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Abstract

Porous material drying is a process used in many engineering fields such as food (conversa-
tion), plastic (polymer), chemical, pharmaceutical and wood (paper paste, composite beam for
construction) industries as well as any manufactured process based on paste or powder. It is
also of importance in civil engineering because of its impact on soil properties and soil-structure
interaction. Given, the number and the importance of these applications, it is a thoroughly stud-
ied phenomenon and this PhD work aims at furthering our understanding of the mechanisms
behind it as well as those controlling desiccation cracking.
This PhD work is part of a F.R.S-FNRS project revolving around unsaturated porous material
desiccation cracking and supported by the collaboration of research groups from the geome-
chanical team (GEO3) and the chemical engineering team (LGC) of the University of Liège
which is the principal strength of this work : it combines the experimental expertise of the LGC
team with the numerical knowledge of the GEO3 team. This allow to collect a vast amount of
data which are used to validate the numerical models. Sensitivity studies are also conducted to
get a better understanding of the influence of each individual process.

Shrinkage For the geomechanical research group of the University of Liège, the study of the
drying behavior is conducted under the scope of deep geological storage of nuclear wastes. This
follows previous works of the team carried on nuclear wastes disposal. This concept is based
on the multi-barrier principle : wastes isolation is guaranteed by the combination of natural
and engineered barriers. During the operation phase, these tunnels are ventilated to allow for
people circulation which may lead to desiccation of the host rock at the surface of the tunnel
and to cracking.
Given the importance of ensuring good sealing conditions, understanding the drying behavior
of the host rock is essential. In Belgium, the considered potential host rock is Boom clay
which is thus the material studied throughout the first part of this PhD work. On a geological
timescale, this formation belongs to the Rupelian (from 36 to 30 million years ago). This
formation is located in the Mol area in the north of Belgium. It is constituted of an alternation
of silty clay layer and more clayey layer. This clay structure leads to a material presenting a
strong orthotropy. Boom clay has been chosen as a potential host rock because of a series of
properties making it a suitable candidate :

• Very low hydraulic conductivity ;

• Good radionucleide retention capacity ;

• Has been stable for millions of years ;

• Self healing capacity.
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An experimental convective drying campaign is conducted to gather the data required for the
validation of our numerical model. This campaign used the infrastructure of the LGC team of
the University of Liège. More specifically, the use of an X-ray microtomograph and the exper-
tise of the LGC in terms of image analysis has been instrumental in quantifying very accurately
the variation of volume of the samples. Based on those data, thermo-hydro-mechanical simula-
tions have been performed using the finite element code LAGAMINE (developed by the GEO3
team) to reproduce the experimental observations. A comprehensive step by step approach is
followed highlighting the influence of each mechanism on the overall process. Overall, the
simulations lead to a excellent fit of the experimental results.

Cracking The second part of this PhD thesis uses the expertise acquired during the first one
as a stepping stone to go further and focuses on the modeling of desiccation cracking. With
this goal, a tensile failure constitutive law has been implemented in Liège finite element code
LAGAMINE. This law needs to be written in effective stress and to be verifiable for the high
suction range observed during drying experiments. Several material point simulations are per-
formed to test the behavior of the implemented constitutive law. Finally, convective drying
experiments are simulated using the described framework. This part of the thesis was done
on a second material because cracking in Boom clay samples always occured along the bed-
ding planes of the material. It was thus not appropriate to validate the isotropic tensile failure
criterion implemented. Resorcinol Formaldehyde hydrogels were chosen because of previous
interest of the team from the chemical engineering department (LGC) in its drying behavior
and cracking conditions and because it is a synthetic material meaning that it is mostly istropic
and homogeneous. The LGC is interested in the drying behavior of this material because, after
cure, it can be submitted to pyrolysis to obtain high specific surface carbonate porous structures
which have many industrial applications as alternatives to activated carbon. But depending on
the curing conditions, the material may suffer desiccation cracking which is detrimental to the
end goal where a monolithic structure is required. Previous works of the LGC on the hydrogels
have made available a important quantity of data on the drying kinetics and shrinkage behavior
of the material as well as a few mechanical and textural properties. Nonetheless, these proper-
ties were insufficient to carry numerical simulations and experiments were conducted to obtain
the undocumented properties of the material. The simulations performed using the imple-
mented tensile failure criterion in combination with the pre-existent thermo-hydro-mechanical
framework allowed to successfully predict crack initiation.
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Résumé

Le séchage des matériaux poreux est un procédé essentiel dans de nombreux domaines in-
dustriels tel que l’industrie alimentaire (conservation des produits), la plasturgie (polymère et
dérivés), l’industrie chimique et pharmaceutique, les filières de transformation du bois (élé-
ments composites pour la construction, pâte de papier, etc.), les procédés de manufactures
impliquant des pâtes, poudres ou granulé et le génie civil (mécanique des sols, retrait lors de la
prise du béton, etc.). Le nombre et l’importance de ces applications en ont fait un phénomène
fortement étudié. Les principaux enjeux liés aux problèmes de séchage sont le retrait et la
fissuration qui peut en découler si celui-ci est empêché. Ce projet vise donc à améliorer la
connaissance des mécanismes gouvernant la fissuration lors du séchage convectif de matériaux
poreux déformables. La principale force de ce projet est qu’il combine à la fois une approche
expérimentale et une approche numérique. Ces deux aspects permettent d’obtenir des données
expérimentales précieuses à la validation de tout model numérique et de conduire, une fois le
modèle validé, de nombreuses analyses de sensibilités afin d’obtenir une meilleure compréhen-
sion des phénomènes à l’oeuvre. Ce travail repose également sur la collaboration d’équipes
issues du génie chimique (LGC) et de géomécanique (GEO3).

Retrait L’une des applications du séchage pour l’ingénieur civil est son influence sur les
intéractions sol-structure. Le laboratoire de géomécanique de l’Université de Liège (GEO3)
travaille depuis plusieurs années sur un problème de ce type : l’enfouissement des déchets nu-
cléaire en couche géologique profonde. Ce concept est basé sur une méthode de confinement
des déchets en suivant le principe de multi-barrières : une succession de couches jouant chacune
un rôle spécifique dans le but de prévenir la migration des radio-nucléides et la contamination
de l’environnement. Durant les phases de maintenance précédant le stockage des déchets, les
galeries sont ventilées pour permettre la circulation des personnes ce qui peut mener au séchage
de la roche en parois et à l’apparition de fissures. Une bonne compréhension du comportement
de la roche hôte lors du séchage est donc nécessaire pour assurer l’étanchéité du système. En
Belgique, la roche étudiée est l’argile de Boom. Il s’agit d’une formation rocheuse du Rupélien
(de 36 à 30 millions d’années) située dans la région de Mol. En terme géologique, cette for-
mation rocheuse est constituée d’une alternance de plans d’argile limoneuse et de plans plus
argileux. Cette structure mène à la formation d’un matériau présentant une forte orthotropie.
Cette roche a été choisie en raison d’une série de propriétés qui en font un bon candidat pour le
stockage des déchets nucléaire :

• Très faible perméabilité à l’eau ;

• Bonne capacité de rétention des radionucléides ;

• Bonne stabilité pendant des millions d’années ;
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• Une capacité d’auto régénération (fermeture des fissures).

Une campagne expérimentale de séchage a été menée sur l’argile de Boom afin d’obtenir autant
de données que possible en termes de cinétique de séchage, de retrait et de potentielle fissur-
ation. Cette campagne a été réalisée en utilisant les infrastructures du Laboratoire de Génie
Chimique et a permis, grâce à l’utilisation d’un microtomographe à rayon X et de l’expertise
du LGC en termes de traitement d’image, d’obtenir une quantification très précise des varia-
tions de volume des échantillons. Sur base de ces données, des modélisations numériques ont
été réalisées en utilisant le logiciel éléments finis LAGAMINE (développé par le service de
géomécanique de l’ULiège). Afin de pouvoir reproduire le comportement expérimentalement
observé, un modèle Thermo-hydro-mécanique orthotrope avec élasticité non-linéaire a été util-
isé. La correspondance entre les résultats expérimentaux et numérique est excellente. Des
études de sensibilités ont été réalisées sur différents paramètres hydro-mécaniques clés afin de
parfaire la compréhension des mécanismes à l’oeuvre. Cette première phase du projet a donc
été consacrée à la compréhension et à la maîtrise des cinétiques de séchage et de retrait afin
d’être capable de reproduire numériquement et avec grande précision le phénomène de retrait.

Fissuration Le second enjeu de ce projet est la capacité à prédire l’apparition de fissure lors
du séchage. Dans ce cadre, une loi de comportement a été implémentée dans le code éléments
finis LAGAMINE afin de pouvoir prédire une rupture en traction pour un matériau poreux
non saturé. Cette loi a été spécifiquement prévue en contrainte effective afin de pouvoir tenir
compte de l’influence de la succion (la variable dominante dans les problèmes de séchage)
sur la résistance en traction du matériau. Cette loi a été validée dans des conditions simples
(traction uni-axiale) avant d’être appliquée à des problèmes de séchage convectif. Bien que
les échantillons d’argile de Boom testés présentes des fissures suite au séchage, celles-ci se
développent systématiquement selon une direction préférentielle correspondant aux plans de
litage du matériau. L’argile de Boom n’est donc pas un matériau adéquat pour valider un mod-
èle de fissuration homogène isotrope. Un second matériau a donc dû être choisi : une résine
de Résorcinol-Formaldéhyde. Ce matériau a été choisi car il s’agit d’un matériau de synthèse
dont les propriétés sont homogènes et isotrope ce qui en fait un meilleur candidat pour la vali-
dation de notre modèle numérique. De plus, le laboratoire de génie chimique s’intéresse depuis
plusieurs années au comportement de ce matériau car, après séchage, ces résines peuvent être
soumises à une pyrolyse afin d’obtenir des matériaux carbonés à très hautes surface spécifique
dont les applications industrielles sont nombreuses (alternative au charbon actif). Il est donc
primordial d’être en mesure de prévenir l’apparition de fissures afin de conserver un matériau
monolithique. Les travaux antérieurs du laboratoire de génie chimique ont fournis une quantité
de données relative à la cinétique de séchage et de retrait du matériau ainsi que certaines de ses
propriétés mécaniques. Néanmoins, ces données étaient insuffisantes pour pouvoir modéliser
le comportement du matériau. Une campagne de caractérisation hydro-mécanique a donc été
menée afin de déterminer les paramètres nécessaires (module de Young, résistance en traction
uniaxiale, perméabilité à l’eau, courbe de rétention d’eau) ainsi que leur évolution en fonction
de la succion. Sur base de ces mesures, des simulations numériques ont été réalisée et ont
permis de prédire l’apparition de fissure en fonction des conditions de séchage.
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Chapter 1

Introduction

Contents
1.1 Scope of the Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1 Scope of the Study

Desiccation cracking is a phenomenon related to the tensile failure of material during dry-
ing. The most famous example is the crack pattern observable in dry mud as visible on Fig.
1.1. Such occurrences may seen harmless but porous material drying is a process involved in

Figure 1.1: Soil crusting developed in a drying soil under field conditions (Sánchez et al.
(2014))

many engineering fields where drying and its most direct consequences, shrinkage, and in cer-
tain conditions, desiccation cracking can can have dramatic economic, environmental or safety
consequences.
For example, one of the oldest application of drying is age-old : food drying (Hayashi (1989)).
It was used for the conservation of aliments (fruits, meat, etc.) to preserve them over long
period of time. More recently food has been dried for health or economic reason (Chen and
Mujumdar (2009)). Indeed, decreasing the water content helps preventing the proliferation of
bacteria but it also decreases the volume and mass of aliments reducing transport costs. In all
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these cases, though, the work of the engineer is to formulate a controlled drying environment
which will lead to an un-warped crack-free final product so it can be distributed and sold.
In the wood industry, drying is also a very important process (Dincer (1998)). Every wooden
element is dried before use whatever its final application. Dried timber is stronger, lighter
and more resistant to decay and mold development. Composite beams for construction and
particleboard for furniture also require dried wooden particle because those are easier to handle
and glue together much better. Avoiding cracking in any of those applications is essential for
obvious reasons (who would want to buy a cracked Ikea bookshelf?).
In many other fields such as the paper, chemical, pharmaceutical, concrete industries, materials
engineers are faced with shrinkage and sometimes desiccation cracking problems and have had
to either adapt the production conditions or change the formulations of the product to avoid
these issues.
For the civil engineer, drying and desiccation cracking mostly manifest in soils and soil-
structure interactions. In some cases it can be a critical phenomenon leading to major dam-
age to soil supported structures or earthen structures. Desiccation cracking is a major problem
in slope stability since it alters the properties of the soil at the top of the slope and the water
pressure distribution inside sometimes leading to landslides. In the case of earthen dykes or
dams, desiccation cracking creates preferential flow paths which enable the formation of ero-
sion tunnels and the overall failure of the retaining structure with catastrophic consequences.
It can also be a major concern for waste management. The compacted clay liner at the bottom
of landfills can crack when it is left exposed to air prior to the landfill filling (cf. Fig. 1.2).
The liner is supposed to act as a low permeability barrier to prevent contamination of the bio-

Figure 1.2: Desiccation cracks in clay liner at the bottom of futur municipal solid waste landfill
Rowe and Hosney (2010)

sphere by leachate from the municipal solid wastes. If the liner is cracked then its permeability
increases by several orders of magnitude preventing it from playing its confinement role. A
similar problem can occur for deep geological storage of nuclear waste where the host rock of
the storage tunnels may crack during the operation phase. The galleries are ventilated to allow
for the circulation of the operational personnel which cause a desaturation of the host rock at
the surface of the tunnel. If cracks occur, they modify the properties of the host rock preventing
it from playing its confinement role which may lead to severe environmental repercussions.
Drying in itself can also be detrimental because it is directly responsible for subsidence phe-
nomena. The soil under a building is protected from seasonal change in atmosphere relative
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humidity and thus its volume remains mostly constant. On the other hand, soil near the facades
of a building is submitted to important moisture gradient and volume changes due to shrink-
age. This leads to differential settlements which can cause fracturing of the structure near the
facades, rupture of pipes, etc. and have been responsible for billions in structural damages (see
Fig. 1.3)

Figure 1.3: Example of subsidence caused damage to a house facade.

These are a few examples in a very long list of shrinkage and desiccation cracking related
problems. Getting a better understanding of the mechanisms at play and being able to predict
the amplitude of shrinkage and/or the conditions in which cracking occurs would go a long way
in improving many engineering processes.
During this PhD work, desiccation cracking is studied in the scope of two of the many applica-
tion described earlier : polymer production in the chemical industry and deep geological storage
of nuclear waste. This PhD work is a part of a F.R.S-FNRS project supported by the collabo-
ration of research groups from the geomechanical team (GEO3) and the chemical engineering
team (LGC) of the University of Liège. As such this work is separated in two interconnected
parts related to materials of interest in the scope of each research group’s ongoing work.
For the geomechanical research group, the context of this research is the deep geological stor-
age of nuclear wastes. This concept aims at preventing any contamination of the environment
by radionucleides. Wastes isolation is provided by the combination of a series of natural and
engineered barriers. This method is referred to as the multi-barriers principle (cf. Fig. 1.4).
The wastes are placed in super-containers formed of different layers that all have a specific role
with the goal of decreasing the risk of biosphere contamination. The host rock is the last and
one of the most important barrier. Its study is thus of the utmost importance to be sure that
it can withstand the thermo-hydro-mechanical loading induced by the nuclear wastes storage.
One of the load applied to the host rock is the ventilation needed to allow for people circulation
during the operation period of the galleries. This exposure to air may lead to a desiccation of
the host rock at the surface of the tunnel and to possible desiccation cracks. If cracks occur,
they may cause an important increase of the hydraulic permeability of the geological barrier
in the damaged zone partially preventing it from playing its containment role. It is therefore
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Figure 1.4: Multi-barriers principle Craeye et al. (2009)

important to closely study the drying behavior of the host rock. In Belgium, the considered
host rock is Boom clay which is thus the material studied for the geomechanical application
part of this PhD thesis.
For the chemical engineering team, the material studied is a Resorcinol Formaldehyde hydro-
gel. It is an interresting material for drying behavior study because after drying this material can
be submitted to pyrolisis to obtain high specific surface area carbon structures which have many
industrial applications as activated carbon alternatives. Nonetheless the convective drying of
the gels can, depending of the synthesis and drying conditions lead to desiccation cracking (Job
(2005)). Since crack-free monoliths are required, investigating the drying behavior of the RF
hydrogels is an important issue.

1.2 Objectives

This work aims to improve our understanding of the mechanisms behind cracking/fracturing
of unsaturated porous deformable materials during convective (using a warm humid air flow)
drying. To do so a good understanding of the drying process is required. This works relies on
both an experimental and a modeling approach. More specifically, the objectives are :

• constituting a comprehensive knowledge base about convective drying, shrinkage and
desiccation cracking to be able to identify the key features to be considered for the consti-
tutive modeling of the phenomena. This requires a considerable amount of bibliographic
and experimental work. Fortunately, this work can count on the expertise of the ge-
omechanical research group (GEO3) in multi-physics coupled modeling (Collin (2003)),
porous medium - atmosphere interactions (Gerard (2011)) as well as the expertise of the
chemical engineering team (LGC) for drying behavior experimental investigation ;

• the accurate simulation of a drying experiment as a thermo-hydro-mechanical phenomenon.
Previous works conducted in the GEO3 team mainly focused of the hydraulic aspect of
the problem and fully coupled simulations have yet to be performed ;

• the choice of a constitutive law for tensile failure modeling. The selected criterion will
need to be able to account for the high suction range reached during a drying process ;
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• the implementation of the chosen model into the finite element code LAGAMINE as well
as its validation on simple problems ;

• the application of the suggested framework to convective drying experiments presenting
desiccation cracking to try to reproduce the observed behavior.

1.3 Outline of the thesis

This thesis is composed of 8 chapters covering the literature review and developments achieved
during the PhD research. The chapters are organized in a logical sequence, starting with the de-
scription of the notions required to investigate the drying behavior of unsaturated porous media
and then moving on to the modeling of the drying phenomenon and of desiccation cracking.

Chapter 2 aims to present the general framework adopted to model the thermo-hydro-mechanical
processes. The governing equations, including the balance equations, constitutive equations
and equilibrium restrictions are expressed in the usual differential local form.

Chapter 3 follows the same trend as chapter 2 but for the notions related to the drying phe-
nomenon. The different methods of drying are presented and more specifically convective
drying which will be used throughout this PhD work. The drying kinetics are analyzed as a
mean to understand the different processes going on during a convective drying experiment.
Shrinkage is also introduced.

Chapter 4 is the final part of the comprehensive knowledge base required to investigate dry-
ing experiments. Here, the general formulation of 2D coupled finite elements is presented. The
governing balance equations introduced in chapter 2 are expressed in weak form to be able to
solve the problem over large domains. Said system of non-linear equations is then solved and
the global solution of the problem is presented.

Chapter 5 starts by introducing the nuclear waste disposal problem as well as the envisioned
solution : deep-geological storage. In this framework, Boom clay is studied as a potential
host material. Its drying behavior is of interest because desiccation cracking may occur in
storage galleries during the operation phase. Its properties and composition are presented.
Then, an experimental convective drying campaign was conducted to gather data for numerical
modeling. Its procedure and result analysis are detailed. Finally, numerical simulations are
performed to reproduce the observed experimental behavior.

Chapter 6 focuses on desiccation cracking and starts by defining the notion of crack. Desic-
cation cracking is a mode I failure which means it is controlled by a material tensile strength.
The different methods to measure that strength are presented. Finally, a review of the models
found in the literature to predict desiccation cracking initiation and crack depth is presented.
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Chapter 7 starts by detailing the constitutive law chosen to simulate tensile failure. Then the
complete mechanical framework is presented as well as its implementation into the in house
built finite element code LAGAMINE. Several material point simulations are conducted to
validate the behavior of the selected constitutive law.

Chapter 8 is where all the tools presented throughout this PhD work are combined to pre-
dict desiccation cracking. It starts by introducing the material used for validation as well as
the scope under which it is studied. The new material is a Resorcinol-Formaldehyde hydro-
gel whose drying behavior is of interest because after drying it can be submitted to pyrolysis
to obtain high specific surface carbon structures which are interesting alternatives to activated
carbon. A short review of its documented properties is presented as well as the experiments
conducted to investigate undocumented ones. Finally, convective drying experiments are sim-
ulated using the framework developed and desiccation cracking is successfully predicted.

Chapter 9 concludes with a summary and outlooks for future works.

This thesis start with by presenting the complete framework used to model the thermo-hydro-
mechanical processes at play during a drying experiment of a deformable porous medium. The
first step is to introduce the notion of deformable porous media as well as the mathematical
tools used to describe it. This is the objective of the next chapter.
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Chapter 2

Introduction to the porous media

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Theory of porous media . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Referential definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Balance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.4.1 Momentum balance equation . . . . . . . . . . . . . . . . . . . . . . 12

2.4.2 Mass balance equations . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4.3 Energy balance equation . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Constitutive equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5.1 Water retention model . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5.2 Multiphasic flows in unsaturated porous media . . . . . . . . . . . . 21

2.5.3 Heat diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.5.4 Mechanical model . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.6 Equilibrium restrictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.6.1 Kelvin’s Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.6.2 Henry’s law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.7 Thermo-hydro-mechanical couplings . . . . . . . . . . . . . . . . . . . . 28

2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.1 Introduction
The modeling of the drying process as a Thermo (T)-Hydro (H)-Mechanical (M) problem
requires the definition of a rigorous framework. The goal of this chapter is thus to lay a com-
prehensive basis for the developments presented in the next chapters.
Both materials considered throughout this work can be considered as porous media. Hence,
the first chapter of this thesis starts by introducing the concept of porous medium as well as the
different quantities characterizing it. In this work, a porous medium is composed of a solid, a
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liquid and a gas phase. Before detailing the equations governing the different phenomena, it
is necessary to define the referential in which they will be expressed. An updated Lagrangian
formulation is used, which is common in large deformation problems. The balance equations
governing the T-H-M problem can then be considered. They are developed in the usual local
differential form. In order to link the balance equations to the principal variables of the prob-
lem, constitutive laws are presented. In particular, the water retention model is presented to
account for water distribution and capillary effects. A multiphasic flow model is used to de-
scribe the fluid mass flows and since drying is an anisothermal problem, a heat diffusion model
is included as well. A mechanical framework is also detailed. In this work, the different phases
of the porous medium are assumed to be in thermodynamic equilibrium and the equilibrium
restrictions are expressed. Finally, emphasis is placed on the different couplings encountered
throughout the chapter and linking the different aspects of the T-H-M problem.

2.2 Theory of porous media
First, let us define the notion of porous medium. It is a material containing pores. The skeletal
part of the material is called the "matrix" and constitutes the "solid phase". The volume inbe-
tween the solid grains forms the pores. A porous medium is often characterized by its porosity,
n. It is defined as the ratio of the pore volume, Vv, to the total volume of the medium, V
(Verruijt and Van Baars (2007)):

n = Vv
V

(2.1)

A porous medium can be defined as "saturated" or "unsaturated" (cf. Fig 2.6). In a saturated
porous medium, only one fluid fills the porosity whereas in an unsaturated porous medium the
pore volume is filled by two fluids. One is a wetting fluid and constitutes the liquid phase and
the other is a non-wetting fluid and forms the gas phase. Classically, in the field of geomaterials,
the liquid phase is composed of water and dissolved air and the gas phase of dry air and water
vapor.

(a) (b)

Figure 2.1: Saturated (a) and unsaturated (b) porous medium

In the case of an unsaturated medium, it is useful to define the portion of the pore volume
occupied by each fluid phase. This quantity is called the saturation degree, Sr. In the following,
Sr,l and Sr,g represent the saturation degree of liquid and gas respectively.
Since the accurate description of such a complex system can prove difficult, different ap-
proaches have been suggested to describe it in a simplified manner and build an idealized
homogeneous continuum (Dieudonné (2016)):
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Macroscopic theories Macroscopic theories are based on the consolidation theory proposed
by Terzaghi (1944), and later extended by Biot (1941, 1956, 1962); Biot and Temple (1972).
In these theories, the porous medium is studied at the macroscopic scale. Accordingly, stresses
and other related concepts are macroscopic concepts. In addition, the different phases are not
treated separately, and the balance equations are written for the whole porous medium, without
any distinction between the different phases and species (or constituents). Further extensions
of Biot’s work include the contributions of Coussy (1995) and Dormieux et al. (1995).

Averaging theories In averaging theories (Hassanizadeh and Gray (1979a,b)), two structural
levels are defined, namely a microscopic scale, corresponding to the pore level, and a macro-
scopic scale, which corresponds to the representative elementary volume (REV). At the micro-
scopic level, the system is viewed as the overlap of interpenetrating continua. In opposition to
the mixture theory, each continuum occupies only a part of the space. The different continua are
separated by interfaces, which have their own thermodynamic properties. Balance equations
(and sometimes constitutive laws) are introduced at this scale. Averaging techniques are then
used to obtain averaged (over the REV) macroscopic field equations. Different averaging meth-
ods may be used, ranging from analytical to numerical (e.g. Finite Element Square method).
Special care should be taken to select the size of the REV (see Bear (2013); Hassanizadeh and
Gray (1979a); Bachmat and Bear (1986); De Marsily (1986)).

Theories of mixtures In the theories of mixtures, the porous medium is also studied at the
macroscopic scale but the balance equations are expressed for each phase separately (Bowen
(1980)). All phases are assumed to occupy the same region of space simultaneously as the
overlapping of different continua (cf. Fig.2.2) and thus every point of the idealized system
consists of a mixture of phases :

Gas phase

Liquid phase

Solid phase

Figure 2.2: Definition of equivalent continua

This supposes the definition of volume fractions to create homogenized continua so that the
methods of continuum mechanics can be applied :

ηi = Vi
V

(2.2)

where Vi is the volume of the phase i. The following volume fractions can be defined :

ηs = 1− n (2.3)
ηl = Sr,l n (2.4)
ηg = Sr,g n = (1− Sr,l) n (2.5)
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where s, l, g correspond respectively to the solid, liquid and gas phase. The sum of all volume
fractions must be equal to 1. The real density, ρi of a given phase, i, is classically expressed as
:

ρi = mi

Vi
(2.6)

where mi is the mass of the phase i. In mixture theory, homogenized continua related to
each phase are established. It is possible to define the reduced density of the homogenized
continuum corresponding to a chosen phase, ρi, as the product of the real density, ρi, and the
volume fraction, ηi, of that phase :

ρi = ηiρi = Vi
V

mi

Vi
= mi

V
(2.7)

In this work, the approach of mixture theories is chosen because it allows for the description of
deformation of the porous medium, of fluid flows and heat transfer as well as coupled phenom-
ena. The averaging theories are also able to do so but require experimental investigation at the
micro scale, which is not the usual scale in geomechanics laboratory experiments.

2.3 Referential definition
Before presenting any of the equations expressing the kinematics behind the coupled phenom-
ena at work during desiccation processes, it is necessary to define the reference configuration
used. Considering the initial and final configurations as identical is acceptable as long as the
deformations are infinitesimal. For large deformation problems, a distinction is made between
the deformed and the initial configurations. In large deformation continuum mechanics, two
approaches are commonly used :

• Eulerian description The problem is stated with regard to the deformed configuration
while the motion of material through a stationary control volume is considered, i.e. the
movement of the particle is described with respect to a fixed referential frame(cf. Fig.
2.3(a)).

• Lagrangian description The problem is stated with regard to the reference configuration
while we track the movement of all particles of the body, i.e. the referential frame moves
with the material points (cf. Fig. 2.3(b)).

x
1

x
2

x
1

x
2

(a)

x
1

x
2

x
1

x
2

(b)

Figure 2.3: Schematic representation of (a) Eulerian (b) Lagrangian referential

In this work, an updated Lagrangian formulation is used to describe the kinematics of the de-
formable porous medium. An updated Lagrangian referential differs from a total Lagrangian
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one because in the former the variables of the problem are expressed with respect to an updated
referential frame, (X1, X2), whereas the latter expresses the variables with respect to the ini-
tial configuration, (X0

1 , X
0
2 ). The deformation gradient for the current configuration, xi, with

X
1

X
2

x
1

x
2

φ

X0
1

X0
2

Figure 2.4: Updated Lagrangian formulation with initial configuration in the referential frame
(X0

1 , X
0
2 ), the updated reference configuration in the updated referential frame (X1, X2) and

the deformed configuration in the current referential frame (x1, x2). ϕ is the mapping that
associates a material point of the reference configuration with the current one, xi = φ(Xi).

respect to the reference configuration, Xi (cf. Fig.2.4), is characterized through the definition
of the transformation tensor Fij which links the coordinate systems in reference and deformed
configuration:

Fij = ∂xi
∂Xj

(2.8)

The velocity of a material point is given by :

vi = dxi
dt

= ẋi (2.9)

where t is the time. The velocity gradient tensor is expressed as :

Lij = ∂vi
∂xj

(2.10)

which can be split into symmetrical and anti-symmetrical parts :

Lij = 1
2(Lij + Lji) + 1

2(Lij − Lji) (2.11)

The Cauchy strain tensor is given by the symmetrical part :

ε̇ij = 1
2(Lij + Lji) (2.12)

Whereas the spin tensor is defined by the anti-symmetrical part :

ωij = 1
2(Lij − Lji) (2.13)
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The total Cauchy stress tensor, σij , is associated with the Cauchy strain rate. The tensor consists
of nine components that completely define the state of stress at a point inside a material in the
deformed configuration. The Cauchy stress tensor is used for stress analysis of material bodies
experiencing small deformations. However, for large deformation problems, the incremental
formulation requires the definition of an objective derivative of the stress field, independent of
rigid body rotation. The Jaumann derivative (Jaumann (1911)) is thus introduced to describe
large strains and rotations:

σij = σ̇ij − ωijσij + σij ωij (2.14)

In this work, the geomechanics sign convention is adopted, i.e. stresses and strains are positive
in compression.

2.4 Balance equations
The balance equations are obtained for a mixture composed of three phases : solid, liquid and
gas. The solid phase is composed of an assembly of solid grains, the liquid phase is composed
of water and dissolved air. The gas phase is made of two constituents, dry air and water vapor.
Fig. 2.5 presents a summary of the different phases and species :

Air species

Water species

Solid phase Liquid phase Gas phase

Assembly of 

solid grain
Liquid water Dissolved air Dry air Water vapor

Figure 2.5: Definition of phases and species (modification based on Collin (2003)

In the following, the different balance equations of the thermo-hydro-mechanical problem are
developed in the usual differential local form. These equations consist of the balance of mo-
mentum of the mixture, the solid’s mass balance equation, the fluids’ mass balance equations
both for water and air and since drying is an anisothermal problem an energy balance equation
is also expressed.

2.4.1 Momentum balance equation
The mixture momentum balance equation corresponds to the equilibrium equation of the con-
tinuous medium (Malvern (1969)) composed of the three phases (solid, liquid, and gas). Let us
consider a given deformable porous medium loaded by volume forces, Fi and surface forces,
Ti. Any chosen control volume inside that porous medium is subjected to the same volume
forces and to surface forces, ti. This configuration is shown in Fig.2.6(a).
Let’s consider a small tetrahedral volume OABC (cf. Fig. 2.6(b)) such that the ABC side is a
part of the external surface of the medium. The outward normal vector to that side is ni. The
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Figure 2.6: (a) Porous medium configuration (b) Tetrahedron OABC

other sides of the tetrahedron are defined so that their normal vector is parallel (and of opposite
direction) to one of the reference frame axis. The tetrahedron volume, v, is arbitrarily chosen.
If the medium is at equilibrium, we know that this chosen volume is at equilibrium too which
is expressed as:

da Ti + da1t−1
i + da2t−2

i + da3t−3
i + dvFi = 0 (2.15)

⇐⇒daTi + dakt−ki + dvFi = 0 (2.16)

where t−ki is the stress vector acting on the side of the tetrahedron of area dak whose nor-
mal vector is parallel and of direction opposite to the kth axis of the reference frame, eki . By
Newton’s third law of motion,

t−ki = −tki (2.17)

And Eq. 2.16 becomes :
da Ti − daktki + dvFi = 0 (2.18)

If the tetrahedral volume, v, is chosen infinitesimal then dv is negligible and it comes :

da Ti − daktki = 0 (2.19)

The area of the other sides can be expressed in function of the area of the ABC side :

dak = da cos(nieki ) = da nk (2.20)

where nk is the scalar component of vector ni in the direction of the kth axis of the reference
frame, eki . Eq. 2.19 becomes :

daTi − da nktki = 0 (2.21)

⇐⇒Ti − nktki = 0 (2.22)

The stress vectors, tki can be expressed in the global referential frame as :

tki = σije
k
j (2.23)

13



where σij is the Cauchy total stress tensor introduced in section 2.3. Using Eq. 2.23, Eq. 2.22
becomes :

Ti − nkσijekj = 0 (2.24)

⇐⇒Ti − σijnj = 0 (2.25)

which is the surface balance equation of the considered porous medium.
Let us, now, consider an arbitrary control volume, v∗, delimited by a surface, a∗, in the porous
medium. If this control volume is at equilibrium, we get :

�
v∗
Fi dv∗ +

�
a∗
ti da∗ = 0 (2.26)

Eq. 2.25 gives :

ti = σijnj (2.27)

And thus : �
v∗
Fi dv∗ +

�
a∗
σijnj da∗ = 0 (2.28)

Using Gauss’ theorem, we can change the integral over the boundary to an integral over a
volume. It comes : �

v∗
Fi dv∗ +

�
v∗

∂σij
∂xj

dv∗ = 0 (2.29)

This equation is true whatever the control volume chosen. It is thus independent from the vol-
ume and we therefore obtain the differential form of the general momentum balance equation.

∂σij
∂xj

+ Fi = 0 (2.30)

In our case, the only volume force is gravity and Eq. 2.30 becomes :

∂σij
∂xj

+ ρgi = 0 (2.31)

where gi is the gravitational acceleration vector and ρ is the density of the mixture :

ρ = ρs(1− n) + ρlSr,ln+ ρg(1− Sr,l)n (2.32)

where ρl, ρg are respectively the densities of the liquid and gas phases.

2.4.2 Mass balance equations
The compositional approach (Panday and Corapcioglu (1989); Olivella et al. (1994); Collin
(2003)) is used to establish the mass balance equations. This approach balances species rather
than phases and has the advantage of canceling out the phase exchange terms. As described
in section 2.3, an updated Lagrangian description is used so that the referential follows the
deformable solid phase. The description of the fluid phases is Eulerian in the sense that we
compute the fluid flows with respect to the solid phase.
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Using the same approach as the one described for the balance of momentum, we consider a
chosen control volume, v, delimited by a surface, a. The outward unit normal vector to the
surface is ni. At the surface, a flux, q, of a chosen quantity (such as the mass), S(t), is injected.
The first relation that can be expressed is the surface balance equation that states the equilibrium
between the normal component of the outflows through the surface,fi, and the flux imposed at
the surface, q :

nifi + q = 0 (2.33)

A second relationship can be defined and it expresses that the storage term of the chosen quan-
tity, ∂S

∂t
, must be equal to the sum of the source/sink term inside the control volume, Q, and the

flows through the surface, q. For the chosen quantity S(t), we can write :

S(t) =
�
v

s(x, t) dv (2.34)

And thus the storage term is:
∂S

∂t
=
�
v

∂s

∂t
dv (2.35)

The equilibrium equation writes :�
v

∂s

∂t
dv =

�
a

q da+
�
v

Q dv (2.36)

integrating Eq. 2.33 in Eq. 2.36 gives :�
v

∂s

∂t
dv =

�
a

−(nifi) da+
�
v

Q dv (2.37)

Using Gauss’ theorem, we can change the integral over the boundary to an integral over a
volume. It comes : �

v

∂s

∂t
+ ∂fi
∂xi
−Q dv = 0 (2.38)

This equation holds regardless of the chosen control volume. It is thus independent from the
volume and we therefore obtain the differential form of the general balance equation of a chosen
quantity S(t).

∂s

∂t
+ ∂fi
∂xi
−Q = 0 (2.39)

2.4.2.1 Solid mass balance equations

Because of the definition of the reference system, conservation of the solid mass is always met.
The solid mass balance equation reads :

∂ms

∂t
= ∂

∂t
(ρs(1− n)V ) = 0 (2.40)

where ms is the mass and ρs is the density of the solid respectively. If the solid particles are
supposed incompressible then Eq. 2.40 reduces to :

V̇

V
= ṅ

1− n (2.41)
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and thus the variation of the porosity is given by :

ṅ = (1− n) V̇
V

(2.42)

2.4.2.2 Water mass balance equations

The balance equation for water in the liquid and gas phases can be written using the expression
obtain in Eq. 2.39 and substituting the chosen quantity, S, by the mass, mi

j of the species (in
exponent), i, in the considered phase (in subscript), j :

∂

∂t
(mw

l ) + ∂

∂xi
(fwl,i) + Ėw−v

H2O = Qw
l (2.43)

∂

∂t

(
mw
g

)
+ ∂

∂xi
(fwg,i)− Ėw−v

H2O = Qw
g (2.44)

where mw
l , mw

g are the masses of liquid water and vapor respectively and fwl,i, f
w
g,i are the liquid

water and water vapor mass flows. Qw
l , Qw

g are the liquid water and water vapor source/sink
terms. Ėw−v

H2O is the mass of liquid water transformed into vapor. Given the compositional
approach, we can express a mass balance equation for the whole water species rather than for
each phase and the phase exchange terms are thus canceling each other out. This combined
balance equation thus accounts for the liquid water as well as the water vapor and is given by :

∂

∂t
(mw

l ) + ∂

∂xi
(fwl,i)︸ ︷︷ ︸

Liquid water

+ ∂

∂t

(
mw
g

)
+ ∂

∂xi
(fwg,i)︸ ︷︷ ︸

Water vapor

= Qw (2.45)

2.4.2.3 Air mass balance equations

The same can be done for the air species and the balance equation obtained writes as :

∂

∂t

(
ma
g

)
+ ∂

∂xi
(fag,i)︸ ︷︷ ︸

Dry air

+ ∂

∂t
(ma

l ) + ∂

∂xi
(fal,i)︸ ︷︷ ︸

Dissolved air

= Qa (2.46)

where ma
g , m

a
l are the masses of dry and dissolved air respectively and fag,i, f

a
l,i are the dry and

dissolved air mass flows. Qa is the air source term.

2.4.3 Energy balance equation
All the phases are supposed to be at the same temperature so that a single energy balance
equation is required to describe the thermal aspects. For this single equation, the general form
of the mass balance equation (cf. Eq. 2.39) is also applicable even though it is a different
phenomenon (Charlier (1987)). The energy balance equation is expressed in enthalpic form.
Only the energies linked to the heat transfer and the energy required for the change of phase
from liquid water to vapor are considered in the balance equation and all the terms linked to
the work of mechanical forces, kinetic energy, etc. are neglected. Heat transfer only includes
conduction and convection through the different phases because radiation is neglected.
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ṠT + ∂VT,i
∂xi

+ Ėw−v
H2O.L−QT = 0 (2.47)

where ST is the enthalpy of the system, VT is the heat flux, QT is the heat production term and
L is the water evaporation latent heat.

2.5 Constitutive equations
The balance equations presented introduce a number of variables, such as the total stress ten-
sor, the degree of saturation, the fluid fluxes and the heat flux. These variables are linked to
the displacement field, the liquid pressure field, the gas pressure field and the temperature field
through relations called constitutive equations. In the case of a thermo-hydro-mechanical prob-
lem, the required constitutive equations are : the water retention model, the multiphasic flow
model, the mechanical model and the heat diffusion model.

2.5.1 Water retention model
Capillary forces develop between the material solid grains if it is unsaturated and affect the
fluid transfers. These forces are related to the quantity of water filling the porous space; they
increase when the porous material desaturates. The material retention behavior is generally
represented by a water retention curve linking the suction to the degree of water saturation.

2.5.1.1 Capillarity

When two non-miscible fluids are in contact, an interface appears in between them and within
which surface tensions exist. Those tensions are the result of the difference in inter-molecular
forces between the particle in the fluid and those at the interface as shown on Fig. 2.7.

σ
GL

σ
GL

L

G

Figure 2.7: Molecular forces on a particle of water Collin (2003)

Particles within the fluid are at equilibrium whereas those in the interface are not and thus
surface tensions, σGL, appear to restore the force equilibrium.
If we now consider two fluids, L and G, in contact with a perfectly plane solid surface S (cf Fig.
2.8), the surface tensions σGL, σSG and σSL exist at the interface. The equilibrium is expressed
with Young-Dupré’s formula (Dupré and Dupré (1869)) :

σSG = σSL + σGL cos θ (2.48)
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where θ is the angle between the interface of the two fluids and the solid surface.

�

Figure 2.8: Surface tensions (modification based on Collin (2003))

In the general case, the liquid surface makes an angle θ with the particle surface. This angle is
called the contact angle and depends on the affinity of the fluids-solid surface affinity. For the
contact to be possible between the fluid and the solid surface, the following condition has to be
verified :

cosθ = σSG − σSL
σGL

< 1 (2.49)

This means that for the contact to be possible, the contact angle must be lower than 90°. Such
a fluid is said to be a wetting fluid. On the contrary, if θ > 90°, as is the case for fluid G in
Fig. 2.8, than such a fluid is called a non-wetting fluid. The surface tensions appearing are
responsible for the so-called capillary effect. This effect is well exhibited in the experiment
visible at Fig.2.9. In this experiment, when the capillary tube is plunged into the bask of water,
the water level rises into the tube until a certain height is reached, this level is given by Jurin’s
law which expresses the vertical equilibrium :

pc = pg − pl = ρwgh = 2σGLcos θ
r

(2.50)

where pc is the capillary pressure expressed as the difference between the gas pressure, pg,
and the liquid pressure, pl and r is the radius of the tube. The smaller the radius of the tube the
greater the capillary effect. This concept explains the phenomena taking place in an unsaturated

Gσ
GL

σ
GL

L

θ

Figure 2.9: Experimental configuration (modification based on Collin (2003))

porous medium with two fluids (Delage (1987)). There is a relation linking the capillary pres-
sure and the relative quantity of each fluid in the pore volume. This relation usually links the
capillary pressure with the saturation degree of the liquid phase. Experiments have shown that
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the contact angle is not the same depending on which phase is pushing the other out (Bear and
Verruijt (1987)). For this reason, it is necessary to define this relation depending on whether
the liquid phase is pushed out or the opposite. Also, considering the pores as simple tubes with
constant radius is an oversimplified view since it is clear pores have variable radii and are in-
terconnected which means the capillary pressure can be different, for a same saturation degree,
depending on the path followed by the liquid phase (Delage et al. (2001)).

