
Coalescence Modeling for Design of
Technical Equipment

A coalescence model in the context of the ReDrop concept (Representative Drops)
is proposed to design technical equipment for separating liquid-liquid dispersions
in settlers or extraction columns. A fundamental study of drop interactions has
been performed to obtain the complete picture of coalescence. The model pro-
posed accounts for collision frequency of the drops, bouncing probability, and
coalescence probability, for which the film-drainage approach is applied. The
model proposed allows considering the appropriate formulation for different types
of equipment. Especially noteworthy is that the coalescence probability funda-
mentally differs from the expression of Coulaloglou and Tavlarides, which is fre-
quently used, but which shows inconsistencies at fundamental level.
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1 Introduction

Liquid-liquid dispersions occur in equipment like continuous
settlers or extraction columns. Typically, especially at increased
viscosity, a wide drop size distribution can be observed. This
polydispersity can lead to a remaining fraction of fine drops
found at the equipment outlet. Thus, to properly design techni-
cal equipment, the behavior of the drops has to be described
accurately also accounting specifically for these fine drops.
However, drop behavior differs between different types of
equipment. For extraction columns, due to the energy input,
turbulences occur that influence the drop motion and espe-
cially the probability that drops meet as well as the time they
stay in contact. For settlers, the drops sediment without much
turbulence driven by buoyancy until they reach a close packed
layer where they finally coalesce. These different configurations
have various effects on the details of coalescence. Thus, the type
of equipment influences the fluid dynamics surrounding the
drops, affecting drop collision and, as a consequence, coales-
cence [1].

Coalescence is especially challenging to describe because it is
affected by various characteristics specific to the investigated
system. Besides the material properties like surface tension,
density, and viscosity, the presence of trace impurities strongly
affects coalescence [14]. Especially ionic species induce electro-
static forces at the drops’ interface, which can aid or hinder
coalescence.

To design technical equipment, the models describing the
behavior of the drops need to be implemented in a simulation
tool that predicts the overall behavior of the liquid-liquid dis-
persion. The ReDrop (Representative Drops) concept can be
used for this purpose, in which a Monte Carlo algorithm is
applied to solve the population-balance equations [1, 26]. In

this stochastic approach, the drops generated in the simulation
are considered as representative drops. Each individual drop
considered is thus representing drops that possess identical
characteristics like diameter, height in the equipment, or veloc-
ity. Thus, for the coalescence model, individual drops under-
going a coalescence event are considered, where the probability
of finding these drops in the volume regarded has to be ac-
counted for separately, taking care, e.g., for the local holdup
and drop size distribution.

In simulating a batch settler or an extraction column, this
corresponds to regarding a representative cross-sectional area
Arepr of the equipment, in which the number of representative
drops have the identical holdup as the overall dispersed phase
in the large system simulated. With holdup and size distribu-
tion, the probability for the individual drops can be converted
into any desired probability expression, e.g., alternatively char-
acterizing probabilities of drop size classes. Additional effects
like the influence of mass transfer on coalescence are beyond
the scope of this paper and thus not considered, especially,
because until now only qualitative understanding, e.g., of the
influence of Marangoni effect, is available.

The goal of the paper is thus to establish a complete coales-
cence model that can be applied to different types of technical
equipment for design purpose. The drop interactions are treat-
ed in detail to integrate the effect of trace components in the
model and to understand the effect of polydispersity on coales-
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cence. The developed model should consider the concept of
representative drops to allow using it also in ReDrop simula-
tions.

2 Simulation Tool

The developed ReDrop tool considers each individual drop
from a sufficiently large ensemble of drops present in the sys-
tem. The vertical motion as well as coalescence events between
them is then simulated as time proceeds as described below.
The horizontal position of the drops is not evaluated, i.e., it is
assumed that the drops are randomly distributed horizontally.
As a consequence, special care has to be taken to properly eval-
uate the contact probability of two drops as a basis to quantify
correctly the probability of a coalescence event.

To keep track of local holdup and average variables like local
Sauter mean diameter, the equipment is divided into volume
elements. The Sauter mean diameter influences the sedimenta-
tion velocity and is taken into account in the models, e.g., for
sedimentation. The local Sauter mean diameter is also used to
evaluate, e.g., characteristics of the drop packing in the close-
packed zone.

The physical properties of the system and the simulation
parameters like density, viscosity, initial holdup, parameters of
the drop size distribution, simulation time step, etc. are made
available to the ReDrop program via input files, which are sup-
plied by the user.

