 Numerical simulations results

We simulated systems within boxes with height Z = 10µm,
width X = 100µm and length Y = 400µm. The magnetic
field has a component only in the direction y of the length
of the box B = Bey, where ey is the unitary horizontal
vector parallel to the length Y of the box (the gravity be-
ing defined as g = −gez). While there is a periodic bound-
ary condition on the vertical walls of the boxes (in order
to limit the effect of the system size), the particles interact
with the horizontal walls with the same contact forces as
between two spheres. The fact that no further interaction
is required to model real colloidal systems is supported by
our previous experimental studies, where particles experi-
ence free diffusion near the wall [38].
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Fig. 2. Evolution of the mean size of the chains 〈s〉(t) during
simulations, for a magnetic field B ≈ 13.5 G (Γ = 8), and
various effective volume fractions φE . The mean chains length
is expressed in mean diameter of particles. The mean size of the
chains is plotted as a function of the dimensionless parameter
t/tB .

Typical growth of the mean size of the chains along
time 〈s〉(t) is represented in fig. 2. The time has been adi-
mensionalized by the characteristic time of aggregation of

the particles tB = 6πηR3

48[(1/3)1/2−(1/3)3/2]U0φ
[34,39]. As one
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can see, the equilibrium state is reached after a character-
istic time depending on the conditions of the simulations,
as expected from previous works [23,26,36,39] . The rest
of this section focus on the mean size of the chains at
equilibrium, noted 〈s〉.

We first performed simulations in a range of volume
fraction φ0 = 1.15 10−3 and magnetic field B ∈ [0; 21 G]
(i.e. Γ ∈ [0; 19]) well characterized by previous studies.
[26,23,47] In our system, we have to take into account
the sedimentation. We then consider an effective sediment
volume fraction of φE = φ0

h
2R = 8.8 10−3, computed by

assuming the height available for the particles is their di-
ameter 2R, and where h is the height of the cell. When
this value of volume fraction is injected in eq.(4), we ob-
tain the expected saturation value for the mean length of
the chains 〈s〉, as illustrated in fig. 3. This confirms the
thermal equilibrium in our simulations is equivalent to the
observed equilibrium in systems with higher viscosities.
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Fig. 3. Average lengths of the chains at saturation for various
magnetic field with an effective sediment volume fraction φE =
8.8 10−3. Red points are data obtained from several numerical
simulations. The black (lower) curve is the model of eq. (4)
and the cyan (higher) curve is the model from eq.(9), with
K = 6/π.

We also performed simulations for the same magnetic
fields B and parameters Γ , but with a ten times higher
volume fraction φ0 = 11.5 10−3, or φE = 88 10−3. The
results for those conditions are illustrated in fig. 4. As one
can see, the model from eq.(4) systematically underesti-
mates the mean length of the chains 〈s〉 in that particular
situation. This highlights that a high volume fraction in-
fluences the mean length 〈s〉 in some way which has still
to be understood.

In order to understand the role of the volume fraction,
we then performed simulations with a fixed magnetic field
B = 13.5 G and parameter Γ = 8, but various volume
fraction φ0 (and φE). The data from those simulations are
represented in fig. 5. From these, we can see that the model
from eq.(4) is accurate for sediment volume fractions up to
φE = 2.6 10−2. However, for higher volume fractions, the
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Fig. 4. Average lengths of the chains at saturation for various
magnetic field with an effective sediment volume fraction φE =
88. 10−3. Red points are data obtained from several numerical
simulations. The black (lower) curve is the model of eq. (4)
and the cyan (higher) curve is the model from eq.(9), with
K = 6/π.
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Fig. 5. Average lengths of the chains at saturation for various
volume fraction with a magnetic field B = 13.5 G (Γ = 8). Red
points are data obtained from several numerical simulations.
The black line is the previous model (eq.(4)), while the blue
(higher) curve is our new model (eq. (9)), with the value K =
6/π.

mean length at equilibrium 〈s〉 is higher than predicted by
this law. Then, there must be some mechanism through
which the volume fraction modifies this length. We discuss
in the next section how the interaction between existing
chains can be this mechanism.

