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Abstract
In this paper, we present some alternative definitions of Besov spaces of general-

ized smoothness, defined via Littlewood–Paley-type decomposition, involving weak

derivatives, polynomials, convolutions and generalized interpolation spaces.
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1 INTRODUCTION

Let  be the Bessel operator of order 𝑠:

 𝑠𝑓 = −1
((

1 + | ⋅ |2)−𝑠∕2𝑓) (𝑠 ∈ ℝ, 𝑓 ∈  ′),

where standard notations have been used (see below). The fractional Sobolev space𝐻𝑠𝑝 (which can be seen as a generalization

of the historical Sobolev space𝑊 𝑠𝑝 with 𝑠 ∈ ℕ0) is defined by

𝐻𝑠𝑝 =
{
𝑓 ∈  ′ ∶ ‖ −𝑠𝑓‖𝐿𝑝 < ∞}

(𝑠 ∈ ℝ, 1 ≤ 𝑝 ≤ ∞). (1.1)

Such spaces play an important role in many fields of physics; in particular they take a prominent part in the study of the

Navier–Stokes equations (see e.g. [14,30,37]). In this context, the usual Besov spaces naturally arise through the (real) inter-

polation theory: the Besov space 𝐵𝑠𝑝,𝑞 is an interpolation space “which lies” in between the Sobolev spaces 𝐻𝑡𝑝 and 𝐻𝑢𝑝 with

𝑠 = (1 − 𝛼)𝑡 + 𝛼𝑢. More precisely, we have

𝐵𝑠𝑝,𝑞 =
[
𝐻𝑡𝑝,𝐻

𝑢
𝑝

]
𝛼,𝑞

(1.2)

(see e.g. [3,13,37,40]). The Besov spaces 𝐵𝑠𝑝,𝑞 (with 𝑠 ∈ ℝ and 1 ≤ 𝑝, 𝑞 ≤ ∞) were introduced about sixty years ago [4,5]

and many studies have been since devoted to such spaces (see e.g. [6,7,38–41]). They were generalized in the middle of the

seventies by several authors in different contexts starting from different points of view. The variant, we will present here has been

largely considered in [2,11,19,20,33] for example. They are still considered nowadays in connection with embeddings, limiting

embedding, entropy numbers, probability theory and theory of stochastic processes for example (see e.g. [10,16,17,24,31,35] and

references therein). More recently, such generalizations have been used to numerically detect the law of the iterated logarithm

in signals [25,29,34].
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A classical generalization of the usual Besov spaces was introduced in [12,32]. To obtain these spaces 𝐵𝑓𝑝,𝑞 , 𝑠 is replaced by a

function parameter 𝑔 such that 𝑓 (𝑥) = 𝑥𝑡∕𝑔
(
𝑥𝑡−𝑢

)
in the interpolation formula (1.2). These spaces can themselves be generalized

using the Littlewood–Paley decomposition instead of the interpolation theory to define the spaces of generalized smoothness

𝐵𝜎,𝛾𝑝,𝑞 , where 𝜎 and 𝛾 are two admissible sequences [20]. A sequence
(
𝜎𝑗
)
𝑗∈ℕ0

of positive numbers is called admissible if both

𝜎𝑗∕𝜎𝑗+1 and 𝜎𝑗+1∕𝜎𝑗 are upper bounded (see Definition 2.1). One has 𝐵𝑓𝑝,𝑞 = 𝐵
𝜎,𝛾
𝑝,𝑞 , with 𝛾 = (2𝑗)𝑗 and 𝜎 = (𝑓 (2𝑗))𝑗 . In a way,

these spaces provide a very general definition of the spaces of generalized smoothness [33]. This work can be seen as an intent

to “close the circle” by defining a generalized interpolation method that allows to define the spaces 𝐵𝜎,𝛾𝑝,𝑞 starting from the usual

Sobolev spaces. This interpolation method is quite different from the one introduced in [12].

In this paper, in the same spirit as in [27,28], we propose equivalent definitions of the spaces of generalized smoothness 𝐵𝜎,𝛾𝑝,𝑞 .
The first section is devoted to a brief review of the background material needed. Next, we give some preliminary results before

looking at the links between these spaces and the weak derivatives of the elements of the historical Sobolev spaces 𝑊 𝑘𝑝 . We

also give definitions involving Taylor expansion and polynomials before investigating how the generalized Besov spaces can be

characterized in terms of convolution. Finally, we show that these spaces can be introduced using generalized interpolation of

fractional or historical Sobolev spaces, as were the spaces 𝐵𝑓𝑝,𝑞 .
These developments are generalizations of well known results concerning the usual Besov spaces 𝐵𝑠𝑝,𝑞 (see e.g. [39]) or the

generalized Hölder spaces Λ𝜎 [27,28]. In a forthcoming work, we will show that these spaces provide a natural framework for

a general multifractal formalism.

2 DEFINITIONS

Let us recall the definitions that will be used in the sequel.

We shall use the standard notations for the functional spaces (see e.g. [39]): ℝ𝑑 is the 𝑑-dimensional Euclidian space and

𝐵(𝑥, 𝑟) is the open ball of ℝ𝑑 centered at 𝑥 with radius 𝑟 > 0. As usual,  is the Schwartz space of rapidly decreasing infinitely

differentiable functions on ℝ𝑑 equipped with the usual topology and  ′ denotes its topological dual, i.e., the space of tempered

distributions on ℝ𝑑 . If 𝑓 ∈  ′, then 𝑓 and −1𝑓 denote its Fourier transform and its inverse Fourier transform, respectively.

For a given nonempty open set Ω ⊂ ℝ𝑑 and 𝑝 ∈ [1,∞], 𝐿𝑝(Ω) is the Lebesgue space of the measurable functions 𝑓 on Ω such

that

‖𝑓‖𝐿𝑝(Ω) ∶= (
∫Ω |𝑓 |𝑝 𝑑𝑥

)1∕𝑝
<∞

if 𝑝 < ∞ and

‖𝑓‖𝐿∞(Ω) ∶= sup ess
𝑥∈Ω

|𝑓 (𝑥)| < ∞,
otherwise. One sets 𝐿𝑝 ∶= 𝐿𝑝

(
ℝ𝑑
)
. As usual, 𝓁𝑝(𝕂) (where 𝕂 is either ℕ, ℕ0 or ℤ) is the Banach subspace of ℝ𝕂 consisting

of all sequences
(
𝑥𝑗
)
𝑗

satisfying

‖‖‖(𝑥𝑗)𝑗‖‖‖𝓁𝑝(𝕂) ∶=
(∑
𝑗∈𝕂

|𝑥𝑗|𝑝)1∕𝑝

< ∞

if 𝑝 is finite or
‖‖‖(𝑥𝑗)𝑗‖‖‖𝓁∞(𝕂)

∶= sup𝑗∈𝕂 |𝑥𝑗| <∞. One sets 𝓁𝑝 ∶= 𝓁𝑝(ℕ0). By  we denote the space of infinitely differentiable

functions on ℝ𝑑 with compact support. Let 𝑘 ∈ ℕ0 and 𝑝 ∈ [1,∞]; the (historical) Sobolev space𝑊 𝑘𝑝 (Ω) is defined by

𝑊 𝑘𝑝 (Ω) ∶=
{
𝑓 ∈ 𝐿𝑝(Ω) ∶ 𝐷𝛼𝑓 ∈ 𝐿𝑝(Ω) ∀ |𝛼| ≤ 𝑘},

where𝐷𝛼𝑓 is the weak derivative of order 𝛼 of 𝑓 (𝐷𝛼𝑓 will denote either the usual derivative or the weak derivative, depending

on the context). Equipped with the norm

‖𝑓‖𝑊 𝑘𝑝 (Ω) ∶= ∑
|𝛼|≤𝑘 ‖𝐷𝛼𝑓‖𝐿𝑝(Ω),
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𝑊 𝑘𝑝 (Ω) is a Banach space (see e.g. [1,37]). We set𝑊 𝑘𝑝 ∶= 𝑊 𝑘𝑝
(
ℝ𝑑
)
. Given 𝑠 ∈ ℝ, let 𝑢𝑠 be the tempered distribution defined

by

𝑢𝑠 = (
1 + | ⋅ |2)𝑠∕2.

Of course, one has 𝑢−𝑠 ∗ 𝑢𝑠 = 𝛿, where 𝛿 is the Dirac delta function. Given 𝑠 ∈ ℝ and 𝑝 ∈ [1,∞], the (fractional) Sobolev space

𝐻𝑠𝑝 is defined by

𝐻𝑠𝑝 ∶=
{
𝑓 ∈  ′ ∶ ‖𝑓‖𝐻𝑠𝑝 = ‖𝑢𝑠 ∗ 𝑓‖𝐿𝑝 <∞}

.

Among the most common properties of these Sobolev spaces, the one that will be used mostly is maybe the continuous embed-

ding 𝐻𝑠𝑝 → 𝐻
𝑟
𝑝 , valid whenever 𝑟 ≤ 𝑠 [1,3,30,37,39]. Given 𝑠 ∈ ℕ0 and 1 < 𝑝 < ∞, one has 𝐻𝑠𝑝 = 𝑊

𝑠
𝑝 . Using Calderon–

Zygmund theory, one can show that the fractional Sobolev spaces correspond to the Bessel potential spaces (1.1) (see e.g.

[1,3]). Finally, ℙ𝑑𝑛 is the vector space of 𝑑-dimensional polynomials of degree at most 𝑛. Through this paper, we will implicitly

use the classical properties of the tempered distributions (see e.g. [21]).

We will heavily use the finite differences in the sequel (see e.g. [8,23]). Given a function 𝑓 defined on ℝ𝑑 and 𝑥, ℎ ∈ ℝ𝑑 , the

finite difference Δ𝑛
ℎ
𝑓 of 𝑓 is defined as follows

Δ1
ℎ𝑓 (𝑥) = 𝑓 (𝑥 + ℎ) − 𝑓 (𝑥) and Δ𝑛+1

ℎ
𝑓 (𝑥) = Δ1

ℎΔ
𝑛
ℎ𝑓 (𝑥),

for any 𝑛 ∈ ℕ. It is easy to check that the following formula holds:

Δ𝑛ℎ𝑓 (𝑥) =
𝑛∑
𝑗=0

(−1)𝑗
(
𝑛
𝑗

)
𝑓 (𝑥 + (𝑛 − 𝑗)ℎ). (2.1)

The centered finite difference 𝛿𝑛
ℎ
𝑓 is obtained in the same way:

𝛿1ℎ𝑓 (𝑥) = 𝑓 (𝑥 + ℎ∕2) − 𝑓 (𝑥 − ℎ∕2) and 𝛿𝑛+1
ℎ
𝑓 (𝑥) = 𝛿1ℎ𝛿

𝑛
ℎ𝑓 (𝑥).

Since we have, 𝛿𝑛
ℎ
𝑓 (𝑥) = Δ𝑛

ℎ
𝑓 (𝑥 − 𝑛ℎ∕2), these two notions will lead to the same definitions; for example, we obviously have

‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝 = ‖𝛿𝑛ℎ𝑓‖𝐿𝑝 ,
for any ℎ ∈ ℝ𝑑 , any 𝑛 ∈ ℕ, and any 𝑝 ∈ [1,∞]. If 𝑓 ∈ 𝑊 𝑘𝑝 (𝑘 ∈ ℕ, 𝑝 ∈ [1,∞]), for all 1 ≤ 𝑛 ≤ 𝑘, there exists a constant 𝐶 > 0,

not depending on the function 𝑓 , such that ‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝 ≤ 𝐶|ℎ|𝑛 sup|𝛼|=𝑛 ‖𝐷𝛼𝑓‖𝐿𝑝 ,
for all ℎ ∈ ℝ𝑑 .

