
_272`2M+2b
<latexit sha1_base64="DL4CCCU+HXmL96E1rN3f9K80YRA="></latexit><latexit sha1_base64="DL4CCCU+HXmL96E1rN3f9K80YRA="></latexit><latexit sha1_base64="DL4CCCU+HXmL96E1rN3f9K80YRA="></latexit><latexit sha1_base64="DL4CCCU+HXmL96E1rN3f9K80YRA="></latexit>

:2MmBM2Hv 2Mi�M;H2/ bvKK2i`B+ bi�i2b
rBi? MQ N@T�`iBi2 +Q``2H�iBQMb

<latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit><latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit><latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit><latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit><latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit><latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit><latexit sha1_base64="lD73Ru+s8w5HfZjzO431O9umlRM="></latexit>

CX J�`iBM1- aX .2bB;MQHH22- PX :B`�m/3

1 AMbiBimi /2 S?vbB[m2 Lm+Hû�B`2- �iQKB[m2 2i /2 aT2+i`Qb+QTB2- *1a�J- lMBp2`bBiû /2 GBĕ;2- "2H;BmK
2 :`QmT2 /2 S?vbB[m2 �TTHB[mû2- lMBp2`bBiû /2 :2Mĕp2- *>@RkRR :2Mĕp2- arBix2`H�M/

3 GShJa- *L_a- lMBpX S�`Bb@am/- lMBp2`bBiû S�`Bb@a�+H�v- NR9y8 P`b�v- 6`�M+2
<latexit sha1_base64="OCGqZgSHVhn92vdEv/eHEd1uuXw="></latexit><latexit sha1_base64="OCGqZgSHVhn92vdEv/eHEd1uuXw="></latexit><latexit sha1_base64="OCGqZgSHVhn92vdEv/eHEd1uuXw="></latexit><latexit sha1_base64="OCGqZgSHVhn92vdEv/eHEd1uuXw="></latexit>

:2QK2i`B+�H /2b+`BTiBQM Q7 bTBM@j bi�i2b
<latexit sha1_base64="96V5w+7B1td7JVxO2nxDOzugdi4="></latexit><latexit sha1_base64="96V5w+7B1td7JVxO2nxDOzugdi4="></latexit><latexit sha1_base64="96V5w+7B1td7JVxO2nxDOzugdi4="></latexit><latexit sha1_base64="96V5w+7B1td7JVxO2nxDOzugdi4="></latexit>

*?�TBi`2 RX LQiBQMb /2 T?vbB[m2 [m�MiB[m2

|0⟩

|1⟩

x

y

z

ϕ

θ
|ψ⟩

6B;m`2 RXj , aT?ĕ`2 /2 "HQ+?X

MQK /ǶQTû`�i2m`b /2 aiQF2b 2i bQMi 7Q`K2HH2K2Mi û[mBp�H2Mib �mt QTû`�i2m`b /2
bTBM +�` BHb b�iBb7QMi H2b KāK2b `2H�iBQMb /2 +QKKmi�iBQM URXRjV (j9)X *QKK2
H2b ûi�ib /2 TQH�`Bb�iBQM /2 H� HmKBĕ`2 bQMi û[mBp�H2Mib ¨ /2b ûi�ib /2 bTBM 1/2-
BH v �m`� T2m /2 `û7û`2M+2b 2tTHB+Bi2b ¨ +2mt@+B c +2T2M/�Mi- iQmi2b H2b T`QT`Bûiûb
`2H�iBp2b �m bTBM 1/2 bQMi /B`2+i2K2Mi BMi2`T`ûi�#H2b 2M i2`K2b /2 T`QT`Bûiûb
/Ƕûi�ib /2 TQH�`Bb�iBQM /ǶmM T?QiQMX

RXRXjXR aT?ĕ`2 /2 "HQ+?