We also measured the distribution of the chains’ size
obtained in our last set of simulations. As one can see in
fig. 6, these distributions can be scaled thanks to predic-
tions of the thermodynamic model (see section 4).
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Fig. 6. Distribution of the chains’ size s obtained with simulations, for various volume fraction and Γ = 8. Left: Normalized
distribution of the number of chains As on the total number of chains A, for various effective volume fraction. Right: Scaling
predicted by the models, with 〈s〉 being the actual mean size of the agglomerates at equilibrium and x = (1 − 1/〈s〉). With
this scaling, predicted by both models, all the data collapse on the same curve. While we used a scaling closer to the model
prediction, one can note from the left graph that the trend is the same as reported in previous studies [26].

4 Thermodynamic model

The previous model (eq. (4)) is based on thermodynam-
ics development where the thermal equilibrium determines
the homogeneity of the chemical potential of every parti-
cle. This model can then be easily modified if one finds a
dependency of the chemical potential as a function of the
volume fraction. For this purpose, we consider the expres-
sion of the chemical potential µs for a chain of s colloidal
particles

µs = µ0
s +

1

s

[
kBT ln

φs
s

]
(5)

where µ0
s is the mean free-energy per particle and the sec-

ond term comes from the entropy, with φs being the vol-
ume fraction of the chains of lengths s (see Eqs. (19.1)
and (19.6) in Ref. [57], and development in Ref. [47]). The
model leading to eq.(4) has been established by consider-
ing that the energy of a chain of s colloids with a magnetic
bond energy−ε is−(s−1)ε. This gives µ0

s = µ0−(s−1)ε/s.
[47,57]. In 3D, the bond can be assessed as βε ≈ Γ − 1,
where β = 1/(kBT ), from a mean-field hypothesis. We
discuss in Appendix 7 the difference between 2D and 3D
models and show that the 3D model has to be used in our
case.

In order to have a further effect of the volume frac-
tion, we suggest considering the interaction between the
chains of colloids. We will here introduce a reasoning to
apply another mean-field theory to this interaction. Let us
consider the case of long chains created in a high volume
fraction suspension. We can idealize the system as a suc-
cession of parallel chains separated by a mean distance d.
If we assume that the chains are long compared to their
distance d, we can assimilate these chains to magnetic nee-
dles whose interacting energy UCC behaves like

UCC =
µ0

4π

µ2

4R2

2

d
, (6)

see eq.(16) in Ref. [58]. By considering the sedimentation,

the available volume for each particle goes like Ṽ ≈ d4R2,
while their own volume is Vp = 4πR3/3. The total sed-

iment volume fraction is then φE = Vp/Ṽ = (πR)/(3d).
This leads the average distance d between the chains to
be d = (πR)/(3φE). Then, each chain has a repulsive in-
teraction with its two neighbours, creating an interaction
energy per chain

UCC =
µ0

4π

µ2

4R2

6φE
πR

=
6

π
ΓkBTφE ≡ K kBT Γ φE , (7)

where K = 2R
dφE

is a geometric constant that our idealiza-

tion approximates as K ≈ 6/π. The chemical potential of
the particles can then eventually be expressed as

µs = µ0 +
1

s

[
kBT ln

(
φs
s

)
− (s− 1)ε+K kBT Γ φE

]
.

(8)
Then, a reasoning perfectly analogous to the one of Fa-
raudo et al. [26], based on the equilibrium of the chemical
potential µ1 = µs and the constraint φE =

∑
s φs, leads

to
〈s〉 =

√
φE exp (Γ − 1 +KΓφE). (9)

This model has been represented in fig. 5. The value of
K = 6/π gives the blue curve. As can be seen in the graph,
this curve has the right trend and is in good agreement
with the numerical data.

