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1. Introduction

The paper is concerned with the numerical solution of high-frequency scattering problems of time-harmonic elastic
waves by a two-dimensional rigid obstacle. The accurate numerical modeling of high-oscillatory elastic problems is a timely
research field with a large panel of possible applications. From seismology and non-destructive testing to medical ultrasound,
various numerical methods can be used to solve scattering problems in unbounded domains [1]. For methods like finite
elements, the unbounded domain must be truncated using a fictitious boundary at finite distance, on which a non-reflecting
boundary condition is imposed. This is the point of view we adopt here. In the ideal configuration, the boundary condition
is “transparent” in the sense that the solution in the truncated domain is exactly the restriction of the outgoing solution
in the unbounded domain. However, such a boundary condition is generally non-local and too expensive numerically.
Local boundary conditions are thus of interest. Such non-reflecting boundary conditions are also called Absorbing Boundary
Conditions and consist in constructing local approximations of the Dirichlet-to-Neumann map. The main objective is to
obtain ABCs that minimize the spurious reflections generated by the fictitious boundary. For acoustic wave problems, well-
known examples are the Clayton-Engquist [2], Engquist-Majda [3] and the Bayliss-Turkel conditions [4]. For elasticity,
without being exhaustive, we can cite [5-7] for exact non-local boundary conditions and [8-10] for local approximate
boundary conditions. Compared to alternative approaches such as Perfect Matched Layer methods [11,12], which deal with
infinite media by adding a small layer of finite elements around the truncated domain of study, local ABCs can be easily used
as transmission conditions in the context of domain decomposition methods [13].

The aim of this paper is to derive a high-order ABC for 2D time-harmonic elastodynamic scattering problems by adapting
ideas from Chaillat, Darbas and Le Louér [ 10] for the construction of accurate approximations of the elastodynamic Dirichlet-
to-Neumann map in the context of analytical preconditioning techniques for boundary integral equations and in the context
of On-Surface Radiation Conditions (OSRC). The paper is organized as follows. We introduce in Section 2 the problem under
study and the low-order Lysmer-Kuhlemeyer ABC [8]. In Section 3, we derive an exact DtN operator in the case of the
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Fig. 1. Scattering wave problem.

half-plane using Fourier analysis. Then, we obtain a local approximate DtN map for a general smooth surface thanks to a
regularization process and a Padé-local representation of square-root operators. Section 4 is devoted to a detailed analytical
study. We describe the general expression of the analytical solutions and determine the damping and Padé parameters. The
new ABC is compared with the Lysmer-Kuhlemeyer ABC for different configurations. In Section 5, we express the weak
formulation of the considered truncated boundary-value problem in view of the finite element implementation. Section 6
presents numerical results obtained with the open source softwares GetDP and Gmsh [14,15]. Finally, Section 7 gives some
concluding remarks and directions for future works.

2. Problem statement
2.1. Exterior Navier problem

Let us consider a bounded domain £~ in R? representing an impenetrable body with a closed boundary I" := 352 of
class ¢? at least. Let 2% denote the associated exterior domain R?\$2~. The Lamé parameters, 4 and A, and the density
p are positive constants. We are interested in finding the scattering field ut generated by an incident wave u™™ striking
the obstacle £2~ (see Fig. 1). The propagation of time-harmonic waves in an isotropic and homogeneous elastic medium is
modeled by the Navier equation

dive(u™) + po?ut =0, (1)

where w > 0 is the angular frequency. In the case of 2D isotropic elastodynamics, the stress and strain tensors are given
by o(ut) = A(divut)l, + 2ue(u’) and e(ut) = 3([Vu'] + [Vut]") respectively, where I, is the 2-by-2 identity matrix
and [Vu™] is the matrix whose the jth column is the gradient of the jth component of u™. In solid media (or very viscous),
elastic waves can be decomposed into a longitudinal pressure wave and a transversal shear wave. In seismology, the pressure
wave is commonly called primary wave (P-wave) and the shear wave is the secondary wave (S-wave). Indeed, the celerity of
P-waves is always faster than S-wave speed therefore P-waves are detected first by seismograph stations. Those waves are
body waves (volume waves), they propagate through the interior of the earth unlike surface waves (for instance Rayleigh,
Love or Stoneley waves) traveling along the earth’s surface. We use the notation P-wave and S-wave for pressure wave
and shear wave even if the work is not dedicated only to seismology. The displacement field u™* is decomposed into the
longitudinal field u, = V1, and the transverse field u; = u™ — u, = curl . Notice that in two dimensions, the vector
rotational operator is defined for a scalar function ¢ by curl ¢ = (3,9, —dx¢)", whereas the scalar rotational operator acting
on a vector field v = (vy, v, )" is given by curl v = d,v, — 9, v,. The Lamé potentials v, and v, satisfy

{‘(ﬂp = —IC_2 le u+ a d {ws = [(;2 Cul'l u+
AYp+ K59, =0 AYs + k2P =0

where k7 = pa?®/(A + 2p) and k7 = pw?®/u are the P- and S-wavenumbers. The wavelengths are defined by A5y =
27 /Kyp.s;- The scattering problem is formulated as follows: given an incident wave field u'" which is assumed to solve the
Navier equation in the absence of any scatterer, find the displacement u™ solution to the Navier equation (1) in £2% which
satisfies the Dirichlet boundary condition on I”

(2)

ul. = —uy. (3)

In addition, the field u™ has to satisfy the Kupradze radiation conditions [ 16] at infinity

lim /r <871€p - iKPwP) =0, rll)nolo\/F (aws - iKs‘/’s) =0, r=]Ix|, (4)

r—o0 a or
uniformly in all directions.

2.2. Absorbing boundary conditions

To numerically compute the solution to problem (1)-(3)-(4) by using the finite element method, the infinite propagation
domain £27 is truncated with a fictitious boundary I"* enclosing the obstacle (see Fig. 2). Let us denote by £2 the bounded
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Fig. 2. Truncated problem.

domain delimited by I" and I"*°, and by n = (n, n,)' the outer unit normal vector to the boundary I"*°. An Absorbing
Boundary Condition (ABC) is introduced on I"*° to simulate the radiation condition. The resulting bounded boundary-value
problem is the following: find u solution to

divo(u)+ po’u=0,  ing,
ur =—ufy, onrl, (5)
t|1~o<: :Bu‘poo, on I'™.
The Neumann trace, defined by ¢ := Tu, is given by the traction operator
]
T=2M£+Andiv+/v¢nxcurl. (6)
For a scalar function ¢, we have n x ¢ = (¢n,, —pn,)".

Remark 1. In the usual cylindrical coordinates system (r, ), the traction operator is described by

B A
(A +2p)op + Aqt 0P

Tu = , (7)

dp jz
1drq+p—p——4q

T r
with (p, q) the cylindrical components of u.