G� T�`�Kûi`Bb�iBQM /2 HǶûi�i /ǶmM [m#Bi 2M i2`K2b /Ƕ�M;H2b URXkdV T2`K2i /2 H2
`2T`ûb2Mi2` /2 7�ÏQM ;ûQKûi`B[m2 T�` mM TQBMi bm` mM2 bT?ĕ`2 /2 `�vQM mMBiû
MQKKû2 bT?ĕ`2 /2 "HQ+?- +QKK2 BHHmbi`û bm` H� };m`2 RXjX G2b +QMp2MiBQMb
/Ƕ�M;H2b miBHBbû2b bQMi +2HH2b ?�#Bim2HH2b 2M T?vbB[m2- i2HH2b [mǶBHHmbi`û2b bm` H�
};m`2 RXkX

RXk avbiĕK2b +QKTQbBi2b

lM bvbiĕK2 +QKTQbBi2 U�mbbB �TT2Hû bvbiĕK2 KmHiBT�`iBi2V 2bi mM bvbiĕK2 [mB
7�Bi BMi2`p2MB` THmbB2m`b bQmb@bvbiĕK2bX GǶ2t2KTH2 H2 THmb ûpB/2Mi 2bi +2HmB /ǶmM
2Mb2K#H2 /2 T�`iB+mH2b- K�Bb mM2 b2mH2 T�`iB+mH2 TQbbû/�Mi THmbB2m`b /2;`ûb /2
HB#2`iû U+QKK2 /2b /2;`ûb /2 HB#2`iû 2ti2`M2b 2i /2b /2;`ûb /2 HB#2`iû BMi2`M2bV
2bi �mbbB +QMbB/û`û +QKK2 mM bvbiĕK2 +QKTQbBi2X
aQBi mM bvbiĕK2 +QKTQbû /2 /2mt T�`iB2b A 2i BX aB HǶûi�i /m bQmb@bvbiĕK2
A 2bi T�`7�Bi2K2Mi /û}MB 2i /û+`Bi T�` |ψ⟩A ∈ HA i�M/Bb [m2 HǶûi�i /m bQmb@
bvbiĕK2 B 2bi T�`7�Bi2K2Mi /û}MB 2i /û+`Bi T�` 2bi |φ⟩B ∈ HB �HQ`b- HǶûi�i /m

k8

h2MbQ` `2T`2b2Mi�iBQM Q7 bTBM@j bi�i2b
<latexit sha1_base64="zQbtKdKfAmjWgXg2NPQr1ndc5lQ="></latexit><latexit sha1_base64="zQbtKdKfAmjWgXg2NPQr1ndc5lQ="></latexit><latexit sha1_base64="zQbtKdKfAmjWgXg2NPQr1ndc5lQ="></latexit><latexit sha1_base64="zQbtKdKfAmjWgXg2NPQr1ndc5lQ="></latexit>

aTBM@j bi�i2b $ N@[m#Bi bvKK2i`B+ bi�i2b
<latexit sha1_base64="DvTjFaU64LWuDpFHgyhxCt5Vpt0="></latexit><latexit sha1_base64="DvTjFaU64LWuDpFHgyhxCt5Vpt0="></latexit><latexit sha1_base64="DvTjFaU64LWuDpFHgyhxCt5Vpt0="></latexit><latexit sha1_base64="DvTjFaU64LWuDpFHgyhxCt5Vpt0="></latexit>

Ç j = 1/2, "HQ+? bT?2`2 `2T`2b2Mi�iBQM UKBt2/ Q` Tm`2 bi�i2bV

Ç �Mv j, J�DQ`�M� `2T`2b2Mi�iBQM UTm`2 bi�i2b QMHvV
<latexit sha1_base64="s7/wZ6LewdkMu7/a9GBlOyCJuvw="></latexit><latexit sha1_base64="s7/wZ6LewdkMu7/a9GBlOyCJuvw="></latexit><latexit sha1_base64="s7/wZ6LewdkMu7/a9GBlOyCJuvw="></latexit><latexit sha1_base64="s7/wZ6LewdkMu7/a9GBlOyCJuvw="></latexit>

