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1  INTRODUCTION

Let J be the Bessel operator of order s:
Jof = F'1<(1 4 |2)_s/2}‘f> GER, feS,

where standard notations have been used (see below). The fractional Sobolev space H ; (which can be seen as a generalization
of the historical Sobolev space VVPS with s € N) is defined by

Hy={f€S 1T fll <o} (ER 1<p<Loo) (1.1

Such spaces play an important role in many fields of physics; in particular they take a prominent part in the study of the
Navier—Stokes equations (see e.g. [14,30,37]). In this context, the usual Besov spaces naturally arise through the (real) inter-
polation theory: the Besov space B;’q is an interpolation space “which lies” in between the Sobolev spaces H ,’7 and Hg with
s = (1 — a)t + au. More precisely, we have

B, = [H;,,Hl‘;]a’q (12)
(see e.g. [3,13,37,40]). The Besov spaces B;’q (with s € R and 1 < p,g < o) were introduced about sixty years ago [4,5]
and many studies have been since devoted to such spaces (see e.g. [6,7,38—41]). They were generalized in the middle of the
seventies by several authors in different contexts starting from different points of view. The variant, we will present here has been
largely considered in [2,11,19,20,33] for example. They are still considered nowadays in connection with embeddings, limiting
embedding, entropy numbers, probability theory and theory of stochastic processes for example (see e.g. [10,16,17,24,31,35] and
references therein). More recently, such generalizations have been used to numerically detect the law of the iterated logarithm
in signals [25,29,34].
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A classical generalization of the usual Besov spaces was introduced in [12,32]. To obtain these spaces 31{, ¢ S isreplaced by a

function parameter g such that f(x) = x'/g (x"“) in the interpolation formula (1.2). These spaces can themselves be generalized
using the Littlewood—Paley decomposition instead of the interpolation theory to define the spaces of generalized smoothness

BZ,’;' , where o and y are two admissible sequences [20]. A sequence (o- j) of positive numbers is called admissible if both

J€Ny
06;/6,+1 and o, /o; are upper bounded (see Definition 2.1). One has BI{q = B, withy = (2/); and ¢ = (f(2/));. In a way,
these spaces provide a very general definition of the spaces of generalized smoothness [33]. This work can be seen as an intent
to “close the circle” by defining a generalized interpolation method that allows to define the spaces B;,’;' starting from the usual
Sobolev spaces. This interpolation method is quite different from the one introduced in [12].

In this paper, in the same spirit as in [27,28], we propose equivalent definitions of the spaces of generalized smoothness B;’qy .
The first section is devoted to a brief review of the background material needed. Next, we give some preliminary results before
looking at the links between these spaces and the weak derivatives of the elements of the historical Sobolev spaces I/Vpk . We
also give definitions involving Taylor expansion and polynomials before investigating how the generalized Besov spaces can be
characterized in terms of convolution. Finally, we show that these spaces can be introduced using generalized interpolation of
fractional or historical Sobolev spaces, as were the spaces B[{ e

These developments are generalizations of well known results concerning the usual Besov spaces B;’q (see e.g. [39]) or the
generalized Holder spaces A° [27,28]. In a forthcoming work, we will show that these spaces provide a natural framework for
a general multifractal formalism.

2 | DEFINITIONS

Let us recall the definitions that will be used in the sequel.

We shall use the standard notations for the functional spaces (see e.g. [39]): R? is the d-dimensional Euclidian space and
B(x, r) is the open ball of R? centered at x with radius r > 0. As usual, S is the Schwartz space of rapidly decreasing infinitely
differentiable functions on R equipped with the usual topology and S’ denotes its topological dual, i.e., the space of tempered
distributions on R¢. If f € S’, then F f and F~! f denote its Fourier transform and its inverse Fourier transform, respectively.
For a given nonempty open set Q € R? and p € [1, co], LP(Q) is the Lebesgue space of the measurable functions f on Q such

that
1/p
1/ 1Ly 1= </Q|f|”dx> <o

1/l Loy 2= supess [f(X)] < oo,
xeQ

if p < oo and

otherwise. One sets LP := LP(IRd). As usual, £P(K) (where K is either N, N or Z) is the Banach subspace of R* consisting

of all sequences (x j)j satisfying
1/p
= P
. <Z|xj| ) <o

jeK

“(xf)/

if p is finite or ” (xj)j wa(K) 1= 8up;ei |x;| < 00.Onesets £7 1= £7(Ny). By D we denote the space of infinitely differentiable

functions on R? with compact support. Let k € Ny and p € [1, oo]; the (historical) Sobolev space VVpk (Q) is defined by
VVP"(Q) ={feLNQ: D'f e LV |a| <k},

where D f is the weak derivative of order @ of f (D* f will denote either the usual derivative or the weak derivative, depending
on the context). Equipped with the norm

1 lwrg = 2 1D Flln)

la|<k
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VVpk(Q) is a Banach space (see e.g. [1,37]). We set VVPk = I/Vpk ([R{d). Given s € R, let u be the tempered distribution defined
by
Fu, = (1 +- |2)s/2.

Of course, one has u_j * u, = 6, where 6 is the Dirac delta function. Given s € R and p € [1, oo], the (fractional) Sobolev space
H ; is defined by

Hy = {1 €S Ifllay=llus * flly < oo .

