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Abstract

This paper deals with the coupled electrostatic-mechhaitalysis of electrostatically actuated MEMS. An iterativ
perturbation procedure in conjunction with the finite eletmmethod is used to solve the coupled problem without
the need of remeshing the whole electric domain. The metlifedsahe advantage of overcoming degenerated finite
elements in the mesh of some electric regions where the tefieaf the MEMS moving parts is critical. The actuation

of such systems is achieved by applying either an electiimge or a global charge.

1. Introduction

A common configuration of an electrostatic MEMS consists dfeaible electrode suspended over a stationary
conductor. One electrode is electrically connected to mpwvhile the other is driven by a voltage source. When
a voltage is applied, electric forces act on the free eldetnesulting in structural deformations, which modify the
electric field and force distribution. In some cases, therositucture can undergo large displacements which may
cause pull-in instability[]1].

The electrostatic-structural problem has already beetedein several works. In[2][3], for example, an automated
mesh morphing algorithm has been employed to update thenfietdh after structural deformation. Remeshing of all or
part of the geometry during displacement implies the needrefiable automatic mesh generator which provides optimal
and homogeneous meshing [4]. If the geometry is relativelpmex, such a mesh generator may be time-consuming.
In [B][6], the finite element (FE) technique is used to solke structural problem while the boundary element (BE)
method is used to handle the electric problem and allows tailhe deformation without any remeshing (the air is
not meshed). However, the BE electrostatic model leads tdlya fopulated system matrix which is computationally
expensive and may limit the size of the coupled problems tsdbeed.

In this paper, an iterative perturbation FE method (PFEM)[3Y is used to avoid remeshing in the coupled
electrostatic-mechanical analysis of electrostatic MEMSs an extension of[[9] where only fixed conductors are
considered. The perturbation technique uses independeshesn: one for the fixed part of the microstructure and
another for the moving part. The solution is transferrednfrane mesh to the other by means of a projection method
[LQ]. The mesh of the moving part is fine enough around theersrin order to capture strong electric fields and to
accurately compute driving forces via the virtual work pipal. A structural analysis is then performed to determine
the moving part microstructure deflection. The originalifythis approach lays on the fact that the moving mesh is

not bounded by the fixed one. Degenerated elements of theieldomain mesh in pull-in are thus avoided.
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A cantilever microbeam and a combdrive are considered asasss. The numerical results of the microbeam are

compared with the experimental measurements.

2. Electrostatic Model of MEMS by the PFEM
A. Unperturbed and Perturbed Electrostatic Problems-&gré-ormulations

An electrostatic problem is to be solved in a domg&inwith boundaryl’ =T', U Ty, of the 2-D or 3-D Euclidean
space (Figl]1). The conducting parts(@fare denoted?,., with boundaryl".. The governing differential equations and
constitutive law in{2 are

curle= 0, divd = ¢, d=ce, (1a-b-c)
with boundary conditions (BCs)
nxelr,=0, n-dlr,=0, (2a-b)

wheree is the electric fieldd is the electric flux densityg is the electric charge density,is the electric permittivity
andn is the unit normal exterior t62. From [1a), the electric fielé can be derived from an electric scalar potential
v, i.e.,e= —gradv.

Hereafter, the subscripts and p refer to the unperturbed and perturbed quantities and a$sdadomains, respec-
tively.

In this paper, the electrostatic problem is solved in twestérig.[2). An unperturbed electrostatic problem is first
solved inQ2 without considering a moving conductive region ,,. Its solution gives the source for the moving region,
i.e., the so-called perturbing region. For each positiottheflatter, a perturbation problem is solved in a sub-domain
Q, (i.e,, Q. and its neighborhood). At the discrete level, the mesklpfis distinct from that of2 what allows to

benefit from mesh refinement and deformation of differenioreg

B. Perturbation Problem

For each position of the moving perturbing regi@p,,, a perturbation problem is definedfr),. Its related quantities
are determined by subtracting the unperturbed equatiams the perturbed ones][7]3[9]. The obtained equations are

expressed in terms of the field distortioes- e, — e, andd = d, — d, as

curle=0,divd=0,d=¢,e+ (g, — &,) &, (3a-b-c)

nxelp, ,=nxe, n-dfp, =n-ds (4a-b)