The operator B is an approximation of the exact exterior Dirichlet-to-Neumann (DtN) map on I"* which is defined by

AX(HI(T®)P - (H 3 (I)? (8)
uf}oo — tf;oo

The field u is thus an approximation of the restriction of the scattered field u™ to £2. The accuracy is linked to the choice of the
operator 3. In this paper, we derive a high-order ABC for the 2D Navier equation and we compare it with the simplest local
ABC: the Kupradze radiation condition at finite distance. This zeroth-order ABC, called also Lysmer-Kuhlemeyer boundary
condition [5,8], is defined by

B = By = i(A + 20 )Kpln + il (9)

where I, = n®@nand [; = I —[,,. As mentioned in [2], the low-order ABC (9) acts on spurious reflected P-waves but partially
on S-waves. Furthermore, it is not robust in the high-frequency regime (see Section 6). This motivates the investigation of
new ABCs. This condition is called LK-ABC in the remaining of the paper.

3. A high-order ABC

Recent works in elastodynamics have proposed accurate approximations of the exact DtN map in the context of the
analytical preconditioning technique for boundary integral equations [17,10] and in the context of the On-Surface Radiation
conditions method [10]. In this section, we adapt ideas of [ 10] to construct a high-order ABC for the 2D Navier equation.

3.1. Derivation of an exact DtN operator for the half-plane

Let us consider the case of the half-plane 2~ = {¥ = (x,y)) € R?> : x < 0}. The directed normal vector at
I' = {x € R? : x = 0} to 2~ ism = (1, 0)’. The radial direction to £2~ is x and the tangential one is y. We define the
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partial Fourier transform f := (fi, /) : R — R? of a function f := (f;, ) : R2 — R? by
B0 8) = fix, §) = f [ ye Yedy, j=1.2,
R
and the inverse Fourier by
_ 1 2 i .
F®) = fi®) = — /ﬁ(X, £)eVds, j=1,2,
fi 27 Jg
with & the dual variable of y.
Proposition 1. For I' = {x = (x, y)' € R? : x = 0}, the following exact surface relation holds
A = (1+ )t — 2puMu)),
with

Ay =ipe?® [n(3] + )P0 Iy + 7(0] + k1)1 1],

Ay = —i[T(8,(82 + k217 n - 1n) — n(8,(82 + k21)" 7 - 1)),
and M the Giinter tangential derivative which is defined by
M =0y(n-Iy)t — 9y(7 - I)n,
where T = (—ny, ny)" := (0, 1)".
Proof. Let us introduce the tangential Giinter derivative M defined by [ 16, Eq. (1.14) page 282]
a
M = — —ndiv+n x curl.
on
The traction operator is rewritten
T=2uM+ (A +2pu)ndiv—un x curl.
We get t. — 2uMul. = (A +2u) divat, o curlu™ ). We develop (1) to obtain
(A 4 2u)dc divut — pd, curlu™ 4 poul =0,
(h 4 2u)dy divat 4 pd, curlu™ + po’uf = 0.
That leads to

(A +2p)d divut = wdy curlut — po’u,
wdy curl u™ = —(r+2u),divut — po’u;.

We deduce the expression of the first derivative of u™ with respect to x

dul = o (A +2p)07 divut — pdy curlu®),
1
ity = —— ((A+2p)dy divar’ + 087 curlu™) .

pw
With the definitions of the Lamé potentials (2), we eliminate the second order derivatives with respect to x as
R divut = —k2 929 = 1 F ()W + K Pp) = —(0] + k) divu™,
o curlut = k7 = —k (0] Y5 + 12s) = —(9) 4 1) curlu™.

We finally obtain

1 .

gt = o ((x+20)(3] + 1) divu® + oy curlu't)
1 .

huy = po (18] + k) curlu® — (A + 2u)dy divu™) .

(11)

(16)

(17)

(18)

(21)

e Let us introduce the variable U = (u™, (A + 2u)divu™, pwcurlu™)t. The Dirichlet trace of U on I' is given by
Ur = (u|+r, tf} - 2,uMu‘+F )t. We rewrite the elastodynamic system (1) as a first-order hyperbolic system where the
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unknown is the Fourier transform of U. Applying the partial Fourier transform along y to systems (21) and (18), we get
the equation AdyU = BU where

1 .
a=(2 22M). with m=(2 ), (22)
0 I i& 0
2 2
and
K2 g2
0 0 % 0
pe 2 2
B=| o o 0 KSp;f (23)
—pw? 0 0 i&
0 —pa? —it 0

e To solve the hyperbolic equation, we introduce the change of variable V. = AU and write 9,V = BA~'V. The spectrum
of BA™" is {isy, iss, —isp, —iss} with s, = /2 — &2 and s; = /«2 — &2. The matrix is diagonalized as BA™' = PDP~! with
D = diag(—is,, —iss, isp, iSs). The associated matrix P is

L 1 . . s 0
P= <—2c Cz) with C = ipw? ( 16 Ss_1> ) (24)
The first order hyperbolic system is rewritten as 3 W = DW, for x > 0, where W = P~V = P~1AU. We get
; I _#
pw? pw?
i is
(lo 1 iz >
W=— pw pe” 1o (25)
2 is, i&
10 ——2 >
pw?  pw?
0 1 i& _iss
pw? pw?

The solution of this equation is W(x) = e*?W(0). Since we are characterizing the part of the wave field that is square
integrable in the right half-space, then we must impose that the first two components of W vanish. Coming back to the
definition of U, we obtain the equation

e~

1 A\~ —
up = <_WM +C 1) (& — 2umul). (26)
We multiply by C and we apply the inverse Fourier transform. We have

—1~ 2y—1/2
— T Ar 4+« u
Flcu) =ipe®F P ) =ipw? (Ar+p) ") = A, (27)
I -1~ 2y\—1/2 r
Sg Uy (A +«5) *uy
and setting q = t. — 2. Mu -, we get
_ 1 . 1 i0,(Ar 4 «2)71/?
FH(——=M+1 = y P
<( pw? + 2)q> (—iay(Ap +2)" 12 1 q
= (I+ Ay)q.

We deduce the surface relation (12). To conclude, we remark that on the boundary I" of a half-space in the two-dimensional
case we have

(28)

M=0m-l)t—09(r-I;)n. &

3.2. Local approximate DtN operator for a general smooth surface I'*®

The surface relation (12) is valid only in the case of an elastic half-plane. There exist two ways to construct such surface
operators in the case of a general smooth surface: a formal one using a tangent plane approximation and a rigorous one
applying the technique of microlocal diagonalization for hyperbolic systems [3,9,18]. The two approaches allow to obtain
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the surface approximation (12), given in of Proposition 1, onto a general smooth surface I"*. At this stage, it gives a non-local
ABC, called non-local HO-ABC,

t‘roo = B]UU"OC = (] + A2)71A1u‘roo + ZMMu“"DO, on Foo, (29)

where the operators A; and A, (see Proposition 1) are expressed by

Ay = ipe? [n(Ar + kD)0 1y + T(Ap + 62T 1], (30)

Ay = —i[t(0(Ar + 1) 1y) = n(d(Ar + k1) T 1)) (31)

with s the anticlockwise directed curvilinear abscissa along I and o the curvilinear derivative. The Laplace-Beltrami
operator over I' is defined by A = 92.