Among the most common properties of these Sobolev spaces, the one that will be used mostly is maybe the continuous embed-
ding Hlf — H;, valid whenever r < s [1,3,30,37,39]. Given s € N; and 1 < p < oo, one has H; = VVPS. Using Calderon—
Zygmund theory, one can show that the fractional Sobolev spaces correspond to the Bessel potential spaces (1.1) (see e.g.
[1,3]). Finally, [P’Z is the vector space of d-dimensional polynomials of degree at most n. Through this paper, we will implicitly
use the classical properties of the tempered distributions (see e.g. [21]).

We will heavily use the finite differences in the sequel (see e.g. [8,23]). Given a function f defined on R? and x, h € RY, the
finite difference A} f of f is defined as follows

A f()=flx+h)—fC) and  APF(x) = A A, f(0),

for any n € N. It is easy to check that the following formula holds:

n

Alf(x) = (1Y (;.l)f(x +(n = h). @.1)

Jj=0
The centered finite difference 6, f is obtained in the same way:
8, f(x)=f(x+h/2)— f(x—h/2) and &' f(x)=6,6] ().

Since we have, 52 f(x) = AZ f(x —nh/2), these two notions will lead to the same definitions; for example, we obviously have

forany h € [R{d, anyn € N,andany p € [1,00]. If f € VVpk (keN,pel[l,o0]),forall 1 <n <k, there exists a constant C > 0,
not depending on the function f, such that

anfl,, = 16f s

ALS|,, < CIAI" sup 1D 1l .

|a|=n

forall h € RY.
The spaces of generalized smoothness are defined via admissible sequences.

Definition 2.1. A sequence o = (o- J )/.GN of real positive numbers is called admissible if there exists a positive constant C such
0
that

-1
C o; < Ojsi < CGj,

for any j € N,

If ¢ is such a sequence, we set

. o Otk — Oj+k
o. .= inf and o; 1= sup
=/ keNy o keNy O
and define the lower and upper Boyd indices as follows,
log, o, log, o ;
50) i=lim—=2  and  5(0) := lim ——2

J J J J
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Since (log2 crj) _is a subadditive sequence, such limits always exist. If ¢ is an admissible sequence, let € > 0; there exists a
=7

positive constant C such that

C~19i(se)—¢e) < o < ﬂ < Ej < CQJ(E(G)‘FE)’ (2.2)
o oy

for any j, k € N,. In the sequel, we will very often work with admissible sequences y = (yj )j such that v, > 1. Such a sequence
is strongly increasing (following [20]), i.e., there exists a number k; € N such that

2y; <y forall j,k €Ny st j+ky < k.

We can now introduce the Besov spaces of generalized smoothness B;,’qy that we will consider (see e.g. [20,33] and references
therein). Let us recall some kind of generalization of the Littlewood—Paley decomposition (more details can be found in [20]
for example). For an admissible sequence y = (yj)j such that v, > 1, let p € D be a positive function such that p(r) = 1 for all
|t| <1, pis decreasing for # > 0 and supp(p) C {t € R : |t| <2} (where, as usual, supp(p) denotes the support of p). Given
J €N, let us set

(p;’J :=p<yj_1| . |) for j € {0,...,Jk0— 1}

and
Jo. — — .
@] -=p(7j1|-l>—p<yj_1,kol-l) for j > Jk,.

Let us define ¢, := Jk; and

— (2J+1)kg
v . v.J .
T oi= z Pk for j € Ny,
k=—Q2J+1)kq
]/,J = eee — }/,J = 1 i
where @77 = - = P sk, = 0. With such a system one has, for all j € N,

i e
@;" =c, on supp((pj >

As a consequence, if we set, for any f € S’,

A;’Jf = T’_l<(p;"]7:'f> and A;’Jf = r—1<¢§*1rf>, (2.3)

then

fﬁ vod o v
Aj Aj f—c(ij f.

Remark 2.2. From the Littlewood—Paley theory [18,36], A?Jf belongs to the space C* (R?).

Definition 2.3. Let o and y be two admissible sequences such that y is strongly increasing (most often we will require v, > 1)

)<=}
L/ jllga

Remark 2.4. The space B;’; defined above does not depend on the particular decomposition chosen to represent the functions, in
the sense of equivalent norms: two decompositions give rise to the same space (see Remark 3.1.3 in [20]). Indeed, such spaces
can be defined with a general representation method which must satisfy conditions that are met by the decomposition given
here [20].

and p, g € [1, oo]; the generalized Besov space B;,’qy is defined by

O . ! . vy —
By = {feS I f Nl g

(o251
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The following characterization is given in [33]: Let p,q € [1, ], let 6 = (aj)j and y = (yj)j be two admissible sequences
such that v, > land 0 < E(O‘)E(y)_l. For any n € N such that E(o-)ﬁ(;/)‘1 < n, we have

o,y — p - q
BYY =1feL’: |o; sup | eril. 2.4)

=1
lhl<y;

ALf

Lp
J

In this framework, Besov spaces of generalized smoothness provide an obvious generalization of the usual Holder spaces: if
o =(2%) } (s > 0)andy = (2/) I the space BZ”Z; so defined is the usual Besov space B;’q. One can therefore wonder if polynomials
can play arole in the definition of the spaces BZ”Z; (as itis the case for the Holder spaces and their generalized version for example
[26-28]). The Whitney theorem [9] states that for f € L?, r > 0 and n € N, there exists a constant C > 0 (which only depends
on n and d) such that

AL f

inf ||f-P <Csup | ,
=3 I/ ||LP(B(xo,r)) Ihlgr LP(B,,(x0.1))

where
B, (xy,r) := {x € B(xg,r) : [x,x+nh] C B(xo,r)}.

