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Abstract

In this paper we introduce and study new notions of uniform recurrence in multidimen-
sional words. A d-dimensional word is called uniformly recurrent if for all (sq,...,sq) € N?
there exists n € N such that each block of size (n, ..., n) contains the prefix of size (s, ..., sq4).
We are interested in a modification of this property. Namely, we ask that for each ratio-
nal direction (q1,...,qq4), each rectangular prefix occurs along this direction in positions
(q1,---,qq) with bounded gaps. Such words are called uniformly recurrent along all direc-
tions. We provide several constructions of multidimensional words satisfying this condition,
and more generally, a series of four increasingly stronger conditions. In particular, we study
the uniform recurrence along directions of multidimentional rotation words and of fixed points
of square morphisms.

1 Introduction

Combinatorics on words in one dimension is a well-studied field of theoretical computer science
with its origins in the early 20th century. The study of bidimensional words is less developed,
even though many concepts and results are naturally extendable from the unidimensional case
(see e.g. [2, 5, 6, 10, 16, 17, 24, 30]). However, some words problems become much more difficult
in dimensions higher than one. One of such questions is the connection between local complexity
and periodicity. In dimension one, the classical theorem of Morse and Hedlund states that if for
some n the number of distinct length-n blocks of an infinite word is less than or equal to n, then
the word is periodic. In the bidimensional case a similar assertion is known as Nivat’s conjecture,
and many efforts are made by scientists for checking this hypothesis [7, 15, 18|. In this paper,
we introduce and study new notions of multidimensional uniform recurrence.

A first and natural attempt to generalize the notion of (simple) recurrence to the multidimen-
sional setting quickly turns out to be rather unsatisfying. Recall that an infinite word w: N — A
(where A is a finite alphabet) is said to be recurrent if each prefix occurs at least twice (and
hence every factor occurs infinitely often). A straightforward extension of this definition is to
say that a bidimensional infinite word is recurrent whenever each rectangular prefix occurs at
least twice (and hence every rectangular factor occurs infinitely often). However, with such a
definition of bidimensional recurrence, the following bidimensional infinite word is considered as



recurrent, even though any column is not in the unidimensional sense of recurrence.

0 00O
00 00
0 00O
1111

In order to avoid this kind of undesirable phenomenon, a common strengthening is to ask
that every prefix occurs uniformly, see for example [2, 10]. In the present work, we investigate
several notions of recurrence of multidimensional infinite words w: N — A, generalizing the
usual notion of uniform recurrence of unidimensional infinite words.

This paper is organized as follows. In Section 2, we define two new notions of uniform
recurrence of multidimensional infinite words: the URD words and the SURD words. We also
make some first observations in the bidimensional setting. In Section 3, we show that these
two new notions of recurrence along directions do not depend on the choice of the origin. This
leads us to the definition of the even stronger notion of SSURDO words. In Section 4, we
prove that all multidimensional words obtained by placing some uniformly recurrent word along
every rational direction are URD. In Section 5, we show that all multidimensional rotation
words are URD but not SURD. Thus, the notion of SURD words is indeed stronger than that
of URD words, justifying the introduced terminology. In Section 6, we study fixed points of
multidimensional square morphisms. In particular, we provide some infinite families of SURD
words. We provide a complete characterization of SURD bidimensional infinite words that are
fixed points of square morphisms of size 2. In Section 7, we show how to build uncountably
many SURD bidimensional infinite words. In particular, the family of bidimensional infinite
words so-obtained contains uncountably many non-morphic SURD elements. We end our study
by discussing six open problems in Section 8, including potential links with return words and
symbolic dynamical aspects.

2 Definitions and first observations

Here and throughout the text, A designates an arbitrary finite alphabet and d is a positive integer.
For m,n € N, the notation [m,n]] designates the interval of integers {m,...,n} (which is con-
sidered empty for n < m). We write (s1,...,8q4) < (t1,...,ta) (resp. (s1,...,54) < (t1,...,tq))
if s; <t; (resp. s; < t;) for each i € [[1,d].

A d-dimensional infinite word over A is a map w: N — A. A d-dimensional finite word over
Ais amap w: [[0,s1 — 1] x --- x [[0, 54 — 1] — A, for some (s1,...,s4) € N¢ which is called the
size of w. A finite word f of size (s1,...,$q) is a factor of a d-dimensional infinite word w if there
exists p € N such that for each i € [[0,s1 — 1] x - - - x [0, 54 — 1]), we have f(i) = w(p +1i). In this
case, we say that the factor f occurs at position p in w. Similarly, a factor of a d-dimensional
finite word w of size (t1,...,tq) is a finite word f of some size (s1,...,84) < (t1,...,tq) for which
there exists p € [[0,t1 — s1]] x - -+ x [0, 4 — s4]| such that for each i € [[0,s1 — 1] x --- x [[0, 54— 1],
we have f(i) = w(p +1). In both cases (infinite and finite), if p = (0,...,0) then the factor f is
said to be a prefir of w. In some places, for the sake of clarity, we will allow ourselves to write
w; instead of w(i).

Remark 1. In general, a factor need not be rectangular, i.e. of the form [0, s7 —1] x - - - x [0, s4—
1]], but could be any polytope. Indeed, any occurrence of any given polytope is contained in a



larger rectangular factor. If we are interested in bounding the gaps between occurrences of the
polytope, then a bound on the gaps of the larger rectangular factor is sufficient. So, without loss
of generality we can restrict our attention to rectangular factors only.

Sometimes, multidimensional words are considered over Z¢, i.e. w: Z% — A. Although in our
considerations it is more natural to consider one-way infinite words, since for example we will
make use of fixed points of morphisms, most of our results and notions can be straightforwardly
extended to words over Z¢. For example, general relations between the considered notions hold
in Z? (Figure 6), as well as our results for rotation words (Section 5) and non-morphic SURD
examples (Section 7).

The following notion of uniform recurrence of multidimensional infinite words was studied by
many authors, see for example |2, 10].

Definition 2 (UR). A d-dimensional infinite word w is uniformly recurrent if for every prefix p
of w, there exists a positive integer b such that every factor of w of size (b,...,b) contains p as
a factor.

In the previous definition, it is clearly equivalent to ask the same for every factor and not
only every prefix. Whenever d = 1, this definition corresponds to the usual notion of uniform
recurrence of infinite words. In the bidimensional setting, the uniform recurrence of the word is
not linked to the uniform recurrence of all rows and columns. On the one hand, the fact that rows
and columns of a bidimensional word w: N*> — A are uniformly recurrent (in the unidimensional
sense) does not imply that w is UR.

Remark 3. We choose the convention of representing a bidimensional word w: N> — A by
placing the rows from bottom to top, and the columns from left to right (as for Cartesian
coordinates). See Figure 1.

w(0,3) w(1,3) w(2,3) w(3,3)
w(0,2) w(1,2) w(2,2) w(3,2)
w(0,1) w(1,1) w(2,1) w(3,1)
w(0,0) w(1,0) w(2,0) w(3,0)

Figure 1: Convention for the representation of bidimensional words.

Proposition 4. Let w: N? — {0, 1} be the bidimensional word obtained by alternating two kinds
of rows: 1F and OF where F' = 01001010 - - - is the Fibonacci word, i.e. F' is the fized point of
the morphism 0 — 01, 1 — 0 (see Figure 2). The rows and the columns of w are all uniformly
recurrent but w is not UR.

Proof. The word w is not UR since the square prefix [{J] only occurs within the first two

columns. The columns of w are uniformly recurrent since they are periodic. It is well known that
the words 1F and OF' are uniformly recurrent, hence the rows of w are uniformly recurrent. [

On the other hand, the fact that a bidimensional infinite word is UR does not imply that
each of its rows/columns is uniformly recurrent either. The construction given by the following
proposition is a modification of unidimensional Toeplitz words.
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Figure 2: A non UR bidimensional word having uniformly recurrent rows and columns.

Proposition 5. Let w: N? — {0,1} be the bidimensional word constructed as follows. The n-th
row (with n € N) is indeved by k if n = 2% (mod 2¥*1) and is indeved by —1 if n = 0. Let
up = (102k_1)‘“ for k=0 and u_; = 10°. Now fill the rows indezed by k with the words uy, (see
Figure 3). The bidimensional word w is UR, but its first row is not recurrent.

301 11111111111
12,21 00010O0O0T1O0O0O0
imy0}1 11111111111
0(1]71 01010101010
9,01 11111111111
81 311 00O0O0OO0OO0ODO0OT1TTO0OO0OTO
7/011 11111111111
6/1(1 01010101010
5/0(11 11111111111
412111 00010O0O0T1TO0O0TO0
3/]0(1 11111111111
21111 010101O01O0T10O0
1701 11111111111
0|—-1}{1 00O0OO0OOOOOOO OO
n| k | ug

Figure 3: A UR bidimensional infinite word with a non-recurrent row.

Proof. Consider first the bidimensional infinite word w’ composed of the rows u; with k& > 0,
that is, the word w without its first row. We show that each prefix of w’ appears according to a
square network. Note that this network argument is also used in the proof of Proposition 50. In
w’, let p be a prefix of some size (s1,52) € N2 and N = max([logs(s1)], [logy(s2)]). The prefix p’
of size (2V,2N) appears periodically according to the periods (2V*1,0) and (0,2V*1). Therefore
each factor of w’ of size (2¥+1 4 2V — 12N+ 1 9N _ 1) contains p’. So it contains p as well.
Hence w' is UR.

