
Computers and Mathematics with Applications 77 (2019) 1703–1721

Contents lists available at ScienceDirect

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

A high-order absorbing boundary condition for 2D
time-harmonic elastodynamic scattering problems
V. Mattesi a,*, M. Darbas b, C. Geuzaine a

a Department of Electrical Engineering and Computer Science, University of Liège, Belgium
b LAMFA, University of Picardie Jules Verne, Amiens, France

a r t i c l e i n f o

Article history:
Received 30 January 2018
Received in revised form 7 May 2018
Accepted 14 May 2018
Available online 6 June 2018

Keywords:
Scattering
2D time-harmonic elastic waves
Absorbing boundary condition
High-frequency

a b s t r a c t

In this paper, we are concerned with the construction of a new high-order Absorbing
Boundary Condition (ABC) for 2D-elastic scattering problems. It is defined by an approxi-
mate localDirichlet-to-Neumann (DtN)map. First,we explain thederivation of this approx-
imation. Next, a detailed analytical study in terms of Hankel functions in the circular case
is addressed. The new ABC is compared with the standard low-order Lysmer–Kuhlemeyer
ABC. Finally, its accuracy and efficiency are investigated for various numerical examples,
particularly at high frequencies.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The paper is concerned with the numerical solution of high-frequency scattering problems of time-harmonic elastic
waves by a two-dimensional rigid obstacle. The accurate numerical modeling of high-oscillatory elastic problems is a timely
research fieldwith a large panel of possible applications. Fromseismology andnon-destructive testing tomedical ultrasound,
various numerical methods can be used to solve scattering problems in unbounded domains [1]. For methods like finite
elements, the unbounded domainmust be truncated using a fictitious boundary at finite distance, on which a non-reflecting
boundary condition is imposed. This is the point of view we adopt here. In the ideal configuration, the boundary condition
is ‘‘transparent’’ in the sense that the solution in the truncated domain is exactly the restriction of the outgoing solution
in the unbounded domain. However, such a boundary condition is generally non-local and too expensive numerically.
Local boundary conditions are thus of interest. Such non-reflecting boundary conditions are also called Absorbing Boundary
Conditions and consist in constructing local approximations of the Dirichlet-to-Neumann map. The main objective is to
obtain ABCs that minimize the spurious reflections generated by the fictitious boundary. For acoustic wave problems, well-
known examples are the Clayton–Engquist [2], Engquist–Majda [3] and the Bayliss–Turkel conditions [4]. For elasticity,
without being exhaustive, we can cite [5–7] for exact non-local boundary conditions and [8–10] for local approximate
boundary conditions. Compared to alternative approaches such as Perfect Matched Layer methods [11,12], which deal with
infinite media by adding a small layer of finite elements around the truncated domain of study, local ABCs can be easily used
as transmission conditions in the context of domain decomposition methods [13].

The aim of this paper is to derive a high-order ABC for 2D time-harmonic elastodynamic scattering problems by adapting
ideas from Chaillat, Darbas and Le Louër [10] for the construction of accurate approximations of the elastodynamic Dirichlet-
to-Neumannmap in the context of analytical preconditioning techniques for boundary integral equations and in the context
of On-Surface Radiation Conditions (OSRC). The paper is organized as follows. We introduce in Section 2 the problem under
study and the low-order Lysmer–Kuhlemeyer ABC [8]. In Section 3, we derive an exact DtN operator in the case of the
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Fig. 1. Scattering wave problem.

half-plane using Fourier analysis. Then, we obtain a local approximate DtN map for a general smooth surface thanks to a
regularization process and a Padé-local representation of square-root operators. Section 4 is devoted to a detailed analytical
study. We describe the general expression of the analytical solutions and determine the damping and Padé parameters. The
new ABC is compared with the Lysmer–Kuhlemeyer ABC for different configurations. In Section 5, we express the weak
formulation of the considered truncated boundary-value problem in view of the finite element implementation. Section 6
presents numerical results obtained with the open source softwares GetDP and Gmsh [14,15]. Finally, Section 7 gives some
concluding remarks and directions for future works.

2. Problem statement

2.1. Exterior Navier problem

Let us consider a bounded domain Ω− in R2 representing an impenetrable body with a closed boundary Γ := ∂Ω of
class C2 at least. Let Ω+ denote the associated exterior domain R2

\Ω−. The Lamé parameters, µ and λ, and the density
ρ are positive constants. We are interested in finding the scattering field u+ generated by an incident wave uinc striking
the obstacleΩ− (see Fig. 1). The propagation of time-harmonic waves in an isotropic and homogeneous elastic medium is
modeled by the Navier equation

div σ (u+) + ρω2u+
= 0, (1)

where ω > 0 is the angular frequency. In the case of 2D isotropic elastodynamics, the stress and strain tensors are given
by σ (u+) = λ(div u+)I2 + 2µε(u+) and ε(u+) =

1
2

(
[∇u+

] + [∇u+
]
t
)
respectively, where I2 is the 2-by-2 identity matrix

and [∇u+
] is the matrix whose the jth column is the gradient of the jth component of u+. In solid media (or very viscous),

elasticwaves can be decomposed into a longitudinal pressurewave and a transversal shearwave. In seismology, the pressure
wave is commonly called primary wave (P-wave) and the shear wave is the secondary wave (S-wave). Indeed, the celerity of
P-waves is always faster than S-wave speed therefore P-waves are detected first by seismograph stations. Those waves are
body waves (volume waves), they propagate through the interior of the earth unlike surface waves (for instance Rayleigh,
Love or Stoneley waves) traveling along the earth’s surface. We use the notation P-wave and S-wave for pressure wave
and shear wave even if the work is not dedicated only to seismology. The displacement field u+ is decomposed into the
longitudinal field up = ∇ψp and the transverse field us = u+

− up = curl ψs. Notice that in two dimensions, the vector
rotational operator is defined for a scalar function ϕ by curl ϕ = (∂yϕ,−∂xϕ)t , whereas the scalar rotational operator acting
on a vector field v = (vx, vy)t is given by curl v = ∂xvy − ∂yvx. The Lamé potentials ψp and ψs satisfy{

ψp = −κ−2
p div u+

∆ψp + κ2
pψp = 0

and
{
ψs = κ−2

s curl u+

∆ψs + κ2
s ψs = 0

, (2)

where κ2
p = ρω2/(λ + 2µ) and κ2

s = ρω2/µ are the P- and S-wavenumbers. The wavelengths are defined by λ{p,s} =

2π/κ{p,s}. The scattering problem is formulated as follows: given an incident wave field uinc which is assumed to solve the
Navier equation in the absence of any scatterer, find the displacement u+ solution to the Navier equation (1) inΩ+ which
satisfies the Dirichlet boundary condition on Γ

u+

|Γ = −uinc
|Γ . (3)

In addition, the field u+ has to satisfy the Kupradze radiation conditions [16] at infinity

lim
r→∞

√
r
(
∂ψp

∂r
− iκpψp

)
= 0, lim

r→∞

√
r
(
∂ψs

∂r
− iκsψs

)
= 0, r = |x|, (4)

uniformly in all directions.

2.2. Absorbing boundary conditions

To numerically compute the solution to problem (1)–(3)–(4) by using the finite element method, the infinite propagation
domainΩ+ is truncated with a fictitious boundary Γ∞ enclosing the obstacle (see Fig. 2). Let us denote byΩ the bounded
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Fig. 2. Truncated problem.

domain delimited by Γ and Γ∞, and by n = (nx, ny)t the outer unit normal vector to the boundary Γ∞. An Absorbing
Boundary Condition (ABC) is introduced on Γ∞ to simulate the radiation condition. The resulting bounded boundary-value
problem is the following: find u solution to⎧⎨⎩div σ (u) + ρω2u = 0, in Ω,

u|Γ = −uinc
|Γ , on Γ ,

t|Γ∞ = Bu|Γ∞ , on Γ∞.

(5)

The Neumann trace, defined by t|Γ∞ := Tu, is given by the traction operator

T = 2µ
∂

∂n
+ λn div+µ n × curl . (6)

For a scalar function ϕ, we have n × ϕ = (ϕny,−ϕnx)t .

