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Enhanced Laplace transform
and holomorphic Paley-Wiener-type theorems
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ABsTRACT — Starting from a remark about the computation of Kashiwara—Schapira’s en-
hanced Laplace transform by using the Dolbeault complex of enhanced distributions,
we explain how to obtain explicit holomorphic Paley—Wiener-type theorems. As an
example, we get back some classical theorems due to Polya and Méril as limits of tem-
pered Laplace-isomorphisms. In particular, we show how contour integrations naturally
appear in this framework.
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1. Introduction

In [4], A. D’Agnolo and M. Kashiwara extended the Riemann—Hilbert correspon-
dence to cover the case of holonomic D-modules with irregular singularities. This
progress allows to deal with integral transforms which have an irregular kernel,
such as the Laplace transform on a complex vector space V. A first work on this
subject was done in [3], where A. D’Agnolo studied the Laplace transform in
the non-conic case, extending the results of [12]. In particular, he explained how
this sheaf-theoretic transformation allows to get back some classical real Paley—
Wiener theorems.
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2 C. Dubussy

More recently, in [14], M. Kashiwara and P. Schapira made a full rewriting
of the theory of integral transforms with irregular kernel, using the notion of
enhanced ind-sheaves introduced in [4]. In particular, they treated the case of the
Laplace transform.

Let V be a n-dimensional complex vector space and V* its complex dual. Let
us consider the bordered spaces Voo = (V,V) and V¥, = (V*, V") where V
(resp. V*) is the projective compactification of V (resp V*). In [14], the authors
proved that there is a canonical isomorphism

(1.1) QY )] = 0%

in Eb(C%‘,‘E ), where E&"@, is the enhanced Fourier—Sato functor and Q%,OO (resp.
O%* ) is the complex of enhanced holomorphic top-forms on V, (resp. enhanced
holomorphic functions on V).

The first part of our paper consists in a remark about (1.1). Using the Dolbeault

complex DbT** of enhanced distributions, we show that there is a canonical
morphism

— T,n,e T,0,e
(1.2) g1 (P (z0) PR DOYL") —> Dby,

where p: Voo x V5, — Voo and g: Voo x Vi, — V7 are the two projections and
M—(z,w) is the translation by —(z, w). This morphism encodes the usual positive
Laplace transform of distributions and is equivalent to (1.1) in E® (C%}lgo ). In order
to prove that, we had to trace back all the steps in the construction of (1.1), which
led to several morphisms defined in [7], [11], and [13]. Of course, we shall only
present a sketch of this historical compilation and refer to the relevant articles
when needed.

This remark has an immediate application. Let f:V — R be a continuous
function and S be a subanalytic closed subset of V. Let us denote by fs the
function which is equal to f on S and to +00 on V\S and assume that fg is
convex. Under suitable conditions, we shall show that there is a commutative

diagram

HY(V,e™/ QL) —=— HO(V*, /5 0L.)
[(V, #Ts(e™/ Db")) —T(V*, els Dbi+)

where f¢ is the Legendre transform of fg and Db"** (resp. Q', 0") is the Dol-
beault complex of tempered distributions (resp. complex of tempered holomorphic
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top-forms, functions). Here, the top isomorphism comes from [14] and the bottom
one is given by the positive Laplace transform of distributions.

The main part of the paper consists in explaining how this diagram allows
to obtain holomorphic Paley—Wiener-type theorems. We shall give two examples.
Let V be of dimension 1, let K be a non-empty convex compact subset of V and let
hx:w € V* > sup,cx N(z, w) be its support function. Under the same suitable
conditions as above, we prove that, for all ¢ > 0, there is a canonical isomorphism
of C-vector spaces

(1.3) QL(V\Ke)/ Q5(V) —> ef&e 0L, (V*),

where P = V U{oo} and P* = V* U{oo}. Taking the projective limit on ¢ — 0,
we get an isomorphism

(1.4) Qi (V\K)/QL(V) — lim e"Ke OL. (VF),
e—0
where Qﬁ?" is the sheaf of holomorphic forms which are tempered only at infinity.

Given a global C-linear coordinate z of V and w its dual coordinate, we show that
this last isomorphism can be explicited by [u(z)dz] +— v, with

v(w) = /ezwu(z)dz,

co,nt

where C(0,r)" is a positively oriented circle, which encloses K. This result is
actually equivalent to an old theorem due to Polya (see e.g. [2]). However, in our
approach, it is obtained as a limit of tempered Laplace-isomorphisms and, more-
over, the contour integration naturally appears as a cohomological phenomenon.
In the last section, we prove a non-compact analogue of this theorem, which is
due to Méril (see [16]). This result is also obtained as a limit of tempered Laplace-
isomorphisms.

2. Background and notations

2.1. We refer to [10] for sheaf theory and derived categories and to [8] for
2-modules. Let X be a complex manifold and ¥ C X be a complex analytic
hypersurface. One denotes by Oy (YY) the sheaf of holomorphic functions with
poles in Y. For any ¢ € Ox (xY), one sets

D
Dxe? = Dx/{P:Pe’ =0on U} and gglx = Dxe® @ Ox (xY),

where U = X\Y.
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2.2. We refer to [9], [13], and [17] for subanalytic spaces and subanalytic
sheaves. Let M be a subanalytic space. We write for short Op}3™“ the set of open
subanalytic subsets of M which are relatively compact. We denote by M the
associated subanalytic site and by p: M — M the canonical morphism of sites.
This morphism induces three functors

Mod(Ca) o1 Mod(C55?)
AL —

between sheaves and subanalytic sheaves. In the following sections, the functor p,
normally occurs in many formulas involving Z-modules. In order to have less
complicated formulas, we shall not write this functor, as in [14]. The derived
category Db((DSub = Db(Mod(Cs“b)) has six Grothendieck operations, namely

R fi, f~LR fir, ', RIhom and ®. Let Z be a subanalytic locally closed subset
of M. One sets .#Tz(—) = RIhom(Cz,—). We set for short Hé(U, -) =
H*RT (U, #Tz(-)) for any U € Op}>*.