Now let p denote a prefix of w of some size (s1,52) € N2, Let N = max([logs(s1)], [logy(s2)])-
Using the previous paragraph, we know that the prefix of w’ of size (2V,2") occurs with periods
(2N+1.0) and (0,2V*1). Since the 2V*!-th row of w is filled with the infinite word uy 1 =

(102N+1_1)“’ and that 2V*! > s, the prefix p also appears in position (0,2V*1) in w, i.e. in



position (0,2¥+! — 1) in w’. As w’ is UR, p occurs within every factor of w’ of size (n,n) for
some n € N. As w is composed of w’ with an additional row u_1, the prefix p of w occurs also
within every factor of w of size (n + 1,n + 1). O

In order to obtain the uniform recurrence of all rows and columns in a bidimensional infinite
word, we introduce a different version of uniform recurrence of multidimensional infinite words,
which involves directions. Throughout this text, when we talk about a direction q = (q1,- .., q4),
we implicitly assume that q1, ..., gq are coprime nonnegative integers. For the sake of conciseness,
if s = (s1,...,84), we write [[0,s — 1] in order to designate the d-dimensional interval [J0,s; —
1] x -+ x [0, 8¢ — 1]. In particular, we set 0 = (0,...,0) and 1 = (1,...,1).

In what follows, we will use the following notation. Let w: N — A be a d-dimensional
infinite word, s € N and q € N¢ be a direction. The word along the direction q with respect
to the size s in w is the unidimensional infinite word wqs: N — AlOs=11 " where elements of
Al0s=11 are considered as letters, defined by

VleN, Vie[0,s — 1], (wqs(£))(i) = w(i+ {q).
See Figure 4 for an illustration in the bidimensional case.
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Figure 4: The word wqs is built from the blocks of size s occurring at positions ¢q in w. Those
blocks in A%~ may or may not overlap.

Note that, for any choice of direction q, the first letter wqs(0) of the unidimensional infinite
word wq,s is the prefix of size s of the d-dimensional infinite word w.

Definition 6 (URD). A d-dimensional infinite word w: N% — A is uniformly recurrent along all
directions (URD for short) if for all s € N% and all directions q € N%, there exists b € N such that
each length-b factor of wqs contains the letter wqs(0).

Alternatively, we can say that the letter wqs(0) occurs infinitely often in wqs with gaps at
most b. The same reformulation is also valid for further definitions of uniform recurrence.

Proposition 7. A d-dimensional infinite word w: N¢ — A is URD if and only if for all s € N¢
and all directions q € N, the unidimensional word Wq,s 15 uniformly recurrent.

Proof. The condition is clearly sufficient. Let us show that it is also necessary. Suppose that
w: N — A is URD and let s, q € N? be some fixed size and direction. We show that any prefix
of wq,s appears infinitely often with bounded gaps in wgqs. Consider a prefix p of wqs of some
length ¢. Let s’ = ({ — 1)q +s. Since w is URD, there exists ¥’ € N such that each length-b’
factor of wq ¢ contains the letter wq ¢ (0). This implies that each length-(b" + ¢ — 1) factor of
Wq,s contains p. O



We will see that the uniform recurrence along all directions implies that rows and columns
are uniformly recurrent (see Proposition 13). However, a URD word is not necessarily UR as
shown by the following proposition. In the next section, we will show that UR does not imply
URD either (see Corollary 14).

Proposition 8. For any d = 2, there exists a d-dimensional URD word that is not UR.

Proof. We give a sketch of a construction to avoid cumbersome details. Let A be a finite alphabet
containing at least two letters, say 0 and 1, and let d > 2. Consider the following recursive
procedure to construct uncountably many such d-dimensional infinite words. See Figure 5 for

oooo00°?*????2?2?2?2?7270000°?7?7?2?272727277?700
T1010212????2?2?77?277210101017?77?2101010
oooo0???7?70000000000O0O0OO0GC?”7?7?00000?
10107???7?710101010101007?7?7?10100?°?
0o0o00??7??2000000000O0O0CO00O°???700000 ?7
1010?77?71 010101010101L7?7?7?101O01?7
ooo0oo0?????7?2700000°?7?°?7?2720000°?7?°??777
1010????7?27?2101007?7?7?7?7?2101010101?7?
0oo0oo0?”?0000000O0O0OO0¢???7?2000000000 ?
1010??1010101010???7?101010100 ?7
0000?”?7?70000000O0000OOO0OO0CO0®????700000 °7
101017?”101010101010107??77?101O01?7
ooo0oo00?”??0000??7??20000°???700007?°7
10100??7?7101010101010101?10101?7?
0000O0O0OO0OO0OO0OO0OOO0OO?OOOOOBD?OOOO®O?
101010101010101007?10100¢?10100?7
00000O00O0OOOOOOOOOOO?OOOOOBD?O0O0O0O0O0?7
101010101010101017?10101°?101O017?
0oo0ooo0o0o0000O00OO0OOOOOOOOO0®?”?? 27727777
1010101010101010101021201??10101?7
00000O0OO0OOOOOOOOOOOOOOOOGC?OOOOGO ?
10101010101010101010100¢?/101000
000000O00OO0O0OO0OO®??0000O0O0OOOO0G?O0O0O0O0OO
1010101010107?7?20000101017?101010
00o0o0000OO0OOOOOOOOOOO®? 2?2?2772 7770
1010101010100000002021201°???7?7770
00o00000O0OO0OO0O?OOOOO??00000GB?”0O0O0O0C??
1010001010??1010?7?10100¢?10107?7?7
000000O0O0OOO0OOOOO0OOO0OO0OO0OO0OO0OO0OO0OO0O0OOOOOOO
. 01010101010101010101010101010

Figure 5: The first 5 steps of the construction of a URD word that is not UR, according to the
procedure described in Proposition 8. The letters filled at steps 1,...,5 are respectively drawn
on cells colored in blue, gray, pink, yellow and red.

an illustration of a bidimensional binary such word. On the first step, fill the position 0 with
the letter 1. On each step n > 2, consider the prefix p, of size n = (n,...,n) which is partially
filled. Choose arbitrary letters of A to complete it (in Figure 5, we chose to complete with 0’s
at each step). For each direction q < n, choose a constant by and copy pj, in all positions ¢bqq
with £ € N. Note that the word wqn may be already partially filled, but there always exists a
constant bg (potentially big) that allows us to perform this procedure. In one of the remaining
factors of size n that do not contain any letter yet, write n? times the letter 0 (at each step of
Figure 5, we chose such a square below the diagonal and the closest possible of the origin). All
so-constructed words are URD but are not UR since they contain arbitrarily large hypercubes of
0’s. O

A natural strengthening of the definition of URD words is to ask that the bound between



consecutive occurrences of a prefix only depends on the size of the prefix and not on the chosen
direction.

Definition 9 (SURD). A d-dimensional infinite word w: N¢ — A is strongly uniformly recurrent
along all directions (SURD for short) if for each s € N?, there exists b € N such that, for each
direction q € N9, each length-b factor of wqs contains the letter wes(0).

In Figure 6, we summarize the relations between the different notions of recurrence we con-

sider.
Prop 5
h\

Ex. 494||Def. 15 ' Prop. 8 or. 14 UR rows
Prop 13

Prop. 16

SSURDO

Def. 9 rop. 13
SURD = SURDO ﬁ? URD = URDO
Prop. 12 Prop: 23 Prop. 12

Figure 6: In black are drawn the links between the different notions of recurrence. In red is
drawn an open question.

3 Uniform recurrence along all directions from any origin

As a natural generalization of d-dimensional URD and SURD infinite words, we could ask that
the recurrence property should not just be taken into account on the lines {{q: ¢ € N} for all
directions q but on all lines {¢q + p: ¢ € N} for all origins p and directions q. In fact, this would
not be a real generalization; the proof of this claim is the purpose of the present section.

Definition 10 (URDO). A d-dimensional infinite word w: N¢ — A is uniformly recurrent along
all directions from any origin (URDO for short) if for each p € N?, the translated d-dimensional
infinite word w(®): N¢ - A, i+ w(i + p) is URD.

Definition 11 (SURDO). A d-dimensional infinite word w: N¢ — A is strongly uniformly re-
current along all directions from any origin (SURDO for short) if for each p € N?, the translated
d-dimensional infinite word w®): N — A, i — w(i + p) is SURD.

Proposition 12.
o A d-dimensional infinite word is URD if and only if it is URDO.

o A d-dimensional infinite word is SURD if and only if it is SURDO.

Proof. Both conditions are clearly sufficient. Now we prove that they are necessary. Let w: N¢ —
A be URD (SURD, respectively), let p,s € N% and let f: [0,s — 1]] — A be the factor of w
of size s at position p: for all i € [0,s — 1]], f(i) = w(i + p). We need to prove that for each
direction q, there exists b € N such that (that there exists b € N such that for all directions
q, respectively) each factor of length b taken along the line fq + p contains f. The situation
is illustrated in Figure 7. Consider the prefix p of size p + s of w. Since the word is URD
(SURD, respectively), for all directions q, there exists b’ such that (there exists b such that for
all directions q, respectively) each factor of length b’ taken along the line q contains p. Since f
occurs at position p in p, this implies the condition we need with b = b'. O



Figure 7: Illustration of the proof of Proposition 12 in the bidimensional case.

Proposition 13. If a bidimensional infinite word is URD, then all its rows and columns are
uniformly recurrent, but the converse does not hold.

Proof. Let w be a URD bidimensional infinite word. From Proposition 12, w is also URDO.
So, any translated word w(P) with p = (0,m) is also URD. Hence, in w®) any factor of size of
the form (s,1) occurs along the direction (1,0) with bounded gaps. In other words, any row is
uniformly recurrent. The argument is similar for the columns.