Remark 1. In the usual cylindrical coordinates system (r , θ ), the traction operator is described by

Tu :=

⎛⎜⎝(λ+ 2µ)∂rp + λ
∂θ

r
q +

λ

r
p

µ∂rq + µ
∂θ

r
p −

µ

r
q

⎞⎟⎠ , (7)

with (p, q) the cylindrical components of u.

The operator B is an approximation of the exact exterior Dirichlet-to-Neumann (DtN) map on Γ∞ which is defined by

Λex
: (H

1
2 (Γ∞))2 → (H−

1
2 (Γ∞))2

u+

|Γ∞ ↦→ t+

|Γ∞

. (8)

The field u is thus an approximation of the restriction of the scattered field u+ toΩ . The accuracy is linked to the choice of the
operator B. In this paper, we derive a high-order ABC for the 2D Navier equation and we compare it with the simplest local
ABC: the Kupradze radiation condition at finite distance. This zeroth-order ABC, called also Lysmer–Kuhlemeyer boundary
condition [5,8], is defined by

B := B0 = i(λ+ 2µ)κpIn + iµκsIτ, (9)

where In = n⊗n and Iτ = I− In. As mentioned in [2], the low-order ABC (9) acts on spurious reflected P-waves but partially
on S-waves. Furthermore, it is not robust in the high-frequency regime (see Section 6). This motivates the investigation of
new ABCs. This condition is called LK-ABC in the remaining of the paper.

3. A high-order ABC

Recent works in elastodynamics have proposed accurate approximations of the exact DtN map in the context of the
analytical preconditioning technique for boundary integral equations [17,10] and in the context of the On-Surface Radiation
conditions method [10]. In this section, we adapt ideas of [10] to construct a high-order ABC for the 2D Navier equation.

3.1. Derivation of an exact DtN operator for the half-plane

Let us consider the case of the half-plane Ω−
:= {x = (x, y)t ∈ R2

: x < 0}. The directed normal vector at
Γ := {x ∈ R2

: x = 0} to Ω− is n = (1, 0)t . The radial direction to Ω− is x and the tangential one is y. We define the
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partial Fourier transform f̂ := (f̂1, f̂2)t : R2
→ R2 of a function f := (f1, f2)t : R2

→ R2 by

Ffj (x, ξ ) = f̂j(x, ξ ) :=

∫
R
fj(x, y)e−iyξdy, j = 1, 2, (10)

and the inverse Fourier by

F−1
f̂j

(x) = fj(x) :=
1
2π

∫
R
f̂j(x, ξ )eiyξdξ, j = 1, 2, (11)

with ξ the dual variable of y.

Proposition 1. For Γ = {x = (x, y)t ∈ R2
: x = 0}, the following exact surface relation holds

Λ1u+

|Γ = (I + Λ2)(t+

|Γ − 2µMu+

|Γ ), (12)

with

Λ1 = iρω2 [n(∂2y + κ2
p I)

−1/2n · In + τ(∂2y + κ2
s I)

−1/2τ · Iτ
]
, (13)

Λ2 = −i
[
τ(∂y(∂2y + κ2

s I)
−1/2n · In) − n(∂y(∂2y + κ2

p I)
−1/2τ · Iτ)

]
, (14)

and M the Günter tangential derivative which is defined by

M = ∂y(n · In)τ − ∂y(τ · Iτ)n, (15)

where τ = (−ny, nx)t := (0, 1)t .

Proof. Let us introduce the tangential Günter derivative M defined by [16, Eq. (1.14) page 282]

M =
∂

∂n
− n div+ n × curl . (16)

The traction operator is rewritten

T = 2µM + (λ+ 2µ) n div−µn × curl .

We get t+

|Γ − 2µMu+

|Γ = ((λ+ 2µ) div u+, µ curl u+)t . We develop (1) to obtain{
(λ+ 2µ)∂x div u+

− µ∂y curl u+
+ ρω2u+

x = 0,

(λ+ 2µ)∂y div u+
+ µ∂x curl u+

+ ρω2u+

y = 0.
(17)

That leads to{
(λ+ 2µ)∂x div u+

= µ∂y curl u+
− ρω2u+

x ,

µ∂x curl u+
= −(λ+ 2µ)∂y div u+

− ρω2u+

y .
(18)

We deduce the expression of the first derivative of u+ with respect to x⎧⎪⎪⎨⎪⎪⎩
∂xu+

x = −
1
ρω2

(
(λ+ 2µ)∂2x div u+

− µ∂xy curl u+
)
,

∂xu+

y = −
1
ρω2

(
(λ+ 2µ)∂xy div u+

+ µ∂2x curl u+
)
.

(19)

With the definitions of the Lamé potentials (2), we eliminate the second order derivatives with respect to x as{
∂2x div u+

= −κ2
p ∂

2
xψp = κ2

p (∂
2
yψp + κ2

pψp) = −(∂2y + κ2
p ) div u

+,

∂2x curl u+
= κ2

s ∂
2
xψs = −κ2

s (∂
2
yψs + κ2

s ψs) = −(∂2y + κ2
s ) curl u

+.
(20)

We finally obtain⎧⎪⎪⎨⎪⎪⎩
∂xu+

x =
1
ρω2

(
(λ+ 2µ)(∂2y + κ2

p ) div u
+

+ µ∂xy curl u+
)
,

∂xu+

y =
1
ρω2

(
µ(∂2y + κ2

s ) curl u
+

− (λ+ 2µ)∂xy div u+
)
.

(21)

• Let us introduce the variable U = (u+, (λ + 2µ) div u+, µ curl u+)t . The Dirichlet trace of U on Γ is given by
U|Γ = (u+

|Γ , t
+

|Γ − 2µMu+

|Γ )
t . We rewrite the elastodynamic system (1) as a first-order hyperbolic system where the
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unknown is the Fourier transform of U. Applying the partial Fourier transform along y to systems (21) and (18), we get
the equation A∂xÛ = BÛwhere

A =

(
I2

1
ρω2M

02 I2

)
, with M =

(
0 −iξ
iξ 0

)
, (22)

and

B =

⎛⎜⎜⎜⎜⎜⎜⎝
0 0

κ2
p − ξ 2

ρω2 0

0 0 0
κ2
s − ξ 2

ρω2

−ρω2 0 0 iξ
0 −ρω2

−iξ 0

⎞⎟⎟⎟⎟⎟⎟⎠ . (23)

• To solve the hyperbolic equation, we introduce the change of variable V = AÛ and write ∂xV = BA−1V. The spectrum
of BA−1 is {isp, iss,−isp,−iss} with sp =

√
κ2
p − ξ 2 and ss =

√
κ2
s − ξ 2. The matrix is diagonalized as BA−1

= PDP−1 with
D = diag(−isp,−iss, isp, iss). The associated matrix P is

P =

(
I2 I2

−C C

)
with C = iρω2

(
s−1
p 0
0 s−1

s

)
. (24)

The first order hyperbolic system is rewritten as ∂xW = DW, for x ≥ 0, whereW = P−1V = P−1AÛ. We get

W =
1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0
isp
ρω2 −

iξ
ρω2

0 1
iξ
ρω2

iss
ρω2

1 0 −
isp
ρω2 −

iξ
ρω2

0 1
iξ
ρω2 −

iss
ρω2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Û. (25)

The solution of this equation is W(x) = exDW(0). Since we are characterizing the part of the wave field that is square
integrable in the right half-space, then we must impose that the first two components of W vanish. Coming back to the
definition of U, we obtain the equation

û+

|Γ =

(
−

1
ρω2M + C−1

)
(t̂+

|Γ − 2µMû+

|Γ ). (26)

We multiply by C and we apply the inverse Fourier transform. We have

F−1(C û+

|Γ ) = iρω2F−1

(
s−1
p ûx

s−1
s ûy

)
= iρω2

(
(∆Γ + κ2

p )
−1/2ux

(∆Γ + κ2
s )

−1/2uy

)
:= Λ1u+

|Γ (27)

and setting q = t+

|Γ − 2µMu|Γ , we get

F−1
(
(−

1
ρω2 CM + I2 )̂q

)
=

(
1 i∂y(∆Γ + κ2

p )
−1/2

−i∂y(∆Γ + κ2
s )

−1/2 1

)
q

:= (I + Λ2)q.
(28)

We deduce the surface relation (12). To conclude, we remark that on the boundary Γ of a half-space in the two-dimensional
case we have