It follows that, if f € B;’;/ , then, for n sufficiently large, there exists (e j) ;i € ¢4 such that for all x, € IRd,

o; Ping Ilf - P||Lp(3(x0’yj_l)) <g; forall jeN,. (2.5)
—1

The converse is not true unless p = oo, as explained in Remark 2.5 below.

Remark 2.5. Now, suppose that f € L® andleto,y = (y f)j be two admissible sequences satisfying 5(c)s(y)~! < nwithn € N.
If y is strongly increasing, given x, € R, we can claim that there exists k; € N such that ny, I'< yj_l if j + k; < k, which
implies that if || < yj'+lkl, then xy + lh € B(xo,yj_]) for all / € {0, ...,n}. Since, for any P € [P’Z_l, the following formula
holds,

n

AL f(xg) = AL(f = P)xg) = (1" <’l’> (f = P)(xo + Ih),

1=0

we have

A" f(xg)| £2" inf - P i\ 2.6
|A} f(xp) i I/ IILDO(B(X()’X[1>) (2.6)

n

if |h] < 7’,‘_+1k1’ for almost every x,. Therefore, if (2.5) holds with p = oo, we have

c; sup

<y~
|hl<r;

; forall jeN,

A’;lfHLw < Ce.

and thus f € Bgc;,yq. The inequality (2.6) is not sufficient to get such a conclusion in L? with p < co.

Notation 2.6. Throughout this paper, we will use the letter C for a generic positive constant whose value may be different at
each occurrence.

3 | PRELIMINARY RESULTS INVOLVING CONVOLUTIONS

Let us introduce some results that will be used in the sequel.
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The following results about the convolution product are obtained using very classical proofs. We give them for the sake of
completeness. If ¢ is a function defined on RY, given & # 0 one sets

= (3)
b= e M2 )
Proposition 3.1. Letn € N, p,q € [1, o0] and let (O'j)j, (yj)j be two sequences of positive real numbers. If f € L? is such
that
o sup_1 A;’lf L e /1,
|rl<y;

then there exists ¢ € D such that

o Sup If * o= fll| €27
O<e<y;! i
! J

Proof. Without loss of generality, we can suppose that n = 2m where m is an odd integer. Let p € D be a radial function such
that

e supp(p) C B(O0, 1),
e 0<p<l,

o llpllpr =1

and set

m—1
d =Y (1Y (’?)pz,»_n,
j=0 J

c, 1= Z;’:Ol(—l)f (j) = (")/2 and finally ¢ := ¢/c,. Obviously, ¢ € D and for all x € R? and £ > 0, we have

f*¢>g(X)—f(X)=/f(x—£y)¢(y)dy—f(X)

m—1
- Ci D1y (;’) / Fx = €33 dy = f(x)
n =0

m—1
_ ci Z(_l)j <;’)/ fx—e2j—nt)p@)dt — f(x).
n j=0

We get

n

Y, 1y <:’> / f(x—eQj—mpptydt = Y (1Y <"> f(x = e(n=2))»p() dy

Jj=m+1 Jj=m+1 J

m—1
=Y (-1y (j) / f(x = £2j = my)p(y) dy
Jj=0

and
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o) — f(x) = % > -1y (j) / fx = £Q2j = mn)p(t) dt = 2¢, £ (x)
n j=0
J#Fm

(B ()rte-2a-1)) o

= 5 Jr B COPO A1

Using Holder’s inequality, we have

Lf * ¢(x) = f()] < Cllpll 65, /GOl < CllAy, fOl

Le(BO.D) "2 L7 (BO.D)

where ¢ is the conjugate exponent of p. It follows, with the usual modification if p = oo, that

||f*¢g—f||Lp$C<//
BO.D)
:c<

1/p
AL f(x)( dt dx>

1/p
AL f(x)‘ dx dt>

BO,1)
» 1/p
=C |as. 7|, at
BO,1) Lr
< C 2£t LP
1€B(0,1)

and finally, using a classical result for the last inequality [15, p. 45, formula (7.6)],

sup 11/ % b~ [l <C sup [a5,7] <€ sup |y
O<e<y;! |nl<y;! |Al<y;!
J J J

as desired

1 (BO.D)’

(|

Proposition 3.2. Let p,q € [1, ], let ( ) be an admissible sequence and let (yj) be a sequence of positive real numbers

such that there exists dy > 0 satisfying

doyj Svjq Jforall jENg.

< ) e 1.
L/

Let also ¢ € D and f € LP satisfying

o\ fx b, -7

Then, for all a € Ne,

D01<f*¢yj_1 —f*(j)yj__ll)

<a-y"“'
i

) e 79(N).
L/ jeN

Proof. Letus write

f*¢yj1—f*¢yj_11=¢1*<f*¢1 f*¢yj_1]>+¢yj1*(f—f*d)yjl)—(b1*<f frd, ).