� *QMp2MB2Mi T`QT2`iv, `B;B/ `Qi�iBQM mM/2` alUkV

� J�Mv ;2M2`�HBx�iBQMb iQ KBt2/ bi�i2b Q7 �Mv bTBM jX
AM i?Bb rQ`F- r2 mb2 i?2 i2MbQ` `2T`2b2Mi�iBQM (R)

<latexit sha1_base64="wXFwO9On8iNsjh287hWP6NzE7+U="></latexit><latexit sha1_base64="wXFwO9On8iNsjh287hWP6NzE7+U="></latexit><latexit sha1_base64="wXFwO9On8iNsjh287hWP6NzE7+U="></latexit><latexit sha1_base64="wXFwO9On8iNsjh287hWP6NzE7+U="></latexit>

avKK2i`B+ bi�i2b rBi? MQ N@T�`iBi2 +Q``2H�iBQMb
<latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit><latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit><latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit><latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit>

avKK2i`B+ bi�i2b rBi? MQ N@T�`iBi2 +Q``2H�iBQMb
<latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit><latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit><latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit><latexit sha1_base64="AufZx20qyzEASB6GoI1AJN/86wY="></latexit>

*?�`�+i2`Bx�iBQM BM i2`Kb Q7 i2MbQ` +Q2{+B2Mib
<latexit sha1_base64="+UP3c9XRciX3uflgUac2I/jHkmQ="></latexit><latexit sha1_base64="+UP3c9XRciX3uflgUac2I/jHkmQ="></latexit><latexit sha1_base64="+UP3c9XRciX3uflgUac2I/jHkmQ="></latexit><latexit sha1_base64="+UP3c9XRciX3uflgUac2I/jHkmQ="></latexit>

Ç 1tT�MbBQM Q7 ⇢ QM �M Qp2`+QKTH2i2 b2i Q7 4N >2`KBiB�M K�i`B+2b Sµ1µ2...µN -
BMp�`B�Mi mM/2` T2`Kmi�iBQM Q7 BM/B+2b µi = 0, 1, 2, 3 rBi? i = 1, . . . , N ⌘ 2j

Ç h`�+2H2bb K�i`B+2b BM i?2 b2Mb2 gµ1µ2Sµ1µ2...µN = 0 rBi? g = diag(�,+,+,+)

Ç j = 1/2, S0 = �0 �M/ Sa = �a rBi? a = 1, 2, 3

⇢ = 1
2xµ1Sµ1 = 1

2 +
1
2

P
a xa�a, kxk 6 1 ! "HQ+? bT?2`2 TB+im`2

S`QT2`iB2b, � xa i`�Mb7Q`Kb �b � p2+iQ` mM/2` alUkV
� B7 ⇢ = +Q?2`2Mi bi�i2 |nihn|- i?2M xa = na

Ç j = 1, S00 = J0- Sa0 = Ja �M/ Sab = JaJb + JbJa � �abJ0 rBi? a, b = 1, 2, 3

⇢ = 1
4xµ1µ2Sµ1µ2 ! ;2M2`�HBx�iBQM Q7 i?2 "HQ+? bT?2`2 TB+im`2

S`QT2`iB2b, � xµ1µ2 i`�Mb7Q`Kb �b � i2MbQ` mM/2` alUkV
� B7 ⇢ = +Q?2`2Mi bi�i2 |nihn|- i?2M xµ1µ2 = nµ1nµ2

Ç j = 3/2, . . .
<latexit sha1_base64="q6leRKiQRxzVT7nQHJb3HrUP1IU="></latexit><latexit sha1_base64="q6leRKiQRxzVT7nQHJb3HrUP1IU="></latexit><latexit sha1_base64="q6leRKiQRxzVT7nQHJb3HrUP1IU="></latexit><latexit sha1_base64="q6leRKiQRxzVT7nQHJb3HrUP1IU="></latexit>