M = ∂y(n · In)τ − ∂y(τ · Iτ)n. ♣

3.2. Local approximate DtN operator for a general smooth surface Γ∞

The surface relation (12) is valid only in the case of an elastic half-plane. There exist two ways to construct such surface
operators in the case of a general smooth surface: a formal one using a tangent plane approximation and a rigorous one
applying the technique of microlocal diagonalization for hyperbolic systems [3,9,18]. The two approaches allow to obtain
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the surface approximation (12), given in of Proposition 1, onto a general smooth surfaceΓ∞. At this stage, it gives a non-local
ABC, called non-local HO-ABC,

t|Γ∞ = B1u|Γ∞ := (I + Λ2)−1Λ1u|Γ∞ + 2µMu|Γ∞ , on Γ∞, (29)

where the operatorsΛ1 andΛ2 (see Proposition 1) are expressed by

Λ1 = iρω2 [n(∆Γ + κ2
p I)

−1/2n · In + τ(∆Γ + κ2
s I)

−1/2τ · Iτ
]
, (30)

Λ2 = −i
[
τ(∂s(∆Γ + κ2

s I)
−1/2n · In) − n(∂s(∆Γ + κ2

p I)
−1/2τ · Iτ)

]
, (31)

with s the anticlockwise directed curvilinear abscissa along Γ and ∂s the curvilinear derivative. The Laplace–Beltrami
operator over Γ is defined by∆Γ = ∂2s .

The operator B1 is expressed in terms of inverse of square-root operators. The square-root z1/2 of a complex number z
stands for the classical complex square-rootwith branch-cut along the negative real axis. Two ingredients are essential to get
an efficient and local ABC. First, a regularization procedure of the square-root operators is needed to improve the accuracy
of the approximate DtN B1 in the zone of grazing modes. The second crucial point is to propose a robust local representation
of the square-root operators.

Regularization of the operator B1.
An artificial singularity of square-root operators occurs in the transition zone from the propagating modes to the

evanescent ones. The presence of the singularity does not allow a satisfactory representation of the grazingmodes. Tomodel
the behavior in the transition zone, we use a regularization by adding a small local damping parameter ε{p,s} > 0 to the
wavenumber κ{p,s} [19]. We set κ{p,s},ε := κ{p,s} + iε{p,s} and we consider square-root operators κ−1

{p,s}

(
∆Γ

κ2
{p,s},ε

+ I
)−1/2 in the

ABC (29). We obtain the regularized non-local HO-ABC

t|Γ∞ = B1,εu|Γ∞ := (I + Λ2,ε)−1Λ1,εu|Γ∞ + 2µMu|Γ∞ , on Γ∞. (32)

Padé-local representation of the operator B1,ε .
To get a local and uniform representation of the function (1 + z)−1/2 involved in (30) and (31), we use complex rational

Padé approximants with a rotating branch-cut technique of angle α [20]: for z ∈ C, one has

(1 + z)−1/2
≈

L−1∑
ℓ=0

Rαℓ
Sαℓ + z

, (33)

where{
Rαℓ = eiα/2cℓ, Sαℓ = 1 + eiα(−1 + dℓ), ℓ = 0, . . . , L − 1,

cℓ =
dℓ
L
, dℓ = 1 + tan2

( π
2L

(
1
2

+ ℓ)
)
, ℓ = 0, . . ., L − 1.

(34)

Finally, we propose the following regularized Padé-localized ABC, called HO-ABC in the sequel,

t|Γ∞ = B1̃,εu|Γ∞ := (I + Λ2̃,ε)
−1Λ1̃,εu|Γ∞ + 2µMu|Γ∞ , on Γ∞, (35)

where

Λ1̃,ε = iρω2

[
1
κp

n
L−1∑
ℓ=0

Rαℓ

(
∆Γ

κ2
p,ε

+ Sαℓ I
)−1

(n · In)

+
1
κs

τ

L−1∑
ℓ=0

Rαℓ

(
∆Γ

κ2
s,ε

+ Sαℓ I
)−1

(τ · Iτ)

]
,

(36)

Λ2̃,ε = −i

[(
1
κs
∂s

L−1∑
ℓ=0

Rαℓ

(
∆Γ

κ2
s,ε

+ Sαℓ I
)−1

(n. · In)

)
τ

−

(
1
κp
∂s

L−1∑
ℓ=0

Rαℓ

(
∆Γ

κ2
p,ε

+ Sαℓ I
)−1

(τ · Iτ)

)
n

]
.

(37)

The choice of damping and Padé parameters will be addressed in the next section.
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4. Analytical study in the circular case

In the following, circular scatterermeans the cut in the plane (x, y) of a 3D-cylindrical scatterer. In this section, we discuss
the accuracy of the LK-ABC (9) and the local HO-ABC (35) in the case of a circular scatterer. This configuration allows to
understand analytically the drawbacks and advantages of eachABCand topropose improvements. This study is an interesting
preamble to numerical simulations.

4.1. Expression of the analytical solutions

The displacements u+, u0, u1, u1,ε and u1̃,ε , respectively solutions to the exterior problem (1)–(3)–(4) and to the truncated
problem (5) associated with the LK-ABC (9), the non-local HO-ABC (29), the non-local HO-ABC after regularization (32) and
the HO-ABC (35), are built in this section. The superscript ⋆ will stand for +, 0, 1, (1, ε) or (1̃, ε) in the sequel. We describe
the general construction of u⋆ solution to the time-harmonic scattering problem by a rigid elastic disk of radius rint > 0.
Following [21,22], we decompose the solution under the form u⋆ = ∇ψ⋆

p + curl ψ⋆
s and since the Lamé potentials ψ⋆

{p,s} are
solutions to wave equations (2), the ansatz ψ⋆

{p,s}(r, θ ) = R⋆
{p,s}(r)Θ

⋆(θ ) separates equations (2), for n ∈ N, into⎧⎪⎪⎨⎪⎪⎩
d2

dθ2
Θ⋆

+ n2Θ⋆
= 0,

d2

dr2
R⋆

{p,s} +
1
r

d
dr

R⋆
{p,s} +

(
κ2

{p,s} −
n2

r2

)
R⋆

{p,s} = 0.
(38)

The radial part R⋆
{p,s} solves Bessel equations, thus solutions to (38) for r > rint and n ∈ N are given by{

Θ⋆
= A⋆n cos(nθ ) + B⋆n sin(nθ ),

R⋆
{p,s} = C⋆nH

(1)
n (κ{p,s}r) + D⋆nH

(2)
n (κ{p,s}r),

(39)

with A⋆n, B
⋆
n, C

⋆
n , D

⋆
n complex coefficients, H (1)

n and H (2)
n Hankel functions of order n of the first and second kinds respectively.

Considering incident plane P-waves of the form uinc
p (r, θ ) =

(
∂rφp(r, θ ),

∂θ
r φp(r, θ )

)t with φp(r, θ ) = e−iκpr cos(θ ), symmetry
with respect to the x-axis requires for all positive integer n: B⋆n = 0 in (39) for ψ⋆

p and its expansion reads

ψ⋆
p (r, θ ) =

∞∑
n=0

[
A⋆1,nH

(1)
n (κpr) + A⋆2,nH

(2)
n (κpr)

]
cos(nθ ), (40)

with A⋆1,n and A⋆2,n complex coefficients. We deduce in the same way

ψ⋆
s (r, θ ) =

∞∑
n=0

[
B⋆1,nH

(1)
n (κsr) + B⋆2,nH

(2)
n (κsr)

]
sin(nθ ), (41)

with B⋆1,n and B⋆2,n complex coefficients. Due to asymptotic expansions of the Hankel functions for large values of |z| (see [23]
9.2.3 and 9.2.4 p. 364){

H (1)
n (z) ∼

√
2/(πz)ei(z−1/2nπ−1/4π ),

H (2)
n (z) ∼

√
2/(πz)e−i(z−1/2nπ−1/4π ),

(42)

we remark that the Hankel functions of the first kind are associated to outgoing waves. Coefficients A⋆2,n and B⋆2,n model
the spurious incoming components of the field. In the ideal case when the operator B is the exact exterior Dirichlet-to-
Neumann map, we get A⋆2,n = B⋆2,n = 0 for all modes n. This is the case for the outgoing solution in infinite media and we
have A+

2,n = B+

2,n = 0. The efficiency of an ABC is measured by its capability to minimize these coefficients.
Similar expansions canbedone in the case of the scattering of incident plane S-waves such thatuinc

s (r, θ ) = curlφs(r, θ ) =

( 1r ∂θφs(r, θ ),−∂rφs(r, θ ))t with φs(r, θ ) = e−iκsr cos(θ ). To respect the symmetry, the Lamé potentials are given for r > rint by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ψ⋆,S

p (r, θ ) =

∞∑
n=0

[
A⋆,S1,nH

(1)
n (κpr) + A⋆,S2,nH

(2)
n (κpr)

]
sin(nθ ),

ψ⋆,S
s (r, θ ) =

∞∑
n=0

[
B⋆,S1,nH

(1)
n (κsr) + B⋆,S2,nH

(2)
n (κsr)

]
cos(nθ ).