2.5.1.2 Concept of suction

In soil mechanics, suction is often used with a similar meaning to capillary pressure. Suction
is a concept including capillary effect but also other phenomena. Water total potential in an
unsaturated porous medium can be defined as the energy needed to extract the water from the
medium and is expressed as (Collin (2003)) :

ψ = ψg + ψp + ψm + ψo (2.51)

where ψg, ψp, ψm and ψo are respectively the gravitational potential, the external pressure
potential, the matric potential and the osmotic potential. The total suction can be defined as
a negative potential. It has two contributions : the matric suction and the osmotic suction.
Matric suction is associated with the interactions between liquid and solid while the osmotic
suction is related to the difference of concentration in solutions and corresponds to the osmotic
pressure. The matric suction is equivalent to the capillary pressure and is thus associated with
the capillary phenomena just explained. In this work, the total suction is defined as :

s = pg − pl (2.52)

which corresponds to the definition of the capillary suction in Eq. 2.50. "However, essentially
for historical reasons, it is used to express the degree of attachment of the liquid phase onto the
solid phase, regardless of the attraction mechanism. Therefore, the suction as defined reflects
interactions between water and solid and should be differentiated from capillary phenomena"
(Gens (2010)). The relation between the total suction and the quantity of water stored in a
porous medium is called the water retention curve. The quantity of water can be expressed in
terms of water content or saturation degree. Since the saturation degree appears explicitly in
the mass balance equation (cf. Eq. 2.45), it is preferred. A typical water retention curve can be
seen in Fig. 2.10.
Four main domains can be distinguished :

• When the suction is lower than the air-entry pressure, the medium is fully saturated. The
air entry pressure is the suction at which the pores start to be invaded by air.

• After the air entry pressure, the funicular state is reached. In this domain, the liquid phase
is continuous while the gas phase is composed of bubbles.

• Then comes the pendular state in which neither phase is continuous. The liquid phase
forms bonds between grains.

• The last domain is the residual state in which the saturation of the sample is equal to the
residual saturation degree, Sres which corresponds to the quantity of water that cannot be
extracted from the medium.
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Figure 2.10: Water retention curve and the different domain of saturation in porous media
(based on Dieudonné (2016) after Nuth and Laloui (2008))

In granular materials, the water retention behavior is directly controlled by the pore size distri-
bution of the material. Under the hypothesis that the pores can be represented as a bundle of
different size cylindrical tubes (Millington and Quirk (1959)), the pores start filling from the
smallest to the biggest. The degree of saturation can thus be defined as :

Sr,w(X) =
� X

Xmin

f(x) dx (2.53)

where Xmin is the smallest pore size and X is the biggest pore size currently filled with water.
f(x) expresses the pore size distribution. Jurin’s law allows to associate a value of suction
(because in this case, its definition is equivalent to the capillary pressure) to each pore size x.
It is expressed as :

s(x) = 2σGLcosθ
x

(2.54)

where σGL is the surface tension of water and θ is the contact angle between water and solid
phases. Inserting Eq. 2.53 in Eq. 2.54, it comes :

Sr,w(X) =
� X

Xmin

f(2σGLcosθ
s

) dx = Sr,w(s) (2.55)

where Sr,w(s) is the water retention model. This curve can be drawn theoretically based on
Jurin’s law and the assumed pore size distribution but experimental curves often differ from
theoretical ones. Empirical formulations have been suggested based on observations and exper-
imental measurements. A large number of constitutive models have been developed to represent
the water retention behavior of porous media. The most famous is the formulation suggested
by Van Genuchten (1980) :

Sr,w = Sres + (Ssat − Sres)(1 + ( s

αvG
)
nvG

)
−mvG

(2.56)
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in which nvG [−],mvG [−] are model parameters. nvG is associated with the rate of desaturation
of the soil while mvG is linked to the curvature of the water retention curve for high suctions.
αvG [Pa] is a model parameter related to the air entry pressure, Sres [−] is the water residual
saturation, Ssat [−] is the water maximum saturation and s [Pa] is the suction.

2.5.2 Multiphasic flows in unsaturated porous media
Here, we introduce the description of the different fluids’ transports in unsaturated porous me-
dia using a biphasic flow model. The mass flows introduced in Eq. 2.45 and Eq. 2.46 take
into account the advection of each phase using Darcy’s generalized law and the diffusion of the
species within each phase using Fick’s law. Due to the small amount of dissolved air in the
liquid phase, the dissolved air’s influence on the liquid phase properties is neglected. For the
same reason, the liquid water diffusion within the liquid phase is also neglected.

2.5.2.1 Fluid internal transfers

The mass flows are expressed as :

fwl,i = ρwql,i (2.57)

fwg,i = ρvqg,i + iv,i (2.58)

fal,i = ρdaql,i + ida,i (2.59)

fag,i = ρaqg,i + ia,i (2.60)

where ρw, ρv, ρda, ρa are respectively the densities of the liquid water, the water vapor, the
dissolved air and the dry air. ql,i, qg,i are the advective fluxes of the liquid and of the gas
phases with respect to the solid phase and iv,i, ida,i, ia,i, are the non-advective fluxes (diffusion)
of water vapor, dissolved air and dry air respectively. The water mass balance equation then
becomes Richard’s equation :

∂

∂t
(ρwSr,wnV ) + ∂

∂xi
(ρwql,i)︸ ︷︷ ︸

Liquid water

+ ∂

∂t
(ρv(1− Sr,w)nV ) + ∂

∂xi
(ρvqg,i + iv,i)︸ ︷︷ ︸

Water vapor

= Qw (2.61)

And the air balance equation is given by :

∂

∂t
(ρa(1− Sr,w)nV ) + ∂

∂xi
(ρaqg,i + ia,i)︸ ︷︷ ︸

Dry air

+ ∂

∂t
(ρdaSr,wnV ) + ∂

∂xi
(ρdaql,i + ida,i)︸ ︷︷ ︸

Dissolved air

= Qa

(2.62)
where Qw, Qa are the injected water and air fluxes respectively.

Advective Flows Liquid water and gas advective fluxes are given by the generalization of
Darcy’s law for unsaturated cases. They correspond to the macroscopic velocity of each phase
with respect to the solid phase (Eulerian description):
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ql,i = −krel,w(Sr,w)ksat,ij
µw

(∂pw
∂xj

+ ρwgj) (2.63)

qg,i = −krel,g(Sr,g)ksat,ij
µg

(∂pg
∂xj

+ ρggj) (2.64)

in which pw, pg are the water and gas pressures, µw, µg are the water and gas dynamic vis-
cosities, krel,w and krel,g are the water and gas relative permeabilities and ksat,ij is the intrinsic
saturated permeability. The intrinsic permeability depends exclusively on the material and is
independent of the considered fluid, in contrast to the hydraulic conductivity which depends on
the fluid characteristics:

Ksat,ij = ksat,ijρwg

µw
(2.65)

The relative permeabilities take into account the change in cross section responsible for the
fluid flows with the amount of liquid in the porous material. For a given degree of saturation,
the water relative permeability is defined as the ratio between the unsaturated water permeabil-
ity and the saturated water permeability. It takes a value of 0 in theoretically completely dry
conditions and 1 in saturated conditions. The gas relative permeability is just the ratio of the
unsaturated gas permeability to the gas permeability for dry conditions. The water relative per-
meability krel,w can be determined based on the degree of water saturation and the formulation
proposed by van Genuchten is chosen :

krel,w =
√
Sr,w(1− (1− Sr,w

1
mvG )

mvG
)
2

(2.66)

where mvG [−] is a model parameter.

The properties of the gas phase are defined based on the assumption that the gas phase is an
ideal mixture of dry air and water vapor (Pollock, 1986; Gawin et al., 1996):

µg =
(
ρa
ρgµa

+ ρv
ρgµv

)−1

(2.67)

ρg = ρa + ρv (2.68)

Anisotropic intrinsic permeability For anisotropic materials, the general form of the intrin-
sic permeability tensor requires nine components for the description of the flow characteristics.
This number reduces to six by the symmetric property of the tensor. However most materials
present limited forms of anisotropy and stratified materials require only two parameters for the
description of the water flow: one parallel and another perpendicular to the stratification direc-
tion. For vertical layering (cf. Fig. 2.11), the intrinsic hydraulic permeability tensor is defined
by :

k
sat

=

ksat,� 0 0
0 ksat,⊥ 0
0 0 ksat,�

 (2.69)

22



where ksat,� and ksat,⊥ are the intrinsic permeabilities parallel and perpendicular to the stratifi-
cation, respectively.

Figure 2.11: Vertical bedding planes for transverse istotropy

Diffusion The diffusion of the species within each phase are assumed to follow Fick’s law of
diffusion in a tortuous medium. The diffusion of vapor in the gas phase and of dissolved air in
the liquid phase are linked to vapor and dissolved air density gradients respectively:

iv,i = −Dv−aτvnSr,gρg
∂

∂xi

(
ρv
ρg

)
= −ia,i (2.70)

ida,i = −Dda−wτvnSr,wρw
∂

∂xi

(
ρda
ρw

)
(2.71)

where Dv−a, Dda−w are the molecular diffusion coefficients of the vapor in the gas phase and
of the dissolved air in the liquid water. τv [−] is the tortuosity of the porous medium.

2.5.2.2 Liquid density variation

The liquid water density ρw is a function of the water pressure pw and of the temperature, T :

ρw = ρw,0

(
1 + pw − pw,0

χw
− αw(T − T0)

)
(2.72)

where ρw,0 is the liquid water density at the reference water pressure, pw,0, T0 is the initial
temperature, χw is the liquid water isotropic bulk modulus and αw is the volumetric thermal
expansion coefficient of water.

2.5.2.3 Gas density variation

The gas phase is considered as an ideal mixture of ideal gases, in this work dry air and water
vapor. It comes :

pg = pa + pv (2.73)

23



The density of the gas phase is obtained using Dalton’s law :

ρg = ρa + ρv (2.74)

where ρa and ρv are respectively the densities of dry air and water vapor.

ρa = Ma

RT
pa (2.75)

ρv = Mv

RT
pv (2.76)

where R is the universal gas constant, T is the absolute temperature in Kelvin, and Ma and Mv

are respectively the molecular mass of dry air and water.

2.5.3 Heat diffusion
To be able to simulate the temperature evolution within the medium, we use the classic govern-
ing energy balance equation defined previously in the derived balance equation (Eq. 2.47). The
enthalpy of the system is expressed as the sum of each constituent enthalpy (Collin (2003)):

ST = (nSr,wρwcp,w(T − T0) + n(1− Sr,w)ρacp,a(T − T0) (2.77)
+ n(1− Sr,w)ρvcp,v(T − T0) + (1− n)ρscp,s(T − T0)) (2.78)

in which, cp,w, cp,a, cp,s and cp,v are respectively the water, the air, the solid and the vapor spe-
cific heats, ρw, ρa, ρs and ρv are respectively the water, the air, the solid and the vapor densities.

The heat flux consists of a conduction term proportional to the thermal conductivity of the
porous medium and a convective term related to the heat transported by fluid flows. Since an
updated Lagrangian referential basis is used, the convection of the solid phase is automatically
taken into account :

VT,i = −Γ ∂T
∂xi

+ cp,wρwql,i(T − T0) + cp,a(ρaqg,i + ida,i)(T − T0) (2.79)

+ cp,v(ρvqg,i + iv,i)(T − T0) (2.80)

where Γ is the porous medium thermal conductivity, T0 is the initial temperature and T is the
temperature. The thermal conductivity can be described in a few different ways. It can be based
on a simple arithmetic average :

Γ = (1− n)Γs + nSr,wΓl + n(1− Sr,w)Γg (2.81)

This formulation represents parallel conductivity between the different phases. The conductiv-
ity has also been shown (Gens and Olivella (2001)) to be accurately described by a geometric
average of the conductivity of the different phases :

Γ = Γ(1−n)
s + ΓnSr,wl + Γn(1−Sr,w)

g (2.82)
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This is a serial conductivity approach. In those approaches, the conductivity depends on the
volume fraction of the phases. Semi-empirical formulations have also been expressed, such as
:

Γ = aSr,w + b (2.83)

where a and b are model parameters. In this case, the conductivity is only function of the water
saturation degree.

The energy required for the evaporation depends on the quantity of water switching phases
which can be obtained when looking at the vapor balanced equation (cf. Eq. 2.43):

Ėw−v
H2O = ∂

∂t

(
mw
g

)
+ ∂

∂xi
(fwg,i) (2.84)

So the terms linked to the evaporation of water in Eq. 2.47 are expressed as:

∂

∂t

(
mw
g

)
L = ∂

∂t
(n(1− Sr,w)ρv)L (2.85)

∂

∂xi
(fwg,i)L = ∂

∂xi
(ρvqg,i + iv,i)L (2.86)

2.5.4 Mechanical model
The momentum balance equation 5.3 introduces the total stress tensor but the mechanical be-
havior of a porous media is not controlled only by the total stress but also by the pore fluid
pressures. Alternative stress definitions are thus necessary to describe that behavior. For unsat-
urated porous media, two main approaches exist : the extended effective stress approach or the
independent variables approach.
No mechanical constitutive law is presented in this section. The mechanical law will be pre-
sented in chapter 5 and chapter 7 describing the simulation of the drying behavior of each of
the studied materials.

2.5.4.1 Effective stress approach

Terzaghi introduced the notion of effective stress in 1936 (Terzaghi (1936)) to describe the
behavior of saturated porous media. This was based on observations that the change in bulk
volume was only influenced by the difference between confining and pore pressures. The ef-
fective stress is thus the stress effectively acting between solid grains. Terzaghi suggested the
following formulation :

σ′ij = σij − pwδij (2.87)

where δij is the Kronecker symbol defined as :

δij =

1, if i = j

0, if i 6= j
(2.88)

For unsaturated porous media, Terzaghi’s formulation is extended to include the effect of both
fluids. The most famous formulation is the one suggested by Bishop (Bishop (1959)):
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σ′ij = σij − pgδij + χ(pg − pw)δij (2.89)

where χ is a material parameter called Bishop’s parameter which depends on the saturation
degree. It varies from 0 for a dry medium to 1 for a saturated one (and the formulation is thus
equivalent to Terzaghi’s formulation). Following experimental studies on unsaturated soils,
number of authors have also been able to link Bishop’s parameter to various factors such as
soil type, microstructure and followed stress paths (Bishop and Blight (1963); Jennings and
Burland (1962)). Nontheless, the most common formulation has been suggested by Schrefler
(1984) and considers χ equal to Sr,w and even though it is a simplification, this formulation
will be used in the rest of this work.
When working with constitutive models for unsaturated parous media, the main advantage of
the effective stress approach is that the models previously developed for saturated media are
easily extended to the unsaturated domain. In addition, there is a continuous and smooth tran-
sition from saturated to unsaturated states. However, the determination of the different model
parameters from laboratory tests is often complex. In addition, the effective stress approach is
incapable of reproducing the collapse phenomenon upon wetting paths under high stress lev-
els. Indeed, upon hydration, the fluid pressure increases, producing a decrease in the effective
stress and the sample swells whereas compaction is experimentally observed. This problem is
solved by introducing suction as a variable and defining a Loading-Collapse curve (Jommi and
di Prisco (1994).

2.5.4.2 Independent variables approach

According to Fredlund and Rahardjo (1993), the number of independent variables is directly
linked to the number of phases. For a saturated porous material, only one variable is required:
the effective stress. For partially saturated soils, Bishop and Blight (1963), Fredlund and Mor-
genstern (1978) and Alonso et al. (1990), among others, showed that two independent variables
enable to overcome the limitations of the single effective stress. In particular, Fredlund and
Morgenstern (1978) demonstrated that any pair of σij = σtot,ij − pgδij (the net stress tensor),
σ′ij = σtot,ij − pwδij(the effective stress tensor) and suction s = pg − pw could be used to
describe the behavior of unsaturated soils. In most cases, the net stress and suction are selected
to work in the unsaturated domain. The choice of this couple of variables is justified by the
fact that the variables are directly accessible during experimental tests. Once that the material
is saturated, the effective stress is often used instead of the net stress. The main drawbacks of
the independent variables approach are that the extension of constitutive models for saturated
materials is not straightforward and that there might not be any continuity in the transition be-
tween saturated and unsaturated states.

The first and most famous complete constitutive model for unsaturated soils is the Barcelona
Basic Model (BBM) developed by Alonso et al. (1990). The model uses suction and net
stress as independent variables. An important contribution of the BBM is the definition of
the Loading-Collapse (LC) curve. This yield surface represents the evolution of the preconsol-
idation pressure with suction, and allows to reproduce the collapse phenomenon upon wetting
under high stress level.
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2.5.4.3 Solid grain density variation

In the case of an anisothermal problem, the solid grains density ρs is a function of temperature
T :

ρs = ρs,0 (1− αs(T − T0)) (2.90)

where ρs,0 is the solid grain density at the reference temperature, T0, and αs is the thermal
expansion coefficient of the solid grains.

2.5.4.4 Thermal expansion of the solid skeleton

When the temperature increases, all the constituents of a porous medium dilate according to
their volumetric thermal expansion coefficient (cf. sections 2.5.2.2 and 2.5.4.3). Following
their work on ceramics, Kingery (1976) proposed a formulation to determine the global linear
expansion coefficient of a composite material :

α =
∑
i αiηiKi/ρ∑
i ηiKi/ρ

(2.91)

where ηi is the volume fraction of the phase, Ki is the bulk modulus of the phase and ρ is the
bulk density of the mixture. The bulk modulus of the phase intervenes because each particle’s
expansion is restrained by the surrounding particles. Hence, the most rigid particles expand
more easily than compressible particles. Gas does not affect the macroscopic thermal expansion
of the medium because of its very high compressibility. In the rest of this work, the expansion
coefficient is a constant.

2.6 Equilibrium restrictions
Equilibrium restrictions are required to link the different phases of each species and are ob-
tained by assuming thermodynamic equilibrium between the different phases of the species.

2.6.1 Kelvin’s Law
In this work, we assume that water vapor is always in thermodynamic equilibrium with liquid
water. Kelvin’s law expresses the pressure of water vapor, pv, as a function of the suction, s :

pv = p0
ve

(−sMwRTρw
) (2.92)

where p0
v is the saturated pressure of water vapor. For a given temperature, the saturated pres-

sure of water vapor is a constant (Garrels and Christ (1965); Ewen and Thomas (1989)). Mw is
the molar mass of water, R is the universal gas constant and T is the temperature.

2.6.2 Henry’s law
Henry’s law expresses the equilibrium between dissolved air in the liquid phase and dry air in
the gas phase. Under constant temperature, the molar fraction of dissolved air, xal , is propor-
tional to the air’s partial pressure :

pa = Ka
l x

a
l (2.93)
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where Ka
l is a constant. It can also be written in terms of densities and gives :

ρda = Haρa (2.94)

where Ha is Henry’s coefficient. Its value depends on temperature, pressure and gas type.

2.7 Thermo-hydro-mechanical couplings
In this section, all the couplings encountered in the framework presented in this chapter are
emphasized. A summary is displayed at Fig.2.12:

model

1

2

3

4

5

6

Biphasic �low

Hydraulic

  

Thermal

  

Heat conduction

and convection

 Mechanical

  

Mechanical

constitutive law

Figure 2.12: Summary of all the coupling encountered in the thermo-hydro-mechanical frame-
work

As can be seen there are six different couplings :

• 1 M-H Changes in porosity affect the fluids’ storage capacity and the permeability of
the porous medium. Since the changes in porosity are linked to a change in volume
through equation 2.42 they are directly linked to the mechanical constitutive law chosen.
In the case of drying and more specifically of desiccation cracking, the fractures created
constitute preferential flow paths with increased permeability.

• 2 M-H Variation of the pore pressure and suction directly affect the mechanical state of
the porous medium through the use of Bishop’s effective stress formulation (or in the
case of independent variables the use of a couple of stresses - net stress and suction) for
unsaturated porous media (cf. Eq. 2.89). There is also a lesser effect manifested in a
change of apparent density of the mixture with a change in saturation degree.

• 3 T-M When the temperature increases the solid skelleton as well as the solid grains will
dilate with respect to Eq. 2.90.
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• 4 M-T This coupling is very similar to 1 - H-M. Changes in porosity affect the heat
storage capacity of the medium as well and the thermal conductivity (cf. Eq. 2.82).

• 5 T-H Temperature affects the properties of the fluids. Particularly, the viscosity and
density of the fluids are directly related to a change in temperature through Eq. 2.72, Eq.
2.75 and Eq. 2.76.

• 5 - H-T The heat convection through the fluid phases is an obvious hydro-thermal cou-
pling because the quantity of heat transferred depends on the fluid flows as seen in Eq.
2.80.

2.8 Conclusion
This chapter focuses on the conceptual modeling of the thermo-hydro-mechanical processes at
the macroscopic scale. Its objective is to introduce the existing framework used to represent the
T-H-M behavior of drying materials and it does not aim at presenting any new contributions.
The approach adopted in this work consists in representing the studied materials as unsaturated
porous media composed of solid, liquid and gas phases, which are assumed to be in thermody-
namic equilibrium.
The governing balance equations are expressed in the usual differential local form. They are
developed in updated Lagrangian configuration which is typical of large deformation problems.
The compositional approach is used to express them for each species rather than for each phase.
The balance of momentum is expressed for the entire mixture.
Constitutive relations are defined to link the governing equations to the variables of the prob-
lem. A water retention model, a multiphasic flow model, a heat diffusion law are detailed. No
mechanical constitutive law is presented in this section. The mechanical laws will be presented
in the chapters describing the simulations of each of the studied material’s drying behavior.
However, the link between pore fluid pressure and mechanical behavior is addressed and the
notion of effective stress is introduced and explained.

This thesis is about the drying, shrinkage and desiccation cracking of porous media. Hence,
the theory of porous medium was obviously a required stepping stone before going any further.
Now that the first milestone is cleared, the next step towards the end goal of this work is to
talk about drying. The next chapter focuses on the establishment of all the notions and models
specific to the drying process.
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Chapter 3

Drying and shrinkage processes
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3.1 Introduction
From the beginning, man has been conducting drying experiments, willingly or not. From the
very first clay bowl to the modern lyophilization, drying has played an important role in our
daily life. A good understanding of the mechanisms at play has proved crucial to the improve-
ment of many industrial processes. Indeed, drying is an essential operation in chemical and
pharmaceutical industries as well as for conservation in the food industry or in manufacturing
processes involving granules or powders. It is also essential to the civil engineer because drying
and its most direct consequence, shrinkage, can have catastrophic consequences on the stability
of infrastructures.
In this thesis, the influence of drying on the shrinkage and cracking of porous materials is stud-
ied. In the previous chapter, the notion of porous medium and the different concepts associated
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with it were introduced. Following the same pattern of starting by laying down a comprehen-
sive knowledge base to introduce the concepts required to understand the physic at play, this
chapter starts by defining a series of notions specific to drying experiments. Then an overview
of the different means of drying is presented. In this work, convective drying with a wind tun-
nel like technique is used. Since this work is based on a convective drying method, a detailed
analysis of the drying kinetics that can be obtained with such a method is presented. A short
review of the history of convective drying is also produced followed by a detailed presentation
of the boundary layer model. It is added to the set of governing equations presented in chap-
ter 2 to take into account the porous medium - atmosphere interactions. Finally the shrinkage
phenomenon is explained.

3.2 Definition
In Chapter 2, all the concepts required to understand the behavior of porous media were in-
troduced and the different phenomena and their interactions were explained. But drying is an
engineering field at the junction between soil (porous medium) and chemical engineering and
as such possesses its own vocabulary that needs to be defined.

Drying and shrinkage Drying refers to the mass transfer process consisting of the removal
of a solvent from a solid by evaporation and the elimination of the gas phase formed (Leonard
(2002)). In most cases, the solvent is water. Desiccation can be considered as a synonym
to drying. However, it should be noted that in most scientific fields, the word has been used
in a less restrictive sense, with the idea that drying was coupled with changes affecting the
solid (shrinkage for example). More specifically, in the field of soil mechanics, desiccation
commonly refers to the loss of water by evaporation linked either to a preconsolidation or
an air invasion mechanism (Terzaghi (1936)). Throughout this work, the word “drying” will
refer to “moisture removal initiated by evaporation” and when changes of bulk volume will be
considered, the term "drying shrinkage" or "shrinkage" will be adopted.

Relative humidity Most drying processes involve the use of humid air at a controlled tem-
perature and relative humidity. This leads to the necessity of defining the concept of relative
humidity, RH . The relative humidity is the ratio of the partial pressure of water vapor, pv, to
the equilibrium vapor pressure of water, p0

v, at a given temperature:

RH = pv
p0
v

(3.1)

Relative humidity depends on the temperature and pressure of the system. It requires less water
vapor to attain high relative humidity at low temperatures, for example.

Dry bulb temperature The dry-bulb temperature, Tdb, is the temperature read on a ther-
mometer exposed to air but shielded from radiation and moisture. It is commonly called the
"ambient air temperature". It is the true thermodynamic temperature since it is directly pro-
portional to the kinetic energy of the air molecules. The temperature is usually measured in
degrees Celsius [°C] but the SI unit is the Kelvin [K].
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Wet bulb temperature The wet-bulb temperature, Twb, is the temperature a volume of air
would have if it was adiabatically brought to saturation by evaporation of water. This means
that all the latent heat required for the evaporation is supplied by the volume of air leading to a
decrease in temperature while the vapor pressure increases due to evaporation (cf. Fig. 3.1).
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Figure 3.1: Wet bulb temperature

It is thus the lowest temperature that can be reached under ambient conditions by the evapo-
ration cooling only. Wet-bulb temperature is determined by air temperature and the amount
of moisture in it. It can be measured by using a thermometer with the bulb wrapped in wet
muslin (Dunlop (2008)). At 100% relative humidity, the wet-bulb temperature equals the ambi-
ent air temperature. The wet bulb temperature can be determined using the following iterative
formulation (Gerard (2011)):

Twb = 1810.8 (p0
v (Twb)− pv)− Tdb (patm − p0

v (Twb))
2p0

v (Twb)− pv − patm
(3.2)

where patm is the standard atmospheric pressure defined as 101300 [Pa].

Dew point temperature The Dew Point, Tdp, is the temperature where water vapor starts to
condense out of the air (the temperature at which air becomes completely saturated). Above
this temperature the moisture stays in the air. A higher relative humidity means that the dew
point is closer to the ambient air temperature.

3.3 Different types of drying processes
In the introduction 1, we showed that drying is used in a vast variety of engineering fields. De-
pending on the material, the end result desired, the means available or the scale of the process,
different forms of drying processes can be employed. In the following section, a summary of a
number of drying methods applied to the field of soil engineering is presented. Other methods
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such as freeze drying and radiation drying are very briefly brought up since they are mostly
applied to the fields of food-drying and pharmaceutical industry and are not relevant to the
materials studied in this thesis.
Most drying techniques in the field of soil mechanics revolve around a simple principle : the
imposition of a controlled temperature and relative humidity at the boundary of the porous
medium being dried. This boundary condition leads to a change in capillary pressure inside the
medium and thus to a change in saturation or water content. Many experimental set-ups have
been developed over the years to apply that principle. In particular, the suction control methods
and convective drying methods will be detailed in this work.

3.3.1 Suction control methods
Three main techniques have been developed to control suction within a porous medium sample.

Vapor control technique This technique consists in imposing a constant relative humidity
to a sample through the use of saline solutions. The sample is placed in an hermetically closed
chamber containing the saline solution as depicted in Fig. 3.2. The nature and the concentra-
tion of the saline solution will dictate the relative humidity inside the chamber (Delage et al.
(1998)). Water transfer happens in vapor phase and the total suction is therefore controlled.
This technique can impose a total suction of up to several hundreds of MPa. The water trans-
fers are recorded using a high accuracy scale to measure the mass variation of the sample. The
relative humidity inside the chamber is also influenced by the temperature. This is why it is
important to place the chamber in a room with a constant and controlled temperature. The
temperature and relative humidity inside the chamber are nonetheless controlled to check the
validity of the experiment. The main drawback of the method is the very long time needed for
the sample to reach the desired total suction. It is a method commonly applied to soil samples
to study the influence of suction on the material properties. (see for examples Oteo-Mazo et al.
(1995) ; Alonso and Oldecop (2003))

High precision scale

Temperature and

relative humidity 

measurement

Sample

Hermeticly closed chamber

Saline solution
Water at 20°C

Figure 3.2: Suction control using saline solutions

3.3.1.1 Axis translation (Hilf (1956))

The principle of the axis translation technique is based on the definition of the matric suction
s = pg − pw, where pg and pw are respectively the air and water pore pressures. The method
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involves the translation of the reference pore gas pressure pg through an artificial increase of
the air pressure inside the sample. The water pressure pw within the sample is controlled, so
that a matric suction is imposed to the sample. In order to maintain this suction, a high air-entry
value ceramic disc is used at the interface between the unsaturated sample and the water in the
measuring system (cf. Fig. 3.3). The air-entry value of the ceramic disc limits the application
of the axis translation technique to suctions up to 1.5MPa.

Gas pressure

Sample

Liquid water

High air-entry value

porous disc
p

w
 = 0

p
g
 > 0

Figure 3.3: Principle of the axis translation method (Richards (1941))

3.3.1.2 Osmotic method (Cui and Delage (1996))

The osmotic technique is based on the principle of osmosis. It consists in placing in contact,
through a semi-permeable membrane, a soil specimen and an aqueous solution of large sized
polyethylene glycol (PEG) molecules (cf. Fig. 3.4). Since PEG molecules cannot cross the
membrane, a difference of chemical concentration, hence osmotic suction, is maintained be-
tween the sample and the PEG solution. In order to balance the water potentials, water transfer
occurs between the soil and the PEG solution until reaching a given matric suction. Depending
on the PEG concentration, suctions ranging between 0.1 and 10 MPa may be imposed.

Plastic sheet

PEG 20 000

Sample

Semi-permeable membrane

Magnetic stirrer

Figure 3.4: Principle of the osmotic method (modified after Delage et al. (2001))
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3.3.2 Evaporation
3.3.2.1 Free water evaporation

The principle of this test is very simple : a stainless steel recipient is filled with water and left in
the in situ field. The water level in the recipient is measured at regular intervals which makes it
possible, knowing the dimensions of the recipient, to calculate the mass variation and thus the
evaporation flux. This is an in situ method and it thus presents the advantage of measuring the
mass transfer in the exact field conditions. It is also very easy to use. Its main drawbacks are that
those conditions (i.e. air temperature, air flow velocity, relative humidity) are not controlled and
are subject to important and frequent variations which makes model calibration based on this
method tedious and difficult. It is, also, only able to measure the potential evaporation rate (i.e.
the water flux from a free surface of water under given atmospheric conditions (Wilson et al.
(1994)). It thus completely neglects the variation in evaporation flux due to the development of
capillary effects in a porous medium.

3.3.2.2 Lysimeter or in situ evaporation

A lysimeter is a measuring device which can be used to measure the evaporation. By recording
the amount of precipitation that an area receives and the amount lost through the soil, the
amount of water lost by evaporation can be calculated (Liu et al. (2002)). A sketch of the
setup can be seen in Fig. 3.5. A large tank is filled with soil within which in situ conditions
are reproduced as accurately as possible. Under the tank is a measurement unit that records
the mass variation of the soil within the tank. If the system is well designed, installed and
maintained it is the most accurate evaporation measurement system (Johnson et al. (2005)).
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communication pulls
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Counterbalance

Lysimeter entrance

Tunnel of

 access

Stairs

Figure 3.5: Exemple of a lysimeter (LOP (2006))

3.3.2.3 Soil column

A cylindrical container (most commonly made of stainless steel or plastic) is filled with a
granular material (most commonly soil) (see Fig 3.6). The material is installed in the container
under controlled conditions (i.e. density and water content) with the goal of reproducing as
closely as possible in situ conditions. The mass variation is recorded through a scale located
under the column. Sensors can also be installed at different heights throughout the column to
measure local parameters such as suction and temperature (Wilson et al. (1997)). The influence
of the groundwater table level on the drying kinetics can also be studied with this experiment
(Hernández-López et al. (2014)).
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Figure 3.6: Evaporation in a soil column set up (after Smits et al. (2011))

3.3.3 Convective drying methods

Convective drying refers to methods in which a warm humid air flow is used to transfer the
energy needed for the water to evaporate and the subsequent transport of the water vapor out of
the medium. Different apparatus can be used to impose the air flow and measure the subsequent
water transfers. The most common ones are presented hereafter.

3.3.3.1 Environmental chamber

This setup includes an environmental chamber (for example a transparent acrylic tank). The
chamber is filled with a compacted soil (to a chosen density). Some more sophisticated designs
also include an air supply and an air collection unit to control the air flow properties. If the
influence of the water table is of concern, a water supply unit can also be installed. Such an
evolved design has been used by Song et al. (2013) and can be seen in Fig. 3.7. Upon initia-
tion of the drying test, the wind supply unit blows an air stream with a controlled air-flow rate,
temperature, and relative humidity to the chamber. The air collection unit records the tempera-
ture and relative humidity of the moist air passing through the chamber. The water supply unit
can control the water table level. The difference between the relative humidity of the injected
and collected air flows gives us the moisture balance and thus the water mass evaporated from
the granular material. Different sensors can be placed inside the granular material to record
the local evolution of the temperature or the water content during the experiment. Note that
depending on the design, this experiment is an evaporation or a convective drying setup.

3.3.3.2 Wind Tunnel

This system consists is an artificial tunnel in which a humid air flow is imposed. The sample
is placed on a tray inside the tunnel (cf. Fig 3.8). The relative humidity, temperature and
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Figure 3.7: Experimental setup of the environmental chamber used by Song et al. (2013)

velocity of the air flow are controlled. During the experiment, the sample is weighed at regular
intervals to determine the drying kinetics. This is the drying method chosen to perform the
drying experiments conducted in the framework of this thesis. This method has been chosen
because the samples used are of small dimensions and do not require the use of heavier setups
like soil columns or environmental chambers. In the following chapter and until the end of this
thesis the term "convective drying" will refer to a wind tunnel like technique.

Figure 3.8: Scheme of a convective dryer of wind tunnel type

3.3.4 Other drying methods

3.3.4.1 Freeze drying (Nireesha et al. (2013))

Freeze-drying - technically known as lyophilization, or cryodesiccation - is a dehydration pro-
cess typically used to preserve a perishable material or make the material more convenient for
transport. Freeze-drying works by freezing the material and then reducing the surrounding
pressure to allow the frozen water in the material to sublime directly from the solid phase to
the gas phase.
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3.3.4.2 Radiation drying

Radiant heat is transmitted by electromagnetic waves rather than by contact between two sur-
faces. Heat from a radiant heater will pass through air (or water) and heat the sample directly.
The solid will then deliver that heat to the water by conduction (assuming that the solid’s con-
duction is high enough). The heat delivered to the water will facilitate its evaporation while
more heat is added to overcome evaporative cooling (Ekechukwu and Norton (1999)). A low
flow of dry air over the surface being dried will accelerate evaporation. Radiation drying can
be used to dry a sample through a transparent material.

3.4 Drying Kinetics (in the case of convective drying)

Classical experimental convective drying devices allow for the measurement of the mass during
the experiment. The drying kinetics can be expressed based on those weight measurements
(Figure 3.9(a)).
Those measurements can be used to produce the two other curves that can be used to analyse
the drying kinetics : drying rate vs. time (it is actually a flux since it is per surface area)
(Fig. 3.9(b)) and drying rate vs. water content (Fig. 3.9(c)), called Krischer’s curve (Kemp
et al. (2001)). Krischer’s curve is used because it gives a clearer picture of the drying kinetics
of materials (Léonard et al. (2002); Kowalski (2012)). Krischer’s curve is studied in parallel
with the changes in temperature (Figure 3.9(d)) at the surface of the sample. The behavior
observed in the case where the drying air temperature is significantly higher than the sample’s
initial temperature (Gerard et al. (2010)) is visible in Figure 3.9(d). This was also measured
experimentally by Musielak and Jacek (2007).
If the material is un-derformable then the drying rate is directly obtained through derivation of
the mass loss with time. Otherwise, the variation of the external drying surface is needed as
visible in Eq. 3.3:

q = δm

δt

1
S(w) (3.3)

where m is the medium mass, t is the time, S is the external drying surface and w is the
gravimetric water content.
Based on those curves, three periods can be observed (Idso et al. (1974)):

• I : Preheating Period

• II : Constant Rate Period (CRP)

• III : Falling Rate Period (FRP)

3.4.0.1 Preheating period

The first phase is very short and corresponds to an increase in drying rate. The temperature
at the surface of the sample increases from its initial value to the temperature of the wet bulb
(Gerard et al. (2010)).
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Figure 3.9: Drying kinetics

3.4.0.2 Constant Rate Period (CRP)

Experimentally, the Constant rate period is observable at the begining of the drying experi-
ment. The drying rate reaches a plateau even though the saturation of the medium decreases.
The heat from the drying air is completely used for the evaporation of the liquid water at the
surface of the sample and the temperature therefore remains constant and equal to the tem-
perature of the wet bulb. The evaporation occurs in a saturated boundary layer. During this
phase, the internal water transfers, namely liquid water advection and liquid water and vapor
diffusion, are intense enough for the drying process to be limited by the capacity of the drying
air to evaporate the water at the drying surface. The drying process is thus mostly influenced
by external conditions, i.e. the drying temperature and the air velocity (Nadeau and Puiggali
(1995); Geankoplis (1993)). This period will last until the sample saturation decreases enough
and internal transfers start to influence the drying rate.

3.4.0.3 Parameters influencing the CRP

The drying rate during the CRP is assumed to be almost only dependent on the external condi-
tions but previous works have shown (Shaw 1987) that the drying rate for a porous medium is
higher than the one observed for a free water surface under the same drying conditions. Shaw’s
experiments showed that the drying rate from a cell filled with glass beads and water was higher
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than the one recorded from the same cell but only filled with water. This is suggested to be due
to the circulation of water along the punctual contacts between particles, which maintains a
continuous water flux to the surface whereas in the case of the free water surface, water trans-
fers are limited to vapor diffusion through air. Tournier (2006) confirmed that theory with
experiments conducted on free water surfaces and soil samples. Tournier (2006)’s experiments
also exhibited that the drying rates differ from a material to another. Gerard (2011) arrived to
the same conclusion when he found different water transfer coefficients for different soils (silt
and clay).
To explain that difference from one porous material to another, the effective drying surface
has been suggested to be the deciding parameter. The effective drying surface is the surface
of water in contact with the atmosphere. Tournier (2006) proved, using optical rugosimetry,
that the effective drying surface of a rock (or soil) is bigger than the macroscopic section of
the sample (and thus bigger than the equivalent free water surface) because of capillary and
adsorption effects. The effective drying surface is dependent on pore size and distribution and
saturation degree.

3.4.0.4 Falling Rate Period (FRP)

As the saturation of the medium decreases, the water’s relative permeability also decreases
and the internal transfers start limiting the drying process. This is followed by a decreasing
drying rate until the medium reaches the equilibrium water content corresponding to the drying
conditions (this equilibrium water content is only dependent on the temperature and the relative
humidity of the drying air). The FRP is also characterized by an increase in the dried body
temperature from the wet bulb temperature to the drying air temperature since there is, now, an
excess in heat supply.

3.4.1 Transition between the CRP and the FRP
Until recently only two approaches were traditionally considered to explain the decrease in
drying rate : the "receding front model" and the "wetted surface model". But recently more and
more works describe the concept of "Hydraulic connection layer".

3.4.1.1 The receding front model

In this model, the transition from the CRP to the FRP happens when all the free water at the
surface of the sample has been removed. This corresponds to the first decrease in drying rate
as visible on Fig. 3.10. This moment is defined by a critical water content, wcrit. After this
point, the drying front that was at the surface progresses through the medium and the internal
resistances to water and heat transfers will control the drying rate. When all the free water has
been removed, a second decrease in drying rate occurs as shown on Fig. 3.10 because of the
strong bonds anchoring the bound water to the solid skeleton.

3.4.1.2 The wetted surface model

The decrease in drying rate is linked to the presence of dry zones at the surface of the sample. If
the drying rate is compared to the portion of the surface that is wet, it is constant. This decrease
lasts until the drying surface is completely dry (Keey (1979) ; Nadeau and Puiggali (1995)).
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Figure 3.10: First and second decrease in drying rate on Krischer’s curve as seen in the receding
front model

The drying rate further decreases (change of slope of the drying during the FRP) due to the
diffusion of water inside the medium.

Remarks There are a few critics that can be raised concerning those two models :

• Neither can explain how the water transfers continuously supply the drying surface dur-
ing the CRP and why this transfer is lost during the CRP.

• Also, the work of Van Brakel (1980) on the convective drying of glass beads shows that
there is an important decrease of the drying surface saturation during the CRP which is
in direct opposition with the "wetted surface model".

• Another problem that is recurrent to both models is that none of them take into account
any form of scale factor. A bigger sample should have a different critical water content,
wcrit, than a smaller sample. Otherwise this would suppose that the desaturation of the
sample is homogeneous and that there is no water content gradient between the core and
the surface of the sample which is not the case for low permeability materials even on
small samples.

• Finally the drying process is a complex combination of many simultaneous transfer pro-
cesses (advection, diffusion, etc.) and none of these theories can explain why some
materials do not exhibit any CRP.