3.1)
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Considering the first term on the right-hand side of this equality, we have, by Young’s inequality,

O_jyj—lal D* <¢y__] % <f * (j;y__. —f % d)yv_| >> = O.j},j—lal Dad’y?‘ % <f * ¢y71 —f = ¢yv—1 >
J J j-1 Lp J J j—1 7
<o Db | |f kb= Frd]
/ i Nl Vi Viet|| 1o
but, as ”D“qby_fl ”Ll = yjl_"" f | D*@(y)| dy, we obtain, since o is admissible,
J
—lal a
o ORI GONSE) B R L TR
< CO'j f* ¢yf1 —fH +C’o-j_1 f—f= (by_—l .
J LP J=1|lLp
The conclusion comes by applying the same reasoning to the other terms of (3.1). |

4 | GENERALIZED BESOV SPACES AND WEAK DERIVATIVES

The spaces of generalized smoothness B;’;/ can be characterized using weak derivatives and finite differences.
We will need the following condition for a function to belong to I/Vpk.

Proposition 4.1. Let k € N, p,q € [1, 0], let (O'j)j be an admissible sequence and let (yj)j be a sequence of positive real
numbers such that there exists dy > 0 satisfying

doy; Svj Jforall jE€N.

Let us also suppose that the series

Y rie! .1

JENy

converges for all 0 < | < k. If f € L? is a function satisfying

o sup ||aks | €2

-1
|hl<y;

L

then f € I/Vpk.

Proof. Let ¢ € D be a function as constructed in the proof of Proposition 3.1. Let us set
WO = d)y()_l’ WJ = d)},j_l - d)yj_—ll for all .] € Na
and finally define
fii=f=y; foralljeN,.

It follows from Proposition 3.2 that for all « € Ng satisfying |a| < k, there exists a constant C, > 0 such that for all j € N, we
have

”D"fj <C7le7t,

L — @
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As a consequence, since (4.1) converges, the series Y, jeN, D” f; converges in L” for all |a| < k. Let us denote its limit by f,
and show that f, = D* f (with the derivative taken in the weak sense). It is clear that f, = f since, by Proposition 3.1,

ifj_f =Hf*¢yj—1—f||LpSC0';]—>0 as J — .
=0

Lr

Finally, for all ¢ € D and |a| < k, we have

J
/f(x)Da(p(x) dx = }gr;o/ Z)fj(x)[)“(p(x)dx
j=

J
Jim(= Dl / Z:,)D"‘f,-(x)rp(x) dx
=

= (=Dl / f.(0)p(x) dx,

which is sufficient to conclude. O
We can now give necessary and sufficient conditions for a function to belong to B;’;.

Theorem 4.2. Let p,q € [1,00], let 0 = (O'j)j andy = (yj)j be two admissible sequences such that v, > 1. Let the numbers
k,n € Ny be such that

k < s(e)5()™ <50)s() ! < n.

Iff e B;’qy, then f € VVp" and for all |a| < k,

—lal n=lal ma q
v, o sup71|Ah Dpr e,
|hI<y; .
JEN
—lal
which means that D°f € B, °”.
Conversely, if f € VVpk satisfies
—lal n—lal pa q _
Y, oj sup A, DS y e/ for all |a| =k,

-1
|hl<y;

oLy
then f € B,.

Proof. Assume first that f € B;’g; using (2.4) and the convergence of (4.1) for 0 < / < k, which follows from the hypothesis on k
and n, it is clear from the Proposition 4.1 that we have f € VVpk. Keeping the same notations used in the proof of Proposition 4.1,

letus fix J € N; for all |h]| < yj_l, we have

|

J [+
AZ_lalD“f”Lp < 2 C|h|" 1 sup ”DﬂfJHU + Z C|h|* 1ol sup ”Dﬂfj
j=0 |Bl=n j=J+1 [Bl=k

P

J &)
<Y cr ™ sup HDﬂfj” + > sup ”Dﬂfj g
i=0 |fl=n R L

1Bl=k

For all || = k, we also have, as k < s(¢)5(y)~",
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(o] (o)
—k —k -1 _—k B
(Z7etorls) | =|(Z7rolsl,)
j=J+1 Jllza j=J+1 Jllga
(o)
—k _—1 -k
< Zngj <yj+,o—j+JHD fivs L,,)J ’a

Similarly, as E(G)E(J/)_l < n, for all |f| = n, we get

J

—n B
(Zyj GJHD f; Lp> < 0o,
Jj=0 Jlga
which allows us to conclude that
~|al n—la| na
” e |th<lp—1 ‘ e <%

<v; e

For the converse, assume f € VVP"; the desired conclusion follows directly from (2.4) and the fact that for all |A| < yj‘l, we
have, using classical inequalities (see [8] for example),

A;llf Az_lalDaf Az_lalDaf

< C|h|* sup
4 la|=k

< Cy7* sup
Lp J |a|=k

|L Lp'

O

As a corollary, we have the following alternative definition of By ).

Corollary 4.3. Let p,q € [1,00], let 0 = (O'j)j andy = (yj)j be two admissible sequences such that v, > 1. Let the numbers
k,n € Ny be such that

k < s(e)s()” <50)s()! < n.
We have

oY — k.|, ~lal
Bp,q fe VVp Sy sup_1|
|hl<y;

A;"“'D“f”U el Va|=kb.