(43)

We detail in Appendices A–C the calculus of the different spectral coefficients to determine u⋆ for ⋆ = +, 0, 1, (1, ε) or (1̃, ε)
for incident plane P- or S-waves.
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Table 1
Diffraction of incident plane P-waves by the unit disk (κs = 16π ): norm
of the errors between the spectral coefficients A+

j,n , j = 1, 2, of the exact
outgoing solution and the spectral coefficients A0

j,n (resp. A1
j,n) of the exact

solution of the truncated problem with the LK-ABC (resp. the new non-local
HO-ABC without damping (εp, εs) = (0, 0)) with respect to the parameter δ.

δ 1/4 1 4 8

∥A+

1 − A0
1∥ 1.60 8.26e−01 5.64e−01 3.28e−01

∥A+

1 − A1
1∥ 3.73e−01 1.45e−01 6.48e−02 4.18e−02

∥B+

1 − B0
1∥ 6.38e−01 9.22e−01 3.91e−01 2.89e−01

∥B+

1 − B1
1∥ 4.06e−01 1.60e−01 4.88e−02 2.84e−02

∥A+

2 − A0
2∥ 1.40 8.75e−01 3.8e−01 2.77e−01

∥A+

2 − A1
2∥ 5.40e−01 1.92e−01 5.35e−02 2.74e−02

∥B+

2 − B0
2∥ 1.01 8.76e−01 5.72e−01 3.37e−01

∥B+

2 − B1
2∥ 1.11e−01 1.00e−01 6.09e−02 4.25e−02

Fig. 3. Diffraction of incident plane P-waves by the unit disk (κs = 16π ): modulus of the coefficients A⋆1,n (top left), B⋆1,n (top right), A⋆2,n (bottom left), B⋆2,n
(bottom right). New non-local HO-ABC without or with regularization process. δ = 1/4, ε{p,s} = 0 or ε{p,s} = 0.39κ1/3

{p,s}(H
2)1/3 .

4.2. Comparison of the ABCs

4.2.1. Parameter analysis
For the simulations, the physical parameters are f = 8 Hz, λ = 0.1Pa, µ = 1Pa and ρ = 1Kg.m−3. The wavenumbers

satisfy κs = 16π =
√
2.1κp. We consider incident plane P-waves along x of the form uinc

p (x) = (−iκpe−iκpx, 0)t . The scatterer
is the unit disk. The fictitious boundary Crext is at a distance of δ S-wavelengths of the obstacle. Firstly, we study the impact of
the distance δ on the errors between the exact outgoing solution and the exact solutions of the truncated problem associated
with the LK-ABC (9) and the non-local HO-ABC (29). We report in Table 1 the following norms with respect to δ: ∥A+

j − A0
j ∥,

∥B+

j − B0
j ∥, ∥A

+

j − A1
j ∥, ∥B

+

j − B1
j ∥, j = 1, 2, with A⋆j = (A⋆j,n)1≤n≤nmax , B

⋆
j = (B⋆j,n)1≤n≤nmax , ⋆ = +, 0, 1 (according to the

notations of the previous section) and ∥ · ∥ the euclidian norm. We fix nmax = [2κs] where [·] denotes the integer part of a
real number.

We recall that the exact outgoing solution satisfies A+

2 = B+

2 = 0. As expected, errors decrease when the distance δ
increases. The contribution of the grazing modes (n ≈ κp and n ≈ κs) is more important when the fictitious boundary Γ∞

is closer to the scatterer. We report in Fig. 3 the modulus of the different spectral coefficients for δ = 1/4. The LK-ABC does
not allow to absorb efficiently the propagative and grazing modes.
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Table 2
Diffraction of incident plane P-waves by the unit disk (κs = 16π ): localization errors with respect to the Padé parameters α and L for δ = 1/4 (left) and
δ = 4 (right). ε{p,s} = 0.39κ1/3

{p,s}(H
2)1/3 .

α L = 2 L = 4 L = 8 L = 2 L = 4 L = 8

0 9.1e−01 7.1e−01 2.8e−01 1.16e−03 6.8e−07 2.7e-09
π/4 3.1e−01 4.2e−02 6.6e−03 2.1e−02 4.1e−05 4.5e-10
π/3 2.7e−01 2.4e−02 4.8e−03 6.4e−02 3.5e−04 1.2e-08
π/2 4.6e−01 2.7e−02 4.3e−03 3.5e−01 1.0e−02 9.3e-06
2π/3 1.4 1.5e−01 5.8e−03 1.3 1.4e−01 1.7e-03

Table 3
Diffraction of incident plane P-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC: relative error in euclidian norm on the coeffi-
cients of the exact outgoing solution according to the frequency f . δ = 8,
ε{p,s} = 0.39κ1/3

{p,s}(H
2)1/3 , L = 4, α = π/4.

f = 1Hz f = 2Hz f = 4Hz f = 8Hz f = 16Hz

e0r 2.4e−02 3.2e−02 4.8e−02 7.2e−02 1.0e-01

e(1̃,ε)r 1.3e−02 1.2e−02 1.0e−02 8.9e−03 6.7e-03

The new non-local ABC gives a better accuracy than the low-order one for all coefficients and modes, except for the
ingoing P-waves in the transition zone (n ≈ κp and n ≈ κs). These localized errors are due to the singularity that arises
in the square-root operators. A solution to regularize the square-root operator consists in adding a small artificial damping
parameter to the wavenumbers (see Section 3.2). Previous works in acoustics and electromagnetism have exhibited optimal
damping parameters by solving optimization problems for a sufficiently large wavenumber in the spherical case [19,24,25].
We consider the same parameters for elastodynamic problems: εp = 0.39κ1/3

p (H2)1/3 and εs = 0.39κ1/3
s (H2)1/3 where H is

the curvature of the boundaryΓ∞. These values of (εp, εs) attenuate efficiently the spurious ingoing P-waves in the transition
zone without deteriorating the approximation of the outgoing ones. We observe numerically this improvement in Fig. 3. We
consider these two parameters for the regularization in the sequel of the paper. This validates the new non-local HO-ABC
even for a small distance between the scatterer and the fictitious boundary. Now, it is important to ensure that the accuracy
of the new ABC is preserved after the local representation of the inverse square-root operators. The coefficients, denoted
A1̃,ε
j,n , B

1̃,ε
j,n , j = 1, 2 (see previous section and Appendix C.1), associated to the HO-ABC (35) depend on the Padé parameters:

the angle of rotation α and the order 2L + 1. We report in Table 2 the localization error

e =

√
∥A1,ε

1 − A1̃,ε
1 ∥2 + ∥B1,ε

1 − B1̃,ε
1 ∥

2
+ ∥A1,ε

2 − A1̃,ε
2 ∥

2
+ ∥B1,ε

2 − B1̃,ε
2 ∥

2
,

according to L and α for δ = 1/4 and δ = 4. The increase of the Padé order leads to better accuracy. An appropriate angle
for different distances δ seems to be α = π/4. When the width of the truncated domain Ω is small, the rotation of the
branch-cut plays a major role.