2.3. Let M be areal analytic manifold. For each r € Z, let us denote by Db},
the sheaf or r-distributional forms. One defines a subanalytic sheaf Db;’; by setting

raw, Db}(}) = {w € Db),;(U): w can be extended to M }

forany U € Opsub *“. By construction, this sheaf is quasi-injective. Other classical
definitions of DbM can be found in [7]. The sheaf Db}u = Db;;; is called the
sheaf of tempered distributions. One also introduces the subanalytic sheaf €}’ *of
€*°-tempered functions by defining I'(U, C}; ') as the set of functions which have,
as well as all their derivatives, polynomial growth near the boundary of U.

On a complex manifold X of complex dimension dy, one denotes by Q;’(p €
DP (Csub) the Dolbeault complex

]
0— Db;,(P,O RN Db;’(p’l NN Db;-p’dx 0.

One sets for short 0% := 3’ and Q} := SZ;’(dX .

2.4. We refer to [4] for bordered spaces and to [9] for subanalytic sheaves on
subanalytlc bordered spaces. A bordered space is a couple My, = (M, M) where
M is a good topologlcal space and M an open subset of M.If Moy = (M, M )
and Ny = (N, N ) are two bordered spaces and if f: M — N is a continuous
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map, we denote by I'r C M x N the graph of f and by I_‘f the closure of I'y
in M x N. A morphism of bordered spaces f: My — Noo is a continuous
map f: M — N such that the canonical pI‘O_]CCthH I‘f — M is proper. Such
a morphism is called semi-proper if I‘f — N is proper. The comp0s1t10n of
two morphisms is the composition of the underlying continuous maps. If N is
compact, then any continuous map f: M — N is a morphism of bordered spaces.
On a subanalytic bordered space Mo, = (M, M), we write for short Op;‘;b “ the
set of open subanalytic subsets of M which are relatively compact in M and
Mod((USub ) the category of subanalytic sheaves on M. The six Grothendieck

operations extend to this framework.

2.5. We write R := R LI{—o0, +00} the 2-points compactification of R and we
consider the bordered space Roo = (R, R). Let My, = (M, M) be a subanalytic
bordered space. There is a well-defined convolution functor

+ . . .
—® = DP(C32 wr) X DO ) — DP(C3 om )
which has a right adjoint #hom™(—, —). If ¢: M — R is a continuous function,
we denote by f1y: Moo X Roo = Moo X Roo the map defined by
Ho(x,1) = (x, 1 + ¢(x)).

+
Let us recall that Cyy—yy ® F =~ Ry, F forany F € Db(Ci‘,}EoX]ROO).

2.6. We refer to [4] for enhanced ind-sheaves (or similarly enhanced subana-
Iytic sheaves) and to [9] for a pedagogical exposition. On a subanalytic bordered
space Mo, = (M, M), one defines the category of enhanced subanalytic sheaves
by setting

+
E°(C3.) = DP(C3 . )/AF: (Cz0) @ Cpr<0)) ® F = 0},

We denote by
Qoo DGR ) — EV(CH2)

the quotient functor. If the context is clear, we shall simply write C4 instead of
Oum..(C4) when A is a subanalytic locally closed subset of M x R . Recall that
there is a well-defined hom-functor

RIhom®(—, —): EP(C32 )P x E° (T30 ) — DP(C55).

One sets
RHom®(Fy, F») = R[(M, p~'RIhomE(Fy, F»)),
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for all F1, F, € Eb(C;‘}EO). Moreover, if f: Mo — Ny is a morphism of
subanalytic bordered spaces, one sets

SR = f xidr: Moo X Roo —> Noo X Reo

and one writes E f.,E f ™', E fi and E f* the functors which are the factorisations
of R fry. fz 'R fry and f]f{ through Q.. and Qp,, . Finally, the convolution

+
functors ®, Shom™ also factor through the quotient and we keep the same nota-
tions for their factorisation.

2.7. Assume that M is real analytic. Let P be the projective compactification
of Rand let j: Mo, X Roo — M x P be the canonical inclusion. Let ¢ be the affine
coordinate of P. Then 9, extends to a vector field on P and, for each r € Z, one
sets

T,r _ .—1 t,r dr—1 t,r
DbMOO =j (ker(@bM><P — Db]‘2

o) € Mod(C3P i ).

One calls Db}lm = @b]Tw’Zo the sheaf of enhanced distributions and one sets for
short Dby, = Qur, (Dby;" ) (see [4] and [9]).

2.8 The notion of complex bordered space is similarly defined in section
4.3 of [14]. On a complex bordered space X, one denotes by Db(.@xoo) (resp.
Dy, (Zx.,) and Dg_gmd(.@xm)) the bounded derived categories of Z-modules
(resp. holonomic Z-modules and quasi-good Z-modules) over X . Moreover, the
usual operations of Z-modules naturally extend to this framework. If f: X, =
(X, X ) = Yoo = (¥, Y ) is a morphism of complex bordered spaces, one notes
Dx..,—Y, the associated transfer bi-module. On a complex bordered space Xoo,
one defines Qgi by the Dolbeault complex

]
QXOO(O — Db}‘(ﬁ’o — Db};;’;’l — S e — > Db;;Z’dX N O)

One sets for short (‘)}E(OO = Q)F}o(l and Q)F}oo = Q;ﬁx . Finally, one also defines
the enhanced de Rham and solution functors by setting

L
DRE _:D°(Zx.,) — EU(CRD),  Mr— Q% ®gy M,
Solf_ :DP(Tx. )P — E°(CE), M — RHomay (M, 0% ).
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3. Integration and pullback of tempered distributions

Integration and pullback of distributional forms are very classical constructions
in differential calculus (see e.g. [18]). In this short section, we recall some results
of [7], [11], and [13] about integration and pullback of tempered distributional
forms.