The operator B; is expressed in terms of inverse of square-root operators. The square-root z'/~ of a complex number z
stands for the classical complex square-root with branch-cut along the negative real axis. Two ingredients are essential to get
an efficient and local ABC. First, a regularization procedure of the square-root operators is needed to improve the accuracy
of the approximate DtN 37 in the zone of grazing modes. The second crucial point is to propose a robust local representation
of the square-root operators.

1/2

Regularization of the operator B;.

An artificial singularity of square-root operators occurs in the transition zone from the propagating modes to the
evanescent ones. The presence of the singularity does not allow a satisfactory representation of the grazing modes. To model
the behavior in the transition zone, we use a regularization by adding a small local damping parameter ¢, 53 > 0 to the

wavenumber k) [19]. We set k50 = K5} + i€(p,s) and we consider square-root operators K{;]S}(’CZA—F + l)_l/2 in the
B 1)

,s}he
ABC (29). We obtain the regularized non-local HO-ABC

tu"oo = B]qgu“"oo = (I + Az_s)ilALgu“"oo + Z/LMu“"oc, on "™, (32)

Padé-local representation of the operator B .
To get a local and uniform representation of the function (1 4+ z)~'/? involved in (30) and (31), we use complex rational
Padé approximants with a rotating branch-cut technique of angle « [20]: for z € C, one has

L-1
RO{
142 2r Yy L 33
(1+2) ng - (33)
=0
where
:R‘Z = €%, S = 1+e%(-1+d), £=0,...,L—1,
d, 1 (34)
€ = - d = 1 tan(—f z), ¢=0,....L—1.
¢ I ¢ + 2L(2 +¢)
Finally, we propose the following regularized Padé-localized ABC, called HO-ABC in the sequel,
[‘u—-oo = Bl’:’gulroo = (]-‘,— Az’:g)ilAl’:gu|['oo +2[LMU|F<>C, on FOO, (35)
where
L-1 -1
1 A
An = ipa? —nZR@'(TFJrsg‘I) (n-1,)
Kp =0 Kp,s
| A O (36)
+ —tZR‘j(TF—i-S?l) (r-1) |,
s o K5
L-1 -1
1 A
Ay = —1|:<8SZR‘Z(2F+S$‘I> (n.-l,,))r
st =0 Ks.e (37)

|
S
P:‘,_.
&
~
i ngh
=)
<R
N
[\S)

A -1
—F+sgl) (r-1,)|n|.
Kp,e

The choice of damping and Padé parameters will be addressed in the next section.
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4. Analytical study in the circular case

In the following, circular scatterer means the cut in the plane (x, y) of a 3D-cylindrical scatterer. In this section, we discuss
the accuracy of the LK-ABC (9) and the local HO-ABC (35) in the case of a circular scatterer. This configuration allows to
understand analytically the drawbacks and advantages of each ABC and to propose improvements. This study is an interesting
preamble to numerical simulations.

4.1. Expression of the analytical solutions

The displacements ut, u®, u!, u'-* and u'-?, respectively solutions to the exterior problem (1)-(3)-(4) and to the truncated
problem (5) associated with the LK-ABC (9), the non-local HO-ABC (29), the non-local HO-ABC after regularization (32) and
the HO-ABC (35), are built in this section. The superscript x will stand for +, 0, 1, (1, &) or (1, &) in the sequel. We describe
the general construction of u* solution to the time-harmonic scattering problem by a rigid elastic disk of radius rj,; > 0.
Following [21,22], we decompose the solution under the form u* = Vi, + curl ¢ and since the Lamé potentials 1//{*1,.5} are

solutions to wave equations (2), the ansatz W{*p,s}(ﬂ 0)= R"'M}(r)@*(e) separates equations (2), for n € N, into

d2
@@* +n?0* =0,
) ) (38)
d * 1 d * 2 n *
2 Res T 27 Res T\ Kips — 72 ) Ripsy =0-
The radial part pr_s) solves Bessel equations, thus solutions to (38) for r > i, and n € N are given by
©* = A* cos(nf) + B, sin(nf), 39)
Riyq = CrH(cp.97) + DRHP (i 5y7),

with A%, By, C;, D complex coefficients, HY and H$) Hankel functions of order n of the first and second kinds respectively.

Considering incident plane P-waves of the form ul'(r, 6) = (9,¢,(r. 6), 8Tqup(r, 0))t with ¢,(r, 0) = e~ ") symmetry
with respect to the x-axis requires for all positive integer n: B} = 0in (39) for vy and its expansion reads

oo

Yi(r.0) = Z [A H O (epr) + A H P (kpr)] cos(nd), (40)
n=0

with A}, and A3 | complex coefficients. We deduce in the same way

oo

Y 0) =Y [B; H (ksr) + By ;HP (k)] sin(nd), (41)
n=0

with B} , and B; , complex coefficients. Due to asymptotic expansions of the Hankel functions for large values of |z| (see [23]
9.2.3and 9.2.4 p. 364)

{HI(‘l])(Z) ~ /2/(ﬂz)ei(z—l/2nn—l/4n)’

H;Z)(z) ~ \/me—i(z—lﬂmr—err)’ (42)
we remark that the Hankel functions of the first kind are associated to outgoing waves. Coefficients A3 , and B; , model
the spurious incoming components of the field. In the ideal case when the operator 3 is the exact exterior Dirichlet-to-
Neumann map, we get A3 | = B; | = 0 for all modes n. This is the case for the outgoing solution in infinite media and we
have A2+,n = BZ+,n = 0. The efficiency of an ABC is measured by its capability to minimize these coefficients.

Similar expansions can be done in the case of the scattering of incident plane S-waves such that uiS“C(r, 0) =curl¢s(r,0) =
(L3peps(r, ), —0rs(r, 0)) with ¢(r, §) = e~ s7 %) To respect the symmetry, the Lamé potentials are given for r > riy by

o]
vsre) = Y [A;;,iH,(,”(Kpr) +A;;§H;2>(Kpr)] sin(n),

"% (43)
Y3 e) = Yy [Bq’jHﬁf)(Ksr) + B;:iH,SZ)(KST)] cos(n).