The spaces of generalized smoothness are defined via admissible sequences.

Definition 2.1. A sequence 𝜎 =
(
𝜎𝑗
)
𝑗∈ℕ0

of real positive numbers is called admissible if there exists a positive constant 𝐶 such

that

𝐶−1𝜎𝑗 ≤ 𝜎𝑗+1 ≤ 𝐶𝜎𝑗,
for any 𝑗 ∈ ℕ0.

If 𝜎 is such a sequence, we set

𝜎𝑗 ∶= inf
𝑘∈ℕ0

𝜎𝑗+𝑘

𝜎𝑘
and 𝜎𝑗 ∶= sup

𝑘∈ℕ0

𝜎𝑗+𝑘

𝜎𝑘

and define the lower and upper Boyd indices as follows,

𝑠(𝜎) ∶= lim
𝑗

log2 𝜎𝑗
𝑗

and 𝑠(𝜎) ∶= lim
𝑗

log2 𝜎𝑗
𝑗
.
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Since
(
log2 𝜎𝑗

)
𝑗

is a subadditive sequence, such limits always exist. If 𝜎 is an admissible sequence, let 𝜀 > 0; there exists a

positive constant 𝐶 such that

𝐶−12𝑗(𝑠(𝜎)−𝜀) ≤ 𝜎𝑗 ≤
𝜎𝑗+𝑘

𝜎𝑘
≤ 𝜎𝑗 ≤ 𝐶2𝑗(𝑠(𝜎)+𝜀), (2.2)

for any 𝑗, 𝑘 ∈ ℕ0. In the sequel, we will very often work with admissible sequences 𝛾 =
(
𝛾𝑗
)
𝑗

such that 𝛾
1
> 1. Such a sequence

is strongly increasing (following [20]), i.e., there exists a number 𝑘0 ∈ ℕ such that

2𝛾𝑗 ≤ 𝛾𝑘 for all 𝑗, 𝑘 ∈ ℕ0 s.t. 𝑗 + 𝑘0 ≤ 𝑘.
We can now introduce the Besov spaces of generalized smoothness 𝐵𝜎,𝛾𝑝,𝑞 that we will consider (see e.g. [20,33] and references

therein). Let us recall some kind of generalization of the Littlewood–Paley decomposition (more details can be found in [20]

for example). For an admissible sequence 𝛾 =
(
𝛾𝑗
)
𝑗

such that 𝛾
1
> 1, let 𝜌 ∈  be a positive function such that 𝜌(𝑡) = 1 for all|𝑡| ≤ 1, 𝜌 is decreasing for 𝑡 ≥ 0 and supp(𝜌) ⊂ {𝑡 ∈ ℝ ∶ |𝑡| ≤ 2} (where, as usual, supp(𝜌) denotes the support of 𝜌). Given

𝐽 ∈ ℕ, let us set

𝜑𝛾,𝐽𝑗 ∶= 𝜌
(
𝛾−1𝑗 | ⋅ |) for 𝑗 ∈

{
0,… , 𝐽𝑘0 − 1

}
and

𝜑𝛾,𝐽𝑗 ∶= 𝜌
(
𝛾−1𝑗 | ⋅ |) − 𝜌

(
𝛾−1𝑗−𝐽𝑘0

| ⋅ |) for 𝑗 ≥ 𝐽𝑘0.
Let us define 𝑐𝜑 ∶= 𝐽𝑘0 and

̃
𝜑𝛾,𝐽𝑗 ∶=

(2𝐽+1)𝑘0∑
𝑘=−(2𝐽+1)𝑘0

𝜑𝛾,𝐽
𝑗+𝑘 for 𝑗 ∈ ℕ0,

where 𝜑𝛾,𝐽−1 = ⋯ = 𝜑𝛾,𝐽−(2𝐽+1)𝑘0 = 0. With such a system one has, for all 𝑗 ∈ ℕ0,

̃
𝜑𝛾,𝐽𝑗 = 𝑐𝜑 on supp

(
𝜑𝛾,𝐽𝑗

)
.

As a consequence, if we set, for any 𝑓 ∈  ′,

Δ𝛾,𝐽𝑗 𝑓 ∶= −1
(
𝜑𝛾,𝐽𝑗 𝑓) and

̃Δ𝛾,𝐽𝑗 𝑓 ∶= −1
(
̃
𝜑𝛾,𝐽𝑗 𝑓

)
, (2.3)

then

̃Δ𝛾,𝐽𝑗 Δ𝛾,𝐽𝑗 𝑓 = 𝑐𝜑Δ
𝛾,𝐽
𝑗 𝑓 .

Remark 2.2. From the Littlewood–Paley theory [18,36], Δ𝛾,𝐽𝑗 𝑓 belongs to the space 𝐶∞
(
ℝ𝑑
)
.

Definition 2.3. Let 𝜎 and 𝛾 be two admissible sequences such that 𝛾 is strongly increasing (most often we will require 𝛾
1
> 1)

and 𝑝, 𝑞 ∈ [1,∞]; the generalized Besov space 𝐵𝜎,𝛾𝑝,𝑞 is defined by

𝐵𝜎,𝛾𝑝,𝑞 ∶=
{
𝑓 ∈  ′ ∶ ‖𝑓‖𝐵𝜎,𝛾𝑝,𝑞 = ‖‖‖‖(𝜎𝑗‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝)𝑗‖‖‖‖𝓁𝑞 <∞

}
.

Remark 2.4. The space𝐵𝜎,𝛾𝑝,𝑞 defined above does not depend on the particular decomposition chosen to represent the functions, in

the sense of equivalent norms: two decompositions give rise to the same space (see Remark 3.1.3 in [20]). Indeed, such spaces

can be defined with a general representation method which must satisfy conditions that are met by the decomposition given

here [20].
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The following characterization is given in [33]: Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences

such that 𝛾
1
> 1 and 0 < 𝑠(𝜎)𝑠(𝛾)−1. For any 𝑛 ∈ ℕ such that 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛, we have

𝐵𝜎,𝛾𝑝,𝑞 =
⎧⎪⎨⎪⎩𝑓 ∈ 𝐿

𝑝 ∶
⎛⎜⎜⎝𝜎𝑗 sup|ℎ|≤𝛾−1𝑗

‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞
⎫⎪⎬⎪⎭. (2.4)

In this framework, Besov spaces of generalized smoothness provide an obvious generalization of the usual Hölder spaces: if

𝜎 = (2𝑠𝑗)𝑗 (𝑠 > 0) and 𝛾 = (2𝑗)𝑗 , the space𝐵𝜎,𝛾𝑝,𝑞 so defined is the usual Besov space𝐵𝑠𝑝,𝑞 . One can therefore wonder if polynomials

can play a role in the definition of the spaces𝐵𝜎,𝛾𝑝,𝑞 (as it is the case for the Hölder spaces and their generalized version for example

[26–28]). The Whitney theorem [9] states that for 𝑓 ∈ 𝐿𝑝, 𝑟 > 0 and 𝑛 ∈ ℕ, there exists a constant 𝐶 > 0 (which only depends

on 𝑛 and 𝑑) such that

inf
𝑃∈ℙ𝑑
𝑛−1

‖𝑓 − 𝑃‖𝐿𝑝(𝐵(𝑥0,𝑟)) ≤ 𝐶 sup|ℎ|≤𝑟 ‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝(𝐵𝑛ℎ(𝑥0,𝑟)),
where

𝐵𝑛ℎ(𝑥0, 𝑟) ∶=
{
𝑥 ∈ 𝐵(𝑥0, 𝑟) ∶ [𝑥, 𝑥 + 𝑛ℎ] ⊂ 𝐵(𝑥0, 𝑟)

}
.

It follows that, if 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 , then, for 𝑛 sufficiently large, there exists (𝜀𝑗)𝑗 ∈ 𝓁𝑞 such that for all 𝑥0 ∈ ℝ𝑑 ,

𝜎𝑗 inf
𝑃∈ℙ𝑑
𝑛−1

‖𝑓 − 𝑃‖
𝐿𝑝
(
𝐵
(
𝑥0,𝛾

−1
𝑗

)) ≤ 𝜀𝑗 for all 𝑗 ∈ ℕ0 . (2.5)

The converse is not true unless 𝑝 = ∞, as explained in Remark 2.5 below.

Remark 2.5. Now, suppose that 𝑓 ∈ 𝐿∞ and let 𝜎, 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences satisfying 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛with 𝑛 ∈ ℕ.

If 𝛾 is strongly increasing, given 𝑥0 ∈ ℝ𝑑 , we can claim that there exists 𝑘1 ∈ ℕ such that 𝑛𝛾−1
𝑘

≤ 𝛾−1𝑗 if 𝑗 + 𝑘1 ≤ 𝑘, which

implies that if |ℎ| ≤ 𝛾−1
𝑗+𝑘1

, then 𝑥0 + 𝑙ℎ ∈ 𝐵
(
𝑥0, 𝛾

−1
𝑗

)
for all 𝑙 ∈ {0,… , 𝑛}. Since, for any 𝑃 ∈ ℙ𝑑

𝑛−1, the following formula

holds,

Δ𝑛ℎ𝑓 (𝑥0) = Δ𝑛ℎ(𝑓 − 𝑃 )(𝑥0) =
𝑛∑
𝑙=0

(−1)𝑛−𝑙
(
𝑛
𝑙

)
(𝑓 − 𝑃 )(𝑥0 + 𝑙ℎ),

we have

|Δ𝑛ℎ𝑓 (𝑥0)| ≤ 2𝑛 inf
𝑃∈ℙ𝑑
𝑛−1

‖𝑓 − 𝑃‖
𝐿∞

(
𝐵
(
𝑥0,𝛾

−1
𝑗

)), (2.6)

if |ℎ| ≤ 𝛾−1
𝑗+𝑘1

, for almost every 𝑥0. Therefore, if (2.5) holds with 𝑝 = ∞, we have

𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿∞ ≤ 𝐶𝜀𝑗 for all 𝑗 ∈ ℕ0

and thus 𝑓 ∈ 𝐵𝜎,𝛾∞,𝑞 . The inequality (2.6) is not sufficient to get such a conclusion in 𝐿𝑝 with 𝑝 < ∞.

Notation 2.6. Throughout this paper, we will use the letter 𝐶 for a generic positive constant whose value may be different at

each occurrence.

3 PRELIMINARY RESULTS INVOLVING CONVOLUTIONS

Let us introduce some results that will be used in the sequel.
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The following results about the convolution product are obtained using very classical proofs. We give them for the sake of

completeness. If 𝜙 is a function defined on ℝ𝑑 , given 𝜀 ≠ 0 one sets

𝜙𝜀 =
1|𝜀|𝑑 𝜙( ⋅
𝜀

)
.

Proposition 3.1. Let 𝑛 ∈ ℕ, 𝑝, 𝑞 ∈ [1,∞] and let
(
𝜎𝑗
)
𝑗
,
(
𝛾𝑗
)
𝑗

be two sequences of positive real numbers. If 𝑓 ∈ 𝐿𝑝 is such
that

⎛⎜⎜⎝𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞,

then there exists 𝜙 ∈  such that

⎛⎜⎜⎝𝜎𝑗 sup
0<𝜀≤𝛾−1𝑗

‖𝑓 ∗ 𝜙𝜀 − 𝑓‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞.