In @b), it is assumed that there is no volume charge densify,i BCs [4a-b) on the outer boundary @f, are first
defined as homogeneous, i.B.x s = 0 andn - ds = 0, to neglect the field distorsion at a certain distance ffom.
Note that in regions where, # ¢,, an additional source term given by the unperturbed solutig — ¢,,) e, is
considered in[{3c). Because the added redinn, is a perfect conductor, this source term is not directly ived.
Actually, this region is extracted froif?, and treated via a BC of typ€l(4a) on its bound&gy, (thus added td'. ,),

with
nxelr,,=-nxelr,, (5)

or .
vlr,,=—vs with vy =v,|r,, . (6)

cp

In all the other regionss,, ande,, are equal and denoted
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3. Weak Formulations
A. Unperturbed electric scalar potential formulation

The unperturbed field distribution is first calculated(inas the solution of an electric scalar potential formulation

obtained from the weak form ofl(3b), i.eljv(—c grad v, ) = 0, as
(—egrad vy, gradv')g — (N - dy,v")r, = 0,Yo' € F(Q), @)

where(-,-)q and (-, -)r denote a volume integral it and a surface integral oh of the product of their arguments;
F(Q) is the function space defined &b containing the basis functions faras well as for the test function’ [11].

At the discrete level, Ef) is approximated with nodal FEs. The surface integral temnff) can be associated with
a global quantity or used for fixing a natural BC (usually hg®weous for a tangent electric field constraint) on a

portionT"; of the boundary of".

B. Perturbation electric scalar potential formulation

The source of the perturbation problem (€) is determined in the new added regifn , through a projection
method [10]. Given the perfectly conductive nature of thetybing region, the projection of, from its original

mesh to that of. , can be limited tal'. ,. It reads
(grad v, gradv)r, , — (grad vy, gradv’)r, , = 0,Vv' € F(I' ), (8)

where the function spacB(T'. ,) containsv, and its associated test functioh At the discrete levely, is discretized
with nodal FEs and is associated to a gauge condition fixingdalnvalue inl. ,,.

Further, the projection is to be extended to the whole dortrip in case of a dielectric perturbing region. We
choose to directly projecgirad v,, in order to assure a better numerical behaviour in the egseguations where the
involved quantities are also gradients.

The perturbation electrostatic weak formulation(lp is still of the form of [T) and reads
(—egradv,gradv’)q, — (n-d,v")r, , =0,V € F(£,), 9)

with non-homogeneous Dirichlet BC1(6) and BC$ (4a-b) in hgereous forms.
When all components of the unperturbed electric figld= —grad v,, are needed in the layer of FEs touchilig,
in Q,\Q., (to give access also to normal gradients), denétgg, the projection[(B) ofv, has to be extended only
to this transition layer. This way, the computational gffof the projection is also reduced. Having accesgtand
e in this layer allows to compute there the perturbed eledtelt g,. Both charges and electric forces can thus be

calculated o’ ;,.

C. lterative sequence of perturbation problems

For close relative positions where the coupling betweersthace and perturbing regions is significant, an accurate
solution can be obtained via an iterative procedure thatutaties successive perturbations not only from the initial
source region to the added conductor but also from the ladténe former. Each region gives the suitable correction
as a perturbation with an accuracy dependent of the finerfdéts rmesh.