Il
o

n

We detail in Appendices A-C the calculus of the different spectral coefficients to determine u* forx = +, 0, 1, (1, &) or ( lf:")
for incident plane P- or S-waves.
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Table 1
Diffraction of incident plane P-waves by the unit disk (ks = 167): norm
of the errors between the spectral coefficients A;_r",j = 1, 2, of the exact

outgoing solution and the spectral coefficients AQ_" (resp. A{n) of the exact
solution of the truncated problem with the LK-ABC (resp. the new non-local
HO-ABC without damping (&,, &) = (0, 0)) with respect to the parameter 8.

s 1/4 1 4 8
AT — A% 1.60 8.26e—01 5.64e—01 3.28¢—01
AT — Al 3.73e—01 1.45e—01 6.48e—02 4.18e—02
BT —BY| 6.38e—01 9.22e—01 3.91e—01 2.89e—01
IBf — B 4.06e—01 1.60e—01 4.88e—02 2.84e—02
AT — AJ|l 1.40 8.75e—01 3.8e—01 2.77e—01
AT — Al 5.40e—01 1.92e—01 5.35e—02 2.74e—02
IBF — BI|l 1.01 8.76e—01 5.72e—01 3.37e—01
IBf — Bl 1.11e—01 1.00e—01 6.09e—02 4.25e—02
2:—4 2 I I «mﬂ I
% 1.5 lllklif‘:% .......... A(l) [ g .......... B?
o | A
: """'i'y’“‘ﬁ" a2 i
Yl 'lhit:'y.ﬂz a8 S
Sy | Wity = Gy
. R LA -
ERE ' 1 2
= | I RER = i
gl ! - ] )
e} z H s}
= ok ! SO S R IS s m—
0 20 40 60 80 100 0 20 40 60 80 100
Modes n Modes n
*x O I T I * e R T I
1] 0.4 [ H
: S B A9 E .......... BY
ks A} 3 o3l B} ||
] 3} .
& -—--AV | H ----B,°
[ ()
S 8 02 i
Sy Yy
o o
2] — 2]
= = - |
= = 01
° < Y
S : S
= A 2 vy L D
60 80 100 20 40 60 80 100

Modes n Modes n

Fig. 3. Diffraction of incident plane P-waves by the unit disk («; = 167 ): modulus of the coefficients A] , (top left), B] , (top right), A3 , (bottom left), B; ,

(bottom right). New non-local HO-ABC without or with regularization process. § = 1/4, gjp5y = 0 0r g(p5) = 0.39K(L<§)(H2)1/3.

4.2. Comparison of the ABCs

4.2.1. Parameter analysis

For the simulations, the physical parameters are f = 8 Hz, A = 0.1Pa, u = 1Paand p = 1Kg.m 3. The wavenumbers
satisfy xs = 167 = «/27/@. We consider incident plane P-waves along x of the form u;,“c(x) = (—ier_i"P", 0):. The scatterer
is the unit disk. The fictitious boundary C.,, is at a distance of § S-wavelengths of the obstacle. Firstly, we study the impact of
the distance § on the errors between the exact outgoing solution and the exact solutions of the truncated problem associated
with the LK-ABC (9) and the non-local HO-ABC (29). We report in Table 1 the following norms with respect to §: ||A;r — AjO Il,
||BJ.Jr — B]‘.)||, ||Aj+ — Ajl Il ||Bj+ — Bj1 I,j = 1,2, with AY = (A )i<n<nmac Bf = (B} 1<n<npma * = +, 0, 1 (according to the
notations of the previous section) and || - || the euclidian norm. We fix np,.x = [2«;] where [-] denotes the integer part of a
real number.

We recall that the exact outgoing solution satisfies A;r = B; = 0. As expected, errors decrease when the distance §
increases. The contribution of the grazing modes (n & «, and n & «;) is more important when the fictitious boundary I"*°
is closer to the scatterer. We report in Fig. 3 the modulus of the different spectral coefficients for § = 1/4. The LK-ABC does
not allow to absorb efficiently the propagative and grazing modes.
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Table 2
Diffraction of incident plane P-waves by the unit disk (x; = 167): localization errors with respect to the Padé parameters « and L for § = 1/4 (left) and

5 = 4 (right). e(p.g = 0.39k,}(#?)".

o L=2 L=4 L=38 L=2 L=4 L=38

0 9.1e—01 7.1e—01 2.8e—01 1.16e—03 6.8e—07 2.7e-09

/4 3.1e—01 4.2e—02 6.6e—03 2.1e—02 4.1e—05 4.5e-10

/3 2.7e—01 2.4e—02 4.8e—03 6.4e—02 3.5e—04 1.2e-08

/2 4.6e—01 2.7e—02 4.3e—03 3.5e—01 1.0e—02 9.3e-06

27/3 14 1.5e—01 5.8e—03 13 1.4e—01 1.7e-03
Table 3

Diffraction of incident plane P-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC: relative error in euclidian norm on the coeffi-
cients of the exact outgoing solution according to the frequency f. § = 8,
Ep = 0.3% /3 (1) 3, L= 4,0 = /4.
f=1Hz f=2Hz f=4Hz f=8Hz f=16Hz
e? 2.4e—02 3.2e—02 4.8e—02 7.2e—02 1.0e-01

el 13e—02  12e—02  1.0e—02 89e—03  6.7e-03

The new non-local ABC gives a better accuracy than the low-order one for all coefficients and modes, except for the
ingoing P-waves in the transition zone (n ~ k, and n & ). These localized errors are due to the singularity that arises
in the square-root operators. A solution to regularize the square-root operator consists in adding a small artificial damping
parameter to the wavenumbers (see Section 3.2). Previous works in acoustics and electromagnetism have exhibited optimal
damping parameters by solving optimization problems for a sufficiently large wavenumber in the spherical case [19,24,25].
We consider the same parameters for elastodynamic problems: &, = 0.39,’*(#2)"/3 and &; = 0.39x,/*(#2)"/3 where # is
the curvature of the boundary I"*. These values of (¢, &;) attenuate efficiently the spurious ingoing P-waves in the transition
zone without deteriorating the approximation of the outgoing ones. We observe numerically this improvement in Fig. 3. We
consider these two parameters for the regularization in the sequel of the paper. This validates the new non-local HO-ABC
even for a small distance between the scatterer and the fictitious boundary. Now, it is important to ensure that the accuracy
of the new ABC is preserved after the local representation of the inverse square-root operators. The coefficients, denoted
Ajlrf B};f,j = 1, 2 (see previous section and Appendix C.1), associated to the HO-ABC (35) depend on the Padé parameters:
the angle of rotation « and the order 2L 4 1. We report in Table 2 the localization error

~ ~ 2 ~ 2 ~ 2
e = V1AL AT 12 + 182 — BN + AL — AT+ 1By — BT

according to L and « for § = 1/4 and § = 4. The increase of the Padé order leads to better accuracy. An appropriate angle
for different distances § seems to be « = 7 /4. When the width of the truncated domain £2 is small, the rotation of the
branch-cut plays a major role.