At the start of the simulation, the drops are randomly posi-
tioned with respect to the height of the batch-settling cell simu-
lated. The relative velocity between the individual drops and
the surrounding continuous phase is then determined from the
single drop sedimentation model proposed by Henschke
coupled to the swarm model of Richardson and Zaki [31, 35].
From the balance for each height element, the continuous-
phase flow is obtained which is linearly interpolated within
each height element, thus allowing to calculate the absolute
velocity of each drop, which is evaluated for each time step in
order to determine their individual vertical position in the set-
tling cell. At a certain value of holdup, detailed in Sect. 4.5.1,
the dispersion is assumed to be close-packed. In that zone, the
drops are continually in direct contact, which influences the
contributions relevant for calculating the coalescence probabil-
ity as described below. The drops that have reached the close-
packed zone are assumed to stay in contact, independent of a
possible vertical motion of the entire close-packed zone, which
is, e.g., induced by coalescence of drops with the major inter-
face. The last drop of the close-packed zone, delimiting this
zone from that of free sedimentation, is kept track of, since
drops can also enter the close-packed zone by sedimenting past
that last drop. If the latter occurs, the drop is sorted into the
close-packed zone.

Coalescence of drops with the major interface can occur with
all drops that are close enough to the interface. Since the verti-
cal arrangement of the drops is not depicted in the simulation,
all drops in the nearest vicinity of the interface are considered
the cross-sectional area of which add up to the local holdup at
the interface multiplied with Arepr. To have the possibility
to account for specific packing effects, an additional scaling

parameter for that cross-sectional area is included, which will
be fitted to systematic future experiments and is assumed to
take values close to unity. The exact position of the major inter-
face is tracked adding the volume of the drops that underwent
drop-interface coalescence. The coalescence frequency is then
evaluated with the model described below between each pair of
drops, which are close enough to each other to be able to come
into contact, i.e., the center of which differ in vertical position
by less than their average diameter. The individual coalescence
event is then triggered by comparing the coalescence probabil-
ity between two drops with a random number as described in
[1]. After coalescence has been considered for all drops, the
algorithm continues with the next time step for sedimentation.

From the simulations, the time-dependent position of the
major interface and the position of the last drop of the close-
packed zone are directly obtained. The sedimentation curve is
evaluated from the holdup profiles with the help of a user-
defined limiting value, e.g., 10 % of the initial phase ratio.

3 Different Principal Approaches to
Describe Coalescence

A variety of models to describe coalescence have been pro-
posed, for which recent extensive overviews are available
[1, 2, 9, 11]. Here, only those aspects relevant for this work are
summarized. Coalescence is a stochastic event that can be
quantified by a probability, pcoalescence, which describes with
which probability two drops coalesce, depending on the diame-
ter and the velocity of the drops considered. To quantify
pcoalescence, different modeling approaches have been proposed:
the energy model, the critical-velocity model, and the film-
drainage model.

In the energy model, it is assumed that the kinetic energy of
the drops, EK

1), has to overcome an energy barrier character-
ized by the surface tension, Es, [6, 7], leading to an overall
description resembling a Boltzmann probability:

pcoalescence / exp � Es

EK

� �
(1)

This approach has been proposed to describe the coalescence
for a turbulent system, e.g., a stirred tank. The energy model
states that coalescence is enhanced by a high collision energy.

In the critical-velocity model, the relative velocity of the
drops, vrelative, is compared to a critical velocity, vcritical, inde-
pendent of the drop diameter, above which coalescence is
assumed not to take place [2, 8]:

pcoalescence ¼ min
vcritical

vrelative
; 1

� �
(2)

This model is based on experiments performed on bubble
coalescence in turbulent flow [8]. In contrast to the energy
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model, here the coalescence is enhanced for small collision
velocity.

In a third approach, it is assumed that a film forms between
two colliding drops that meet and that the drainage of this film
determines the coalescence probability. Coalescence occurs
when the film thickness reaches a critical lower value [2, 3,
10–12]. The coalescence probability is expressed by:

pcoalescence ¼ exp � tcoalescence

tcontact

� �
(3)

where the coalescence time, tcoalescence, describes the time re-
quired for coalescence, which is compared to the contact time,
tcontact, which defines how long the drops stay in contact under
the specific fluid-dynamic conditions of the equipment re-
garded.

To investigate, which model is better suited to describe coa-
lescence, Kamp performed collision experiments between one
fixed drop and a moving drop and found that for high relative
velocity, the coalescence probability is close to zero [9]. This
cannot be described with the energy model, which is thus not
applicable for liquid dispersions. On the other hand, Henschke
has shown that detailed modeling of phase separation is possi-
ble, if coalescence is modeled with the drainage model, which
does not just depend on relative drop velocity [12, 21, 31]. This
indicates that the drainage model is a good starting point for
detailed investigation. This is supported by a variety of studies
showing the influence of film drainage on coalescence [2, 3,
10–12] and demonstrating good correlation between experi-
mental results and the film-drainage model [1, 12]. Thus, the
film-drainage model is chosen as a basis for further investiga-
tion of the coalescence in this study.