Prorosrtion 3.1 ([11], Proposition 4.3 and Theorem 5.7). Let f: X — Y be
a holomorphic map between complex manifolds. The integration of distributions
along the fibers of [ induces a morphism of double complexes

(3.1) / L fu DBt pplrtdv.etdy
¥
and thus, a morphism
(3.2) / R QYT [dy] — Q5P [dy]
7

in Db(C§}lb), foreach p € 7.
Prorosition 3.2 ([13], Lemmas 7.4.4 and 7.4.5). Let f: X — Y be a holo-
morphic map between complex manifolds. There is a natural isomorphism
L ~
(3.3) Qy Boy Zx—yldx] — f'Qyldy]

in DP (C‘;}lb). Its adjoint morphism

L
RA(QY ®ay Dx—y)[dx] — QY [dy]
induces, thanks to the canonical section 1x .y of Dx—y, a morphism
R fuQ%[dx] — Qy[dy],

which is equivalent to (3.2) when p = 0.

Prorosrtion 3.3 ([7], Proposition 3.9). Let f: X — Y be a submersive
holomorphic map between complex manifolds. The pullback of distributions by
f induces a morphism of double complexes

(3.4) f*fTIDBS — Dby
and thus, a morphism

3.5) ey — Qff
in Db(C}ub), foreach p € 7.
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ProrosiTion 3.4 ([11], theorems 4.5 and 5.8 and [13], Lemma 7.4.9). Let
f:X — Y be a holomorphic map between complex manifolds. There is a natural
morphism

(3.6) Dx—y Qf-1g, 1oy — 0.
in Db(C‘;}lb). The canonical section 1x_y induces a morphism
foy — 0%,

which is equivalent to (3.5) when p = 0, if f is submersive.

4. Operations on enhanced distributions

In this section, we extend the previous constructions to enhanced distributional
forms on bordered spaces and we also treat the case of the multiplication by an
exponential factor. Using Dolbeault resolutions, we point out that these construc-
tions are encoded in the important results of [14].

LemMA 4.1. Let f: Moo = (M, M) — Noo = (N, N) be a morphism of real
analytic bordered spaces. The sheaf Db]T‘,,oo is acyclic for fri.

Proor. By Lemma 6.2.4 in [4], we get a short exact sequence
t 31 t t 31 t
0— ker(DbM><P — Dbﬂxp) — Dbﬁxp — Dbﬁxp — 0.

Let j: MooXReo — M xP be the canonical inclusion of bordered spaces. Applying

Jj 1 to the previous sequence, we get a short exact sequence

T .1 =1 .
0 —> Dby, —> j ' Dby —> j ' Dby —>0
and thus, a long exact sequence

0 —> fau Dby —> fan( Db ) ——— frn(j 71D ) j

[—> R! fon Dby —> R fan(G 71 DBy ) — R fru (G DB, ) — -

Since Dbtﬂxp is quasi-injective, we know that RF fru(G 1 Dbtﬁxp) ~ 0 for all
k > 1. Therefore, for all k > 2, one has RF TR Db]Twoo ~ 0 and it only remains to
show that R' frn Db}lw ~~ 0, that is to say, to show that

‘_ d—1 -
@.1) Sen(i DB ) = fan( T DB )
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is an epimorphism. Let us denote by p;: M x P — M the first projection. Then,
if u and v are two sections of frn(j ™! Db;ﬁxp) such that d,v — v = u, it is clear
that supp(v) C pi(supp(u)) x P. Using again Lemma 6.2.4 of [4], this proves
that (4.1) is an epimorphism. O

ProrosiTION 4.2. Let f: Xo = (X, )?) — Yoo = (¥, 17) be a morphism of
complex bordered spaces. The integration of distributions along the fibers of fr
induces a morphism of double complexes

(4.2) : f]R” Db;;'FdX,O—l-dX N Db£;+dy,0+dy
/R

and thus, a morphism

43) / AL [dy] — QB2 (4y]

/R

in Eb(Cillot;)for each p € 7.

Proor. Due to the specific form of fr = f X idg, it is clear that (4.2) is well
defined. Moreover, by the same proof as the one of Lemma 4.1, one can show that
Db;’::“dx 4FdX is fru-acyclic for all (p,¢) € Z2 . Hence the conclusion. O

PROPOSITION 4.3. Let f:Xoo = (X, X) = Yoo = (Y.Y) be a morphism of
complex bordered spaces and let N € Dg_good(gyoo).

(i) ([14]), Proposition 4.15 (i)) There is a natural isomorphism

(4.4) DRE _(Df*N)[dx] ~ Ef' DRE_(N)[dy].

(ii) If f extends to a holomorphic map f :X — Y, then applying (4.4) to
N = Yy, gives an isomorphism

4.5) QE @oy. Txasrvaldy] —> Ef'QE_[dy].
(iii) This morphism induces, thanks to 1x. —y..,, @ morphism
QF ldx] — Ef'QY_[dv]
in B (C;}’:;), which is equivalent to the adjoint of (4.3) when p = 0.

Proor. The isomorphism (4.5) is built as an enhancement on bordered spaces
of (3.3). The conclusion follows from Proposition 3.2. O
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ProposiTiON 4.4, Let f: Xoo = (X, )’(\) — Yo = (¥, I?) be a morphism
of complex bordered spaces such that f extends to a holomorphic submersion
f :X —> Y. The pullback of distributions by fr induces a morphism of double
complexes

(4.6) fi fi Dbyt — Dbyt
and thus, a morphism

4.7) fEBfep? — of?
in Eb(C?OZ)for each p € 7.

Proor. The first morphism is again well defined thanks to the specific form
of fr. The second one is obtained by the exactness of fi; ' |

ProprosiTiOoN 4.5. Let [: X = (X, )?) — Yo = (¥, }A’) be a semi-proper
morphism of complex bordered spaces and let M € Dg_good(gxoo).