J

S | GENERALIZED BESOV SPACES AND POLYNOMIALS

The following characterization is inspired from [22], where links between classical Besov spaces and related spaces are explored.

Theorem 5.1. Let p,q € [1, 0], let 0 = (aj)j andy = (yj)j be two admissible sequences such that v, > 1. Let the number
n € N be such that

n<s6)5(n)~ <50@)s() 7 <n+ 1
the following assertions are equivalent:

oy,
(1) f e B,



LOOSVELDT AND NICOLAY MATHEMATISCHE 1

(2) fe VVp" and for all h € R? and almost every x € R?, we have

[+ h) = ZD"f(x)W+R( h)' '

|a|<n
where
ojy;" sup |IR,C.M| €2%
lhl<y;! ,
J
(3) if, given j € Ny, z; is a net of RY made of cubes of diagonal yj'l, then for all j € N, there exists &x such that

e the trace of 8x, in each cube of 7; is a polynomial of degree at most n,

e one has (O'jllf _girj”LP)J. € 1.

Proof. Let us first show that assertion (1) implies assertion (2). We know from Corollary 4.3 that f € I/Vp"; using the Taylor
expansion with weak derivatives, we get

(1 -n-b
fa+my= )Y D)L Y h [ ———D"f(x+th)dt,

! - 1)
|a|<n—1 | | |a|:n 0 (n 1)

forall h € R? and a.e. x € RY. Of course, we have

(] t)(” 1) N (1 —t)(” D . ( —t)(” 1 }

(n—1) DY
/(1 >' Ny e.ic)

Let us set

(1 _I)(n D 1 a .
R, (x,h) := |h|" / NCE A, Df(x)dt ifh#0,

la|=n
otherwise

Clearly, for all h € R? and a.e. x € [Rd,

« |h]"
fx+h=) D FOT 4R (x Yk

|
aon |o!

Moreover, for any A # 0 such that |A| < yj_l, Holder’s inequality allows us to write

IR, Gl <C Y [}, D)

la|=n

LP([0,1])

and it follows that

1 1/p 1 1/p
p p
IR, )l < € < A ., /0 |a),0%7 ()| dtdx> —cY ( /0 /R a0 dxdt>
la|=n |a|=n

1/
=cy </ ||A1 D“f”ipdt) psc > sup ”A}ED"f

la|=n lal=n |nl<r}!

L

We can conclude this second point, using Corollary 4.3.
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Now, let us show that assertion (2) implies (3). Let fix j € N and let m; = (Ay), be anet of R? with cubes of diagonal yj_l.
Set for all k € N,

1 N
P 1= g i MZS,nD fO =g @

where L is the Lebesgue measure. Of course, P, is a polynomial of degree less or equal to n. Let us then define
8, R > RY, x+- P(x)ifx€ A, (keNy;

the trace of 8z, in each cube of & g is a polynomial of degree at most n and if x € A, then A4, C B(x, yj‘l ) Moreover, if g is
the conjugate exponent of p, using Holder’s inequality, we get, for x € A,

(x—y*
[e|!

fG)= Y Df)

|a|<n

1
17Ga) = g,,j(X)| = £(Ak)/B<X,7j_')

_cd/
= o)

)= Y D fx =)

la<n

f = Y D fxe— L] an

la|!

|a|<n

Qa

—d

|ar|!

w(s(ory))

p 1/p
IS =8zl < Ccydy / / dxdh
B(O,yj_]) R4

1/p
_ h|"
= Cydy7i / L/ IR, (x — h, h)|” dx dh
J B(O,}’;l) (n!)P R4

—d l+l
<Crly, G q)yj_" sup [|R, (. W)l 1
lhl<y;!

We thus can write

fe) = ¥ Do My
a=n |a]|!

=Cy;" sup IR, (M)l 1o
lhl<y;!

which procures the desired membership.

Finally, let us show that assertion (3) implies (1). As v, > 1, there exists k; € N such that for any x, € R and any |h| < 7/‘_+1k1’

we have x, + kh € B(xD,yj‘l/3\/E) forall k € {0,...,n+ 1}. Let us fix |A| < yj‘+1kl and let 7; = (Ay), be anet of R made
of cubes of diagonal yj‘l /3 such that each vertex is the vertex of 2¢ distinct cubes.
If / € N, then forall x € A; and forall/ € {0,...,n+ 1}, x + Ih € C;, where C; is the cube of diagonal yj_l whose center

coincides with the center of A;. Let ﬂ; be a net of R? defined in the same way as above but made of cubes of diagonal yj_l
which contains C;, and let P, be the polynomial which is the trace of g,» on C;. As the degree of P, is at most n, we have
J

P
1 1 1
At g Al g ATH(f — P

)

LP(Ay)

P= Y A (f - g0)
keN,

J

. >
LP(A)
(A0 keN,

. 2z
Lr(Ay)
(A0 keNy
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with the usual modification if p = co. Let us remark that there exist m := 3¢ such nets with cubes of diagonal yj‘l whose centers

are also center of some cube in x;; let us denote by 7r ,n} n, those nets. We have
m p m p
| % 2 s ), = Sl (s < 2[00 )]
kEN, Lr(A) = oAy =1 ML
Since we have
<°’j (f—gn',) > €,
Jil LP .
J
foralll € {1,...,m} by hypothesis, we can write
n+1 q
o; sup||Ah pr e,
|nl<r; .
. JEN
as desired. O