3.4.1.3 Hydraulically connected transition zone (“film region”)

Recent works are pushing forward the idea that the transition from the CRP to the FRP is
due to an interruption of the liquid water transfer to the drying surface of the material or the
vanishing of capillary driving forces. One of the first scientists to emit this theory is Shaw
(1987) whose work proves the importance of water upward fluxes along the grains to explain
the drying rate of glass beads during the CRP. This theory has been refined with the years
(see the work of Laurindo and Prat (1998) on 2D geometries for instance) and the postulate
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is now that those water fluxes are due to micro-capillarity effects. An hydraulic connection
between the drying front and the evaporation surface is maintained through a network of water
filled pores (spanning liquid cluster (Yiotis et al. (2003))). Yiotis et al. (2006) have shown
numerically that a constant drying rate is maintained while liquid connections between the
evaporating surface and the drying front are maintained and that flow rates are sufficient to
supply the evaporation rate at the surface (see Fig. 3.11).
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Figure 3.11: Continuous film zone during the CRP

Thus, the length of the CRP is directly controlled by the size of those spanning liquid clusters
and thus on the water retention properties of the porous medium. As soon as the hydraulic
connection is lost between the surface and the drying front, the drying rate quickly decreases
(Fig 3.12).
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Figure 3.12: Loss of the hydraulic connection during the FRP

The drying front is at the interface between completely liquid-filled pores and partially filled
pores. The drying front width is the distance between the minimum and maximum positions of
the interface (the drying front). It was shown to depend on both the mean pore size and width
of the pore size distribution (Yortsos et al. (1997)).
The hydraulic connections layer, or “film region” as it is called by Yiotis et al. (2006) is the
maximum distance that water reaching the surface can come from. In other words, as soon
as the drying front depth exceeds this length, liquid connections between the surface and the
drying front stop and evaporation proceeds via vapor transports at a reduced drying rate. Active
“films” are comprised of liquid-filled crevices, pendular water at grain contacts and surface
roughness, and are much thicker than films adsorbed by solid surface forces. Yiotis et al. (2003)
denoted the water retained in crevices as “thick films” and the adsorbed water as “thin films.”
Tuller and Or (2001) used the terms “corner flow” and “film flow” to quantify the viscous
resistances associated with these two liquid configurations in partially saturated media. Yiotis
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et al. (2005) have shown that the flow along liquid films to the surface enhances the drying rate
compared to drying based only on vapor diffusion through the pore spaces.
The length of the hydraulic connection layer depends on capillary driving forces generated by
the difference between capillary pressure in large pores at the drying front and capillary pres-
sure in small pores near the drying surface (Scherer (1990)). This capillary pressure gradient is
opposed by gravitational forces and viscous dissipation.

To illustrate this principle, let us consider a system composed of a pair of hydraulically con-
nected capillaries of radius r1 and r2 respectively with r1 < r2 (see Fig. 3.13).

L

2r
1

2r
2

Figure 3.13: System composed of two capillaries of radius r1 and r2

These capillaries are initially filled with water. As the evaporation progresses, capillary menisci
form at the top of the capillaries which leads to a change of capillary pressure, pc, of :

pc,1 = 2σ
r1
cosθ (3.4)

pc,2 = 2σ
r2
cosθ (3.5)

where θ is the contact angle between the water and the capillary tube and σ is the surface
tension (see section 2.5.1.1). The largest capillary pressure attainable in the larger capillary of
radius r2 is given for a contact angle θ = 0 obtained when the meniscus’ curvature is maximal
(and the pore fluid is water). It is given by :

pc,2 = 2σ
r2

(3.6)

Subsequent evaporation will not change the curvature of the meniscus in the larger capillary.
Thus, a capillary pressure difference forms between the small and the large capillary :

∆pc = 2σ
(
cosθ

r1
− 1
r2

)
(3.7)

This creates a water flow from the large capillary to the small one. It can also be expressed in
terms of hydraulic head as :

∆hcap = 2σ
ρwg

(
cosθ

r1
− 1
r2

)
(3.8)
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where ρw is the water density. As evaporation keeps on, the meniscus in the larger capillary
keeps on receding leading to a change of curvature of the meniscus in the smaller capillary
and so until it reaches its maximum curvature. The maximum capillary driving force for two
capillaries is thus given by :

∆hcap = 2σ
ρwg

( 1
r1
− 1
r2

)
(3.9)

After this moment, the capillary driving force cannot exceed the resisting efforts and the menis-
cus in the smaller capillary also starts to recede stopping the hydraulic connection between the
saturation front and the evaporation surface. If we consider that the only opposing force is
gravity then we have :

∆hcap = ∆hgrav = L (3.10)

where L is the distance between the menisci in the large and in the small capillaries.

Viscous dissipation The liquid flow towards the evaporation surface in the small capillary
involves viscous dissipation. This pressure drop is proportional to the velocity of the flow in
the capillary. If the capillaries are submitted to a drying rate e0 [m/s] (positive for inflow)
supplied by a water flow q [m/s] through the small capillary of radius r1 then :

− e0A = qπr2
1 ←→ e0

(
πr2

1 + πr2
2

)
= qπr2

1 (3.11)

q = −e0

(
1 + r2

2
r2

1

)
(3.12)

The liquid flow can be expressed by the Hagen-Poiseuille equation in a cylinder :

q = − r
2
1∆p

8µwL
(3.13)

where µw is the water dynamic viscosity, ∆p is the pressure drop along the capillary (with
∆p < 0 in the flow direction). It can also be written in terms of hydraulic head :

q = −ρwgr
2
1∆hvisc

8µwL
(3.14)

By combining Eq. 3.13 and Eq. 3.14, it comes :

∆hvisc = 8µwLe0(r2
1 + r2

2)
ρwgr4

1
(3.15)

If we now combine gravitational and viscous effects, we get :

∆hcap = ∆hgrav + ∆hvisc (3.16)

2σ
ρwg

( 1
r1
− 1
r2

)
= L+ 8µwLe0(r2

1 + r2
2)

ρwgr4
1

←→ L =
2σ
ρwg

(
1
r1
− 1

r2

)
8µwe0(r2

1+r2
2)

ρwgr4
1

+ 1
(3.17)
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Eq. 3.17 gives the length of the hydraulic connection layer for two capillaries. Lehmann et al.
(2008) applied this approach to a porous medium with a given pore size distribution (repre-
sented by its water retention curve) and his formulation is related here.

To estimate the capillary pressure required to drain the largest and smallest pores in the range
corresponding to the thick film region (connection layer), Lehmann et al. (2008) suggest us-
ing the slope of the tangent to the water retention curve at the inflection point to express the
capillary hydraulic head. In the case of the water retention curve given by van Genuchten’s
formulation, it comes :

∆hcap = αvG
(nvG − 1)ρwg

(
(2nvG − 1)

nvG

)( (2nvG−1)
nvG

(
(nvG − 1)
nvG

)( (1−nvG)
nvG

(3.18)

where αvG and nvG are van Genuchten’s model parameters.
Viscous head loss is given by Eq. 3.15 in which the term r4

1
r2
1+r2

2
corresponds to the unsaturated

water permeability of the system composed of the two capillaries. If we now transpose that to
the case of a porous medium whose unsaturated macroscopic water permeability for a Darcy
flow is given by krel,w(Sr,w)ksat then Eq. 3.15 can be rewritten as :

∆hvisc = Lcrite0µw
krel,w(Sr,w)ksatρwg

(3.19)

where, Lcrit, is the length of the hydraulic connection layer. It is assumed that the water con-
tent decreases linearly from the drying front to the drying surface and the mean permeability
between those two points is used to determine viscous resistance (Lehmann et al. (2008)). The
gravitational head loss is directly linked to the length of the connection layer and is expressed :

∆hgrav = Lcrit (3.20)

Now, substituting Eq. 3.18, Eq. 3.19 and Eq. 3.20 in Eq. 3.16, it gives :

Lcrit = ∆hcap
1 + e0µw

krel,w(Sr,w)ksatρwg
(3.21)

If the sample size is higher than the connection layer length obtained for a saturated state
(krel,w(Sr,w) = 1) then as soon as the porous medium starts to desaturate, the hydraulic con-
nection will be lost and such samples will exhibit almost no CRP.

3.5 History of convective drying models
The first engineering analysis of the drying process of solids is attributed to Lewis (1921) who
suggested that the drying process was driven by two phenomena : the diffusion of the moisture
from the interior of the solid to its surface and the evaporation of the fluid at the surface.
Sherwood (1929) followed the idea that drying was mainly driven by diffusion and introduced
a model based on a diffusion equation of the form :

∂C

∂t
= D

∂2C

∂x2 (3.22)
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where C is the moisture content and D is a parameter called the diffusion coefficient which
is determined experimentally. This formulation meant that the only mechanism governing the
mass transfer was a moisture content gradient. Sherwood also discussed the possibility that
diffusion and convection of vapor in the gas phase as well as heat transfer might be associated
with drying. Still, none of these phenomena were considered to play an important role and
the predominant process was considered to be diffusion. The formulation of Sherwood was
extensively applied and modifications were made to adapt it to different geometries (see New-
man (1931) for example). Gilliland and Sherwood (1933) used this formulation to estimate the
duration of the constant rate period and it seemed that a complete understanding of the drying
process was reached using diffusion mechanisms only.
At the time, soil scientists and ceramists were explaining the movement of moisture in porous
medium as the result of capillary effects (see section 2.5.1.1) (Gardner and Widtsoe (1920) ;
Richards (1931)). These studies demonstrated that the capillary effects could not be neglected
when considering liquid motion in unsaturated porous medium. Following these results, Com-
ings and Sherwood (1934) conducted a series of drying experiments on clay and concluded
that capillarity was indeed an important phenomenon in moisture movement during a drying
experiment. Based on those conclusions, Ceaglske and Hougen (1937) emitted the following
postulate : "The drying rate of a granular substance is determined not by diffusion but by capil-
lary action". They founded that assessment on their ability to predict the saturation distribution
in sand samples. To link the capillary effects to the water content they used the extensive work
of Haines (Haines (1927) ; Haines (1930)). Hougen et al. (1940) compared the solutions ob-
tained using a diffusion only model with the ones obtained using a capillary effect based model
and experimental data obtained through drying tests on a set of different materials (clay, sand,
paper, etc.). The results visible in Fig. 3.5 clearly show that the theoretical curves obtained
using the capillary model produce better results.
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Figure 3.14: Moisture distribution during the drying of sand calculated with (a) the diffusion
theory and (b) the capillary theory (Hougen et al. (1940))
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At the same time, Krischer (Krischer (1938); Krischer (1940)) published a series of papers in
which he reevaluated the importance of the heat transfer on the overall drying process. Because
of the work of Ceaglske and Hougen (1937), the diffusion theory was being heavily criticized
despite clear evidence that it could model accurately the later stages of drying. As it is now
clear, this is due to the fact that in the pendular state (see section 2.5.1.2) the capillary effects
are greatly reduced and convection and diffusion of vapor are the dominant mechanisms. To
rehabilitate the diffusion theory, it was then suggested (van Arsdel (1947)) to use a variable
diffusivity coefficient depending on the water content. The diffusion formulation became :

∂C

∂t
= ∂

∂x

(
D
∂C

∂x

)
(3.23)

Formulations of this type are still being used today (Pel et al. (1996) ; McDonald et al. (1996)).
Good results can be obtained but require the diffusivity coefficient to be a complex empirical
function of the water content which is not supported by any physical evidence.
Philip and De Vries (1957) were the first ones to distinguish and associate capillary effects and
vapor transport. Refining this approach, Whitaker (1977) suggested a multi-transfer and multi-
physics model by adding to the diffusion theory the continuum physics governing equations for
liquid transfers, gas transfers and energy. This formulation is one of the most commonly used
today to model the drying process.

3.6 Boundary layer model
The models presented in the historical summary in the previous section considered that ev-
erything (i.e. water transfers in the porous medium and at the surface of the porous medium)
could be represented using a simple diffusion like equation or a capillary pressure mechanism.
Whitaker (1977) was the first one to differentiate the water transfer inside and outside the
porous medium. The model used throughout this work to simulate the heat and mass transfers
between a porous medium and the atmosphere is the boundary layer model. In the spirit of
the work of Whitaker (1977), this model adds a pair of diffusion like equations - to take into
account the mass and heat transfer at the surface of the sample - to the set of classical governing
equations of continuum mechanics presented in the previous chapter (see section 2.4). In this
section, the boundary layer model is detailed.
This model is based on the assumption of the existence of a boundary layer all around the
sample where the mass and heat transfers are assumed to take place (Kowalski (2012)).

3.6.0.1 Mass transfer

The water content at the drying surface of the sample is supposed to be in equilibrium with the
partial pressure of water vapor. The water flow, q̄, from the materials to the surroundings is
thus proportional to the difference between the vapor density of the drying air, ρv,air [kg/m3],
and the vapor density at the surface of the sample, ρv,surf [kg/m3], (Gerard et al. (2008);
Léonard et al. (2005a)). It is a diffusion like mass transfer and the "diffusion coefficient" is a
mass transfer coefficient, α, characterizing the surface’s transfer properties. The water flow is
expressed as:

q = α(ρv,surf − ρv,air) (3.24)
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Figure 3.15: Boundary layer model

3.6.0.2 Heat transfer

The heat flux, f̄ , from the boundary to the drying air is expressed as:

f = Lq − β(Tair − Tsurf ) (3.25)

where Tair is the temperature of the drying air, Tsurf is the temperature at the surface of the
sample, β [W/m2/K] is a heat transfer coefficient and L is the water evaporation latent heat
(2500 kJ/kg). Lq̄ is thus the heat used to evaporate the water at the surface and the term
β(Tair − Tsurf ) is the heat transferred to the system by convection.

3.6.0.3 Transfer coefficient

Based on the drying kinetics, it is possible to determine the transfer coefficients (Eq. 3.24
and Eq. 3.25). The value of the drying rate during the CRP is directly linked to the capacity
of the drying air to evaporate the water at the surface of the porous medium, and is therefore
linked to the value of the mass transfer coefficient. Only the value of the drying rate during
the CRP, qCRP is required to determine the transfer coefficient. Indeed, the vapor density of
the drying air, ρv,air, is known since its temperature and relative humidity are controlled (and
can be easily measured with a classical thermometer for temperature and with an hygrometer
for relative humidity). The vapor density at the surface, ρv,surf , corresponds to the equilibrium
vapor density. Indeed, during the CRP, the surface of the sample is considered saturated and the
temperature corresponds to the wet bulb temperature (which can be analytically determined).
No temperature measurements at the surface of the sample are thus required.
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α = qCRP
ρv,surf − ρv,air

(3.26)

All the heat is used to evaporate the water at the surface of the sample and the heat flux to the
sample can thus be considered null during the CRP. It leads to :

β = L qCRP
Tair − Twb

(3.27)

3.7 Shrinkage
Until now, the drying phenomenon has been described with a complete disregard for the me-
chanical aspect of the problem and only the mass and heat transfers have been described. How-
ever, during a drying experiment, a deformable porous medium shrinks. As defined in section
3.2, shrinkage is the change of bulk volume that occurs following a change in moisture content.
At a given time, the shrinkage is given by the ratio of the bulk volume at that time and the initial
bulk volume.
Several mechanisms can be the cause of shrinkage : chemical reactions, osmotic forces, van
der Waals forces and capillary forces. Capillarity has been described in section 2.5.1.1. The
other mechanisms are briefly described in the following paragraphs.

• Chemical reactions This form of shrinkage describes the decrease in volume following
a chemical reaction. For example, the absolute volume of cement plus water decreases
during the hydration reaction (Tazawa et al. (1995)).

• Osmotic forces This shrinkage occurs at low water content in polar materials (such as
clayey materials)(Fang and Chaney (1997)). The bound water(i.e. adsorbed, chemically
bound, etc.) forms a diffuse layer with a concentration in cations increasing the closer
the water is from the surface of the particles due to an electrical field caused by negative
charges at the surface of the clay particles (Verwey et al. (1948)). The electrical field also
acts as a semi-permeable membrane preventing the migration of the cations. This con-
figuration creates an osmotic pressure in the diffuse layer proportional to the difference
between water potential inside the diffuse layer and water potential of the bulk of water
in the capillary further from the grains’ surface. This osmotic pressure can be the cause
of shrinkage but is only really a relevant mechanism for interparticle distances greater
than 50 Angstrom and low salt content (Hueckel (1992)).

• van der Waals forces van der Waals forces are intermolecular forces working for very
small intermolecular distances (< 0.6 [nm]). They result from a transient shift in electron
density. They have four major contributions :

– A repulsive component resulting from the Pauli exclusion principle

– Dipole-Dipole attractive or repulsive electrostatic interaction

– Induction interaction due to the capacity of a molecule to become polar when placed
in the electrical field created by another polar molecule.

– Dispersion interaction which is an attractive interaction that affects any pair of
molecules (even non-polar) due to quantum fluctuation of electron position.
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In the case of drying, the loss of moisture content is going to create capillary forces of a far
greater order than osmotic or Van der Waals forces. Hence, the predominant mechanisms is a
decrease in water pressure (or an increase of suction) at the level of the capillary menisci due
to the evaporation of water. Shrinkage is thus a consequence of an effective stress increase
(Coussy (2004)). The order of magnitude of shrinkage is dependent on the porous medium’s
liquid retention properties and solid matrix compressibility.
Shrinkage is said to be ideal as long as the volume loss to shrinkage is directly proportional to
the volume of water lost through evaporation (an example can be seen in Fig. 3.16). The ideal
shrinkage thus occurs at constant saturation since the pores remain filled with water.
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Figure 3.16: Ideal shrinkage (from Prime et al. (2015))

3.7.1 Tensile stress generation
It was just explained that shrinkage is due to an increase of effective stress. This increase in
effective stress leads to a decrease in bulk volume and void ratio. The order of magnitude of
that volume change is obviously dependent on the material’s stiffness. If the shrinkage is free
then the volume decreases until equilibrium without any tensile stress generation. On the other
hand, if the shrinkage is prevented by any form of constraint then it leads to tensile stress and
potentially to "desiccation cracking". The shrinkage can be prevented by several mechanisms :

• It can be due to the presence of a boundary condition. For example, if the sample being
dried is held from both extremities, its shrinkage will be limited leading to tensile stress
generation (Hueckel (1992)).

• It can be due to self equilibrating stresses (Colina and Roux (2000)). If a strong water
pressure gradient develops during drying, a strong suction gradient develops as well lead-
ing to differential shrinkage. If the different "zones" of the material were free to deform
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independently then no tensile stresses would be generated. However, the material is a
continuum and even though it is deformable, it possesses a certain stiffness. To maintain
material continuity, self equilibrating stresses appear as exhibited in Fig.3.17 :

• It can be due to material texture and/or structure leading to a specific shrinkage pattern
restraining it in certain directions (Scherer (1997).

3.8 Conclusion
This chapter introduced all the notions required to understand and analyze the results of a dry-
ing experiment. It started by defining a few terms specific to the field of drying and then a short
review of the most common drying techniques used in the field of soil engineering was pre-
sented. Particularly, suction control methods, free evaporation and convective drying methods
were presented. In this work, the drying experiments conducted were done using a convective
drying (wind tunnel like) method. The drying kinetics were analyzed as a means to understand
the different processes going on during a convective drying experiment. Three phases can be
distinguished : the pre-heating period, the constant rate period (CRP) and the falling rate pe-
riod (FRP). The CRP and FRP are detailed and their transition described with a few different
approaches. The prevalent one, at this moment, is the "hydraulic connection layer" which is
thoroughly explained. Then, a short review of the history of convective drying models is pro-
duced. The boundary layer model, the model chosen to describe the interactions between the
porous medium and the atmosphere is presented. It is added to the set of governing equations
presented in chapter 2 to take into account the porous medium - atmosphere interactions. Fi-
nally the shrinkage phenomenon is explained and the origin of the tensile stresses leading to
desiccation cracking is briefly introduced.
The porous medium and the drying process have both been presented and assimilated. We
are now able to analyze drying experiments and have the mathematical background to model
it. But since numerical simulations will be involved to simulate the drying process, one last
step must be cleared before proceeding to the experiments and their simulations. To be able
to numerically solve the system of equations introduced this far, a set of initial and boundary
conditions will be necessary as well as spatio-temporal discretization. This is done using the
Finite Element Method (F.E.M.). The next chapter will briefly present those conditions as well
as the formulation of the elements used to conduct the simulations.
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Figure 3.17: Self equilibrating stresses
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Chapter 4

Finite element formulation
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4.1 Introduction

The thermo-hydro-mechanical model introduced in the two previous chapters is governed by
a system of balance equations in differential form expressing the local equilibrium at the level
of an arbitrary control volume. However, to be able to solve the problem, initial and boundary
conditions are required. The particular case of the boundary layer model is also discussed. To
address large domain boundary-value problems in finite element analysis, the balance equations
need to be expressed in weak form. The numerical formulation in finite elements requires the
discretization of time and space into finite time steps and finite elements of the continuous
body. Finally the system of non-linear equations obtained is solved to give the global solution
of the problem.

4.2 Initial and boundary conditions

Initial and boundary conditions are necessary for model closure (Lewis and Schrefler (1987)).
Initial conditions describe the displacement, water pressure, gas pressure and temperature fields
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at the beginning of the simulation.

∆xi = ∆xi,0 pg = pg,0 (4.1)
pw = pw,0 T = T0 (4.2)

Boundary conditions express the equilibrium at the external surface of the system. They can be
of two types :

• Dirichelet boundary conditions They impose displacements, fluid pressures or temper-
ature at the boundary of the system :

∆xi = ∆x̂i on δΓ∆xi pg = p̂g on δΓg (4.3)

pw = p̂w on δΓw T = T̂ on δΓT (4.4)

• Neumann boundary conditions They impose forces, fluid or heat fluxes. For the dis-
placement field, the external traction force per unit area on a part of the external surface
reads (cf. Eq.2.25) :

Ti − njσij = 0 (4.5)

where ni is the normal vector to the boundary, Ti is the imposed traction vector and σij
is the Cauchy total stress tensor. For fluids, the boundary condition is :

qw + nif
w
i = 0 on δΓqw (4.6)

qa + nif
a
i = 0 on δΓqa (4.7)

where qw and qa are the water and air fluxes imposed at the external surface (positive
for inflow). fwi and fai are the inside total fluxes for water and gas respectively and are
defined as :

fwi = fwl,i + fwg,i (4.8)

f gi = f gl,i + f gg,i (4.9)

where fwl,i, f
w
g,i, f

g
l,i, f

g
g,i are the mass fluxes for the water and gas species in both liquid

and gas phases defined from Eq.2.57 to Eq. 2.60. For temperature, it writes :

qT + VT,ini = 0 on δΓqT (4.10)

where qT is the heat flux imposed at the external surface and VT,i is the internal heat flux
defined in Eq.2.80.

4.2.1 Boundary layer model and finite element method
The boundary layer model introduced in section 3.6 is actually nothing more than a special
kind of boundary condition. It implies that the imposed water flux, qw, and heat flux, qT , in
Eq. 4.6 and Eq. 4.10 are not constant. They depend on the configuration and thus on the time
through Eq. 3.24 and Eq. 3.25. To take that into account a 1D boundary condition element has
been developed by Gerard (2011). It is a 4 node element as visible in Fig. 4.1.
The first three nodes (N1, N2, N3) are located at the boundary of the sample and are shared
with the 2D coupled element (MWAT2D). They are used to discretize the water and gas pressure
fields as well as the temperature field at the boundary. The fourth node, N4, is used to impose
the atmospheric conditions (relative humidity and temperature). The mass and heat fluxes
between N4 and the other nodes are controlled by Eq. 3.24 and Eq. 3.25 of the boundary layer
model.
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Figure 4.1: (left) 1D boundary element with 2D coupled elements (right) 1D boundary element
description (Gerard (2011))

4.3 Weak form of the balance equations
The balance equations are local equations and to be able to solve the problem over large do-
mains, weak forms of the equations are required.
The weak form of the balance of momentum is obtained using the principle of virtual work. It
states that for a kinematically admissible (i.e. which respects the solid continuity and boundary
conditions) virtual velocity field, ν∗i , the equilibrium is verified if the internal virtual power,
W ∗
I is equal to the external one, W ∗

E .

W ∗
I =

�
V

σij ε̇
∗
ij dV (4.11)

W ∗
E =

�
V

ρgiν
∗
i dV +

�
A

tiν
∗
i dA (4.12)

(4.13)

If you inject Eq. 2.27 and Eq. 5.3 in the expression of the external virtual power you get :

W ∗
E =

�
V

−∂σij
∂xj

ν∗i dV +
�
A

njσijν
∗
i dA (4.14)

Using Gauss’ theorem, we can change the integral over the boundary to an integral over a
volume. It comes :

W ∗
E =

�
V

−∂σij
∂xj

ν∗i dV +
�
V

∂σijν
∗
i

∂xj
dV (4.15)

which reduces to :
W ∗
E =

�
V

σij
∂ν∗i
∂xj

dV (4.16)

Accounting for the symmetry of the stress tensor, σij = σji, and the definition of the Cauchy
strain, εij, (cf. Eq. 2.12) equation 4.16 writes :

W ∗
E =

�
V

σij
1
2

(
∂ν∗j
∂xi

+ ∂ν∗i
∂xj

)
dV (4.17)

=
�
V

σij ε̇
∗
ij dV = W ∗

I (4.18)
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By analogy with the mechanical problem, the fluids or energy mass balance equations may also
be written using the principle of virtual work. For a virtual water pressure field, p∗w, it writes :

W ∗
E =

�
V

Qwp
∗
w dV +

�
A

qwp∗w dA =
�
V

∂mw

∂t
p∗w − fwi

∂p∗w
∂xi

dV (4.19)

= W ∗
I (4.20)

For a virtual gas pressure field, p∗g, it writes :

W ∗
E =

�
V

Qap
∗
g dV +

�
A

qap∗g dA (4.21)

=
�
V

∂ma

∂t
p∗g − f

g
i

∂p∗g
∂xi

dV = W ∗
I (4.22)

(4.23)

where Qw and Qa are the source/sink terms of water and air respectively. mw and ma are the
total mass of water and air respectively and are given by :

mw = mw
l +mw

g (4.24)

ma = ma
l +ma

g (4.25)

where mw
l , mw

g , ma
l , m

a
g are the mass of liquid water, of water vapor, of dissolved air and of dry

air respectively. They are given by :

mw
l = nSr,wρw (4.26)

mw
g = n(1− Sr,w)ρv (4.27)

ma
l = nSr,wρda (4.28)

ma
g = n(1− Sr,w)ρa (4.29)

(4.30)

And finally, for a virtual temperature field, T ∗, the principle writes :

W ∗
E =

�
V

QTT
∗ dV +

�
A

qTT ∗ dA (4.31)

=
�
V

∂ST
∂t

T ∗ − VT,i
∂T ∗

∂xi
+
∂Ew−v

H2O

∂t
LT ∗ dV = W ∗

I (4.32)

where St is the enthalpy of the system, VT,i is the heat flux, Ew−v
H2O is the energy required for the

change of phase from liquid water to vapor and QT is the heat source/sink term.

4.4 Discretization

4.4.1 Time discratization
The balance equations should be verified at any time t. However, to be able to numerically
solve the boundary problem, the continuous time has to be descritized into finite time steps,
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∆t. The problem can then be solve for any time t = ∑k
i=1 ∆ti∀k ∈ N. A fully implicit finite

difference scheme is used to express the time derivative of the displacement, water pressure,
gas pressure and temperature fields :

∆Ẋ t+∆t
i = ∆X t+∆t

i −∆X t
i

∆t ṗt+∆t
w = pt+∆t

w − ptw
∆t (4.33)

ṗt+∆t
g =

pt+∆t
g − ptg

∆t Ṫ t+∆t = T t+∆t − T t

∆t (4.34)

4.4.2 Spatial discretization

The finite element method is based on the spatial discretization of each body into finite ele-
ments. A coupled finite element is used, the finite element MWAT 2D, to model solid bodies
(Collin et al. (2002b)). It is an isoparameteric element with eight nodes and four integration
points as shown in Fig. 4.2. Each node has five degrees of freedom ; the spatial coordinates,
water pressure, gas pressure and temperature.

Figure 4.2: Two-dimensional finite element MWAT 2D with eight nodes and four integration
points (left) and its corresponding parent element (right) (based on Dieudonné (2016))

The Jacobian of the matrix Jij of the transformation from the global coordinates (x1, x2) to the
local coordinates (ξ, η) is defined by :

Jij =
(
∂x1
∂ξ

∂x1
∂η

∂x2
∂ξ

∂x2
∂η

)
(4.35)

Nodal unknowns, u(k)
l are interpolated over the element using quadratic shape functionsN (k)(ξ, η)

(Zienkiewicz and Taylor (2000)):

uel (ξ, η) =
8∑

k=1
N (k)(ξ, η)u(k)

l (4.36)

where k is the number of nodes and l the degrees of freedom associated to that node. We can
express the mechanical part of the virtual internal power of a single element, Ve, using Eq. 4.11
:
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W ∗
I =

�
Ve

σij
∂ν
∗ (k)
i

∂xj
dVe (4.37)

=
8∑

k=1

�
Ve

σij
∂N (k)

∂xj
dVeν∗ (k)

i (4.38)

=
8∑

k=1

[
F Ve
I,ik

]T
ν
∗ (k)
i (4.39)

The integration of F Ve (k)
I,i over the deformed element is carried out numerically using a Gauss

integration scheme :

�
Ve

σij
∂N (k)

∂xj
dVe =

∑
IP

[
σij
∂N (k)

∂xj

]
IP

det(Jij)WG (4.40)

where IP is the number of integration points and WG is the Gauss weight corresponding to the
integration point IP . The same method can be applied to integrate the hydraulic and thermal
nodal forces using the corresponding weak forms of the balance equations. The forces can then
be gathered in the same vector F Ve (k)

I,i which is the vector of internal energetically equivalent
nodal forces associated to node k of the element Ve.
A continuous body is discretized into n finite elements of individual volume, Ve, and the total
volume is given by :

V =
n⋃
e=1

Ve (4.41)

The global vector of the nodal forces thus reads :

F
(k)
I,i =

n⋃
e=1

F
Ve (k)
I,i (4.42)

4.5 Global solution of the problem

Equilibrium is reached when the energetically equivalent internal nodal forces, F (k)I,i, are
equal to the external ones, F (k)E,i. However, due to the evolution of the loads, these nodal
forces are most probably not at equilibrium at the beginning of any given time step. A mea-
surement of this imbalance is given by the out of balance nodal forces :

F (k)OB,i = F (k)E,i − F (k)I,i (4.43)

If, F (k)OB,i is different from zero, the generalized degrees of freedom must be corrected to ver-
ify the equilibrium. To that end, the system of non-linear equations (because of the couplings
and the complex constitutive models),composed of the weak forms of the balance equations (cf.
Eq. 4.18 to Eq. 4.32) is linearized and numerically solved using a Newton-Raphson scheme.
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A criterion has to be defined to determine if the equilibrium is reached or not because out of
balance forces will probably not be exactly null. If we expand the out of balance forces using a
first order Taylor series, it comes :

F
t+∆t (k)
OB,i ≈ F

t (k)
OB,i +

∂F t
OB,ik

∂u
(n)
m

∆u(n)
m (4.44)

where the derivative term is the variation of the nodal out of balance force, F t
OB,ik

relative to
the degree of freedom i at node k, due to a variation, umn , of the degree of freedom m at node
n. The generalized degrees of freedom are corrected at each iteration by :

∆u(n)
m = −

∂F t (k)
OB,i

∂u
(n)
m

−1

F
t (k)
OB,i = −

[
K
t (k)(n)
lm

]−1
F
t (k)
OB,i (4.45)

where Kt (k)(n)
lm is the stiffness matrix at time t. A fully coupled procedure is adopted where the

entire stiffness matrix is computed at each iteration of the Newton-Raphson procedure.

4.6 Conclusion
This chapter is the final step to be cleared before numerical simulations of drying experiments
can be performed. In this chapter, the general formulation of 2D coupled finite elements is
presented. In particular, the initial and boundary conditions required to solve the problem
are introduced as well as their modification to account for the boundary layer model. The
governing balance equations introduced in chapter 2 are expressed in weak form to be able to
solve the problem over a large domain since the equations in differential form express a local
equilibrium. The continuous time and space are discretized to be able to numerically solve
the system of equations. Finally, said system of non-linear equation is solved and the global
solution of the problem has been presented.
Since this last step has now been cleared, the next chapter will be dedicated to the drying
experiment conducted as well as the application of the framework we have introduced so far to
analyze the experimental results and to try to numerically reproduce them.
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5.1 Introduction
All the notions required to study the drying process have finally been introduced. In the general
introduction (cf. chapter 1), drying is defined as a process encountered in a huge variety of
engineering fields. For the civil engineer, one of the main reason to study the drying process is
its influence on earthen man-made structures. Such a problem has been thoroughly studied at
the University of Liège : the deep geological storage of nuclear wastes (Dizier (2011); Gerard
(2011); Pardoen (2015); Salehnia (2015); Dieudonné (2016)). During the operation of the
deep geological storage tunnels, the host rock is exposed to temperature and relative humidity
changes leading to desiccation. This desiccation induces shrinkage and can lead to cracking.
Given the importance of sealing these wastes away from the biosphere, a good understanding
of the drying behavior of the host rock is an important challenge. In Belgium, Boom clay is
considered as a potential host rock and is thus thoroughly studied. This chapter is focused
on the experimental and numerical study of Boom Clay. First, the scope of this part of the
thesis, the deep geological storage of nuclear wastes, will be addressed in depth. Then, the
studied material, Boom Clay, will be introduced and its properties will be presented. The
experimental campaign conducted will be detailed and its results will be discussed. Finally,
the framework introduced in the previous chapters will be used to numerically simulate the
observed experiments.

5.2 Deep geological storage
Nuclear power plants produce energy efficiently but also generate long-lived highly radioactive
waste. The later is hazardous to both environment and human health, and needs to be isolated
from the biosphere until the radioactivity has sufficiently decayed. For that reason, it is subject
to very restrictive regulations by national agencies. In Belgium, isolation procedures are based
on a waste classification established by ONDRAF (Organisme National des Déchets Radioac-
tifs et des matières Fissiles enrichies) in collaboration with the European Commission. The
wastes classification is based on waste activity and half life (Belgium Profile (2013)) :

• Class A Wastes in class A are defined by small amounts of mostly short-lived radioac-
tivity. They are generated by the medical industry, the military industry, nuclear energy
production (filter, etc.). They are suitable for shallow land burial and weak shielding and
will only need to be isolated for 300 years.

• Class B Wastes in class B are defined by low to intermediate level of activity and are
intermediate between class A and class C. Their half life is too long to be in class A
but they are not producing enough heat to be in class C. They are by-product of nuclear
combustible treatment. Their isolation procedure is identical to class C.

• Class C Class C wastes are high activity long lived wastes that generate a lot of heat
(> 20 [W.m−3]). They are fission products and elements generated in the reactor core.
They account for over 95 percent of the total radioactivity produced in the process of
nuclear electricity generation. They need to be cooled before long term storage.

The long term management of class B and class C wastes is internationally studied and the
most promising solution seems to be deep geological storage (NEA (2008)). This concept,
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detailed in the following section, aims at sealing the wastes away for a period long enough
for the activity of the first radionucleide to reach the biosphere to be at or under the natural
radioactivity level. This method is considered by many countries and a number of them have
built underground research facilities (see Fig. 5.1) in selected host rock formations to study the
feasibility of the method.
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Site validation underground facilities

Figure 5.1: Underground facilities locations in the World (based on Lebon (2009))

In Belgium, the research facility has been build in Mol near Antwerp (site A1 on Fig.5.1)
because of the presence of a rock formation called Boom Clay, which presents characteristics
making it a good candidate for deep geological storage. The laboratory is located at a depth of
around 230 m (See the left part of Fig. 5.2) and its current layout is visible in Fig. 5.2 on the
right.

LommelMolAnvers

Boom

Argile de Boom

U.R.F.100 m

10 km

Figure 5.2: Location (left) and schematic layout (right) of the underground research facility in
Mol (Bernier et al. (2007))

Wastes isolation is guaranteed by the combination of natural and engineered barriers, referred
to as the multi-barriers principle. The natural barrier is the geological layer, preferably with
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a very low permeability IEAA (2003). In Belgium, the principle for the engineered barrier is
visible on Fig. 5.3. The wastes are placed in super-containers formed of different layers that
all have a specific role with the goal of decreasing the risk of biosphere contamination. The
different layers are :

• The canister: a cylindrical carbon steel envelope containing the waste;

• The overpack: a thin carbon steel layer preventing the migration of radionuclides during
the thermal phase (from a few hundred years to several thousand depending on the type
of waste). It also has to prevent any contact between water and the canister;

• The buffer: a cement based material used to create a favorable geochemical environ-
ment protecting the overpack from corrosion. It also provides a good enough short term
protection from the radionucleides to allow for the super container manipulation by an
operator (Van Humbeeck et al. (2008)).

Boom Clay

Tunnel retaining wall

Stainless stell liner

Buffer

Overpack

Back illed with 

granular material

Mechanical support

Figure 5.3: Multi-barriers principle Craeye et al. (2009)

Following the Belgian prescriptions, the containers will be placed within tunnels over 200 m
deep. These tunnels will be 1 km long and have a 1.5 m radius (Dizier (2011)). As soon as
a 30 m section of the tunnel is filled by super-containers, it will be backfilled with a granular
material (such as a mix of sand and bentonite) to prevent collapse of the gallery, provide a
good enough geochemical environment to prevent corrosion of the containers, and a thermal
conductivity that allows enough heat dissipation.
The geological barrier is the last of the multi-barrier principle. Its study is thus of the utmost
importance to be sure that it can withstand the thermo-hydro-mechanical loading induced by
the nuclear waste storage.
The excavation of the galleries generates stress modifications and eventually fractures in the
surrounding medium. The cracks concentrate near the tunnel wall and lead to the creation of an
Excavation Damaged Zone (EDZ) (Tsang et al. (2005)). In this zone, important modifications
of the hydro-mechanical properties can be observed such as important hydraulic permeability
increase (Bossart et al. (2002)). This increase may prevent the geological barrier from play-
ing its containment role because of preferential flow paths for the migration of radionucleides
towards the biosphere. The fracturing induced by the excavation is well documented and hydro-
mechanical modeling have been performed to reproduce that cracking (see for example Pardoen
(2015)).
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During the operation phase, the ventilation needed is inducing a variation of the air temperature
and relative humidity in the tunnel. The impact of these changes on the host rock is limited
by the existing retaining wall but they may still affect the material behavior by draining its
water and causing desaturation which may lead to cracking. The damaged zone may thus be
influenced by air-host rock interactions due to the ventilation of the tunnel.
Finally, wastes super-containers are placed in their cells which are then backfilled and sealed
with swelling clay (Bentonite) and concrete (Dieudonné (2016)). At this phase, the domi-
nant mechanisms is hydraulic resaturation with water flows directed towards the damaged zone
which will progressively resaturate. Later, the heat generation which is characteristic of high-
level wastes will engender thermal effects, and gas migration will also appear (François (2008);
Gerard (2011)).

5.3 Boom Clay

Boom clay is a rock formation located beneath the Mol-Dessel nuclear zone (north-east of Bel-
gium)(Mertens et al. (2004); Bouazza et al. (1996)) and its geographic distribution is visible in
Fig. 5.4. Its properties make it one of the formations potentially suitable for deep geological
nuclear waste disposal ONDRAF/NIRAS (2001), as explained in section 5.2.

Figure 5.4: Boom Clay location (ONDRAF/NIRAS (2001))

On a geological timescale, this formation belongs to the Rupelian age in the Tertiary Period,
which lasted from 36 to 30 million years ago. Its thickness is variable from less than 10 m
near the surface at well over 100 m in the deepest parts. In the Mol area, at the laboratory site,
the Boom Clay layer is at a depth of about 190 m at its top and has a thickness of about 100
m. In that area, the Boom formation exhibits a slight dipping of 1 to 2 % towards the north -
north-east direction along which it thickens (Bernier et al. (2007)).
This formation is constituted of an alternation of silty clay layer and more clayey layer. This
alternation gives way to color variation in the grey color range. Some layers containing more
carbon and other containing higher organic matter content are also present. The former is
noticeable by a pale grey while the later is blackish. This alternation has a periodicity of
around 0.5 m as shown on Fig. 5.5.
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Figure 5.5: Rumst clay pit view with alternating layers (Wouters and Vandenberghe (1994))

In term of mineralogical composition, Boom clay is made of illite, kaolinite, interbedded illite-
smectite, quartz and organic matter in proportions given (variable depending on the authors) by
Table 5.1.

Mineral composition in % Al-Mukhtar
et al. (1996)

Wouters
and Van-
denberghe
(1994)

Decleer
et al. (1983)

Horseman
et al. (1987)

Quartz 20− 25 20 23.8− 58.3 30
Interbedded Illite-Smectite 33 40− 50
Illite 16 25− 35 3− 23 19
Smectite 19− 42 22
Kaolinite 13 15− 25 1− 9 29
Feldspath 8− 10 5− 10 9.7− 17.5
Chlorite 5− 10
Pyrite 4− 5 1− 5 0.7− 2.5
Carbonate traces 1− 5 0.0− 4.3
Organic matter 1− 5

Table 5.1: Literature review of mineralogical composition of Boom Clay (after Dizier (2011))

Detailed information about the composition and history of Boom clay can be found in Wemaere
et al. (2008).

5.3.1 Boom Clay geotechnical properties
Boom clay is characterized by important porosity and water content. Many of its properties
are favorable to the choice of this formation as an host rock for radioactive waste storage (Li
(2008); Barnichon and Volckaert (2003)) :

• Boom clay has very low water permeability ;
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• Good radionucleides retention capacity ;

• Good stability for millions of years ;

• Self sealing properties.

A summary of its main geotechnical properties can be found in Table 5.2.
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As can be seen, Boom Clay has been the subject of numerous experimental studies in the past
30 years. They were mainly aimed at characterizing the geological and geotechnical properties
to better understand its thermo-hydro-mechanical behavior. Based on the results obtained by
those studies, Boom clay is considered as a plastic, moderately over-consolidated clay with
higher than average clayey material mechanical strength (Horseman et al. (1987)). Wemaere
et al. (2008), Aertsens et al. (2004) and Blümling et al. (2007) have shown that it presents a
strong anisotropy induced by the clay structure (horizontal bedding with alternating clay and
silt layers).