In order to see that the converse is not true, we can for example consider again the bidimen-
sional word of Proposition 4. O

Corollary 14. A bidimensional infinite UR word is not necessarily URD.
Proof. This follows from Propositions 5 and 13. O

We can also ask the constant b to be uniform for all the origins. As previously, the notation
(w(p))%s designates the unidimensional infinite word along the direction q with respect to the
size s in the translated d-dimensional infinite word w®) : N — A, i — w(i + p).

Definition 15 (SSURDO). A d-dimensional infinite word w: N¢ — A is super strongly uniformly
recurrent along all directions from any origin (SSURDO for short) if for all s € N, there exists
b € N such that, for each direction q € N¢ and each origin p € N¢, each length-b factor of (w(p))%S
contains the letter (w®))qs(0).

Doubly periodic words satisfy the latter definition (take b the product of the coordinates of
the periods) but there also exist SSURDO aperiodic words. One of them is given as the fixed
point of a bidimensional morphism introduced in Section 6 (see Proposition 48). Note that this
notion of SSURDO words is distinct from that of SURD words (see Example 49).

Proposition 16. A d-dimensional SSURDO word is necessarily UR.

Proof. Let w be a d-dimensional SSURDO word and let p be a prefix of w of some size s. Let b
be the bound from Definition 15 and b = (b,...,b). It is enough to prove that any factor of w
of size b + s — 1 contains p as a factor.

Let p = (p1,...,pq) and let f be the factor of size b+ s —1 occurring in w at position p. For
each i € [[1,d]], we let e; denote the direction (0,...,0,1,0,...,0) with 1 in the i-th coordinate.
By definition, in the word (w(®))e, s, each factor of length b contains p (considered as a letter).
Therefore, there exists a position kje; with p; < k1 < p1 + b — 1 where p occurs in w. By
definition again, in the word (w(klel))ems, each factor of length b contains an occurrence of p. So
there exists a position ke + keeg with po < ko < po + b — 1 where p occurs in w. Applying the
same argument d — 2 more times, we find a position k1e; + - -+ + kqeq € [p,p + b — 1]] where p
occurs in w. Thus, p occurs as a factor of f as desired. O



4 Construction of URD multidimensional words using the gcd

In this section, we consider a specific construction of d-dimensional infinite words starting from a
single unidimensional infinite word. More precisely, for any u: N — A, we define a d-dimensional
infinite word w: N¢ — A by setting

Vie N9, w(i) = u(ged(i)),

where ged(i) = ged(i1, . .., 4q) if i = (i1,...,74). Otherwise stated, one places the infinite word u
in every rational direction: for all directions q € N¢ and all £ € N, we have w({q) = u(¢).

Lemma 17. Let q = (q1,...,qq) € Z% such that qu, . ..,qq are coprime, let ay,. .., o4 € Z such
that a1qy + -+ agqe = 1, and let i = (iy,...,iq) € ZN\Zq. Then, for all £ € 7, we have

ged(fq + 1) = ged (€ + aqiy + - + ogig, ged(ijqr —ikg;: g, k€ [[1, d]])),
ged(lq) = L.
In particular, the sequence (gcd(ﬁq + i))éez is periodic of period ged(ijqr — ixq;: j,k € [1,d]).
Proof. Let d = ged(fq + i) and D = ged (¢ + aqiy + - + agia, ged(ijqe — ixg;: j,k € [1,d])).

Then d divides
d d d d
2 Ozj(qu + ij) =/ Z a;q; + Z Oéjij =/ + Z ajz'j.
Jj=1 j=1 j=1 j=1

Moreover, for all j,k € [1,d]], d also divides (¢q; + ij)qr — (Cqi + ix)q; = jqr — ikq;. This shows
that d < D. Conversely, for all k € [1,d]], D divides

d
<€ + Z ajij)qk + Z (ikC_Ij - iij)Oéj = lqk + ig-
Jj=1 Jjel1,d]

We obtain that D < d, hence d = D. The particular case follows from the fact that ged(a,b) =
ged(a + b,b). O

An arithmetical subsequence of a word w: N — A is a word v: N — A such that there exist
p,q € N with ¢ # 0 such that, for all £ € N, v(¢) = w(lq + p). A proof of the following result can
be found in [1].

Lemma 18. An arithmetical subsequence of a uniformly recurrent infinite word is uniformly
recurrent.

Example 19. Consider the occurrence of the prefix 01 of the Thue-Morse word at positions
multiple of 3:

0110100110010110100101100110100110010110011010010110100110010110 - - -

From Lemma 18 the distance between any two consecutive such occurrences is bounded.

Theorem 20. For any uniformly recurrent word u: N — A, the d-dimensional word w: N —
A, i— u(ged(i)) is URD.



Proof. Let u: N — A be a uniformly recurrent word and let w: N* — A be the d-dimensional
word w: N — A, i+ u(ged(i)). Let q be a direction, let p be a prefix of w of some size s and
let y: N — Al0s=1l be the word defined by

VleN, Vie[0,s—1], (y(¥))(i) = w(lq+1i).
We claim that y contains the letter y(0) = p with bounded gaps. By construction of w, we have
VleN, Vie[0,s—1], (y(¢))(i) = u(ged(fq + 1)).
Now the conclusion follows from Lemma 17 and the uniform recurrence of uw. More precisely, let

B= ||  ecd(ijg —irg;: g,k € [1,d])
0<(i1,.ig)<s
(i1,--via)#Ng

and 7 = min{[Z}], ..., [Z—Z]}. By Lemma 18, the length-r prefix of u occurs at positions multiples

of B in w infinitely often with gaps bounded by some constant C'. Then, by Lemma 17, p occurs
infinitely often in y with gaps at most BC. O

5 Recurrence properties of multidimensional rotation words

We illustrate that URD and SURD notions are distinct using a generalization of rotation words
to the multidimensional setting. This generalization includes the bidimensional Sturmian words,
which were proven to be UR [3].

Definition 21. Let a = (aq,...,aq) € [0,1)% and p € [0,1) be such that 1,a,...,aq are
rationally independent and let {3, ..., Ix} be a partition of [0, 1) into half-open intervals on the
right. The d-dimensional (lower) rotation word w: N¢ — [[1, k] (with parameters v, I1, ..., I, p)
is defined as

VieN? Vje[1,k], w(i)=j < (p+i-a)modle I

(where i - « is the scalar product ijaq + - -+ + igayg). Similarly, we can also consider half-open
intervals on the left. In this case, we talk about d-dimensional upper rotation words.

Note that for d = 2, I = [0, ;) and Iy = [aq,1), we recover the definition of bidimensional
Sturmian words from [3].

With the previous notation, for s € N% and for f a d-dimensional finite word of size s over
the alphabet {1,...,k}, we let

Ir= ) Rl
ie[[0,s—1]

where R,;: [0,1) — [0,1), 2 — (z+a) mod 1. Note that an intersection of intervals on the circle
is a union of intervals (it does not have to be connected). Since Iy is an intersection of finitely
many intervals, it is also a finite union of nonempty disjoint intervals. We let n(f) denote the
number of such intervals and Iy1,... Iy, s) the intervals, so that:

n(f)
I = Iy (5.1)
j=1

If Iy is empty then the union is empty, meaning that there is no interval I ; at all, or equivalently
that n(f) = 0.

10



Lemma 22. Let w be a d-dimensional rotation word with parameters o, I1,. .., I, p.

o A d-dimensional finite word f occurs as a factor of w at some position p if and only if
(p+p-a)modlelf.

o A d-dimensional finite word f is a factor of w if and only if I is nonempty.

Proof. The proof is an adaptation of that of [3, Lemma 1]. Let f be a d-dimensional finite
word. Then f occurs in w at position p if and only if for all i € [0,s — 1]] we have that
(p+ (p+1) - a) mod 1 € Iy, which is equivalent to saying that (p + p - ) mod 1 € I;.

If Iy is nonempty then it is a nonempty union of half-open intervals, and hence Iy has
nonempty interior. Moreover, by Kronecker’s theorem (see for example [14]|) and since ay is
irrational, we know that the orbit {(p + pgorg) mod 1: pg € N} of p under the rotation R, is

dense in [0,1). Therefore, if Iy is nonempty then for any p1,...,pq—1 € N, there exists some
pa € N such that p +prag + -+ - + pg—10g—1 + pgag belongs to Iy, so f occurs as a factor of w at
position p = (p1,...,pd)- O

Proposition 23. All d-dimensional rotation words are URD, but none of them are SURD.

Proof. Consider a d-dimensional rotation word w with parameters o, I1,..., I, p. First, we
show that w is URD. Let q € N¢ be a direction and s = (s1,...,s4) € N®. We claim that the
unidimensional word wqs is the image of a unidimensional rotation word under a letter-to-letter
projection. Indeed, by definition, for each ¢, the letter wqs(¢) corresponds to the factor of size
s occurring at position /q in w. By Lemma 22, we get that the word wqs is the coding of the
rotation on the unit circle of the point p under the irrational angle q - & with respect to the
interval partition {1y, 1,..., Ip, n(f1)s-- s Lpn1s- -5 Lpon(s,)} Where f1,..., f, are the factors of w
of size s and the intervals Iy, ; are defined as in (5.1). Note that, since for each i, the intervals
I 1y Iy, n(s,) are coded by the same "letter" f; in wq,s, we do not necessarily obtain a rotation
word but a letter-to-letter projection of a rotation word. Now, we obtain that w is URD as a
direct consequence of the three-gap theorem [27, 25| stating the following: if § is an irrational
number and [ is an interval of the unit circle then the gaps between the successive integers j such
that 0j € I take at most three values. So, the letter wqs(0) occurs in wqs with gaps bounded by
the largest gap corresponding to 0 = q-a and the interval I = I, (0),; Where j € [[1, k(wqs(0))]
corresponds to the index of the interval I,,_ (o); containing p.