4 Coalescence Model Adapted for
Technical Equipment

The model described in this section builds on known knowl-
edge as indicated by the references below and introduces new
insights, especially for the detailed description of film drainage,
the consistent coalescence-probability expression, and includ-
ing the bouncing probability.

To model coalescence in a simulation, for a drop or a drop
class, the coalescence frequency fcoalescence has to be quantita-
tively described, which represents the number of coalescence
event per unit of time between two representative drops. In
order to characterize fcoalescence, the individual steps occurring
during the coalescence event need to be accounted for as indi-
cated schematically in Fig. 1. To allow coalescence between two

drops, they first need to enter into a collision. The collision
between two representative drops can be characterized by a fre-
quency, fcollision, indicating how often these drops would meet
per unit of time. Once the drops met, they have a chance to
coalesce, which is evaluated via the coalescence probability
pcoalescence, which in turn, in the regarded film-drainage model,
depends on the contact time and on the coalescence time.

The coalescence frequency is thus frequently described as
the product of collision frequency and coalescence probability
[1, 9]:

fcoalescence ¼ fcollisionpcoalescence (4)

The collision frequency and the contact time depend on the
fluid dynamics surrounding the drops and thus on the type of
equipment. Indeed, the turbulences are stronger in extraction
columns compared to continuous settlers affecting the corre-
sponding terms. The coalescence time, on the other hand, sole-
ly depends on the material properties and the details of interfa-
cial interactions including effects of trace components.

In the general case, Eq. (4) has to be extended for an addition-
al effect observed experimentally. Kamp [9] as well as Lehr and
Mewes [8] evaluated the coalescence probability between indi-
vidual drops and bubbles, respectively. The authors found that
for high relative velocity the coalescence probability is close to
zero. Thus, if their relative velocity exceeds a critical value, the
drops can directly bounce when they meet. If their relative
velocity is relatively small, the drops stay in contact, follow their
mutual curvature, and during this time the coalescence process
can take place. To account for this effect, a bouncing probability,
pbouncing, is included in Eq. (4), leading to:

fcoalescence ¼ fcollision 1� pbouncing
� �

pcoalescence (5)

The different variables influencing the coalescence frequency
will be detailed in the following sections.

4.1 Collision Frequency

Different phenomena induce drop collisions in liquid-liquid
dispersions, depending on the type of equipment [2]. First of
all there has to be a chance that the drops can meet geometri-
cally. If the drops experience essentially random motion, e.g.,
being induced by the turbulence in extraction columns, the col-
lision frequency fturbulence can be described in analogy to the
kinetic gas theory, assuming that the drops behave like spheres
[32]:

fturbulence ¼ Ccoll;turbulence d1 þ d2ð Þ2Y1=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2=3

1 þ d2=3
2

q

·
1

1þ eð Þ (6)

where di is the diameter of the drops and Y is the energy dissi-
pation, which has to be described properly for each type of
extraction column. Ccoll,turbulence is a parameter dependent on
the type of the column. This equation also accounts for the
geometric chance of two drops meeting via the holdup.
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For continuous settlers, on the other hand, the drop motion
is caused mainly by their vertical sedimentation, the collision
being mostly induced by their buoyancy [3, 34]. In large settlers
additionally large-scale flow structures can occur. Since their
velocity will be of the order of the overall flow velocity of the
phases, which is typically around 1 cm s–1, and their dimensions
are large, their effect on relative drop motion on the scale of
mm will be negligible and thus they do not contribute to drop-
approach velocity. Brownian motion can induce also a random
contribution in the trajectories of the drops, which is negligible
for drops below 10 mm diameter [37]. Since in technical settlers
typical drop diameters in an initial dispersion are found above
50 mm, Brownian motion can be neglected here as well.