5.3.2 In situ conditions

At the level of the underground research laboratory, the Boom Clay layer is almost horizontal
with water bearing sand layer located above or below it. It is thus assumed to be saturated and
the in situ stresses are (Chen et al. (2011)) :

• Total stress : σv = 4.5 [MPa]

• Water pore pressure : pw = 2.25 [MPa]

• Effective stress : σ′v = 2.25 [MPa]

Boom Clay also presents an in situ stresses anisotropy with earth pressure coefficient at rest
ranging from 0.85 to 1 (Chen et al. (2011)) but the exact value of the K0 coefficient is still an
open question (Li et al. (2010)).

5.4 Experimental campaign
Convective drying tests were performed on Boom clay samples (Prime et al. (2015)). In this
section, the experimental campaign conducted is detailed from the sample preparation to data
acquisition. The goal of the experimental campaign was to get a better understanding of the
mass and heat transfer mechanisms in porous media and more specifically in Boom clay. Dif-
ferent samples size were tested to determine if there was a scale effect or not.

5.4.1 Sample preparation

Cylindrical samples around 35 mm in diameter and in height were water-drilled (cf. Fig. 5.6
on the right) from the cores (Fig. 5.6 on the left) received from the Mol laboratory. The drilling
was made parallel to the bedding direction to allow for a faster saturation process. Smaller
samples were taken from the cores to determine the water retention curve.
These were placed in a triaxial cell to saturate them under in situ conditions. The following
steps were taken:

• Stabilization phase under 100 kPa confinement;

• Isotropic confinement increased to 2.5 MPa (close to in situ value) under drained condi-
tions;
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Figure 5.6: Samples preparation : Initial core from the Mol laboratory (left) and samples ex-
tracted from it on (right)

• Saturation phase: Synthetic Boom Clay Water whose composition is similar to the in situ
interstitial water is injected. The injected pressure is fixed at 0.2 MPa and the confinement
is increased to 2.7 MPa so that the effective confinement pressure remains constant and
the porous structure is not affected by the injection phase;

Figure 5.7: Sample saturation using triaxial press

The next step is to control the saturation level of the samples using Skempton coefficient mea-
surement. The principle is quite simple: the drainage is closed, a confinement pressure in-
crement is applied, ∆p, and the interstitial pressure variation, ∆u, is measured, then the con-
finement pressure is brought back to its initial pressure and the drainage condition is restored.
The closer the Skempton coefficient, ∆u

∆p , is to 1 the more the sample is saturated. Indeed, if
a load is applied on a sample saturated and with drainage prevented, considering the almost
incompressible nature of the soil grains and water, there cannot be any deformation and the
load is completely transferred to the interstitial water. The samples studied presented very high
saturation level with Skempton coefficient going from 0.83 to 1 but it took around two months
to saturate them.
Since saturation is a time consuming process, it was necessary to optimize the use of the sat-
urated samples to perform a sufficient number of drying tests to insure the results would be
reliable. The saturated samples were divided into smaller cylinders 5, 10 and 15 mm high.
Those smaller cylinders were then cut in four quarters from which a 15 mm diameter cylin-
der is extracted. So from a single saturated sample, twelve smaller cylindrical samples are
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obtained. This can be seen in Fig. 5.8. Finally, the samples were weighed and dipped in
two paraffin baths: a warm bath to ensure good adherence between paraffin and sample, and
a colder one to obtain a thick enough layer for efficient sealing (Fig. 5.8 on the right). The
finished products were stored into a desiccator saturated with water. The entire process was
done as quickly as possible to minimize drying prior to the experiments.

Figure 5.8: Division of the saturated samples (left) to obtain the samples to dry (right)

5.4.2 Drying tests

Twelve samples were dried using a micro-convective dryer designed in the Laboratory of
Chemical Engineering of the University of Liège Leonard (2002) and visible in Fig. 5.9 (a)).
The dryer is suited for drying light samples using a convective air flow with controlled tem-
perature and velocity. The samples are named using the following method : sample height in
millimeters followed by the sample number (e.g. 5-1 for the first 5 mm high sample).

(a) (b)

Figure 5.9: Convective dryer and sample holder

The paraffin on the top surface of the samples is removed to constrain the drying to only one
side. This choice was made for two reasons : first, in the nuclear wastes storage tunnels, the
host rock is only dried from one side, the one exposed and second to limit the problem to a
mainly one directional one. They are then placed vertically in an homemade holder in the drier
(Fig. 5.9 (b)), and subjected to a convective air flow of 0.8 m/s at 25°C, and with a relative
humidity of around 3.5%. The conditions were chosen to insure that the sample being dried
would crack during the experiment. The air flow was kept as parallel as possible to the drying
surface to reproduce as closely as possible in situ conditions (i.e. drying from only one side
with tangent air flow to the surface of the tunnel wall).
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5.4.3 Data acquisitions
The sample holder is attached to a scale, allowing to weigh the sample every 30 seconds during
the test.
Furthermore, X-ray microtomography was used to scan the samples beforehand and then every
hour for four hours (until the mass variation became negligible), and once more at the end
of the drying test. For the tomographic acquisitions the samples had to be removed from the
dryer, they were sealed immediately after the removal and during the scan, before returning in
the drier. The weighings showed no more than 2 mg variation (0.1 % of the total mass) which
is assumed to be linked to the scale precision and the potential evaporation during the scan, and
can therefore be neglected.
Acquisitions were made on a Skyscan 1172 from Bruker microCT, at a pixel size of 31.86 or
34.63 µm. The X-ray source was set at 100 kV and a 0.5 mm Aluminium filter was used to
harden the beam and limit these artefacts in the reconstructions. For each scan 256 projections
were taken, limiting the scanning duration to 6 minutes so as to minimize the impact of the
drying interruption. Reconstruction was performed using Bruker’s NRecon software, making
use of their ring artifact correction, set at a strength of 5.

5.5 Analysis of the tomographic reconstructions
Prime presented the results of the convective drying campaign in Prime et al. (2015) but further
image processing has since been performed, extracting more accurate measurements. Fig. 5.10
shows vertical cross-sections in the tomographic reconstructions of one of the samples, at the
saturated state and after 72h of drying. The clay seems relatively homogeneous except for a
few small wiry pyrite inclusions that appear as dark discs on the cross-sections, as can be seen
in Fig. 5.10(a). Cracks begin to appear fairly rapidly during the drying process, and are clearly
visible in Fig. 5.10(b).

5 mm

(a) Saturated

5 mm

(b) Dry

Figure 5.10: Vertical cross-sections in sample 10-1, at roughly the same location, before and
after complete drying

To find the cross-sectional area of the samples, we must distinguish between the pixels of the
sample, representing the clay and other solid phases, as well as the cracks, and pixels outside
the sample. This separation is performed in two parts: the first segments the solid from the void
phase, and the second uses this result to find the outer edge of the sample.
Because of the noise level and the beam hardening artifacts still present (manifested by an
artificially darker outer layer), a simple thresholding could not properly distinguish pixels rep-
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resenting the clay from the others. To perform this segmentation, a watershed transformation
was performed on the inverse of the image gradient, using as markers for the two regions to
separate (clay and air) a low and high threshold of the reconstruction. It is implemented as mor-
phological region-growing algorithm as described in Vincent and Soille (1991). The gradient
was computed with a Sobel mask, and the Euclidean norm was used.
Since the same parameters were used to scan and reconstruct all images, the low and high
thresholds remain constant throughout. These were empirically chosen at 29 and 97. In the
image histograms, the minimum between the two peaks, representing the air and the sample
respectively, is always around 50. The two thresholds should be far enough from this value to
counteract the noise and other image artifacts, but still in a reasonable range as not to unneces-
sarily increase the computation time.
The histogram for the image shown in Fig. 5.10(b) is presented in Fig. 5.11(a), with the
blue and red zones representing the greylevel regions that define the pixels of the two markers
mentioned previously. The result of this algorithm is shown as the red and blue colors of
the horizontal cross-section in Fig. 5.11(b). For the sake of relativity, the reconstruction was
overlayed on the coloring.
Fig. 5.11(b) shows that some of the pixels in the cracks have been marked as clay, but this does
not affect the subsequent determination of the outer interface of the samples.

(a) Histogram (b) Segmentation

Figure 5.11: Typical histogram of the reconstructions, with the greyscale regions that define
the two markers in the watershed segmentation, and a cross-section of the result, in color and
overlayed with the original image.

To extract the sample outer boundary, a simple method combining connected component anal-
ysis, distance transforms, and thresholding, was used, and is summarised in Fig. 5.12. In this
procedure, the first extraction of the largest connected component removes any solid particles
outside the sample. After thresholding the first distance transform, the largest connected com-
ponent is again extracted because some open regions inside the sample surface, might not have
been erased by the previous thresholding. The two thresholding procedures must use the same
value, and in this case was empirically set at 10, which is sufficient to obtain the desired result.
The drying rate, a measure of interest in our study, is inversely proportional to the evaporation
surface. A good approximating lower bound of this surface can be defined, from the result of
the previous procedure, as a horizontal cross-section right below the surface, as shown in Fig.
5.13.
The shrinkage during the drying is taken into account in the mechanical part of the proposed
model. We observe that the shrinkage is relative to the bedding plane orientation, i.e. is or-
thotropic. The samples were prepared in such a way to have these bedding planes in a vertical
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Largest connected 

component

Largest connected 

component

Distance

transform

Distance

transform

Threshold

Threshold

Figure 5.12: Diagram showing the sequence of operations to obtain the outer interface of the
samples. To illustrate each step, a horizontal cross-section of intermediate results are shown
for sample 10-1.

Figure 5.13: Illustration of the determination of the evaporation surface on sample 5-2 before
drying. The transparent grey surface shows the outer interface of the sample, the red cross-
section indicating the surface used to approximate the evaporation surface. The thick black
frame indicating the height at which the cross-section was taken.

position. Therefore the two shrinkage measures needed, parallel and normal to the bedding
plane, can be determined by measuring the evolution of the radius of the cylindrical sample in
two perpendicular directions.
Contrary to the measure of cross-sectional surface area, radius measurement is much more
sensitive to small variations in sample geometry, therefore special care was taken to define
where the radius is measured and over what area to average the measure, in order to smooth
out local variations.
The methodology is based on previous works focused on 3D registration (Plougonven and
Bernard (2006)). To define a radius in a cylindrical sample, a approximating cylinder must
first be determined. The method examines the interface pixels on each cross-section and finds
the smallest enclosing circle Elzinga and Hearn (1972). From the set of circle centers, an
iterative linear regression (with the least squares approach) is performed. The iterative portion
is intended to remove the few outliers mostly found at the top and bottom of the sample. If we
note the set of circle centers C, a subset C ′ ⊂ C, and the resulting line from a linear regression
L, then the method can be summarized by these four steps:

1. Set C ′ = C

2. Perform a linear regression on C ′ to find L

3. Set c0 = max
x∈C

d(x, L) and c1 = max
x∈C′

d(x, L)
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4. If d(c1, L) > kd(c0, L), then remove c1 from C ′ and return to step 2

where d(x, L) is the Euclidean distance between the point x and line L, and k is a user-defined
parameter that affects the amount of points rejected in the regression. We have found that a
value of 0.1 produced acceptable results, and removed on average around 7% of the centers.
Fig. 5.14 shows the result on sample 5-1.

(a) (b)

Figure 5.14: Determination of the cylinder axis on sample 5-1. (a) shows the set of circles
along with their centers in red. Because of the asperities in the sample the top and bottom
points should not be used in the linear regression. (b) shows the resulting axis, overlayed with
the sample outer interface in transparent.

The circle radii are not relevant here, as we only need the cylinder axis, which we define as
the result of this linear regression. It is used to transform the coordinate system on the sample
interface points from Cartesian to cylindrical, i.e. in the form (h, r, α), where h is the height
along the axis (the origin is chosen arbitrarily), r is the distance from the axis, and α is the
angle around it. As a convention, we chose an angle of 0 to be parallel to the bedding plane.
The plane direction was set by manual observation of the images, locating the crack directions.
As no cracks appear in the saturated samples, we used other features visible in the tomographic
reconstructions, such as the pyrite inclusions, and related those to the cracks in the images after
drying.
The set of interface points in cylindrical coordinates is then decomposed into 2 subsets based
on height and angle. We chose to study the interface points in the middle vertical portion of the
sample as they would be less influenced by edge effect, i.e. with a height in the range of h =
±50 pixels around the median (almost no variation can be observed in function of the height
range (study from 10 -50 pixels). For the measurements in the two perpendicular directions,
we chose angular wedge of 45° around 0° and 180° for the parallel measurements, and 90°
and 270° for the perpendicular one. These two subsets contain on average 15000 points, which
gives a good representativity. Finally, in each subset the average radius is determined, and if
we call r0 and r∞ this average radius at the saturated stage and at the dry stage respectively,
then the shrinkage will equal 1− r∞

r0
.

5.6 Experimental results
Prime presented the results of the convective drying campaign in Prime et al. (2015) but based
on the same data acquisition the image processing has changed as described in 5.5 and was
improved upon with help from the department of Chemical Engineering from the University of
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(a) (b)

Figure 5.15: Illustration of the radius measurements on sample 10-1. (a) shows the interface
points colored by radius, the colormap, from blue to red, is centered around the average ra-
dius. (b) shows the two subsets, colored in red and blue, used for the determination of the
perpendicular and parallel radii.

Liège. The goal was to have a more consistent approach to obtain more accurate surface results.
The main challenges to overcome were to precisely take into account the axial shrinkage and
the initial out-of-plumb (or straightness default).
From the constant weighing of the samples during the drying process, drying kinetics can be
determined. The shrinkage profile is obtained using the surface area measurement based on the
cross-sections of the reconstructions.

5.6.1 Drying kinetics
Mass as a function of drying time is plotted in Fig. 5.16, Fig. 5.17 and Fig. 5.18 for the 5,
10 and 15 mm samples respectively. Based on those results, we can conclude that most the
the drying takes place during the first 2 or 3 hours of the test irrespective of the sample size.
However, the taller the sample, the longer it takes for it to reach the "dry" state. For example,
5 mm samples take around 20 hours to reach it (see Fig. 5.16) whereas the 15 mm sample
reached it after around 60 hours of drying (see Fig. 5.18). It would thus seem that the drying
rate of all the samples must be close since a sample 3 times taller takes around 3 times longer
to dry.
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Figure 5.16: Observed mass loss for all the 5 mm samples
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Figure 5.17: Observed mass loss for all the 10 mm samples
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Figure 5.18: Observed mass loss for all the 15 mm samples
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The drying rate can be calculated based on the mass loss and the evaporation surface:

q = − 1
S

dm

dt
(5.1)

where m and S are respectively the measured mass and drying surface of the sample (in this
specific case, the top surface). Since clay undergoes shrinkage during drying, this phenomenon
has to be taken into account to calculate the drying rate. This changes was evaluated using the
measures of cross-sectional area from the tomographic reconstructions (see Fig. 5.13).
The drying rate presents heavy fluctuations when the raw data from the weight measurements
are used due to the small time steps between two weighings, during which mass may not vary
enough. Consequently, the curves have been smoothed with a Lanczos filter (cf. Fig. 5.19)
(Lanczos (1988)).
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Figure 5.19: Krischer curve with and without Lanczos filter

Using these smoothed data, the drying rate can then be plotted as a function of time (see Fig.
5.20 to 5.22) or as a function of the water content (Krischer curve)(see Fig. 5.23 to 5.25). The
first observation is that the water content on Fig. 5.23 to 5.25 is continuous, confirming our
assumption that the evaporation of water during the scanning could be neglected.
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Figure 5.20: Observed drying rate for all the 5mm samples
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Figure 5.21: Observed drying rate for all the 10mm samples
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Figure 5.22: Observed drying rate for all the 15mm samples

81



0 0.05 0.1 0.15 0.2 0.25
−2

0

2

4

x 10
−4

Moisture content [−]

D
ry

in
g 

ra
te

 [k
g/

(m
²s

)]

 

 

5−1
5−2
5−4

Figure 5.23: Observed Krischer curve for all the 5mm samples
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Figure 5.24: Observed Krischer curve for all the 10mm samples
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Figure 5.25: Observed Krischer curve for all the 15mm samples
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Contrary to the theoretical curve, little to no CRP are observable on the experimental results.
This can be explained using Lehmann’s theory (Lehmann et al. (2008)) already presented in
chapter 3. His studies aimed at characterizing an hydraulic connection layer between the evap-
oration surface and the drying front. This connection layer has been shown to be necessary to
observe a constant drying rate Yiotis et al. (2003). In the case of Boom clay :

Lcrit = ∆hcap
1 +

qmax
ρw

µw

krel,w(Sr,w)ksatρwg

(5.2)

Based on our experimental results (qmax = 3, 8.10−4 [kg/m2/s]) and our material properties
(ksat = 6.10−19 [m2]), the value of the critical length is Lcrit = 4.91 mm. That length is
smaller than any of our sample height and thus none of the curves present a clear CRP. Some
sample may exhibit short CRP like behavior because the value of the hydraulic connection layer
calculated is based on strong hypothesis (such as linear water pressure field distribution from
the surface to the drying front or the chosen range of pore pressure considered to calculate the
capillary head). This means that the length determined is more an indicative order of magnitude
than a precise assessment. Our samples are of the same order of magnitude as the hydraulic
connection length and some very short CRP is thus possible. Note that no significant difference
can be seen between the different sample sizes. To prove this point, all the Krischer’s curves
have been grouped on a single figure (see Fig. 5.26).
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Figure 5.26: Observed Krischer curve for all the sample tested grouped on one figure

Since no noticeable scale effect can be exhibited, further results will be presented for the first
series (i.e. the 5 mm tall samples) only.

5.6.2 Shrinkage
Using the micro-tomographic scans, it is possible to follow the evolution of the cross sections
of the sample along its height or to follow the evolution of a chosen cross section (Fig. 5.28).
From that evolution, and knowing the bedding direction, the evolution of the radii parallel and
perpendicular to the bedding plane can be determined (Fig. 5.27(a) and Fig. 5.27(b)). On
both Fig. 5.28 and Fig. 5.27, it can be observed that most of the shrinkage takes place at the
very beginning of the drying (around 2/3 of the final strain has developed after 1 hour). Fig.
5.27 also shows that the shrinkage quickly becomes uniform on the sample height. An other
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information that can be taken from both figures is that the results after 4h are incoherent for
sample 5-1. It is especially showing on Fig. 5.27 where the radius increases. This is due to
problems with the reconstruction of the tomographic scans.
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(a) Evolution of the radius parallel to the bedding plane with time
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(b) Evolution of the radius perpendicular to the bedding plane with time

Figure 5.27: Evolution of the radii for sample 5-1

To prove that the shrinkage of all the samples is, just as the drying kinetics, very similar for
all the samples, the final shrinkage in the three principal directions for all the samples tested is
presented in Fig.5.29.

5.7 Numerical modeling
In this section, the thermo-hydro-mechanical model described in chapter 2 is used to reproduce
the drying behavior of the Boom Clay samples tested during the experimental campaign (cf.
section 5.4). A summary of the governing equations of the aforementioned model is given
below. The mechanical framework used to simulate Boom clay behavior is also detailed.
As shown in section 5.6, variability between samples is low and their behavior is very sim-
ilar because the hydraulic connection layer is shorter than the height of any of the samples
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Figure 5.28: Evolution of the surface of a chosen cross section (top of the sample)
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Figure 5.29: Final shrinkage for all the sample tested

experimentally tested. Therefore using only one sample to perform the model validation is ac-
ceptable. Sample 5-1 was arbitrarily chosen. The study was conducted using the finite element
code LAGAMINE developped at the University of Liège (Collin et al. (2002b)).

5.7.1 Governing equations
In this section, a summary of the equations used to solve the boundary value problem is pre-
sented to remind the reader of the system of equations solved using the finite element method.

Momentum balance
∂σij
∂xj

+ ρgi = 0 (5.3)

where gi is the gravitational acceleration vector and ρ is the density of the mixture :

ρ = ρs(1− n) + ρlSr,ln+ ρg(1− Sr,l)n (5.4)

where ρl, ρg are respectively the densities of the liquid and gas phases.
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Water transfers The water transfers are governed by Richard’s equation:

∂(ρwnSr,w)
∂t

+ ∂

∂xi
(ρwql,i)︸ ︷︷ ︸

Liquid water

+ ∂(ρvnSr,g)
∂t

+ ∂

∂xi
(ρvqg,i + iv,i)︸ ︷︷ ︸

Water vapor

= Qw (5.5)

where ρw and ρv are the liquid water and the vapor densities, n is the porosity, Sr,w and Sr,g are
the water and gas saturation degrees in volume, t is the time, Qw is the injected flux. ql,i, qg,i are
the advective fluxes of the liquid and of the gas phases with respect to the solid phase and iv,i is
the non-advective fluxes (diffusion) of water vapor. The detailed formulation of these terms can
be found in chapter 2. It is also important to note that Boom clay being an anisotropic material
we are using an intrinsic permeability tensor of the form :

k
sat

=

ksat,� 0 0
0 ksat,⊥ 0
0 0 ksat,�

 (5.6)

where ksat,� and ksat,⊥ are the intrinsic permeabilities parallel and perpendicular to the stratifi-
cation, respectively.

Gas transfer In this work, the pressure field is assumed to be homogeneous on the whole
geometry and constant with time. Hence, the gas mass balance equation is not a part of our
system of equations and is thus not solved.

Heat transfer The energy balance equation is :

ṠT + ∂VT,i
∂xi

+ Ėw−v
H2O.L−QT = 0 (5.7)

where ST is the enthalpy of the system, VT is the heat flux, QT is the heat production term and
L is the water evaporation latent heat.

5.7.2 Mechanical model

The governing equation of the different mechanisms have been recalled in the previous section.
Since no mechanical law was presented in chapter 2, the mechanical part of the model is going
to be more thoroughly addressed in this section. Bishop’s effective stress (cf. section 2.5.4.1)
has been chosen to describe the stress-strain relation because it directly incorporates the effect
of the suction. Classically, a couple of stresses (net stress and suction Gens and Alonso (1992)
is used to reproduce plastic collapse during wetting path but for drying path, the effective stress
allows to reproduce the observed behavior. As a reminder, Bishop’s effective stress writes :

σ
′

ij = σij − pgδij + Sr,w(pg − pw)δij (5.8)

where σ′ij is the effective stress tensor, σij is the total stress tensor, Sr,w is the water saturation
and δij is Kronecker’s tensor. pg and pw denote respectively gas and water pressure [Pa].
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Linear elasticity theory A linear elastic relationship can be written to link the elastic strain
rate, ε̇eij , to the effective stress tensor. That relation is Hooke’s law :

ε̇eij = De
ijklσ̇

′

kl (5.9)

σ̇
′

ij = Ce
ijklε̇

e
kl (5.10)

where Ce
ijkl is Hooke elastic constitutive tangent tensor that must be symmetric because of

thermodynamic requirement (Greenhill (1893)) and De
ijkl is the elastic compliance tensor cor-

responding to the inverse of the Hooke elastic tensor. For an isotropic material, the compliance
tensor is defined by two parameters, ν and E or K and G, and is given by :

De
ijkl =



1
E
− ν
E
− ν
E

0 0 0
− ν
E

1
E
− ν
E

0 0 0
− ν
E
− ν
E

1
E

0 0 0
0 0 0 1+ν

E
0 0

0 0 0 0 1+ν
E

0
0 0 0 0 0 1+ν

E


(5.11)

where E is the isotropic Young’s modulus and ν is Poisson’s ratio. The shear modulus, G, and
the bulk modulus, K, are respectively given by :

G = E

2(1 + ν) K = E

3(1− 2ν) (5.12)

Anisotropy As presented in section 5.3, Boom clay is characterized by a strong anisotropy
of the mechanical properties between the direction parallel and perpendicular to the bedding
planes (a ratio of around 2 between the elastic modulus in the direction parallel and perpendicu-
lar (Dizier (2011))). Our drying experiments clay also exhibited that anisotropy (cf. shrinkage
results in section 5.6). Its mechanical behavior is thus modeled using an orthotropic model
(Chen et al. (2011)). In the case of an orthotropic material, the elastic compliance tensor, De

ijkl,
is given by :

De
ijkl =



1
E�

−ν⊥,�
E⊥

−νz,�
Ez

0 0 0
−ν�,⊥

E�

1
E⊥

−νz,⊥
Ez

0 0 0
−ν�,z

E�
−ν⊥,z

E⊥

1
Ez

0 0 0
0 0 0 1

2G�,⊥
0 0

0 0 0 0 1
2G�,z

0
0 0 0 0 0 1

2G⊥,z


(5.13)

The symmetry of the stiffness matrix imposes that:
ν⊥,�
E⊥

= ν�,⊥
E�

,
νz,�
Ez

= ν�,z
E�

,
ν⊥,z
E⊥

= νz,⊥
Ez

(5.14)

The symbol, �, refers to the radial direction parallel to the bedding plane while ⊥ refers to the
radial direction perpendicular to the bedding plane and z to the axial direction of the cylinder.
The axial direction is also parallel to the bedding plane but due to the slightly different values
of the shrinkage found on the experimental results (cf. Fig. 5.49), a different elastic modulus
is used. Hence, one uses an orthotropic model and not a transverse isotropic one.
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Plasticity Most of the time in the literature, Boom clay has been modeled using a CamClay
model (Hueckel et al. (1988), Laloui et al. (2002)). However, during a drying experiment,
loading and boundary conditions (free shrinkage) lead to an almost isotropic stress path with
stresses staying below the preconsolidation pressure, p0 (p0 = 6[MPa] (Coll (2005))). For
these reasons, we decided to restrict the mechanical modeling to an elastic orthotropic model
and to not include a yield criterion to simulate the drying experiments of Boom clay.

Cracking It has to be noted that while cracking is experimentally observed, no tensile strength
criterion is included because Boom Clay presents very clear bedding planes which were exper-
imentally proved to be the cause of cracks initiation. It would thus be better suited to use initial
defaults at the level of the bedding planes and work in a crack propagation framework based on
required energy or crack toughness. Another possible method would be to calibrate a cohesive
interface mechanism (Cerfontaine et al. (2015)).

5.7.3 Mesh, initial and boundary conditions

Here, the mesh used to reproduce the sample studied (i.e. sample number 5-1) is presented as
well as all the initial and boundary conditions.

Mesh Because of Boom clay orthotropy, it is not possible to represent the cylindrical sam-
ple using a 2D axisymmetric mesh. A 3D mesh is thus required and since the sample is bi-
symmetric, only a quarter of the geometry is represented. Since most of the fluxes are vertical
(i.e. z direction) as few elements as possible are used in the horizontal plane (i.e. x-y plane).
To study the dependency of the results on mesh density, simulations have been performed with
10, 30 and 50 vertical layers (cf. Fig. 5.30). The simulations are purely hydraulic.

Figure 5.30: Different meshes considered for the sensitivity study on mesh density : 10 (left),
30 (middle) and 50 (right) vertical layers

As can be seen in Fig. 5.31, displaying the Krischer curves for the different meshes, the 10
layer mesh is slightly less accurate. Since no significant difference can be seen between the
30 and 50 layers simulations, 30 vertical layer will be used further on. Also we decided to use
a mesh denser near the drying surface because this is where the water pressure gradient is the
most important (see Fig. 5.32). The final mesh is visible in Fig. 5.33.
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Figure 5.31: Krischer curves for the different meshes tested
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Figure 5.32: Water pressure distribution ([MPa]) on the 30 vertical layers mesh

Figure 5.33: Final mesh

Boundary conditions The vertical displacements at the bottom of the sample are prevented.
The atmospheric pressure is also applied at all the external boundaries. The boundary layer
boundary conditions is implemented through a water pressure and a temperature at the envi-
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ronmental node (cf. section 4.2.1). The temperature imposed corresponds to the temperature
of the drying air (i.e. 25 ◦C) and the water pressure is calculated based on the temperature and
relative humidity using Kelvin’s Law :

pc = pg − pw = −ρwRT
M

ln(RH) (5.15)

where ρw is the water density, R is the gas constant, M is the water molar mass and T and RH
are the temperature and relative humidity of the drying air.

Initial conditions The sample is initially at rest (σ′ = 0 [MPa]), saturated and at room
temperature :

Degree of Freedom Values Units
pw,ini 100 [kPa]
pg,ini 100 [kPa]
Tini 17 [◦ C]

Table 5.3: Initial conditions

5.7.4 Numerical results
In this section, the results obtained for the different simulations performed on Boom clay are
presented. In order to highlight the influence of each mechanism, simulations are performed
with increasing coupling and complexity from a simple pure hydraulic model to a thermo-
hydro-mechanical model.

5.7.4.1 Hydraulic simulation

The objective of the following numerical simulation is, in a first approach, to analyse if a simple
hydraulic model allows to reproduce the drying kinetics observed experimentally in Boom
clay. The hydraulic parameters used are presented in Table 5.4 as well as the van Genuchten
formulation for saturation degree and relative permeability. As a reminder, the van Genuchten
formulation writes :

Sr,w = Sres + (Ssat − Sres)(1 + ( s

αvG
)
nvG

)
−mvG

(5.16)

krel,w =
√
Sr,w(1− (1− Sr,w

1
mvG )

mvG
)
2

(5.17)

where nvG, mvG are model parameters. αvG is a parameter related to the air entry pressure,
Sres is the water residual saturation, Ssat is the water maximal saturation and s is the suction.
In this case, if the relative water permeability, krel,w becomes lower than the minimum ac-
ceptable relative permeability, kr,min, then krel,w = kr,min. This parameter is necessary to avoid
permeability too low leading to very weak water flows and to numerical convergence problems.
The values of the water permeability are not directly extracted from Table 5.2 which presented
a literature review of Boom clay properties but are in accordance with the range suggested. The
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Parameters Values Units
Hydraulic parameters

ksat,� 6.10−19 [m2]
ksat,⊥ 3.10−19 [m2]
n 0.39 [−]
τ 0.1 [−]

van Genuchten parameters
αvG 12.5 [MPa]
nvG 1.7 [−]
Ssat 1 [−]
Sres 0.01 [−]
kr,min 10−7 [-]

Table 5.4: Hydraulic model parameters

Figure 5.34: Experimental data and van Genuchten model fitting

parameters of the van Genuchten model are based on fitting of the model to our experimental
data as visible on Fig 5.34.
The mass and heat transfer coefficients, α and β, are calculated using the following expressions
:

q = α(ρv,surf − ρv,air) (5.18)

f = Lq − β(Tair − Tsurf ) (5.19)

where q is the drying rate during the CRP, ρv,air is vapor density of the drying air, ρv,surf is
the vapor density at the surface of the sample, Tair is the temperature of the drying air, Tsurf
is the temperature at the surface of the sample and L is the water evaporation latent heat (2500
kJ/kg). Since we know, from the experiments, the drying rate during the CRP and that all
the other parameters are known since we impose the boundary conditions, α and β can be
determined. The following values are obtained for the sample considered (Table 8.9)
Using these parameters and the presented hydraulic model, the following results are obtained
(see Fig. 5.35).
The first observation that can be made based on Fig. 5.35 is that the drying kinetics do not
correspond to the experimental results. Is it because of the parameters chosen or because of
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Parameters Values Units
α 0.048 [m/s]
β 53 [W/m2/K]

Table 5.5: Transfer coefficient for the considered sample
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Figure 5.35: Comparison of experimental and numerical Krisher’s curve for sample 5-1 using
a hydraulic model only

the physics involved (i.e. do we make too big of an assumption by neglecting the thermal and
mechanical aspects of the problem)? To answer that question, we need to add more coupling
and see if they improve the overall concordance.
As can be seen in Table 5.4, one of the parameters defined is the minimal value of the relative
permeability, kr,min. As it was just explained, this parameter is used to avoid convergence
problems but if the value chosen is too important, it will lead to artificially important water
flows and thus to higher drying rate during the CRP. To choose an appropriate value of kr,min,
a sensitivity study was conducted which results can be seen in Fig. 5.36.
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Figure 5.36: Krischer curves for the different minimal relative permeability considered

The drying rate for kr,min = 10−3 is "forced" to remain higher than it should by a permeability
artificially too important. The three other curves are perfectly superimposed. To be sure that the
value chosen will not pose any problem but will allow for good enough numerical convergence,
a value of kr,min = 10−7 was chosen.
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5.7.4.2 Hydro-mechanical simulation

The objective of this simulation is to determine whether adding the mechanical aspect of the
problem improves the fitting of the drying kinetics. The mechanical law used is a linear or-
thotropic elastic one (presented in section 5.7.2) and the parameters are given in Table 5.6.

References Parameters Values Units

Dizier (2011)

E� 350 [MPa]
E⊥ 175 [MPa]
Ez 300 [MPa]
ν�,⊥ 0.125 [−]
ν�,z 0.0625 [−]
ν⊥,z 0.0625 [−]
G⊥,� 140 [MPa]
G⊥,z 140 [MPa]

Table 5.6: Linear elasticity mechanical law parameters

A ratio E�
E⊥

= 2 is used which is consistant with studies on the transverse anisotropy of over-
consolidated clay (Garnier (1973); Gatmiri (1989)) and this range of value was already used
for Boom clay in the work of Dizier (2011). The value used for Ez is different even though it is
also in a direction parallel to the bedding plane because the observed axial shrinkage is higher
then the shrinkage parallel to the bedding plane (see Fig. 5.29).
The following results are obtained (cf. Fig. 5.37)
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Figure 5.37: Comparison of experimental and numerical Krisher’s curve for sample 5-1 using
a hydro-mechanical model

It can be observed that the drying rate is already closer to the experimental data even though
the results is not satisfying yet. Indeed, by neglecting the mechanical aspect of the problem,
we do not consider the influence of shrinkage in the drying surface. From Eq. 5.1, it can be
deduced that when the drying surface decreases due to shrinkage - ceteris paribus - the drying
rate increases. In this case, this leads to a drying rate decreasing more slowly which is closer
to the experimental behavior. The initial drying rate is still too important though. The results
in terms of shrinkage are also presented since the mechanical aspect is included. The results
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are presented as the variation of a chosen cross section (1 mm under the drying surface). It can
be seen (Fig. 5.38) that the numerical simulation leads to a final surface much smaller than the
experimental one and thus the samples shrinks too much. Also, the numerical shrinkage rate

0 5 10 15 20
100

110

120

130

140

150

Time [h]

S
ur

fa
ce

 [m
m

²]

 

 

HM simulations
5−1

Figure 5.38: Comparison of experimental and numerical surface with time for sample 5-1 using
a hydro-mechanical model

does not decrease enough with time. The numerical results are obtained with a constant elastic
modulus and leads to too much shrinkage. This indicates that there is a change in material
behavior during drying that is not only controlled by the drying rate (i.e. the material stiffens
while drying explaining a more important decrease in shrinkage rate compared to our numerical
simulation with a constant elastic modulus).

5.7.4.3 Thermo-hydro-mechanical simulation

The previous simulation improved the concordance but the results are not satisfying yet. To em-
phasize the influence of the thermal part of the problem, a thermo-hydro-mechanical simulation
is performed. The parameters of the thermal law are given in Table 5.7 :
The drying kinetics is now much closer to the experiments (see Fig. 5.39). Since our drying
experiments are conducted at low temperature (25 ◦C ) one could have thought that tempera-
ture would play a minor role in the problem. However, the fact that the temperature is fixed
artificially imposes a higher drying rate during the CRP because of equation 3.25. Indeed, the
term Tsurf −Tair is a constant and f is null. Since the temperature at the surface is not decreas-
ing toward the wet bulb temperature, it means that it allows for more heat to be used for the
evaporation of water, leading to higher drying rate. As clearly shown on Fig. 5.40, the thermal
aspect of the problem has very little effect on the shrinkage. This is logical since the temper-
ature gradient is low, leading to low thermal expansion. We can now conclude that adding the
mechanical and thermal aspect of the problem allowed us to reproduce the drying kinetics of
Boom clay but something is still missing in the model to be able to accurately reproduce the
shrinkage.

5.7.4.4 Non-linear elasticity

The shrinkage numerically obtained is far too important. The most direct way to solve this
problem is to increase the elastic moduli of the material. To achieve the correct final shrinkage
as can be seen in Fig. 5.41, E�,ref = 700[MPa] and E⊥,ref350[MPa] are required.
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References Parameters Values Units
ρw 1000 [kg/m3]
cp,w 4185 [J/kg/K]
Γw 0.6 [W/m/K]
αw 7.10−6 [1/K]
ρa 1.2 [kg/m3]
cp,a 1004 [J/kg/K]
Γa 0.025 [W/m/K]
ρv 0.59 [kg/m3]
cp,v 1864 [J/kg/K]
Γv 0.02 [W/m/K]

Bernier et al. (2007) ρs 2670 [kg/m3]
Wouters and Vandenberghe (1994) cp,s 1400 [J/kg/K]

SCK-CEN (1997) Γs 1.69 [W/m/K]
SCK-CEN (1997) αs 10−5 [1/K]

Table 5.7: Thermal model parameters
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Figure 5.39: Comparison of experimental and numerical Krisher’s curve for sample 5-1 using
a thermo-hydro-mechanical model

It can be observed that even though the final surface is very close to the experimental data,
intermediate values are not correct and the shrinkage rate is thus too slow (i.e. at the beginning
of the drying experiment, the surface decreases faster experimentally than numerically). This
means that the initial moduli are too important. Nonetheless, lower elastic moduli do not re-
produced the final surface properly and lead to too much shrinkage. This comforts the earlier
analysis that Boom clay stiffens during drying leading to an increase in elastic moduli. To take
this feature into account, a non linear elasticity law is used.We suggest to use a non linear elas-
ticity law with a dependence of Young’s modulus on the stress state (based on the formulation
of Modaressi and Laloui (1997)) :

Ei = E0,i + Eref,i(
p′

pref
)b (5.20)
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Figure 5.40: Comparison of experimental and numerical surface with time for sample 5-1 using
a thermo-hydro-mechanical model
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Figure 5.41: Comparison of the numerical and experimental shrinkage for elastic moduli of
E� = 700[MPa] and E⊥350[MPa]

where Eref is the Young modulus at the reference mean effective stress, pref , and b is a model
parameter. E0,i is used to avoid null Young’s modulus when the effective stress state vanishes.
The dependence on the stress state means, through the use of Bishop’s effective stress, that
the moduli are dependent on the suction thus on the water content. The parameters of the non
linear elasticity law are given in Table 5.8

Parameters Values Units
E�,ref 350 [MPa]
E⊥,ref 175 [MPa]
Ez,ref 300 [MPa]
E0,i

Ei,ref
5 [MPa]

b 0.8 [−]

Table 5.8: Non Linear elasticity mechanical law parameters
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The parameters of this non linear law are based on retrofitting but are found to be in good
accordance with the work of François (2008) using a similar non-linear elastic law on Boom
clay.
Adding this element to the previously used model, we perform a final simulation which is used
to obtain as close a fit as possible to all the experimental data available. In the final validation
simulation, the imposition of the boundary condition has been progressively applied over 1000
seconds to account for the time needed for the air in the boundary layer around the top of the
sample to reach the desired drying temperature and relative humidity. This has been done by
imposing a linear variation of the temperature and water pressure at the environmental node of
the boundary element (see section ??) from the ambient to the drying conditions.

Drying kinetics Fig. 5.42, Fig. 5.43, and Fig. 5.44, which present mass loss, drying rate,
and Krisher’s curve, all show a good fit with the experimental results, confirming the ability of
the suggested model to represent the drying behavior of this unsaturated porous material.
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Figure 5.42: Comparison of experimental and numerical mass loss for sample 5-1
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Figure 5.43: Comparison of experimental and numerical drying rate evolution with time for
sample 5-1
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Figure 5.44: Comparison of experimental and numerical Krisher’s curve for sample 5-1

We can see that staggering the imposition of the boundary condition suppresses the initial
"peak" that was visible in Fig.5.39 leading to a very close fit of the experimental results.

Temperature Since the temperature of the sample was not recorded during the drying test,
validation of the numerical results is not possible. They are however presented in Fig. 5.45. The
temperature decreases from its initial value of 17°C (temperature of the room) to a minimum
around 8°C. This is logical since the drying air temperature (25°C) is not very high and there-
fore cannot provide sufficient heat to enable the evaporation on its own. Heat from the porous
medium is used and the temperature of the sample decreases until it reaches the temperature of
the wet bulb. No constant temperature period is observed since we have no CRP. As already
explained, the temperature remains at a constant value equal to the wet bulb temperature if and
only if there is a CRP. When the drying rate decreases, the evaporation process is less intense
and the heat supply is more than the quantity needed for the evaporation, so the temperature of
the sample increases until it reaches the temperature of the drying air.
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Figure 5.45: Numerical variation of the temperature with time at the drying surface
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Shrinkage Fig. 5.46 shows the variation of a chosen cross section (1mm under the drying
surface) of the sample with time. Non linear elasticity allows to reproduce the material stiff-
ening and lead to a good fit of the experimental results. Fig. 5.47 shows the evolution of the
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Figure 5.46: Comparison of experimental and numerical surface with time

radii parallel and perpendicular to the bedding plane at different time steps. The results are
expressed as a ratio of the original radius to avoid surface effects linked to the original shape
of the sample (cf. Fig. 5.27 in section 5.6). As can be seen the fit is also good with errors never
exceeding 2%. The differences that can be seen around the top and the bottom of the sample
are caused by the non parallelism of the external surfaces but also by damages done to the sam-
ples while preparing them. This means that the extremities of the sample are very uneven and
measurements inconsistent. Volume is not as accurately estimated because of the accumulated
error on the different sections along the sample height. Nonetheless, the numerical results are
still close to the experimental value with errors inferior to 2% as visible on Fig. 5.48. Fig. 5.49
shows the final shrinkage in all the principal directions, averaged over the tested samples. We
note that the simulated shrinkage is very close to the experiments, in all directions. This was
made possible using an orthotropic mechanical law.