However, w is not SURD since the uniform recurrence constant of wg,1 can be arbitrarily
large depending on the direction q. Indeed, by Kronecker’s theorem, for each integer N, one
can choose qn = (q1, N, ..., N) so that {(qy - @ mod 1) < min(|[1],..., |Ix|) for any £ € [0, N].
Therefore, the word wq, 1 contains all the factors GV for j e [[1, k]. O

To end this section, we present an alternative proof of Proposition 23 using the notion of
direct product of words. We hope that this technique could be useful in order to prove that some
other families of d-dimensional infinite words are URD.

Recall that the direct product of two unidimensional words v: N — A and w: N — B (possibly
over different alphabets A and B) is defined as the word v x w: N — A x B where the i-th letter
is (v(7),w(i)); for example see [22]. The direct product of £ > 2 unidimensional words can be
defined inductively.

First, we need a lemma based on Furstenberg’s results [13| and their consequences on the
direct product of unidimensional rotation words.

Lemma 24. Any direct product of unidimensional lower (resp. upper) rotation words is uniformly
recurrent.
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Proof. Let k > 2 and consider k£ unidimensional lower (resp. upper) rotation words Rq, ..., Rk.

For each i, suppose that R; has slope «; and intercept p;. Let T; be the transformation associated

with R;, i.e. T;: [0,1) — [0,1),  — (2 + ;) mod 1. By definition, R; is the coding of the orbit

of the intercept p; in the dynamical system ([0,1),7;) with respect to some interval partition

(Li1s- .-, 1ip,) of [0,1) where each interval I; ; is half open on the right. Moreover, the direct

product of k£ codings can be seen as the coding of the dynamical system product ([0,1), T} x
- x T) where Ty x - +- x Ty: (z1,...,2k) — (Th(z1), ..., Tk(xg)).

The maps T; correspond to the transformation 7' defined in [13, Prop. 5.4] with d = 1.
Thus, from a dynamical point of view, every point of ([0, 1),7;) is recurrent |13, Prop. 5.4]
and their product with any recurrent point of ([0,1),7j) is also recurrent [13, Prop. 5.5| for
the product system. Such points are called strongly recurrent by Furstenberg. Since the direct
product of strongly recurrent points is also strongly recurrent [13, Lem. 5.10| and since strong
recurrence implies uniform recurrence [13, Thm. 5.9], we obtain that the product of any k
points of ([0,1),T1),..., ([0, 1), T}) respectively is uniformly recurrent with respect to the product
system ([0, 1), Ty x --- x T},).

Finally, since Rq, ..., Ry are all rotation words of the same orientation of the intervals, there
is no ambiguity in the coding and the dynamical systems results can be translated in terms of
words. Therefore, their direct product is uniformly recurrent. O

Alternative proof of the URD part of Proposition 23. Consider a d-dimensional rotation word w
with parameters a, Iy, ..., I, p. Let q € N be a direction and s = (sy,...,s4) € N4 For any
i e [[0,s—1]], the unidimensional word (w(fq+1))sen is a rotation word. Indeed, it is the coding
of the rotation of the point p + i- a of the unit circle under the irrational angle q - a, with
respect to the partition into the intervals Iy, ..., I;. Therefore, the word wgqs is a direct product
of s1 -+ sq unidimensional rotation words (of the same orientation):

wgs = X w(lq + 1) e
ie[[0,s—1]|
By Lemma 24, we obtain that wqs is uniformly recurrent. This proves that w is URD. O

Remark 25. In the particular case of rotation words of the same slope «, one can directly prove
(without using Furstenberg’s results) that their direct product is uniformly recurrent, except in
some exceptional cases described below. See [8] for similar concerns on rotation words.

The proof goes as follows. Let Ry,..., Ry be unidimensional lower (resp. upper) rotation
word of intercepts p1, . .., px respectively. As in the proof of Proposition 23, for each i, the factor
of length s at position m in R; corresponds to the interval of the point p; + ma.

For each 7, let us shift all the intervals of the i-th circle by p; — p;. Now the factor at position
m of each R; corresponds to the (shifted) interval of the point p; + (p1 — pi) + ma = p1 + ma.
Consider the intervals created as the intersections of all shifted intervals (we have at most ny - - - ny
of them where each n; is the number of intervals in the interval partition corresponding to R;).
These new intervals correspond to the factors of the product Ry x - - - x Rg. Namely, the factor at
position m of Ry X - - - x Ry, corresponds to the interval containing the point p; + ma. This shows
that Ry x - -+ x Ry is a rotation word. So, it is uniformly recurrent by the three-gap theorem.

If some words are upper rotational, and some are lower rotational, their direct product might
not be uniformly recurrent. This occurs when some intersection of the intervals is a single point,
which can only happen in the case when in one of the words the intervals are half-open on the
right, and in the other one they are half-open on the left, and the orbit of each point contains
this point. On the other hand, if one of the words never touches the intervals endings (which
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corresponds to an orbit not containing zero), it means that orientation does not play any role
for this word and we can assume it is the same as for the other word.

6 Fixed points of multidimensional square morphisms

Similarly to unidimensional words, one can define morphisms and their fixed points in any di-
mension; for example, see [6, 21, 23|. For other kinds of multidimensional substitutions, we refer
to the survey [12]. For simplicity, we only consider constant length morphisms.

Definition 26. A d-dimensional morphism of constant size s = (s1,...,54) € N? is a map
p: A— Al0s=11 For cach a € A and for each integer n > 2, ©"(a) is recursively defined as

(@) [0,5" = 1] = A, i (p((¢" (@)(@) ) @),

where q and r are defined by the componentwise Euclidean division of i by s: i = qs + r. With
these notation, the preimage of the letter (¢"(a))(i) is the letter (" *(a))(q). In the case
s=(s,...,8), we say that ¢ is a d-dimensional square morphism of size s.

Note that ¢™(a) is obtained by concatenating H?:l s; copies of the images "~ !(b) for the
letters b occurring in p(a). For instance, if d = 2 and s = (s1, s2), the n-th image ¢"(a) has size
s" = (s7, s4) and, with the convention of Remark 3, we have

p@)os-1) - @

n—l(.

p(a)oo) - "N

p(a)s-1,0)
where we have used the lighter notation ¢(a); ; instead of (p(a))(i, j).

Example 27. In Figure 8, the third iteration of a bidimensional morphism ¢ of size s = (3, 2)

7lto1ft1o0lt0o110 1 1 0 1 1 1 01 01 1 1 0 1 0 1
611001111011 01 10 0 1 1 1 1 00 1 1 1 1 0
5/toy'tTo1110ft 1 0]1 01 1 0 1 1 01 1 01 1 1 0
41111001 1Jo 1 1|1 1 0 1 1 0 1 1 0 1 1 0 0 1 1
3T T 1T 1 01/t 0 1 1 1 0 1 0 1 1 0 1 [T 0 1]1 1 o0
2110@1/?/{10 T 1 1 1 1 1 0]lo0 1 1
1to11011[@0/1 0 1 1 0 1 1 1 0 1 1 01 0 1 1 0 1
01 1011001 1|1 1 1 1.0 0 1 1 0 1 1 1 1 0 1 1 0
01 234567829 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Figure 8: Third iteration of the morphism

110 1 0 1 .
0»—»{0 0 1], 1»—»{1 1 0] starting from 1.

is given. The gray zone corresponds to ¢?(1). The preimages of different letters is highlighted in
colors. For instance, the preimage of ¢3(1)47 (in red) is the letter p?(1)13 as (4,7) = (1,3)s +
(1,1) (where the product and sum are understood componentwise). Note that it is also the
preimage of ©*(1)36,¢>(1)37 and p3(1)5 7 for example.

Definition 28. Let ¢ be a d-dimensional morphism such that there exists a € A with ¢(a)po = a.
We say that ¢ is prolongable on a and the limit lim,_, ¢"(a) is well defined. The limit d-
dimensional infinite word so obtained is called the fized point of ¢ beginning with a and it is
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denoted by ¢*“(a). A d-dimensional infinite word is said to be pure morphic if it is the fixed
point of a d-dimensional morphism.

Example 29. Figure 9 depicts the first five iterations of a bidimensional square morphism with

-

Figure 9: The first five iterations of the 2D morphism.

[0 0 10 .
0~ 0 0], 1— [1 1} starting from 1.

the convention that a black (resp. white) cell represents the letter 1 (resp. 0). The limit object
of this process is the famous Sierpinski gasket [26].

A first interesting observation is that in order to study the uniform recurrence along all
directions (URD) of d-dimensional infinite words of the form ¢“(a) for a square morphism ¢, we
only have to consider the distances between consecutive occurrences of the letter a.

Proposition 30. Let w be a fized point of a d-dimensional square morphism of size s and let q
be a direction. If there exists b € N such that w(0) occurs infinitely often along q with gaps at

most b, then for all m € N?, the prefiz of size m of w occurs infinitely often along q with gaps at
most slogs(maxm)ly

Proof. Let m € N? and let p be the prefix of size m of w. Let r be the integer defined by
5"~ < maxm < s". In the d-dimensional infinite word w, if the letter w(0) occurs at position
i, then the image ¢"(w(0)) occurs at position s"i. Therefore and because we consider a square
morphism, if w(0) occurs infinitely often along q with gaps at most b, then p occurs infinitely

often along q with gaps at most s"b. O

In order to provide a family of SURD d-dimensional infinite words, we introduce the following
definition.