Thus, for the particular case of batch settler, the motion of
the drops is assumed to be vertical. To describe the collision
frequency of vertically moving drops, two freely sedimenting
drops can be considered as depicted in Fig. 2. The drops move
in the representative volume of the settler with a bottom area
of Arepr. Their vertical positions is hi. The drops shown can
meet, if their centers lie in the collision cylinder indicated, lead-
ing to a geometric probability that the drops meet being:

pcoll /
p d1 þ d2ð Þ2

4Arepr
(7)

Eq. (7) corresponds to the particular case where the drops
are at the same height. In general, especially if the position of
the drops is accessible in modeling, the collision probability
depends on the height difference between the drops, which
leads to:

pcoll ¼
p d1 þ d2ð Þ2 � 4 h1 � h2ð Þ2
� �

4Arepr
(8)

This probability is appropriate, if the vertical motion of indi-
vidual drops is characterized for each time step. If, instead, the
overall collision is regarded, Eq. (8) can be averaged over the
possible contact geometries, e.g., drops meeting along their
central axis or just touching in passing. This overall collision
probability is thus expressed by:

pcoll ¼
p d1 þ d2ð Þ2

6Arepr
(9)

These considerations show that the geometric probabilities
of two drops to meet depends on the specifics of how the
equipment and drops are represented in the simulation. The
corresponding equation also needs to take into account, if the
drops are regarded individually or as class in a drop size distri-
bution and has to be adjusted correspondingly. For example, if
drop classes are regarded, the local holdup needs to be included
in defining the collision probability because the probability of a
drop in one class to meet one of another class also depends on
the product of the holdup of both drop size classes. This is not
required here, where each individual drop is a representative
for drops of equal properties.

The geometric probability then has to be corrected for the
so-called free volume effect, which expresses that in the vicinity
of a drop the free volume is reduced, which tends to increase
the number of collision [1]. Again assuming that the drops
behave like an ensemble of spheres, this effect can be quantified
with the radial distribution function at contact. While this
effect has already been accounted for based on monodispersed
drop size distributions [1, 2], in technical systems polydispers-
ity is the typical case [6, 33]. Thus, here the hard-sphere model
of Boublik [4] and Mansoori et al. [5] has been considered:

g ¼ 1

þ CBMCSL
1

1� e
þ 3xd1d2

1� eð Þ2 d1 þ d2ð Þ
þ 2xd2

1d2
2

1� eð Þ3 d1 þ d2ð Þ2
� 1

 !

(10)

with

x ¼
X

i

pxid2
i

6
(11)

where xi is the number fraction of drops of a diameter di. Here,
CBMCSL is an adjustable parameter, which scales this factor. It
has been shown that for extraction columns the full effect has
to be taken into account. For settlers a reduced influence is
expected, since a random influence on drop motion is not pre-
dominant and only slightly induced by the drop swarm hinder-
ing the sedimentation of individual drops.

The correction factor, g, can be placed in front of Eqs. (8)
and (9) to take into account the effect of the free-volume
reduction.

As a next factor, the contribution of relative velocity on the
collision frequency has to be taken into account. If the equip-
ment is as usual subdivided into height elements of height Dh,
the probability of two drops to meet will be proportional to
vrelative/Dh.

The collision frequency for drops moving due to buoyancy,
fbuoyancy,average, is thus:

fbuoyancy;average ¼ Ccoll;buoyancy
gpcollvrelative

Dh
(12)

The adjustable parameter Ccoll,buoyancy collects all the
geometric and other proportionality factors mentioned previ-
ously.
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Finally, in the general case, buoyancy and turbulence both
contribute to overall collision frequency [1]:

fcollision ¼ fbuoyancy þ fturbulence (13)

Drops located in a close-packed layer are always in contact. In
this case, only the geometric considerations need to be accounted
for to characterize the probability with which drops of specific
diameter are in contact. All other contributions are unity.

4.2 Bouncing Probability

After two drops collided, their bouncing probability has to be
considered. The experimental data of Kamp [9], who analyzed
the interaction of a drop hanging at the tip of a capillary in the
continuous phase, which is hit by a drop produced with a
syringe at different relative position with respect to the first
drop, are presented in Fig. 3. These data and the study of bub-
ble coalescence of Lehr and Mewes [8] suggest that the bounc-
ing probability can be represented by a step function as an
approximation:

pbouncing ¼
1 ifvrelative £ vcritical

0 otherwise

�
(14)

In a gravity settlers, the bouncing probability can be assumed
to be negligible due to the small velocity difference between
sedimenting drops. However, for extraction columns, this vari-
able needs to be accounted for, because local velocities and
shear rates of continuous phase including turbulences can be
significant [1] as, e.g., in stirred columns [36]. From a balance
between the kinetic and the interfacial tension forces, the fol-
lowing can be found:

vcritical ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3

eqDrg2

3s

s
(15)

where Req is the equivalent radius of the two considered drops:

Req ¼
d1d2

d1 þ d2
(16)

4.3 Coalescence Probability

As a next step, if the drops stay in contact after the collision,
the coalescence probability has to be characterized. As con-
cluded in Sect. 2, coalescence probability between two represen-
tative drops can best be expressed by the film-drainage model,
in which the contact time is compared to the coalescence time
through a Boltzmann probability function. The equation
mostly used to describe coalescence probability in extraction
equipment is the model of Coulaloglou and Tavlarides [10],
already introduced as Eq. (3).