5.8 Sensitivity study

A few parameters have already been studied such as the minimal value of the relative perme-
ability or the mesh density. For the former, no value was available in the literature and for the
latter it is a modeling choice. To choose their value carefully and with hindsight, sensitivity
studies were conducted. But there are other parameters which values are well documented
that have a great influence on the numerical behavior. To get a better understanding of their
influence, sensitivity studies have been performed on those parameters also. First, the influ-
ence of water permeability is analyzed to show when internal transfers govern or not the drying
process. Then, the influence of water retention and water permeability curves is investigated.
Finally, the influence of Young’s modulus is studied.
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Figure 5.47: Evolution of the radii for sample 5-1 at different times
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Figure 5.48: Comparison of experimental and numerical volume evolution with time
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Figure 5.49: Comparison between numerical and experimental shrinkage values for all the
samples tested

5.8.1 Permeability

The permeability of the porous medium is a key parameter controlling the drying kinetics. In-
deed, if the permeability is important enough, the water will easily reach the surface and the
drying rate will be governed by the capacity of the drying air to evaporate the water at the sur-
face of the porous medium. On the contrary, if the permeability is very low, the drying rate will
quickly drop after the evaporation of the water at or very near the surface because of the time
the rest of the water will need to reach that evaporating surface. Using the notion of connection
layer Lehmann et al. (2008) introduced in section 5.6, several values of permeability are chosen
to perform this sensitivity study. Knowing the maximum drying rate and the capillary hydraulic
head in equation 3.21, it is possible to determine the water permeability of the medium to get
a chosen connection layer length. We decided to use critical lengths equal to 10000 times, 10
times, 1 time and 1 tenth of the sample length. It gives respectively intrinsic permeability of
8.10−15 [m2], 8.10−18 [m2], 8.10−19 [m2] and 8.10−20 [m2].
Fig. 5.50 shows the different drying rates obtained with the different intrinsic permeability
chosen. For ksat,� = 8.10−15 [m2], a long CRP is observable which is linked to the fact that the
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Figure 5.50: Sensitivity to the water permeability of the porous medium

permeability has to decrease a lot before the critical length becomes smaller than the sample
size and the CRP ends since the critical length is much higher than the sample length. For the
ksat,� = 8.10−18 [m2] curve or ksat,� = 8.10−19 [m2], the CRP is limited as explained in section
5.6. Finally, the ksat,� = 8.10−20 [m2] curve presents no CRP at all since the critical length is
initially smaller than the sample size and no CRP is thus possible. That kind of behavior can be
observed experimentally with material presenting very different permeabilities as seen in Fig.
5.51.
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Figure 5.51: Experimental drying rate for silty material and for clayey material Gerard (2011)

The following simulations are based on an intrinsic permeability of ksat,� = 8.10−15 [m2]. This
value was chosen since it allows for a well defined CRP which is useful to more clearly exhibit
the effects of other parameters.

5.8.2 Retention curve
Fig. 5.52(a) shows the drying kinetics for different water retention curves. They differ by
the value of the αvG parameter in van Genuchten’s formulation (Eq.8.4), which is directly
correlated to the air entry pressure. When αvG is high, the porous medium remains saturated
for higher suction values. The drying rate is therefore lower since very little water is allowed
to leave the medium before the suction reaches high values. Then the drying rate decreases
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slowly due to the quantity of water still to be evaporated and the permeability still being quite
high. On the other hand, when αvG is low, the water inside the porous medium becomes quickly
available leading to a higher drying rate but steeper decrease due to the low quantity of water
left.
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Figure 5.52: Sensitivity to the water retention curve chosen

5.8.3 Young’s modulus
Young’s modulus mostly affects the shrinkage of the drying surface. The lower the modulus,
the more shrinkage there is and thus the smaller the drying surface. This leads to a higher
drying rate (Fig. 5.53) since the surface term is smaller in Eq. 5.1. The second effect of a
low modulus is that the deformation of the porous medium follows exactly the mass loss so
that the sample remains saturated for much higher suction values. This leads to higher relative
permeability and thus higher drying rates.
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Figure 5.53: Sensitivity to the Young modulus

5.9 Influence of desiccation cracking on the drying kinetics
The strongest hypothesis made throughout our work on Boom clay is that we can study the
drying behavior irrespective of the cracking that occurs during a drying experiment. This hy-
pothesis is obviously a bit too strong since cracking will create preferential flow path and must
thus have an effect on the drying kinetics. Implementing a cracking mechanism is one of the
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main goal of this work but quantifying the influence of cracks formation on the permeability is
not an easy task. It depends on crack opening, roughness, etc.
Here, we have performed a few "worst case scenario" simulations by considering fully opened
cracks (i.e. crack starting at the top of the sample and reaching the bottom) from the onset of
the drying experiments. During our experimental campaign the maximum percentage of any
section to be cracked was 4% as can be seen in Fig.5.54.
We also noticed that, of the 12 samples tested, 7 of them only presents one open (sometimes
partially) crack, 2 of them had 2 opened cracks and 2 had 3 opened cracks. Some examples are
provided at Fig. 5.54.

Figure 5.54: Examples of samples with 1 (left), 2 (middle) and 3 (right) cracks

Based on those experimental data we decided to work with two different mesh : one with a
single crack (see Fig. 5.55 on the left) and a second one with 3 cracks (Fig. 5.55 on the right).

Figure 5.55: Meshes with 1 crack (left) and with 3 cracks (right)

The total surface of the cracks is equivalent to 4% of the total surface. The cracked zone is
considered to have a permeability three order of magnitude higher than the undisturbed material
which is again a worst case scenario hypothesis. Indeed, cracked zones in clayey material
usually see an increase of permeability of one or two order of magnitude maximum (). By
making all these negative assumptions, we are making sure that if little to no difference can be
observed then cracks influence can reliably be neglected when studying the drying kinetics of
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Boom clay. The Krischer curves obtained for these simulations are compared with a our final
simulation with no cracks (cf. Fig. 5.56).
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Figure 5.56: Influence of the pre-opened cracks on the drying rate of Boom clay samples

The simulation with a single crack presents very little difference to the reference simulation.
This is due to the permeability perpendicular to the bedding (and thus cracks) plane : it takes
so much time for the water to reach that preferential permeability zone that the dominant water
transfer in most of the sample remains vertical water flows. In the case of 3 cracks, a bigger
difference exists. The reason is the same as the one stated before: by considering 3 cracks, we
have reduced the distance that water has to travel to reach the preferential flow path, increasing
their effect on the overall behavior. Nonetheless, the difference is not very significant despite
very strong hypothesis. This leads us to be quite confident in the validity of our first hypothesis
: neglecting the effect of cracking of the drying kinetics is acceptable for the study of Boom
clay.

5.10 Conclusion
All the notions required to study and try to numerically reproduce the drying behavior of mate-
rials have been presented in previous chapters. This chapter starts by introducing the material
studied and the reason its drying behavior is of interest. In particular, the nuclear waste disposal
problem is addressed. In this framework, Boom clay is studied as a potential host material. Its
geological properties as well as its mineralogical composition are briefly introduced. A liter-
ature review of Boom clay geotechnical properties is also presented. Then, the experimental
campaign carried to study the mass and heat transfer mechanisms during the convective drying
of Boom clay is presented with emphasis on the data acquisition and post-treatment. Twelve
samples were tested with different sample heights being considered to investigate scale effect.
The experimental results are presented in terms of drying kinetics as well as in terms of shrink-
age. It was concluded that no significant scale effect could be observed in the range of sample
height tested. The experimental campaign also provided an important amount of exploitable
data for numerical validation. Coincidentally, the goal of this section is to be able to numeri-
cally reproduce the observed behavior. To do so, a numerical model is used. It has been detailed
in chapter 2 but a summary of the governing equations - adapted to this context - is presented
as well as the mechanical law used to account for the stress-strain relationship. The mesh,
initial and boundary conditions of the problems are also detailed. Using the aforementioned
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material, simulation are performed with increasing degree of complexity until the experimental
behavior is accurately reproduced. Each addition to the model complexity has brought signifi-
cant change in behavior emphasizing the importance of taking into account all the coupling to
properly simulate the drying behavior of Boom clay. Then a sensitivity study to a few "key"
parameters in conducted to better understand their influence on the whole process. Finally, the
influence of cracking - a process neglected in our study of the drying kinetics of Boom clay - is
studied to determine if the initial hypothesis is acceptable. Following this sensitivity analysis,
we are comfortable in saying that the influence of cracking can be neglected when considering
the drying behavior of Boom clay under the specified drying conditions.
All the chapters up until lead to the simulations performed in this chapter. Those simulation
proved the ability of the exposed model to accurately simulate the drying behavior of a porous
material. Now, that this milestone has been cleared the next objective is to be able to predict
desiccation crack genesis. To do so, the first step is to understand the mechanisms at play behind
desiccation cracking. The next chapter will be devoted to a literature review of the desiccation
cracking phenomenon with an emphasis on the state of the art in terms of modeling.
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Chapter 6

Desiccation cracking
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6.1 Introduction
Desiccation cracking is a consequence of tensile failure but it occurs at an apparent absence
of external tensile forces (Hueckel et al. (2014)). The tensile stresses are the consequence
of internal kinematic incompatibilities or boundary conditions preventing free shrinkage. The
former creates self- equilibrating tensile stresses and the latter generates tensile reaction forces
at the level of the boundary condition. These stresses may concentrate in the vicinity of a
pre-existing flaw (most commonly a micro-crack but a study by Hueckel et al. (2014) suggests
that an air entry "finger" could also be a starting point for crack propagation). In the previous
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chapters, the drying phenomenon and its most direct mechanical consequence - shrinkage -
were thoroughly studied but the desiccation cracking that may result from said shrinkage has
been neglected up until now. The end goal of this work is to be able to numerically predict
cracking onset, therefore a good understanding of the cracking mechanism is required. This
chapter starts with the definition of a crack as well as the distinction of the different opening
modes. Then, mode I crack - the mechanism involved in desiccation cracking (Péron (2008))
- is detailed from a microscopic and macroscopic point of view. The notion of material tensile
strength is introduced and the different experimental methods available to determine it are
presented. Finally, a review of the desiccation cracking criteria found in the literature concludes
this chapter.

6.2 Definition

A fracture is the separation of a material into two or more parts under the action of stresses.
From a macroscopic continuum mechanics point of view, it is a discontinuity characterized by
two faces and a front (cf Fig. 6.1).

Crack tip

Crack faces

Figure 6.1: Cracked body (after Gross and Seelig (2017))

It most often appears due to displacement discontinuity within the solid. The reasons for these
discontinuities are varied but most often depend on microscopic properties of the material.
Concerning the formation of a crack, there exist three types of opening modes which are shown
in Fig. 6.2. Mode I denotes a symmetric crack opening with respect to the x-z plane. Mode II is
characterized by an antisymmetric separation of the crack surfaces due to relative displacements
in the x direction (normal to the crack front). Finally, mode III describes a separation due
to relative displacements in the z direction (tangential to the crack front (Gross and Seelig
(2017))).

6.3 Mode I cracking

Experimental evidence (Konrad and Ayad (1997); Péron (2008); Morris et al. (1992)) clearly
shows that desiccation cracking mainly occurs in mode I (i.e. opening mode). This means that
cracking is the result of soil tensile strength mobilization. In the following section, we look
into the mode I opening mechanism from a microscopic and then macroscopic point of view.
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Figure 6.2: Crack opening modes (after Gross and Seelig (2017))

6.3.1 Microscopic aspects
At the microscopic level, a fracture is the consequence of the breakage of the bonds between
components (atom, molecules, etc.). The bonding force between two components can be de-
rived from an interaction potential, φ. A typical expression for this potential (for atoms) is the
Lennard-Jones potential (Jones (1924a) Jones (1924b)):

φ = −A
r6 + B

r12 (6.1)

where the first term accounts for the attractive van der Waals forces and the second term for the
short range repulsive forces. The bounding force is thus obtained as :

F = −∂φ
∂r

= −A
r7 + B

r13 (6.2)

but it can be generalized for other particles as (cf. Fig. ?? on the left) :

F = − A

rm
+ B

rn
(6.3)

where A, B, m(<n) and n are constants which depend on the type of bonds. Based on this for-
mulation, let us try to determine the expression of the theoretical tensile strength of a material.
To do that, we consider the simplified case of the separation, in tensile regime, of two atom
lattice planes in a crystalline structure. For the separation stress, σ, we assume a dependence
on the separation displacement, x, similar to the bonding force (cf. Fig. 6.3 in the middle).
The expression of the separation stress can be approached by :

σ = σcsin(πx
a

) (6.4)

where σc is the theoritical tensile strength of the material. For a small displacement from the
equilibrium position, d0, this expression can be linearized :

σ ≈ σcπ
x

a
(6.5)

And if the material is considered as linear elastic, the separation stress can be written using
Hooke’s law :

σ = Eε = E
(d0 + x)− d0

d0
= E

x

d0
(6.6)

109



Figure 6.3: Theoritical strength (after Gross and Seelig (2017))

Equaling Eq. 6.5 and Eq. 6.6 yields :

σc = Ea

πd0
(6.7)

Assuming that the bond between particles is completely broken for a distance a = d0, then :

σc = E

π
(6.8)

And this is the expression of theoretical strength of the material.

As a consequence of separation, changes occur in the immediate neighborhood of the newly
created surface. If this dissipative process is neglected and the material is, from the macroscopic
point of view, considered as a continuum, the work of bonding forces is transferred into surface
energy of the body (i.e., the energy stored at the body’s surface). We can now determine that
surface energy, γ0. Since two new surfaces are created during separation we have :

2γ0 =
� ∞

0
σ dx ≈

� a

0
σcsin(πx

a
) dx = σc

2a
π

(6.9)

Inserting Eq. 6.8 in Eq. 6.9 it comes :

γ0 = Ea

π2 = Ed0

π2 (6.10)

The real value of the theoretical strength of a material would however be significantly lower
than the value calculated using Eq. 6.8 because of microstructural properties such as inhome-
geneities or defects (Gross and Seelig (2017)). In amorph material such inhomegeneities can
come from grains orientation leading to anisotropic behavior or grain density leading to non-
homogeneous strength. Defects are most usually foreign particles (inclusion with very different
properties) or microvoids.

6.3.2 Macroscopic aspects
At the macroscopic level, mode I failure requires the definition of a tensile strength criterion. ?
noticed that polished surfaces and materials with smaller sized cracks have enhanced strength
against rupture as opposed to materials with scratched surfaces and larger sized cracks. These
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observations were not satisfactorily explained by the existing hypotheses of rupture in materi-
als. ? thus introduced his alternate criterion, which is solely based on energy minimization :

"According to the well-known “theorem of minimum energy,” the equilibrium state of an elas-
tic body, deformed by specified surface forces, is such that the potential energy of the whole
system is a minimum. The new criterion of rupture is obtained by adding to this theorem the
statement that the equilibrium position, if equilibrium is possible, must be one in which rupture
of the solid has occurred, if the system can pass from the unbroken to the broken condition by
a process involving a continuous decrease in potential energy."

Thus, Griffith’s criterion is nothing but a necessary, thermodynamic criterion. In other words,
if the elastic energy due to the presence of a crack can be relieved by opening the crack up,
the system will do so — provided the cost paid to open it up (in terms of the creation of newer
surfaces, cf. γ0 in section 6.3.1) is more than compensated by the elastic energy gain.
Later Griffith (1924) considered the numerous pre-existing micro-cracks in the materials and
suggested that the reason these small cracks lowered the overall strength of a material was
because when a load is applied, these cracks induce stress concentrations. His failure criterion
provides a fundamental starting point for any fracture problem. The criterion takes into account
the potential flaws of a given volume of material and these flaws are considered to be randomly
distributed inside the given volume. When the sample is loaded, these flaws lead to stress
concentration near the flaws extremities. According to the orientation of these flaws and the
type of loading, failure can occur by the propagation of a crack starting from one of these flaws
when the concentration of stress reaches a critical value in the considered zone. Using linear
elasticity, it is possible to analytically determine the stress field around a cavity of a given shape.
Griffith (1924) considered a two dimensional case and studied the variation of the tangential
stress component in the surface of a flat elliptical cavity with a semi major axis ι, submitted
to a two-dimensional loading (total stresses σ1 and σ3 ) at infinity. He assumed that this sharp
elliptical cavity represented a pre-existing microcrack. Griffith determined the orientation of
the stresses ( σ1, σ3) that maximizes the tangential stress component in the surface of the cavity
and the possible values of these maxima, denoted σt,max. The calculation led to the definition
of two cases.

First case
σ1 + 3σ3 ≤ 0 (6.11)

where σ3 is negative (tension) and normal to the plane of the flaw. The greatest tensile stress at
the flaw surface, σt,max, occurs at the micro-cracks tip, and has the following value:

σt,max = −2σ3

ε0
(6.12)

where ε0 is given by :

ε0 = cosh−1
(
ι

ω

)
(6.13)

where ι is the semi major axis and ω is the linear eccentricity of the flat elliptical cavity. The
critical flaw is perpendicular to the direction of the maximal tensile stress applied to the sample
σ3. According to Griffith, the ratio of σ3 to σt,max is thus independent of the material elastic
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constant (Inglis 1913, Griffith 1924). Finally, the macroscopic failure criterion is given by the
simple relationship :

σ3 = −σt σ1 ≤ −3σ3 (6.14)

where σt is defined as the macroscopic tensile strength. This is the first segment of the Griffith
criterion in Fig. 6.4.
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Figure 6.4: Griffith criterion

Second case
σ1 + 3σ3 > 0 (6.15)

Griffith showed that the maximum tensile stress at the surface of the cavity is then given for a
flaw that is inclined relative to the direction of the principal stress. This lead to the following
expression of the criterion :

(σ1 − σ3)2 = −8σt(σ1 + σ3) (6.16)

The criterion then has a parabolic shape in the principal stress plane (cf. Fig. 6.4). This last
part of the criterion is not suitable for soils. In such a stress state, failure in soils occurs through
shearing and another criterion is required (for example Mohr-Coulomb or Drucker Prager).

6.4 Tensile Strength measurements

In the previous section, we introduced the notion of tensile strength, σt, that is used to de-
fine tensile failure criterion. The different methods available to experimentally measure that
strength are presented hereafter.
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6.4.1 Indirect tension test

Contrary to more homogeneous and coherent materials, rocks and soils are difficult to test in
tension. Indeed, it is very complicated to perform uniaxial tension test because of the inherent
problem of holding a non cemented material or, in the case of rocks, because of the difficulty of
shaping the sample in a "bone" shape like would usually be done to avoid boundary conditions
effect on the test results. To circumvent those problems, indirect tension test were developed.
The principle behind indirect tension tests consists in applying a compressive stress or bending
moment to a sample with a chosen geometry to induce tensile stresses leading to mode I failure
in a predetermined plane. The indirect methods all suffer from a major shortcoming which
is that they are relying on the hypothesis that the material follows a linear elastic behavior.
Without this hypothesis, it is not possible to determine the stress field in the sample and thus to
determine the tensile strength of the material.

6.4.1.1 Brazilian test

The so called Brazilian test was developed in 1943 by the Brazilian engineer Fernando Carneiro
for concrete tensile strength measurements. The principle of the test is to place a cylindrical
specimen horizontally between two plates so that the load is applied directly along the vertical
diameter of the sample (cf. Fig. 6.5). As the plates used to apply the load are very rigid,
the load can be considered to be applied punctually. The load is continuously increased at a

Figure 6.5: Brazilian test apparatus (Deichmann Rock Mechanics Laboratory)

constant rate until failure. Note that it can also be controlled in displacement rather than load.
Due to its simplicity and efficiency, it is one of the most common laboratory tests to measure
tensile strength. An analytical solution of the stress field in the sample can be found in Jaeger
et al. (2009). The stresses along the vertical axis (y axis in Fig. 6.6) are given by :
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(2009)) and typical stress distribution along the vertical axis
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And the stresses along the horizontal axis, perpendicular to the load, are given by :

σhxx = −2p
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σhyy = −2p
πL


(

1−
(
r
R

)2
)
sin 2θ0

1 + 2
(
r
R

)2
cos 2θ0 +

(
r
R

)4 + arctan


(

1 +
(
r
R

)2
)

(
1−

(
r
R

)2
)

 (6.20)

where r is the distance from the center, R is the radius of the cylinder and p is the radial stress
applied at the surface of the cylinder over a portion comprised between ±θ0 (cf. Fig. 6.6). L
is the length of the cylindrical sample. If we consider the stress to be applied punctually (θ0 is
small) then the Eq. 6.17 to Eq. 6.20 can be simplified to (Jaeger et al. (2009)) :

σvxx = −P
πRL

σvyy =
P (3 + ( r

R
)2)

πRL(1− ( r
R

)2) (6.21)

σhxx = −P
πR

P (1− ( r
R

)2)
πRL(1 + ( r

R
)2) σhyy =

P (3− 2( r
R

)2)
πRL(1 + ( r

R
)2) (6.22)

These stresses are principal stresses because of the sample symmetry. As the cylinder is in a
state of plane stress , the third principal stress, σvzz, is equal to zero. The largest and smallest
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Figure 6.7: Bending of a prismatic beam : cross section (left) and deformed configuration
(right) (after Jaeger et al. (2009))

principal stresses are found along the vertical axis (σvxx and σvyy). The minimum principal stress,
σvxx, is uniform and in tension along the axis. At the center of the cylinder (r = 0), it comes :

σvxx = −P
πRL

σvyy = 3P
πRL

(6.23)

And the stress state at the center of the cylinder thus respects :

σvyy + 3σvxx = 0 (6.24)

which is directly on the tensile part of Griffith’s criterion. This means that when a sample is
compressed in a Brazilian test, failure occurs in mode I in or close to the loaded diametrical
plane and starting at the center of the sample. Failure happens for a certain value of the applied
load, P resulting in the tensile stress, σyxx = −P

πRL
. The tensile strength of the material is thus

determined to be :

σt = P

πRL
(6.25)

The main problem of this test (in supplement to the problems recurrent to all indirect tension
tests) is that it creates a strongly non homogeneous stress field with stresses tending toward
infinity near the application points of the external forces (cf. Fig. 6.6 on the right).

6.4.1.2 Bending tests

Bending tests are used to measure Young modulus and tensile strength (Coviello et al. (2005)).
Bending produces regions of tensile stresses (near the bottom side of the sample) and compres-
sive stresses (near the upper side). Let us consider an idealized configuration to see how we can
use such a testing method to determine the tensile strength of materials. Consider a rectangular
beam of width, b, height, h, and length L (cf Fig. 6.7) which is submitted to a bending moment
M about the x axis. According to the Euler-Bernoulli theory, each planar section in a x-y plane
remains plane after deformation. This forces lines which were straight to form curves. The
neutral axis of the beam (y = 0) does not change length so that |OO′| = L and the curvature

115



radius of the beam is thus given by R = L/θ. The upper fiber, y < 0, is now in compression
because the deformed length |BB′| is now equal to (R− h/2)θ which leads to :

εzz = (R− h/2)θ − L
L

= (R− h/2)θ −Rθ
Rθ

= −h2R (6.26)

which is in compression. The lower fiber, on the other hand, is in tension with strain equal to :

εzz = h

2R (6.27)

For a given height in the cross section, the strain is actually :

εzz = y

R
(6.28)

and thus the longitudinal stress is given by :

σzz = yE

R
(6.29)

The bending moment can be calculated as :

M =
� h/2

−h/2

� b/2

−b/2
σzzydxdy = bh3E

12R = EI

R
(6.30)

where, I , is the moment of inertia of the section. This is a well known mechanics result. From
it, it is possible to determine the elastic modulus of the material. Indeed, the bending moment
applied is known and the curvature of the deformed beam can be measured. The maximum
tensile stress possible on the lower fiber is given by :

σzz = hE

2R = Mh

2I (6.31)

And knowing the applied bending moment when tensile failure occurs is thus sufficient to
determine the tensile strength. This demonstration was done on a simplified case where the
applied bending moment is constant along the z axis which is difficult to reproduce in laboratory
tests. In practice, the following bending tests are commonly performed.

The three points bending A prismatic beam is place on two parallel supporting pins and is
loaded through a third pin placed at the center of the opposite side (cf Fig. 6.8). The load is
progressively increased until failure. In this configuration, the moment along the z axis is not
constant and is given by :

M = F

4 (l − z) ∀z ∈ [0;L/2] (6.32)

and the maximum tensile stress occurs at midpoint where the bending moment, M, is maximum
(cf. Fig. 6.9) and is given by :

σzz = Mmaxh

2I = FLh

8I (6.33)
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Figure 6.8: Three points bending apparatus (tests catalog (????))
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Figure 6.9: Three points loading and corresponding bending moment

Figure 6.10: Four points bending apparatus (tests catalog (????))
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Figure 6.11: Four points loading and corresponding bending moment

Four points bending The configuration is very similar to the three points bending test except
that the load is applied by two pins rather than one (cf. Fig. 6.10). This method was devel-
oped to counter the main flaw of the three points bending which is that the maximum bending
moment appears beneath the point of application of the load which is probably not exactly the
case experimentally. In the case of the four points bending test, the whole area in between
the two loading pins is at a constant (and maximum) bending moment (cf. Fig. 6.11). In this
configuration, the bending moment is given by :

M = F (L/2− a) ∀z ∈ [0, a] (6.34)
M = F (L/2− z) ∀z ∈ [a, L/2] (6.35)

with similar expressions for z < 0. The maximum tensile stress is :

σzz = Mmaxh

2I = F (L/2− a)h
2I (6.36)

6.4.1.3 Hollow cylinder method

This method, much less common than the previous ones, has been developped by Al-Hussaini
(1981) to measure soils tensile strength. The specimen is compacted into a hollow cylinder
mold. The sample produced (cf. Fig. 6.12) is then placed into two annular platens with
drainage ports (to be able to saturate the sample and alternatively to monitor pore pressure
changes) and covered from the inside and outside by two thin rubber membranes. It is then
placed within a pressure chamber (cf. Fig6.13). LVDT are placed on both inner and outer sides
of the sample to measure the radial deformations. Compressed air is used to provide a confining
pressure inside the chamber.
Next, the "ram" (cf. Fig. 6.13) is used to increase the air pressure in the inner volume of the
hollow cylinder until failure. Failure occurs suddenly and along the vertical axis (parallel to
the sample axis). In this test, orthoradial tensile stresses are calculated based on thick walled
tube formulae. The average value of the tensile stress at failure is assumed to be the tensile
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Figure 6.12: Hollow cylinder soil sample (Al-Hussaini (1981))
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Figure 6.13: Hollow cylinder test apparatus scheme
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Figure 6.14: Stress path followed during a uniaxial tension test

Figure 6.15: Direct tension retaining mold (Nahlawi et al. (2004))

strength of the sample even though the stress is not uniform in thick walled tubes. Another
feature of this test is that it allows to determine the elastic modulus using outer and inner radii
deformations measured by the LVDT. As for all indirect method, this one suffers from the
hypothesis of linear elastic behavior of the material to determine the tensile strength.

6.4.2 Direct tension test

Direct tension tests involve a sample being hold at one extremity and being pulled at the other.
This leads to an homogeneous tensile stress field throughout the sample and to a theoretically
known stress path visible in Fig. 6.14. For soils, tests can be performed either with a specifically
designed mold holding the soil (cf. Fig. 6.15) or by directly binding the sample to the tension
apparatus (cf. Fig. 6.16).

The first method is the most common and many examples can be found in the literature (Mikulitsch
and Gudehus (1995); Nahlawi et al. (2004)). The main problem of this method is that the ap-
paratus design most often involves some sort of grip to hold the soil in the mold. These grips
induce shear stresses at the interface soil-mold and that means that the part where the crack is
assumed to appear has to be free of any grip. Moreover, the tensile stress in the sample is most
probably different from the one imposed at the level of the mold because of poor boundary
condition control. Hence, the fact that this is not a very accurate method.

In the second method, a binder is required to make sure that the sample sticks to the tension
apparatus. It can be an epoxy resin (Farrell et al. (1967)) or any other strong adhesive. The
main problem with this test is its complexity. The literature contains many examples where the
soil did not bind correctly to the apparatus preventing the test (Nahlawi et al. (2004); Tang and
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Figure 6.16: View of failed sample stuck to the mould after the direct tension test (Tang and
Graham (2000))

Graham (2000)). It is also possible to experience imperfect binding. The binding is sufficient
for the sample to stick to the apparatus and the test can be performed but it is not strong enough
to insure good control over the boundary conditions (as is the case with the first method).
Moreover, even if the test is performed perfectly, the binding process can significantly disturb
the sample tested.

6.4.3 Other methods
6.4.3.1 Triaxial traction method

An original method to generate a generalized tensile stress state without a retaining system is
described by Bishop et al. (1969). This method uses a sample with a reduced center section
placed in a triaxial cell as visible in Fig. 6.17.
After consolidation, the axial stress is decreased while maintaining confining pressure constant.
In this configuration and because of the sample reduced section, tensile stresses develop in the
center section of the sample. The vertical effective stress in section E (cf. Fig. 6.17) is given
by:

σ′Ey = σcell −
TE
AE
− pw (6.37)

where AE is the sample top section, TE , is the tension applied to decrease the axial stress, σ′Ey
which is initially equal to the confinement pressure, σcell and pw is the pore water pressure. The
vertical effective stress σ′Cy at the centre section C (cf. Fig. 6.17) is:

σ′Cy = σcell −
TE
AC
− pw (6.38)

As TE is increased, σ′Ey and σ′Cy decrease. Because the cross section in C is smaller than in E,
the vertical stress decreases faster in section C and reaches tensile value before σ′Ey drops to
zero. When σ′Ey is effectively zero, the end cap will detach from the sample. The limiting value
of TE , given by the condition σ′Ey = 0 allows us to determine the value of the smallest possible
tensile stress in section C and thus the tensile strength of the material.

σ′C,miny = −(σcell − pw)(AE
AC
− 1) (6.39)
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Figure 6.17: Triaxial traction method apparatus : On the left, the Triaxial cell with reduced
centre section sample for traction tests and on the right the sample itselft (after Bishop et al.
(1969))
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Figure 6.18: Stress path followed during a triaxial traction test

The stress path followed can be seen in Fig. 6.18. The strength of this method is that it allows
to follow similar path to direct tension tests (i.e. decrease in minor effective stress at constant
major effective stress) while solving the inherent problems of clamping or binding the sample
to the experimental apparatus. Peron during his PhD thesis (Péron (2008)) performed tests
adapting this method to include suction control.

6.4.3.2 Triaxial deconsolidation method

This original method has been developed by Péron (2008) to determine the tensile stress of
Bioley silt using a conventional triaxial apparatus. The goal is to follow a decreasing mean
effective stress path at various deviatoric stress values. Those deviatoric stresses are obtained
by increasing or decreasing the axial stress while keeping the confinement pressure constant.
The stress path is achieved either by increasing pore water pressure or by decreasing confining
pressure until failure. The stress path followed are parallel to the hydrostatic axis (cf. Fig.
6.19) and each one (corresponding to a chosen starting deviatoric stress) gives a different point
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of the tensile strength criterion. The triaxial apparatus was chosen because it allows to control
(or measure) the values of stresses, strains and pore pressures (or suction) during the test.
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Figure 6.19: Stress paths followed during a triaxial deconsolidation test (after Péron (2008))

6.5 Review of constitutive models for desiccation cracking
In this section, a review of existing constitutive models that attempted to describe desiccation
cracking behavior of porous multiphasic material is presented (the cited models were developed
for the study of soils but can be extended to other porous material).

6.5.1 State surface concept
Morris et al. (1992) developed several one dimensional solutions for the depth of cracking in
soil column dried from its top surface. One of them is based on the state surface concept for
unsaturated soil behavior (Fredlund and Rahardjo (1993)). This concept has already been de-
scribed in chapter 2 but is recalled here. According to Fredlund and Rahardjo (1993), the num-
ber of independent variables is directly linked to the number of phases and so for a partially
saturated porous medium two are required. In particular, Fredlund and Morgenstern (1978)
demonstrated that any pair of σij = σtot,ij−pgδij (the net stress tensor), σ′ij = σtot,ij−pwδij(the
effective stress tensor) and suction s = pg − pw could be used to describe the behavior of un-
saturated soils. Morris et al. (1992) choose to use the net stress-suction couple of variables to
express the constitutive relations of their model. The model itself is linear elastic and applied
to unsaturated soils.

Morris et al. (1992) directly uses the following linear relationship (only principal components
are given): 

εx
εy
εz

 =


1
E
− ν
E
− ν
E

− ν
E

1
E
− ν
E

− ν
E
− ν
E

1
E



σx − pa
σy − pa
σz − pa

+


1
Hs

0 0
0 1

Hs
0

0 0 1
Hs



pa − pw
pa − pw
pa − pw

 (6.40)

where x is the horizontal direction perpendicular to the cracking plane, y is the horizontal di-
rection parallel to the cracking plane, z is the vertical direction. ν is Poisson’s coefficient. Hs

is a modulus of elasticity for the solid skeleton with respect to a change in suction. The elastic
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parameter E is with respect to a change in net stress. Hs does not depend on net stress and E
and ν do not depend on suction. The constitutive relationships graphically define a state sur-
face, for instance, in the space of volumetric strains, net stress and suction. Stress state must lie
on this surface and can move on it along any monotonic path. Actually, different state surfaces
must be defined for unloading and loading conditions (Fredlund and Rahardjo 1993).

Morris et al. (1992) try to determine the depth of cracking in the case of the soil column. In
this configuration and assuming isotropic elasticity is applicable, the problem is forced to be
one dimensionnal (σx = σy 6= σz and εx = εy = 0). Morris et al. (1992) thus deduce from Eq.
6.40 that:

εx = 0 = σx − pa
E

− ν

E
(σy + σz − 2pa) + pa − pw

Hs

(6.41)

and thus
(σx − pa) = ν

(1− ν)(σz − pa)−
E

Hs(1− ν)(pa − pw) (6.42)

Considering that the material will crack when the horizontal net stress exceeds the tensile
strength of the material (σx − pa = σt) it is possible to determine the depth of cracking by
making a few more assumptions. The atmospheric pressure, pa is taken at zero which means
that σz − pa = γz and the suction is assumed to be constant at value (pa − pw = S0). Then the
depth of cracking is given by

σt = − ν

(1− ν)γ zc + E

Hs(1− ν)S0 (6.43)

zc = −(1− ν)
ν

σt + E

Hs

1
ν
S0 (6.44)

Morris et al. (1992) further assumed that the degree of saturation near the tip of a propaga-
tion crack remains high which led them to the conclusion that the soil would behave similarly
whether it is subjected to an externally applied net stress change or to an internal change of suc-
tion. This hypothesis allowed them to derive the ratio E

Hs
from the expression of the volumetric

strains :
εv = 1

E
(σz − pa)−

ν

E
(2σx − 2pa) (6.45)

Inserting Eq. 6.42 into Eq. 6.45, it comes :

εv = 1− ν − 2ν2

E(1− ν) (σz − pa) + (1 + ν)
Hs(1− ν)(pa − pw) (6.46)

The E
Hs

ratio is thus equal to (1− 2ν) and the final expression of crack depth is :

zc = (1− ν)
ν

σt + (1− 2ν
ν

S0 (6.47)

6.5.2 Failure envelope
A second solution for the depth of cracking suggested by Morris et al. (1992) is based on
a failure envelope. This failure criterion is visible in Fig. 6.20 in a mean net stress (p − pa),
deviatoric stress qplane. The figure on the right show the evolution of the envelope with suction.
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Figure 6.20: Schematic view of failure envelope in tension and the effect of suctiont (left) (after
Morris et al. (1992))

The net vertical stress is constant and equal to the weight of the soil column. This defines in
the (p − pa; q) plane a linear stress path with constant slope -3/2. Cracking is likely to occur
only when the tensile strength envelope is met (σ3 − pa = −σt). Otherwise, the material will
fail in shear, when the vertical stress becomes sufficiently large to inhibit failure in tension.
Therefore, the value of the soil column weight determines the intercept of the stress path with
the failure criterion, and thus the mode of failure (tension or shear).

6.5.2.1 Tensile failure criterion

Both analyses suggest a criterion for cracking initiation based on a modification of the Mohr-
Coulomb criterion when tensile range is met. Such modification introduces a tension cut-off
to lower the tensile strength given by the Mohr-Coulomb theory. In addition it is assumed that
the soil experiences tensile strength and apparent cohesion increases, related to the increase of
suction :

capp = c′ + s tanφb (6.48)

with c′ being the effective cohesion and φb describing how the strength increases with suction.
Let φ now be the friction angle. With the suggestion of the authors to lower the maximum value
of the tensile strength, the strength criterion σt becomes:

σt = αt(c′ + s tanφb)cotanφ′ (6.49)

where αt is a coefficient, based on experimental evidence from prior studies. In addition to αt,
one has to know the value of the parameter φb (controlling the evolution of tensile strength with
suction). Comparisons of predicted and observed crack depths in Australian coal mine tailings
deposits suggest both approaches of Morris et al. (1992) provide solutions for the depth of
cracks that are of the correct order of magnitude. Yet a more extended validation, in particular
addressing prediction of the cracking initiation, is not available.
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6.5.3 Model of Peron
Peron in his PhD thesis (Péron (2008)) suggested a framework to model desiccation cracking
quite similar, in principle to the work of Morris et al. (1992). He integrated said criterion in the
ACMEG environment (François and Laloui (2008)). The ACMEG model is an elasto-plastic
model making use of Bishop’s effective stress (cf. chapter 2). It includes two mechanisms :

• An isotropic yield mechanism, fiso written :

fiso ≡ p′ − p′criso = 0 (6.50)

where p′c is the preconsolidation pressure, riso is the degree of mobilization of the isotropic
mechanism, which makes possible a progressive mobilization of the isotropic yield limit
before the state of stress reaches it. It has been introduced to avoid the sudden change in
strain rate occurring when preconsolidation pressure is reached (Hujeux 1979).

• A deviatoric yield mechanism, fdev of the Cam-clay type :

fdev ≡ q −Mp′(1− b log( p′

p′CR
))rdev = 0 (6.51)

where M is the slope of the critical state line, b is a material parameter, pCR is the critical
pressure (the intercept of fdev with the M line) and rdev is the degree of mobilization of
the deviatoric mechanism and has the same goal as riso.

6.5.3.1 Tensile failure criterion

The criterion suggested by Peron is a macroscopic Griffith like criterion. It assumes the exis-
tence of a tension cut-off and therefore failure occurs as soon as the minor principal effective
stress becomes lower than the uniaxial tensile strength of the material (expressed in terms of
Bishop’s generalized effective stress) :

fcut ≡ σ′3 = −σ′t (6.52)

This is a variation, expressed in terms of effective stress, of the work Morris et al. (1992). The
fact that the criterion is expressed in effective stress means that when suction increases, σ′t lies
in the negative range (which means that −σ′t is in compression). However the total stress is, of
course, in tension. When the criterion is met, the sample has cracked and no plastic strains are
computed.
Based on the experiment he conducted and the data available in the literature, Peron concluded
that the tensile strength of a material evolved with suction. All the results compiled (Péron
(2008)) pointed to an increase of the tensile strength with suction. His analysis of the data lead
Peron to suggest the following formulation to take into account the effect of suction on tensile
strength :

σ′t = σ′satt + k2

[
1− exp

(
− k1s

k2

)]
(6.53)

where σ′satt is the tensile strength at the saturated state (s = 0), namely the saturated tensile
strength, k1 and k2 are material parameters accounting for the increase in tensile strength as
suction increases. k2 has the dimension of a stress, and k1 has no dimension (cf. Fig. 6.22)
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Figure 6.21: Evolution of the tensile strength with suction (after Péron (2008))

The tensile failure criterion is independent from the deviatoric and isotropic mechanisms.
Therefore the tensile failure criterion does not depend on hardening variables of deviatoric
and isotropic mechanisms. The non-dependence of tensile failure criterion on preconsolida-
tion pressure implies that such failure mechanism is indeed independent from deviatoric and
isotropic mechanisms. The tensile failure criterion is a “Griffith-like” criterion leading to a
brittle failure mechanism controlled at the microscopic level by the size of internal defects, and
also liquid tension surface, or solid skeleton surface energy. The deviatoric and isotropic mech-
anisms are respectively a frictional and a compressive plastic mechanism controlled mainly by
friction angle and plastic compressibility. It is actually possible that the mechanisms are related
due to the complexity of the microscopic features (grain surface properties, solid skeleton ar-
rangement, liquid / solid skeleton interactions, etc.). Peron also assumed that the tensile failure
mechanism is activated for any stress value that would reach the corresponding criterion. This
may be not the case in the region close to the interception of the two mechanisms. The tensile
failure criterion, combined with the deviatoric and isotropic mechansim can be seen in Fig.
6.22 in a normalized biaxial plane :
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Figure 6.22: Form of the tensile criterion in the biaxial plane (after Péron (2008))

6.5.4 Effective stress approach
The theoretical model of Abu-Hejleh (1993) and Abu-Hejleh and Znidarcic (1995) was devel-
oped to study the desiccation of soft waste disposal sites and the studied material was kaolinite.
They studied homogeneous soil column (same situation as Morris et al. (1992)) and their model
includes four phases :

• one dimensional consolidation ;

• one dimensional shrinkage ;

• propagation of a vertical crack with tensile stress relief ;

• three dimensional shrinkage.