Definition 31. For an integer s > 2 and i = (iy,...,iq) € (Z/sZ)? such that iy,...,iq are
coprime, we define (i) to be the additive subgroup of (Z/sZ)? that is generated by i:

G) = {ki: k € Z/sZ).
Then, we let C(s) be the family of all cyclic subgroups of (Z/sZ)%:
C(s) = {(i): i€ (Z/sz)?, ged(i) = 1}.

Proposition 32. If ¢ is a d-dimensional square morphism of size s prolongable on a € A and
such that, for every C € C(s), there exists i € C such that ¢(b); = a for each b € A, then its
fized point p*(a) is SURD. More precisely, for each m € N¢, the prefiz of size m of ¢¥(a) occurs
infinitely often along any direction with gaps at most s/o8s(maxm)]+1,
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Proof. Let q € N be a given direction. Let r = q mod s (componentwise) and d = ged(r). By
hypothesis, there exists i € (2r) such that (¢(b)); = a for each b € A. Let k € [0, s — 1] such
that i = £r mod s. Then kq = kr = di (mod s). Observe that ged(d, s) divides r and s, hence
also divides q. This implies that gcd(d,s) = 1. Let £ = d~'k mod s. Then fq =i (mod s). We
obtain that for all n € N, (£ +ns)q =1 (mod s), hence (¢*(a))¢4ns)q = @ This proves that the
letter a occurs infinitely often in ¢*(a) along the direction q with gaps at most s.

Now let m € N? and consider the prefix p of size m of ¢*(a). From the first part of the proof
and by using Proposition 30, we obtain that p occurs infinitely often along any direction with

gaps at most gllog (maxm)]+1 !

Since each subgroup of (Z/sZ)¢ contains 0, the following result is immediate.

Corollary 33. Let ¢ be a d-dimensional square morphism of size s such that (p(b))o = a for
each b€ A. Then the fized point ©*(a) is SURD. More precisely, for each m € N¢, the prefix of
size m of ¢¥(a) occurs infinitely often along any direction with gaps at most sllog, (maxm)]+1

When the alphabet A is binary (in which case we assume without loss of generality that
A = {0,1}), then we talk about binary morphism and we always consider that it has a fixed
point beginning with 1.

Example 34. By Corollary 33, the fixed point ¢“(1) of

0 0 01
is SURD: for all (m,n) € N2, the prefix of size (m,n) of ¢*(1) occurs infinitely often along any
direction with gaps at most 2/108s(max(m.n))+1

Remark 35. When the size s is prime, the orbits (i) and {j) of any two elements i and j with
coprime coordinates either coincide or have only the element 0 in common. Therefore we have
exactly S::f distinct orbits. In particular, for d = 2, this gives s + 1 distinct orbits. Hence we
can consider a partition of (Z/sZ)? into s + 2 sets: s + 1 orbits without 0 and 0 itself. When s
is not prime, the structure is a bit more complicated and we do not have such a nice partition.

Below we consider examples to illustrate the two situations.

Example 36. Partition for s = 5 and d = 2 can be illustrated by the following picture where
each letter in {a,...,(} represents an orbit:

B ¢ e ¢ v
B o C v €
B e v ¢ 9
B v 6 € ¢
0 ¢ o o «o

Due to Proposition 32, in order to obtain a SURD fixed point of a bidimensional square morphism,
it is enough to have the letter a in one of the coordinates marked by each Greek letter in the
image of each letter b € A. And by Corollary 33, having the letter a in the coordinate (0,0) in
the image of each letter is enough.
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Example 37. For s = 6 and d = 2, one has 12 orbits (which can be checked by considering the
36 possible cases of pairs of remainders of the Euclidean division by 6, out of which there are
only 21 coprime pairs to consider):

- B8 |k| 6 ¢ 5 |47
B, (A | v 0k, € A v, 0,1 | €
B0, 0,p|m| w |7vGRN| BN
B, | e 7,0, A 0,6,k | L
B Y| 6 ¢ b |k

| 0 ala,nu| a, e |a,nu|al

Here are the correspondence between the 12 orbits and letters (where we do not write (0,0),
which belongs to every orbit):

a | (1,0) {(1,0),(2,0),(3,0), (4,0), (5,0)}
B1(0,1) {(0,1),(0,2),(0,3),(0,4), (0,5)}
v (1) {(1,1),(2,2),(3,3), (4,4), (5,5)}
6 | (2,1),(4,5) | {(2,1),(4,2),(0,3),(2,4),(4,5)}
e | (1,2),(5,4) | {(1,2),(2,4),(3,0),(4,2), (5,4)}
¢ | (3,1),(3,5) | {(3,1),(0,2),(3,3),(0,4),(3,5)}
n | (1,3),(5,3) | {(1,3),(2,0),(3,3),(4,0), (5,3)}
0| (4,1),(2,5) | {(4,1),(2,2),(0,3),(4,4),(2,5)}
v | (1,4),5,2) | {(1,4),(2,2),(3,0), (4,4), (5,2)}
k| (5,1),(1,5) | {(5,1),(4,2),(3,3),(2,4),(1,5)}
A (374)7(37 2) {(374)7(072)7(370)7(074) (37 2)}
po| (4,3),(2,3) | {(4,3),(2,0),(0,3),(4,0),(2,3)}

We remark that here the orbits intersect, for example, first and third orbits have the element
(3,3) in common. Due to Proposition 32, in order to obtain a SURD word, it suffices to have
the letter a in the image of each letter in at least one of the elements of each orbit. For example,
it is the case of the fixed point of any morphism with a’s in the marked positions in the images

of each letter:

¥ ¥ ¥ ¥ Q %

E I R S
* * Q % Q %

* ¥ ¥ Q ¥ ¥

Q % ¥ ¥ % %
¥ ¥ X X X ¥

Corollary 38. If ¢ is a d-dimensional square morphism of size s such that for some integer i,
its power @ = " satisfies the conditions of Proposition 32, then the fized point 1*“(a) is SURD.

More precisely, for all m € N¢, the prefiz of size m of *(a) occurs infinitely often along any

direction with gaps at most sillog(maxm)|+i

Proof. Clearly, the fixed points of ¢ and ¢ are the same. Now apply Proposition 32 to . O

Example 39. The morphism

0 00 010
Y:0— |1 1 1], 1—]1 0 1
010 1 10
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satisfies the hypotheses of Corollary 38 for s = 3, i = 2. Indeed, it can be checked that for each
C € Cy, we can find a 1 at the same position in both images ¥%?(0) and ?(1).

Remark 40. The hypotheses of Proposition 32 should be compared to the primitivity property
of a morphism. In the unidimensional case, a morphism is said to be primitive if its incidence
matrix is primitive, or equivalently, if some power of the morphism is such that all letters appear
in the image of every letter; see for example [9]. It is well known that fixed points of primi-
tive morphisms are uniformly recurrent. This notion of primitivity generalizes naturally to any
dimension d. However, if we are interested in studying the URD property, the natural general-
ization of primitivity is not accurate: we should not only consider the number of times a letter
occurs in the image of another letter but also the positions where the letter occurs within each
image. See Section 8 for some perspectives in this direction.

Now we give a family of examples of SURD d-dimensional words which do not satisfy the
hypotheses of Corollary 38, showing that it does not give a necessary condition. We first need
the following observation on unidimensional fixed points of morphisms.

Lemma 41. Let ¢ be a unidimensional morphism of constant prime size s and prolongable on
a € A for which there exists i € [[0,s — 1] such that ©(b); = a for each b € A. For all positive
integers m, any factor of length s of the infinite word (p*(a)mk)ken contains the letter a.

Proof. Let w = ¢*¥(a) and let m be a positive integer. The integer m can be decomposed in a
unique way as m = s°¢ with e,/ € N and ¢ # 0 (mod s). We prove the result by induction on
ee N. If e =0 then m # 0 (mod s). Then for all £ € N, at least one of the s integers mk,
m(k +1),...,m(k + s —1) is congruent to ¢ modulo s. Since the letter a appears in the i-th
place of the images of all letters, at least one of the letters wyuk, Wi (k41), -+ - Win(k+s—1) 1 equal
to a. Now suppose that e > 0 and that the result is correct for e — 1. Observe that, for every
k € N, the preimage of the letter wy,;, = wsegx is the letter wmy = wge—1p,. Since the morphism
is prolongable on a and since m = 0 (mod s), for each k € N ,S the letter wy, is equal to a if its
preimage is a. But by induction hypothesis, for all k£ € N, at least one of the s preimages wmy,
W (o 1)y - ooy WD (fps—1) is equal to a. Therefore, we obtain that for all k € N, at least one of the
s letters Wik, Wy(k41)s - -+ s Win(k+s—1) 18 equal to a as well. O

Proposition 42. If ¢ is a d-dimensional square morphism of some prime size s and prolongable
on a € A such that

1. ViZa “e 7,L'd € [[07 s — 1]]7 @(a)o,iQ,..‘,’id =a
2. Jiy € [0,s — 1]], Via,...,ig € [0,s — 1], ¢(b)i,....i, = a for eachbe A
then ¢ (a) is SURD.