4.2.2. Validation with incident plane P-waves
Finally, we study the robustness of the LK-ABC (9) and the HO-ABC (35) to a frequency increase. We fix § = 8,L = 4 and
o = /4. We report in Table 3 the relative error in euclidian norm on the coefficients of the exact outgoing solution

* )k 2 * *
1A = 1B - B + 1432 + 1B
e. =

r 2
VIAT T2 + 1Bl

with respect to the frequency f, setting nmax = [2k;]. The new ABC is more accurate than the low-order one, particularly for
high frequencies (error under 0.7% for the new ABC against 10% for the low-order one at f = 16 Hz).

,x=0o0r(1,¢),

4.2.3. Validation with incident plane S-waves

We consider incident plane S-waves along x of the form u™(x) = (0, ix;e~*s*){. We use the same physical parameters as
in the previous sections. We set the coefficients &, = 0.39,”*(H2)"/3, &, = 0.39,>(#2)"/3,L = 4and a = 7 /4 for the Padé
approximation. The radius of the obstacle is i,y = 1 m and the fictitious boundary is placed at a distance § = 8 S-wavelengths
from the scatterer. We report in Fig. 4 the modulus of the different spectral coefficients for the exact solution to (1)-(3)-
(4), the truncated solutions with respectively LK-ABC (9) and the HO-ABC (35). The LK-ABC does not absorb efficiently the
propagative and grazing modes and the solution is polluted by non-physical reflections. The HO-ABC gives a better accuracy
than the low-order one for all coefficients and modes. The spurious in-going P- and S-waves are efficiently absorbed. The
robustness of the new ABC to a frequency increase is confirmed in Table 4.
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Fig. 4. Diffraction of incident plane S-waves by the unit disk (ks = 167 ): modulus of the coefficients Aq's (top left), BTS (top right), A;‘S (bottom left), B;'S

(bottom right). Comparison between LK-ABC and HO-ABC. § = 8, £y = 0.3% /3 (#2)!%, L = 4,00 = /4.

Table 4

Diffraction of incident plane S-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC: relative error in euclidian norm on the coeffi-
cients of the exact outgoing solution according to the frequency f.§ = 8,

e = 0.3 3 (H2)2, L= 4, 00 = 7 /4. Npna = [265].

f=1Hz f=2Hz f=4Hz f=8Hz f=16Hz
e? 2.9e-02 4.8e—02 8.5e—02 1.5e—01 2.3e-01
e¥) 17e—02  15e—02  1.4e—02  12e—02  9.7e-03

5. Finite element implementation

Let us now describe the implementation of the numerical resolution to the truncated Navier problem (5).

Weak formulation. Let us denote u; € (H'(£2))* such that ug . = u'™ and (Hg(R2)y = {ueH'(2)? :u=u;on T}
Consider a test-function u’ € (Hy(£2))?, we get the variational formulation: find u € (H; (£2))* such that

/ (o(u): e() — po’u - u')dx — / Bu-udlr* =0, (44)
2 re

holds for all w’. We compare two ABCs on I"*°: the Lysmer-Kuhlemeyer boundary condition with B = By (9) and the HO-ABC
which is defined by the operator B = B (35). Let us express the term froc Bu - u/'dI"* in each case. We use the following
notation for the standard scalar product on I"*

(u,u') = / u-uwdre. (45)
F()C
o LK-ABC
(Bou, ') = i(A + 2p)p(n-u,n-w') +iuks(t - u, T-u). (46)
e HO-ABC
(Bru )= (14 As) "Aru u) + 2u(Mu, o). (47)

Recall that the operators A7, A5 are given by the expressions (36) and (37) respectively. The variational formula-
tion (47) is decomposed into three steps.
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Step 1: The coupled variational formulation for the application of the operator A1 is given by: find v and the auxiliary
scalar variables vg, vy, hy, i, £ =0, ..., L — 1 such that

(v.v)= lpw( '(vo, - V)+K§1(v1,t'v/)),

(vo, vg) ZR (he, vg),
Sy (he, hy) — ( ahg,/c Bsh/z):(n-u,h/e), £=0,...,L—1, (48)

(v1, v)) E R7 (i¢, v7),

Sy (ie, 1) — ( 31(,/( '9i)) = (v -u,i,), €=0,...,L—1,

holds for all the assoc1ated test-functions v/, v, v, by, 1, £ =0, ..., L — 1.

Step 2: The coupled variational formulation of the boundary differential equation (1 + A5 )q = v on I'*°, withv = A u
obtained at the Step 1, is expressed by: find q and the auxiliary scalar variables qq, g1, j¢, k¢, € =0, ..., L — 1 such
that

(q.9)— '[ ;1(85610,1 q)—«, " (dq1.n-q)] =(v.q),

(q0. 4p) = ZR@(le,qo

S¢ (oo Jiy) — (Kssadeyksgagié)=(n~¢1,]'2), £=0,...,L-1, (49)
(a1, d;) ZR( ke, 7).

S(ke, K)) — (p,gakl, Ky k) = (T-q.K,), €=0,....L—1,

holds for the associated tests-functions q', qg, 47,7, k,, £ =0, ..., L — 1.
Step 3: The final step consists in finding an approximation t of the Neumann trace on I"* such that

(t,u)=(q,u)+2u(Mu,u), (50)

where q is computed in Step 2 and M is the tangential Giinter derivative (15).

Finite element discretization. Consider a covering $2;, of £2 using N7 triangular finite elements with Ny vertices. Let us denote
I, and I, the boundaries of the mesh £2, corresponding to I" and I"* respectively. Parameter h is the average length of
the edges of the triangles. For the discretization, we use classical IP; finite elements. We denote by n,, = As/h the density of
discretization points per S-wavelength. We consider three approximation spaces

Uy {up € (CO(R2)F : uyr € (P1)%, VT € 24} = (P1(20)),
Ugh = {uh elUp:u, = ll;,lnC on Fh}, (5])
Vp (v € (COI™®)) s v € (P1)°, VT € I} = (Py(I7°)),

with dimUg;, = dimU, = 2Ny and dimV, = 2N, where N, is the number of boundary nodes. Replacing in (46)-(50) u by
uy, € Ug, (v, q, t) by (Vh, qn, tn) € V3, (vo, 1, Go, 41) BY (vo,n, V1.ns Go.hs G1,0) € Po(I°)* and Ve =0, ..., L— 1, (hy, i¢, jo, ke)
by (he,n, ie.ns jehs Ken) € P1(1° *, we obtain the discretization of the weak formulation (44) for the LK-ABC and HO-ABC.

The implementation is easy and involves sparse matrices only. The LK-ABC has no additional variables. It requires the
resolution of a linear system of size 2Ny as the volumic resolution. For the implementation of the HO-ABC, additional
variables are needed. In particular, Steps 1 and 2 require each (2L + 4) additional variables on I>°. It leads to the resolution
of a linear system of size 2Ny + 2(2L + 4)N,, + 2N,. Let us remark that N, < Ny.