6 | GENERALIZED BESOV SPACES AND CONVOLUTION

The spaces of generalized smoothness B can be defined in terms of convolutions.
The characterization relies on the followmg condition for a function to belong to B (;

Proposition 6.1. Let p,q € [1, 0], let o = (O'j)j andy = (yj)j be two admissible sequences such that v, > L and s(c) > 0. If
f € L? is such that there exists ¢ € D for which

(

oillf * b, —fH > e, (6.1)
J L/
then f € By
Proof. Let n € N be such that
0 < s(e)5()™" <5(0)s(r) ™! < n.

As done before in the proof of Proposition 4.1 and having in mind that s(¢) > 0, if (6.1) holds, we can build a sequence ( f j)j
of infinitely differentiable functions belonging to L? such that

r=2 0

j€Ng

in L?. It follows that, for any J € N and any |h| < yj‘l, we have

Since, by Proposition 3.2, we also know that (a 7 ~led

anfl,, < ZHA Sl +. Z 18711 o <c2y "swp [0, + € X Al
la|=n j=J+1

D”’f/” ) € ¢ for all |a| < n, we can proceed as in the proof of

Theorem 4.2, using the fact that s(¢) > 0 and s(6)s(y)~ ! < n, to conclude that the sequence (aj SUP <, ”AZf“Lp) belongs
<y j
to 74, and hence, by (2.4), f € BZ’;. O

From Propositions 3.1 and 6.1, we have the following corollary.
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Corollary 6.2. Let p,q € [1, 0], let 0 = (aj)j andy = (yj)j be two admissible sequences such that v, > 1 and s(c) > 0; we

have
) er? ;.
L/

7 | GENERALIZED REAL INTERPOLATION METHODS

Sy =S

B)r = {fEL" : 3¢ € D such that <0'j

In the sequel, we will consider two normed vector spaces A, and A; which are continuously embedded in a Hausdorff topological
vector space V. As a consequence, the spaces Ay N A; and Ay + A; are also normed vector spaces. Let us recall that the
J-operator of interpolation is defined for # > 0 and a € Ay N A by

J(t.0) = max{ llalL o, tlall, }

while the K-operator of interpolation is defined for > 0 and a € Ay + A by

K(t,a) = inf{ llagll s, +llayll, : a=ay+a }.

Definition 7.1. Let 6 = <01)jeZ and y = (wj)jGZ be two sequences and let ¢ > 1. We say that a belongs to the (J,q)-

o . 0w . . .
generalized interpolation space [AO, A 1] J,Vq/ if there exists a sequence (u j)jEZ of Agn A, such that a =), jez Uj» With con-
vergence in Ay + A, and

|67 (v;-w)), oy <

Definition 7.2. Let 0 = (0 ; )jeZ andy = (y;);cz betwo sequences and letg > 1. We say that a belongs to the (K, q)-generalized

interpolation space [AO, A]]FI)(’V; ifae Ay+ A, and

”(ejK(wj’a))J £9(Z) <

Remark 7.3. If one considers the admissible sequences (9 = 27 )jeZ and (l//j =2/ )jez, the two preceding definitions corre-

spond to the classical interpolation spaces [AO, Al] . and [AO, Al]a K. respectively.

a,J,
As for the usual case, such interpolation methods often coincide; this result is a generalization of Proposition 11 in [28].

Theorem 7.4. Let r,s € R and let o, y be two admissible sequences such that Y, > 1 and
r<min{s(@)s()", ()5 } < max{5(6)s(1)~",5(0)5(N 7'} <. (7.1)
We have
[Ao. A, % = [Aq. Al]fél,’;»

where the sequences 6 = (91»)146Z and y = (q/j) are defined by

jez
0 .:{y:;o-j i —J €N
: r—1 : ;
vio; if JEN,
and

{y:;f-” - e
g if jEN.
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Proof. Consider f € [AO, A 1] i’l’;; we know that there exists a sequence (f;),cz of Ay N A; such that

f=2f1,

with convergence in Ay + A and

|emax{ista vtz }) | < 72)
Hizaz)
Set, for any j € Z,
j—1 ;S
= Z i and ¢ 1= Zf,.
I=—c0 I=j

Because of (7.1) and (7.2), we have b; € A\, ¢; € A; and f = b; + ¢;. Let us prove that

(6 (s, +wsteiin) | <
illeaczy
We have
(e (ta, + vt )) | < ( Y ||f1||AO) <9j<2w,||f,||A])>
|=—00 i I=j jllga
) ®)

Using the triangle inequality, we obtain

0
w= Y [ H OOl ) Hf

I=—00

0 0 — q
-2 (2 () () b
= =1 |11

I=—o0 \j=—00 V—j O-j 4o

— q
-1
+ Z(yjaj V.19 Ot 1 i 1”Ao)
j=l

1
[+ r -1 q q
+ ( Ol frgj1lla ,
1;2—1 ( Vieim1 ) NGt ) e

with the usual modification if g = oo. If r > 0, there exists £ > 0 such that rs(y) — s(o) + (r + 1)e < 0 and (2.2) implies the
existence of a constant C > 0 such that