Proof. By Proposition 30, we only have to show that there exists a uniform bound ¢ such that
the letter a occurs infinitely often along any direction of ¢“(a) with gaps bounded by t¢. It is
sufficient to prove the result for the fixed point beginning with 1 of the binary morphism
satisfying the hypotheses (1) and (2) and having 0 at any other coordinates in the images of
both 0 and 1. Indeed, the fixed point ¢*(a) of any morphism ¢ satisfying (1) and (2) differs
from this one only by replacing occurrences of 1 by a and occurrences of 0 by any letter of the
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alphabet. For example, for d = 2, the morphism 1) is

oo - 010 ---0 1 0 o1 0 - 0
oo -- 010 --- 0 1 0 o1 0 - 0
P: 00— | . s 1

(where the common columns of 1’s are placed at position i; in both images). Each of the
hyperplanes
Hk = {ww(l)k,ig.“,id3 ig, .. ,id € N}, for ke N

of ¥ (1) contains either only 0’s or only 1’s. Therefore, for any direction q = (q1,...,qq), we
have ©*(1)¢q = ¥*“(1)eg,.0,..0, hence the unidimensional word N — A, ¢ — 1)¥(1)4q is the fixed
point of the unidimensional morphism

c:0—~[00 -+ 010 - 0], 1—»[1L 0O 010 - 0]

(where, again, the common 1’s are placed at position i; in both images). By Lemma 41, we
obtain that ¢*(1) is SURD with the uniform bound ¢ = s. O

Note that the role of the first coordinate i1 could be played by any of the other coordinates
12, ...,tq with the ad hoc modifications in the statement of Proposition 42.
Now we give a sufficient condition for a d-dimensional word to be non URD.

Proposition 43. Let ¢ be a d-dimensional square morphism of a prime size s prolongable on
a€ A. Let q be a direction and let C' = {(q mod s). If p(b); # a for each be A and i€ C except
for ¢(a)o = a, then (¢*(a)eq)ien € a(A\{a})“. In particular, ¢“(a) is not recurrent along the
direction q.

Proof. Suppose that the first occurrence of a after that in position 0 along the direction q occurs
in position ¢q. Since, for each b € A, ¢(b) has non-a elements on all places defined by C'\{0}, the
letter ¢*(a)¢q must be placed at the coordinate 0 of the image of a. In particular, the preimage
of p¥(a)iq must be a. Because s is prime, ¢ must be divisible by s and the preimage of ¢*(a)¢q
is ¢“(a)e,. But by the choice of ¢ and since 0 < g < {, we must also have ¢“(a)c, # a, a
contradiction. ) O

The next results shows that the condition of Proposition 43 is not necessary.

Proposition 44. The fized point ¢* (1) of the morphism

1 10 1 11
p:0— 10 0 O 1— 10 1 0
0 01 1 10

is not recurrent along the direction (1,3).

Proof. We let w = ¢*(1). We show that the sequence we get along the direction (1, 3) is 10*. It
can be seen directly that the first symbols are 100, then we proceed by induction. Suppose the
converse, and that ¢ is the smallest positive integer such that w;3; = 1. We consider three cases:
i=3i',1=3i'+1, ori =3¢ +2. In each case, our aim is to prove that w; 37 = 1, contradicting
the minimality of 7.
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Case 1: ¢ = 3¢’. In this case @(wy 3i)0,0 = wizi. Since ¢(0)oo = 0 and w; 3, = 1 by the
assumption, we must have wy 3 = 1.

Case 2: i = 3" + 1. In this case p(wy 3i7+1)1,0 = wi3i. Since p(0)10 = 0 and w;3; = 1, we
have w; 3741 = 1. The coordinate (i’,3i’ + 1) being a position (i mod 3,1) in some image ¢(a),
this is possible only in the case when a = 1 and ¢/ = 1 (mod 3). Indeed, this is the only non-0
position with second coordinate 1 in ¢(0) and ¢(1). Therefore, we obtain w; 3 = 1.

Case 3: © = 3’ + 2. In this case p(wy 3i7+2)2,0 = wi3i. Since p(1)29 = 0 and w;3; = 1, we
have w; 374+2 = 0. The coordinate (i, 3i’ 4+ 2) being a position (i’ mod 3,2) in some image ¢(a),
we must have @ = 0 and ¢/ = 2 (mod 3). Indeed, this is the only non-1 position with second
coordinate 2 in ¢(0) and ¢(1). We obtain once again that wy 3, = 1. O

The next theorem gives a characterization of SURD fixed points of square binary morphisms
of size 2.

Theorem 45. Let ¢ be a bidimensional binary square morphism of size 2 prolongable on 1. The
fized point ¢“(1) is SURD if and only if either ©(0)o0 =1 or p(1) =[11].

The “if” part follows from Corollary 33. The “only if” part is proven with a rather technical
argument involving a case study analysis and using certain properties of arithmetic progressions
in the Thue-Morse word t = 0110100110010110- - -.

We first provide two useful lemmas about the Thue-Morse word [28]|. Recall that this word is
the fixed point of the unidimensional morphism 0 — 01, 1 — 10. It can also be defined thanks
to the function sg: N — N that returns the sum sy(n) of the digits in the binary expansion of
n: the (n + 1)-th letter ¢, of the Thue-Morse word t is equal to 0 if s2(n) =0 (mod 2) and to 1
otherwise.

Lemma 46. For any ¢ € N, the Thue—Morse word t = (t,)nen satisfies tg = 0 and tg = tog =
t3qg = ... =tyy with d = 2t — 1. Moreover, tg =1 if £ is odd and tg = 0 if £ is even.

Proof. Let m € [[1, 2£]]. There exist 7 odd and i > 0 such that m = r2?. Denote by T§Tj—1" " T1T0
the binary expansion (7)2 of 7. In particular, rp = 1 since 7 is odd. Also r < m < 2¢ and
r odd imply that r < 2¢ and |(r)2] < £. We have (r2%)y = rjrj_1---1r1700° and (r2f — 1)y =
TiTi—1 -1101¢. Therefore,

so(r(28 — 1)) = s2(r2° — 1 — (r — 1))

=s9(r) =1+ € —sy(r — 1) (as [(r)2] < 0)
=s9(r) =1+ L0 —s9(r)+ 1 (as r odd)
= /.

Since so(m(2¢ — 1)) = so(r(2¢ — 1)) = ¢, the conclusion follows. O

Note that the proof of the previous lemma is a modification of Lemma 3.2 in [4].

Lemma 47. For any positive integer ¢, the Thue—Morse word t = (tp)nen Satisfies tog = tqg =
tog = ... =toey =0 withd = 2"+ 1.

Proof. Let m € [[0,2° —1]. Since m < 2¢, [(m)a] < £. So sa(m(2f + 1)) = sa2(m) + so(m) is
even. It follows that ¢,,0c, ) = 0. For m = 2, we have sa(m(2f + 1)) = 59(2% +2¢) = 2 and
tmat 1) = 0. O
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Proof of Theorem 45. The condition is sufficient by Corollary 33. To prove that it is necessary,
we show by a case study that the fixed points beginning with 1 of all the other possible morphisms
are not SURD. For the sake of clarity, we set w = ¢“(1).

First, note that ¢(1); ; = ¢(0);,; = 0 for some (4, j) # (0,0) implies that w contains 10“ along
the direction (4, j). Hence for a given position (i, j), it is sufficient to consider (¢(1);;,¢(0); ;) €
{(0,1),(1,0),(1,1)}. The graph of our case study is depicted in Figure 10.

"R "=y B "my B
-5 o -8

pd N

i>n] e omm o o 0
D—)E D—)E D—)E D—)Ei D—)EE D—)E

Case 1 Case 2 Case 3 Symm. Case 4 Symm.

/\Case 2 Case 3

omm s>l
- >N

Case 3.1 Case 3.2

Figure 10: Square morphisms of size 2. A black (resp. white) cell corresponds to a position
filled with letter 1 (resp. 0). A gray cell corresponds to a position which can contain any letter.
The possible pairs (¢(1);5,(0);;) with 4,5 € {0,1} are successively considered. A blue line
corresponds to the pair (¢(1);,©(0);;) = (0,1), a red one to (1,0) and a green one to (1,1).

1 = 0 =
L I B i

We show that the factor 102 ! occurs along the direction (p,q) = (22¢(2¢ —1),2° + 1) with ¢
odd (see Figure 11). First note that the first row of ¢ (1) is equal to t. Hence, the first 2% rows
contain p?(t). Let d = 2 — 1. By Lemma 46, the arithmetical subsequence (f,,4)men begins

Case 1

with 102°. Thus, Wmp,0 = Wppgo2e g = Wmdo = 0 for m e {1,..., 2}. To conclude, observe that
the first column of ©2¢(0) is a prefix of t. By Lemma 47, the arithmetical subsequence (t;4)men
begins with 02 Let m € [1,2¢ — 1]. As (2/ — 1)q = 22/ — 1 < 22, the letter Winp,mq 18 inside a
square ¢?’(0) with the bottom left corner at position (mp,0), hence wypmq = 0.

Case 2
1 = 0 =
‘p'OH[o 0]’ 1H[1 1}
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Figure 11: Structure of Case 1 morphisms with (p,q) = (22¢(2 — 1),2¢ 4 1) where £ is odd.

In this case we will prove that for all odd n € N, the factor 02" ~! occurs along the direction
(1,(2™ — 1)2™). More precisely, we claim that for all odd n € N and all i € [[1,2" — 1]], we have
wj j2n—1)2n = 0. First, notice that there are only 0’s on the bottom line of the images ©™(0) for
all m € N, namely, ¢™(0); o = 0 for all m € N and all i € 0,2 — 1]]. Second, we use Lemma 46
which gives wy jon_1) = 0 for all odd n € N and all i € [[1,2"]. By applying the power morphism
@", we get wg jen_1)2n = 0 for all odd n € N and all i € [1,2"]. Since the latter points belong to
left bottom corner of ¢"(0), we obtain that w; ;ien_1)on = 0 for every i € [1,2" — 1] as desired.

1 1 0 0
ooy 1 v

Similarly to Case 1, we can show that the factor 102°~1 occurs along the direction (p,q) =
(26 + 11,2242 — 1) + 2° + 1) with ¢ odd. Indeed, in this case, the Thue-Morse word or its
complement appears in the first column and in the diagonal; see Figure 12.