For each iteration (: = 0,1,...), we determine the electric scalar potentig] in €2, starting withvy = v,.. The

projection of this solution from its original mesh to that thie added conductd?. , gives a sourcess 2,41 for a
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perturbation problem. This way, we obtain a potentigl,; and an electric charge afi. , that counterbalance the
potential and the electric charge dn. For iteration: + 1, a new source, »;,» for the initial configuration has to be
then calculated. This is done by projecting; from its support mesh to that é1. This projection can be limited to

the layer of FEs touchin@. in Q\Q., denoted?,, i.e.,
(grad vs 2i42, grad v’)q, — (grad va;t1, gradv')g, = 0,Vv' € F(§). (20)

A perturbation electric scalar potential problem is defiired as
(—e grad vg;4a, grad v')g — (N - daisz, v')r, = 0, V0" € F(Q), (11)
with non-homogeneous Dirichlet BGy; 12 = —vs 2;+2 |r, and Neumann BQ@ - thisz |r,= —n - dzis1 |1,. The latter

is not known in a strong sense. The associated surface amtesgm in [11) can be evaluated rather via the weak

formulation of problem2: 4+ 1 now applied tof2;, as

(n- d2i+27'U/>Fd, =—(n- d2i+1,v/>rd

= —(—egrad vs 2;42, grad v')q,, Vo' € F(), (12)

benefiting from the projection; 5,2 of v2;41 already done by[{10).

This iterative process is repeated until convergence fawengolerance.

D. Electrostatic charges

A suitable treatment of the surface integral term[ih (9) ésiesin naturally defining a global electric charge in the
weak sense [11]. A test functiom. ,, is chosen equal to one dn.,, and continuously varying towardsin the layer
), of FEs touchingl'.,, in £,\Q.,. The electric charge can be naturally calculated at the-postessing stage

through the volume integral if](9) limited 9, ,, i.e.,

Qp = Qu+Q, (13)
with Qu = —(—egrad v, grad ve p)o,
and Q = —(—egradv,gradvep)o, -

The calculation of@,, needs to use the unperturbed potentialexpressed in the mesh 6K ,, which is actually
the projected potentials. This justifies the interest of projecting, in € ,,.
In case of an iterative sequence of perturbation problehestdtal charge o', , is given by the summation of

correction charges obtained at each iteration

E. Electrostatic forces

As previously mentioned, the perturbed electric figidcan be computed in the layé); ,, of FEs touchingl’. ,, in
2,\Q.,. The electric force distribution is calculated thus by locapplying the virtual work principle[[13] in this
transition layer. At the discrete level, the force at eactenofI’. , is obtained by deriving the electric energy in the
considered layer of FEs with respect to a virtual displag#mBhe contribution of a reference elemeXtto the force
in a given direction is

N 1 0J 8|J|

for a virtual displacement in this direction.J is the geometrical Jacobian matrix with determingft

4
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Given the non-linearity of the force, a direct summation lué forces at each iteration is not possible. The total

electric fielde, has to be updated at each iteration before computing thefaste by [13).

4. Elastic FE Model

A brief description of the elastic FE model of MEMS is given #linear isotropic material. Under this hypothesis,

the equation of static equilibrium of a body under volumecémf, reads[[12]
V[o] +f, =0, (15)

where[o] is the symmetric Cauchy stress tensor. Next, the stresseare related to strains;; by the Hook law as
following

o] = [E][el, (16)

with [E] the material stiffness tensor that depends on the Young lasdland the Poisson ratie. The strain tensofe]
is Vu, whereu = (uy, uy,u,)? are the mechanical displacements. Frém (15), we can wiétesystem characterizing
the linear mechanical problem

V[E]VuU + f, = 0. (17)

An additional smoothening step is performed in order toritiste the mechanical displacement of the moving
microstructure over the air domain,. This smoothening can be seen as an additional mechanioatieq of type
(17) applied to the exterior region, with an arbitrary metestiffness|F]. The displacements of the deforming electrode
are used as non-homogeneous Dirichlet boundary condiéindskeep the rest of the doméi)), boundary fixed. After
solving this equation, we update the nodal coordinates @ftlesh of domair,. Next, a new electrostatic problem
by the PFEM is carried out. This sequential coupling is régbauntil the relative change in nodal displacements of
the moving microstructure is bounded by a given threshold

[uiss — Ui]|2

< 18
ol (18)

with ujsq is the displacement of the current iteration ghffk is the Euclidean norm.