4.2.2. Validation with incident plane P-waves
Finally, we study the robustness of the LK-ABC (9) and the HO-ABC (35) to a frequency increase. We fix δ = 8, L = 4 and

α = π/4. We report in Table 3 the relative error in euclidian norm on the coefficients of the exact outgoing solution

e⋆r :=

√
∥A+

1 − A⋆1∥2 + ∥B+

1 − B⋆1∥
2
+ ∥A⋆2∥

2
+ ∥B⋆2∥

2√
∥A+

1 ∥2 + ∥B+

1 ∥
2

, ⋆ = 0 or (1̃, ε),

with respect to the frequency f , setting nmax = [2κs]. The new ABC is more accurate than the low-order one, particularly for
high frequencies (error under 0.7% for the new ABC against 10% for the low-order one at f = 16 Hz).

4.2.3. Validation with incident plane S-waves
We consider incident plane S-waves along x of the form uinc

s (x) = (0, iκse−iκsx)t . We use the same physical parameters as
in the previous sections.We set the coefficients εp = 0.39κ1/3

p (H2)1/3, εs = 0.39κ1/3
s (H2)1/3, L = 4 and α = π/4 for the Padé

approximation. The radius of the obstacle is rint = 1mand the fictitious boundary is placed at a distance δ = 8 S-wavelengths
from the scatterer. We report in Fig. 4 the modulus of the different spectral coefficients for the exact solution to (1)–(3)–
(4), the truncated solutions with respectively LK-ABC (9) and the HO-ABC (35). The LK-ABC does not absorb efficiently the
propagative and grazing modes and the solution is polluted by non-physical reflections. The HO-ABC gives a better accuracy
than the low-order one for all coefficients and modes. The spurious in-going P- and S-waves are efficiently absorbed. The
robustness of the new ABC to a frequency increase is confirmed in Table 4.
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Fig. 4. Diffraction of incident plane S-waves by the unit disk (κs = 16π ): modulus of the coefficients A⋆,S1 (top left), B⋆,S1 (top right), A⋆,S2 (bottom left), B⋆,S2

(bottom right). Comparison between LK-ABC and HO-ABC. δ = 8, ε{p,s} = 0.39κ1/3
{p,s}(H

2)1/3 , L = 4, α = π/4.

Table 4
Diffraction of incident plane S-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC: relative error in euclidian norm on the coeffi-
cients of the exact outgoing solution according to the frequency f . δ = 8,
ε{p,s} = 0.39κ1/3

{p,s}(H
2)1/3 , L = 4, α = π/4. nmax = [2κs].

f = 1Hz f = 2Hz f = 4Hz f = 8Hz f = 16Hz

e0r 2.9e−02 4.8e−02 8.5e−02 1.5e−01 2.3e-01

e(1̃,ε)r 1.7e−02 1.5e−02 1.4e−02 1.2e−02 9.7e-03

5. Finite element implementation

Let us now describe the implementation of the numerical resolution to the truncated Navier problem (5).

Weak formulation. Let us denote ug ∈ (H1(Ω))2 such that ug|Γ = uinc and (H1
g (Ω))2 :=

{
u ∈ (H1(Ω))2 : u = ug on Γ

}
.

Consider a test-function u′
∈ (H1

0 (Ω))2, we get the variational formulation: find u ∈ (H1
g (Ω))2 such that∫

Ω

(σ (u) : ε(u′) − ρω2u · u′)dx −

∫
Γ∞

Bu · u′dΓ∞
= 0, (44)

holds for all u′. We compare two ABCs onΓ∞: the Lysmer–Kuhlemeyer boundary conditionwithB = B0 (9) and the HO-ABC
which is defined by the operator B = B1̃,ε (35). Let us express the term

∫
Γ∞ Bu · u′dΓ∞ in each case. We use the following

notation for the standard scalar product on Γ∞

(u, u′) :=

∫
Γ∞

u · u′dΓ∞. (45)

• LK-ABC

(B0u, u′) = i(λ+ 2µ)κp(n · u, n · u′) + iµκs(τ · u, τ · u′). (46)

• HO-ABC

(B1̃,εu, u
′) = ((I + Λ2̃,ε)

−1Λ1̃,εu, u
′) + 2µ(Mu, u′). (47)

Recall that the operators Λ1̃,ε , Λ2̃,ε are given by the expressions (36) and (37) respectively. The variational formula-
tion (47) is decomposed into three steps.
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Step 1: The coupled variational formulation for the application of the operator Λ1̃,ε is given by: find v and the auxiliary
scalar variables v0, v1, hℓ, iℓ, ℓ = 0, . . . , L − 1 such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(v, v ′) = iρω2(κ−1
p (v0, n · v ′) + κ−1

s (v1, τ · v ′)),

(v0, v′

0) =

L−1∑
ℓ=0

Rαℓ (hℓ, v
′

0),

Sαℓ (hℓ, h
′

ℓ) − (κ−1
p,ε ∂shℓ, κ

−1
p,ε ∂sh

′

ℓ) = (n · u, h′

ℓ), ℓ = 0, . . . , L − 1,

(v1, v′

1) =

L−1∑
ℓ=0

Rαℓ (iℓ, v
′

1),

Sαℓ (iℓ, i
′

ℓ) − (κ−1
s,ε ∂siℓ, κ

−1
s,ε ∂si

′

ℓ) = (τ · u, i′ℓ), ℓ = 0, . . . , L − 1,

(48)

holds for all the associated test-functions v ′, v′

0, v
′

1, h
′

ℓ, i
′

ℓ, ℓ = 0, . . . , L − 1.
Step 2: The coupled variational formulation of the boundary differential equation (I +Λ2̃,ε)q = v on Γ∞, with v = Λ1̃,εu

obtained at the Step 1, is expressed by: find q and the auxiliary scalar variables q0, q1, jℓ, kℓ, ℓ = 0, . . . , L − 1 such
that ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(q, q′) − i
[
κ−1
s (∂sq0, τ · q′) − κ−1

p

(
∂sq1, n · q′

)]
= (v, q′),

(q0, q′

0) =

L−1∑
ℓ=0

Rαℓ (jℓ, q
′

0),

Sαℓ (jℓ, j
′

ℓ) − (κ−1
s,ε ∂sjℓ, κ

−1
s,ε ∂sj

′

ℓ) = (n · q, j′ℓ), ℓ = 0, . . . , L − 1,

(q1, q′

1) =

L−1∑
ℓ=0

Rαℓ (kℓ, q
′

1),

Sαℓ (kℓ, k
′

ℓ) − (κ−1
p,ε ∂skℓ, κ

−1
p,ε ∂sk

′

ℓ) = (τ · q, k′

ℓ), ℓ = 0, . . . , L − 1,

(49)

holds for the associated tests-functions q′, q′

0, q
′

1, j
′

ℓ, k
′

ℓ, ℓ = 0, . . . , L − 1.
Step 3: The final step consists in finding an approximation t of the Neumann trace on Γ∞ such that

(t, u′) = (q, u′) + 2µ(Mu, u′), (50)

where q is computed in Step 2 and M is the tangential Günter derivative (15).

Finite element discretization. Consider a coveringΩh ofΩ using NT triangular finite elements with NV vertices. Let us denote
Γh and Γ∞

h the boundaries of the mesh Ωh corresponding to Γ and Γ∞ respectively. Parameter h is the average length of
the edges of the triangles. For the discretization, we use classical P1 finite elements. We denote by nλs = λs/h the density of
discretization points per S-wavelength. We consider three approximation spaces⎧⎨⎩Uh := {uh ∈ (C0(Ω))2 : uh|T ∈ (P1)2,∀T ∈ Ωh} := (P1(Ωh))2,

Ugh := {uh ∈ Uh : uh = uinc
h on Γh},

Vh := {vh ∈ (C0(Γ∞))2 : vh|T ∈ (P1)2,∀T ∈ Γ∞

h } := (P1(Γ∞

h ))2,
(51)

with dimUgh = dimUh = 2NV and dimVh = 2Nb where Nb is the number of boundary nodes. Replacing in (46)–(50) u by
uh ∈ Ugh, (v, q, t) by (vh, qh, th) ∈ V3

h , (v0, v1, q0, q1) by (v0,h, v1,h, q0,h, q1,h) ∈ P1(Γ∞

h )4 and ∀ℓ = 0, . . . , L− 1, (hℓ, iℓ, jℓ, kℓ)
by (hℓ,h, iℓ,h, jℓ,h, kℓ,h) ∈ P1(Γ∞

h )4, we obtain the discretization of the weak formulation (44) for the LK-ABC and HO-ABC.
The implementation is easy and involves sparse matrices only. The LK-ABC has no additional variables. It requires the

resolution of a linear system of size 2NV as the volumic resolution. For the implementation of the HO-ABC, additional
variables are needed. In particular, Steps 1 and 2 require each (2L + 4) additional variables on Γ∞

h . It leads to the resolution
of a linear system of size 2NV + 2(2L + 4)Nb + 2Nb. Let us remark that Nb ≪ NV .