6. Numerical results

We study the scattering of incident elastic plane waves by the unit disk. The mechanical parameters are chosen such
that the wavenumbers satisfy «; = mxp (A = 0.1Pa, & = 1Pa, p = 1Kg/m?). The fictitious boundary I"* is the circle
of radius rexy = 1 + 4A;. The truncated computational domain is the annular domain bounded by the unit circle and I"°°.
The width of the domain is 4\ in order to avoid numerical pollution [26,27], and decreases when the frequency increases
(see Table 5). We consider unstructured meshes which are generated using Gmsh software [15]. Fig. 5 reports an example of
mesh for n,, = 4 and frequency f := ¢;/A; = 1 Hz with ¢, the S-wave propagation speed. Physical and mesh parameters are
given in Table 5. The simulations are performed with the open source software GetDP [14,28]. All the tests are run on an Intel
Core i5-6300U (with two CPU cores 2.40 GHz). The efficiency and accuracy of the HO-ABC depend on different parameters:
the damping parameters ¢, 5}, the order 2L + 1 and the angle « of the Padé approximation. We summarize the parameters
used for all the following simulations (unless indicated otherwise) in Table 6. The choice of the regularizing parameters gy, g
and the ones used in the localization process has been discussed in Section 4.
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Table 5
Physical parameters and number of degrees of freedom (d.o.f.) corresponding to the simulations (n;, = 32).
f (Hz) 1 2 4 8 16
As (M) 1 1/2 1/4 1/8 1/16
Text (M) 5 3 2 1.5 1.25
ks (rad.m™1) 27 4 87 167 327
d.o.f. L-K 207 000 274000 412 000 686 000 1228 000
d.o.f. Padé 236 000 308 000 457 000 754000 1340000

Table 6
Important parameters of the HO-ABC and corresponding values used in all
finite element computations.

Parameters & &p L a
Values 039 #H)3 039 =) 4 /4

1Im

Fig. 5. Example of mesh of the computational domain (f = 1 Hz, n;, = 4).

F I T I T = F I T I T =
[ + Data P-waves b . + Data P-waves b
20.0 H Slope 1.95 = 20.0 H Slope 1.95

+ Data S-waves — [| + Data S-waves |
2\5 10.0 El Slope 1.95 1 x 10.0 E Slope 1.96 E
= 50[ 1. sO0p ]
e [ 1 1= [ 1
fa 201 4 2., 20 s
© 1.0 E = @ 1.0 E =
0.5F { 0.5 .
L1 [ | [ | [ [ L1 | | | | | [

64 48 32 24 16 12 8 64 48 32 24 16 12 8

nx nx

s s

Fig. 6. L2-error effM'o (left) and effM’]‘S (right) in function of refinement of the mesh in logarithm scale. Data and linear regression for incident plane
P-waves (red) and S-waves (blue). f = 1 Hz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

6.1. Convergence study: validation of the finite element implementation

First, we study the convergence of the finite element method. We consider the scattering of incident plane P-waves
w(x) = (—ikpe ", 0)" or S-waves u*(x) = (0, ikse”**)" by the unit disk. We impose on I"* either the LK-ABC (9) or the
HO-ABC (35). We compare truncated analytical solutions u° and u(#) (see Section 4.1, Appendices B and C) with numerical
solutions computed with the FEM code (denoted u(F’EM, u(F]E’,f,[) respectively) thanks to the L2-error

Up — U*
e = W~ e o (%) (52
ol

We report in Fig. 6 the L2-error in function of the mesh refinement in logarithm scale. The numerical results corroborate the
convergence estimates that predict a theoretical convergence rate of 2 [29]. This validates both the analytic study and the
FEM code.
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Fig. 7. Real part of the x-component of scattering solution for f = 4 Hz (from left to right: analytic solution u*, truncated solutions ug,, and u(FlE’,j,)).
Displacement in meters for incident plane P-waves. Mesh density n,; =32.6 =4,L =4, 0 = 7 /4.

Table 7
Diffraction of incident plane P-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC: L2 error according to the frequency f. n,, = 32,
L=4a=m/456=4
f=1Hz f=2Hz f=4Hz f=8Hz f=16Hz
efz 4.9e—02 6.4e—02 8.9e—02 1.2e—01 1.5e-01

e,gg 2.8e—02 2.4e—02 2.2e—02 2.0e—02 1.7e-02

Table 8
Diffraction of incident plane S-waves by the unit disk. Comparison between
the LK-ABC and the HO-ABC : L2 error according to the frequency f. n,, = 32,
L=4a=mn/445=4
f=1Hz f=2Hz f=4Hz f=8Hz f=16Hz
efZ 6.7e—02 9.5e—02 1.5e—01 2.0e—01 2.5e-01

ege 4.0e—02 3.7e—02 3.2e—02 3.0e—02 2.9e-02

6.2. Numerical efficiency of the high-order ABC
We compare the two ABCs presented in this article: the LK-ABC and the HO-ABC (35) for different frequencies.

6.2.1. Scattering of incident plane P-waves '
We consider incident plane P-waves u(x) = (—ikpe™"?%, 0)* striking the unit disk. From now, the L2 error considered
is
x ”u7L - u]);]-:M”L2

e, = . x=0,(1, ¢). 53
e T *=0.0¢) (53)

We begin with verifying the robustness of the LK-ABC (9) and HO-ABC (35) to a frequency increase. We report in Table 7 the
L2 error of the truncated solutions with respect to the frequency f, setting n,, = 32 points per S-wavelength. As predicted
by the analytical study of Section 4.2, the new ABC gives more accurate solutions than the low-order one, especially when
increasing the frequency. This is explained by its capability of less generating spurious in-going waves.

Then, we report in Fig. 7 at frequency f = 4 Hz the real part of the x-component of the scattered solution in the
infinite media u™ of the considered problem (1)-(3)-(4) and the truncated solutions uEEM with LK-ABC (9) and u(FlE‘]\j) with
HO-ABC (35). We obtain a L2 error of 8.9% with the LK-ABC and of 2.2% applying the HO-ABC. Here, the reflections generated
by the fictitious boundary using the LK-ABC are visible in the orthogonal direction of propagation. This drawback is overcome
with the high-order ABC. The operator B (35) is an efficient local approximation of the DtN map.

6.2.2. Scattering of incident plane S-waves

Consider now the scattering of incident plane S-waves uiS“C(x) = (0, ikse~™*)t by the unit disk. We compare in Fig. 8 FE
solutions for a frequency f = 4 Hz with LK-ABC (9) and HO-ABC (35) to the exact outgoing solution u™S. Here again, we
observe multiple spurious reflections with the LK-ABC. They are more pronounced than in the case of incident P-waves. The
L2-error is of 15%. The HO-ABC gives a good approximation of the outgoing wave with a L2 error of 3.2%.