(i) ([14], Proposition 4.15 (ii)) There is a natural isomorphism
(4.8) DRY_ (D fxM) = B fi DR __(M).

A

(ii) ([13], Lemma 7.4.10) If f extends to a holomorphic map f X = 7,
then (4.8) is induced by a morphism

L —1 (E E
4.9) DX oY oo Rf -1y, Ef™ Oy, — Ox_.,
which is an enhancement of (3.6).

(iii) The morphism (4.9) induces, thanks to 1x_ -y, a morphism
Ef 10} — 0%
which is equivalent to (4.7) when p = 0, if f is a holomorphic submersion.

Let us now introduce a third operation.
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ProposiTiON 4.6. Let Xoo = (X, X ) be a complex bordered space and
¢: X — C a tempered function at infinity, i.e. ¢ € I'(X, G;f’t). Then, there is
a morphism

(4.10) fsig, Dby P! — Dby

defined by w — e®w for any (p, q) € Z . If moreover ¢ is holomorphic, this gives
rise to a morphism of complexes

T,p,e T,p,e
4.11) KR, DbXO’; — DbXO’;
for each p € Z.. This morphism induces itself a morphism
b B E.p
4.12) Cir=—Ro(x) ® QXoo — QXoo

in Eb(C?OZ)for each p € 7.

Proor. Let us consider U € Op;l::deoo. Then, for any (p, ¢) € Z?, we define

the map
T(U. p—gtp, Dby ") = T (1T, (U), Dby ??) — T (U, Dby ")

by
w(x,t) — o(x,t + Re(x)).

(This little abuse of notation corresponds to the pullback of w by g,.) Since ¢ is
tempered, this map is well defined. Moreover, since w is a solution of d;w = w,
one can write w(x, ) = e’ p(x) for a unique distributional form p. Hence

w(x, 1 + Rep(x)) = " TRD p(x) = MW y(x, 7).
To obtain (4.10), it is now enough to compose this map with
LU, Dby P?) 5 0 +— ¢'™w € T (U, Dby "),

which is of course well defined since |ei“°"/’| = 1. Then, (4.11) follows from the
equality d(e¥w) = e®dw if ¢ is holomorphic and (4.12) from the exactness of

MR - O
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ProrosiTioN 4.7. Let Xoo = (X, X ) be a complex bordered space and let
L € DYy (Zxo,) and M € DY, 04(Zx.)-

(i) ([14], Proposition 4.15 (iii))There is a natural isomorphism
E D + g E E
(4.13) DRy (L M) ~ RIhom™ (Soly_ (L)), DRy_ (M)).

(ii) Let ¢ € Of(*)?\X). Then, (4.13) applied to M = Px_, Qoy.. Q?;l and

L= éa;(plf gives an adjoint morphism

+ D
(4.14) Cle=—tio(x) ®(8y 5 ® 0%.) — O%ees

that induces, thanks to the canonical section e of é";lf, a morphism

+
Chr=—ony ® Ox., — O
which is equivalent to (4.12) when p = 0.

Proor. The explicit construction of (4.14) is made in [14], Theorem 4.5 (f)—(1),
by using Lemma 9.6.3 and Proposition 9.6.5 of [4]. The reader shall immediately
see that these results prove (ii). O

5. A remark on the enhanced Laplace transform

Let us recall some facts about the enhanced Fourier—Sato functors, introduced
in [14]. Let us fix V a n-dimensional complex vector space and V* its complex
dual. We consider the bordered spaces Voo = (V, V) and VY, = (V*, V") where
V (resp. V") is the projective compactification of V (resp V*). Let us also note
(—,—): Vx V* - C the duality bracket.

DerintTioN 5.1. The Laplace kernels are defined by

Ly = C{t=§R(z,w)} € Eb(Ci}l:o XV:’;O)’
LY = Cy=sizwp € E°(CYY  y2).

Let us consider the correspondence
p * q *
Voo < Voo x Vi, — VI

where p and ¢ are the canonical projections.
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DEerintTION 5.2. The enhanced Fourier—Sato functors
v, "I EN(CYD) — ENCY)
are defined by
55y (F) = Equ(Ly ® Ep™' F),
EF0.(F) = Equ(L% ® Ep™'F).

RemARrk 5.3. In [14], the authors mainly work with EFy. However, it will be
more convenient for us to use ECT"%, instead.

THEOREM 5.4 ([14], Theorem 5.2.). The enhanced Fourier—Sato functor E&"%
is an equivalence of categories whose inverse is given by %Fy«[2n]. In particular,
one has an isomorphism

(5.1) RHom E(Fy, F,) ~ RHom (%94 (F)). 594 (F>,)).
functorial in Fy, F> € Eb(C%lfo).
We can now restate Theorem 6.3 of [14] with an additional explicit information.

THEOREM 5.5. There is a morphism of complexes
(5.2) Gt (H—(z,0), PR Dby ™) —> Dby

encoding the usual positive Laplace transform of distributions (with an extra real
parameter), i.e. @ +—> fq]R e(z’w)p]}‘{a).
This morphism induces an isomorphism

(5.3) QY )] — 0y«

. b /sub
inE (CV:;<J .

Proor. On one hand, using morphisms (4.2), (4.6), and (4.10), we can define
a morphism of complexes

R (=20, PR DOy T) — qru (B (z.0) @bzy’:;;v;o)

o+n )

T,n,
— 4R! (vaoo XV,

— DpLoe
VOO

which clearly encodes the usual positive Laplace transform of distributions. This
induces a morphism ¥F¢(QF_)[n] - 0y in B (CJ?).
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On the other hand, Theorem 6.3 of [14] states that there is a canonical iso-
morphism FF¢ (QF_)[n] 5 OF. . Looking at the proof of this theorem, the
reader should see that this isomorpfloism is built by using isomorphisms (4.5), (4.8),
and (4.13). Hence, Propositions 4.3, 4.5, and 4.7 allow to conclude. O

6. Link with the Legendre transform

In this section, we recall some definitions and propositions of the sections 5.4,
6.2 and 6.3 of [14] and make use of our previous remark about the usual positive
Laplace transform.