6. Numerical results

We study the scattering of incident elastic plane waves by the unit disk. The mechanical parameters are chosen such
that the wavenumbers satisfy κs =

√
2.1κp (λ = 0.1Pa, µ = 1Pa, ρ = 1Kg/m3). The fictitious boundary Γ∞ is the circle

of radius rext = 1 + 4λs. The truncated computational domain is the annular domain bounded by the unit circle and Γ∞.
The width of the domain is 4λs in order to avoid numerical pollution [26,27], and decreases when the frequency increases
(see Table 5). We consider unstructuredmeshes which are generated using Gmsh software [15]. Fig. 5 reports an example of
mesh for nλs = 4 and frequency f := cs/λs = 1 Hz with cs the S-wave propagation speed. Physical andmesh parameters are
given in Table 5. The simulations are performedwith the open source software GetDP [14,28]. All the tests are run on an Intel
Core i5-6300U (with two CPU cores 2.40GHz). The efficiency and accuracy of the HO-ABC depend on different parameters:
the damping parameters ε{p,s}, the order 2L + 1 and the angle α of the Padé approximation. We summarize the parameters
used for all the following simulations (unless indicated otherwise) in Table 6. The choice of the regularizing parameters ε{p,s}
and the ones used in the localization process has been discussed in Section 4.
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Table 5
Physical parameters and number of degrees of freedom (d.o.f.) corresponding to the simulations (nλs = 32).

f (Hz) 1 2 4 8 16

λs (m) 1 1/2 1/4 1/8 1/16
rext (m) 5 3 2 1.5 1.25
κs (rad.m−1) 2π 4π 8π 16π 32π
d.o.f. L-K 207 000 274 000 412 000 686 000 1 228 000
d.o.f. Padé 236 000 308 000 457 000 754 000 1 340 000

Table 6
Important parameters of the HO-ABC and corresponding values used in all
finite element computations.

Parameters εs εp L α

Values 0.39κ1/3
s (H2)1/3 0.39κ1/3

p (H2)1/3 4 π/4

Fig. 5. Example of mesh of the computational domain (f = 1 Hz, nλs = 4).

Fig. 6. L2-error eFEM,0
L2

(left) and eFEM,1̃,ε
L2

(right) in function of refinement of the mesh in logarithm scale. Data and linear regression for incident plane
P-waves (red) and S-waves (blue). f = 1 Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

6.1. Convergence study: validation of the finite element implementation

First, we study the convergence of the finite element method. We consider the scattering of incident plane P-waves
uinc
p (x) = (−iκpe−iκpx, 0)t or S-waves uinc

s (x) = (0, iκse−iκsx)t by the unit disk. We impose on Γ∞ either the LK-ABC (9) or the
HO-ABC (35). We compare truncated analytical solutions u0 and u(1̃,ε) (see Section 4.1, Appendices B and C) with numerical
solutions computed with the FEM code (denoted u0

FEM, u(1̃,ε)
FEM respectively) thanks to the L2-error

eFEM,⋆
L2

=
∥u⋆FEM − u⋆∥L2

∥u⋆∥L2
, ⋆ = 0, (1̃, ε). (52)

We report in Fig. 6 the L2-error in function of the mesh refinement in logarithm scale. The numerical results corroborate the
convergence estimates that predict a theoretical convergence rate of 2 [29]. This validates both the analytic study and the
FEM code.
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Fig. 7. Real part of the x-component of scattering solution for f = 4 Hz (from left to right: analytic solution u+ , truncated solutions u0
FEM and u(1̃,ε)

FEM ).
Displacement in meters for incident plane P-waves. Mesh density nλs = 32. δ = 4, L = 4, α = π/4.

Table 7
Diffraction of incident plane P-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC: L2 error according to the frequency f . nλs = 32,
L = 4, α = π/4, δ = 4.

f = 1Hz f = 2Hz f = 4Hz f = 8Hz f = 16Hz

e0L2 4.9e−02 6.4e−02 8.9e−02 1.2e−01 1.5e-01

e1̃,εL2
2.8e−02 2.4e−02 2.2e−02 2.0e−02 1.7e-02

Table 8
Diffraction of incident plane S-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC : L2 error according to the frequency f . nλs = 32,
L = 4, α = π/4, δ = 4.

f = 1Hz f = 2Hz f = 4Hz f = 8Hz f = 16Hz

e0L2 6.7e−02 9.5e−02 1.5e−01 2.0e−01 2.5e-01

e1̃,εL2
4.0e−02 3.7e−02 3.2e−02 3.0e−02 2.9e-02

6.2. Numerical efficiency of the high-order ABC

We compare the two ABCs presented in this article: the LK-ABC and the HO-ABC (35) for different frequencies.

6.2.1. Scattering of incident plane P-waves
We consider incident plane P-waves uinc

p (x) = (−iκpe−iκpx, 0)t striking the unit disk. From now, the L2 error considered
is

e⋆L2 :=
∥u+

− u⋆FEM∥L2

∥u+∥L2
, ⋆ = 0, (1̃, ε). (53)

We begin with verifying the robustness of the LK-ABC (9) and HO-ABC (35) to a frequency increase. We report in Table 7 the
L2 error of the truncated solutions with respect to the frequency f , setting nλs = 32 points per S-wavelength. As predicted
by the analytical study of Section 4.2, the new ABC gives more accurate solutions than the low-order one, especially when
increasing the frequency. This is explained by its capability of less generating spurious in-going waves.

Then, we report in Fig. 7 at frequency f = 4 Hz the real part of the x-component of the scattered solution in the
infinite media u+ of the considered problem (1)–(3)–(4) and the truncated solutions u0

FEM with LK-ABC (9) and u(1̃,ε)
FEM with

HO-ABC (35). We obtain a L2 error of 8.9%with the LK-ABC and of 2.2% applying the HO-ABC. Here, the reflections generated
by the fictitious boundary using the LK-ABC are visible in the orthogonal direction of propagation. This drawback is overcome
with the high-order ABC. The operator B1̃,ε (35) is an efficient local approximation of the DtN map.

6.2.2. Scattering of incident plane S-waves
Consider now the scattering of incident plane S-waves uinc

s (x) = (0, iκse−iκsx)t by the unit disk. We compare in Fig. 8 FE
solutions for a frequency f = 4 Hz with LK-ABC (9) and HO-ABC (35) to the exact outgoing solution u+,S . Here again, we
observe multiple spurious reflections with the LK-ABC. They are more pronounced than in the case of incident P-waves. The
L2-error is of 15%. The HO-ABC gives a good approximation of the outgoing wave with a L2 error of 3.2%.

We report in Table 8 the L2 error with respect to a frequency increase. This confirms the efficiency of the HO-ABC.
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Fig. 8. Real part of the x-component of scattering solution for f = 4 Hz (from left to right: analytic solution u+,S , truncated solutions u0,S
FEM and u1̃,ε,S

FEM ).
Displacement in meters for incident plane S-waves. 32 points per S-wavelength. δ = 4, L = 4, α = π/4.

7. Conclusion

In this article, we have proposed a new local ABC, called HO-ABC, for 2D elastic scattering problems. The methodology
to construct and to implement this condition is detailed including regularization and localization steps. An analytical study
based on an expansion of respectively analytical Navier outgoing solution, solution on truncated domain with low-order
LK-ABC or HO-ABC (see Appendices), allows to fix the Padé parameters and compare precisely these two conditions,
separating the effects coming from the outgoing and from the ingoing P-waves (wavenumber κp) and S-waves (wavenumber
κs). Numerical results (Section 6) based on a finite element implementation confirm the higher accuracy of the new HO-ABC
for frequencies between 1 Hz to 16 Hz. The HO-ABC leads to errors of an order of magnitude lower than classical low-order
conditions for an acceptable computational overhead of about 10% in CPU time.