In order to understand how the coalescence time and
the contact time are related in the expression of the coalescence
probability, the coalescence phenomenon can be regarded
more closely. Conceptually, the overall contact time tcontact can
be subdivided into n time steps, Dt. For each time step, the
probability of non-coalescence can be characterized as
pnon-coalescence,Dt. Then, assuming that the probability is inde-
pendent of the specific Dt regarded, for nDt the following has
to hold:

pnon�coalescence;nDt ¼ pnon�coalescence;Dt
� �n

(17)

Only an exponential function fulfills this boundary condi-
tion, which requires the overall non-coalescence efficiency to
be written as:

pnon�coalescence ¼ exp �
X

n

Dt
tcoalescence

 !
(18)

In principle, this equation would also allow to regard indi-
vidual probabilities of non-coalescence at different time steps,
characterized by varying tcoalescence. If it is again assumed that
all pnon-coalescence,Dt are identical for the overall contact time,
the coalescence probability results:

pcoalescence ¼ 1� exp � tcontact

tcoalescence

� �
(19)

Varying non-coalescence probabilities can here be accounted
for by regarding the tcoalescence as an effective overall coales-
cence time. Eq. (19) clearly differs from different film drainage
models [28–30] and especially from the known equation of
Coulaloglou and Tavlarides, Eq. (3) [10]. The new expression
in Eq. (19) is especially consistent in simulations, where time is
subdivided into time steps, yielding consistent results. If the
expression of Coulaloglou and Tavlarides, Eq. (3), is used in a
simulation per time step, then factually the probability of drops
surviving behaves as Eq. (17). As a consequence, effectively a
behavior as Eq. (19) is used. Thus, in a simulation with time-
step resolution the description differs from one, where the inte-
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Figure 3. Data of Kamp [9] showing the influence of the colli-
sion velocity on the coalescence probability.
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gral collision is regarded via tcontact. Thus, only with Eq. (19)
independent of regarding the overall collision or dividing it
into time steps, consistent description is achieved.

4.4 Contact Time

A model describing the overall contact time between two
drops, used by several authors, takes the form [1, 9, 10]:

tcontact ¼
d1 þ d2ð Þ2=3

Y1=3
(20)

which accounts for isotropic Kolmogorov turbulences. The en-
ergy dissipation can then be linked to the relative velocity of
the drops by [9, 10]:

vrelative ¼
ffiffiffi
2
p

Y d1 þ d2ð Þð Þ1=3 (21)

which, combined with Eq. (20), yields:

tcontact ¼
ffiffiffi
2
p d1 þ d2

vrelative
(22)

Eq. (22) is supported by the simulation of the relative motion
of the drops as described in the Supporting Information. The
equation is thus chosen to model the contact time between two
drops. However, for extraction columns, Eq. (20) can be used
instead of Eq. (22), together with an appropriate description of
energy dissipation for the column type considered.

4.5 Coalescence Time

During drop contact, a force acts between the two drops in
contact finally possibly leading to coalescence. The film occur-
ring between the drops decreases in thickness over time, which
implies a drainage flow of continuous phase out of this film.
The fluid-dynamic force, induced by this flow, is balanced by
the driving force acting between the drops. The coalescence
time is thus the time required to reduce that film until a critical
thickness is reached below which coalescence is induced. In
modeling this process, drop deformation and interface mobility
have to be taken into account [2, 13, 21].

The mobility of the interface may, e.g., be hindered by the
presence of surfactants or by high viscosity of the dispersed
phase [1, 11]. For technical systems, the drop interface can be
assumed immobile due to the impurities typically present. For
other situations, the corresponding expressions have been col-
lected by Kopriwa [13].