Proof. Without loss of generality, we can suppose that 𝑛 = 2𝑚 where 𝑚 is an odd integer. Let 𝜌 ∈  be a radial function such

that

• supp(𝜌) ⊆ 𝐵(0, 1),
• 0 ≤ 𝜌 ≤ 1,

• ‖𝜌‖𝐿1 = 1

and set

𝜙̃ ∶=
𝑚−1∑
𝑗=0

(−1)𝑗
(
𝑛
𝑗

)
𝜌2𝑗−𝑛,

𝑐𝑛 ∶=
∑𝑚−1
𝑗=0 (−1)

𝑗
(𝑛
𝑗

)
=
(𝑛
𝑚

)
∕2 and finally 𝜙 ∶= 𝜙̃∕𝑐𝑛. Obviously, 𝜙 ∈  and for all 𝑥 ∈ ℝ𝑑 and 𝜀 > 0, we have

𝑓 ∗ 𝜙𝜀(𝑥) − 𝑓 (𝑥) = ∫ 𝑓 (𝑥 − 𝜀𝑦)𝜙(𝑦) 𝑑𝑦 − 𝑓 (𝑥)

= 1
𝑐𝑛

𝑚−1∑
𝑗=0

(−1)𝑗
(
𝑛
𝑗

)
∫ 𝑓 (𝑥 − 𝜀𝑦)𝜌2𝑗−𝑛(𝑦) 𝑑𝑦 − 𝑓 (𝑥)

= 1
𝑐𝑛

𝑚−1∑
𝑗=0

(−1)𝑗
(
𝑛
𝑗

)
∫ 𝑓 (𝑥 − 𝜀(2𝑗 − 𝑛)𝑡)𝜌(𝑡) 𝑑𝑡 − 𝑓 (𝑥).

We get

𝑛∑
𝑗=𝑚+1

(−1)𝑗
(
𝑛
𝑗

)
∫ 𝑓 (𝑥 − 𝜀(2𝑗 − 𝑛)𝑡)𝜌(𝑡) 𝑑𝑡 =

𝑛∑
𝑗=𝑚+1

(−1)𝑗
(
𝑛
𝑗

)
∫ 𝑓 (𝑥 − 𝜀(𝑛 − 2𝑗)𝑦)𝜌(𝑦) 𝑑𝑦

=
𝑚−1∑
𝑗=0

(−1)𝑗
(
𝑛
𝑗

)
∫ 𝑓 (𝑥 − 𝜀(2𝑗 − 𝑛)𝑦)𝜌(𝑦) 𝑑𝑦

and



LOOSVELDT AND NICOLAY 7

𝑓 ∗ 𝜙𝜀(𝑥) − 𝑓 (𝑥) =
1
2𝑐𝑛

⎛⎜⎜⎜⎝
𝑛∑
𝑗=0
𝑗≠𝑚

(−1)𝑗
(
𝑛
𝑗

)
∫ 𝑓 (𝑥 − 𝜀(2𝑗 − 𝑛)𝑡)𝜌(𝑡) 𝑑𝑡 − 2𝑐𝑛𝑓 (𝑥)

⎞⎟⎟⎟⎠
= 1

2𝑐𝑛 ∫
(
𝑛∑
𝑗=0

(−1)𝑗
(
𝑛
𝑗

)
𝑓
(
𝑥 − 2𝜀𝑡

(
𝑗 − 𝑛

2

)))
𝜌(𝑡) 𝑑𝑡

= 1
2𝑐𝑛 ∫𝐵(0,1) 𝛿

𝑛
2𝜀𝑡𝑓 (𝑥)𝜌(𝑡) 𝑑𝑡.

Using Hölder’s inequality, we have

|𝑓 ∗ 𝜙𝜀(𝑥) − 𝑓 (𝑥)| ≤ 𝐶‖𝜌‖𝐿𝑞(𝐵(0,1))‖𝛿𝑛2𝜀⋅𝑓 (𝑥)‖𝐿𝑝(𝐵(0,1)) ≤ 𝐶‖Δ𝑛2𝜀⋅𝑓 (𝑥)‖𝐿𝑝(𝐵(0,1)),
where 𝑞 is the conjugate exponent of 𝑝. It follows, with the usual modification if 𝑝 = ∞, that

‖𝑓 ∗ 𝜙𝜀 − 𝑓‖𝐿𝑝 ≤ 𝐶(∫∫𝐵(0,1) |||Δ𝑛2𝜀𝑡𝑓 (𝑥)|||𝑝 𝑑𝑡 𝑑𝑥
)1∕𝑝

= 𝐶
(
∫𝐵(0,1) ∫

|||Δ𝑛2𝜀𝑡𝑓 (𝑥)|||𝑝 𝑑𝑥 𝑑𝑡
)1∕𝑝

= 𝐶
(
∫𝐵(0,1)

‖‖‖Δ𝑛2𝜀𝑡𝑓‖‖‖𝑝𝐿𝑝 𝑑𝑡
)1∕𝑝

≤ 𝐶 sup
𝑡∈𝐵(0,1)

‖‖‖Δ𝑛2𝜀𝑡𝑓‖‖‖𝐿𝑝
and finally, using a classical result for the last inequality [15, p. 45, formula (7.6)],

sup
0<𝜀≤𝛾−1𝑗

‖𝑓 ∗ 𝜙𝜀 − 𝑓‖𝐿𝑝 ≤ 𝐶 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛2ℎ𝑓‖‖‖𝐿𝑝 ≤ 𝐶 sup|ℎ|≤𝛾−1𝑗

‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝 ,
as desired □

Proposition 3.2. Let 𝑝, 𝑞 ∈ [1,∞], let
(
𝜎𝑗
)
𝑗

be an admissible sequence and let
(
𝛾𝑗
)
𝑗

be a sequence of positive real numbers
such that there exists 𝑑0 > 0 satisfying

𝑑0𝛾𝑗 ≤ 𝛾𝑗+1 for all 𝑗 ∈ ℕ0 .

Let also 𝜙 ∈  and 𝑓 ∈ 𝐿𝑝 satisfying (
𝜎𝑗
‖‖‖‖𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓

‖‖‖‖𝐿𝑝
)
𝑗

∈ 𝓁𝑞.

Then, for all 𝛼 ∈ ℕ𝑑0 , (
𝜎𝑗𝛾

−|𝛼|
𝑗

‖‖‖‖‖𝐷𝛼
(
𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1

𝑗−1

)‖‖‖‖‖𝐿𝑝
)
𝑗∈ℕ

∈ 𝓁𝑞(ℕ).

Proof. Let us write

𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1
𝑗−1

= 𝜙𝛾−1𝑗 ∗
(
𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1

𝑗−1

)
+ 𝜙𝛾−1𝑗 ∗

(
𝑓 − 𝑓 ∗ 𝜙𝛾−1𝑗

)
− 𝜙𝛾−1

𝑗−1
∗
(
𝑓 − 𝑓 ∗ 𝜙𝛾−1𝑗

)
. (3.1)
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Considering the first term on the right-hand side of this equality, we have, by Young’s inequality,

𝜎𝑗𝛾
−|𝛼|
𝑗

‖‖‖‖‖𝐷𝛼
(
𝜙𝛾−1𝑗

∗
(
𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1

𝑗−1

))‖‖‖‖‖𝐿𝑝 = 𝜎𝑗𝛾−|𝛼|𝑗
‖‖‖‖‖𝐷𝛼𝜙𝛾−1𝑗 ∗

(
𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1

𝑗−1

)‖‖‖‖‖𝐿𝑝
≤ 𝜎𝑗𝛾−|𝛼|𝑗 ‖‖‖‖𝐷𝛼𝜙𝛾−1𝑗 ‖‖‖‖𝐿1‖‖‖‖𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1

𝑗−1

‖‖‖‖𝐿𝑝 ,
but, as

‖‖‖𝐷𝛼𝜙𝛾−1𝑗 ‖‖‖𝐿1 = 𝛾 |𝛼|𝑗 ∫ |𝐷𝛼𝜙(𝑦)| 𝑑𝑦, we obtain, since 𝜎 is admissible,

𝜎𝑗𝛾
−|𝛼|
𝑗

‖‖‖‖‖𝐷𝛼
(
𝜙𝛾−1𝑗

∗
(
𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓 ∗ 𝜙𝛾−1

𝑗−1

))‖‖‖‖‖𝐿𝑝 ≤ 𝐶𝜎𝑗‖‖‖‖𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓
‖‖‖‖𝐿𝑝 + 𝐶𝜎𝑗‖‖‖‖𝑓 − 𝑓 ∗ 𝜙𝛾−1𝑗−1‖‖‖‖𝐿𝑝

≤ 𝐶𝜎𝑗‖‖‖‖𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓
‖‖‖‖𝐿𝑝 + 𝐶 ′𝜎𝑗−1‖‖‖‖𝑓 − 𝑓 ∗ 𝜙𝛾−1𝑗−1‖‖‖‖𝐿𝑝 .

The conclusion comes by applying the same reasoning to the other terms of (3.1). □

4 GENERALIZED BESOV SPACES AND WEAK DERIVATIVES

The spaces of generalized smoothness 𝐵𝜎,𝛾𝑝,𝑞 can be characterized using weak derivatives and finite differences.

We will need the following condition for a function to belong to𝑊 𝑘𝑝 .

Proposition 4.1. Let 𝑘 ∈ ℕ, 𝑝, 𝑞 ∈ [1,∞], let
(
𝜎𝑗
)
𝑗

be an admissible sequence and let
(
𝛾𝑗
)
𝑗

be a sequence of positive real
numbers such that there exists 𝑑0 > 0 satisfying

𝑑0𝛾𝑗 ≤ 𝛾𝑗+1 for all 𝑗 ∈ ℕ0 .

Let us also suppose that the series ∑
𝑗∈ℕ0

𝛾𝑙𝑗𝜎
−1
𝑗 (4.1)

converges for all 0 ≤ 𝑙 ≤ 𝑘. If 𝑓 ∈ 𝐿𝑝 is a function satisfying

⎛⎜⎜⎝𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑘ℎ𝑓‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞,

then 𝑓 ∈ 𝑊 𝑘𝑝 .

Proof. Let 𝜙 ∈  be a function as constructed in the proof of Proposition 3.1. Let us set

𝜓0 ∶= 𝜙𝛾−10
, 𝜓𝑗 ∶= 𝜙𝛾−1𝑗 − 𝜙𝛾−1

𝑗−1
for all 𝑗 ∈ ℕ,

and finally define

𝑓𝑗 ∶= 𝑓 ∗ 𝜓𝑗 for all 𝑗 ∈ ℕ0 .

It follows from Proposition 3.2 that for all 𝛼 ∈ ℕ𝑑0 satisfying |𝛼| ≤ 𝑘, there exists a constant 𝐶𝛼 > 0 such that for all 𝑗 ∈ ℕ0, we

have

‖‖‖𝐷𝛼𝑓𝑗‖‖‖𝐿𝑝 ≤ 𝐶𝛼𝛾 |𝛼|𝑗 𝜎−1𝑗 .
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As a consequence, since (4.1) converges, the series
∑
𝑗∈ℕ0
𝐷𝛼𝑓𝑗 converges in 𝐿𝑝 for all |𝛼| ≤ 𝑘. Let us denote its limit by 𝑓𝛼

and show that 𝑓𝛼 = 𝐷𝛼𝑓 (with the derivative taken in the weak sense). It is clear that 𝑓0 = 𝑓 since, by Proposition 3.1,

‖‖‖‖‖‖
𝐽∑
𝑗=0
𝑓𝑗 − 𝑓

‖‖‖‖‖‖𝐿𝑝 = ‖‖‖𝑓 ∗ 𝜙𝛾−1𝐽 − 𝑓‖‖‖𝐿𝑝 ≤ 𝐶𝜎−1𝐽 → 0 as 𝐽 → ∞.