This work constitutes a preamble to future works we want to investigate, especially the use of this new condition as
transmission condition in the context of domain decomposition methods without overlap.
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Appendix A. Analytic Navier outgoing solution

We give the analytical expression of the solution u+ to the exterior problem (1)–(3)–(4) in terms of Hankel functions of
the first kind for incident plane P- and S-waves.

A.1. Coefficients for incident plane P-waves

For r > rint, the Lamé potentials associated to the solution u+ to the exterior problem (1)–(3)–(4) are expressed by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ψ+

p (r, θ ) =

∞∑
n=0

A+

1,nH
(1)
n (κpr) cos(nθ ),

ψ+

s (r, θ ) =

∞∑
n=0

B+

1,nH
(1)
n (κsr) sin(nθ ).

(A.1)

Thus, the cylindrical components (p+, q+)t := (∂rψ+
p +

∂θ
r ψ

+
s ,

∂θ
r ψ

+
p − ∂rψ

+
s )t of the exact displacement field u+

:=

∇ψ+
p + curl ψ+

s are given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
p+(r, θ ) =

∞∑
n=0

[
A+

1,n
d
dr

H (1)
n (κpr) +

n
r
B+

1,nH
(1)
n (κsr)

]
cos(nθ ),

q+(r, θ ) =

∞∑
n=0

[
−

n
r
A+

1,nH
(1)
n (κpr) − B+

1,n
d
dr

H (1)
n (κsr)

]
sin(nθ ).

(A.2)
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Table A.9
Complex coefficients m+

ij,n and f +

i,n for (i, j) ∈ [[1, 2]]2 .

m+

ij j = 1 j = 2 f +

i

i = 1 d
dr H

(1)
n (κprint) n

rint
H (1)

n (κsrint) −ϵn(−i)n d
dr Jn(κprint)

i = 2 −
n

rint
H (1)

n (κprint) −
d
dr H

(1)
n (κsrint) ϵn(−i)n n

rint
Jn(κprint)

Table A.10
Complex coefficients m+,S

ij,n and f +,S
i,n for (i, j) ∈ [[1, 2]]2 .

m+,S
ij j = 1 j = 2 f +,S

i

i = 1 d
dr H

(1)
n (κprint) −

n
rint

H (1)
n (κsrint) ϵn(−i)n n

rint
Jn(κsrint)

i = 2 n
rint

H (1)
n (κprint) −

d
dr H

(1)
n (κsrint) ϵn(−i)n d

dr Jn(κsrint)

To build uniquely u+, we fix for all positive integer n, A+

1,n and B+

1,n by substituting the solutions (A.2) into the Dirichlet
boundary condition (3) and identifying coefficients of cos(nθ ) and sin(nθ ). The incident plane P-waves are expressed by
uinc
p := (∂rψ inc

p ,
∂θ
r ψ

inc
p )t with

ψ inc
p (r, θ ) := e−iκpr cos θ =

∞∑
n=0

ϵn(−i)nJn(κpr) cos(nθ ), (A.3)

where ϵ0 = 1 and ϵn = 2 for n ≥ 1 (see [23] 9.1.44 and 9.1.45 p. 361). The Dirichlet boundary condition on Γ := Crint reads
p+(rint, θ ) = −∂rψ

inc
p (rint, θ ) and q+(rint, θ ) = −

∂θ
r ψ

inc
p (rint, θ ). This results in the linear systems(

m+

11,n m+

12,n

m+

21,n m+

22,n

)(
A+

1,n

B+

1,n

)
=

(
f +

1,n

f +

2,n

)
, ∀n ≥ 0, (A.4)

with m+

ij,n and f +

i,n for (i, j) ∈ [[1, 2]]2 given by Table A.9.

A.2. Coefficients for incident plane S-waves

For r > rint, the Lamé potentials associated to the solution to the exterior problem (1)–(3)–(4) are expressed by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ψ+,S

p (r, θ ) =

∞∑
n=0

A+,S
1,n H

(1)
n (κpr) sin(nθ ),

ψ+,S
s (r, θ ) =

∞∑
n=0

B+,S
1,n H

(1)
n (κsr) cos(nθ ).

(A.5)

The cylindrical components (p+,S, q+,S)t of the exact displacement field u+,S are given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
p+,S(r, θ ) =

∞∑
n=0

[
A+

1,n
d
dr

H (1)
n (κpr) −

n
r
B+

1,nH
(1)
n (κsr)

]
sin(nθ ),

q+,S(r, θ ) =

∞∑
n=0

[n
r
A+

1,nH
(1)
n (κpr) − B+

1,n
d
dr

H (1)
n (κsr)

]
cos(nθ ).

(A.6)

The considered incident plane S-waves admit the following series expansion

uinc
s (r, θ ) =

∞∑
n=0

−ϵn(−i)n
(
n
r
Jn(κsr) sin(nθ ),

d
dr

Jn(κsr) cos(nθ )
)t

. (A.7)

Similarly, we obtain a linear system 2 × 2 of the form (A.4) (with unknowns the coefficients A+,S
1,n and B+,S

1,n ) to solve with
m+,S

ij,n and f +,S
i,n for (i, j) ∈ [[1, 2]]2 given by Table A.10.

Appendix B. Analytic solution on the truncated domain with LK-ABC

The expansions (A.1) and (A.5) are not valid in the case of the truncated problem (5). Non-physical ingoing waves are
generated by the fictitious boundary Γ∞

:= Crext and are represented thanks to Hankel functions of the second kind. We fix
rext = rint + δλs where δ > 0. In this section, we explicit u0 the analytic scattering Navier outgoing solution in the truncated
domain with LK-ABC (9).
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Table B.11
Complex coefficients m0

ij,n and f 0i,n for (i, j) ∈ [[1, 4]]2 (with C1 = λ + 2µ,
C2 =

λ
rext

− iκp(λ + 2µ), C3 =
µ

rext
+ iκsµ). We deduce m0

i2,n and m0
i4,n for

i = [[1, 4]] substituting H (1) by H (2) in m0
i1,n , m

0
i3,n respectively.

m0
ij j = 1 j = 3 f 0i

i = 1 m+

11,n m+

12,n f +

1,n

i = 2 m+

21,n m+

22,n f +

2,n

C1∂
2
r H

(1)
n (κprext) C1∂r

(
n

rext
H (1)

n (κsrext)
)

i = 3 −
λn2

r2ext
H (1)

n (κprext) −
λn
rext
∂rH

(1)
n (κsrext) 0

+C2∂rH
(1)
n (κprext) +C2

n
rext

H (1)
n (κsrext)

−µ∂r

(
n

rext
H (1)

n (κprext)
)

−µ n2

r2ext
H (1)

n (κsrext)

i = 4 −µ n
rext
∂rH

(1)
n (κprext) −µ∂2r H

(1)
n (κsrext) 0

+C3
n

rext
H (1)

n (κprext) +C3∂rH
(1)
n (κsrext)

B.1. Incident plane P-waves

We denote by A0
j,n, B

0
j,n, j = 1, 2, the coefficients corresponding to the exact solution of the truncated problem with the

LK-ABC (9) on Γ∞ for an incident P-wave. For rint ≤ r ≤ rext, the Lamé potentials ψ0
{p,s} are expressed thanks to (40) and

(41). The cylindrical components (p0, q0)t := (∂rψ0
p +

∂θ
r ψ

0
s ,

∂θ
r ψ

0
p − ∂rψ

0
s )

t of the exact displacement field u0 are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0(r, θ ) =

∞∑
n=0

[
A0
1,n

d
dr

H (1)
n (κpr) + A0

2,n
d
dr

H (2)
n (κpr)

+
n
r
B0
1,nH

(1)
n (κsr) +

n
r
B0
2,nH

(2)
n (κsr)

]
cos(nθ ),

q0(r, θ ) =

∞∑
n=0

[
−

n
r
A0
1,nH

(1)
n (κpr) −

n
r
A0
2,nH

(2)
n (κpr)

− B0
1,n

d
dr

H (1)
n (κsr) − B0

2,n
d
dr

H (2)
n (κsr)

]
sin(nθ ).