We report in Table 8 the L2 error with respect to a frequency increase. This confirms the efficiency of the HO-ABC.
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Fig. 8. Real part of the x-component of scattering solution for f = 4 Hz (from left to right: analytic solution u**, truncated solutions “(F’ESM and ué‘Eif ).
Displacement in meters for incident plane S-waves. 32 points per S-wavelength.§ = 4,L = 4,0« = 7 /4.

7. Conclusion

In this article, we have proposed a new local ABC, called HO-ABC, for 2D elastic scattering problems. The methodology
to construct and to implement this condition is detailed including regularization and localization steps. An analytical study
based on an expansion of respectively analytical Navier outgoing solution, solution on truncated domain with low-order
LK-ABC or HO-ABC (see Appendices), allows to fix the Padé parameters and compare precisely these two conditions,
separating the effects coming from the outgoing and from the ingoing P-waves (wavenumber «;,) and S-waves (wavenumber
ks). Numerical results (Section 6) based on a finite element implementation confirm the higher accuracy of the new HO-ABC
for frequencies between 1 Hz to 16 Hz. The HO-ABC leads to errors of an order of magnitude lower than classical low-order
conditions for an acceptable computational overhead of about 10% in CPU time.

This work constitutes a preamble to future works we want to investigate, especially the use of this new condition as
transmission condition in the context of domain decomposition methods without overlap.
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Appendix A. Analytic Navier outgoing solution

We give the analytical expression of the solution u™ to the exterior problem (1)-(3)-(4) in terms of Hankel functions of
the first kind for incident plane P- and S-waves.

A.1. Coefficients for incident plane P-waves

For r > rin, the Lamé potentials associated to the solution u™ to the exterior problem (1)-(3)-(4) are expressed by

vi(r.0) = ZAln D(k,r) cos(nd),
(A1)

vhr,0) = ZB+ H (k) sin(nd).

Thus, the cylindrical components (p*, ¢*)' = (3¢, + 879‘//: 3?91//; — 8-y )" of the exact displacement field u™ :=
Vi,f + curl ;" are given by

pt(r,0) = Z[A]*ndiH“( Kpl) + BTHH,(R( )] cos(né),
"L J (A2)
.8 = Z[ AT HP(er) — B o Hi(ker )] sin(nf).

Il
<}

n
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Table A.9
Complex coefficients m/, and £, for (i, ) € [1, 2]*.
my j=1 j=2 fr
i=1  fH (Kprma ZH srin)  —€n(—0)" S Sa(pTin)
i=2  —mHgm) =g H et (=) Ja(kpTind)
Table A.10
Complex coefficients m;us and £ for (i, j) € [[1, 21°.
mbs =1 j=2 i
i=1  4H) (Kprmn —r‘— Wlcrin)  en(=i)" 2 JulsTing)
i=2 r|:t Hn (Kprint) an (Ksrmt) €n(—1)" dr]rl(Ksrint)

To build uniquely u*, we fix for all positive integer n, A+ and BJr by substituting the solutions (A.2) into the Dirichlet
boundary condltlon (3) and identifying coefficients of cos(n@) and sm(nG) The incident plane P-waves are expressed by
ll’lC — (8 ,(//.ll'lC’ 9 ,‘/jll'lC) Wlth

Yare(r, 0) = e S0 =" e (—i)a(kpr) cos(n6), (A3)

n=0
where ¢ = 1and ¢; = 2 forn > 1(see [23] 9.1.44 and 9.1.45 p. 361). The Dirichlet boundary condition on I" := G, reads
pH(rine, 0) = —8rw“‘°(rim, 0)and gt (rine, ) = —%wli,“c(rim, ). This results in the linear systems

m,  mi AT, +
l—Ln 12,n + — 1_;” , vn > O, (A4)
M. My, \Bi, 2.n
with mU . and ifn for (i, j) € [1, 2% given by Table A.9.

A.2. Coefficients for incident plane S-waves

For r > rjn, the Lamé potentials associated to the solution to the exterior problem (1)-(3)-(4) are expressed by

5(r,60) ZA+ SH D (ic,r) sin(nd),
(A5)
Y(r.0) = ZBtfH,gl)(Ksr)cos(ne).
n=0
The cylindrical components (p™°, g™ of the exact displacement field u™ are given by
[e ]
d .
prS(re) = Z[ATnd—H“ (kpr) — fBjanf (k) sin(n),
i~ d (A.6)
g5, 0) = g[ SAL O pr) — B HLY (Ksr)] cos(nf).
The considered incident plane S-waves admit the following series expansion
> n d !
u'(r,0) = —én(—i)"(;Jn(Ksr)Siﬂ(HQL dr]n(KsT)COS(n@)> . (A7)
n=0

Similarly, we obtain a linear system 2 x 2 of the form (A.4) (with unknowns the coefficients At’ns and B;rns ) to solve with
ander S for (i, j) € [1, 2]* given by Table A.10.

1] n
Appendix B. Analytic solution on the truncated domain with LK-ABC

The expansions (A.1) and (A.5) are not valid in the case of the truncated problem (5). Non-physical ingoing waves are
generated by the fictitious boundary I"*° := C,,,, and are represented thanks to Hankel functions of the second kind. We fix
Text = Tint + 8As where § > 0. In this section, we explicit u° the analytic scattering Navier outgoing solution in the truncated
domain with LK-ABC (9).
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B.1. Incident plane P-waves
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Table B.11
Complex coefficients m%  and f° for (i,j) € [1,4]? (with C; = A + 2u,

ij,n in

G = & —ikp(h +2u), G = & + iksp). We deduce mf, , and mf, , for
i = [1, 4] substituting H") by H® in m{, ,, m, | respectively.
mg_ j=1 ji=3 fio
i=1 mT],n mi, fin
i=2  mj, M fii
L2 (ko) Cid, (&Hgl)(,@rgxtﬁ
i=3 —%H,(,U(Kprext) —%arHﬁl)(Ksrext) 0
+Co0 H (i Texe) +Go o Hsrex)
— oy (%Hﬂl)(/(prext)) *M%Hr(:l)(’(s"ext)
i=4 -0 H epren) —pdHy (ks Texe) 0

+G &Hfln(‘(prext) +C38rH$|U(Ksrext)

We denote by Aﬁn, B]‘f", j = 1, 2, the coefficients corresponding to the exact solution of the truncated problem with the
LK-ABC (9) on I"*° for an incident P-wave. For riyy < 1 < ey, the Lamé potentials 1//8,‘31 are expressed thanks to (40) and
(41). The cylindrical components (p°, ¢°) := (8, ¥ + a7”1//30, 87"1//1? — 3,y 0) of the exact displacement field u° are given by

e}

p°(r,0)

n=0

q°(r, 0)
n=0

(9) read

po(rinta 9)

qo(ril‘lt7 9)

(A + 200, P°(Fext, 6)

Narqo(rexta 0)

o d
Lo gy

> [a
Mpo po
;

1,n"'n

S

(ks

d
H(epr) 4+ AY  —HP (icpr)

Zn gy

n
)+ ;Bg,nH,(f)(xsr)] cos(nd),

n
?,nHrgl)(Kpr) - ?A(Z),nHISZ)(KPr)

d d
= BUu g H ) — B —H,?’(Ksr)] sin(no).