�#b2M+2 Q7 N @T�`iBi2 +Q``2H�iBQMb
+

�#b2M+2 Q7 (N � 2k)@T�`iBi2 +Q``2H�iBQMb 7Q` k = 0, . . . , bN/2c
<latexit sha1_base64="9d0FqC54cexfkjZR9NEtWEfEIrs="></latexit><latexit sha1_base64="9d0FqC54cexfkjZR9NEtWEfEIrs="></latexit><latexit sha1_base64="9d0FqC54cexfkjZR9NEtWEfEIrs="></latexit><latexit sha1_base64="9d0FqC54cexfkjZR9NEtWEfEIrs="></latexit>

a2iiBM; xµ1µ2...µN =
⌦
�µ1 ⌦ · · · ⌦ �µN

↵
⇢
- Bi +�M #2 2tT`2bb2/ 7Q` Q// N �b i?2 ?B2`�`+?v Q7

+QM/BiBQMb

xa1a2a3...aN = 0 8ai = 1, 2, 3, 1  i  N
xa1a2...aN�200 = 0 8ai = 1, 2, 3, 1  i  N � 2

XXX
XXX

xa100...0 = 0 8a1 = 1, 2, 3.
<latexit sha1_base64="Xhej+mBpy8/DS6/sXN6kRhSMsMo="></latexit><latexit sha1_base64="Xhej+mBpy8/DS6/sXN6kRhSMsMo="></latexit><latexit sha1_base64="Xhej+mBpy8/DS6/sXN6kRhSMsMo="></latexit><latexit sha1_base64="Xhej+mBpy8/DS6/sXN6kRhSMsMo="></latexit>

aT2+i`�H T`QT2`iB2b �M/ �MiBbi�i2b
<latexit sha1_base64="YdAzHrZO6hm7K59VDPLnOM45Nbo="></latexit><latexit sha1_base64="YdAzHrZO6hm7K59VDPLnOM45Nbo="></latexit><latexit sha1_base64="YdAzHrZO6hm7K59VDPLnOM45Nbo="></latexit><latexit sha1_base64="YdAzHrZO6hm7K59VDPLnOM45Nbo="></latexit>

avKK2i`B+ bi�i2b rBi? MQ N @T�`iBi2 +Q``2H�iBQMb +�M �Hr�vb #2 r`Bii2M �b

⇢ =
MX

i=0

�i
�
| iih i|+ | ̄iih ̄i|

�
,

r?2`2 | ii �M/ Bib �MiBbi�i2 | ̄ii ⌘ N⌦N | ii- rBi? N i?2 QM2@[m#Bi mMBp2`b�H@MQi QT2`�iQ`-
�`2 Q`i?QMQ`K�H 2B;2Mbi�i2b Q7 ⇢ rBi? 2B;2Mp�Hm2 �i �M/

P
i �i = 1/2X

<latexit sha1_base64="vC18N/Z6t18mc9N0fEoM7FU69xk="></latexit><latexit sha1_base64="vC18N/Z6t18mc9N0fEoM7FU69xk="></latexit><latexit sha1_base64="vC18N/Z6t18mc9N0fEoM7FU69xk="></latexit><latexit sha1_base64="vC18N/Z6t18mc9N0fEoM7FU69xk="></latexit>

�HH ;2MmBM2Hv 2Mi�M;H2/ bi�i2b 2 SNC3
<latexit sha1_base64="QQoda+awklLkjnKSA5oaqjoQWHA="></latexit><latexit sha1_base64="QQoda+awklLkjnKSA5oaqjoQWHA="></latexit><latexit sha1_base64="QQoda+awklLkjnKSA5oaqjoQWHA="></latexit><latexit sha1_base64="QQoda+awklLkjnKSA5oaqjoQWHA="></latexit>

�Mv ;2MmBM2Hv 2Mi�M;H2/ i?`22@[m#Bi bi�i2 rBi? MQ 3@T�`iBi2 +Q``2H�iBQMb +�M #2 r`Bii2M