Y_i /o . -1 _
< —/—{+1> ( —1—1.+1> <7_jo7), < CoU-IIE Do),
Y= O-j

If » < 0, we can choose £ > 0 such that rs(y) — s(¢) + (1 — r)e < 0 and find C > 0 such that

Y_i /o . -1
—j—l+1 —jl+1 <y o7l < C20-DUs=s@)H(1-)e)
y_ o_. LS =
J J

Adapting this reasoning for the other terms, we can claim that there exists @ < 0 such that

0
(A) <C Z 2(1(1—1)'

[=—c0

0. 111 )H <o,
</+ll [+le0ij
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Similarly, there exists # > 0 such that

0
B<c Y

I=—00

<j[W/l'f/[ H

Reciprocally, let us consider f € [AO, Al]i’l’;; for any j € Z there exists b; € Ay and ¢; € A; such that f = b; + ¢; and

H 15,14, + w1, ) H <. 13)

Let us remark that, because of (7.1) and (7.3) , by = Z;zl_oo(b i+1 — bj) with convergence in A, and ¢, = Z;’;O(C ;= ¢jy1) With
convergence in A;. Now, let us set, for any j € Z,

fj Z=bj+1 —bj=cj—cj+l.

Clearly, f; € Agn A, forany j € Z and f = by + ¢y = ¥ ;7 f;, with convergence in A + A,. Let us prove that

”(‘% maX{ “fj“Ao’ll/jnfj“A'})jHﬂ =

We have, as ¢ and y are admissible,

[ ma{ i }) | <00 +witsna,)) |
= (6 (s = ilay + vl = ) | |

<c| (e (i, +willens,)) |
71
< 00,

which allows to conclude. O

Definition 7.5. Given two admissible sequences ¢ and y with v, > 1, let € and y be the sequences defined as in Theorem 7.4
for some r, s as in (7.1); we define the space [A,, A 1] . as follows

[A0- A7 = (A0 41]5% = [A0. 415
J.q q

8 | GENERALIZED INTERPOLATION OF SOBOLEV SPACES

Let us show that the generalized Besov spaces Bp; can be defined from the usual Sobolev spaces W‘ or H; § as generalized

interpolation spaces, as it is the case with the usual Besov spaces Bg and the classical real 1nterpolatlon theory
We need some auxiliary results. Roughly speaking, we aim at showing that there exist a constant C > 0 (depending on s) for
which

-1 v s
/sl =

1], < sl

Lemma 8.1. Let y be an admissible sequence such that r,> 1; given s € Rand N € Ny, there exists a constant Cg > 0 such
that for all j € Ny,

v
|Aj u,| <

s,NV;iH(l + 7j| . |)—N



LOOSVELDT AND NICOLAY MATHEMATISCHE 17

Proof. Let us fix j > Jk,, the proof being similar for 0 < j < Jky — 1. As AJZ’JuS =F! ((pj’JT’us), we get

J = e = o et |1+ 162y

s/2
—7/ ’p(lyl) vy ,koyjlyl)‘<1+yjzly|2) dy.

Since the support of p(| - |) — ( YiZk, vil- |) is included in Q, where Q is defined by

(27:)“ ATy ol

Q :=B(0,2)\ B<O’Z;ilco>’

we have

Qr) | Ay

s/2
1
<= <|p(|y|)|+‘p(1,k0|y|)‘>(ﬁ+|y|2> ay.
J

and,as 0 < 1/ yj.z <1/ yg, this implies the existence of a constant C; , > 0 such that
J s
|A77 (0| < €.
Now, if @ € N{ is a multi-index such that |a| > 1, then

@r)*

J
xaAjy. us(x)| <

Do @1+ 167) ") ae,

and similarly we get

aavsJ d+s—|a|
x Aj us(x)’ < CS’|a|yj ,

for such an a, which is sufficient to conclude. O

Remark 8.2. Using the same proof as in Lemma 8.1, one can obtain the following result: Forall s € R and N € N, there exists
a constant C y; > 0 such that for all j € N,

-N

o ~
A | < Co T (1471 1)

Proposition 8.3. Lers e Randp e [l,0]; if f € H ;, then there exists a constant C, > 0 such that

a5z, < €1l G e,
where the notations defined by (2.3) have been used.
Proof. As f =u_g *u, * f, we get
AV = (A;’J u_s> % (u, % f).
It follows from Young’s inequality and Lemma 8.1 that

a5y

< ”AZ’Ju
L~ J =S

70 s
for some constant C, which is the desired result. [

Proposition 8.4. Lers €R, p € [1, 0], and let f € S'. If, using the notations defined by (2.3), A;’Jf € L? (for some j € N;),
then there exists a constant C; > 0 such that

J
HA: .. <Cvj

S

., .
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Proof. From A;’J A;’Jf = c(pA;’Jf, we get

F‘1<FusT’A;’Jf> = LF‘1<FuSF(A§’JA;’Jf>> =Lp <qo;’JT’uSFA;’Jf> ! A” g x AR
C C C

4 4 P

It follows here again from the Young’s inequality and Remark 8.2 that

NJ <Cy;

)

2511
Ly

[

S

Ly

for a constant C; > 0. O
We are now able to define the generalized Besov spaces B;’;’ from the Sobolev spaces using generalized interpolation.