The details of various models describing the film drainage
have been studied by Henschke [21]. He could show that mod-
els assuming rigid spherical drops [2] or a film of constant
thickness, the so-called disk model, are not able to properly de-
scribe reality in an extraction equipment. Experiments actually
indicate that drop deformation during the film drainage leads
to the formation of a dimple [11, 12, 17]. A dimple is character-
ized by the thickness of the film between the drops not being
constant. It has a maximum thickness along the central axis

between the drops and has a thinner rim with a radius RF. As a
consequence, film drainage is mainly limited by the flow
through this narrow slit, which on the other hand is the loca-
tion, where film drainage ruptures when the minimum thick-
ness decrease below a critical value. Experiments actually show
that this dimple is not radially symmetric, which influences the
drainage of the dimple. Henschke thus proposed a model
including also this asymmetry leading to faster drainage than
in the symmetrical case by superimposing the model for sym-
metrical dimple drainage with an asymmetric action of the
driving force. This asymmetry is characterized by a dimension-
less parameter rs

*, which characterizes how asymmetric the
force acts [12]:

tcoalescence ¼
3p2mRF R3=2

a

2Fdrivingr�s
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hcritical
p (23)

This coalescence parameter varies between 0 and 1. Here, m
is the viscosity of the continuous phase, Ra is the curvature of
the dimple, and hcritical denotes the critical thickness below
which film rupture occurs resulting in the two drops joining.
The parameters and variables in this model will be discussed in
some detail in the following for different situations.

4.5.1 Geometric Dimple Characteristics

The geometric dimple characteristics depend on the physico-
chemical properties of the solvent like surface tension and on
the force acting between the drops. If two freely sedimenting
drops are considered that come into contact with a dimple
forming between them, the dimple radius can be obtained from
a force balance between the fluid-dynamic force and the force
induced by surface tension, characterized by the Young-Laplace
force, FYoung-Laplace [11]:

FYoung�Laplace ¼
pR2

Fs
Req

¼ Ffluid�dymanic (24)

where s represents the interfacial tension. Since the fluid-
dynamic force is also balanced with the driving force, Eq. (24)
leads to:

RF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FdrivingReq

ps

r
(25)

Here, also coalescence with the major interface can be dis-
cussed. To describe coalescence of a drop with the interface,
Eq. (23) can be applied as well, but it has to be taken into
account that the dimple radius will be larger by a factor of

ffiffiffi
3
p

as compared to Eq. (25) [12, 21].
If finally dimple curvature is assumed proportional to the

equivalent drop diameter, with Eq. (23) it follows:

tcoalescence ¼
3C3=2

dimplep3=2mR2
eq

2r�s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fdrivingshcritical

p (26)

where Cdimple is the parameter scaling the dimple curvature re-
garding the drop radius.
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A different situation occurs, if two drops are in contact in a
close-packed zone, because the hydrostatic pressure of the sur-
rounding drops exerts the driving force for film drainage,
simultaneously increasing the surface area between the drops
and thus the dimple radius, affecting also dimple curvature. To
model the behavior, Henschke [21] described the drop defor-
mation, accounting for the hydrostatic pressure acting:

Ra ¼ 0:5d3;2 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:7

Laþ 4:7

r !
(27)

RF ¼ 0:3025d3;2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:7

Laþ 4:7

r
(28)

where La is the Laplace number:

La ¼
Drghd;cpzd3;2

s
(29)

Dr the density difference between the phases, g is the gravita-
tional acceleration, and d3,2 is the local Sauter mean diameter
around the considered drop, which can be determined from its
value in each height element. hd,cpz is the relative height of the
drop in the close-packed zone. Thus, the hydrostatic pressure
applied on this drop is:

DPhy ¼ egDrhd;cpz (30)

Here, e is the local holdup. In this model, monodispersed
drops are assumed, which means that squeezing sets in beyond
a holdup of spherical close packing, i.e., 0.74. This value thus
corresponds to the drop holdup where the drops are just enter-
ing into the close-packed zone.

To generalize for polydisperse systems, the initial packing of
the monodispersed sample was compared to the model of Cor-
win et al. [25], with which the packing of polydisperse friction-
less spheres can be evaluated. It turns out that for drops with a
radius below 1 mm and a variance of the drop size distribution
below 50 %, which are typical values for drops entering the
close-packed zone, the holdup varies between 70 % and 80 %.
Thus, a value of 0.74 appears to be a good estimate for the lim-
iting holdup also for polydisperse drops.

4.5.2 Driving Force

The force acting on the drops leading to film drainage depends
on the drops’ situation. For example, in batch settling, the driv-
ing force differs between the sedimentation zone and the close-
packed zone. For freely sedimenting drops, the difference in
buoyancy force between the two drops is the driving force for
the coalescence:

Fdriving ¼
pDrg d3

1 � d3
2ð Þ

6
(31)

where drop 1 is assumed to be larger than drop 2.