DEerintTION 6.1. Let M be a real analytic manifold and U be a subanalytic open
subset of M. A function f: U — Ris subanalytic on M if its graph I'r C U xR is
subanalytic in M x R. A continuous function f: U — R is almost C*°-subanalytic
on M if there is a subanalytic €>°-function g: U — R such that

there exists C > 0 such that | f(x) — g(x)| < C for all x € U.

In this case, we say that g is in the (ASA)-class of f.

In [14], M. Kashiwara and P. Schapira make the conjecture that any continuous
subanalytic function is almost €>°-subanalytic.

DerINITION 6.2. Let f:U — R be a continuous almost C*°-subanalytic
function on M. For any open subanalytic set V C M and any r € Z, we set

e/ DY (V) = {w € Dbl (UNV):efw € Dby (U NV},

where g is in the (ASA)-class of f. This definition does not depend on g and the
correspondence V € Op;‘}b’c > e/ Db;’;(V) clearly defines a quasi-injective

subanalytic sheaf on M.

ProposiTion 6.3 ([14], Theorem 6.12. See also [3], Proposition 7.3.). Let M be
a real analytic manifold and U be a subanalytic open subsetof M. Let f:U — R
be a continuous almost C*°-subanalytic function on M. There is an isomorphism

e DBY ~ R Ihom®(Cys pixy xevy Dby )

for each r € Z, which is given on sections by w + e'w. In particular, the right
hand side is concentrated in degree 0.
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One can notice an immediate corollary.

CoroLLARY 6.4. Let M be a real analytic manifold and let f:U — R be a
continuous almost C*°-subanalytic function on M. Let S be a subanalytic closed
subset of U, then

FITs(e™! DBYT) =~ RIhom®(Cys f(xy xesy, Dby

for each r € Z, which is given on sections by w +— e'w. In particular, the right
hand side is concentrated in degree 0.

Thanks to Proposition 6.3, one can introduce the following definition.

DEeriNniTION 6.5. Let U be an open subset of a complex manifold X and
f:U — Rbeacontinuous almost C*°-subanalytic function on X . Foreach p € Z,
one defines the complex of subanalytic sheaves e~/ Q;” as the Dolbeault complex

d
0— e/ DB L o/ DO — o e DHP 0,
Let us now focus on an important application.

DEeriniTION 6.6. Let V be a complex vector space of dimension n and let
f:V — RU{+4o00} be a function.

(i) One says that f is a closed proper convex function on V if its epigraph
{(z,t) e VxRt > f(2)}

is closed, convex and non-empty.
(i) One notes Conv(V) the set of closed proper convex functions on V.
(iii) For any f € Conv(V), one sets dom(f) = f~!(R) and call it the domain

of f. This set is convex and non-empty. The interior of this domain will be
noted dom°( f).

(iv) For any f € Conv(V), one defines a function f*:V* — R U{+o0} by
setting

ffw)= sup Nz, w) - f(2)).

zedom(f)
It is called the Legendre transform of f. It is an element of Conv(V*).

(v) For any f € Conv(V), one denotes by H(f) the real affine space generated
by dom( ) and one sets E( f) = H(f*)*. One also sets

d(f) = dimg E(f) = codimp H(f*).
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LemmA 6.7 ([14], Theorem. 5.9). Let f € Conv(V). One has an isomorphism
©1)  TG(Chzre) = Cyzm ey wedom® (1) ® OTE(H [=d(f)]-

Let f:V — R be a continuous almost *°-subanalytic function on V and let
S be a subanalytic closed subset of V. Let us denote by fs the function which is
equal to f on S and to +o00 on V \S. Assume that

(i) the function fs is convex,
(i) E(fs) =10},
(iii) the convex set dom®( f¢") is subanalytic,

(iv) the function f¢:dom®(f¢) — R is continuous and almost C*-subanalytic
onV .

Then, by using successively Corollary 6.4, the isomorphisms (5.1) and (5.3),
Lemma 6.7 and finally Proposition 6.3, one gets an isomorphism

HY(V.e™/QG) = HOV*. %5 0L)
~ ¢/5 DbL.(dom®(£3)) N Og= (dom*(£3)).

This is simply Corollary 6.15 of [14] with an additional closed support. We can
make this isomorphism more explicit.

(6.2)

ProrposiTion 6.8. There is a commutative diagram

~

HE(V,e™/Qb) HO(V*, efs O+

| |

T(V, #Ts(e™) DbI")) —T(V*, e/s Db)

where the left arrow is defined by the Dolbeault resolution of e~/ Qtv, the right
arrow by the inclusion and the bottom arrow by v +— LT w = fq elzw) px.
In particular, the isomorphism (6.2) can be explicitly computed by

L(V, S Ts(e™/ Db™))
OT(V, #Ts(e=/ Db 1))

(6.3) > 0] — LT e HO(V*, e/5 0L).

Proor. By construction and using (5.2), the map
T(V, #Ts(e™ Db™)) — HE(V.e ™/ QY)
= HO(V*,ef§ Otv*)
— T(V*, /s D)
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is given by w > e [ . elzw) prelw) = L1 w. Then, the conclusion follows
from the quasi-injectivity of e~/ Dbtw;p 4 for all (p,q) € Z2. O

7. Application I: Polya’s theorem

Let V be a one-dimensional complex vector space. Let us denote by P (resp. P*)
the projective compactification of V (resp. V*) and recall that O (resp. Q%)
is concentrated in degree 0 and is a subanalytic subsheaf of Op (resp. Qp). If
U € Op™©, one simply has OL(U) = Op(U) N DbL(U) (resp. Q4L(U) =
Qp(U) N Db (U)). We shall also use the sheaf Qi5° of holomorphic forms
tempered only at infinity.
Let K be a non-empty convex compact subset of V and let
hg:w € V* > sup R(z, w)
zeK

be its support function. Let us choose a hermitian norm || - || on V and denote also
by || - || the dual norm on V* . The classical Polya’s theorem (see e.g.[2], sections
1.3 and 1.4) states that there is a (topological) isomorphism between

QUV\K) :={w e Qv(V\K): lim w(z) = 0}
and
Exp(K) := {v € Oy=(V*):foralle > 0, sup |v(w)|e "x@=elvl o 503
wev*

These spaces do not depend on the chosen norm.
Given a global C-linear coordinate z of V and w its dual coordinate, this
isomorphism can be explicited by Q°(V \K) 3 u(z)dz +— v € Exp(K), with

v(w) = /ezwu(z)dz,
c,nt

where C(0, r)* is a positively oriented circle of center 0 and radius > 0, which
encloses K. Of course, the integral does not depend on the chosen circle.