Finally, for all 𝜑 ∈  and |𝛼| ≤ 𝑘, we have

∫ 𝑓 (𝑥)𝐷𝛼𝜑(𝑥) 𝑑𝑥 = lim
𝐽→∞∫

𝐽∑
𝑗=0
𝑓𝑗(𝑥)𝐷𝛼𝜑(𝑥) 𝑑𝑥

= lim
𝐽→∞

(−1)|𝛼| ∫
𝐽∑
𝑗=0
𝐷𝛼𝑓𝑗(𝑥)𝜑(𝑥) 𝑑𝑥

= (−1)|𝛼| ∫ 𝑓𝛼(𝑥)𝜑(𝑥) 𝑑𝑥,
which is sufficient to conclude. □

We can now give necessary and sufficient conditions for a function to belong to 𝐵𝜎,𝛾𝑝,𝑞 .

Theorem 4.2. Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences such that 𝛾
1
> 1. Let the numbers

𝑘, 𝑛 ∈ ℕ0 be such that

𝑘 < 𝑠(𝜎)𝑠(𝛾)−1 ≤ 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛.
If 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 , then 𝑓 ∈ 𝑊 𝑘𝑝 and for all |𝛼| ≤ 𝑘,

⎛⎜⎜⎝𝛾−|𝛼|𝑗 𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛−|𝛼|ℎ

𝐷𝛼𝑓
‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗∈ℕ ∈ 𝓁𝑞,

which means that 𝐷𝛼𝑓 ∈ 𝐵𝛾
−|𝛼|𝜎,𝛾
𝑝,𝑞 .

Conversely, if 𝑓 ∈ 𝑊 𝑘𝑝 satisfies

⎛⎜⎜⎝𝛾−|𝛼|𝑗 𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛−|𝛼|ℎ

𝐷𝛼𝑓
‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞 for all |𝛼| = 𝑘,

then 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 .

Proof. Assume first that 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 ; using (2.4) and the convergence of (4.1) for 0 ≤ 𝑙 ≤ 𝑘, which follows from the hypothesis on 𝑘
and 𝑛, it is clear from the Proposition 4.1 that we have 𝑓 ∈ 𝑊 𝑘𝑝 . Keeping the same notations used in the proof of Proposition 4.1,

let us fix 𝐽 ∈ ℕ; for all |ℎ| ≤ 𝛾−1
𝐽

, we have

‖‖‖Δ𝑛−|𝛼|ℎ
𝐷𝛼𝑓

‖‖‖𝐿𝑝 ≤ 𝐽∑
𝑗=0
𝐶|ℎ|𝑛−|𝛼| sup|𝛽|=𝑛 ‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝 +

∞∑
𝑗=𝐽+1
𝐶|ℎ|𝑘−|𝛼| sup|𝛽|=𝑘 ‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝

≤
𝐽∑
𝑗=0
𝐶𝛾 |𝛼|−𝑛
𝐽

sup|𝛽|=𝑛 ‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝 +
∞∑
𝑗=𝐽+1
𝐶𝛾 |𝛼|−𝑘
𝐽

sup|𝛽|=𝑘 ‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝 .
For all |𝛽| = 𝑘, we also have, as 𝑘 < 𝑠(𝜎)𝑠(𝛾)−1,
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‖‖‖‖‖‖
( ∞∑
𝑗=𝐽+1
𝛾−𝑘𝐽 𝜎𝐽

‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝
)
𝐽

‖‖‖‖‖‖𝓁𝑞 ≤
‖‖‖‖‖‖
( ∞∑
𝑗=𝐽+1
𝛾𝑘𝑗−𝐽𝜎

−1
𝑗−𝐽 𝛾

−𝑘
𝑗 𝜎𝑗

‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝
)
𝐽

‖‖‖‖‖‖𝓁𝑞
≤

∞∑
𝑗=1
𝛾𝑘𝑗 𝜎

−1
𝑗

‖‖‖‖(𝛾−𝑘𝑗+𝐽𝜎𝑗+𝐽‖‖‖𝐷𝛽𝑓𝑗+𝐽‖‖‖𝐿𝑝)𝐽‖‖‖‖𝓁𝑞
≤ 𝐶

∞∑
𝑗=1
𝛾𝑘𝑗 𝜎

−1
𝑗 < ∞.

Similarly, as 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛, for all |𝛽| = 𝑛, we get

‖‖‖‖‖‖
(
𝐽∑
𝑗=0
𝛾−𝑛𝐽 𝜎𝐽

‖‖‖𝐷𝛽𝑓𝑗‖‖‖𝐿𝑝
)
𝐽

‖‖‖‖‖‖𝓁𝑞 < ∞,
which allows us to conclude that ‖‖‖‖‖‖‖

⎛⎜⎜⎝𝛾−|𝛼|𝐽 𝜎𝐽 sup|ℎ|≤𝛾−1
𝐽

‖‖‖Δ𝑛−|𝛼|ℎ
𝐷𝛼𝑓

‖‖‖𝐿𝑝⎞⎟⎟⎠𝐽
‖‖‖‖‖‖‖𝓁𝑞 <∞.

For the converse, assume 𝑓 ∈ 𝑊 𝑘𝑝 ; the desired conclusion follows directly from (2.4) and the fact that for all |ℎ| ≤ 𝛾−1𝑗 , we

have, using classical inequalities (see [8] for example),

‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝 ≤ 𝐶|ℎ|𝑘 sup|𝛼|=𝑘 ‖‖‖Δ𝑛−|𝛼|ℎ
𝐷𝛼𝑓

‖‖‖𝐿𝑝 ≤ 𝐶𝛾−𝑘𝑗 sup|𝛼|=𝑘 ‖‖‖Δ𝑛−|𝛼|ℎ
𝐷𝛼𝑓

‖‖‖𝐿𝑝 .
□

As a corollary, we have the following alternative definition of 𝐵𝜎,𝛾𝑝,𝑞 .

Corollary 4.3. Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences such that 𝛾
1
> 1. Let the numbers

𝑘, 𝑛 ∈ ℕ0 be such that

𝑘 < 𝑠(𝜎)𝑠(𝛾)−1 ≤ 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛.
We have

𝐵𝜎,𝛾𝑝,𝑞 =
⎧⎪⎨⎪⎩𝑓 ∈ 𝑊

𝑘
𝑝 ∶

⎛⎜⎜⎝𝛾−|𝛼|𝑗 𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛−|𝛼|ℎ

𝐷𝛼𝑓
‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞 ∀|𝛼| = 𝑘⎫⎪⎬⎪⎭.

5 GENERALIZED BESOV SPACES AND POLYNOMIALS

The following characterization is inspired from [22], where links between classical Besov spaces and related spaces are explored.

Theorem 5.1. Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences such that 𝛾
1
> 1. Let the number

𝑛 ∈ ℕ be such that

𝑛 < 𝑠(𝜎)𝑠(𝛾)−1 ≤ 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛 + 1;

the following assertions are equivalent:

(1) 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 ;
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(2) 𝑓 ∈ 𝑊 𝑛𝑝 and for all ℎ ∈ ℝ𝑑 and almost every 𝑥 ∈ ℝ𝑑 , we have

𝑓 (𝑥 + ℎ) =
∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑥) ℎ
𝛼|𝛼|! +𝑅𝑛(𝑥, ℎ) |ℎ|𝑛𝑛! ,

where

⎛⎜⎜⎝𝜎𝑗𝛾−𝑛𝑗 sup|ℎ|≤𝛾−1𝑗 ‖𝑅𝑛(⋅, ℎ)‖𝐿𝑝
⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞;

(3) if, given 𝑗 ∈ ℕ0, 𝜋𝑗 is a net of ℝ𝑑 made of cubes of diagonal 𝛾−1𝑗 , then for all 𝑗 ∈ ℕ0, there exists 𝑔𝜋𝑗 such that
• the trace of 𝑔𝜋𝑗 in each cube of 𝜋𝑗 is a polynomial of degree at most 𝑛,

• one has
(
𝜎𝑗‖𝑓 − 𝑔𝜋𝑗‖𝐿𝑝)𝑗 ∈ 𝓁𝑞 .

Proof. Let us first show that assertion (1) implies assertion (2). We know from Corollary 4.3 that 𝑓 ∈ 𝑊 𝑛𝑝 ; using the Taylor

expansion with weak derivatives, we get

𝑓 (𝑥 + ℎ) =
∑

|𝛼|≤𝑛−1𝐷
𝛼𝑓 (𝑥) ℎ

𝛼|𝛼|! + ∑
|𝛼|=𝑛 ℎ

𝛼∫
1

0

(1 − 𝑡)(𝑛−1)

(𝑛 − 1)!
𝐷𝛼𝑓 (𝑥 + 𝑡ℎ) 𝑑𝑡,

for all ℎ ∈ ℝ𝑑 and a.e. 𝑥 ∈ ℝ𝑑 . Of course, we have

∫
1

0

(1 − 𝑡)(𝑛−1)

(𝑛 − 1)!
𝐷𝛼𝑓 (𝑥 + 𝑡ℎ) 𝑑𝑡 = ∫

1

0

(1 − 𝑡)(𝑛−1)

(𝑛 − 1)!
Δ1
𝑡ℎ𝐷
𝛼𝑓 (𝑥) 𝑑𝑡 + ∫

1

0

(1 − 𝑡)(𝑛−1)

(𝑛 − 1)!
𝐷𝛼𝑓 (𝑥) 𝑑𝑡

= ∫
1

0

(1 − 𝑡)(𝑛−1)

(𝑛 − 1)!
Δ1
𝑡ℎ𝐷
𝛼𝑓 (𝑥) 𝑑𝑡 + 𝐷

𝛼𝑓 (𝑥)
𝑛!
.

Let us set

𝑅𝑛(𝑥, ℎ) ∶=
⎧⎪⎨⎪⎩
𝑛!|ℎ|𝑛 ∑|𝛼|=𝑛 ℎ𝛼∫

1

0

(1 − 𝑡)(𝑛−1)

(𝑛 − 1)!
Δ1
𝑡ℎ𝐷
𝛼𝑓 (𝑥) 𝑑𝑡 if ℎ ≠ 0,

0 otherwise

Clearly, for all ℎ ∈ ℝ𝑑 and a.e. 𝑥 ∈ ℝ𝑑 ,

𝑓 (𝑥 + ℎ) =
∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑥) ℎ
𝛼|𝛼|! + 𝑅𝑛(𝑥, ℎ) |ℎ|𝑛𝑛! .

Moreover, for any ℎ ≠ 0 such that |ℎ| ≤ 𝛾−1𝑗 , Hölder’s inequality allows us to write

|𝑅𝑛(𝑥, ℎ)| ≤ 𝐶 ∑
|𝛼|=𝑛

‖‖‖Δ1
⋅ℎ𝐷
𝛼𝑓 (𝑥)‖‖‖𝐿𝑝([0,1])

and it follows that

‖𝑅𝑛(⋅, ℎ)‖𝐿𝑝 ≤ 𝐶 ∑
|𝛼|=𝑛

(
∫ℝ𝑑∫

1

0

|||Δ1
𝑡ℎ𝐷
𝛼𝑓 (𝑥)|||𝑝 𝑑𝑡 𝑑𝑥

)1∕𝑝

= 𝐶
∑
|𝛼|=𝑛

(
∫

1

0 ∫ℝ𝑑
|||Δ1
𝑡ℎ𝐷
𝛼𝑓 (𝑥)|||𝑝 𝑑𝑥 𝑑𝑡

)1∕𝑝

= 𝐶
∑
|𝛼|=𝑛

(
∫

1

0

‖‖‖Δ1
𝑡ℎ𝐷
𝛼𝑓
‖‖‖𝑝𝐿𝑝 𝑑𝑡

)1∕𝑝

≤ 𝐶 ∑
|𝛼|=𝑛 sup|ℎ|≤𝛾−1𝑗

‖‖‖Δ1
ℎ𝐷
𝛼𝑓
‖‖‖𝐿𝑝 .