In the close-packed zone, coalescence between drops as well
as drops and interface induce an excess of continuous phase
that has to flow between the drops. A pressure drop thus
occurs in the close-packed zone which acts in the opposite
direction as the hydrostatic pressure. The driving force for coa-
lescence of a drop in the close-packed zone is thus the sum of
both contributions:

Fdriving ¼
4 DPhy þ DPflow
� �

pd2 (32)

The flow of continuous phase through the close-packed zone
is not constant because coalescence occurs between the drops
and the interface and among drops leading to increasing drop
size resulting in more deformed drops, which in turn means
less continuous phase between the drops remaining. To evalu-
ate the pressure drop due to this non-constant flow of continu-
ous phase, DPflow, the differential form of the Carman-Kozeny
equation [24] can be regarded:

dPflow

dh
¼ � 180e2m

1� eð Þ3d2
3;2

u hð Þ (33)

which is then integrated along the close-packed zone to obtain
the pressure drop at each height, assuming a linear velocity
profile within each height element considered and applying the
Sauter mean diameter of that height element.

In extraction columns the driving force is induced by turbu-
lences. Coulaloglou and Tavlarides assume the driving force to
be ‘‘proportional to the mean-square velocity difference at
either ends of the eddy’’ [10]:

Fdriving~rcY
2=3 d1 þ d2ð Þ2=3 d1d2

d1 þ d2

� �2

(34)

Thus, combining Eqs. (31, 32, 34) with Eq. (22) allows to mod-
el the coalescence time for all different situations considered.

4.5.3 Coalescence Time Parameters

The critical height, hcritical, is the minimum film thickness
below which the film of the dimple ruptures and the final step
of coalescence sets in and the drops join. Henschke avoided
this parameter by an elegant but not straightforward elimina-
tion. This parameter appears in the developed model and is
fixed arbitrarily to 10–8 m.

The final parameter of the coalescence model, the asymme-
try parameter rs

*, has to be fitted to experimental data, e.g.,
utilizing a standardized settling cell as proposed by Henschke,
to account also for the effects of trace impurities [12].

5 Materials and Methods

5.1 Experimental Setup

Batch settling experiments have been performed to validate
the numerical approach and thus the coalescence model. The
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experiments are performed in a stirring cell similar to the one
developed by Henschke. The cell is made of a glass cylinder of
185 mm height and a diameter of 83 mm. Two shafts with four
stirrers on each shaft, each with four tilted blades, are used for
stirring to generate the initial dispersion. They are connected
with a gearbox such that they are counter-rotating during stir-
ring. This has the advantage that during at most few seconds
after switching off the stirrers the dispersion comes to rest
without the need of baffles. The gearbox is driven by a stirrer
motor. The dispersion is generated by stirring for 30 s at
800 min–1.

The cell is illuminated from behind with an LED panel. A
camera (canon EOS 1300D) is placed in front in order to
record a video of the settling. The video is then analyzed with
Matlab. On each frame, the grey level is averaged horizontally
resulting in a vertical pixel line with height-dependent grey lev-
el from each frame of the video. The lines are placed beside
each other in order to visualize the complete evolution of the
separation. In addition, the initial drop size distribution is mea-
sured with the SOPAT probe (SOPAT-VR-Sc, SOPAT, Berlin).
Matlab is then also used to determine the coalescence and sedi-
mentation curves, where the user can adjust the applied grey-
scale levels. The numerical parameters of the ReDrop software
are then fitted to those experimental data.

5.2 Materials

The two-phase system used is generated from distilled water,
hexane (provided by VWR, batch no. 18Z1660), and ethylene
glycol (VWR, batch no. 18H024016). This system is used at its
iso-optical tie line, which is determined by successive addition
of water. Methylene blue (VWR, batch
no. 99C050005) is added to the water at a
concentration of 1.8 mg L–1. The distilled
water is produced with the GFL 2001/4
unit (GFL, Burgwedel, Germany).

The density and the viscosity are mea-
sured after saturation with the equipment
DSA 5000M combined with Lovis 2000ME
(Anton Paar, Graz, Austria). The interfacial
tension is determined with the equipment
Lauda TD2. The properties of each phase
are summarized in Tab. 1.

6 Results

First results are illustrated in Fig. 4 ob-
tained with a ReDrop-based simulation for
the system describing the material system
mentioned in Sect. 5.2. The results of this
drop-based approach demonstrate that
some particularities, typically observed ex-
perimentally, can be understood. In Fig. 4,
in addition to the close-packed zone, which
is delimited by the white line, a densely
packed zone can be found, which corre-
sponds to free sedimentation but in a

regime of high holdup. This overall leads to a significant varia-
tion of holdup in the region, previously regarded as ‘close-
packed’. If the coalescence parameter is increased to faster coa-
lescence between sedimenting drops, this leads to a curved
shape of the sedimentation zone.