,
Only the one dimensional problem until crack initiation is considered hereafter. The theory
of Abu-Hejleh (1993) is based on the assumption that the soil remains saturated until the void
ratio reaches limit void ratio (end of perfect shrinkage). The effective stress is thus directly
equal to the total stress minus the water pressure and the air pressure is never considered.
The theoretical stress path followed during drying is shown in Fig. 6.23. Total and effective
stress path are presented in the mean stress(p = σ1+σ2+σ3

3 ) - deviatoric stress(q = σ3 − σ1)
plane. The initial pore pressure (caused by the overburden pressure) is the distance between
total stress state W and effective stress state O, here set at zero for the sake of simplicity.
The model starts with a consolidation phase followed by desiccation and as to consolidation
and desiccation progress, pore water pressure decreases. Following Morris et al. (1992), the
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total stress path is assumed to develop with a -3/2 slope in the net stress plane. Prior to crack-
ing, the lateral strain remains nul (soil column with prevented lateral displacement) and the
effective stress path during consolidation and desiccation occurs under K0 conditions (K0 is
the coefficient of lateral earth pressure at rest).
Along total stress path WK and effective stress path OK (Fig. 6.23), pore water pressure re-
mains positive and the paths describe the consolidation process. Along subsequent paths (KB
and KM), pore water is increasingly negative and the paths describes desiccation. Therefore,
the point K represent the state where the pore water pressure is nul and is thus the transition be-
tween the first and the second phase of Abu-Hejleh model. Cracking criterion is formulated in
total stresses. Cracking initiates once the developed lateral total stress, σh , reaches the tensile
strength, σt, that is:

σh = −σt (6.54)

This situation is denoted by points M and B along total and effective stress paths, respectively,
in Fig. 6.23. The expression of tensile strength σt (total stress) is related to void ratio e by the
following relationship:

σt = −Y110
Y2−e
Y3 (6.55)

where Y1, Y2 and Y3 are soil parameters to be determined experimentally by drying a bar-
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shaped sample clamped at its two extremities, and measuring void ratio at crack initiation. A
constitutive relationship is proposed to model void ratio, e, evolution under one-dimensional
consolidation and desiccation:

e = X1(σ′v +X2)X3 (6.56)

where σ′v is the effective vertical stress, and X1 , X2 and X3 are soil parameters, which differ
for consolidation and desiccation, respectively. A similar expression is proposed to model the
evolution of permeability with respect to void ratio.
Using Eq.6.55 and Eq. 6.56, the definition of effective stress and the relationship between
lateral and vertical effective stresses (K0 conditions), a “cracking function” is derived. This
function relates the cracking void ratio to the vertical total stress, and allows for determination
of the profile of cracking void ratio along the depth in the soil column. With the known distri-
bution of void ratios along the same soil column, one can define the crack depth. The “cracking
function,” together with the constitutive relationship (Eq. 6.56), and the additional assumption
of constant K0) are included in a simplified hydro-mechanical formulation solved using a finite
element scheme. No direct validation of the model is proposed, partly due to the lack of data
on tensile strength and cracking (Péron (2008)).

6.5.4.1 Tensile failure criterion

Avila (2004) makes an attempt to justify the model of Abu-Hejleh (1993) by adding a tensile
failure criterion expressed in terms of effective stress. The criterion is actually an apparent
failure line, which collects the effective stress values obtained at the time of failure during
uniaxial traction tests, at various suctions. A possible shape of the criterion proposed by Avila
(2004) is also been represented in Fig. 6.23. An observation can be made regarding the work
of Avila (2004). The slope of the tensile criterion is lower than the extension slope. This would
mean that the criterion is reached for effective stress lower than that predicted by classical
Mohr-Coulomb theory.

6.5.5 Elastic fracture mechanics
Linear Elastic Fracture Mechanics (LEFM) is a commonly used method to assess the damage
tolerant design of materials in many fields of engineering e.g. aerospace, nuclear, shipping
industries etc. The fundamental principles of LEFM are briefly summarized and an application
of the method to the study of desiccation cracking is presented.
LEFM is based on a series of assumptions (Stirling (2014)):

• A crack has been initiated and has begun to propagate. In the context of materials testing,
this may be a flaw on the microscopic scale;

• The material is isotropic;

• The material is linear elastic;

• The plastic zone in the vicinity of the crack tip is small compared to the local geometry;

• Any given point of analysis is near the crack tip (< 10% of the crack length).

130



For mode I opening, consider the stress field geometry presented in Fig. 6.24 where stresses
are given by Eq. 6.57 to Eq. 6.60.
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Figure 6.24: Stress intensity factor and crack propagation according to LEFM (after Konrad
and Ayad 1997)

σy = K√
2πr

cos
θ

2

(
1 + sin

θ

2sin3θ2

)
(6.57)

σx = K√
2πr

cos
θ

2

(
1− sinθ2sin3θ2

)
(6.58)

τxy = K√
2πr

cos
θ

2sin
θ

2cos3
θ

2 (6.59)

σz = τxz = τyz = 0 (for plane stress) (6.60)

where r and θ form the polar coordinate system used to define the position of the studied point
relative to the crack tip. The stresses are dependent on K, the stress intensity factor. The stress
intensity factor is a theoretical construct and a fundamental parameter in LEFM. It depends on
the loading mode, crack shape and material geometry and analytical formulation of the stress
intensity factor are available for common configuration in books such as Tada et al. (2000) and
Rooke and Cartwright (1976)). A crack will grow when the stress at the crack tip exceeds a
critical value. Since the stress intensity factor determines the amplitude of the crack tip stress
for a given geometry and loading, unstable crack propagation may be considered to occur
when K ≥ Kc where Kc denotes the fracture toughness. The stress intensity factor may be
calculated; however, the fracture toughness is determined experimentally. Fracture toughness
is dependent on the material, temperature, strain rate, environment and material thickness. In
plane strain conditions, fracture toughness is considered to be an intrinsic material property
(independent of thickness). Several experimental methods to determine the fracture toughness
of geomaterials exist including ISRM (1988). Fig. 6.24 shows that as r tends towards zero,
the elastic stress in the y-direction tends towards infinity. This is not possible and in reality a
plastic zone will form ahead of the crack tip. No modification to the elastic solution is required
if the plastic zone radius is small relative to the local geometry.
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Application of LEFM to desiccation cracking The principles of LEFM have historically
been applied to the study of cracking depth and spacing. Hereafter is presented an application
of LEFM to desiccation cracking.
The framework proposed by Konrad and Ayad (1997) is composed of three parts (Stirling
(2014)):

• A one-dimensional mass transport model to determine an effective stress profile that
satisfies the crack initiation criterion;

• LEFM to determine ultimate crack depth under the previously calculated stress field;

• A finite element model to determine average crack spacing from stress relief following
crack propagation.

The suction profile is determined on the basis of a given rate of water removal using the differ-
ential equation for water flow in transient conditions. With respect to the constitutive aspects,
the Konrad and Ayad (1997) model essentially includes those of the Abu-Hejleh (1993) model.
The formulation of Abu-Hejleh is used to determine a critical suction, scr. The value of the
critical suction is derived from the tensile strength and the effective stress path and corresponds
to the distance MB on Fig. 6.23. That critical suction defines the moment when cracking
occurs. The cracking criterion is only formulated in terms of critical suction without any deter-
mination of the deformational state (no explicit constitutive relationship is proposed, contrary
to Abu-Hejleh 1993). It is also assumed that tensile strength is a constant soil parameter. At
the moment of cracking, the suction is equal to its critical value, scr. Assuming the cracking
criterion is fulfilled, it yields:

−σt = σ3 = σ′3 − scr = K0σ
′
1 − scr = K0(σ1 + scr)− scr (6.61)

It is then considered that on soil top surface, total major (vertical) stress is zero, and K0 is
approximated by Jacky’s formula, which induces:

scr = σt
sinφ′

(6.62)

where φ′ is the soil friction angle.
LEFM is then used to determine the depth of crack propagation. The stress intensity factor is
calculated based on the stress state at the moment suction equal critical suction.

6.6 Conclusion
This chapter was devoted to desiccation cracking and starts with the introduction of the notion
of crack as well as the different crack opening mode. Mode I is then more thoroughly studied
because experimental data showed that desiccation cracking is mainly a mode I mechanism.
This introduced the notion of material tensile strength. A selection of existing apparatuses and
test procedures devoted to tensile strength measurement is reviewed. In particular direct and
indirect tension test are presented and their strength and weakness are discussed. An analy-
sis of both methods showed that direct tension tests are preferable to indirect ones because of
the strong heterogeneous stress field created during indirect tension tests. However, the main
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concerns of most direct tests involve connecting the specimen to the traction system, control-
ling the exact stress field, and drainage conditions. A few, less common, original methods to
measure the tension strength of soil while circumventing the problem inherent to direct and
indirect tension test methods are also presented. Finally, a review of the models found in the
literature to predict desiccation cracking initiation and crack depth is presented. Most of them
don’t account simultaneously for drying constitutive behavior and the tensile failure criterion.
The most consistent model found is the one formulated by Péron (2008) which is now going
to be integrated into the the inhouse built FEM code LAGAMINE. Its implementation and its
validation on simple boundary value problems will be the subject of the next chapter.
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Chapter 7

Tensile strength constitutive law
implementation
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7.1 Introduction
In the previous chapter, a review of the different approaches proposed in the litterature to predict
desiccation cracking was presented. Though the methods were different, the tensile failure cri-
terion itself remained mostly unchanged. It is a Griffith like tension cut-off (Griffith (1924)). In
this chapter, the implementation into Liège’s in house built finite element code - LAGAMINE
- of a similar tensile failure criterion is presented. The chapter starts with a presentation of
the mechanical framework. Specifically, the two failure mechanisms are detailed : a cohesive
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frictional failure mechanism and the chosen tensile failure mechanism. A discussion about the
hypothesis and shortcomings of the tensile failure criterion is also included. Then, the im-
plementation of the model into the finite element code is presented. It is followed by some
validation of the model at the material point.

Choice of a general framework The process of desiccation cracking essentially results from
a strain compensation mechanism. This means that, due to suction increase, shrinkage strains
tend to be generated, which are hindered by a constraining mechanism (resulting from displace-
ment or traction boundary conditions). Such process requires a hydromechanical formulation
of the problem. Furthermore, it was shown that temperature also plays a dominant role in the
drying behavior of porous materials. The Thermo-Hydro-Mechanical general framework has
already been presented in chapter 5. Only the mechanical part is significantly improved upon
and as such only the mechanical constitutive model is detailed in the following section. But
before expressing the constitutive equations and describing their implementation into a finite
element code, it is useful to look at the requirements that the mechanical framework has to
fulfill.
The strains due to drying are the consequence of a change in water content therefore, the use
of suction as a variable of the problem is required. A drying material gains rigidity during
drying (marked by a clear decrease in shrinkage rate not only explained by the decreasing
saturation term in Bishop’s effective stress). Non linear elasticity is thus also a requirement.
A material undergoing desiccation cracking is obviously submitted to irreversible strains and
the framework has to be elasto-plastic. As previously stated, desiccation cracking is a mode I
failure and the mechanical framework must include a tensile failure criterion. To be consistent
with the use of effective stress to model the stress path, said criterion should also be expressed
in effective stress. Finally, experimental evidences (Péron (2008)) show that the tensile strength
of materials depends on suction and the model must include that feature.
Now that all the requirements have been set, our suggestion of a mechanical constitutive model
that features all of the these requirements is presented.

7.2 Mechanical constitutive model
As was the case in chapter 5, for the modeling of Boom clay drying behavior, Bishop’s effective
stress has been chosen to describe the stress-strain relation because it directly incorporates the
effect of a change in suction:

σ
′

ij = σij − pgδij + Sr,w(pg − pw)δij (7.1)

where σ′ij is the effective stress tensor, σij is the total stress tensor, Sr,w is the water saturation
and δij is Kronecker’s tensor. pg and pw denote respectively gas and water pressure [Pa].

7.2.1 Elasto-plastic framework

As explained in the introduction of this chapter, an elasto-plastic framework is required. Elasto-
plasticity is based on the decomposition of the total strain increment, dεij into a reversible
elastic strain increment, dεeij , and an irreversible plastic strain increment, dεpij:
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dεij = dεeij + dεpij (7.2)

The plastic strain is said to be irreversible because it can not be recovered even if the applied
stress is removed.

7.2.1.1 Elastic strain

Hooke’s law describes the relationship between the elastic strain rate, ε̇eij and the effective stress
tensor :

σ̇′ij = Ce
ijklε̇

e
kl (7.3)

where Ce
ijkl is Hooke’s elastic constitutive tangent tensor. Its formulation for isotropic and or-

thotropic materials has already been presented in chapter 5. A material subjected to a decrease
in water content tends to stiffen and thus the non linear elasticity introduced in chapter 5 is used
in this framework. The formulation used is Modaressi and Laloui (1997):

Ei = E0,i + Eref,i(
p′

pref
)b (7.4)

where Eref is the Young modulus at the reference mean effective stress, pref . b is a model pa-
rameter and E0,i is used to avoid null Young’s modulus when the effective stress state vanishes.

7.2.1.2 Plastic strain

Most soil mechanics elasto-plastic constitutive frameworks are based on the concept of yield
criterion. A yield criterion is a condition that defines the limit of the elastic domain and the
beginning of plastic strain. In our case, the yield criteria are defined in terms of effective stress,
σ′ij , and depend on a vector of internal plastic variables, κm, and on suction, s:

f(σ′ij, κm, s) ≤ 0 (7.5)

When the stress path reaches the yield limit, f(σ′ij, κm, s) = 0, only three configurations are
possible (Prager (1949)) (cf. Fig.7.1) :

• Unloading : df < 0 ;

• Neutral loading : df = 0 ;

• Loading : df > 0 ;

In the latter case, the zone outside the yield surface cannot, by definition, be reached. Hence,
the yield function, f , must adapt (this process is called hardening/softening) to make sure that
the yield criterion is always satisfied. This requirement is the consistency condition. The yield
function needs to satisfy the consistency condition:

df ≡ ∂f

∂σ′ij
dσ′ij + ∂f

∂κm
dκm + ∂f

∂s
ds = 0 (7.6)

In this work, we consider that hardening is only due to plastic strains.
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7.2.2 Yield surfaces
The tensile stress range allowed by the cohesive-frictional failure model is dependent on the
cohesion and friction angle of the material. It has been proven (Risnes et al. (1999)) to lead
to an overestimation of the material tensile strength. To deal with that issue, the mechanical
framework suggested is composed of two different mechanisms : a cohesive frictional failure
mechanism and a tensile failure mechanism (see Fig. 7.2). The total plastic strain increment is
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Figure 7.2: Yield surfaces in the stress invariant plane

thus the sum of two plastic strain increments induced by two independent mechanisms:

dεpij = dεp 1
ij + dεp 2

ij (7.7)

7.2.2.1 Cohesive frictional failure mechanism

Shear failure is most often represented using a cohesive frictional failure criterion. The most
famous of which is without a doubt the Mohr-Coulomb criterion. The Mohr-Coulomb criterion
is expressed, in the principal stress plane, by :

f 1 ≡ σ′1 − σ′3 + (σ′1 + σ′3)sinφ+ 2c cosφ = 0 (7.8)
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where c is the cohesion and φ is the friction angle. The criterion corresponds to a hexagonal-
based pyramid as depicted in Fig. 7.3 on the right. The form of the criterion in the deviatoric
plane is also visible on Fig. 7.3 on the left. The criterion is expressed in principal stresses but
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Figure 7.3: Mohr-Coulomb and Drucker Prager criteria in the deviatoric plane

most constitutive laws in LAGAMINE are expressed in terms of stress invariants.

Stress invariants Iσ, IIσ̂, IIIσ̂ and β represent respectively the first invariant of the stress
tensor, the second invariant of the deviatoric stress tensor, the third invariant of the deviatoric
stress tensor and the Lode angle defined by :

Iσ = σ′ii (7.9)

IIσ̂ =
√

1
2 σ̂
′
ijσ̂′ij (7.10)

where
σ̂′ij = σ′ij −

Iσ
3 δij (7.11)

IIIσ̂ = 1
3 σ̂
′
ijσ̂′jkσ̂′kl (7.12)

β = −1
3arcsin

(
3
√

3
2

IIIσ̂
II3

σ̂

)
(7.13)

It is possible to express the principal stresses as a combination of the stress invariants (cf. full
development in Appendix A) :

 σ′1
σ′2
σ′3

 =


Iσ
3
Iσ
3
Iσ
3

+ 2IIσ̂√
3


cosθ

cos
(
θ − 2π

3

)
cos

(
θ + 2π

3

)
 (7.14)
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Using Eq. 7.14, it is possible to express the yield criterion in terms of stress invariants. The full
development is also available in Appendix A. The criterion then becomes :

f 1 ≡ IIσ̂ −MMC(Iσ + C) = 0 (7.15)

where MMC = sinφ

3cosβ−
√

3sinβsinφ is the slope of the criterion and C = 3c
tanφ is its intersection

with the horizontal axis and both are dependent on the cohesion, c, and the frictional angle, φ.
This model is not convenient to implement into a classical plasticity framework because the
gradient is undefined on the corners of the hexagon. To overcome this difficulty, an alternative
yield function has been suggested by Drucker and Prager (1952) using a linear relationship
between the first invariant of the stress tensor and the second invariant of the deviatoric stress
tensor. In the case where the compression cone is chosen, the Drucker-Prager yield surface is
the circumscribed circle to the Mohr-Coulomb yield surface in the deviatoric plane (see Fig.
7.3 on the left) and it is given by :

f 1 ≡ IIσ̂ −M1(Iσ + C) = 0 (7.16)

where M1 = 2sinφ√
3(3−sinφ) . This is a particular case of the Mohr-Coulomb criterion where the

Lode angle is equal to π
6 . The form of the Drucker-Prager criterion is visible in Fig. 7.3 on the

right.

Flow rule For the cohesive failure mechanism, a non associated flow rule is used :

g1 ≡ IIσ̂ −
2 sinψ√

3(3− sinψ)
(Iσ + 3c

tanφ) = 0 (7.17)

where ψ is the dilatancy angle. For associated plasticity, the dilatancy angle just has to be equal
to the friction angle of the material.

Hardening rule The hardening rule intends to adapt the yield surface so that the consistency
condition is always verified. As already mentioned, we consider that hardening is only due to
plastic strains. For the cohesive frictional failure mechanisms, there are only two independent
hardening variables : the cohesion, c, and the friction angle φ. An hyperbolic relationship is
used to link the internal plastic variables to the deviatoric plastic strain, εpd :

φ = φ0 + (φf − φ0)εpd
Bφ + εpd

(7.18)

c = c0 + (cf − c0)εpd
Bc + εpd

(7.19)

where φ0 and c0 are respectively the initial values of the friction angle and of the cohesion
and φf and cf are the final values. The coefficient Bφ and Bc correspond to the deviatoric
plastic strain at half the variation between the initial and final values of the friction angle and
the cohesion respectively. The deviatoric plastic strain, εpd is given by :

εpd =
� t

0
ε̇pddt (7.20)

where ε̇pd is given by :

ε̇pd =
√

2
3

˙̂εpij ˙̂εpij (7.21)
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7.2.2.2 Tensile failure criterion

As already mentioned in the introduction of this chapter, we propose to adopt a macroscopic
Griffith like criterion for tensile failure. It assumes the existence of a tension cut-off. Similar
hypothesis are common in tensile failure modeling. The failure occurs when the minor principal
effective stress reaches the effective tensile strength of the material. This is the cut off criterion
as it is introduced in the work of Morris et al. (1992) but expressed in effective stress. Its form
in the deviatoric plane is visible in Fig. 7.4 on the left and in three dimensions on the right. As
can be seen, it corresponds to three defined surfaces :

f 2 ≡ σ′3 = −σ′t (7.22)

f 3 ≡ σ′2 = −σ′t (7.23)

f 4 ≡ σ′1 = −σ′t (7.24)

where σ′t is the uniaxial tensile strength of the material (defined as a positive quantity).
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Figure 7.4: Tensile failure criterion in the deviatoric plane

Again, the criteria are expressed in principal stresses and using Eq. 7.14 they can be expressed
in terms of stress invariants. The full development is available in Appendix A. The tensile
criterion can thus be written as :

f 2 ≡ IIσ̂ + 1
−3cosβ −

√
3sinβ

(Iσ + 3σt) = 0 (7.25)

f 3 ≡ IIσ̂ + 1
2
√

3sinβ
(Iσ + 3σt) = 0 (7.26)

f 4 ≡ IIσ̂ + 1
3cosβ −

√
3sinβ

(Iσ + 3σt) = 0 (7.27)

We draw those surfaces for three values of Lode’s angle in the stress invariant plane (see Fig.
7.5). In Fig. 7.5, it clearly appears that the first surface met by any stress path is f 2. This
is actually logical by definition of the principal stresses : f 4 cannot be activated except for
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the particular case where σ′1 = σ′2 = σ′3 = −σ′t corresponding to the apex of the pyramid.
Similarly, the surface f 3 can only be activated when it is superimposed on f 2, or in other terms
when σ′2 = σ′3 = −σ′t. f 2 is thus the only relevant surface and f 3 and f 4 will therefore not be
considered further on.
In the previous chapter (Chapter 7 - Section 6.5), the formulation suggested by Péron (2008)
was presented. His formulation is based on experimental results obtained from tensile strength
measurement tests he performed or found in the literature. The main feature of this formulation
is that the effective tensile strength, σ′t of the material is a function of suction, s (cf. Fig. 7.6) :

σ′t = σ′satt − k2

[
1− exp

(
− k1s

k2,0

)]
(7.28)

where σ′satt is the effective tensile strength at the saturated state (s = 0), k1 and k2 are material
parameters accounting for the increase in tensile strength as suction increases. k2 has the di-
mension of a stress, and k1 has no dimension. k2 is actually the variation of tensile strength
from the saturated, σ′satt , to the dried state, σ′ft :

k2 = σ′satt − σ′ft (7.29)

This model means that the effective tensile strength may lie in the negative range due to the
contribution of the suction. This allows for the activation of the tensile strength criterion at
high suction levels.

Flow rule The formulation of the tensile strength criterion in terms of stress invariant is very
much akin to the formulation of a Mohr-Coulomb criterion (≡ IIσ̂ − sinφ

3cosβ−
√

3sinβsinφ(Iσ +
3c
tgφ

) = 0) in which the slope would correspond to a 90◦ friction angle. A non associated flow
rule is attached to the f 2 surface based on the similitude between the tensile criterion and the
Mohr-Coulomb criterion, a similar flow rule is suggested:

g2 ≡ IIσ̂ −
sinψ2

3cosβ −
√

3sinβsinψ2
(Iσ + 3σ′t) = 0 (7.30)

(7.31)

where ψ2 is the dilatancy angle.

Hardening rule For the tensile failure criterion, the two hardening variables are the saturated
uniaxial tensile strength, σ′satt and the variation of effective tensile strength, k2. k2 needs to be
an hardening variable because the increase in tensile strength due to decreasing water content
should also be degradable in case of material damage. On Fig. 7.7, we consider σ′dryt to be
the dried value of the effective tensile stress of a material whose saturated effective tensile
stress is nul (σ′satt = 0). The increase of the material strength is related to the suction term
in Bishop’s effective stress formulation (i.e. σ′dry,t = Sr,w s ). We can see that without k2 as
an hardening/softening variable, the maximum degradation of the tensile strength would not
correspond to a nul tensile strength in the damaged material.
A hyperbolic relationship is once again used to link the internal plastic variables to the volu-
metric plastic strain, εpv :

σ′satt = σ′satt,0 +
(σ′satt,f − σ′satt,0 )εpv

Bσt + εpv
(7.32)
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where σ′satt,0 and σ′satt,f are respectively the initial and final values of the saturated uniaxial tensile
strength.

k2 = k2,0 + (k2,f − k2,0)εpv
Bσt + εpv

(7.33)

where k2,0 and k2,f are respectively the initial and final values of final increment of effective
tensile strength. The coefficient Bσt corresponds to the volumetric plastic strain at half the
variation between the initial and final values of the internal plastic variables and is thus regulat-
ing the softening rate. The same coefficient was used for both parameters because there is no
reason to assume that the variation of the two parameters would happen at different rates. The
volumetric plastic strain, εpv is given by :

εpv = εp1 + εp2 + εp3 (7.34)

7.2.3 Apex of the tensile yield surface
The tensile failure criterion is a triangular pyramid (cf. Fig. 7.4) with its apex located at the
value Iσ = 3σ′t. This point is a singularity in the yield surface because its derivatives don’t
exist at that point. Since tensile experiments may lead to this extreme tensile stress state, it is
important to find a method to handle that singularity. The method suggested here is to truncate
the pyramid at a position defined as :

Iσ = 3(σ′t − TRUNC) (7.35)

where TRUNC is arbitrarily fixed at :

TRUNC =
σ′satt,0 ∗ 10−4

3
−3cosβ−

√
3sinβ

(7.36)

which is chosen as small as possible to limit the underevaluation of the material’s tensile
strength. That truncation leads to a new associated yield surface, f5 defined as :

f5 ≡ Iσt + 3(σ′t − TRUNC) = 0 (7.37)

Any trial state that would verify this surface would be mapped back onto the truncated yield
surface.

7.3 Implementation in LAGAMINE
The formulated law is written in the form of an incremental relationship:

σ̃ij = f(ε̇ij, σ′ij, s, κm) (7.38)

where σ̃ij is Jaumann’s stress rate, σ′ij is the effectif stress state, s is the suction and κm is a
vector of internal plastic variables.
The finite element formulation requires the stress state at the end of the time step and not the
stress rate. The integration thus needs to be done over each time step. Given a known strain
increment over the time step, the integration routine computes the constitutive equations to
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update the stress state. Different integration schemes for unsaturated soils have been suggested
through the years (Collin et al. (2002a) Sheng et al. (2003)). A return mapping algorithm (Simo
and Taylor (1985)) is used as the integration algorithm. First, the material response is assumed
to be purely elastic and a trial stress (elastic predictor) is computed. The yield criteria are
evaluated at this step. Three configurations are possible as shown in Fig. 7.9.
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Figure 7.9: Evaluation of the yield criterion at stress state σE

If the stress state respects the yield criterion (f(σ′(k+1)
E ) ≤ 0 corresponding to configuration

(a) and (b) on Fig. 7.9), then the material response is indeed elastic and the final stress state
is equal to the trial stress. If one or more yield criteria are violated then a plastic corrector is
computed to return the stress state onto the yield surface and fulfill the consistency conditions.
To restore the consistency of the mechanical state, a cutting plane algorithm is used (Ortiz and
Simo (1986)). It is an explicit scheme where at every iteration, updated stresses are computed
by projecting the previous iteration stress onto a plane defined by a linearized yield criterion,
f , around the current value of the stress. This plane becomes tangent to the yield surface and
plastic consistency is restored at the end of the law integration (Simo and Taylor (1985)).
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7.3.1 Elastic predictor

Starting from the stress state, σA, at the beginning of the time step, the stress increment, ∆σe,
is computed based on a purely elastic response of the material :

∆σ′e (k+1)
ij = Ce

ijkl(σ
′(k)
E,ij)∆εkl (7.39)

where Ce
ijkl is the elastic stiffness matrix and σE is the new stress state computed. As presented,

non linear elasticity is a feature of this mechanical framework and thus the elastic stiffness
matrix depends on the stress state. The stress state at the beginning of the time step is used to
calculate the updated Young modulus to limit the non linearity in the elastic domain :

σ
′(k+1)
E,ij = σ′A,ij + ∆σ′e (k+1)

ij (7.40)

where k is the iteration number.

7.3.2 Plastic corrector

When the trial stress violates one or more yield criteria, plastic strains are computed. A plastic
potential function (cf. Eq. 7.17 and Eq. 7.30) defines their direction :

ni = ∂g

∂σ′ij
(7.41)

and the consistency equation (cf. Eq. 7.47) enables to determine their amplitude :

∆εpij = ∆λp ∂g
∂σ′ij

(7.42)

The mechanical framework used is composed of three yield criteria : a cohesive frictional
failure mechanism, a tensile failure mechanism and the truncation of the tensile failure criterion
at the apex. The integration algorithm has to be able to handle the activation of either criterion
or of both at the same time.
Note that the different derivatives involved in the following equations can be found in Appendix
B.

7.3.2.1 Activation of a single criterion

Let us consider that one yield surface f is activated. The updated stress state σB is determined
iteratively by the application of Euler forward steps :

σ
′(k+1)
B,ij = σ

′(k)
B,ij + ∆σ′p (k+1)

ij (7.43)

where ∆σ′p (k+1)
ij is the plastic stress increment. The trial state is used as a starting point for the

iterative process. The plastic strain increment is given by :

∆σ′p (k+1)
ij = −Ce

ijkl(σ
′(k)
B,ij)∆ε

p (k+1)
kl (7.44)
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where ∆εp (k+1)
kl is the plastic strain increment at iteration (k + 1) and is given by :

∆εp (k+1)
kl = ∆λp ∂g

∂σ
′(k+1)
E,ij

(7.45)

where ∆λp is the plastic multiplier and g is the flow rule associated to the yield surface f . At
every iteration, the yield criterion is linearized around the current value of the trial stress and
plastic state variables to compute the plastic multiplier increment. A first order Taylor series
expansion is used to linearize the yield criterion. Note that the yield criterion is considered to
only depend on the stress state and the plastic variables. This is different from the expression
presented before (Eq. 7.5) because during the iterative process the suction does not change.

f
(k+1)
B = f(σ

′(k+1)
E,ij + ∆σ′p (k+1)

ij , κ
(k+1)
E,m + ∆κ(k+1)

m ) (7.46)

= f(σ
′(k+1)
E,ij , κ

(k+1)
E,m ) + ∂f

∂σ
′(k+1)
E,ij

∆σ′p (k+1)
ij + ∂f

∂κ
(k+1)
E,m

∆κ(k+1)
m = 0 (7.47)

Cohesive frictional failure mechanism activated This is a deviatoric mechanism and its
hardening rule depends on von Mises equivalent strain, εpd. It is thus necessary to particularize
a bit :

∆εp (k+1)
d = ∆λp 1val1 (7.48)

where val1 is the relation between the plastic multiplier and the von Mises equivalent strain
rate :

val1 =

√√√√2
3

(
∂g1

∂σ′ij

∂g1

∂σ′ji
− 1

3
∂g1

∂σ′kk

∂g1

∂σ′ll

)
(7.49)

Also, ∆κ(k+1)
m in Eq. 7.47 can be expressed as :

∆κ1 (k+1)
m = dκ1

m

dε
p (k+1)
ij

∆εp (k+1)
ij = ∆λp dκ1

m

dε
p (k+1)
d

val1 (7.50)

By enforcing the consistency equation, f 1 (k+1)
B = 0, it comes :

∆λp 1 =
f(σ

′(k+1)
E,ij , κ

1 (k+1)
E,m )

∂f1

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g1

∂σ
′(k+1)
E,ij

− ∂f1

∂κ
1 (k+1)
E,m

dκ1
m

dε
p (k+1)
d

val1
(7.51)

and thus the stress state can be updated using Eq. 7.43

Tensile criterion activated This mechanism depends on the volumic plastic strain and thus :

∆εp (k+1)
v = ∆λp ∂g2

∂σ
′(k+1)
E,ii

(7.52)

And ∆κ(k+1)
m in Eq. 7.47 can be expressed as :

∆κ2 (k+1)
m = dκ2

m

dε
p (k+1)
ij

∆εp (k+1)
ij = ∆λp dκ2

m

dε
p (k+1)
v

∂g2

∂σ
′(k+1)
E,ii

(7.53)
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and again by enforcing the consistency equation, f 2 (k+1)
B = 0, it comes :

∆λp 2 =
f(σ

′(k+1)
E,ij , κ

2 (k+1)
E,m )

∂f2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g2

∂σ
′(k+1)
E,ij

− ∂f2

∂κ
2 (k+1)
E,m

dκ2
m

dε
p (k+1)
v

∂g2

∂σ
′(k+1)
E,ii

(7.54)

and thus the stress state can be updated using Eq. 7.43.

7.3.2.2 Activation of two mechanisms

There is one case where two mechanisms can be activated at the same time : the Drucker-
Prager criterion is activated at the same time as the tensile criterion. In the case where both
failure mechanisms are activated at the same time, then the consistency equations have to be
verified for both surfaces. One of the hypothesis of our model is that the two mechanisms are
independent and the plastic deformation is thus :

εpij = εp 1
ij + εp 2

ij (7.55)

The plastic variables of each yield surface are not influenced by the plastic strain caused by the
other mechanism. Since both mechanisms are independent, the total plastic strain increment is
the sum of the increments brought by each mechanism :

∆εp = ∆εp 1 + ∆εp 2 (7.56)

= ∆λp 1 ∂g1

∂σ
′(k+1)
E,ij

+ ∆λp 2 ∂g2

∂σ
′(k+1)
E,ij

(7.57)

If we still consider that the yield surfaces only depend on the stress state and the plastic vari-
ables, a first order taylor series expansion for the two surfaces gives :

f 1 (k+1) = f 1(σ
′(k+1)
E,ij + ∆σ

′p (k+1)
ij , κ

1 (k+1)
E,m + ∆κ1 (k+1)

m )

= f 1(σ
′(k+1)
E,ij , κ

1 (k+1)
E,m ) + ∂f 1

∂σ
′(k+1)
E,ij

∆σ
′p (k+1)
ij + ∂f 1

∂κ
1 (k+1)
E,m

∆κ1 (k+1)
m (7.58)

f 2 (k+1) = f 2(σ
′(k+1)
E,ij + ∆σ

′p (k+1)
ij , κ

2 (k+1)
E,m + ∆κ2 (k+1)

m )

= f 2(σ
′(k+1)
E,ij , κ

2 (k+1)
E,m ) + ∂f 2

∂σ
′(k+1)
E,ij

∆σ
′p (k+1)
ij + ∂f 2

∂κ
2 (k+1)
E,m

∆κ2 (k+1)
m (7.59)

Given Eq. 7.44, Eq. 7.53 and Eq. 7.50 and by forcing the consistency conditions, it comes :

f 1 − ∂f 1

∂σ
′(k+1)
E,ij

Ce
ijkl

∆λp 1 ∂g1

∂σ
′(k+1)
E,ij

+ ∆λp 2 ∂g2

∂σ
′(k+1)
E,ij


+ ∂f 1

∂κ
(1 k+1)
E,m

dκ1
m

dε
p 1 (k+1)
d

∆λp 1val1 = 0 (7.60)

f 2 − ∂f 2

∂σ
′(k+1)
E,ij

Ce
ijkl

∆λp 1 ∂g1

∂σ
′(k+1)
E,ij

+ ∆λp 2 ∂g2

∂σ
′(k+1)
E,ij


+ ∂f 2

∂κ
2 (k+1)
E,m

dκ2
m

dε
p 2 (k+1)
v

∆λp 2 ∂g2

∂σ
′(k+1)
E,ii

= 0 (7.61)
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By solving this system of equations, the values of the plastic multipliers can be obtained :

∆λp 1 =
f 1 −∆λp 2 ∂f 1

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g2

∂σ
′(k+1)
E,ij

∂f 1

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g1

∂σ
′(k+1)
E,ij

− ∂f 1

∂κ
1 (k+1)
E,m

dκ1
i

dε
p 1 (k+1)
d

val1
(7.62)

∆λp 2 =

f 2 − f 1

∂f 2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g1

∂σ
′(k+1)
E,ij

∂f 1

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g1

∂σ
′(k+1)
E,ij

− ∂f 1

∂κ
1 (k+1)
E,m

dκ1
m

dε
p 1 (k+1)
d

val1

∂f 2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g2

∂σ
′(k+1)
E,ij

− ∂f 2

∂κ
2 (k+1)
E,m

dκ2

dε
p 2 (k+1)
v

∂g2

∂σ
′(k+1)
E,ii

+

∂f 1

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g2

∂σ
′(k+1)
E,ij

∂f 2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g1

∂σ
′(k+1)
E,ij

∂f 1

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g1

∂σ
′(k+1)
E,ij

− ∂f 1

∂κ
1 (k+1)
E,m

dκ1
m

dε
p 1 (k+1)
d

val1

(7.63)

These expressions are, however, only true if both multipliers are positive. Otherwise, if one of
the values is negative, the corresponding mechanism should not be activated and the calculus
must be redone with only the other surface active.

Activation of the tensile criterion at the apex The truncation yield surface introduced to
solve the apex problem is considered to be a part of the tensile strength criterion and as such
the two mechanisms are not independent since they both depend on the volumetric plastic strain
and they share the same plastic variables :

∆κ(k+1)
m = dκm

dε
p (k+1)
v

∆εp (k+1)
v (7.64)

= dκm

dε
p (k+1)
v

(∆εp 2
v + ∆εp 5

v ) (7.65)

= dκm

dε
p (k+1)
v

(∆λp 2 ∂g2

∂σ
′(k+1)
E,ii

+ ∆λp 5 ∂g5

∂σ
′(k+1)
E,ii

) (7.66)

Similarly to the previous section, a first order Taylor series expansion for the two surfaces is
used to linearize the expressions :

f 2 (k+1) = f 2(σ
′(k+1)
E,ij + ∆σ

′p (k+1)
ij , κ

(k+1)
E,m + ∆κ(k+1)

m )

= f 2(σ
′(k+1)
E,ij , κ

(k+1)
E,m ) + ∂f 2

∂σ
′(k+1)
E,ij

∆σ
′p (k+1)
ij + ∂f 2

∂κ
(k+1)
E,m

∆κ(k+1)
m (7.67)

f 5 (k+1) = f 5(σ
′(k+1)
E,ij + ∆σ

′p (k+1)
ij , κ

(k+1)
E,m + ∆κ(k+1)

m )

= f 5(σ
′(k+1)
E,ij , κ

(k+1)
E,m ) + ∂f 5

∂σ
′(k+1)
E,ij

∆σ
′p (k+1)
ij + ∂f 5

∂κ
(k+1)
E,m

∆κ(k+1)
m (7.68)
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Given Eq. 7.44 and Eq.7.66 and by forcing the consistency conditions, it comes :

f 2 − ∂f 2

∂σ
′(k+1)
E,ij

Ce
ijkl

∆λp 2 ∂g2

∂σ
′(k+1)
E,ij

+ ∆λp 5 ∂g5

∂σ
′(k+1)
E,ij


+ ∂f 2

∂κ
(k+1)
E,m

dκm

dε
p 2 (k+1)
v

∆λp 2 ∂g2

∂σ
′(k+1)
E,ii

+ ∆λp 5 ∂g5

∂σ′E,ii

 = 0 (7.69)

f 5 − ∂f 5

∂σ
′(k+1)
E,ij

Ce
ijkl

∆λp 2 ∂g2

∂σ
′(k+1)
E,ij

+ ∆λp 5 ∂g5

∂σ
′(k+1)
E,ij


+ ∂f 5

∂κ
(k+1)
E,m

dκm

dε
p (k+1)
v

∆λp 2 ∂g2

∂σ
′(k+1)
E,ii

+ ∆λp 5 ∂g
5

∂σ′ii

 = 0 (7.70)

And solving this system of equations gives :

∆λp 2 =

f2 −∆λp 5

(
∂f2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g5

∂σ
′(k+1)
E,ij

−
∂f2

∂κ
(k+1)
E,m

dκm

dε
p 2 (k+1)
v

∂g5

∂σ
′(k+1)
E,ii

)
∂f2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g2

∂σ
′(k+1)
E,ij

−
∂f2

∂κ
(k+1)
E,m

dκm

dε
p 2 (k+1)
v

∂g2

∂σ
′(k+1)
E,ii

(7.71)

∆λp 5 =

f5 − f2


∂f5
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E,ij

Ce
ijkl
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)
∂f2

∂σ
′(k+1)
E,ij

Ce
ijkl

∂g2

∂σ
′(k+1)
E,ij

−
∂f2

∂κ
(k+1)
E,m

dκm

dε
p 2 (k+1)
v

∂g2

∂σ
′(k+1)
E,ii

(7.72)

7.3.3 Convergence condition

Convergence is reached when the consistency conditions are verified :

f(σ(k+1)
B , κ

(k+1)
B ) ≈ 0 (7.73)

The convergence condition is written in terms of the ratio of the stress increment between two
iterations k and k+1 :

1− Prec ≤ max|
σ
′(k+1)
ij

σ
′(k)
ij

| ≤ 1 + Prec (7.74)

A value of Prec = 10−5 has been chosen so that the convergence is reached when the relative
variation between two iterations is inferior to 0.001%. The force of this type of convergence
condition is that it is independent from the problem and the unit system.
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7.3.4 Substepping procedure

The cutting plane algorithm is known to be first-order accurate. During large loading steps
where yielding occurs, difficulties may appear in returning back to the yield surface. In such
situations, a possible strategy is to use smaller time steps in the global resolution algorithm.
However, this solution is not reasonable since the most restrictive integration point will control
the global problem. An alternative approach consists in subdividing locally the current time
step into several sub-steps (which can be different for each integration point). A sub-stepping
procedure is used in the integration of the model within LAGAMINE. A time step ∆t is divided
into NINTV sub-steps δt :

δt = ∆t
NINTV

(7.75)

and strain is supposed to vary linearly over the time step and thus :

δεij = ∆εij
NINTV

(7.76)

The value of NINTV is computed according to the current normal strain rate, ε̇N :

NTINV = min

(
1 + ε̇N∆t

DIV
, 100

)
(7.77)

where DIV is a parameter of the law (a value of 5.10−4 most usually provides good results).
The normal strain rate is given by :

ε̇N =
√
ε̇ij ε̇ij (7.78)

For each integration point, the number of sub-steps is computed according to the strain rate
which means the number of sub-steps is higher where the strains are the most important leading
to a more accurate integration of the model.

7.4 Validation

In this section, simple simulations are performed to ensure that the implemented tensile crite-
rion behaves correctly. The tests are performed on a cylindrical sample of 1 cm of height and
1 cm of radius represented by a single element. The simulations performed hereafter use the
following set of parameters (cf. Tables 7.1 to 7.3).

Degree of Freedom Values Units
pw,ini 100 [kPa]
pg,ini 100 [kPa]
Tini 20 [◦ C]

Table 7.1: Initial conditions
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Parameters Values Units
Hydraulic parameters
k 5.10−17 [m2]
n 0.7576 [−]
τ 0.1 [−]

van Genuchten parameters
αvG 8 [MPa]
nvG 2.1 [−]
Ssat 1 [−]
Sres 0.00 [−]
kr,min 10−7 [-]

Table 7.2: Hydraulic model parameters

Parameters Values Units
E 30 [MPa]
ν 0.25 [−]
G 18.75 [MPa]
σ′t 0.6 [MPa]
Ψ2 10 [ř]

Table 7.3: Mechanical law parameters

7.4.1 Plane strain uniaxial traction test

Plane strain uniaxial simulations are performed. The sample is stretched in the vertical (y)
direction at a rate of 10−8m/s or 10−4% of axial strain per second. The goal of this reference
simulation is to ensure that the material reaches the yield surface for the right value of σy.
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Figure 7.10: Stress path followed during a plane strain uniaxial tension test
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Reference simulation Fig. 7.10 shows the stress path followed. The stress path reaches the
tensile failure criterion and stays on it as expected. It also shows the evolution of the tensile
strength criterion with Lode’s angle.
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Figure 7.11: Evolution of the vertical stress with the vertical strain

Fig. 7.11 shows the evolution of the vertical stress with the vertical strain. A constant vertical
stress is reached and corresponds to the chosen tensile strength. This confirms that a perfectly
plastic state is reached as expected.
We also performed simulations with different fixed time steps to check the stability of our law.
The simulations were performed with fixed time steps of 1 s (10−4% of axial strain per step),
10 s (10−3% of axial strain per step), 100 s (0.01% of axial strain per step), 1000 s (0.1% of
axial strain per step). The substepping was, of course, prevented. The results in terms of axial
stress, σy, for the different time steps were compared to the ones obtained for a time step of 1
second at different chosen total axial strains in the plastic range (1%, 5% and 10% of total axial
strain). The following errors are obtained (cf. Table 7.4):

aaaaaaaaaaaa
Strain per time step

Total axial strain
1% 5% 10%

10−3 %/s 0 0 0
0.01 %/s 0 0 0
0.1 %/s 0 0 0

Table 7.4: Error related to a change in strain per step for a uniaxial tension test

As can be seen in Table 7.4, there is no dependence of the results on the size of the time step
and thus on the "strain step". This is reassuring since these simulations lead to a perfectly
plastic state with no possibility to move on the yield criterion which is thus a very stable state
and wouldn’t justify any variation between simulations.