We can conclude this second point, using Corollary 4.3.
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Now, let us show that assertion (2) implies (3). Let fix 𝑗 ∈ ℕ0 and let 𝜋𝑗 = (𝐴𝑘)𝑘 be a net of ℝ𝑑 with cubes of diagonal 𝛾−1𝑗 .

Set for all 𝑘 ∈ ℕ0,

𝑃𝑘(𝑥) ∶=
1

(𝐴𝑘)∫𝐴𝑘
∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑦) (𝑥 − 𝑦)
𝛼|𝛼|! 𝑑𝑦,

where  is the Lebesgue measure. Of course, 𝑃𝑘 is a polynomial of degree less or equal to 𝑛. Let us then define

𝑔𝜋𝑗 ∶ ℝ𝑑 → ℝ𝑑, 𝑥 → 𝑃𝑘(𝑥) if 𝑥 ∈ 𝐴𝑘 (𝑘 ∈ ℕ0);

the trace of 𝑔𝜋𝑗 in each cube of 𝜋𝑗 is a polynomial of degree at most 𝑛 and if 𝑥 ∈ 𝐴𝑘, then 𝐴𝑘 ⊂ 𝐵
(
𝑥, 𝛾−1𝑗

)
. Moreover, if 𝑞 is

the conjugate exponent of 𝑝, using Hölder’s inequality, we get, for 𝑥 ∈ 𝐴𝑘,

|𝑓 (𝑥) − 𝑔𝜋𝑗 (𝑥)| ≤ 1
(𝐴𝑘)∫𝐵(𝑥,𝛾−1𝑗 ) ||||||𝑓 (𝑥) −

∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑦) (𝑥 − 𝑦)
𝛼|𝛼|!
|||||| 𝑑𝑦

≤ 𝐶𝛾𝑑𝑗 ∫𝐵(0,𝛾−1𝑗 ) ||||||𝑓 (𝑥) −
∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑥 − ℎ) ℎ
𝛼|𝛼|!
|||||| 𝑑ℎ

≤ 𝐶𝛾𝑑𝑗 𝛾−𝑑∕𝑞𝑗
‖‖‖‖‖‖𝑓 (𝑥) −

∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑥 − ⋅) ⋅𝛼|𝛼|!
‖‖‖‖‖‖𝐿𝑝(𝐵(0,𝛾−1𝑗 )).

We thus can write

‖𝑓 − 𝑔𝜋𝑗‖𝐿𝑝 ≤ 𝐶𝛾𝑑𝑗 𝛾−𝑑∕𝑞𝑗
(
∫𝐵(0,𝛾−1𝑗 ) ∫ℝ𝑑

||||||𝑓 (𝑥) −
∑
|𝛼|≤𝑛𝐷

𝛼𝑓 (𝑥 − ℎ) ℎ
𝛼|𝛼|!
||||||
𝑝

𝑑𝑥 𝑑ℎ

)1∕𝑝

= 𝐶𝛾𝑑𝑗 𝛾
−𝑑∕𝑞
𝑗

(
∫𝐵(0,𝛾−1𝑗 )

|ℎ|𝑛𝑝
(𝑛!)𝑝 ∫ℝ𝑑 |𝑅𝑛(𝑥 − ℎ, ℎ)|𝑝 𝑑𝑥 𝑑ℎ

)1∕𝑝

≤ 𝐶𝛾𝑑𝑗 𝛾
−𝑑
(
1
𝑝
+1
𝑞

)
𝑗 𝛾−𝑛𝑗 sup|ℎ|≤𝛾−1𝑗 ‖𝑅𝑛(⋅, ℎ)‖𝐿𝑝

= 𝐶𝛾−𝑛𝑗 sup|ℎ|≤𝛾−1𝑗 ‖𝑅𝑛(⋅, ℎ)‖𝐿𝑝,
which procures the desired membership.

Finally, let us show that assertion (3) implies (1). As 𝛾
1
> 1, there exists 𝑘1 ∈ ℕ such that for any 𝑥0 ∈ ℝ𝑑 and any |ℎ| ≤ 𝛾−1

𝑗+𝑘1
,

we have 𝑥0 + 𝑘ℎ ∈ 𝐵
(
𝑥0, 𝛾

−1
𝑗 ∕3

√
𝑑
)

for all 𝑘 ∈ {0,… , 𝑛 + 1}. Let us fix |ℎ| ≤ 𝛾−1
𝑗+𝑘1

and let 𝜋𝑗 =
(
𝐴𝑘
)
𝑘

be a net of ℝ𝑑 made

of cubes of diagonal 𝛾−1𝑗 ∕3 such that each vertex is the vertex of 2𝑑 distinct cubes.

If 𝑙 ∈ ℕ, then for all 𝑥 ∈ 𝐴𝑘 and for all 𝑙 ∈ {0,… , 𝑛 + 1}, 𝑥 + 𝑙ℎ ∈ 𝐶𝑘, where 𝐶𝑘 is the cube of diagonal 𝛾−1𝑗 whose center

coincides with the center of 𝐴𝑘. Let 𝜋′𝑗 be a net of ℝ𝑑 defined in the same way as above but made of cubes of diagonal 𝛾−1𝑗
which contains 𝐶𝑘 and let 𝑃𝑘 be the polynomial which is the trace of 𝑔𝜋′𝑗

on 𝐶𝑘. As the degree of 𝑃𝑘 is at most 𝑛, we have

‖‖‖Δ𝑛+1ℎ 𝑓‖‖‖𝑝𝐿𝑝 = ∑
𝑘∈ℕ0

‖‖‖Δ𝑛+1ℎ 𝑓‖‖‖𝑝𝐿𝑝(𝐴𝑘) = ∑
𝑘∈ℕ0

‖‖‖Δ𝑛+1ℎ (𝑓 − 𝑃𝑘)
‖‖‖𝑝𝐿𝑝(𝐴𝑘) = ∑

𝑘∈ℕ0

‖‖‖‖Δ𝑛+1ℎ (
𝑓 − 𝑔𝜋′𝑗

)‖‖‖‖𝑝𝐿𝑝(𝐴𝑘),
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with the usual modification if 𝑝 = ∞. Let us remark that there exist𝑚 ∶= 3𝑑 such nets with cubes of diagonal 𝛾−1𝑗 whose centers

are also center of some cube in 𝜋𝑗 ; let us denote by 𝜋′
𝑗,1,… , 𝜋

′
𝑗,𝑚 those nets. We have

‖‖‖Δ𝑛+1ℎ 𝑓‖‖‖𝑝𝐿𝑝 ≤ ∑
𝑘∈ℕ0

𝑚∑
𝑙=1

‖‖‖‖Δ𝑛+1ℎ (
𝑓 − 𝑔𝜋′

𝑗,𝑙

)‖‖‖‖𝑝𝐿𝑝(𝐴𝑘) =
𝑚∑
𝑙=1

‖‖‖‖Δ𝑛+1ℎ (
𝑓 − 𝑔𝜋′

𝑗,𝑙

)‖‖‖‖𝑝𝐿𝑝 ≤ 𝐶
𝑚∑
𝑙=1

‖‖‖‖(𝑓 − 𝑔𝜋′𝑗,𝑙)‖‖‖‖𝑝𝐿𝑝 .
Since we have (

𝜎𝑗
‖‖‖‖(𝑓 − 𝑔𝜋′𝑗,𝑙)‖‖‖‖𝐿𝑝

)
𝑗

∈ 𝓁𝑞,

for all 𝑙 ∈ {1,… , 𝑚} by hypothesis, we can write

⎛⎜⎜⎝𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛+1ℎ 𝑓‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗∈ℕ ∈ 𝓁𝑞,

as desired. □

6 GENERALIZED BESOV SPACES AND CONVOLUTION

The spaces of generalized smoothness 𝐵𝜎,𝛾𝑝,𝑞 can be defined in terms of convolutions.

The characterization relies on the following condition for a function to belong to 𝐵𝜎,𝛾𝑝,𝑞 .

Proposition 6.1. Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences such that 𝛾
1
> 1 and 𝑠(𝜎) > 0. If

𝑓 ∈ 𝐿𝑝 is such that there exists 𝜙 ∈  for which(
𝜎𝑗
‖‖‖‖𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓

‖‖‖‖𝐿𝑝
)
𝑗

∈ 𝓁𝑞, (6.1)

then 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 .

Proof. Let 𝑛 ∈ ℕ be such that

0 < 𝑠(𝜎)𝑠(𝛾)−1 ≤ 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛.
As done before in the proof of Proposition 4.1 and having in mind that 𝑠(𝜎) > 0, if (6.1) holds, we can build a sequence

(
𝑓𝑗
)
𝑗

of infinitely differentiable functions belonging to 𝐿𝑝 such that

𝑓 =
∑
𝑗∈ℕ0

𝑓𝑗

in 𝐿𝑝. It follows that, for any 𝐽 ∈ ℕ0 and any |ℎ| ≤ 𝛾−1
𝐽

, we have

‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝 ≤ 𝐽∑
𝑗=0

‖Δ𝑛ℎ𝑓𝑗‖𝐿𝑝 + ∞∑
𝑗=𝐽+1

‖Δ𝑛ℎ𝑓𝑗‖𝐿𝑝 ≤ 𝐶 𝐽∑
𝑗=0
𝛾−𝑛𝐽 sup|𝛼|=𝑛 ‖‖‖𝐷𝛼𝑓𝑗‖‖‖𝐿𝑝 + 𝐶

∞∑
𝑗=𝐽+1

‖𝑓𝑗‖𝐿𝑝 .
Since, by Proposition 3.2, we also know that

(
𝜎𝑗𝛾

−|𝛼|
𝑗

‖‖‖𝐷𝛼𝑓𝑗‖‖‖𝐿𝑝)𝑗 ∈ 𝓁𝑞 for all |𝛼| ≤ 𝑛, we can proceed as in the proof of

Theorem 4.2, using the fact that 𝑠(𝜎) > 0 and 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛, to conclude that the sequence
(
𝜎𝑗 sup|ℎ|≤𝛾−1𝑗 ‖‖‖Δ𝑛ℎ𝑓‖‖‖𝐿𝑝)𝑗 belongs

to 𝓁𝑞 , and hence, by (2.4), 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 . □

From Propositions 3.1 and 6.1, we have the following corollary.
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Corollary 6.2. Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences such that 𝛾
1
> 1 and 𝑠(𝜎) > 0; we

have

𝐵𝜎,𝛾𝑝,𝑞 =

{
𝑓 ∈ 𝐿𝑝 ∶ ∃𝜙 ∈  such that

(
𝜎𝑗
‖‖‖‖𝑓 ∗ 𝜙𝛾−1𝑗 − 𝑓

‖‖‖‖𝐿𝑝
)
𝑗

∈ 𝓁𝑞
}
.