Theorem 8.5. Let p,q € [1,00], r,s € R, and let o, y be two admissible sequences such that r,> 1 and

r <min {s(0)s()"", 5(6)5(») '} < max {5(a)s(r)", 5(@)5() 7'} < s (8.1)
we have

By = ()77

Proof. Let 0 and y be the sequences defined as in Theorem 7.4.
Let us first suppose that f € B, " and set

_ Ay it —jen,
u. .=
/ 0 if jeN.

From Proposition 8.4, for any t € {r, s} and j € — N, there exists a constant C, such that

>

1 v
gl < Gty A% |,

which implies u; € H;. Now, since (ak”AZ’Jf

belongs to #7 and (8.1) holds, we have f = ). with convergence

U
Ll’)keNo j€z =

in H;’. Moreover, for all j belonging to — N, we get

yJ
0,llujll ;< o7 s

and 0,y llu,ll gy < Cba_j“AyJ

L’

From this, we can conclude that (6,J (v, u )) , belongs to £4(Z) and thus f € [H’ HS]Q’W

Let us now consider f € [H’ Hp] ; there exists (f)),e7 € H° such that f = Y, f;in H’ and (HIJ(u/, fl))leZ belongs
to £9(Z). Now, for all j € N, Proposmon 8.3 allows us to write
&), < Z 2575
lez
—j-1
<C D v il + €, Z 77 W fill gy + € Zy—suf,um
I=—c0
It follows that
—j- 0
(O-J‘”Ajwf Ll’)j o s¢ <1=Z o;v; v 07 91||f1||Hr>j . +C <1_2—16 ;v 0 nglllfl”HS)‘
illga

o0
+C (Z O'jJ/fSV,_Sdlezll/1||f1||H;>
J

=1 il ga
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If r > 0, there exists € > 0 such that @ = rs(y) — s(o) + (r + 1)e < 0 and (2.2) implies the existence of a constant C > 0 such
that

r=1\ 9 j
<—> — <7y, 0 <020
Vj 0_j

Using the triangle inequality, we get

—j—1
l< Z G,-)’J-_rJ’ZIU:;lH/”f/”H;)
j

|=—00 il

-1
SC Z 2—&[
q

|=—00

(6s0isly) | < o
If r < 0, we can choose € > 0 such that f = rs(y) — s(¢) + (1 — r)e < 0 and find C > 0 such that

r .
v\ % <y o' <catl0P,
v, ) oo T =TT

Again, we have

—j—-1
- -1
l ( Z oy, v 0, 91||f1||H[;> < co.

[==c0 illga

The same reasoning can be applied to the other terms in order to obtain
J
c;||A” ) < 00,
( J || J / L/ |l ga

which means that f belongs to B, ;. O

If the admissible sequence y is the usual sequence (2/) ;» (8.1) can be written in a simpler way, which is given by Corollary 8.6.

Corollary 8.6. Let p,q € [1, 0], r, s € R and let ¢ be an admissible sequence such that
r<s(c) <s(o) <s; (8.2)

we have

0.2,

B, =, 1],

The classical Besov spaces can be defined by interpolating the Sobolev spaces VV; even when p = 1 or p = o0. Let us show
that it is also the case in the generalized version.

Theorem 8.7. Let p,q € [1, 0], let 0 = (Uj)j andy = (yj)j be two admissible sequences such that r,> 1. If k,n € Ny are
two numbers such that

k < s(6)s()"" <S(o)s(y)™! <,
we have

By =Wy Wl

Proof. Let us first suppose that f € B;’ZI/; again, as in the proof of Proposition 4.1, there exists a sequence ( f j)j of infinitely

differentiable functions belonging to L? such that

D*f =) Df

€Ny
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in L? for all |a| < k. Moreover, we have ( ~led I D*f; ||L,,) € 71 for all |a| < n. Let us then define the sequence

u. = f—/ lf _]ENO’
71 0 if jeN.

We can write f = ) jez Y (with convergence in I/Vpk); moreover, for all j € — N, we have

D“f_jHLp <c Y v “D"f_
|| <k

—k
O)llu;lly ;= X v7fo]
la|<k
and

Df_

_ - ~lal
0wl llwy = 7—7"—1“Daf—j L Z |

Lp
|a]<n al<n

. . . k o,y
which implies (HjJ(uj,q/j))j € /1 and thus f € [VVP ,VVp"]q .

Now, let f € [%k,%”]:’y; there exists a sequence of functions (#;),c7 in I/Vp” such that f =3}, u; in I/Vp" and
(H,J(uj,llfl))l € 4. It follows that D* f = ), ., D%u; in L? for all |a| < k. Let us fix |h| < yj‘l and |a| = k; we have

n—k prya
<2
|Ah D f”LP = l ’LP
lez

_/1

<C Y DUl +C Z 7i " sup |07,
[i— I=—j |Bl=n

n—k na
Ah D u;

—j—1

<C Y lullyg +C 2 7 gl

|=—00 I=—j

It follows, using the same arguments as before, that

—k n—=la| ya
Y, o; sup A, DS

-1
lhl<y;

| e foral |a|=k,
Lr

which implies f € B}/, by Corollary 4.3. O

PQ’
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