Undrained The same simulation was performed but this time in undrained conditions. The
material was considered to have a dilatancy angle of 10◦ for the tensile criterion. The stress
path is visible in Fig. 7.12.
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Figure 7.12: Stress path followed during a plane strain undrained uniaxial tension test on a
dilatant material

The stress path reaches the yield criterion then moves on it with an increasing first invariant
because of the dilatancy. Once again the influence of Lode’s angle can be seen in the change of
slope of the yield criterion. The simulation still leads to a perfectly plastic state as visible on
Fig. 7.13. The error was once again calculated using the same method and the following results
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Figure 7.13: Evolution of the vertical stress with the vertical strain

are obtained (cf. Table 7.5) As can be seen in table 7.5, the error stays small overall. Note that
the bigger "strain step" simulations are actually more accurate than the smaller ones. As can
be seen on Fig. 7.14, the smaller strain step simulations present shear stresses which are, in
this case, a sign of a loss of homogeneity on the element. It has been shown by Crochepeyre
(1998) that smaller step simulations tend to localize faster than bigger step ones. The calculated
error is thus due to that loss of homogeneity. This kind of simulation can also be used to check
the capacity of the model to handle the switch from the tensile criterion to the Drucker-Prager.
Indeed the dilantacy imposed leads to an increasing first invariant of the stress tensor and the
stress state moves on the tensile criterion toward the Drucker-Prager criterion and then switches
criterion as shown in Fig. 7.15. In this case, the Drucker Prager criterion parameters were
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aaaaaaaaaaaa
Strain per time step

Total axial strain
1% 5% 10%

10−3 %/s 1.936 10−6 2.422 10−7 7.264 10−7

0.01 %/s 7.141 10−6 3.918 10−4 3.634 10−4

0.1 %/s 2.093 10−5 3.830 10−4 3.585 10−4

Table 7.5: Error related to a change in strain per step for a uniaxial tension test with water
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Figure 7.14: Evolution of the shear stress with the axial strain for the different "strain steps"

arbitrarily chosen and are visible in Table 7.6

Undrained with softening The same simulation was once more performed, this time adding
softening. The uniaxial tensile strength of the material changes from its initial value to zero
with a softening rate of βσt = 5.10−2. The stress path is visible in Fig. 7.16.
As can been seen, the yield criterion changes with the variation of the tensile strength and
the stress path follows accordingly. Fig. 7.17 shows the evolution of the vertical stress and a
clear decrease due to the softening can be clearly observed. The error was once again calculated
using the same method and the following results are obtained (cf. Table 7.7). Softening leads to
a less stable situation since the stress state keeps on evolving during the simulation. The errors
are thus globally more important but the conclusion drawn for the undrained case remains for
this simulation as the lower step simulations also exhibit shear stresses (cf. Fig. 7.18) :
Different softening rates have been tested. Eq. 7.32 and Eq. 7.33 govern the hardening rule
in which "speed" is controlled by the parameter βσt . Value of βσt = 0.5, βσt = 0.05 and
βσt = 0.005 have been tested. The evolution of the vertical strength with the vertical strain

Parameters Values Units
c 1 [MPa]
φ 18 [◦]

Table 7.6: Mechanical law parameters
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Figure 7.15: Stress path followed during a plane strain undrained uniaxial tension test on a
dilatant material when both criteria are active
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Figure 7.16: Stress path followed during a plane strain undrained uniaxial tension test on a
dilatant material

aaaaaaaaaaaa
Strain per time step

Total axial strain
1% 5% 10%

10−3 %/s 1.153 10−5 2.833 10−4 5.216 10−4

0.01 %/s 0.002 0.062 0.014
0.1 %/s 0.002 0.062 0.014

Table 7.7: Error related to a change in strain per step for an uniaxial tension test with water and
softening

exhibits the influence of βσt (cf. Fig. 7.19). The smaller the value of βσt the faster the softening
as expected from Eq. 7.32 and Eq. 7.33. Smaller values are not available because they lead to a
loss of the homogeneity over the element as visible for the curve corresponding to βσt = 0.005
in Fig. 7.19.
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Figure 7.17: Evolution of the vertical stress with the vertical strain
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Figure 7.18: Evolution of the shear stress with the axial strain for the different "strain steps" in
the case with softening
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Figure 7.19: Influence of βσt on the softening rate
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7.4.2 Triaxial traction test
The same uniaxial traction test was conducted in axisymmetric conditions to ensure that the law
was compatible with those conditions. The stress path is visible at Fig. 7.20 and the evolution
of the vertical stress with the vertical strain at Fig. 7.21. The stress path is a bit different
because in this case σ2 = σ3. Also in this case, Lode’s angle remains constant.
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Figure 7.20: Stress path followed in axisymmetric conditions
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Figure 7.21: Evolution of the vertical stress with the vertical strain in axisymmetric conditions

Overall, the simulations behaved as expected and in complete accordance with previous analy-
sis.

7.4.3 Lateral tension triaxial test
In triaxial conditions, another simulation was performed. The geometry, mesh and properties
all remained unchanged but now the sample is pulled laterally. This kind of loading is chosen
because it will lead to the stress path the closest to the one followed during desiccation cracking.
The stress compensation mechanism resulting from prevented radial shrinkage leads to radial
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tensile stresses just as in this configuration. In this configuration, Lode’s angle is going to
remain constant at a value of 30◦. Referring to Appendix B, the derivatives of the tensile failure
yield criterion and flow rule are not defined for β = ±30◦. Yet this is a configuration we need
to be able to solve so we defined a small interval of Lode’s angle, ∆β ± 0.5◦, around the value
of 30◦ and in that interval, we decided to locally remove the dependency of the yield criterion
and of the flow rule to Lode’s angle. Even though this leads to small oscillations around the
correct solution, it allows to find the solution to an otherwise unsolvable problem.
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Figure 7.22: Stress path followed in axysymmetric conditions with lateral tension
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Figure 7.23: Evolution of the vertical stress with the vertical strain in axisymmetric conditions
with lateral tension

As can be seen on both Fig. 7.22 and Fig. 7.23 the model behaves correctly.

7.5 Conclusion
In this chapter, we presented the mechanical constitutive model chosen. It is an elasto-plastic
model with non linear elasticity. The plastic part is controlled by three yield criteria : a co-
hesive frictional criterion which is a Drucker-Prager yield surface, a tensile failure criterion
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and its truncation at the apex. The implementation of the truncated tensile criterion in the in
house-built finite element method code LAGAMINE is detailed from the calculation of the
elastic predictor to the plastic corrector and the convergence conditions. A substepping proce-
dure is also used to divide the time step into several sub-steps which can be different for each
integration point. Finally a short validation of the tensile criterion is presented to make sure
that it behaves as expected. A simple uniaxial tension test is performed over a 1 element mesh
in different conditions to ensure that the criterion is reached for the right value of the tensile
strength and that the switch from one yield criterion to the other occurs correctly. Time step
related errors are also calculated to evaluate the stability of the law. In the next chapter, the
model implemented is applied to convective drying simulations to try to predict desiccation
cracking.
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Chapter 8

Resorcinol Formaldehyde gel desiccation
cracking
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8.1 Introduction
In the previous two chapters, we introduced the notion of tensile strength as well as a tensile
failure criterion and detailed its implementation into a finite element code. At last, the model
described and implemented in previous chapter is used to predict desiccation cracking.
When we studied the drying behavior of a porous medium, we chose Boom clay as a validat-
ing material because of its potential application and well documented properties. Even though

163



Boom clay samples crack during convective drying experiment, cracks always occur along the
bedding planes of the material (cf. Chapter 5). It is therefore not an ideal material to vali-
date an isotropic desiccation cracking model like the one we implemented. A new material is
thus required and Resorcinol (R) Formaldehyde (F) hydrogels have been chosen. They have
been chosen because they are synthetic materials which properties are well controlled and as
isotropic and homogeneous as possible. Also, this thesis is a part of a F.R.S. - FNRS project
co-supported by teams of the geomechanical (GEO3) and chemical engineering (LGC) depart-
ments of the university of Liège. The LGC conducted previous work on RF hydrogels and is
interested in being able to predict crack formation. These factors make them a suitable candi-
date for the validation of our model.
This chapter starts by a literature review on the new material chosen from its origin and synthe-
sis to applications and known properties. Specifically, the experimental campaign conducted by
Léonard et al. (2008) and Job et al. (2006b) are detailed as they are used as reference for mate-
rial properties and drying behavior. Then, the experimental campaign we conducted to confirm
the literature properties or to investigate undocumented ones is presented. Finally convective
drying simulations are performed to evaluate the capacity of our model to predict desiccation
cracking.

8.2 Definition

Gel Gels are a unique class of materials, which exhibit solid-like behavior resulting from
a continuous, three-dimensional framework extending throughout a liquid. This framework
consists of molecules interconnected through multifunctional junctions. These junctions can
be formed through covalent crosslinking, crystallization, ionic interactions, hydrogen bonding,
or chain entanglements. In some cases, junction formation is reversible and the gels revert to
liquid-like behaviour upon a change in temperature (Pekala (1989)).

Hydrogel Hydrogels are materials made up of hydrophilic polymer chains held together via
cross-links to form a solid, three-dimensional network and may contain large amounts of water
(Warren et al. (2017)). Basically there are gels in which the dispersed phase is specifically
water. Because of the inherent cross-links, the structural integrity of the hydrogels network
does not dissolve from the high concentration of water.

Aerogel Aerogels are gels in which the liquid component for the gel has been replaced by
a gas (Alemán et al. (2007)). The gel is dried under supercritical conditions. In consequence,
the network does not shrink and a highly porous, low-density material known as an aerogel is
produced.

Xerogel Xerogels are gels in which the liquid component has been removed by convective
drying (with unhindered shrinkage). Xerogels usually retain high porosity (15 − 50%) and
enormous surface area (150−900m2/g), along with very small pore size (1−10nm). They are
similar to aerogel except that the solvent removal does not occur under supercritical conditions
(Alemán et al. (2007)).
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8.3 Resorcinal formaldehyde hydrogel
The resorcinol formaldehyde hydrogels have been discovered by Pekala in 1989 (Pekala (1989)).
In his work, Pekala stated that the polycondensation of resorcinol with formaldehyde under al-
kaline conditions results in " the formation of surface functionalized polymer clusters ". The
covalent crosslinking of these clusters creates a 3D framework filled with liquid i.e. a gel.
The hydrogels are dark red in colour and consist of interconnected colloidal-like particles with
diameters of approximately 10 nm. They can be produced in densities ranging from 0.035 to
0.100 g/cm3. A schematic diagram of the RF gelation mechanism is presented at Fig. 8.1.

Figure 8.1: Schematic diagram of the RF gelation process (Pekala (1989))

In this case, the hydrogel is just an intermediate phase in materials processing and Pekala (1989)
used supercritical drying condition to obtain low density, organic aerogels ( < 0.1 g/cm3). Su-
percritical drying was used because of the small cell size (< 50nm) of the gel. Large capillary
forces at the liquid-vapour interface cause the gel to shrink or crack if the solvent was re-
moved by evaporation. In the case of supercritical drying, no surface tension is exerted across
the pores, and the dry aerogel retains the original morphology of the hydrogel. Nonetheless,
Pekala (1989) also stated in his original article that even though the aerogels were obtained
by supercritical drying, they still experienced some shrinkage. This was exhibited through a
higher than expected density of the aerogels. He also noticed that the amount of shrinkage
was dependent on the catalyst level during the synthesis process. This suggests that there exists
differences in the size, distribution, interpenetration and chemical linking of the RF clusters de-
pending on reaction conditions. That assumption was confirmed by Brunauer–Emmett–Teller
(Brunauer et al. (1938)) adsorption analysis which exhibited substantial differences depending
on the gel formulation. The surface area decreased with the catalyst level. The level of catalyst
is evaluated through the ratio of resorcinol (R) over catalyst (C) or R/C ratio.
The material has been studied because its large mesopore volumes (5cm3/g) and high specific
surface areas (500 − 1000m2/g) make it interesting for many potential industrial applications
such as catalysts supports, adsorband material, lithium-ion batteries electrods, thermal isolant,
etc [Job (2005)]. It is an interresting alternative to activated carbon because it is a synthetic
material which means its structure and properties can be accurately and reliably chosen. The
main limitation of the process introduced by Pekala (1989) is the supercritical drying of the
hydrogel. Supercritical drying is not applicable at an industrial scale because of technical
(cost) and safety reasons. Some other methods to produce an aerogel-like mesoporous texture
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have been tested and it has been shown (Job et al. (2006b)) that it is possible to produce porous
resorcinol–formaldehyde xerogels by using atmospheric convective drying which suppresses
the main limitation of the process. Nonetheless the convective drying of the gels can, depending
of the synthesis and drying conditions lead to desiccation cracking (Job (2005)).
Since crack-free monoliths are required, investigating the drying behavior of the RF hydrogels
is an important issue. (Job (2005)) in her PhD thesis thoroughly studied the drying behavior
of the resorcinol formaldehyde hydrogels and the following is a summary of the properties
obtained throughout her thesis.

8.3.1 Mechanical properties

The R/C ratio has an influence on the polymerization mechanism (Job et al. (2004)) through
the pH of the solution and thus on the mechanical of the RF hydrogels. The properties also
depend on the water content of the gels.
Léonard et al. (2008) investigated a range of mechanical properties at different water content
and for different R/C ratio.

Sample preparation Hydrogels were obtained by polycondensation of resorcinol solubilized
in water with formaldehyde in the presence of Na2CO3 acting as a catalyst (C). Cylindrical
samples were obtained by casting 5ml of the solution into glass molds of 22mm of diameter
and putting them for curing under saturated atmosphere in an oven for 24h. Forced convection
in the oven allowed high level of heat transfer during gelation. After gelation, the water content
on a dry basis, W, was determined and was, for all the samples, close to 2 kg/kg. R/C ratios of
300, 600, 750, 900, 1200, 1500 were considered.

Young modulus The Young modulus of the gels was determined by compressive axial load-
ing of cylindrical samples and simultaneous measurement of corresponding deformation. Since
the Young modulus varies with the water content, the samples were brought to a series of de-
sired water contents which were obtained by ambient drying of the samples in order to limit
internal moisture gradients. As the gelation was totally completed, only water is removed, and
the samples remain in a monolithic shape. The gels were charged up to 700 N with a loading
rate of 0.5 N/s. Two replicates were used for each R/C ratio. The results (cf. Fig. 8.2) pointed
that the orginal Young modulus of RF hydrogels is not dependent on the R/C ratio. The stiffen-
ing experienced by the sample as they dry is, on the other hand, strongly influenced. The final
Young modulus of RF xerogel increases with decreasing R/C ratio.

Poisson ratio Mercury porosimetry, which is usually used to determine the pore size distri-
bution (Washburn (1921)), is affected by a peculiar behavior in the case of RF samples (Job
et al. (2004); Léonard et al. (2005b)). For this material, the pore size distribution cannot be
obtained in a straightforward manner due to the collapse of the sample under mercury pressure
(Job et al. (2006a)). Nevertheless the data allow to determine the compression modulus of the
network according to Scherer’s methodology (Scherer et al. (1995)). Combination of the results
obtained from the axial compression tests, on the dried samples, and the mercury porosimetry
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Figure 8.2: Evolution of Young modulus with water content for different R/C ratios (Léonard
et al. (2008))

measurements allows to determine the Poisson ratio, ν, according to :

K = E

3(1− 2ν) (8.1)

The results obtained for the different R/C tested are presented in Table 8.1.

R/C 300 600 750 900 1200 1500
ν [−] 0.48 0.47 0.45 0.44 0.42 0.42

Table 8.1: Poisson ratio for different R/C ratio

Given the results obtained, our understanding is that the procedure most probably lead to the
measurement of the undrained Poisson’s ratio which is logically around 0.5. Consequently,
these results will not be used later on.

Density The apparent dried density, ρd and the intrinsic density of the resin, ρs, are measured
by mercury and helium pycnometry, respectively. The results are presented in Table 8.2.

R/C 300 600 750 900 1200 1500
ρd [kg/m3] 870 510 470 420 370 360
ρs [kg/m3] 1480 1500 1480 1480 1450 1490

Table 8.2: Density characterization

Based on the dry and intrinsic densities it is possible to determine the total porosity, n, of the
sample based on :

ρd = (1− n)ρs (8.2)
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The value obtained are visible in Table 8.3. The total porosity increases with increasing R/C
ratio.

R/C 300 600 750 900 1200 1500
Total porosity [%] 41 66 68 72 75 76

Table 8.3: Textural characterization

Textural characterization Nitrogen adsorption–desorption test were carried out on dried
gels to determine the porous texture of the material. As R/C increases, xerogels evolve from
micro-mesoporous texture for R/C =300, to a micro-macroporous texture for higher R/C. Gen-
erally, the mean pore size increases with R/C.

8.3.2 Drying behavior

In this work, we did not perform any convective drying experiment on the resorcinol formalde-
hyde hydrogels because the chemical engineering team from the University of Liège, especially
Job (2005), thoroughly studied the production and drying behavior of RF hydrogels. In this
section, a brief summary of their conclusion is presented.

Sample preparation The samples preparation is analog to the one described in section 8.3.1
except that for the gelation part, the solutions were placed in a water bath for 24 h at 70◦C and
that a second cylindrical mold, slightly smaller in diameter, was slipped into the first one until it
touched the solution to avoid any contact between air and the solution. Moreover, evaporation
was prevented by a paraffin film covering both cylinders. This procedure aimed at avoiding
thermal inertia and temperature gradients during the gelation phase.

Convective drying experiment The RF hydrogel samples were dried in a classical convec-
tive dryer controlled in air relative humidity, temperature and velocity (cf. Chapter 3). The
samples were weighed every 10 seconds during the test. As already explained, based on the
variation of the mass with time, it is possible to express the Krischer curve, representing the
drying rate versus the water content. The influence of the air velocity, air temperature and R/C
ratio was tested. Preliminary tests were carried out at 115 ◦C and with an air velocity of 2
m/s to determine whether the sample experienced desiccation cracking or not. Based on those
results, experimental program were designed for each R/C ratio. R/C ratio of 300, 500 and
1000 were tested (cf Fig. 8.3). The R/C 300 presented desiccation cracks after drying at 115
◦C. Consequently, the temperature was progressively reduced to 70◦C, 50◦C and finally 30
◦C) to find conditions preventing cracking. R/C 500 also cracked and the same procedure was
applied except it didn’t crack for a temperature of 70◦C and thus and intermediate temperature
of 92.5 ◦C was tested (Fig. 8.4(a)). R/C 1000 didn’t crack at 115 ◦C. Three temperatures were
thus tested : 70 ◦C, 115 ◦C, 160 ◦C. The influence of air velocity was studied at a temperature
of 50 ◦C and three velocities of 1[m/s], 2[m/s] and 3[m/s] were considered (cf Fig. 8.4(b)).
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Figure 8.3: Krischer curve for different R/C ratios with a temperature of 70 ◦C and an air
velocity of 2 m/s (Job et al. (2006b))

Drying kinetics The drying kinetics results are presented in the form of Krischer curves :

8.3 exhibits very similar results (almost similar drying rate during the CRP and similar CRP
length) for R/C 300 and R/C 500 but much lower drying rate for R/C 1000. The curve for R/C
1000 also does not present a clear CRP.

Fig. 8.4(a) and Fig. 8.4(b) show a clear increase of the drying flux with both the temperature
and the air velocity.

Shrinkage X-ray microtomography was used to monitor the samples shrinkage as well as
to detect crack initiation. The samples were taken out of the drier at regular interval and put
inside the microtomograph for 2 minutes (to limit potential drying in the microtomograph)
then replaced in the convective dryer. Image analysis procedure are used to determine the
diameter and height of the sample based on the scans. From those results, the shrinkage can be
determined (Fig. 8.4).
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Figure 8.4: Evolution of the shrinkage with water content for different R/C ratios (Léonard
et al. (2008))

Fig. 8.4 shows the evolution of the volumic shrinkage with the normalized water content. Note
that since the shrinkage is mostly isotropic, directionnal (axial and radial) value of the shrinkage
can easily be extrapolated from these measurements. The results clearly exhibit a significant
dependence of the volume variation to the R/C ratio. All the curves (except R/C = 1500) follow
the same trend during the linear part of the graph which is assumed to correspond to ideal
shrinkage. Then the shrinkage curve reaches a plateau which value depends on the R/C ratio.
The lower the R/C ratio, the higher the shrinkage. It is noteworthy that the sample experiencing
the most important shrinkage also present the most important stiffening. The two curves on
Fig. 8.4 and Fig. 8.2 are very similar which indicates that the stiffening of the material is due
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to a densification mechanism provoked by the shrinkage. It has also been proven (Job et al.
(2006b)) that there is no influence of the drying air temperature or velocity on the shrinkage.

Cracking During the experimental campaign, a series of samples exhibited desiccation cracks
(see Fig.8.5).

Figure 8.5: Evolution of the desiccation cracking (W/W0 = 0.23 on the left andW/W0 = 0.10
on the right) (Job et al. (2006b))

On the scans, we see that cracking first occurs radially and then orthoradially. The samples
crack radially for a length corresponding to around a quarter of their radius. The factor in-
fluencing cracking are the R/C ratio and the drying air temperature. Sample with R/C ratio
over 1000 didn’t experience any cracking but for samples with R/C lower than 1000, the lower
the R/C ratio the lower the temperature required for the sample to crack. For scale, samples
with R/C 500 cracked for temperatures over 90 ◦C whereas samples with R/C 300 cracked for
temperatures over 30 ◦C.

8.4 Experimental campaign
In the previous section, the documented mechanical properties of the RF hydrogels were pre-
sented. Those are, however, insufficient to predict desiccation cracking or even to simulate
a drying experiment. To further characterize the RF hydrogels, an experimental campaign is
conducted. Particularly, the hydraulic properties of the material are investigated. Constant head
permeameter experiments are conducted to determine the hydraulic conductivity of the mate-
rial. The water retention curve is obtain using dynamic vapor sorption. The tensile stress of the
material is obviously required and it measured using a Brazilan test appartus. Since, we know
from the literature that RF hydrogels properties depend on the water content their evolution
with it will be investigated. The section starts with a brief description of the sample preparation
and is followed by the different tests performed.

8.4.1 Samples preparation
Hydrogels are prepared by polycondensation of resorcinol, solubilized in water, with formalde-
hyde, in the presence of Na2CO3. The pH of the precursors solution is achieved by changing
the resorcinol/catalyst (in this case sodium carbonate) molar ratio, R/C. The R/C ratio was
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fixed at 600. The resorcinol–formaldehyde molar ratio, R/F, and the dilution ratio (the solvent
on resorcinol plus formaldehyde molar ratio) are fixed at 0.5 (stochiometric ratio) and 5.7, re-
spectively. The total amount of solvent takes into account the deionised water added but also
water and methanol (stabilizer) included in the formaldehyde solution. 9.91 g resorcinol were
first mixed with 18.8 ml deionised water with the required amount of Na2CO3 in 250 ml seal-
able flasks under magnetic stirring. The formaldehyde solution was poured into a separated
flask. All the solutions were then placed in a thermostated bath at 70◦C. After temperature
stabilization, 13.5 ml formaldehyde were added to the resorcinol solution. Cylindrical samples
were obtained by casting solution into glass molds and putting them back in the water bath for
gelation and aging during 24 h at 70◦C. A second cylindrical mold, slightly smaller in diameter,
was slipped into the first one and put in touch with the solution so that the contact between air
and liquid was avoided. Evaporation was prevented by a paraffin film covering both cylinders.
This procedure aims at avoiding thermal inertia and temperature gradients during the gelation
phase. Moreover, the size of the samples was adapted to have a slenderness of around two for
uniaxial compression test.

8.4.2 Saturated Hydraulic conductivity
Constant-head permeability experiments (cf. Fig. 8.6) were used to determine the saturated per-
meability, Ksat, of cylindrical resorcinol formaldehyde samples. The flow through the sample

L

H

Graduated

 cylinder

Figure 8.6: Constant head permeameter

is measured at a steady rate under a constant pressure difference. The hydraulic conductivity
can thus be assessed using the relationship :

Ksat = QL

A∆H (8.3)

where Q is the water flow, A is the cross sectional area of the permeameter, ∆H is the head
difference, L is the length of the tube. Three samples were tested for reproducibility and the
results are visible at Fig. 8.7. The three tests performed gave very consistent results. Based
on the collected volume measure and using Eq. 8.3, it is possible to calculate the hydraulic
conductivity of the sample (Table 8.4) :

8.4.3 Water retention curve
A very small sample (a few grams chip of a sample actually) was used to determine the water
retention curve of the material. The sample was initially fully saturated and placed in a chamber
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Figure 8.7: Total volume of water collected

Sample 1 2 3
Hydraulic conductivity [m/s] 5.04 10−10 5.007 10−10 5.47 10−10

Table 8.4: Hydraulic conductivity for the different samples tested

whose relative humidity and temperature can be imposed. The relative humidity varied from 90
% to 0 % in about two days and the temperature was fixed at 40 ◦C. The evolution of the sample
mass was recorded every two minutes until the end. Each relative humidity "step" (i.e. from 90
% to 80 %) was maintained until the sample mass stabilized. Using Kelvin law and knowing
the imposed temperature and relative humidity in the chamber, it is possible to determine the
suction in the sample. Given the sample dimensions and the length of each relative humidity
step, the suction is assumed to be homogeneous over the whole sample. The assumption that
the sample is initially saturated means that the saturation degree of the sample at any given time
is the ratio of the mass of water at that mass measured at that instant and the dry mass) to the
initial mass of water. We now have the evolution of the sample saturation degree with time and
of the suction with time. Combining those, we obtain the water retention curve of the sample
(see Fig. 8.8). It is possible to fit a van Genuchten’s curve to the data obtained. As a remider,
van Genucthen’s formulation Van Genuchten (1980) is :

Sr,w = Sres + (Ssat − Sres)(1 + ( s

αvG
)
nvG

)
−mvG

(8.4)

in which nvG [−],mvG [−] are model parameters. nvG is associated with the rate of desaturation
of the soil while mvG is linked to the curvature of the water retention curve for high suctions.
αvG [Pa] is a model parameter related to the air entry pressure, Sres [−] is the water residual
saturation, Ssat [−] is the water maximum saturation and s [Pa] is the suction. The parameters
obtained are presented in Table 8.5.
This experiment also allows us to determine the porosity of the material and see if the sample we
produced are in the same range as the one documented by Léonard et al. (2008). Considering
the sample initially saturated and knowing its initial volume, initial and dry mass, the porosity
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Figure 8.8: Water retention curve for the resorcinol formaldehyde gel with a R/C ratio of 600

van Genuchten parameters
αvG 6 [MPa]
nvG 2 [−]
Ssat 1 [−]
Sres 0 [−]

Table 8.5: van Genuchten’s formulation parameter for the resorcinol formaldehyde gel with a
R/C ratio of 600

is easily obtained as :

n =
mi−mf
ρw

Vi
(8.5)

where mi and mf are respectively the saturated and dry mass, ρw is the water density and Vi
is the initial volume of the sample. In this case, the porosity is of n = 75.76% which is a bit
higher but still concordant with values measured by Léonard et al. (2008).

8.4.4 Different water contents for the mechanical characterization

Since the mechanical parameters have been shown to be significantly influenced by the water
content of the sample, sample at different water content were prepared.
Some samples were put into saline solutions (see Fig. 3.2 in Chapter 3 section 3.3.1) to achieve
a chosen suction. These solutions were chosen because their relative humidity correspond to
saturation degrees all along the water retention curve of the material. The relative humidity of
the saline solution combined with the temperature of the saline solution (room temperature of
around 25 ◦C) gives us the suction of the solution using Kelvin’s law :

pc = pg − pw = −ρwRT
M

ln(RH) (8.6)
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where ρw is the water density, R is the gas constant, M is the water molar mass and T and RH
are the temperature and relative humidity of saline solution. Since we know the water retention
curve of the material, we can determine the corresponding saturation degree. The different
solutions chosen are presented in table 8.6 as well as the saturation degree they lead to.

Solution NH4NO3 KCl ZnSO4 K2SO4

Relative humidity [%] 65 76 91 97
Corresponding saturation degree [%] 10 16 42 82

Table 8.6: Different saline solutions prepared

The samples were weighed every day and were left into the saline solutions until complete
stabilization of their mass.
Other samples were dried in a stove for 24h in a stove at 105 ◦C) to obtain completely dried
samples.

8.4.5 Elastic modulus

Even though the elastic modulus of RF hydrogels is documented as well as its variation with
suction, we still performed uniaxial compression tests (cf. Fig. 8.9) to ensure that the mod-
ulus of the sample we produced would be in the expected range. The applied load and the
displacements were measured.

Figure 8.9: Uniaxial compression test on resorcinol formaldehyde sample
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Stress is obtained by dividing the compressive load by the initial cross-sectional area, deter-
mined from the measurement of the diameter before each test. Strain is the change per unit
length of the height of the sample. The loading rate was fixed at 0.4 mm/min. The tests were
performed on samples at different water content. The results of the uniaxial compression test
are presented on Fig. 8.10. Note that the dried samples (w = 0) tested could not be broken

0 0.1 0.2 0.3 0.4
0

5

10

15

20

Strain [−]

S
tr

e
ss

 [
M

P
a

]

 

 

W=2.198

W=2.225

W=1.757

W=0

W=1.782

W=0

W=0

Figure 8.10: Stress-strain curves

using our loading cell explaining the constant stress observed one some experimental curves.
The elastic modulus is the slope of the linear part of the graph of compressive stress versus
strain. As can be seen on Fig. 8.10, the slope of the elastic part of the curves increases with de-
creasing water content. This clearly exhibits the stiffening effect with decreasing water content
documented by [Léonard et al. (2008)]. Fig. 8.11 shows the variation of the Young modulus
determined with water content. The trend observed on Fig. 8.10 is, here, clearly confirmed by
the trendline. The mean value of the elastic modulus for saturated samples is around 90 [MPa]
and the mean value for dried samples is around 250 [MPa]. The range of Elastic modulus
measured is a bit higher than those measure by Léonard et al. (2008) for samples with R/C
ratio of 600 but concordant enough to not require any additional measurement.

8.4.6 Tensile strength

Brazilian tests (Fig. 8.12 and Fig. 8.13) were performed to determine the tensile strength of
the resorcinol formaldehyde gels. The loading rate was fixed at 0.2 mm/min. The evolution
of the load with time is visible in Fig. 8.14. As can been seen, there is an increase of the
maximum admissible load with decreasing water content. Some samples present maximum
strength much lower than others with comparable water content. This is due to local defaults
such as air bubbles, trapped during molding, leading to stress concentration and premature
failure of the sample. Based on the maximum load, Fmax, the tensile strength, σt, is determined
using :

σt = 2Fmax
πDl

(8.7)
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Figure 8.11: Evolution of the elastic modulus with water content

Figure 8.12: Brazilian test on resorcinol formaldehyde sample

where D and l are the diameter and the length of the sample, respectively. The evolution of
the tensile strength as a function of the water content is presented on Fig. 8.15. We start by
pointing out that the two points corresponding to value of the tensile strength over 6 MPa are
way above the rest of the field and are not considered pertinent. They have not been considered
for mean value nor trendline. On Fig. 8.15, the trendline also shows an increase of the material
tensile strength with decreasing water content and the mean value for saturated samples is
around 0.6 MPa while the value for dried sample is around 2.5 MPa. Based on these results,
it is possible to calibrate a Peron law (cf. Chapter 7.5) :

σ′t = σ′satt − k2

[
1− exp

(
− k1s

k2,0

)]
(8.8)
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Figure 8.13: Sample at the end of the brazilian test
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Figure 8.14: Applied load vs. Time curves

where σ′t is the effective tensile stress, σ′satt is the effective tensile strength at the saturated state
(s = 0), k1 and k2 are material parameters accounting for the increase in tensile strength as
suction increases. k2 has the dimension of a stress, and k1 has no dimension and is actually the
variation of tensile strength from the saturated to the dried state (s =∞) :

k2 = σ′satt − σ′ft (8.9)

Peron’s formulation expresses the variation of the effective tensile strength as a function of
suction. The first step is thus to determine the saturation degrees corresponding to the water
contents of the tested samples (this is possible because we know the porosity the material).
These saturation degrees can be used to calculate the suction level of each sample using the
water retention curve of the material. Now that we know the saturation degree and suction
level corresponding to each test, it is possible to calculate the effective tensile strength for

178



0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

Water Content [−]

M
a

x
im

u
m

 S
tr

e
ss

 [
M

P
a

]

 

 

Experimental results

Trendline

Figure 8.15: Evolution of the tensile strength with water content

every sample tested (see Fig. 8.4.6) using Bishop’s effective stress :

σ′ij = σij − pgδij + Sr,w(pg − pw)δij (8.10)

The fitting of Peron’s formulation to the effective tensile strength measured is visible on Fig.
8.4.6 and the obtained parameters are given in Table 8.7.
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Figure 8.16: Evolution of the effective tensile strength in function of suction

σ
′sat
t,0 [MPa] k1[−] k2[MPa]

0.6 0.6 4.2

Table 8.7: Parameter of the Peron model
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8.5 Numerical modeling
In this section, simulations are performed to predict desiccation cracking of resorcinol formalde-
hyde hydrogel samples. We try to reproduce the behavior of one of the samples dried by Job
et al. (2006b). The sample is a cylinder of height 10 mm and of radius 12.5 mm . The sample
was dried laterally in a classical convective drier.

8.5.1 Mesh, initial and boundary conditions
The simulations are performed in axisymmetric conditions given the cylindrical shape of the
sample (Fig. 8.17).

Figure 8.17: Simulated geometry

Mesh We decided to consider a 2 mm high band in the middle of the sample as represented
on Fig. 8.17. This possible because the material is homogeneous and istropic allowing us to use
the symmetry of the geometry to reduce the problem to a 1D axisymmetric configuration. The
mesh and boundary conditions are visible on Fig. 8.18. The number of elements is progres-
sively increased towards the drying surface since this is where all the stress and water content
gradients will occur.

Boundary conditions The vertical displacements at the bottom of the sample are prevented
as well as horizontal displacements along the symmetry axis. The atmospheric pressure is
applied at all the external boundaries. The boundary layer boundary condition is implemented
through a water pressure and a temperature at the environmental node (cf. section 4.2.1) and
is imposed on the lateral surface of the sample. The temperature imposed corresponds to the
temperature of the drying air (i.e. 92.5 ◦C) and the water pressure is calculated based on the
temperature and relative humidity (1.5%) using Kelvin’s Law :

pc = −ρwRT
M

ln(RH) = 711.9 [MPa] (8.11)

where ρw is the water density, R is the gas constant, M is the water molar mass and T and RH
are the temperature and relative humidity of the drying air.

Initial conditions The sample is initially at rest (σ′ = 0 [MPa]), saturated and at room
temperature :
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Figure 8.18: 50 elements axisymmetric mesh

Degree of Freedom Values Units
pw,ini 100 [kPa]
pg,ini 100 [kPa]
Tini 20 [◦ C]

Table 8.8: Initial conditions

8.5.2 Numerical results
In this section, the results obtained for the different simulations performed are presented. A step
by step approach similar to the one applied to present the numerical results of the simulations
performed on Boom clay is chosen. The goal is to highlight the influence of each mechanism
on both the drying behavior and tensile stresses generation. Krischer curves will be presented
for each simulation to compare the numerical and experimental drying kinetics. Depending
on the simulation performed, other key results will be presented. Most of the time, the results
presented will account for the first 2h of the drying experiments since most of the drying occurs
during the first two hours.

8.5.2.1 Preliminary simulation

Even though we proved in Chapter 5 that to reproduce the drying kinetic of a porous medium,
Thermo(T)-Hydro(H)-Mechanical(M) couplings are required, the preliminary simulation is a
thermo-hydraulic one. All the displacements are prevented. The goal of the simulation is to
assess how the mass transfer occurs. This will show if our hydraulic parameters and the transfer
coefficients of the boundary layer have been correctly calibrated. This will be the case if the
drying rate during the constant rate period reaches the right order of magnitude. The mass and
heat transfer coefficients, α and β, are calculated using the following expressions :

q = α(ρv,surf − ρv,air) (8.12)
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f = Lq − β(Tair − Tsurf ) (8.13)

where q is the drying rate during the CRP, ρv,air is vapor density of the drying air, ρv,surf is
the vapor density at the surface of the sample, Tair is the temperature of the drying air, Tsurf
is the temperature at the surface of the sample and L is the water evaporation latent heat (2500
kJ/kg). Since we know, from the experiments, the drying rate during the CRP and that all
the other parameters are known since we impose the boundary conditions, α and β can be
determined. The following values are obtained for the sample considered (Table 8.9)

Parameters Values Units
α 0.061 [m/s]
β 50.70 [W/m2/K]

Table 8.9: Transfer coefficient for the considered sample

The hydraulic parameters used are presented in Table 8.10 as well as the van Genuchten for-
mulation for saturation degree and relative permeability. The parameters of the thermal law

Reference Parameters Values Units
Hydraulic parameters

Expe k 5.10−17 [m2]
Expe n 0.7576 [−]

τ 0.1 [−]
van Genuchten parameters

Expe αvG 12.5 [MPa]
Expe nvG 1.7 [−]
Expe Ssat 1 [−]
Expe Sres 0.01 [−]

kr,min 10−7 [-]

Table 8.10: Hydraulic model parameters

are given in Table 8.11 : The values used were determined during our experimental campaign
(designated by "Expe" in the Table 8.10 and Table 8.11) or the literature. Parameters without
references (τ ,kr,min and αs) were arbitrarily chosen. The value of kr,min is chosen based on the
results of the sensitivity study in Chapter 5.
The drying kinetics obtained for the preliminary simulation is visible on Fig. 8.19 : The first
observation that can be made based on Fig. 8.19 is that as first approximation, the numerical
results are quite close to the experimental ones. The general order of magnitude is correct but
the constant rate period is too long.

The evolution of the water pressure along the radius of the sample is visible on Fig. 8.20.
As can be seen an important water pressure gradient develops near the drying surface. This
gradient is so important that it leads to numerical convergence problems. These problems lead
to a significant decrease of the time steps of the simulation (around 10−3s per step). These very
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References Parameters Values Units
Collin (2003) ρw 1000 [kg/m3]
Collin (2003) cp,w 4185 [J/kg/K]
Collin (2003) Γw 0.6 [W/m/K]
Collin (2003) αw 7.10−6 [1/K]
Collin (2003) ρa 1.2 [kg/m3]
Collin (2003) cp,a 1004 [J/kg/K]
Collin (2003) Γa 0.025 [W/m/K]
Collin (2003) ρv 0.59 [kg/m3]
Collin (2003) cp,v 1864 [J/kg/K]
Collin (2003) Γv 0.02 [W/m/K]

Léonard et al. (2008) ρs 1500 [kg/m3]
Hrubesh and Pekala (1994) cp,s 896.4 [J/kg/K]
Hrubesh and Pekala (1994) Γs 0.35 [W/m/K]

αs 10−5 [1/K]

Table 8.11: Thermal model parameters
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Figure 8.19: Comparison of experimental and numerical Krisher’s curve for the preliminary
simulation

little time steps are responsible for the oscillations visible on Fig. 8.19 because the drying rate,
q, is the ratio of the derivative of the mass, δm, over the derivative of the time, δt :

q = δm

δt

1
S

(8.14)

where S is the drying surface. Therefore, when the time steps become very small the drying
rate take very variable values because both the mass and time variation are very small. Hence
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Figure 8.20: Evolution of the water pressure along the radius of the sample

the oscillations.