7 GENERALIZED REAL INTERPOLATION METHODS

In the sequel, we will consider two normed vector spaces𝐴0 and𝐴1 which are continuously embedded in a Hausdorff topological

vector space 𝑉 . As a consequence, the spaces 𝐴0 ∩ 𝐴1 and 𝐴0 + 𝐴1 are also normed vector spaces. Let us recall that the

𝐽 -operator of interpolation is defined for 𝑡 > 0 and 𝑎 ∈ 𝐴0 ∩ 𝐴1 by

𝐽 (𝑡, 𝑎) ∶= max
{‖𝑎‖𝐴0 , 𝑡‖𝑎‖𝐴1},

while the 𝐾-operator of interpolation is defined for 𝑡 > 0 and 𝑎 ∈ 𝐴0 + 𝐴1 by

𝐾(𝑡, 𝑎) ∶= inf
{‖𝑎0‖𝐴0 + 𝑡‖𝑎1‖𝐴1 ∶ 𝑎 = 𝑎0 + 𝑎1}.

Definition 7.1. Let 𝜃 =
(
𝜃𝑗
)
𝑗∈ℤ and 𝜓 =

(
𝜓𝑗
)
𝑗∈ℤ be two sequences and let 𝑞 ≥ 1. We say that 𝑎 belongs to the (𝐽 , 𝑞)-

generalized interpolation space
[
𝐴0, 𝐴1

]𝜃,𝜓
𝐽 ,𝑞

if there exists a sequence
(
𝑢𝑗
)
𝑗∈ℤ of 𝐴0 ∩ 𝐴1 such that 𝑎 =

∑
𝑗∈ℤ 𝑢𝑗 , with con-

vergence in 𝐴0 + 𝐴1 and ‖‖‖(𝜃𝑗𝐽(𝜓𝑗, 𝑢𝑗))𝑗‖‖‖𝓁𝑞(ℤ) < ∞.
Definition 7.2. Let 𝜃 =

(
𝜃𝑗
)
𝑗∈ℤ and𝜓 = (𝜓𝑗)𝑗∈ℤ be two sequences and let 𝑞 ≥ 1. We say that 𝑎 belongs to the (𝐾, 𝑞)-generalized

interpolation space
[
𝐴0, 𝐴1

]𝜃,𝜓
𝐾,𝑞

if 𝑎 ∈ 𝐴0 + 𝐴1 and

‖‖‖(𝜃𝑗𝐾(𝜓𝑗, 𝑎))𝑗‖‖‖𝓁𝑞(ℤ) < ∞.
Remark 7.3. If one considers the admissible sequences

(
𝜃𝑗 = 2−𝛼𝑗

)
𝑗∈ℤ and

(
𝜓𝑗 = 2𝑗

)
𝑗∈ℤ, the two preceding definitions corre-

spond to the classical interpolation spaces
[
𝐴0, 𝐴1

]
𝛼,𝐽 ,𝑞

and
[
𝐴0, 𝐴1

]
𝛼,𝐾,𝑞

respectively.

As for the usual case, such interpolation methods often coincide; this result is a generalization of Proposition 11 in [28].

Theorem 7.4. Let 𝑟, 𝑠 ∈ ℝ and let 𝜎, 𝛾 be two admissible sequences such that 𝛾
1
> 1 and

𝑟 < min
{
𝑠(𝜎)𝑠(𝛾)−1, 𝑠(𝜎)𝑠(𝛾)−1

} ≤ max
{
𝑠(𝜎)𝑠(𝛾)−1, 𝑠(𝜎)𝑠(𝛾)−1

}
< 𝑠. (7.1)

We have [
𝐴0, 𝐴1

]𝜃,𝜓
𝐽 ,𝑞

=
[
𝐴0, 𝐴1

]𝜃,𝜓
𝐾,𝑞
,

where the sequences 𝜃 =
(
𝜃𝑗
)
𝑗∈ℤ and 𝜓 =

(
𝜓𝑗
)
𝑗∈ℤ are defined by

𝜃𝑗 ∶=

{
𝛾−𝑟−𝑗 𝜎−𝑗 if − 𝑗 ∈ ℕ0,

𝛾𝑟𝑗 𝜎
−1
𝑗 if 𝑗 ∈ ℕ,

and

𝜓𝑗 ∶=

{
𝛾−(𝑠−𝑟)−𝑗 if − 𝑗 ∈ ℕ0,

𝛾 (𝑠−𝑟)𝑗 if 𝑗 ∈ ℕ .
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Proof. Consider 𝑓 ∈
[
𝐴0, 𝐴1

]𝜃,𝜓
𝐽 ,𝑞

; we know that there exists a sequence (𝑓𝑙)𝑙∈ℤ of 𝐴0 ∩ 𝐴1 such that

𝑓 =
∑
𝑙∈ℤ
𝑓𝑙,

with convergence in 𝐴0 + 𝐴1 and ‖‖‖‖(𝜃𝑙max
{‖𝑓𝑙‖𝐴0 , 𝜓𝑙‖𝑓𝑙‖𝐴1})𝑙‖‖‖‖𝓁𝑞(ℤ) < ∞. (7.2)

Set, for any 𝑗 ∈ ℤ,

𝑏𝑗 ∶=
𝑗−1∑
𝑙=−∞
𝑓𝑙 and 𝑐𝑗 ∶=

∞∑
𝑙=𝑗
𝑓𝑙.

Because of (7.1) and (7.2), we have 𝑏𝑗 ∈ 𝐴0, 𝑐𝑗 ∈ 𝐴1 and 𝑓 = 𝑏𝑗 + 𝑐𝑗 . Let us prove that

‖‖‖‖(𝜃𝑗 (‖𝑏𝑗‖𝐴0 + 𝜓𝑗‖𝑐𝑗‖𝐴1))𝑗‖‖‖‖𝓁𝑞(ℤ) < ∞.
We have

‖‖‖‖(𝜃𝑗(‖𝑏𝑗‖𝐴0 + 𝜓𝑗‖𝑐𝑗‖𝐴1))𝑗‖‖‖‖𝓁𝑞 ≤
‖‖‖‖‖‖
(
𝜃𝑗

𝑗−1∑
𝑙=−∞

‖𝑓𝑙‖𝐴0
)
𝑗

‖‖‖‖‖‖𝓁𝑞
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(𝐴)

+
‖‖‖‖‖‖
(
𝜃𝑗

( ∞∑
𝑙=𝑗
𝜓𝑗‖𝑓𝑙‖𝐴1

))
𝑗

‖‖‖‖‖‖𝓁𝑞
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(𝐵)

.

Using the triangle inequality, we obtain

(𝐴) ≤
0∑
𝑙=−∞

‖‖‖‖(𝜃𝑗𝜃−1𝑗+𝑙−1𝜃𝑗+𝑙−1‖𝑓𝑙+𝑗−1‖𝐴0)𝑗‖‖‖‖𝓁𝑞
=

0∑
𝑙=−∞

( 0∑
𝑗=−∞

((
𝛾−𝑗−𝑙+1

𝛾−𝑗

)𝑟(𝜎−𝑗−𝑙+1
𝜎−𝑗

)−1
𝜃𝑗+𝑙−1

‖‖‖𝑓𝑙+𝑗−1‖‖‖𝐴0
)𝑞

+
1−𝑙∑
𝑗=1

(
𝛾𝑟𝑗 𝜎

−1
𝑗 𝛾
𝑟
−𝑗−𝑙+1𝜎

−1
−𝑗−𝑙+1𝜃𝑗+𝑙−1‖𝑓𝑙+𝑗−1‖𝐴0)𝑞

+
∞∑
𝑗=2−𝑙

((
𝛾𝑗

𝛾𝑗+𝑙−1

)𝑟( 𝜎𝑗
𝜎𝑗+𝑙−1

)−1
𝜃𝑗+𝑙−1‖𝑓𝑙+𝑗−1‖𝐴0

)𝑞) 1
𝑞

,

with the usual modification if 𝑞 = ∞. If 𝑟 ≥ 0, there exists 𝜀 > 0 such that 𝑟𝑠(𝛾) − 𝑠(𝜎) + (𝑟 + 1)𝜀 < 0 and (2.2) implies the

existence of a constant 𝐶 > 0 such that(
𝛾−𝑗−𝑙+1

𝛾−𝑗

)𝑟(𝜎−𝑗−𝑙+1
𝜎−𝑗

)−1
≤ 𝛾𝑟1−𝑙𝜎−11−𝑙 ≤ 𝐶2(1−𝑙)(𝑟𝑠(𝛾)−𝑠(𝜎)+(𝑟+1)𝜀).

If 𝑟 < 0, we can choose 𝜀 > 0 such that 𝑟𝑠(𝛾) − 𝑠(𝜎) + (1 − 𝑟)𝜀 < 0 and find 𝐶 > 0 such that(
𝛾−𝑗−𝑙+1

𝛾−𝑗

)𝑟(𝜎−𝑗−𝑙+1
𝜎−𝑗

)−1
≤ 𝛾𝑟

1−𝑙
𝜎−11−𝑙 ≤ 𝐶2(1−𝑙)(𝑟𝑠(𝛾)−𝑠(𝜎)+(1−𝑟)𝜀).

Adapting this reasoning for the other terms, we can claim that there exists 𝛼 < 0 such that

(𝐴) ≤ 𝐶
0∑
𝑙=−∞

2𝛼(1−𝑙)
‖‖‖‖(𝜃𝑗+𝑙−1‖𝑓𝑙+𝑗−1‖𝐴0)𝑗‖‖‖‖𝓁𝑞 < ∞.
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Similarly, there exists 𝛽 > 0 such that

(𝐵) ≤ 𝐶
0∑
𝑙=−∞

2𝛽𝑙
‖‖‖‖‖
(
𝜃𝑗−𝑙𝜓𝑗−𝑙

‖‖‖𝑓𝑗−𝑙‖‖‖𝐴1
)
𝑗

‖‖‖‖‖𝓁𝑞 < ∞.
Reciprocally, let us consider 𝑓 ∈

[
𝐴0, 𝐴1

]𝜃,𝜓
𝐾,𝑞

; for any 𝑗 ∈ ℤ there exists 𝑏𝑗 ∈ 𝐴0 and 𝑐𝑗 ∈ 𝐴1 such that 𝑓 = 𝑏𝑗 + 𝑐𝑗 and

‖‖‖‖(𝜃𝑗(‖𝑏𝑗‖𝐴0 + 𝜓𝑗‖𝑐𝑗‖𝐴1))𝑗‖‖‖‖𝓁𝑞 < ∞. (7.3)

Let us remark that, because of (7.1) and (7.3) , 𝑏0 =
∑−1
𝑗=−∞(𝑏𝑗+1 − 𝑏𝑗) with convergence in 𝐴0 and 𝑐0 =

∑∞
𝑗=0(𝑐𝑗 − 𝑐𝑗+1) with

convergence in 𝐴1. Now, let us set, for any 𝑗 ∈ ℤ,

𝑓𝑗 ∶= 𝑏𝑗+1 − 𝑏𝑗 = 𝑐𝑗 − 𝑐𝑗+1.

Clearly, 𝑓𝑗 ∈ 𝐴0 ∩ 𝐴1 for any 𝑗 ∈ ℤ and 𝑓 = 𝑏0 + 𝑐0 =
∑
𝑗∈ℤ 𝑓𝑗 , with convergence in 𝐴0 + 𝐴1. Let us prove that

‖‖‖‖(𝜃𝑗 max
{‖𝑓𝑗‖𝐴0 , 𝜓𝑗‖𝑓𝑗‖𝐴1})𝑗‖‖‖‖𝓁𝑞 < ∞.