Let us fix a non-empty convex compact subset K of V. For all ¢ > 0, we
consider the thickening of K by ¢, that is to say K, := K + D(0,¢), where
D(0,e) = {z € V:|z| < &}. Let us consider the null function f = 0 on V.
For all ¢ > 0, we thus get a function fx, defined by

0 if z € K,

+oo else.

k. (2) = {
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Clearly, this function is convex of domain K. Moreover, its Legendre transform
is given by

fx.(w) = sup Nz, w) = hg, (W) = hg (W) + h (g (W) = hx(w) + ew].

ze€Kg

for all w € V* . In particular dom°(f,*) = V* . In order to apply Proposition 6.8,
we will assume throughout this section that K, is subanalytic and that kg, is almost
C*°-subanalytic on P* for all &. Thus, for all &, we get an isomorphism

(7.1) Hi (V, QL) —> e'Ke 0L, (V*)

given by the positive Laplace transform. We shall show that the projective limit
on ¢ — 0 of this isomorphism is equivalent to Polya’s theorem.

ProrosiTionN 7.1. Let ¢ > 0. One has a canonical isomorphism
(7.2) Qp(V\Ke)/Qp(V) — Hg, (V. Qp)
given by

L(V, STk, (D)
ID(V, STk, (D))’

Qp(V\K.)/ 2p(V) 5 [0] — [Be] €

where @ is a distributional extension of w to 'V .
Proor. 1) Consider the excision distinguished triangle
(7.3) RI(V, #Tk, (2})) — RI(V, QL) — RI(V\ K, Q%) XL

This gives the following exact sequence:

0 —— HR (V,Qp) —— H(V,Qp) —— H(V\K, Q}) j

[—> Hll(g(V,QgP) — HY(V,QL) —— HYV\K, QL) —— -

Firstly, it is clear that H I%g (V, Q}) ~ 0 since a non-trivial holomorphic form
can’t be supported by a compact subset. Secondly, the surjectivity of the map
a: Dbﬁ;l’o(V) — Dbﬁ;l’l(\/) (see [6] and [15]) implies that H'(V, Q%) ~ 0. Hence
we get the exact sequence

0 — Qp(V) > Qp(V\K) —> Hg (V,Qp) — 0

which proves the first statement.
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2) If follows from (7.3) that R['(V, .# T, Q},) is canonically isomorphic to the
mapping cone M(pg,) of the restriction morphism

P2 DB (V) —> DB (V\K,)

shifted by —1. We know that M(pg,)[—1] is a complex concentrated in degrees
0, 1 and 2 of the form

Db (V) — Dbt (V) ® Db (V\Ke) — Dby (V\Ko),

where the differentials in degrees 0 and 1 are given by the matrices

(—ng) and (—pg, —0).

() =

are two 1-cycles of this complex which are in the same cohomology class. This is

clear since B B
o + = :
—PK; w 0

Hence the conclusion. O

We have to show that

CoroOLLARY 7.2. One has a canonical isomorphism

(7.4) Qi (V\K)/QL(V) — lim Hyg (V. Q).

e—0

Let ¢ > 0 and let {r, be a C*°-cutoff function which is equal to 1 on V \ K, and to
Oon Kgp. Letw € Q;P?O (V\K). Then the image of [w] through the canonical map

QI (V\K)/Qp(V) — Hg (V,Qp)
is given by [d(Vs)].
Proor. Simply notice that there are inclusions
QE° (V\Ke) € Qp(V\K2e) C Q5 (V\K3e)
for all ¢ > 0 and that

@Q?(V\KS) ~ Q1 (V\K). O

e—0
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Remark 7.3. Note that in
Q;P?O(V\K) = {w € Qy(V\K): o is tempered at oo},

one can replace the condition “w is tempered at infinity” by the condition “w has
polynomial growth at infinity.” Indeed, thanks to Cauchy’s inequalities, the poly-
nomial growth of @ implies the polynomial growth of all its derivatives.

DEerINITION 7.4. We set

Exp'(K) = lim eKe OL. (V)

e—0

~ {v € Oy=(V*):forall e > 0,v € e"Ke Db (V*)}.
This set does not depend on the chosen norm.

THEOREM 7.5. There is a canonical isomorphism of C-vector spaces
(7.5) Qi°(V\K)/Q%(V) — Exp'(K).

Given a global C-linear coordinate z of V and w its dual coordinate, this isomor-
phism can be explicited by [u(z)dz] — v with

v(w) = /ezwu(z)dz,

co,nt

where C(0,r)" is a positively oriented circle, which encloses K.