⇢ =
1

8
14 +

3

8

3X

a,b=1

AabSab,

rBi? 14 i?2 4 ⇥ 4 B/2MiBiv K�i`Bt �M/ A i?2 3 ⇥ 3 `2�H bvKK2i`B+ K�i`Bt Q7 irQ@T�`iBi2
+Q``2H�iBQMb- A = (h�abi⇢)1a,b3- rBi? �ab = �a⌦�b⌦12 �M/ h�abi⇢ = tr(⇢ �ab) �M/ �a i?2
S�mHB K�i`B+2bX h?Bb `2bmHi 7QHHQrb 7`QK i?2 SSh +`Bi2`BQM �Mb Qm` i2MbQ` `2T`2b2Mi�iBQMX

<latexit sha1_base64="h0HhbSABBIMxss6horldiUrNhT0="></latexit><latexit sha1_base64="h0HhbSABBIMxss6horldiUrNhT0="></latexit><latexit sha1_base64="h0HhbSABBIMxss6horldiUrNhT0="></latexit><latexit sha1_base64="h0HhbSABBIMxss6horldiUrNhT0="></latexit>

1Mi�M;H2K2Mi +`Bi2`B� 7Q` bvKK2i`B+ bi�i2b
<latexit sha1_base64="fyVc9a3wKQD3ywrZeynD4JTrwVk="></latexit><latexit sha1_base64="fyVc9a3wKQD3ywrZeynD4JTrwVk="></latexit><latexit sha1_base64="fyVc9a3wKQD3ywrZeynD4JTrwVk="></latexit><latexit sha1_base64="fyVc9a3wKQD3ywrZeynD4JTrwVk="></latexit>

*Q`QHH�`v, 6Q` �Mv ⇢ 2 SNC3-
<latexit sha1_base64="ksVXXbgZX8XAv7Ge0d4Sd5Xdn/A="></latexit><latexit sha1_base64="ksVXXbgZX8XAv7Ge0d4Sd5Xdn/A="></latexit><latexit sha1_base64="ksVXXbgZX8XAv7Ge0d4Sd5Xdn/A="></latexit><latexit sha1_base64="ksVXXbgZX8XAv7Ge0d4Sd5Xdn/A="></latexit>

⇢ separable ,

0

@
h�11i⇢ h�12i⇢ h�13i⇢
h�21i⇢ h�22i⇢ h�23i⇢
h�31i⇢ h�32i⇢ h�33i⇢

1

A � 0 , tr1(⇢) separable

<latexit sha1_base64="shWjGZP25NwLQWC9MzUcgZjf7lo="></latexit><latexit sha1_base64="shWjGZP25NwLQWC9MzUcgZjf7lo="></latexit><latexit sha1_base64="shWjGZP25NwLQWC9MzUcgZjf7lo="></latexit><latexit sha1_base64="shWjGZP25NwLQWC9MzUcgZjf7lo="></latexit>

h?`22@[m#Bi bvKK2i`B+ bi�i2b BM i?2 bT�+2
Q7 2B;2Mp�Hm2b ↵i Q7 AX h?2 Q`�M;2 TH�M2
Ui`B�M;H2 /QrMV +Q``2bTQM/b iQ i?2 +QM/B@
iBQM trA =

P
i ↵i = 1X SQBMib BMbB/2

i?2 /�b?2/ #Hm2 +B`+H2 /2}M2/ #v trA2 =P
i ↵

2
i = 1 +Q``2bTQM/ iQ T?vbB+�H bi�i2b

⇢ � 0X SQBMib BMbB/2 i?2 ;`22M i`B�M;H2 mT-
/2}M2/ #v ↵i � 0- +Q``2bTQM/ iQ b2T�`�#H2
bi�i2bX SQBMib QmibB/2 i?2 ;`22M i`B�M;H2 mT
�M/ BMbB/2 i?2 /�b?2/ #Hm2 +B`+H2 +Q``2bTQM/
iQ ;2MmBM2Hv 2Mi�M;H2/ bi�i2bX SQBMib Hv@
BM; #2ir22M i?2 /�b?2/ +B`+H2 �M/ i?2 bQHB/
`2/ i`BHQ#2 /2}M2/ #v maxi ↵i =