We have, as 𝜎 and 𝛾 are admissible,

‖‖‖‖(𝜃𝑗 max
{‖𝑓𝑗‖𝐴0 , 𝜓𝑗‖𝑓𝑗‖𝐴1})𝑗‖‖‖‖𝓁𝑞 ≤ ‖‖‖‖(𝜃𝑗(‖𝑓𝑗‖𝐴0 + 𝜓𝑗‖𝑓𝑗‖𝐴1))𝑗‖‖‖‖𝑙𝑞

=
‖‖‖‖(𝜃𝑗(‖𝑏𝑗+1 − 𝑏𝑗‖𝐴0 + 𝜓𝑗‖𝑐𝑗 − 𝑐𝑗+1‖𝐴1))𝑗‖‖‖‖𝓁𝑞

≤ 𝐶‖‖‖‖(𝜃𝑗(‖𝑏𝑗‖𝐴0 + 𝜓𝑗‖𝑐𝑗‖𝐴1))𝑗‖‖‖‖𝓁𝑞
< ∞,

which allows to conclude. □

Definition 7.5. Given two admissible sequences 𝜎 and 𝛾 with 𝛾
1
> 1, let 𝜃 and 𝜓 be the sequences defined as in Theorem 7.4

for some 𝑟, 𝑠 as in (7.1); we define the space
[
𝐴0, 𝐴1

]𝜎,𝛾
𝑞

as follows:

[
𝐴0, 𝐴1

]𝜎,𝛾
𝑞

∶=
[
𝐴0, 𝐴1

]𝜃,𝜓
𝐽 ,𝑞

=
[
𝐴0, 𝐴1

]𝜃,𝜓
𝐾,𝑞
.

8 GENERALIZED INTERPOLATION OF SOBOLEV SPACES

Let us show that the generalized Besov spaces 𝐵𝜎,𝛾𝑝,𝑞 can be defined from the usual Sobolev spaces 𝑊 𝑠𝑝 or 𝐻𝑠𝑝 as generalized

interpolation spaces, as it is the case with the usual Besov spaces 𝐵𝑠𝑝,𝑞 and the classical real interpolation theory.

We need some auxiliary results. Roughly speaking, we aim at showing that there exist a constant 𝐶 > 0 (depending on 𝑠) for

which

𝐶−1
‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐻𝑠𝑝 ≤ 𝛾𝑠𝑗 ‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 ≤ 𝐶‖𝑓‖𝐻𝑠𝑝 .

Lemma 8.1. Let 𝛾 be an admissible sequence such that 𝛾
1
> 1; given 𝑠 ∈ ℝ and𝑁 ∈ ℕ0, there exists a constant 𝐶𝑠,𝑁 > 0 such

that for all 𝑗 ∈ ℕ0,

|||Δ𝛾,𝐽𝑗 𝑢𝑠||| ≤ 𝐶𝑠,𝑁𝛾𝑑+𝑠𝑗 (
1 + 𝛾𝑗| ⋅ |)−𝑁.
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Proof. Let us fix 𝑗 ≥ 𝐽𝑘0, the proof being similar for 0 ≤ 𝑗 ≤ 𝐽𝑘0 − 1. As Δ𝛾,𝐽𝑗 𝑢𝑠 = −1(𝜑𝛾,𝐽𝑗 𝑢𝑠), we get

(2𝜋)𝑑|||Δ𝛾,𝐽𝑗 𝑢𝑠||| ≤ ∫ℝ𝑑
||||𝜌(𝛾−1𝑗 |𝜉|) − 𝜌

(
𝛾−1𝑗−𝐽𝑘0

|𝜉|)||||(1 + |𝜉|2)𝑠∕2 𝑑𝜉
= 𝛾𝑑𝑗 ∫ℝ𝑑

||||𝜌(|𝑦|) − 𝜌(𝛾−1𝑗−𝐽𝑘0𝛾𝑗|𝑦|)||||(1 + 𝛾2𝑗 |𝑦|2)𝑠∕2 𝑑𝑦.
Since the support of 𝜌(| ⋅ |) − 𝜌(𝛾−1

𝑗−𝐽𝑘0
𝛾𝑗| ⋅ |) is included in Ω, where Ω is defined by

Ω ∶= 𝐵(0, 2) ⧵ 𝐵
(
0, 𝛾−1
𝐽𝑘0

)
,

we have

(2𝜋)𝑑|||Δ𝛾,𝐽𝑗 𝑢𝑠||| ≤ 𝛾𝑑+𝑠𝑗 ∫Ω
(|𝜌(|𝑦|)| + ||||𝜌(𝛾𝐽𝑘0 |𝑦|)||||

)(
1
𝛾2𝑗

+ |𝑦|2)𝑠∕2 𝑑𝑦,
and, as 0 < 1∕𝛾2𝑗 ≤ 1∕𝛾20 , this implies the existence of a constant 𝐶𝑠,0 > 0 such that

|||Δ𝛾,𝐽𝑗 𝑢𝑠(𝑥)||| ≤ 𝐶𝑠,0𝛾𝑑+𝑠𝑗 .
Now, if 𝛼 ∈ ℕ𝑑0 is a multi-index such that |𝛼| ≥ 1, then

(2𝜋)𝑑|||𝑥𝛼Δ𝛾,𝐽𝑗 𝑢𝑠(𝑥)||| ≤ ∫ℝ𝑑
||||𝐷𝛼(𝜑𝛾,𝐽𝑗 (𝜉)

(
1 + |𝜉|2)𝑠∕2)|||| 𝑑𝜉,

and similarly we get |||𝑥𝛼Δ𝛾,𝐽𝑗 𝑢𝑠(𝑥)||| ≤ 𝐶𝑠,|𝛼|𝛾𝑑+𝑠−|𝛼|𝑗 ,

for such an 𝛼, which is sufficient to conclude. □

Remark 8.2. Using the same proof as in Lemma 8.1, one can obtain the following result: For all 𝑠 ∈ ℝ and𝑁 ∈ ℕ0 there exists
a constant 𝐶𝑠,𝑁 > 0 such that for all 𝑗 ∈ ℕ0,

||||̃Δ𝛾,𝐽𝑗 𝑢𝑠|||| ≤ 𝐶𝑠,𝑁𝛾𝑑+𝑠𝑗 (
1 + 𝛾𝑗| ⋅ |)−𝑁.

Proposition 8.3. Let 𝑠 ∈ ℝ and 𝑝 ∈ [1,∞]; if 𝑓 ∈ 𝐻𝑠𝑝 , then there exists a constant 𝐶𝑠 > 0 such that

‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 ≤ 𝐶𝑠𝛾−𝑠𝑗 ‖𝑓‖𝐻𝑠𝑝 (𝑗 ∈ ℕ0),

where the notations defined by (2.3) have been used.

Proof. As 𝑓 = 𝑢−𝑠 ∗ 𝑢𝑠 ∗ 𝑓 , we get

Δ𝛾,𝐽𝑗 𝑓 =
(
Δ𝛾,𝐽𝑗 𝑢−𝑠

)
∗ (𝑢𝑠 ∗ 𝑓 ).

It follows from Young’s inequality and Lemma 8.1 that‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 ≤ ‖‖‖Δ𝛾,𝐽𝑗 𝑢−𝑠‖‖‖1‖𝑢𝑠 ∗ 𝑓‖𝐿𝑝 ≤ 𝐶𝑠𝛾−𝑠𝑗 ‖𝑓‖𝐻𝑠𝑝 ,
for some constant 𝐶𝑠, which is the desired result. □

Proposition 8.4. Let 𝑠 ∈ ℝ, 𝑝 ∈ [1,∞], and let 𝑓 ∈  ′. If, using the notations defined by (2.3), Δ𝛾,𝐽𝑗 𝑓 ∈ 𝐿
𝑝 (for some 𝑗 ∈ ℕ0),

then there exists a constant 𝐶𝑠 > 0 such that ‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐻𝑠𝑝 ≤ 𝐶𝑠𝛾𝑠𝑗 ‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 .
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Proof. From
̃Δ𝛾,𝐽𝑗 Δ𝛾,𝐽𝑗 𝑓 = 𝑐𝜑Δ

𝛾,𝐽
𝑗 𝑓 , we get

−1
(𝑢𝑠Δ𝛾,𝐽𝑗 𝑓

)
= 1
𝑐𝜑

−1
(
𝑢𝑠

(
̃Δ𝛾,𝐽𝑗 Δ𝛾,𝐽𝑗 𝑓

))
= 1
𝑐𝜑

−1
(
̃
𝜑𝛾,𝐽𝑗 𝑢𝑠Δ𝛾,𝐽𝑗 𝑓

)
= 1
𝑐𝜑

̃Δ𝛾,𝐽𝑗 𝑢𝑠 ∗ Δ𝛾,𝐽𝑗 𝑓 .

It follows here again from the Young’s inequality and Remark 8.2 that

‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐻𝑠𝑝 ≤ 1
𝑐𝜑

‖‖‖‖̃Δ𝛾,𝐽𝑗 𝑢𝑠‖‖‖‖1‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 ≤ 𝐶𝑠𝛾𝑠𝑗 ‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 ,
for a constant 𝐶𝑠 > 0. □

We are now able to define the generalized Besov spaces 𝐵𝜎,𝛾𝑝,𝑞 from the Sobolev spaces using generalized interpolation.

Theorem 8.5. Let 𝑝, 𝑞 ∈ [1,∞], 𝑟, 𝑠 ∈ ℝ, and let 𝜎, 𝛾 be two admissible sequences such that 𝛾
1
> 1 and

𝑟 < min
{
𝑠(𝜎)𝑠(𝛾)−1, 𝑠(𝜎)𝑠(𝛾)−1

} ≤ max
{
𝑠(𝜎)𝑠(𝛾)−1, 𝑠(𝜎)𝑠(𝛾)−1

}
< 𝑠; (8.1)

we have

𝐵𝜎,𝛾𝑝,𝑞 =
[
𝐻𝑟𝑝,𝐻

𝑠
𝑝

]𝜎,𝛾
𝑞
.

Proof. Let 𝜃 and 𝜓 be the sequences defined as in Theorem 7.4.

Let us first suppose that 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 and set

𝑢𝑗 ∶=

{
Δ𝛾,𝐽−𝑗 𝑓 if − 𝑗 ∈ ℕ0,

0 if 𝑗 ∈ ℕ .

From Proposition 8.4, for any 𝑡 ∈ {𝑟, 𝑠} and 𝑗 ∈ −ℕ0, there exists a constant 𝐶𝑡 such that

‖𝑢𝑗‖𝐻𝑡𝑝 ≤ 𝐶𝑡𝛾𝑡−𝑗‖‖‖Δ𝛾,𝐽−𝑗 𝑓‖‖‖𝐿𝑝 ,
which implies 𝑢𝑗 ∈ 𝐻𝑠𝑝 . Now, since

(
𝜎𝑘
‖‖‖Δ𝛾,𝐽𝑘 𝑓‖‖‖𝐿𝑝)𝑘∈ℕ0

belongs to 𝓁𝑞 and (8.1) holds, we have 𝑓 =
∑
𝑗∈ℤ 𝑢𝑗 , with convergence

in𝐻𝑟𝑝 . Moreover, for all 𝑗 belonging to −ℕ0, we get

𝜃𝑗‖𝑢𝑗‖𝐻𝑟𝑝 ≤ 𝐶𝑟𝜎−𝑗‖‖‖Δ𝛾,𝐽−𝑗 𝑓‖‖‖𝐿𝑝 and 𝜃𝑗𝜓𝑗‖𝑢𝑗‖𝐻𝑠𝑝 ≤ 𝐶𝑠𝜎−𝑗‖‖‖Δ𝛾,𝐽−𝑗 𝑓‖‖‖𝐿𝑝 .
From this, we can conclude that

(
𝜃𝑗𝐽

(
𝜓𝑗, 𝑢𝑗

))
𝑗∈ℤ belongs to 𝓁𝑞(ℤ) and thus 𝑓 ∈

[
𝐻𝑟𝑝,𝐻

𝑠
𝑝

]𝜃,𝜓
𝐽 ,𝑞

.