1 01
Sl TR ]

In this case we will prove that the word is not recurrent in direction (2,1). More precisely,
we show that (wg;;)ieny = 10¥. Clearly woo = 1. We prove ws;; = 0 for all ¢ > 1 by induction
on i. The base case wg1 = 0 is easily verified. Now let 7 > 1 and suppose that wyy = 0
for all 1 < ¢ < 4. If i is even, then wo;; = (p(wi’%)op = 0, where the last equality comes

from the induction hypothesis with i = % and the fact that ¢(0)o0 = 0. If i is odd, then

woi; = p(w; i-1)p,1. Remark that w, i-1 is an element in a right column of a 2 x 2 block which
E>) ’ 2

is an image of 0 or 1. An element w, ; i-1 (which is equal to 0 by induction hypothesis with
. ’ 2
i’ = %) is an element in the same block which is situated to the left of w, i—1. Due to the
)

forms of ¢(0) and (1), if a left element is 0, then the right element in the same line is 1. So,
w, i—-1 = 1, hence W24, = @(1)071 =0.

1,2
% % 1 0
SC I R

In this case we will prove that for all n € N, the factor 02"~! occurs along the direction
(2" — 1,1). More precisely, for all n € N, we have wj;on_y); = 0 for every j € [1,2" — 1]
First, an easy induction on n shows that there are 0 just above the diagonal from upper left

Case 3.1

Case 3.2

Case 4
We can suppose that

for otherwise (1) = [11].
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Figure 12: Structure of Case 3.1 morphisms with (p,q) = (2¢ + 1,2%(2° — 1) + 2° + 1) where £ is
odd.
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to lower right in the images ¢"(1) for all n > 1, namely ¢"(1)n_j; = 0 for all n > 1 and all
je[1,2" —1]). For example, for n = 3, we have

1 0 * = |% =% % =%

1 1 0 =|=* =% =% =

1 01 0= = = =

5|1 0 1 1 1 1(/0 =% =% =
@%D:¢[11]: 10 « =1 0 % =
1 1 0 =1 1 0 =

1 01 oj1 01 O

|1 1 1 1(1 1 1 1]

Second, since w; g = 1 for all 7 € N, we obtain that, for all n,k € N, the square factor of size
2" occurring at position (2"k,0) is equal to ¢™(1). Therefore, we have wanjion_j;; = 0 for all
n,k € N and j € {1,...,2" — 1}. The claim follows by considering the latter equality with
k=4 1. O

The previous theorem gives a characterization of strong uniform recurrence along all directions
for fixed points of bidimensional square binary morphisms of size 2. For larger sizes of the
morphism, we gave several conditions that are either necessary (Proposition 43) or sufficient
(Propositions 32 and 42). An open problem is to find a necessary and sufficient condition in
general (see Section 8).

We end this section by a small discussion on the SSURDO notion. First we provide an
example of SSURDO aperiodic word. Then, we give an example of a SURD word that is not
SSURDO.

Proposition 48. Let ¢ be the square binary morphism defined by

1 00 1 01
p:0— |1 0 1], 1—1]1 0 1
100 100

The fized point ¢*(1) is SSURDO.

Proof. Let w = ¢“(1) and q be any direction. By definition of ¢, for every position p # (2,2)
(mod 3), we have w(p) = w(p mod 3). If follows that w(p) = w(p + 3q) for all such p. Consider
now a position p = (2,2) (mod 3). Since ged(q) = 1, we have p + q # (2,2) (mod 3) and
p+2q# (2,2) (mod 3). So w(p+q) = w((p+q) mod 3) and w(p + 2q) = w((p + 2q) mod 3).
By checking all the possible values modulo 3 of p + q and p + 2q, we can verify that w(p + q) #
w(p + 2q). So the letter w(p) along the direction q is firstly repeated within a distance two,
then it is repeated every three letters.

Now consider a position p and a factor f of size s occurring at position p. Let ¢ =
[max(logszs)]. We will show that f occurs along q with gaps bounded by 3'*!. To do so,
we will consider a covering of the grid by the square factors ¢*(0) and (1) and study the
position of the factor f relatively to this covering; see Figure 13.

If f occurs “completely” inside a factor ©?(0) or i(1), i.e. if

JkeN?, 3k<p<p+s<3i(k+1),

then we use the previous observation about the occurrence of any letter every three positions
along q to conclude that f occurs infinitely often along q with gaps bounded by 3*+1.
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Figure 13: The factor f at position p occurs “completely” inside a factor of the form ’(0) or
¢'(1), while the factor f’ (of the same size) at position p’ does not.

Now, suppose that f does not “completely” occur inside a factor ¢*(0) or ¢?(1), i.e. that
Jke N’ 3k<p<3i(k+1)
but there exists j € {1,2} such that
pj+s; = 3"(k; + 1)

where p = (p1,p2), s = (s1,52) and k = (ki,k2). Then p +s < 3i(k + 2) by definition of
i. Consider the factor z: [[0,3" — 1] x [[0,3" — 1] — A of size (3%,3") at position 3'k: for all
ie[0,3" —1] x [[0,3° — 1], 2z(i) = w(i + 3'k). This factor z corresponds exactly to a square
factor of the grid, that is either ¢?(0) or '(1). Hence it occurs along q from the position 3’k
infinitely many times with gaps bounded by 3'"!. Now, an easy recurrence shows that ¢/ (0) and
¢’ (1) coincide everywhere except in position (37 — 1,3/ — 1) for any j € N. It follows that any
factor of size (3%,3%) occurring at a position of the form 3%(x,y) extends in a unique way to a
factor of size (2-3% —1,2- 3" — 1) occurring at the same position. Applying this to the factor
z, we deduce that distances between consecutive occurrences of f along q from the position p
coincide with the distances between consecutive occurrences of z along q from the position 3’k.
Hence the conclusion. O

Thanks to Theorem 45, we are able to show that SURD does not imply SSURDO, as illus-
trated by the following example.

Example 49. SURD and SSURDO properties define two distinct classes of words. Consider the
fixed point w of the square binary morphism ¢ defined by

11 0 0
SO‘OHL 1]’ 1H[1 0}’
which is SURD by Theorem 45. We can show that for the size s = (1,1), the direction q = (1,0)
and the translations p,, = (2"*! —1,2" —1) with n € N, the words (w(pn))%s begins with aa32"a

where a € {0, 1}, by observing that p,+1 = 2p, + (1,1). This is illustrated in Figure 14. It
follows that w is not SSURDO.

7 Non-morphic bidimensional SURD words

In this section we provide a construction of non-morphic bidimensional SURD words. To con-
struct such a word w: N? — A (where A is any alphabet of size at least 2), we proceed recursively.
The construction is illustrated in Figure 15.
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770 00 000O0O0O11 1 1 1 1 |1 P00 0 0 0 O O O 0 0 0 O
6(r 0101010111 1 1 141 11 0 1T 0 1 0 1 0 1 0 1
5/0 0000 O0O0O E/gl/l/U/O 11 0 0 0 0 O O O O o0 O O
4(1 01 01010 111 0 1 1 1 0 1 O 1 O 1 O 1 0 1
3/1 1110 010 @ i1 1 1 1 1 1 1 1 1 1 1 O O O O 1 1 1
2711110404111 11 1 1 1 1 1 1 1 1 O 1 O 1 1 1
110 0|1 oo0o0o00060®» 1 0o o0 1 1 0 0 1 1 0 0 0 0 0 01
ojt o 2ryz=002 010 1 1 1 0 1 1 1 0 1 1 1 0 1 0 1 0 1

0123456 789 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Figure 14: A prefix of the fixed point of

11 00
‘P‘OHL 1]’ 1H{1 0]'

b ¢ - - b ¢
a d a a d a
a a - a a
b ¢ - - b ¢

Figure 15: Construction of a non-morphic SURD bidimensional word.

Step 0. Pick some a € A and for each (i, j) € N2, put w(2i,25) = a.

Step 1. Fill anything you want in positions (0,1), (1,0) and (1,1). For each (i,j) € N2, put
w(4i, 47 + 1) = w(0,1), w(4i + 1,45) = w(1,0), w(4i + 1,45 + 1) = w(1,1). Note that the filled
positions are doubly periodic with period 4.

Step n > 2. At step n, we have filled all the positions (7, j) for 7,5 < 2", and the positions
with filled values are doubly periodic with period 2"*!. Let S be the set of pairs (k,#) with
k,¢ < 2"*! which have not been yet filled in. Fill anything you want in the positions from S.
Now for each (k,¢) and each (k’,¢') € S, define w(2" 2k + k', 22 + ¢') = w(k',¢"). Note that
the filled positions are doubly periodic with period 2"*2.

Proposition 50. The bidimensional infinite word w defined by the construction above is SURD.
More precisely, for all s € N2, the prefiz of size s of w occurs infinitely often along any direction
with gaps at most 2/1082(maxs)|

Proof. Let p be the prefix of w of size s and let q be a direction. We show that the square prefix
p' of size (2¥,2%) with k = [log,(maxs)] appears within any consecutive 2¥+1 positions along q,
hence this is also true for p itself. By construction, at step k£ we have filled all the positions i for
i < (2F,2F), and the positions with filled values are doubly periodic with periods (2¢*1,0) and
(0, 2’”1). Therefore the factor of size (2'“, 2’“) occurring at position 2k+lq in w is equal to p'.
The claim follows. O

Observe that the morphic words satisfying Corollary 33 for s = 2 can be obtained by this
construction. This construction can be generalized for any s € N instead of 2. Moreover, on each
step we can choose as a period any multiple of a previous period.
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Proposition 51. Among the bidimensional infinite words obtained by the construction above,
there are uncountably many words which are not morphic.