Moreover, the curve corresponding to eq. (9), with
K = 6/π, has been represented on the figs. 3 and 4.
Indeed, eq. (9) also shows a different dependency on Γ
than eq. (4). For the case of low volume fraction (fig. 3),
both models give pretty similar results, in good agree-
ment with the numerical data. In the case of high vol-
ume fraction (fig. 4), both models fail to explain the low
Γ data, but eq. (9) is in good agreement with the nu-
merical data for higher Γ . Actually, such a deviation in
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the beginning of the data is due to an increased prob-
ability of random collisions between particles which cre-
ate temporary aggregates. Those agglomerates are formed
by particles whose contact time is directly controlled by
the collision of the particles and are not sticking together
due to magnetic interactions. Of course, this can only oc-
cur in low Γ configuration, and they are not taken into
account in the equilibrium ensemble of the models, be-
cause it is not the competition between their magnetic
and thermal energy which creates the agglomerate, but
rather geometrical constraints (i.e. the space available for
each particle during their free diffusion). For instance,
some of these agglomerates can be oriented perpendicu-
larly to the magnetic field, which is not considered in the
equilibrium model, given their repulsive magnetic interac-
tion. Actually, the model computing βε ≈ Γ − 1 considers
only chains constituted of particles whose angles between
their magnetic moment (in the direction of the external
field) and the direction pointing to the centre of their clos-
est neighbours is comprised between −θ0 and θ0, where
θ0 = arcsin

√
2/3, so that the radial component of the

magnetic interaction is attractive. Moreover, the analyt-
ical expression of both models have been obtained with
approximations assuming that Γ and the predicted value
of the average chains length are large in front of 1. (see
eqs. (6) and (7) in Ref. [26]). Furthermore, the configura-
tion of parallel long chains leading to eq. (9), which can
happen only with an important magnetic field, or Γ , is
not suitable to describe a system composed of small ag-
glomerates. The expression of UCC in eq. (7) has explicitly
been obtained by assuming that the length of the chains
is longer than their distance (see Ref. [58]) which means
d > 〈s〉R ⇔ φE〈s〉 > π/3. Since the effective volume
fraction we used is of the order of φ ≈ 0.1, this is an-
other reason why our model becomes accurate for values
of 〈s〉 & 10. The agreement with only the high Γ points is
then not surprising. For lower volume fraction, however,
the term KΓkBTφE is often negligible to Γ − 1 and does
not modify too much the predicted value (as illustrated in
fig. 3).

The distribution of the chains size obtained in our sim-
ulations is represented in the fig. 6. To compare with the
models, one can note that both models imply that the
number As of chain with length s is proportional to As ∝
φs/s ∝ xs, where x = φ1 exp (Γ − 1 +KΓφE) in our case
and x = φ1 exp (Γ − 1) in the previous model. From this,
it comes that the normalized distribution of the chains

As/A, with A =
+∞∑
s=1

As behaves like As/A = (1− x)xs−1.

In the limit 〈s〉 >> 1 ⇒ x ≈ (1 − 1/〈s〉), leading to
eqs. (4) and (9), we can then write log10 (〈s〉As/A) =
(s − 1) log10 x. The mean size of particles at equilibrium
is then the only relevant parameter in the system, since
it determines the distribution of the particles. While the
finite size of the systems we simulated prevent the data to
exactly follow this relation, it can still be used as an effi-
cient scaling law to collapse all the data on a same master
curve, as illustrated in fig. 6.

In order to confirm those theoretical considerations, we
also performed actual experiments described in the next
section.
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Fig. 7. Evolution of the mean size of the chains 〈s〉(t) during
experiments, for a magnetic field B ≈ 13.5 G, and various effec-
tive volume fraction φE . The mean chains length is expressed
in mean diameter of particles. The mean size of the chains is
plotted as a function of the dimensionless parameter t/tB .