Proor. We apply 1(21 to (7.1) as well as (7.4) to get the isomorphisms

e—0

QE* (V\K)/Qp(V) —> lim Hg, (V. Qp) —> Exp'(K).
e—>0
Let us explicit the composition of these two maps within coordinates. Let u(z)dz
be in Qi—?’ (V\K) andletus fix r > O such that K C D(0, r).Letus considere > 0
small enough such that K € K, € D(0, r). Let us also choose a cutoff function
Y. as in Corollary 7.2. Then, applying this corollary, we see that the image of
[u(z)dz] in e&e OL(V*) is given by v, where

v(w) = L} @(Yeu(z)dz))
= /ezwé(lpgu(z)dz)

A%
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= / (e You(z)dz)
\%

5 [ 3(e*PYou(z)dz)
D(0,r)

= /ezwl/fgu(z)dz
()]

c@,r)t

= / e*u(z)dz,
3)
co,nt

where (1) comes from the holomorphicity of e?* vy u(z)dz on the open set
V\K, D V\D(0,r), (2) from Green’s theorem and (3) from the fact that v, = 1
on C(0,r) C V\K,.

To conclude, we remark that this formula remains unchanged for smaller ¢ > 0.
Hence, it is the image of [u(z)dz] in Exp'(K). O

Remark 7.6. Theorem 7.5 is actually nothing more but Polya’s theorem.
Firstly, the canonical map

QUV\K) 3 0 > [0] € Q°(V\K)/Qp(V),
is clearly injective. Secondly, the inclusion Exp(S) C Exp'(S) is an equality.

Indeed, if eXe v is tempered at infinity, then e "X2¢ v is bounded.

8. Application II: Méril’s theorem

We keep the same conventions that in the previous section. Méril’s theorem
(see [16]) is a kind of non-compact analogue of Polya’s theorem. Let S be a non-
empty closed convex non-compact subset of V which contains no lines. Let us
set

Seo ={z€Viz4+ S CS}
the asymptotic cone of S and
Sk ={w e V*:forall z € S0, N(z, w) <0}

the polar cone of S. It is clear that SZ is a closed convex proper cone of V* with
non empty interior, since S does not contain any line. (We refer to [1] for more
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details on convex geometry and asymptotic cones.) Let & € V* be a fixed point
on the bisector of S% . For all ¢’ > 0, let us set
Hs(V, &)
{w € Qu(V\S):forall r > &> 0, sup,cg,\so e(zE80) w(z)|| < o0)}
B {w € Qu(V):forall r > 0, sup,g, |lel>¢0w(2)| < c0)}

Set also

Exp(§) := {v € Oy=((55)°):

foralle,e’ >0, sup |v(w)|e
weSS,+¢'€o

—hsw)—elw| _ 00}

These spaces do not depend on the chosen norm. Méril’s theorem states that there
is a (topological) isomorphism

. / ~
Lln s (V, ") — Exp(S).
&/—0
Given a global C-linear coordinate z of V and w its dual coordinate, this isomor-
phism can be explicited by

l(iLn Hs(V,&") 3 ([ug(z)dz])e —> v € Exp(S),

&' —0
with
v(w) = /ezwus/(z)dz,
ast

where 35" is the positively oriented boundary of any thickening S,. (Recall that
the boundary of a plane convex set is always a rectifiable curve.) This integral does
not depend on ¢, ¢'.

These functional spaces are deeply linked to analytic functionals with non-
compact carrier and, according to [19], are of interest in quantum field mechanics.

Let us fix S a non-empty closed convex non-compact subset of V which
contains no lines and &, a point on the bisector of SZ,. For all ¢ > 0, we consider
the function fi: V — R defined by fi/(z) = R(z, '&p). For all ¢, ¢’ > 0, we thus
get a function f, ./ := (fe)g, defined by

Jeer(2) =

N(z,e'&) ifzes,,
else.
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Clearly, this function is convex of domain S,. Moreover, its Legendre transform
is given by

fore(w) = sup R(z, (w — &'&)) = hs, (w —&'&o),

ZESe

for all w € V*. Since it is well known that dom®(hs) = (S%)°, one immediately
gets that dom®( ]’;8,) = (8%)° + ¢’&. In particular, since this open cone is not
empty, its generated affine space is V*. In order to apply Proposition 6.8, we
will assume throughout this section that S, is subanalytic and that /g, is almost
C*°-subanalytic on P* for all ¢ > 0. Hence we get an isomorphism

(8.1) HY (V,e=ek0lqly T hsew=e%0) of ((S2)° + ¢&)

given by the positive Laplace transform for all ¢,&" > 0. (Here e_(z’SIEO)Qﬁ, is
defined in the obvious way and is of course equal to ¢ ~%z-¢"0) Q}.) We shall show
that the projective limit on &, &’ — 0 of this isomorphism is equivalent to Méril’s
theorem.

One can easily adapt Proposition 7.1 and Corollary 7.2 to obtain

ProposriTION 8.1. For all ¢,&' > 0 there is a canonical isomorphism
(8.2) e~ EERIQL(V\S,) fe 2 0IQL (V) > HE (V, e (50,

Let ¢,&' > 0 and let Y. be a C*°-cutoff function which is equal to 1 on V\S;
and to 0 on Sg/». Let w € e_(z’s/EO)Qiéx’ (V\S) Then the image of |w] through the
canonical map

—(z,s’éo)Qigo (V\S)/e_(z’a/SO)QEP(V) = Lﬁl Hég(V,e_(z’s/SO)Qﬁp)
e—0

—> H} (V, e =50l QL)
is given by [0(V.)].

By analogy with Méril’s spaces, we are led to introduce the following defini-
tions.
DeriNiTION 8.2. For all ¢ > 0 we set

{we Qu(V\S):forall r > ¢ > 0,0 € e~ &80 DpL1O(S° \SS)}
{w e Qy(V):forall r > 0, € e={z:c50) DpHY0(S2)}

AV =

Remark that J5(V, ¢') ~ e—(z,a/go)gigo (V \S)/e—(Zﬁ’So)Q}P(V) for all & > 0.
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DeriNITION 8.3. For all €, ¢ > 0 we set

Exp;’s,(S) _ eth(w—g/“g'o) O;P* ((S:O)o + 8/50)
as well as

ExpL (S) = l(iilExpts’s/(S), Exp'(S) = lim Exp/ (S).

e—0 &—0
THEOREM 8.4. Let&’ > 0. There is a canonical isomorphism of C-vector spaces
(8.3) LV, &) = Expl(S).