Proof. The construction provides uncountably many bidimensional infinite words. However,
there exist only countably many morphic words. O

8 Perspectives

There remain many open questions related to the new notions of directional recurrence introduced
in this paper. For example, we would like to generalize the characterization given by Theorem 45
to any morphism size.

Question 1. Find a characterization of strong uniform recurrence along all directions for bidi-
mensional square binary morphisms of size bigger than 2.

Another question is the missing relation between different notions of recurrence indicated in
Figure 6.

Question 2. Prove or disprove: Strong uniform recurrence along all directions implies uniform
recurrence.

The original motivation to introduce new notions of recurrence comes from the study of return
words. In the unidimensional case, a return word to w in an infinite word w is a factor starting at
an occurrence of v in w and ending right before the next occurrence of u in w. For instance, the set
of return words to u = 011 in the Thue-Morse word is equal to {011010,011001,01101001,0110}.
When the infinite word w is uniformly recurrent, there are finitely many return words. By coding
each return word to u by its order of occurrence in w, one obtains the derivative of w with respect
to the prefizx u. Pursuing our example, the derivative of the Thue-Morse word with respect to
011 begins with 12341243123431241234124. Using these derivatives, Durand obtained in 1998
the following characterization of primitive pure morphic words, i.e. fixed points of morphisms
having a primitive incidence matrix.

Theorem 52 (Durand [9]). A word is primitive pure morphic if and only if the number of its
derivatives is finite.

In dimension higher than one, it is not clear how to generalize the notion of primitivity
of a morphism in order to study the uniform recurrence along directions (see Remark 40). A
generalization of Durand’s result to a bidimensional setting was investigated by Priebe [19].
In that generalization, words are replaced by tilings, the primitive substitutive property by
self-similarity and the notion of derived tilings involves Voronoi cells. Recall that a Voronoi
tessallation is a partition of the plane into regions, called Voronoi cells, based on the distance
to a set of given points, called seeds [29]. The Voronoi cell of a seed consists of all the points in
the plane that are closer to it than to any other seed. Priebe aimed towards a characterization
of self-similar tilings in terms of derived Voronoi tessellations and proved the following result.

Theorem 53 (Priebe [19]). Let T be a tiling of the plane.

o If T is self-similar, then the number of its different derived Voronoi tilings is finite (up to
similarity).

o [f the number of its different derived Voronoi tilings is finite (up to similarity), then T is
pseudo-self-similar.
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The bidimensional words we are considering in this paper are a particular case of tilings (see
for instance Figure 16, which has been reproduced from [19]) where the letters correspond to
colored unit squares (1 for black and 0 for white).

W%,

O
S0,

'0

OAOB
RRIIREX
SIS

oo
(&

7
P,
/)

%
%
&8

$
9

%

L

(b)

Figure 16: A tiling (a), the set of positions where the factor u occurs (b) with
u = E, and the associated Voronoi tessellation (c).

The main drawback of this notion of derived tilings is that, starting from a bidimensional
word, we do not obtain another bidimensional word in general (as illustrated in Figure 16). Hence
the following questions are natural.

Question 3. Find a differential operator for d-dimensional words with respect to its prefixes,
that is, an operator
d d
D: (A", N%) — BY, (w,s) = Ds(w)

where A and B are potentially distinct alphabets and Dg(w) designates the derivative of w with
respect to its prefiz of size s, such that the finiteness of the set

{Dg(w): s € N}

would provide us with some nice property of the d-dimensional infinite word w (such that being
primitive substitutive if one thinks of Durand’s theorem).

Here is a variant of the previous question.

Question 4. Find a differential operator for d-dimensional words with respect to its prefixes,
that is, an operator

D: (AN N%) — BN (w,s) — Dg(w)

where A and B are potentially distinct alphabets and Dg(w) designates the derivative of w with
respect to its prefix of size s, such that for all w e AN and all s,t € N? we have

Ds(Dg(w)) = Dy(w)
for some well-chosen size u € N¢.

The notion of SURD words introduced in the present paper provides us with a way of deriving
d-dimensional words, which generalizes the unidimensional derivatives. The idea is as follows.
Let w: N — A be a SURD d-dimensional word and let s € N?. Being SURD implies that there
exists an integer r > 1 such that for all directions q, there are at most r distinct return words
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to the letter wq s(0) in the unidimensional word wqs. We define the derivative of w with respect
to the prefix of size s to be the d-dimensional word Dg(w): N¢ — [[0,7 — 1] such that for all
direction q, ((Dsw)eq)een is the unidimensional derivative of wqs with respect to its first letter
obtained by coding the return words to wqs(0) in order of appearance from 0 to r — 1.

For example, if p*(1) is the fixed point of the morphism given in Example 49 and depicted in
Figure 14, then its derivative D 9)(¢*(1)) with respect to the prefix of size (1,2) is depicted in
Figure 17. We know from Corollary 33 that return words to the prefix of size (1,2) in (¢“(1))q,(1,2)

71t 91101101011 1 0 01 1 01 1 01 1 1 1 1 1
6/(r 1100111111 o0 1 1 2 1 2 1 1 1 2 3 2 1 1 1 1
50 111101717111 1 1 1 0 01 1 1 1 2 1 1 1 1 4 1
401204100111 1 2 1 2 1 0 1 2 0 3 1 2 0 2 1 2
3j;¢0 0o 03601011011 0 00 3 1 0 3 01 2 1 1 0 0 O
2fr 12021111121 2 11 0 2 1 2 0 2 1 1 1 1 0 2
t1jr 1111110601111 01 01 11 1 1 1 1 1 0O 1 1 O
o)o1 100011011 011 0 0 0 1 1 0 0 0 1 1 0 0 O

0123456 789 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Figure 17: The derivative of the fixed point ¢*(1) of Figure 14 w.r.t. the prefix of size (1,2)
when coding the return words in order of appearance along every direction.

have length at most 4 for any direction q. Therefore, there could be at most 43 = 64 such return
words. For instance, the letters on the diagonal correspond to the unidimensional derivative of
©”(1)(1,1),(1,2) With respect to its first letter [{]:
[P10601] (90 [RTEBTIR Lo [T Lo i a] (R0 T600a] 91 [R1T6101] [91 [9106]--
T ;\1/—/ T T ~ X ~ ‘Or - ;\1/—/ T ;\1/—/ R/—J

=

2

In the previous definition, we chose to code the return words with respect to their order
of appearance in wqgs for each q. This means that two occurrences of the same letter ¢ €
[0,7 — 1]], one at a position £q and the other at a position ¢'q’ for different directions q and
q’, might represent different return words. For example, in Figure 17, the letter 1 at position
(0, 1) corresponds to the return word [ ][9] but the letter 1 at position (0,1) corresponds to the
return word [§][9]. An alternative definition of derivatives would be to code the return words
uniformly, i.e. independently of the considered direction q. The derivative of “(1) with respect
to the prefix of size (1,2) obtained by following the latter convention is depicted in Figure 18.
The codes of the used return words are given in Table 1. Note that the letter at position (0,0)
in the derivative is not well defined since in general, the first return words to the prefix of size s
along two different directions q and q’ are not the same.

7119 v 10 12372 131 4 1 3 6 1 12 9 12 9 11 3 7 3 12 5 12
6/(1 46 6 6 53 7 12 4 4 6 1 4 6 6 12 4 3 4 12 4 3 5 1 4 6
50 46 31208 001 3 1 3 6 6 1 4 6 3 11 1 1 3 1 9 6
4]0 47 9 0 46 9 1 5 6 4 4 4 6 4 0 4 7 9 0 4 7 9 6 4 10
3]0 36 1 1 46 10 1 6 1 1 0 3 6 0 1 3 7 3 12 3 6 16 0 3 6
2/11 44 6 7 63 7 1 41 4 6 4 8 6 6 4 1 6 1 6 3 7 0 6 5
17313 1 419 131 3 113 6 3 1 3 1 3 1 1 6 9 1 4 6
0?7 44 5 5 54 4 5 4 4 5 4 4 5 5 5 4 4 5 5 4 4 5 5 5

012 3 4 56 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Figure 18: The derivative of the fixed point ¢ (1) of Figure 14 w.r.t. the prefix of size (1,2)
when coding the return words uniformly.
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return word | code return word | code return word | code
(Y106l L1]LHT | O [9101] 6 [P118111] 12
[91(6] 1 I 7 [(7103]1(8] 13
(9106 ]11] 2 (101011001 | 8 (91061 (11001 | 14
[9] 3 (RI0E0EI08] | 9 [F103]1[1] 15
[91(5] 4 [Y106][1][6] | 10 [9108][1106] | 16
(RIe1iI0iT | 5 (R105105][6) | 11

Table 1: Codes of return words to the prefix
[9] occurring in Figure 18.

We do not know whether one of this definition is a good candidate for answering Question 3.
Note that the second definition does not allow us to derive twice (because of the unknown letter
at position 0), and hence cannot be a good candidate for answering Question 4. In particular,
in order to be able to derive twice, the SURD property must be preserved under differentiation.

Question 5. Does our first definition of multidimensional derivatives give rise to SURD words
when starting from a SURD word?

Another aspect we did not treat in the paper is the symbolic dynamical one. It is well known
that in the one-dimensional case a word is uniformly recurrent if and only if the corresponding
dynamical system is minimal (see e.g. [11]).

Question 6. What kind of dynamical properties are reflected by the modifications of the notion
of uniform recurrence introduced in the paper?
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