If additionally the initial drop size is reduced to, e.g., 50 mm,
which has also been observed as starting drop size experimen-
tally, a lag time can be seen, which results from the small drops
of the initial dispersion first needing to coalesce until the drops
reach a size of typically around 0.2 mm, which is then large
enough to have a significant sedimentation velocity. Thus,
drop-based simulation allows generating detailed understand-
ing of process fundamentals.

7 Conclusion

These considerations show that the coalescence frequency can
rather generally be described based on the concept schematical-
ly depicted in Fig. 1. Each of the different contributions can
quite naturally be described by an expression specifically
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Table 1. Physicochemical properties of the system chosen for
the settling experiments.

Aqueous phase Organic phase

Density [kg m–3] 1053.9 660.1

Viscosity [mPa s] 3.0 0.32

Interfacial tension [mN m] 19.1

Figure 4. Holdup profile obtained with a ReDrop simulation of a lab-scale batch settling
experiment, log normal starting drop size distribution (mean: 620mm, standard devia-
tion 95 mm), Ccoll,turbulence = 0, CBMCSL = 0, Ccoll,buoyancy = 0.17, rs

* = 0.013.
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adapted to the studied piece of equipment, i.e., settler or extrac-
tion column, where the typical contributions are summarized
in Tab. 2. It should be emphasized that the coalescence time is
quantified based on a generic equation depending on the driv-
ing force, which affects the dimple properties and thus the
coalescence process. Nevertheless, this model structure allows
consistent evaluation for very different conditions. Also, the de-
veloped equation describing the coalescence probability, funda-
mentally differing from that of Coulaloglou and Tavlarides,
now allows for a consistent model for different simulation
approaches.

As a next step, the interaction forces between interfaces can
be regarded in order to evaluate simulation parameters as
hcritical. One description of these forces is the DLVO (Derjaguin,
Landau, Verwey, Overbeek) theory, which accounts for
Van-der-Waals attraction between the drops and electrostatic
repulsion between the interfaces [15, 16]. As indicated in Fig. 5
for an example system, under appropriate conditions the net
force is repulsive at larger distances, hindering coalescence.
Thus, an energy barrier has to be overcome to reach coales-
cence. A promising property of the DLVO theory is the depen-
dence of the net force on the type and concentration of salt in
the system, of which it is known that they can strongly influ-
ence coalescence [1, 13, 14]. This influence has already previ-
ously been realized and described including the DLVO theory,
which has empirically been introduced [6], but not consistently
been studied. Thus, in future work, this salt influence will be
systematically studied, e.g., assuming in a first approach that
hcritical can be related to the first root of the DLVO force.
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Symbols used

A [m2] area
d [m] diameter
E [J] energy
f [s–1] frequency
F [N] force
g [m s–2] gravitational acceleration
h [m] height
La [–] Laplace number
N [–] number of particles
p [–] probability
P [Pa] pressure
R [m] radius
r [–] coalescence parameter
t [s] time
u [m s–1] continuous phase velocity
v [m s–1] drop velocity
V [m3] volume

Greek letters

g [–] factor taking into account the free
volume reduction of the drops

D [–] step
e [–] local holdup
m [Pa s] dynamic viscosity of the continuous

phase
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Table 2. Different contributions of the coalescence model allow
characterization of a wide variety of cases in a consistent way.
This applies to drop-drop as well as to drop-interface coales-
cence, taking the appropriate dimple radius into account.

Application
contributions

Freely sedi-
menting drops

Close-packed
layer of drops

Extraction
column

Collision rate Induced by
buoyancy force

Only geometric
contribution

Induced by
turbulence and
by buoyancy
force [1]

Bouncing
probability

Negligible Does not exist Induced by
turbulence

Driving force
for the film
drainage

Buoyancy force
+ DLVO force

Hydrostatic
pressure +
DLVO force

Turbulence
force + buoy-
ancy force +
DLVO force

Coalescence
time

Dimple model with immobile interface

Contact time Related to the
relative velocity

Always in
contact

Related to the
energy dissipa-
tion [1, 11]

Figure 5. DLVO and Van der Waals forces for a standard system
in the presence of ions.
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x2 [m–1] Boublik Mansoori parameter 1
x3 [–] Boublik Mansoori parameter 2
r [kg m–3] density
s [Nm] surface tension
Y [m2s–3] energy dissipation

Subscripts

a drop
BMCSL Boublik Mansoori
c continuous phase
F contact area of the dimple
i drop number i
K kinetic

Abbreviations

coll collision
DLVO Derjaguin, Landau, Verwey, Overbeek
eq equivalent
cpz close-packed zone
hy hydrostatic
repr representative
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