These spaces do not depend on the chosen norm.

Given a global C-linear coordinate z of V and w its dual coordinate, this
isomorphism can be explicited by

HEV, ) 3 [u(z)dz] — v € ExpL (),

with
v(w) = /ezwu(z)dz,

aSg"

where 3S] is the positively oriented boundary of any thickening Sk.

Proor. We apply 1<£1 to (8.1) as well as (8.2) to get isomorphisms

e—0

AV, ) = lim Hg, (V, e~BelQly = lim Exp},,/(S) = Exp}, (5).

£—0 e—>0

Let us now compute this map within coordinates. Let [u(z)dz] € #§(V,¢’) and
fix e > 0. Let us choose a cutoff function v, as in Proposition 8.1. Then the image
of [u(z)dz] in Exp ,(S) is given by v, where

v(w) = L5 @(WYeu(2)dz)) = /ezwé(lﬂsu(Z)dZ)'

A%
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One has

/ eZYY(Yeu(z)dz) = / 3(e*You(z)dz)
Y%

A%

= / 3(e*You(z)dz)

S\SS)s

= hm /8(ezww8u(z)dz)

(SS\sg/z)an R)

_ : ZWw
= Rll)riloo/e Yeu(z)dz.

3((S:\S2,,)ND(0.R) T

It is clear that d((Se\S; 2) N D(0, R))™ is a Jordan rectifiable curve which can
be decomposed in four oriented rectifiable curves, namely: (3S, N D(0, R))*,
(CAYZIR D(0, R))™ and two oriented arcs of circle g and J (see figure 1 below).
By construction of ¥, we have

/ezwl/fgu(z)dz =0
(@S¢/2ND(0,R))~

and

lim /ezwlpsu(z)dz = /ezwu(z)dz.
R—+o00

(3S:nD(0,R)* as;

Let us prove that

REI-II:Ioo/e Yeu(z)dz = Rll)riloo/e Yeu(z)dz = 0.
IR Ir

We do it for Tg. We have

< 27R sup |e**u(z)]
z€JR

‘ / e? . (2)u(z)dz
IR

= 27R sup |eZ@ ¢80 qup |7 E)y ().

z€IR z€JR
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C(0, R)

Figure 1. The contour 3((55\55/2) N D(0,R)T.

On one hand, thanks to the tempered condition on eZ€€0)y(z)dz, one can
see that, for R big enough, there are ¢ € (0,400) and N € IN such that
SUP,eq, le?(€"80)y(z)| < ¢RN . On the other hand, for each R > 0, there is zg € I
such that sup, ¢y, |e” (w—e'80)| = R(zr(W=¢'8)) Moreover, one can write

eRErR(W="80)) _ ,lzrIlw—e"0lcos(Or) _ eR|w—8/$0|C05(9R)’

where O is the non-oriented angle between Zg and w — &'&. Since we have
w—¢'6 € (S5)° = (57.)° and zg € S, we can find § > 0 such that
cos(fr) < —8 < 0 for all R big enough. Hence, for R big enough,

‘ /ezwlps(z)u(z) dz| < 2mcRNHle—lw—e6lR
R—+o00
IR

We have thus proved that the image of [u(z)dz] in Expg,s,(S) is the function v,
defined on (S%)° + ¢’&o by v(w) = fasj e*Yu(z)dz. One can check, by a similar
proof as above, that this integral remains unchanged with ¢; < e. Therefore, it is
also the image of [u(z)dz] in Expl,(S) and we get the conclusion. |
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REMARK 8.5. Let ¢’ > ¢} > 0. Then there is a well defined map 75 (V, ¢}) —
H(V,¢'), namely [w] — [w]. Indeed, if elz180) g js tempered on S7\ S, (resp.

on S;), then

o (7:e'k0) (z.(e'=¢1)é0) p (2.8 0)

w =e (0]

is also tempered on S7\S, (resp. on S;), since N((z, (¢ — &})&)) < 0 for all
z € S, with big enough module. Hence, this gives rise to a projective system
(A3(V, €'))s which is compatible, through the Laplace transform, with the pro-
jective system (ExpL/(S))e.

CoroLLARY 8.6. There is a canonical isomorphism of C-vector spaces
(8.4) lim LV, &) — Exp!(S).
&g/—0

Given a global C-linear coordinate z of V and w its dual coordinate, this isomor-
phism can be explicited by

LiLn HEWV, &) 3 ([ug(2)dz])e —> v € Bxp'(S),

&—0
with
v(w) = /ezwus/(z)dz.
ast
Proor. Within coordinates, we already know that image of ([ug(z)dz])e
through (8.4) is given by a family (v,/)./, where
v (w) = / e?uy(z)dz
as
on (S%)° + ¢'&. To get the conclusion, it is enough to remark that

(1) for all ¢, the function v, is well defined and holomorphic on (S%)°;

(2) forany ¢’ > ¢} > 0, one has
/ e“Yuy(z)dz = / e*Pugy (z)dz.
asg" ast
Indeed, since uy — u | is entire and verifies a suitable tempered condition,

/ezw (ug'(z) —uy (z))dz = lim /ezw (uer(z) —uy (2))dz = 0. O
1 R—>+00 1
S+ 3(SeND(O,R)*
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RemARrk 8.7. Corollary 8.6 is nothing more but Méril’s theorem, while Theo-
rem 8.4 is a stronger and new result. Firstly, the canonical map

Hs(V, &) — H(V, &)

is injective for all ¢, thanks to the Phragmen—Lindel6f theorem of [5, p.394].
Hence, it remains injective when applying 1(&1 . Secondly, the inclusion
&'—0
Exp(S) C {v € Oy« ((S%)°):forall e,&' > 0, v € "Se DDL((SZ)° + £'&0))}
~ Exp'(S)

is an equality for the same reasons as in Remark 7.6.
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