Let us now consider 𝑓 ∈
[
𝐻𝑟𝑝,𝐻

𝑠
𝑝

]𝜃,𝜓
𝐽 ,𝑞

; there exists (𝑓𝑙)𝑙∈ℤ ∈ 𝐻𝑠𝑝 such that 𝑓 =
∑
𝑙∈ℤ 𝑓𝑙 in𝐻

𝑟
𝑝 and

(
𝜃𝑙𝐽 (𝜓𝑙, 𝑓𝑙)

)
𝑙∈ℤ belongs

to 𝓁𝑞(ℤ). Now, for all 𝑗 ∈ ℕ0, Proposition 8.3 allows us to write‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝 ≤ ∑
𝑙∈ℤ

‖‖‖Δ𝛾,𝐽𝑗 𝑓𝑙‖‖‖𝐿𝑝
≤ 𝐶𝑟

−𝑗−1∑
𝑙=−∞
𝛾−𝑟𝑗 ‖𝑓𝑙‖𝐻𝑟𝑝 + 𝐶𝑠 0∑

𝑙=−𝑗
𝛾−𝑠𝑗 ‖𝑓𝑙‖𝐻𝑠𝑝 + 𝐶𝑠 ∞∑

𝑙=1
𝛾−𝑠𝑗 ‖𝑓𝑙‖𝐻𝑠𝑝 .

It follows that

‖‖‖‖(𝜎𝑗‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝)𝑗‖‖‖‖𝓁𝑞 ≤ 𝐶
‖‖‖‖‖‖
(−𝑗−1∑
𝑙=−∞
𝜎𝑗𝛾

−𝑟
𝑗 𝛾
𝑟
−𝑙𝜎

−1
−𝑙 𝜃𝑙‖𝑓𝑙‖𝐻𝑟𝑝

)
𝑗

‖‖‖‖‖‖𝓁𝑞 + 𝐶
‖‖‖‖‖‖
( 0∑
𝑙=−𝑗
𝜎𝑗𝛾

−𝑠
𝑗 𝛾
𝑠
−𝑙𝜎

−1
−𝑙 𝜃𝑙𝜓𝑙‖𝑓𝑙‖𝐻𝑠𝑝

)
𝑗

‖‖‖‖‖‖𝓁𝑞
+ 𝐶

‖‖‖‖‖‖
( ∞∑
𝑙=1
𝜎𝑗𝛾

−𝑠
𝑗 𝛾

−𝑠
𝑙 𝜎𝑙𝜃𝑙𝜓𝑙‖𝑓𝑙‖𝐻𝑠𝑝

)
𝑗

‖‖‖‖‖‖𝓁𝑞 .
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If 𝑟 ≥ 0, there exists 𝜀 > 0 such that 𝛼 = 𝑟𝑠(𝛾) − 𝑠(𝜎) + (𝑟 + 1)𝜀 < 0 and (2.2) implies the existence of a constant 𝐶 > 0 such

that (
𝛾−𝑙
𝛾𝑗

)𝑟 𝜎𝑗
𝜎−𝑙

≤ 𝛾𝑟−𝑙−𝑗𝜎−1−𝑙−𝑗 ≤ 𝐶2(−𝑙−𝑗)𝛼.

Using the triangle inequality, we get

‖‖‖‖‖‖
(−𝑗−1∑
𝑙=−∞
𝜎𝑗𝛾

−𝑟
𝑗 𝛾
𝑟
−𝑙𝜎

−1
−𝑙 𝜃𝑙‖𝑓𝑙‖𝐻𝑟𝑝

)
𝑗

‖‖‖‖‖‖𝓁𝑞 ≤ 𝐶
−1∑
𝑙=−∞

2−𝛼𝑙
‖‖‖‖(𝜃𝑙−𝑗‖𝑓𝑙−𝑗‖𝐻𝑟𝑝)𝑗‖‖‖‖𝓁𝑞 < ∞.

If 𝑟 < 0, we can choose 𝜀 > 0 such that 𝛽 = 𝑟𝑠(𝛾) − 𝑠(𝜎) + (1 − 𝑟)𝜀 < 0 and find 𝐶 > 0 such that(
𝛾−𝑙
𝛾𝑗

)𝑟 𝜎𝑗
𝜎−𝑙

≤ 𝛾𝑟
−𝑙−𝑗
𝜎−1−𝑙−𝑗 ≤ 𝐶2(−𝑙−𝑗)𝛽 .

Again, we have

‖‖‖‖‖‖
(−𝑗−1∑
𝑙=−∞
𝜎𝑗𝛾

−𝑟
𝑗 𝛾
𝑟
−𝑙𝜎

−1
−𝑙 𝜃𝑙‖𝑓𝑙‖𝐻𝑟𝑝

)
𝑗

‖‖‖‖‖‖𝓁𝑞 < ∞.
The same reasoning can be applied to the other terms in order to obtain

‖‖‖‖(𝜎𝑗‖‖‖Δ𝛾,𝐽𝑗 𝑓‖‖‖𝐿𝑝)𝑗‖‖‖‖𝓁𝑞 < ∞,
which means that 𝑓 belongs to 𝐵𝜎,𝛾𝑝,𝑞 . □

If the admissible sequence 𝛾 is the usual sequence (2𝑗)𝑗 , (8.1) can be written in a simpler way, which is given by Corollary 8.6.

Corollary 8.6. Let 𝑝, 𝑞 ∈ [1,∞], 𝑟, 𝑠 ∈ ℝ and let 𝜎 be an admissible sequence such that

𝑟 < 𝑠(𝜎) ≤ 𝑠(𝜎) < 𝑠; (8.2)

we have

𝐵𝜎𝑝,𝑞 =
[
𝐻𝑟𝑝,𝐻

𝑠
𝑝

]𝜎,(2𝑗 )𝑗
𝑞
.

The classical Besov spaces can be defined by interpolating the Sobolev spaces𝑊 𝑠𝑝 even when 𝑝 = 1 or 𝑝 = ∞. Let us show

that it is also the case in the generalized version.

Theorem 8.7. Let 𝑝, 𝑞 ∈ [1,∞], let 𝜎 =
(
𝜎𝑗
)
𝑗

and 𝛾 =
(
𝛾𝑗
)
𝑗

be two admissible sequences such that 𝛾
1
> 1. If 𝑘, 𝑛 ∈ ℕ0 are

two numbers such that

𝑘 < 𝑠(𝜎)𝑠(𝛾)−1 ≤ 𝑠(𝜎)𝑠(𝛾)−1 < 𝑛,
we have

𝐵𝜎,𝛾𝑝,𝑞 =
[
𝑊 𝑘𝑝 ,𝑊

𝑛
𝑝

]𝜎,𝛾
𝑞
.

Proof. Let us first suppose that 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 ; again, as in the proof of Proposition 4.1, there exists a sequence
(
𝑓𝑗
)
𝑗

of infinitely

differentiable functions belonging to 𝐿𝑝 such that

𝐷𝛼𝑓 =
∑
𝑗∈ℕ0

𝐷𝛼𝑓𝑗
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in 𝐿𝑝 for all |𝛼| ≤ 𝑘. Moreover, we have
(
𝜎𝑗𝛾

−|𝛼|
𝑗 ‖𝐷𝛼𝑓𝑗‖𝐿𝑝)

𝑗
∈ 𝓁𝑞 for all |𝛼| ≤ 𝑛. Let us then define the sequence

𝑢𝑗 ∶=
{
𝑓−𝑗 if − 𝑗 ∈ ℕ0,
0 if 𝑗 ∈ ℕ .

We can write 𝑓 =
∑
𝑗∈ℤ 𝑢𝑗 (with convergence in𝑊 𝑘𝑝 ); moreover, for all 𝑗 ∈ −ℕ0, we have

𝜃𝑗‖𝑢𝑗‖𝑊 𝑘𝑝 =
∑
|𝛼|≤𝑘 𝛾

−𝑘
−𝑗 𝜎−𝑗

‖‖‖𝐷𝛼𝑓−𝑗‖‖‖𝐿𝑝 ≤ 𝐶 ∑
|𝛼|≤𝑘 𝛾

−|𝛼|
−𝑗 𝜎−𝑗

‖‖‖𝐷𝛼𝑓−𝑗‖‖‖𝐿𝑝
and

𝜃𝑗𝜓𝑗‖𝑢𝑗‖𝑊 𝑛𝑝 =
∑
|𝛼|≤𝑛 𝛾

−𝑛
−𝑗 𝜎−𝑗

‖‖‖𝐷𝛼𝑓−𝑗‖‖‖𝐿𝑝 ≤ 𝐶 ∑
|𝛼|≤𝑛 𝛾

−|𝛼|
−𝑗 𝜎−𝑗

‖‖‖𝐷𝛼𝑓−𝑗‖‖‖𝐿𝑝 ,
which implies

(
𝜃𝑗𝐽

(
𝑢𝑗, 𝜓𝑗

))
𝑗
∈ 𝓁𝑞 and thus 𝑓 ∈

[
𝑊 𝑘𝑝 ,𝑊

𝑛
𝑝

]𝜎,𝛾
𝑞

.

Now, let 𝑓 ∈
[
𝑊 𝑘𝑝 ,𝑊

𝑛
𝑝

]𝜎,𝛾
𝑞

; there exists a sequence of functions (𝑢𝑙)𝑙∈ℤ in 𝑊 𝑛𝑝 such that 𝑓 =
∑
𝑙∈ℤ 𝑢𝑗 in 𝑊 𝑘𝑝 and(

𝜃𝑙𝐽
(
𝑢𝑗, 𝜓𝑙

))
𝑙
∈ 𝓁𝑞 . It follows that 𝐷𝛼𝑓 =

∑
𝑙∈ℤ𝐷

𝛼𝑢𝑙 in 𝐿
𝑝 for all |𝛼| ≤ 𝑘. Let us fix |ℎ| ≤ 𝛾−1𝑗 and |𝛼| = 𝑘; we have

‖‖‖Δ𝑛−𝑘ℎ 𝐷𝛼𝑓‖‖‖𝐿𝑝 ≤ ∑
𝑙∈ℤ

‖‖‖Δ𝑛−𝑘ℎ 𝐷𝛼𝑢𝑙‖‖‖𝐿𝑝
≤ 𝐶

−𝑗−1∑
𝑙=−∞

‖𝐷𝛼𝑢𝑙‖𝐿𝑝 + 𝐶 ∞∑
𝑙=−𝑗
𝛾𝑘−𝑛𝑗 sup|𝛽|=𝑛 ‖‖‖𝐷𝛽𝑢𝑙‖‖‖𝐿𝑝

≤ 𝐶
−𝑗−1∑
𝑙=−∞

‖𝑢𝑙‖𝑊 𝑘𝑝 + 𝐶 ∞∑
𝑙=−𝑗
𝛾𝑘−𝑛𝑗 ‖𝑢𝑙‖𝑊 𝑛𝑝 .

It follows, using the same arguments as before, that

⎛⎜⎜⎝𝛾−𝑘𝑗 𝜎𝑗 sup|ℎ|≤𝛾−1𝑗
‖‖‖Δ𝑛−|𝛼|ℎ

𝐷𝛼𝑓
‖‖‖𝐿𝑝⎞⎟⎟⎠𝑗 ∈ 𝓁𝑞 for all |𝛼| = 𝑘,

which implies 𝑓 ∈ 𝐵𝜎,𝛾𝑝,𝑞 , by Corollary 4.3. □
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