(B.1)

We need four equations for each n to determine the complex coefficients A0
j,n, B

0
j,n, j = 1, 2. The boundary conditions (3) and

(9) read⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0(rint, θ ) =

∞∑
n=0

−ϵn(−i)n
d
dr

Jn(κprint) cos(nθ ),

q0(rint, θ ) =

∞∑
n=0

n
rint
ϵn(−i)nJn(κprint) sin(nθ ),

(λ+ 2µ)∂rp0(rext, θ ) +
λ

rext
∂θq0(rext, θ ) + p0(rext, θ )

(
λ

rext
− iκp(λ+ 2µ)

)
= 0,

µ∂rq0(rext, θ ) +
µ

rext
∂θp0(rext, θ ) −

(
µ

rext
+ iκsµ

)
q0(rext, θ ) = 0.

(B.2)

Replacing p0, q0 by (B.1) in (B.2) results in the linear systems⎛⎜⎜⎜⎝
m0

11,n m0
12,n m0

13,n m0
14,n

m0
21,n m0

22,n m0
23,n m0

24,n

m0
31,n m0

32,n m0
33,n m0

34,n

m0
41,n m0

42,n m0
43,n m0

44,n

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
A0
1,n

A0
2,n

B0
1,n

B0
2,n

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
f 01,n
f 02,n
f 03,n
f 04,n

⎞⎟⎟⎟⎠ , ∀n ≥ 0, (B.3)

withm0
ij,n and f 0i,n for (i, j) ∈ [[1, 4]]2 given in Table B.11.

B.2. Incident plane S-waves

We denote by A0,S
j,n , B

0,S
j,n , j = 1, 2, the coefficients corresponding to the exact solution of the truncated problem with the

LK-ABC (9) on Γ∞ for an incident S-wave uinc
s = curl φs = ( ∂θr φs,−∂rφs)t , with φs(r, θ ) = e−iκsr cos(θ ). Similarly, we obtain
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Table B.12
Complex coefficients m0,S

ij,n and f 0,Si,n for (i, j) ∈ [[1, 4]]2 . We deduce m0,S
i2,n and

m0,S
i4,n for i = [[1, 4]] substituting H (1) by H (2) in m0,S

i1,n , m
0,S
i3,n respectively.

m0,S
ij,n j = 1 j = 3 f 0,Si,n

i = 1 m+,S
11,n m+,S

12,n f +,S
1

i = 2 m+,S
21,n m+,S

22,n f +,S
2

i = 3 m0
31,n −m0

33,n 0
i = 4 −m0

41,n m0
43,n 0

a linear system 4 × 4 to solve. The coefficients of the matrix m0,S
ij,n and of the vector f 0,Si,n for (i, j) ∈ [[1, 4]]2 are given in

Table B.12. Remark that we use coefficients already computed in the infinite media or with incident P-waves.

Appendix C. Analytic solution on the truncated domain with HO-ABC

For j = 1, 2, we denote by A1
j,n, B

1
j,n the coefficients associated with the new ABC (29); A1,ε

j,n , B
1,ε
j,n the coefficients associated

with the new ABC after regularization (32) and A1̃,ε
j,n , B

1̃,ε
j,n , the coefficients associated with the new ABC after regularization

and Padé-localization process (35). We detail in this section the calculus of these different spectral coefficients.

C.1. Incident plane P-waves

For rint ≤ r ≤ rext, the Lamé potentialsψ1
{p,s},ψ

1,ε
{p,s} andψ

1̃,ε
{p,s} are expressed thanks to (40) and (41). We deduce (see (B.1)

in Appendix B) the cylindrical components (p1, q1)t := (∂rψ1
p +

∂θ
r ψ

1
s ,

∂θ
r ψ

1
p −∂rψ

1
s )

t , respectively (p1,ε, q1,ε)t and (p1̃,ε, q1̃,ε)t

of the exact displacement field u1, u1,ε and u1̃,ε respectively. The boundary condition (29) reads as

T u1
=

iρω2

1 +
n2

r2ext
ξpξs

(
ξpp1 − iξpξs∂sq1

ξsq1 + iξpξs∂sp1

)
+ 2µ

(
−∂sq1

∂sp1

)
,

with ξp := (κ2
p −

n2

r2ext
)−1/2 and ξs := (κ2

s −
n2

r2ext
)−1/2. We explicit (see (B.3) in Appendix B) the coefficients of the matricesm1

ij,n

and the vectors f 1i,n for (i, j) ∈ [[1, 4]]2 in Table C.13. To obtainm1,ε
ij,n and f 1,εij,n for (i, j) ∈ [[1, 4]]2, we replace ξp and ξs by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ξ εp :=
1
κp

(
1 −

(
n

κp,εrext

)2
)−1/2

,

ξ εs :=
1
κs

(
1 −

(
n

κs,εrext

)2
)−1/2

.

(C.1)

Similarly, to getm1̃,ε
ij,n and f 1̃,εij,n for (i, j) ∈ [[1, 4]]2, we replace ξp and ξs by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ξ ε̃p =
1
κp

L−1∑
ℓ=0

Rαℓ
Sαℓ − n2/(κp,εrext)2

,

ξ ε̃s =
1
κs

L−1∑
ℓ=0

Rαℓ
Sαℓ − n2/(κs,εrext)2

.

(C.2)

C.2. Incident plane S-waves

We denote by A1,S
j,n , B

1,S
j,n , j = 1, 2, respectively (A1,ε,S

j,n , B1,ε,S
j,n ) and (A1̃,ε,S

j,n , B1̃,ε,S
j,n ), the coefficients associated with the new

ABC (29) (respectively the new ABC after regularization (32) and the new ABC (35) after regularization and Padé-localization
process) for incident plane S-waves. Similarly, we obtain a linear system 4 × 4 to solve. The coefficients of the matrix m1,S

ij,n

and of the vector f 1,Si,n for (i, j) ∈ [[1, 4]]2 are given in Table C.14. To obtain m1,ε,S
ij,n and f 1,ε,Sij,n for (i, j) ∈ [[1, 4]]2, we replace in

Table C.14 ξp and ξs by ξ εp , ξ
ε
s defined by (C.1). Similarly, to get m1̃,ε,S

ij,n and f 1̃,ε,Sij,n , we replace in Table C.14 (ξp, ξs) by (ξ ε̃p , ξ
ε̃
s ),

see (C.2).
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Table C.13
Complex coefficients m1

ij,n and f 1i,n for (i, j) ∈ [[1, 4]]2 (with D1 = λ+ 2µ, D2 =
ρω2ξpξs

1+ n2

r2ext
ξpξs

, D3 =
λ

rext
−

iρω2ξp

1+ n2

r2ext
ξpξs

, D4 = −
µ

rext
−

iρω2ξs

1+ n2

r2ext
ξpξs

). We deduce m1
i2,n

and m1
i4,n for i = [[1, 4]] substituting H (1) by H (2) in m1

i1,n , m
1
i3,n respectively.

m1
ij,n j = 1 j = 3 f 1i,n

i = 1 m+

11,n m+

12,n f +

1

i = 2 m+

21,n m+

22,n f +

2

D1∂
2
r H

(1)
n (κprext) D1∂r

(
n

rext
H (1)

n (κsrext)
)

i = 3 +(D1 − D2)(−n2/r2ext)H
(1)
n (κprext) +(D1 − D2)(−n/rext)∂rH

(1)
n (κsrext) 0

+D3∂rH
(1)
n (κprext) +D3(n/rext)H

(1)
n (κsrext)

−µ∂r

(
n

rext
H (1)

n (κprext)
)

−µ∂2r H
(1)
n (κsrext)

i = 4 −(D2 − µ) n
rext
∂rH

(1)
n (κprext) +(D2 − µ)−n2

r2ext
H (1)

n (κsrext) 0

−D4
n

rext
H (1)

n (κprext) −D4∂rH
(1)
n (κsrext)

Table C.14
Complex coefficients m1,S

ij,n and f 1,Si,n for (i, j) ∈ [[1, 4]]2 . We deduce m1,S
i2,n and

m1,S
i4,n for i = [[1, 4]] substituting H (1) by H (2) in m1,S

i1,n , m
1,S
i3,n respectively.

m1,S
ij,n 1 3 f 1,Si,n

1 m+,S
11,n m+,S

12,n f +,S
1

2 m+,S
21,n m+,S

22,n f +,S
2

3 m1
31,n −m1

33,n 0
4 −m1

41,n m1
43,n 0
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