5. Applications
A. Cantilever Microbeam

The electromechanical analysis of a cantilever microbe@m[@) is first carried out in order to illustrate and valielat
the PFEM. The perturbing conductive pétt , is a flexible microbeami{; = 175 pm, ¢ = 1.85 um ) suspended
over a stationary electrode. (L, = 168 pum). The air gapyg (i.e., distance between both conductors®igm. The
Young modulusE' of the polysilicon cantilever microbeam i85 G Pa and the Poisson ratio is 0.22.

The domain(2 surrounding the fixed electrode, is coarsely meshed (Figl4)). The domainQ, containing the
deforming microstructurél. , (i.e., the structural domaif2,,) has an adapted mesh especially fine in the vicinity of
the corners (Fid14)(c)). The fringing field effects are then taken into account drel électric forces are accurately
calculated. Further, the two meshes are independent whbaisaor any intersection of perturbation problem bounelsri
with the unperturbed problem material regions. Degendratements of the electric domain are then avoided in case

of critical deformation of the microbeam subjected to a agét near to the pull-in value.
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The maximum vertical microbeam deflection (in micrometemsisus potential difference between the deforming
plate and the ground is depicted in Fig. 5. The results obthinith the PFEM are compared with measurements
[15] and the classical FEM. On the one hand, one can see tha ih a good agreement between PFEM results and
experimental ones. On the other hand, the curves obtairtbdivd PFEM and classical FEM agree well for low applied
voltage, when the deformation is small. When the voltageeia®es, the displacement is critical and the PFEM curve
deviates from the FEM one but agrees well with the experialaetsult. That is because the mesh of the classical FE
model around the corners is not as fine as the one of the patimmbmodel. In fact, it is not fine enough. Indeed, a
finer mesh of the FEM model would lead to degenerated elenfientarge displacements of the deflecting microbeam.
The experimental pull-in voltage i51.5 V whereas the ones predicted by the PFEM and the conventididl &e

14.35 V and 15.35 V, respectively [% and 6% as relative error with respect to measurement, respegtivel

B. Combdrive

In order to illustrate the PFEM when applied to the electistanalysis of MEMS with a rigid movement, a
combdrive is considered. Its geometry is shown in ElgL6=(10 pm, b = 2 ym andg = 2 um). The movement of
the finger is simulated by varying its engagement

The domairf2 surrounding the fixed comb is coarsely meshed (Higight)). The domairt2,, containing the moving
finger (i.e.,Q2.,) has an adapted mesh especially fine in the vicinity of theersr (Fig[¥ left)). The two meshes are
independent.

At odd iterations, the electric charges appearing on thé&aserrof the moving finger for each of its positions are
calculated. Fig[18 shows the convergence of the charges asctidn of iterationi. As expected, more iterations
are required when the moving finger is close to the statioetegtrode 21 iterations atr = 3 um, 11 iterations at
x = 9 um). Nevertheless, using the Aitken acceleration [16] alldines iteration process to be more efficient. In this
case, onlys iterations are needed for obtaining the charges in eachi@ogif the moving finger.

Further, the numerical results of the electric charges ancet {-component) obtained by the PFEM with Aitken
acceleration and the conventional FEM are compared if Figh8se quantities are determined with ofligerations by
the PFEM. A good agreement is observed (the relative errtr iespect to the FEM results reachi#s). In addition,
it has been verified that the PFEM solves this 2-D problem wipeed-up factor between 2 and 3 in comparison to
the classical FEM.

6. Conclusion

The analysis of the coupled electromechanical problemexdftedstatic MEMS has been investigated by an iterative
perturbation finite element technique. It has been showretoftinterest for overcoming degenerated elements when
some moving regions undergo critical deformations. Theyaigof a cantilever microbeam has been carried out.
The accuracy of the proposed method has been demonstratediriparing the results with both measurements and
the classical FEM calculations. The electrostatic analydia combdrive involving rigid movement has also been
performed. The Aiken acceleration has been proven to be effigient. A significant speed-up in comparison to the

conventional FEM is achieved.
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