5 Experimental setup

A part of a typical experimental picture is presented in
fig. 1. The experiments were performed with superpara-
magnetic microspheres dispersed in water (Estapor R© M1-
070/60), with a volumic fraction varying from φ0 = 1. 10−4

to φ0 = 23. 10−4 (φE = 5. 10−3 to φE = 115. 10−3).
The suspension was placed inside a cylindrical chamber
of diameter D = 5 mm and thickness approximately h =
50 µm. The chamber was formed by two parallel glass
plates. The first glass plate was covered with an approxi-
mately 50 µm layer of epoxy with the exemption of a cir-
cular region. A suspension droplet of 1 µl was placed inside
this region. Afterwards, the second glass plate was placed
on the first one. A small quantity of low-viscosity silicon
oil was placed on the epoxy to assess the watertightness
of the chamber. A constant and homogeneous magnetic
field B ≈ 13.5 G was generated by a constant current
in surrounding coils at the beginning of each experiment.
The magnetic field produced by those coils was character-
ized with a Hall probe and was homogeneous within the
precision range of the probe of 2% around the cell. The
current in the coils had a constant intensity controlled
by a programmable DC power supply GenH-750W from
TDK Lambda, with a precision of 0.01 A. The suspen-
sion was observed from the bottom with a 40x magnifi-
cation. The microscope used was an inverted microscope
Olympus IX73, connected to a 4070M-CL Thorlabs Cam-
era with 2048 by 2048 pixels of 16 Bits depth. The images
were recorded with a frame rate of 1fps during ten min-
utes, then a frame rate of 0.1 fps is applied. Each exper-
iment lasted between five and eight hours. Experiments
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were performed at least three times for each condition in
order to assess reproducibility of the results.
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Fig. 8. Equilibrium mean size of the particles as a function
of effective volume fraction φE . The circles are experimental
measurements while the curves are the models. The black line is
the prediction from eq.(4), while the cyan curve is a prediction
of our model (eq.(9)), with K = 6/π. Both models used Γ =
7.25.

6 Experimental validation

Experimental growth of the mean size of the chains along
time 〈s〉(t) is represented in fig. 7. As for the simulations,
the time has been adimensionalized by the characteristic
time of aggregation of the particles tB . As one can see, the
equilibrium state is again reached after a characteristic
time depending on the conditions of the experiments. The
rest of this section focuses on the mean size of the chains
at equilibrium, noted 〈s〉.

The measured equilibrium mean size of the particles
as a function of effective volume fraction is shown in fig.

8. The range of plausible Γ = πR3χ2B2

µ09kBT
, we obtained from

the mean properties of the particles and their uncertainty
is Γ ∈ [6.6; 7.9], giving Γ = 7.25± 0.65.

One can see that eq. (9), considering K = 6/π and
Γ = 7.25, gives a trend consistent with the experimental
data. The agreement of the data with eq. (9) is even better
than the agreement with the predictions of eq. (4).

The experimental distribution of chains size is illus-
trated in fig. 9. These distributions contain more noise
(mainly due to image analysis) and are as clearly sepa-
rated than the ones obtained with the simulations. How-
ever, the previous scaling log10 (〈s〉As/A) = (s−1) log10 x
still collapse all the data on the same curve.

7 Conclusions

Compared with the previous numerical studies of Faraudo
et al. [26,23,47], our work report systematic experiments
to assess the theoretical models. We also characterized sus-
pensions with a higher range of volume fraction than these
works, and modified systematically this parameter. Fur-
thermore, our simulations and experiments demonstrated
that the current model (eq. (4)) regarding the equilibrium
length of superparamagnetic colloids under magnetic field
does not reproduce the adequate volume fraction depen-
dency. Indeed, we identified the ignored interactions be-
tween the chains as a cause of divergence between this
model and both numerical and experimental data. More-
over, we showed that idealizing assumptions could lead to
a consistent model. We showed this modification is not
only important when only the volume fraction is varying,
but also when considering a high volume fraction system
and varying the characteristic interaction energy of the
particles (i.e. by varying Γ by any means). Accordingly,
this work opens new perspectives to model and under-
stand such high volume fraction systems.
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Appendix A. Dimensionality of the models