P
i ↵

2
i +Q`@

`2bTQM/ iQ ;2MmBM2Hv 2Mi�M;H2/ bi�i2b /2@
i2+i2/ #v i?2 bm{+B2Mi +`Bi2`BQM URVX

<latexit sha1_base64="4c7hdp5jf4v3VR0QVhk6YcFEP7A="></latexit><latexit sha1_base64="4c7hdp5jf4v3VR0QVhk6YcFEP7A="></latexit><latexit sha1_base64="4c7hdp5jf4v3VR0QVhk6YcFEP7A="></latexit><latexit sha1_base64="4c7hdp5jf4v3VR0QVhk6YcFEP7A="></latexit>

(R) PX :B`�m/- .X "`�mM- .X "�;m2ii2- hX "�biBM- �M/ CX J�`iBM- h2MbQ` _2T`2b2Mi�iBQM Q7
aTBM ai�i2b- S?vbX _2pX G2iiX RR9- y3y9yR UkyR8VX

(k) *X a+?r2KK2`- GX EMBTb- JX *X h`�M- �X /2 _QbB2`- qX G�bFQrbFB- hX S�i2`2F- �M/
>X q2BM7m`i2`- :2MmBM2 JmHiBT�`iBi2 1Mi�M;H2K2Mi rBi?Qmi JmHiBT�`iBi2 *Q``2H�iBQMb-
S?vbX _2pX G2iiX RR9- R3y8yR UkyR8VX

(j) .X E�bxHBFQrbFB- �X aX .2- lX a2M- oX o2/`�H- �M/ �X qBMi2`- Zm�MimK *Q``2H�iBQM
rBi?Qmi *H�bbB+�H *Q``2H�iBQMb- S?vbX _2pX G2iiX RyR- ydy8yk Ukyy3VX

(9) aX .2bB;MQHH2- PX :B`�m/- �M/ CX J�`iBM- :2MmBM2Hv 2Mi�M;H2/ bvKK2i`B+ bi�i2b rBi? MQ
N @T�`iBi2 +Q``2H�iBQMb- S?vbX _2pX � Ne- yjkjkk UkyRdVX

<latexit sha1_base64="fE9EdY+Qfv8QlAdthB/bIZcD670="></latexit><latexit sha1_base64="fE9EdY+Qfv8QlAdthB/bIZcD670="></latexit><latexit sha1_base64="fE9EdY+Qfv8QlAdthB/bIZcD670="></latexit><latexit sha1_base64="fE9EdY+Qfv8QlAdthB/bIZcD670="></latexit>

avKK2i`B+ bi�i2b rBi? MQ N @T�`iBi2 +Q``2H�iBQMb �`2 /2}M2/ BM (k@j) �b bi�i2b ⇢ bm+? i?�i
h�a1 ⌦ · · · ⌦ �aN i⇢ = 0 7Q` �Mv ai rBi? 1  ai  3X q2 rBHH /2MQi2 #v SNCN i?2 b2i Q7
bvKK2i`B+ N @[m#Bi bi�i2b rBi? MQ N @T�`iBi2 +Q``2H�iBQMbX

<latexit sha1_base64="Re577r+fAdZTS3pCl6CNvrnS6cw="></latexit><latexit sha1_base64="Re577r+fAdZTS3pCl6CNvrnS6cw="></latexit><latexit sha1_base64="Re577r+fAdZTS3pCl6CNvrnS6cw="></latexit><latexit sha1_base64="Re577r+fAdZTS3pCl6CNvrnS6cw="></latexit>
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