We need four equations for each n to determine the complex coefficients A?

gy

BY

J.n=gn

j =1, 2. The boundary conditions (3) and

3 —en( =i Ju(kprin) cos(n0),

Replacing p°, q° by (B.1) in (B.2) results in the linear systems

m(ljl,n m(l)z,n m?3,n
mgl,n mg2,n mg3,n
mgl,n mgz,n mg3,n
mgl,n ng,n m913,n

dr
n=0
o0
n n .
= Y —eal—i)alkpTinc) sin(nd),
n=0 Tint (BZ)
A 0 0 A :
+ —0q (Text; 0) + P (rext, 0) | — — le(}\ +2u)) =0,
Text Text
I I .
+ 789p0(rext, 0)— ( + IKS//L) qo(rexta 6)=0.
ext ext
m?él,n A(l),n flo,n
0 0 0
m A
- o fzo'" , Vn=>0, (B.3)
M3y Bi . fin
mg4¢n Bg,n 40.11

with m} = and £, for (i, j) € [1, 4]* given in Table B.11.

B.2. Incident plane S-waves

We denote by Aﬁ;f , Bﬁ;f ,j = 1, 2, the coefficients corresponding to the exact solution of the truncated problem with the

LK-ABC (9) on I"* for an incident S-wave ui"® = curl ¢,

(37"455, —3:¢5), with ¢(r, 8) = e~*s7<s(®)_ Similarly, we obtain
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Table B.12

Complex coefficients mfj’,s1 and fUS for (i,j) € [1, 4]]2 We deduce ml2 » and

14 " S fori= [[1, 4] substituting H") by H® in m m3vn respectively.

11 n

0.5 : 0.5

mij,n 1= 1 ] =3 fi,n

C_ +.5 +5 +5

i=1 My1n Mizn 1

. +.5 +.5 +.5

i=2 Myq n Myy n 2

i=3 md —m} 0
31,n 33.n

P .0 0

i=4 Myy.n My3 0 0

a linear system 4 x 4 to solve. The coefficients of the matrix m and of the vector f for (i,j) € [1,4]°? are given in
Table B.12. Remark that we use coefficients already computed in the infinite media or w1th incident P-waves.

Appendix C. Analytic solution on the truncated domain with HO-ABC

Forj = 1, 2, we denote by A! e B}n the coefficients assoc1ated with the new ABC (29); Ajl,f, . ¢ the coefficients associated
with the new ABC after regularization (32) and A1j B, ¢ the coefficients associated with the new ABC after regularization

and Padé-localization process (35). We detail in thls section the calculus of these different spectral coefficients.
C.1. Incident plane P-waves

For riny < 1 < Tex, the Lamé potentials 1/; p o w{lpi and 1// (p.s) AT€ expressed thanks to (40) and (41) We deduce (see (B 1)
in Appendix B) the cylindrical components (p!, q')’ : (8r1/fp + df \ﬁsl, Wp 3,»1//5 ), respectively (p"-¢, g'¢)f and (p “, ql )
of the exact displacement field u', u'-* and u'-* respectively. The boundary condition (29) reads as

i 2 _ 1
Tul = ;O(;) (fpp lfpfsasq ) +2u ( as? ) i
1 —|— " Spés Ssq + lgpSsasp osp

with &, := (k7 — r—) V2 and & = (k2 — r’f )~1/2. We explicit (see (B.3) in Appendix B) the coefficients of the matrices mU 0
Xt

ext

and the vectors f; for (i,j) € [[1, 417 in Table C.13. To obtain mU n arldfl ® for (i, j) € [1, 417, we replace &, and & by

ij,n
—12
. 1 n 2
§=—1- ,
P Kp Kp,eText

) o\ —1/2 (C1)
n
&E=—(1- ( ) .
Ks Ks,eText
Similarly, to get my - andfy o for (i, j) e [[1, 4], we replace &, and & by
-1
~ 1 RY
gty R
Kp 02 S? _nz/(’(p,erext)2
= (C.2)

f=o X wmm
S Ks =0 szx - nz/(Ks,grext)z )

C.2. Incident plane S-waves

We denote by Aj]nS B]]ns,] = 1,2, respectively (A; Al-e 5, B]] - $yand ( ; oS B1 £:5) the coefficients associated with the new
ABC (29) (respectively the new ABC after regularlzatlon (32) and the new ABC (35) after regularization and Padé- locahzatlon

process) for incident plane S-waves. Similarly, we obtain a linear system 4 x 4 to solve. The coefficients of the matrix mu "

and of the vectorf] S for (i,j) € [[1, 4])% are given in Table C.14. To obtain m j;s andfl],f S for (i,j) € [[1, 417, we replace in

Table C.14 &, and & by &7, &7 defined by (C.1). Similarly, to get m,} o s andfy],f S, we replace in Table C.14 (&, &) by ( 5, éf),
see (C.2).
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Table C.13 .
Complex coefficients m} , and £}, for (i, ) € [[1, 4]? (with Dy = A 4+2u, Dy = "”’75"&, Dy = 2 — %, Dy=—-+ — M) We deduce m},
U 1+ Text 14 I gk e En ks
Text Text
and m}, , fori =1, 4] substltutmg H®M by H® inm}, ,, m}y  respectively.
mi, =1 j=3 £
i=1 mTl.n m‘l"z,n 1+
i=2 m;,n m-2+2,n f2+
DlazH(l)(Kprext) D1 0r (Te H( )(Ksrext))
i=3 (D1 = Da)(—n? /ri ) Hy $kpText) +(D1 = Da)(—/rex )i Hi (crexc) 0
+D3aan (Kprext) +D3(n/rext)Hr(l )(Ksrext)
110, (L Gy ren) ~BFHS )
i=4 —(D; - u), 2 3 HA (e exe) 02— ® HE (ks et) 0
—Dy4 rmH NkpText) —D,40,HY (Ksrm)
Table C.14
Complex coefficients m;i andf1 S for (i, j) € [1, 4]]2 We deduce m,2 , and
14 S for i = [[1, 4] substituting H by H® in m,1 - mBYn respectively.
S s
mg, 1 3 fi,n
TS TS 5
1 My Mizn 1
+.5 +.5 +S
2 My My n 2
3 m;l n _m;3,n 0
4 _m}ll,n m}lB,n 0
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