We used a 3D model for the aggregation instead of a 2D
model, even if the particles sediment in our simulations
and experiments. Indeed, as we demonstrated in a previ-
ous work [36], there are two ways Faraudo’s model should
be modified to take a change of dimension into account.
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Fig. 9. Distribution of the chains of size s obtained in experiments, for various volume fraction and a constant magnetic field
B ≈ 13.5 G. Left: Normalized distribution of the number of chains As on the total number of chains A, for various effective
volume fraction. Right: Scaling predicted by the models, with 〈s〉 being the actual mean size of the agglomerates at equilibrium
and x = (1− 1/〈s〉). With this scaling, predicted by both models, all the data collapse on the same curve.

The first one is that the surface fraction φ2DS ≡ NπR2

A ,
whereN is the number of particles, R their radius and A =
XY the area of the bottom plate, should be used instead of
the volume fraction. The second way the model should be
modified is through the effective mean bond energy ε. This
parameter is related to Γ through a thermodynamic mean
value of the magnetic interaction energy, and makes use of
a Jacobian depending on the dimensionality. Introducing
the right 2D configuration space in the computations of
Faraudo et al.[26] leads to βε2D = Γ − 1/2 [36]. We then

have a final model 〈s〉 =
√
φ2DS exp (Γ − 1/2).

0.1 0.15 0.2 0.25 0.3

2

6

10

14

18

22

Fig. 10. Average lengths of the chains at saturation for various
surface fraction with a magnetic field B = 13.5 G (Γ = 8). Red
points are data obtained from several numerical simulations.
The black line is the 2D version of Faraudo’s model , while the
blue (higher) curve is the 2D version of our new model, with
the approximate value K = 4/π.

However, as illustrated in fig.10 when we compared this
model with our data, it does not catch their trend at all...
While the 3D version of Faraudo’s model actually predicts
efficiently the saturation values, once we used the effective
volume fraction φE in the vicinity of the sedimented parti-
cles (which differs from the 2D surface fraction by a factor

2/3 φE = N4πR3

3XY 2R = 2
3φ

2D
S ), as it does for the case of data

in fig. 3 (which has been obtained in conditions similar to
those for which the model has been developed).

Similarly, our proposition and the computation of d
and K would depend on the dimensionality. In 2D, the
available surface for each particle would go like Ã ≈ 2Rd
while their own surface is πR2. The mean distance d would
then be obtained through φ2DS = πR

2d ⇒ d = πR
2φ2D

S

leading

to K = 4
π to write UCC = K kBTΓφ

2D
S .

As can be seen from fig.10, none of the 2D curves
match any part of the data’s trend. One should not be sur-
prised that the 2D models do not efficiently predict what
happens in our simulations, which are as close as possible
to our experiments. Indeed, the particles are not strictly
restricted to a 2D plane : the thermal energy of the system
is approximately equal to mg2R, with m the mass of the
particles, allowing single particles to elevate their centre
of mass over another particle. This means that collisions
between particles are actually 3D. Since the volume frac-
tion influences the mean size of the chains through their
probability of collisions, this explains why one has to take
into account the volume fraction of the particles in the
sedimented layer and not their surface fraction. Moreover,
this thermal agitation makes that no solid constraint re-
stricts the elevation between two neighbouring particles.
Then, the same configuration space is available for the
particles as in 3D (contact between two particles is still
defined through a surface, not through a curve). Since this
configuration space determines the properties of the sys-
tems at equilibrium, it is then not surprising that it is the
same as predicted by a 3D model. While the kinetics lead-
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ing to this equilibrium might differ (since approximately
one half of the path leading to aggregation are missing
compared to pure 3D cases), there are no reasons why the
equilibrium state should be considered to be 2D.
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