Mesh dependency of the results We studied a less refined mesh to see the influence of
the mesh on the results. A less refined mesh composed of 25 elements (rather than 50) was
used. Bigger elements means lower water pressure gradient over the element which helped
the numerical convergence as attested by the almost disappearance of the oscillation on the
Krischer curve (see Fig. 8.21). But this is done at the cost of results accuracy. Indeed, on Fig.
8.21, a "rebound" of the drying rate can be observed. It is provoked by an incorrect numerical
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Figure 8.21: Comparison of experimental and numerical Krisher’s curve for a 25 elements
mesh
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solution at the level of the integration points. Fig. 8.22 shows the evolution of the suction in
the sample and in the red square, it can be observed that the suction decreases at the surface
of the sample. Note that this behavior is not observed on the water pressure at the level of
the element nodes which means it is most probably linked to the interpolation function. This
decrease in suction is followed by an increase in saturation degree and in relative permeability
which leads to an increase of the drying rate and the observed "rebound". Smaller mesh helps
the convergence but only artificially since they lead to false results and cannot therefore be
considered.
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Figure 8.22: Comparison of experimental and numerical Krischer’s curve for

Saturation degree of the boundary layer A solution to solve the convergence problems
created by the important water pressure gradient during drying has been suggested by Gerard
(2011). It consists in assuming that the saturation degree of the boundary layer is equivalent
to the one at the surface of the sample. This is done by implementing a water retention curve
(of the van Genuchten’s type) in the boundary layer element to be able to calculate a saturation
degree based on the evolution of the suction. As the saturation of the boundary layer decreases
the transfer coefficient decreases too. The drying rate is thus calculated based on :

q = α(Sr,w)(ρv,surf − ρv,air) (8.15)

where α(Sr,w) = α0 Sr,w in which α0 is the initial water transfer coefficient.
The major drawback of this approach is that the mass transfer during the falling rate period
is partially controlled by the boundary layer (i.e. drying conditions) and not only the internal
transfer which is not in accordance with the theory of convective drying. Nonetheless, it is a
efficient to be able to perform our simulations without too many convergence problems, we
decided to use this formulation. The results obtained can be seen in Fig. 8.23. Using this
formulation, we can obtain the following Krischer curve (Fig. 8.23) Adopting this formulation
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Figure 8.23: Comparison of experimental and numerical Krischer’s curve for the simulation
with variable mass transfer coefficient

helps to reduce the water gradient by decreasing the "demand" in water of the boundary con-
dition (cf. Fig. 8.24 and Fig. 8.20). As can be seen on Fig. 8.23, this helps the convergence
of the problem and leads to a much smoother curve even if oscillations persist. An undesired
effect of the method is that we do not observe a true constant rate period anymore. Because
even during the CRP, the saturation changes a little which change the mass transfer coefficient
a little and leads to a slowly decreasing drying rate during the CRP.
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Figure 8.24: Evolution of the water pressure along the radius of the sample
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8.5.2.2 Thermo-hydro-mechanical simulation

Now that we have an acceptable hydraulic solution, it is time to add the mechanical aspect
of the problem and see what is changes to the drying kinetics. The mechanical law used is a
linear isotropic elastic one with a tensile failure mechanism. The parameters are given in Table
8.12 and Table 8.13. Logically, the drying rate should be a bit higher due to the reduction
of the drying surface and the CRP should be longer because the porous medium will remain
saturated longer because of pore size reduction due to the shrinkaghe. Krischer curve for the
THM simulation is visible on Fig. 8.25.

References Parameters Values Units
Expe and Léonard et al. (2008) E 300 [MPa]

ν 0.25 [−]
G 150 [MPa]

Table 8.12: Linear elasticity mechanical law parameters

References Parameters Values Units
Expe and Léonard et al. (2008) σ

′sat
t 0.6 [MPa]
k1 0.6 [−]
k2,0 4.2 [MPa]

Table 8.13: Tensile failure criterion parameters
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Figure 8.25: Comparison of experimental and numerical Krischer’s curve for the THM simu-
lation with linear elasticity
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Adding the mechanical aspect add the expected effect and the CRP is now too long. The
solution suggested to solved that problem is to take into account the variation of the hydraulic
conductivity with the porosity.

Variation of the hydraulic conductivity with the porosity One of the possible coupling that
we did not consider before was the decrease in permeability due a reduction of the porosity.
Boom clay presented volume shrinkage of around maximum 10% whereas the hydrogel can
shrink to up to a 35% reduction in volume for a R/C of 600. This means that the decrease in
porosity is much more important (cf. Fig. 8.26). We can see that after 2 hours, the porosity
has decreased from 76% to a value of around 68%. It is thus reasonable to assume that such
a decrease in porosity will have a significant impact on the hydraulic properties. To take this
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Figure 8.26: Evolution of the porosity along the radius of the sample for different time steps

effect into account we use the Kozeny-Carman formulation (Kozeny (1927)) :

k = k0
(1− n0)km

nkn0

nkn

(1− n)km (8.16)

where k is the saturated hydraulic conductivity, k0 the initial saturated hydraulic conductivity,
n0 the initial porosity and kn, km are model parameters. In this case, kn = 3 and km = 4. Using
this formulation, the following Krischer curve is obtained (Fig. 8.27) :
The numerical results now fit very well the experimental data. We have found a formulation
that allows us to accurately reproduce the drying kinetics of the RF hydrogels but the shrinkage
has not been addressed yet. Based on our numerical results, we see that the radius of the sample
decreased from 12.5 mm to around 11.5 mm which means a volumic shrinkage of around 23%
which is much lower than the range suggested by the experimental data of Léonard et al. (2008).
This is due to an initially too important Young’s modulus. To solve this problem, we suggest,
once again, to use non linear elasticity.
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Figure 8.27: Evolution of the drying rate in function of the normalized water content for the
THM simulation with Kozeny-Carman formulation

Non linear elasticity Based on the experimental data of Léonard et al. (2008) and the exper-
imental campaign that we conducted (cf. Fig. 8.11 and 8.2), we know that the RF hydrogels
Young’s modulus varies significantly with water content. The formulation of Modaressi and
Laloui (1997) introduced in chapter 5 is once again used to account for the stiffening of the
material:

E = E0 + Eref (
p′

pref
)b (8.17)

where Eref is the Young modulus at the reference mean effective stress, pref , and b is a model
parameter. E0 is used to avoid null Young’s modulus when the effective stress state vanishes.
The dependence on the stress state means, through the use of Bishop’s effective stress, that
the moduli are dependent on the suction thus on the water content. The parameters of the non
linear elasticity law are given in Table 8.14

Parameters Values Units
Eref 270 [MPa]
pref 6.5 [MPa]
E0 30 [MPa]
b 2.5 [−]

Table 8.14: Non Linear elasticity mechanical law parameters for the resorcinol formaldehyde
hydrogels

The parameters of the Modaressi and Laloui (1997) law are obtained by fitting (Fig. 8.28) the
law to the experimental data collected by Léonard et al. (2008) and during our experiments.
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Figure 8.28: Evolution of the water pressure along the radius of the sample

Using this formulation does not have much impact of the drying kinetics as can be seen on Fig.
8.29.
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Figure 8.29: Evolution of the drying rate in function of the normalized water content for the
THM simulation with Kozeny-Carman formulation and non linear elasticity

The Young modulus evolution along the radius of the sample is visible on Fig. 8.30. Young’s
modulus evolves from its initial value of 30 MPa toward its final value of 300 MPa but never
reaches it. The reason behind it comes from the formulation of the elastic modulus in function
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Figure 8.30: Evolution of Young’s modulus for the THM simulation using Modaressi and
Laloui (1997) for non linear elasticity

of the mean effective stress. Based on Bishop formulation of the effective stress we know that :

∆σ′ = ∆σ −∆pg + ∆(Sr,w s) (8.18)

Given that the gas pressure remains constant during our simulations and that the external total
stress applied does not vary either, this reduces to :

∆σ′ = ∆(Sr,w s) (8.19)

This means that the variation of the elastic modulus is directly dependent on the variation of
the Sr,w s term which reaches a maximum value of around 6 MPa (cf. Fig. 8.31).

191



0 2 4 6 8 10 12 14
0

1

2

3

4

5

6

Coordinate along the sample [mm]

S
a

tu
ra

ti
o

n
 d

e
g

re
e

*S
u

ct
io

n
 [

M
P

a
]

 

 

1

60

360

600

1200

1800

2400

3000

3600

5400

7200

18000

36000

72000

Figure 8.31: Evolution of the Sr,w.s along the radius of the sample for different time steps.
Those results are obtained for the THM simulation using Modaressi and Laloui (1997) for non
linear elasticity

This means that the material does not perceive any ulterior modification and that the stiffening
is limited. It would be possible to calibrate the Modaressi and Laloui (1997) to reach the correct
final value of Young’s modulus but in this case it would diverge from our experimental data.
Nonetheless, volumetric shrinkage increased from 23% to 30% which is much closer to the
experimental range. The evolution of the elastic modulus is not perfect but drying kinetics and
shrinkage give very good results. The last step is thus to check if the tensile failure criterion is
met at any point during this simulation. The different effective stresses are visible Fig. 8.32 to
Fig. 8.34 and the total stresses are visible on Fig. 8.35 to Fig. 8.37.
As expected, the effective stress are all in compression and take values close to Sr,w.s which
is logical given Bishop’s effective stress formulation and the fact that no external forces are
applied. Total stress are thus easier to analyze since any divergence from their initial value
indicates the generation of a stress induced by a strain compensation mechanism. On Fig.
8.37, we can see that total tensile stresses are generated in the orthoradial direction but could
never reach the tensile failure criterion since the maximum tensile stress generated is of less
then 600kPa which is the initial value of the material tensile strength. It is still remarkable
that tensile stresses are generated. When the material dries, important water gradient develops
near the drying surface. This water gradient also means - since the gas pressure is fixed -
suction gradient. Following Bishop’s effective stress formulation, this means that there exists an
effective stress gradient. The external zone (near the drying surface) is thus submitted to much
higher compressive strains than the inner part. Because of material continuity, this differential
shrinkage between the dried external zone and the insided of the sample is limited (it cannot be
discontinuous). The external zone therefore has to generate total tensile stresses to equilibrate
the effective tensile stress to the admissible strain. When the external zone stiffens because of
non linear elasticity, this strain compensation mechanisms is increased because more tensile
stress are required to equilibrate the admissible strain state. Finally, when the external zone
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Figure 8.32: Evolution of effective radial stress along the radius of the sample.
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Figure 8.33: Evolution of effective axial stress along the radius of the sample.

becomes really stiff and rigid, it tends to deforms less and less and it ends up restraining the
shrinkage of the inner zone. This rigid "ring" around the sample is thus "pulled" at the interface
between the stiffened zone and the still more deformable zone. This explains the generation
of total radial tensial stresses. When a ring (or tube) is pulled radially from the inside, it also
generates compressive orthoradial stresses. This explains why the othoradial total stress now
goes towards the compression range.
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Figure 8.34: Evolution of effective orthoradial stress along the radius of the sample.
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Figure 8.35: Evolution of the total radial stress along the radius of the sample.

8.5.2.3 Reference simulation

In this last step, we use a new formulation for the non linear elasticity which writes :

E = E0 + ∆Emax(1− (1 + (s
a

)b)−(1− 1
b (8.20)

where E0 is the initial value of the Young modulus, ∆Emax is the maximum increase in Young
modulus, s is the suction and a and b are model parameters. The formulation suggested has
been arbitrarily chosen but is similar is principle to the one used by other authors working
on desiccation cracking (Cajuhi et al. (2018)). The formulation is also calibrated (see Fig.
8.38) based on the data gathered by Léonard et al. (2008) combined with ours. The following
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Figure 8.36: Evolution of the total axial stress along the radius of the sample.
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Figure 8.37: Evolution of the total orthoradial stress along the radius of the sample.

parameters are obtained (cf. Table 8.15) :
This new law allows for faster stiffening and even though it does not fit perfectly our experi-
mental data, it stays within acceptable range. Using this new formulation, the simulation we
will call the "reference" simulation is performed. This new formulation does not have any
significant impact on the Krischer curve (see Fig. 8.39).
The evolution of the water pressure and of the temperature for the reference simulation are
presented in Fig. 8.39 and Fig. 8.40 respectively. Temperature was not presented earlier
because we do not have any data to calibrate its evolution. Still, for the sake of completeness,
it is presented to give the reader insight on all the processes happening during the simulation.
The water pressure distribution is still the same since the introduction of the Kozeny-Carman
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Figure 8.38: Evolution of the water pressure along the radius of the sample

Parameters Values Units
∆Emax 270 [MPa]
E0 30 [MPa]
a 12 [MPa]
b 10 [−]

Table 8.15: Non Linear elasticity mechanical law parameters for the resorcinol formaldehyde
hydrogels

formulation which was the last significant change to the hydraulic part of the problem. The
evolution of elastic modulus obtained with the new formulation is presented don Fig. 8.41. It is
clear that the new formulation allow for much more important Young’s modulus gradient which
is logical since it is now directly related to the suction and thus to the water pressure which
presents a strong gradient near the drying surface. This elastic modulus distribution means that
the external zone of the sample is much stiffer than is was before for the same effective stress.
This means that the strain-compensation effect described earlier will be amplified. Moreover,
when the external zone will be dried it will form a rigid ring with low deformability. So later
in the simulation, tensile stresses are going to be generated radially by the prevented shrinkage
of the inside zone of the material because of material continuity. These observations are visible
on Fig. 8.42 and Fig. 8.43 describing the evolution of the radial and orthoradial total stress,
respectively.
The value of the tensile stress reached orthoradially exceeds 1 MPa which could be enough to
meet the tensile strength criterion. To verify it, we draw the evolution of the effective principal
stresses with time as well as the evolution of the effective tensile strength of the material with
time. This result is visible, at the surface of the sample, on Fig. 8.44. On this graph, it is clearly
seen that the tensile failure criterion is verified. The effective orthoradial principal stress, σ′3,
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Figure 8.39: Evolution of the water pressure along the radius of the sample for the final simu-
lation.
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Figure 8.40: Evolution of the temperature along the radius of the sample for the final simula-
tion.

verifies the tensile failure criterion leading to the onset of a radial crack starting at the surface of
the sample. On Fig. 8.44, it is also possible to see that σ′1, the effective principal radial stress,
is coming closer to the criterion but will not reach it. This means that in this configuration
orthoradial cracking is not possible in surface. This is logical because the total radial stress at
the surface of the sample must be equal to the applied atmospheric pressure and thus cannot be
in tension. Looking at the evolution of σ′1, we can see that the maximum tensile value is reached
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Figure 8.41: Evolution of the elastic modulus along the radius of the sample for the final
simulation.
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Figure 8.42: Evolution of the total radial stress along the radius of the sample.

further inside the sample and is of around 200 kPa after 2 hours. This means that orthoradial
cracking will not occur in this configuration. An hypothesis is that the stiffness of the inside
zone is too low and the strain compensation mechanism does not generate sufficient tensile
stress. Looking further inside will also allow us to determine the crack propagation length. For
the next graph we look 1 mm inside the sample and the results are visible on Fig. 8.45.
We can see that the effective orthoradial principal stress verifies once again the tensile failure
criterion which means the crack is at least 1 mm long. If we go further inside, near the half
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Figure 8.43: Evolution of the total orthoradial stress along the radius of the sample.
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Figure 8.44: Evolution of the effective principal stresses and of the tensile failure criterion with
time at the drying surface.

radius (6.25 mm from the drying surface) we obtain the following graph (Fig. 8.46). Here, the
sample is still mostly undisturbed and the tensile failure criterion is not verified which means
the radial crack did not propagate until there. To get a better assessment of the crack length we
look at the evolution of the plastic strain along the radius of the sample (see Fig. 8.46). On
this graph, is it clear that the crack propagated for a length of a bit less than a 1mm but not
more than that. This cracking means that the sample cracks for around 8% of its radius which
is lower than what was experimentally observed.
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Figure 8.45: Evolution of the effective principal stresses and of the tensile failure criterion with
time at 1 mm of the drying surface.
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Figure 8.46: Evolution of the effective principal stresses and of the tensile failure criterion with
time at 6.25 mm of the drying surface.

Sensitivity study Our reference configuration did not allow us to closely reproduce the ex-
perimental cracking. The crack obtained does not propagate as far the experimental one and
orthoradial cracking is never met. A sensitivity study is conducted to determine the parameter
influencing the crack propagation length and the orthoradial cracking.
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Figure 8.47: Evolution the plastic strain along the radius of the sample

Tensile strength We tested different value of the saturated effective tensile strength, σ′t,0
while keeping the same evolution in function of the suction. Value of 100 kPa, 200 kPa, 300
kPa, 500 kPa, 600 kPa (reference), 700 kPa, 1000 kPa and 1100 kPa were tested. The results
are presented in the form of the crack propagation length versus the saturated effective tensile
strength (cf. Fig. 8.49). Crack propagation was determined based on the evolution of the plastic
strain along the radius of the sample. An example is given for σ′t,0 = 100 kPa at Fig. 8.48.
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Figure 8.48: Evolution the plastic strain along the radius of the sample for σ′t,0 = 100 kPa
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We can see that the lower the initial tensile strength, the longer the crack will propagate. An-
other information obtained during the sensitivity study on the tensile strength is that for none
of the values tested did orthoradial cracking occurred. It is thus not influence by the tensile
strength of the material.
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Figure 8.49: Evolution the crack propagation length in function of the saturated effective tensile
stength

Orthoradial cracking Our main hypothesis concerning the development of orthoradial crack-
ing is that the external rigid "ring", because of its much more important elastic modulus, pre-
vents the displacement of the inside zone of the cylinder. Logically, the stiffer the rigid ring the
more total tensile radial stress should be generated. We tested variation of the Young’s modulus
final value of 400 and 600 MPa. None of these simulations allowed the radial stress to reach
the tensile criterion.
The use of the Kozeny-Carman formulation has been a meaningful addition to be able to both
fit to the experimental Krischer curve but also to generate enough tensile stresses to reach the
tensile criterion. Indeed the decrease in permeability due to the decrease in porosity means that
a more important water pressure gradient is locally created leading to a more important local
Young’s modulus gradient which increases the stress compensation mechanisms. Keeping the
final value of the elastic modulus at 600 MPa, we tested values of the parameters kn and km of
the Kozeny-Carman formulation :

k = k0
(1− n0)km

nkn0

nkn

(1− n)km (8.21)

Value of kn = 7, km = 6 and kn = 14, km = 13 were considered because they correspond
to a decrease in hydraulic conductivity of respectively 1 and 2 order of magnitude. The first
simulation did not give any positive conclusive results but the second one allowed the radial
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total stress to reach the tensile criterion as visible on Fig. 8.50. Fig. 8.50 describes the evolution
of the effective principal stresses with time 1 mm away from the drying surface.
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Figure 8.50: Evolution of the effective principal stresses with time at a distance of 1 mm from
the drying surface

The simulation stopped converging after touching the criterion in that direction. It is assumed
this is a logical behavior induced by the axisymmetric condition imposed which does not allow
for the propagation of an orthoradial cracks. The cracks length cannot be determined in this
configuration either. Depending on the conditions, it is thus possible for the sample to crack
orthoradialy but the parameters required for this result are far from our experimental and bibli-
ographic ones. The main problem with the variation of the parameters imposed is the value of
the Kozeny-Carman parameters because they significantly modify the drying kinetics as visible
on Fig. 8.51 which is not concordant with experimental data.

8.6 Conclusion
In this chapter, we combined all the tools presented throughout this PhD thesis to try to predict
desiccation cracking. This part of the thesis was done on a second material because Boom clay
due to its geological history always cracks along predefined planes. It was thus not appropri-
ate to validate the tensile failure criterion implemented. Resorcinol Formaldehyde hydrogels
were chosen because of previous interest of the team from the chemical engineering depart-
ment (LGC) in its drying behavior and cracking conditions. The LGC is interested in the
drying behavior of this material because, after cure, it can be submitted to pyrolysis to obtain
high specific surface carbonate porous structures which have many industrial applications Job
(2005). But depending on the curing conditions, the material may suffer desiccation cracking
which is detrimental to the end goal where a monolithic structure is required. The chapter
start by introducing the RF-hydrogels as well as presenting their documented properties. Then
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Figure 8.51: Krischer curve for the unrealistic values of the Kozeny-Carman parameters.

the experimental campaign conducted to investigate undocumented properties is detailed. Fi-
nally, numerical simulations are performed to simulate convective drying experiment on RF-
hydrogels. A step by step approach is used to highlight the different mechanisms taken into
account and their influence on the drying kinetic and tensile stress generation. More specif-
ically, Kozeny-Carman formulation is used to account for account for the reduced hydraulic
conductivity due to a decrease in porosity. This is an effect that had not been taken into account
before due to low variation of the porosity of Boom clay during our previous simulations. A
new non-linear elasticity, directly accounting for suction, is also suggested. Finally, using all
these features, the tensile criterion can be met and desiccation cracking predicted. The model
is able to predict desiccation cracking but not to perfectly reproduce the experimental behav-
ior. The length of the crack is not the same and orthoradial cracking could not be reproduced.
To assess the parameters controlling these behavior a small sensitivity study is conducted and
show that the length of the crack is directly dependent on the tensile strength of the material
while orthoradial cracking may be related to elastic modulus gradient. This is thus the end
of the first step in desiccation cracking modeling with the implementation of a tensile failure
criterion and the validation of its capacity to predict desiccation cracking. More work is still
required, though, to upgrade the model and allow for more accurate predictions.
The last chapter of this PhD work will conclude with a summary of the work produced as well
as outlooks for future developments.
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Chapter 9

Conclusion

9.1 Summary
Porous material drying is a process used in many engineering fields such as food (conversation),
plastic (polymer), chemical, pharmaceutical and wood (paper paste, composite beam for con-
struction) industries as well as any manufactured process based on paste or powder. It is also
of importance in civil engineering because of its impact on soil properties and soil-structure
interaction.
This PhD work is part of a F.R.S-FNRS project revolving around unsaturated porous material
desiccation cracking and supported by the collaboration of research groups from the geome-
chanical team (GEO3) and the chemical engineering team (LGC) of the University of Liège.
As such this work is separated in two main parts related to materials of interest in the scope
of each research group ongoing works. These parts, though studying different materials, share
the same general goal of predicting desiccation cracks onset. To do so, one must first have
a good understanding of the drying behavior of unsaturated porous medium. Therefore, the
first chapters of this work focused on establishing all the notions required to study and model
drying phenomena. It starts by introducing the notion of porous medium and the mathematical
tools used to describe it. Then the drying phenomenon itself is considered from the different
means of drying to the methods used to analyze it as well as the existing models. Its most direct
consequence - shrinkage - is also described. Finally, the finite element method is presented as
the framework used to conduct numerical simulations.
For the geomechanical research group of the University of Liège, the study of the drying be-
havior is conducted under the scope of deep geological storage of nuclear wastes. This follows
previous works of the team carried on nuclear wastes disposal. This concept aims at sealing
the wastes away for a period long enough to ensure that radionucleides reaching the biosphere
are under the natural activity level. Wastes isolation is guaranteed by the combination of nat-
ural and engineered barriers, referred to as the multi-barriers principle. The natural barrier is
the geological layer. The wastes are placed in super-containers formed of different layers that
all have a specific role with the goal of decreasing the risk of biosphere contamination. The
geological barrier is the last rampart protecting the environment. Its study is thus of the utmost
importance to be sure that it can withstand the thermo-hydro-mechanical loading induced by
the nuclear wastes storage.
The excavation of the galleries generates stress modifications and eventually fractures in the
surrounding medium leading to the creation of an excavated damage zone. The properties of
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this zone can be further degraded by desiccation cracks resulting from the ventilation needed
to allow for people circulation during the operation period of the galleries. This may lead to a
zone with important properties modifications such as important hydraulic permeability increase
which could prevent the geological barrier from playing its containment role.

Given the importance of ensuring good sealing conditions, understanding the drying behavior
of the host rock is essential. In Belgium, the considered potential host rock is Boom clay which
is thus the material studied throughout the first part of this PhD work. In view of the general sig-
nificance and environmental and sociological implications of finding a reliable solution to the
nuclear wastes problem, Boom clay is abundantly studied and documented. A short summary
of its geology is given and its thermo-hydro-mechanical properties are presented. An experi-
mental convective drying campaign was conducted to gather the data required for the validation
of our numerical model. The results of the experimental campaign are presented and analyzed
in the light of the latest development in drying science. Thermo-hydro-mechanical simula-
tions are then conducted to reproduce the experimental observations. A comprehensive step by
step approach is followed to highlight the influence of each mechanism on the overall process.
This approach clearly shows the importance of including the thermal and mechanical aspects
of the problem. Indeed, even the water output (i.e. drying rate) which is a mostly hydraulic
problem cannot be accurately estimated if these couplings are neglected. Non linear elasticity
is also included to improve the accuracy of the numerical shrinkage rate. By combining all
these features, the simulations performed reproduce very accurately the experimental results.
Nonetheless, Boom clay because of its geological history presents a strong anisotropy and even
though desiccation cracking was observed during the experiments, it always occured along the
bedding planes of the material. It was decided that a material not presenting pre-existing failure
planes would be more adequate for desiccation cracking modeling.

The second part of this PhD thesis uses the expertise acquired during the first one as a step-
ping stone to go further and focuses on the modeling of desiccation cracking. It starts with a
literature review of the desiccation cracking phenomenon from its possible causes to the notion
of material tensile strength as well as the different means to measure it. Existing numerical
models are also presented. Then, the chosen model - the one suggested by Péron (2008) in his
PhD thesis - is implemented in Liège finite element code LAGAMINE. Several material point
simulations are performed to test the behavior of the implemented constitutive law. Finally,
convective drying experiments are simulated using the described framework. The new mate-
rial chosen for the numerical validation is a Resorcinol Formaldehyde hydrogel. It was chosen
because of previous interest of the team from the chemical engineering department (LGC) in
its drying behavior and cracking conditions. The LGC is interested in the drying behavior of
this material because, after cure, it can be submitted to pyrolysis to obtain high specific surface
carbonate porous structures which have many industrial applications Job (2005). But depend-
ing on the curing conditions, the material may suffer desiccation cracking which is detrimental
to the end goal where a monolithic structure is required. The simulations performed using
the implemented tensile failure criterion in combination with the pre-existent thermo-hydro-
mechanical framework allowed to successfully predict crack initiation. The crack obtained
does not accurately reproduce the experimental behavior as its length is a bit shorter than the
propagation experimentally observed. Orthoradial cracking could not be reproduced either in
the case of the reference simulation. To get a better insight on the parameters controlling those
mechanisms, a sensitivity study is conducted.
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9.2 Original contributions

The aim of this PhD thesis was to extend the existing framework by implementing a tensile
failure criterion in order to predict desiccation cracking. It is based on previous developments
from the geomechanics and chemical engineering teams of the University of Liège and more
specifically on the work of Gerard (2011) for the atmosphere-material fluids transfer, the work
of Collin (2003) for thermo-hydro-mechanical couplings, the work of Barnichon (1990) for
constitutive law implementation and the work of Job (2005) for RF hydrogels properties and
drying behavior.
Hence, several aspects presented throughout this thesis had already been discussed in previous
works.
The main original contribution of the first part of this work was to perform highly coupled sim-
ulations putting together, for the first time in drying experiment simulations, thermal, hydraulic
and mechanical aspects. The results obtained using these couplings are themselves of real in-
terest because it is believed that few codes are able to reproduce, with this level of accuracy,
the drying behavior of unsaturated porous media. These results highlighted the importance of
accounting for all the couplings even if mainly thermal and or hydraulic aspects are of interest.
Non-linear orthotropic elasticity was also added to the existing framework to better reproduce
the shrinkage and shrinkage rate observed. The incremental approach followed to present the
results is also of interest because it emphasizes the influence of each coupling and/or added
level of complexity, furthering our understanding of the drying phenomenon.
In the second part, the main contribution was the implementation of a tensile failure criterion
in the existing thermo-hydro-mechanical framework of the finite element code LAGAMIME
and its validation on simple material point problems. Convective drying experiments on RF
hydrogels were also conducted. The results are presented following a similar step by step
approach to put the emphasis on each of the mechanisms influence on the drying kinetic as
well as on tensile strength generation. Finally, desiccation cracking was successfully predicted
but the crack length does not perfectly fit the experimental observations. A sensitivity study
is also conducted to get a better understanding of the parameters influencing crack length and
occurrence.

9.3 Outlook

Drying behavior Even though the model as shown the capacity to reproduce the drying ki-
netics of unsaturated porous medium, the very important water pressure gradient appearing near
the drying surface of the material causes numerical convergence problems drastically increas-
ing modeling computational time. This may either be due to an inability of the interpolation
function to cope with the important gradient or be a conceptual flaw of the boundary layer
model. Indeed, the boundary condition demand in water is constant but as the material desat-
urates, its permeability decreases to a point where it is very difficult to produce a water flow
answering the demand of the boundary condition. This problem should be investigated as solv-
ing it would open up the door to further developments by importantly reducing calculation time
which was a limiting factor during this work.
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Resorcinol Formaldehyde hydrogels Experiments were conducted to characterize the me-
chanical properties of the hydrogels but more tests are required :

• to study the evolution of the hydraulic permeability with decreasing water content. It was
assumed to follow the same trend as the water retention curve in this work ;

• to study the evolution of hydraulic conductivity with the decrease of porosity due to
shrinkage. A Kozeny-Carman (Kozeny (1927)) formulation was used but its parameters
are not based on experimental observations ;

• to study the evolution of evolution of the water retention curve as a function of porosity.
This could be done by performing dynamic vapor sorption experiments on mechanically
pre-compacted samples ;

• to investigate the thermal properties of the material which are mostly undocumented ;

• to perform more tensile strength measurements. It appears necessary to perform more
Brazilian tests to get a clearer tendency of the evolution of the tensile strength with water
content. It would also be interesting to measure it with different devices to confront those
results to the one obtained with the Brazilian tests.

Desiccation cracking modeling The model implemented was used to predict desiccation
cracking but only on simple geometries. It would be interesting to apply it to more complex
geometries and to extend it to 3D problems. It would also be interesting to confront it further
to experimental data. The validation performed in this thesis is based on a single sample which
was arbitrarily chosen. Also, the post failure behavior is not addressed in this work. We tried to
account for material damage using softening but the plastic zones never stay plastic for long be-
cause of recompression due to ulterior shrinkage of the zone where the tensile strength criterion
was met. This means that plastic strain accumulation is low and that a very brutal softening
function would be required to lead to localization and overall failure of the sample. This is
not numerically supported and leads to convergence problems or to a snap back phenomenon.
Other options have to be considered to account for the post cracking behavior such as cohesive
interface opening or X-FEM for remeshing with a potential function for crack propagation.
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Appendix A

Tensile strength consitutive law
implementation
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A.4 Tension cut-off from principal stresses to stress invariants . . . . . . . . . 212

e

A.1 Principal stress tensor and deviatoric stress tensor
There exists three orthogonal direction at a point P of a body such that area normal to these di-
rections only experiences normal stresses (no shear). These three directions are called principal
directions at P and the corresponding normal stresses are called principal stresses. Referring
to the principal axis referential, the non-diagonal terms of the stress tensor must vanish. The
principal stress tensor is thus defined as :

σij =

σ1 0 0
0 σ2 0
0 0 σ3

 (A.1)

And the deviatoric stress tensor is given by :

σ̂ij =

σ1 − Iσ
3 0 0

0 σ2 − Iσ
3 0

0 0 σ3 − Iσ
3

 (A.2)

A.2 From the principal stresses to the stress invariants
Let us consider a given stress state, P (σ1, σ2, σ3) represented in the principle stress space on
Fig. A.1.
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Figure A.1: Principal stress space

If we consider the hydrostatic axis (σ1 = σ2 = σ3) of normal n( 1√
3 ,

1√
3 ,

1√
3), then the stress

vector OP can be expressed as a combination of a vector ON on the hydrostatic axis and a NP
vector perpendicular to ON. Basically, it writes :

OP = ON + NP (A.3)

We know that
|ON| = OP · n = 1√

3
(σ1 + σ2 + σ3) =

√
3 p. (A.4)

And thus
ON = |ON| |n| = (p, p, p) = (Iσ3 ,

Iσ
3 ,

Iσ
3 ) (A.5)

From these we can deduce

NP = (σ1, σ2, σ3)− (p, p, p) = (σ1 − p, σ2 − p, σ3 − p) = (s1, s2, s3) (A.6)

where s1, s2 and s3 are the diagonal terms of the deviatoric stress tensor. The vector ON and NP
represent the hydrostatic and deviatoric stress component of the stress state. Using projection
in the deviatoric plane it is possible to express the components of the deviatoric stress tensor in
function of the second invariant of the deviatoric stress tensor, IIσ̂, and the similitude angle, θ :

s1 = 2IIσ̂√
3
cosθ (A.7)

s2 = 2IIσ̂√
3
cos(2π

3 − θ) (A.8)

s3 = 2IIσ̂√
3
cos(2π

3 + θ) (A.9)
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The principal stresses can thus be expressed as : σ1
σ2
σ3

 =


Iσ
3
Iσ
3
Iσ
3

+ 2IIσ̂√
3


cosθ

cos
(
θ − 2π

3

)
cos

(
θ + 2π

3

)
 (A.10)

with θ defined as cos3θ = 3
√

3
2

IIIσ̂
II3
σ̂

.
Still, the stress invariants are linked to Lode’s angle rather than the similitude angle. It is
possible to pass from one to the other using the following relationship :

cos3θ = 3
√

3
2

IIIσ̂
II3

σ̂

= sin(−3β) (A.11)

where β is Lode’s angle. It thus writes :

cos3θ = sin(−3β) (A.12)
⇐⇒ cos2θcosθ − 2sinθsinθ = −sin2βcosβ − cos2βsinβ (A.13)
⇐⇒ (1− 2sin2θ)cosθ − 2sinθcosθsinθ = −2sinβcos2β − (1− 2sin2β)sinβ (A.14)
⇐⇒ cosθ − 4(1− cos2θ)cosθ = −2sinβ(1− sin2β)− sinβ + 2sin3β (A.15)
⇐⇒ 4cos3θ − 3cosθ = 4sin3β − 3 sin β (A.16)
⇐⇒ 4(cos3θ − sin3β)− 3(cosθ − sinβ) = 0 (A.17)
⇐⇒ 4(cosθ − sinβ)(cos2θ + cosθsinβ + sin2β)− 3(cosθ − sinβ) = 0 (A.18)
⇐⇒ (cosθ − sinβ)(4cos2θ + 4cosθsinβ + 4sin2β − 3) = 0 (A.19)

This equation has 3 solutions which are :

cosθ = sinβ (A.20)

cosθ = sin(π3 − β) (A.21)

cosθ = sin(−π3 − β) (A.22)

By solving these three new trigonometric equations, it comes :

θ = β − π

2 (A.23)

θ = π

2 − β (A.24)

θ = π

3 − β −
π

2 = −π6 − β (A.25)

θ = −π3 + β + π

2 = π

6 + β (A.26)

θ = −π3 − β −
π

2 = −5π
6 − β (A.27)

θ = π

3 + β + π

2 = 5π
6 + β (A.28)

The existence conditions on θ and β are:

θ ∈ [0; π3 ] β ∈ [−π6 ; π6 ]
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From it, we can conclude that the first, fifth and sixth solutions are never possible. The second
solution is only possible if β = π

6 and the third one is only possible for β = −π
6 . This leaves

us with the fourth solution which is possible for all values of β.

A.3 Mohr-Coulomb criterion from principal stresses to stress
invariants

The Mohr-Coulomb criterion is characterized in the principal stress plane by the following
yield criterion :

f 1 ≡ σ1 − σ3 + (σ1 + σ3)sinφ+ 2c cosφ = 0 (A.29)

where c is the cohesion and φ is the friction angle. Using Eq. A.10, the criterion writes :

Iσ
3 sinφ+ IIσ̂

(
sin(θ + π

3 ) +
sinφcos(θ + π

3 )√
3

)
− c cosφ = 0 (A.30)

Now using the solution (Eq. A.26) of the previous development, the criterion writes :

f 1 ≡Iσ3 sinφ+ IIσ̂

(
cosβ − sinφsinβ√

3

)
− c cosφ = 0 (A.31)

f 1 ≡IIσ̂ −MMC(Iσ + C) = 0 (A.32)

where MMC = sinφ

3cosβ −
√

3sinβsinφ
and C = 3c

tanφ .

A.4 Tension cut-off from principal stresses to stress invari-
ants

The tension cut off is defined by the following three surfaces :

f 2 ≡ σ3 = −σt (A.33)

f 3 ≡ σ2 = −σt (A.34)

f 4 ≡ σ1 = −σt (A.35)

where σt is the uniaxial tensile strength of the material. Using Eq.A.10, the three surfaces
writes :

f 2 ≡ Iσ
3 + 2√

3
IIσ̂cos(θ + 2π

3 ) + σt = 0 (A.36)

f 3 ≡ Iσ
3 + 2√

3
IIσ̂cos(θ) + σt = 0 (A.37)

f 4 ≡ Iσ
3 + 2√

3
IIσ̂cos(θ −

2π
3 ) + σt = 0 (A.38)
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In the same manner as for the Mohr-Coulomb criterion, using Eq. A.26, the criterion writes :

f 2 ≡ IIσ̂ + 1
−3cosβ −

√
3sinβ

(Iσ + 3σt) = 0 (A.39)

f 3 ≡ IIσ̂ + 1
2
√

3sinβ
(Iσ + 3σt) = 0 (A.40)

f 4 ≡ IIσ̂ + 1
3cosβ −

√
3sinβ

(Iσ + 3σt) = 0 (A.41)
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Appendix B

Analytical formulation of the derivative
for the implementation of the yield
surfaces into LAGAMINE
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B.1 Cohesive frictional failure mechanism

The cohesive frictional failure yield surface expressed in the stress invariants plane reads :

f 1 ≡ IIσ̂ −M1(Iσ + C) = 0 (B.1)

where M1 = 2sinφ√
3(3−sinφ) is the slope of the criterion and C = 3c

tanφ is its intersection with
the horizontal axis and are dependent on the cohesion, c, and the frictional angle, φ. The
consistency equation at the kth iteration at point E (after the elastic predictor) writes:

f 1(σ
′(k+1)
E,ij , κ

(k+1)
E,m ) + ∂f 1

∂σ
′(k+1)
E,ij

∆σ
′p (k+1)
ij + ∂f 1

∂κ
(k+1)
E,m

∆λp 1 dκ1
m

dε
p (k+1)
d

val1 = 0 (B.2)
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where κm is a vector of internal plastic variables and εpd is the Von Mises equivalent plastic
strain given by :

εpd =
� t

0

√
2
3

˙̂εpij ˙̂εpijdt (B.3)

and val1 is the relation between the plastic multiplier and the Von mises equivalent strain rate :

val1 =

√√√√2
3

(
∂g1

∂σ′ij

∂g1

∂σ′ji
− 1

3
∂g1

∂σ′kk

∂g1

∂σ′ll

)
(B.4)

In order to implement the criterion in LAGAMINE, the different derivatives of the previous
equations need to be defined.

B.1.1 Derivative with respect to stress
The derivatives of the yield surface with respect to the effective stress are obtained by the chain
rule:

∂f 1

∂σ′ij
= ∂f 1

∂Iσ

∂Iσ
∂σ′ij

+ ∂f 1

∂IIσ̂

∂IIσ̂
∂σ′ij

(B.5)

with

∂f 1

∂Iσ
= −M1

∂Iσ
∂σ′ij

= δij

∂f 1

∂IIσ̂
= 1 ∂IIσ̂

∂σ′ij
= σ̂′ij

2IIσ̂

B.1.2 Derivative with respect to plastic variables
The derivative of the yield surface with respect to the plastic variable is given by:

∂f 1

∂κm
= ∂f 1

∂c
+ ∂f 1

∂φ
(B.6)

with
∂f 1

∂c
= −3M1

tgφ
(B.7)

∂f 1

∂φ
= 2Iσ√

3

(
cosφ

3− sinφ + cosφ sinφ

(3− sinφ)2

)
− 6c√

3

(
sinφ

3− sinφ + cos2φ

(3− sinφ)2

)
(B.8)

The terms dκ1
m

dεp
d

becomes :

dκ1
m

dεpd
= dc

dεpd
+ dφ

dεpd
(B.9)

Given the hardening rules :

φ = φ0 + (φf − φ0)εpd
Bφ + εpd

(B.10)
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c = c0 + (cf − c0)εpd
Bc + εpd

(B.11)

where φ0 and c0 are respectively the initial values of the friction angle and of the cohesion
and φf and cf are the final values. The coefficient Bphi and Bc correspond to the deviatoric
plastic strain at half the variation between the initial and final values of the friction angle and
the cohesion respectively. The derivatives thus writes :

dφ

dε
p (k+1)
d

= φf − φ0

Bφ + εpd
− εpd

φf − φ0

(Bφ + εpd)2 (B.12)

dc

dε
p (k+1)
d

= cf − c0

Bc + εpd
− εpd

cf − c0

(Bc + εpd)2 (B.13)

B.2 Tensile failure mechanism
The yield criterion in the stress invariants plane is given by (only the surface f 2 is considered
as explained in chapter 7) :

f 2 ≡ IIσ̂ + 1
−3cosβ −

√
3sinβ

(Iσ + 3σ′t) = 0 (B.14)

(B.15)

where σt is the uniaxial tensile strength of the material and β is Lode’s angle. The consistency
equation writes :

f 2(σ
′(k+1)
E,ij , κ

(k+1)
E,m ) + ∂f 2

∂σ
′(k+1)
E,ij

∆σ
′p (k+1)
ij + ∂f 2

∂κ
2 (k+1)
E,m

∆λp 2 dκ2
m

dε
p (k+1)
v

∂g2

∂σ
′(k+1)
E,ii

= 0 (B.16)

(B.17)

where εpv is the volumetric plastic strain given by :

εpv = εp1 + εp2 + εp3 (B.18)

B.2.1 Derivative with respect to stress
The derivatives of the yield surface with respect to the effective stress are obtained by the chain
rule:

∂f 2

∂σ′ij
= ∂f 2

∂Iσ

∂Iσ
∂σ′ij

+ ∂f 2

∂IIσ̂

∂IIσ̂
∂σ′ij

+ ∂f 2

∂β

β

∂σ′ij
(B.19)

(B.20)

with

∂f 2

∂Iσ
= 1
−3cosβ −

√
3sinβ

∂Iσ
∂σ′ij

= δij (B.21)

∂f 2

∂IIσ̂
= 1 ∂IIσ̂

∂σ′ij
= σ̂ij

2IIσ̂
(B.22)
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∂f 2

∂β
= −3sinβ +

√
3cosβ

(−3cosβ −
√

3sinβ)2
(Iσ + 3σ′t) (B.23)

∂β

∂σ′ij
= −1

3
3
√

3
2II3

σ̂

(
σ̂ikσ̂kj −

2
3II

2
σ̂ δij −

3IIIσ̂σ̂′ij
2II2

σ̂

)
√√√√1−

(
3
√

3
2

IIIσ̂
II3

σ̂

)2
(B.24)

B.2.2 Derivative with respect to plastic variables

The derivative of the yield surface with respect to the plastic variable is given by:

∂f 2

∂κm
= ∂f 2

∂σ′t
(B.25)

(B.26)

where:

∂f 2

∂σ′t
= 3
−3cosβ −

√
3sinβ

(B.27)

(B.28)

We know

σ′t = −σ′satt + k2

[
1− exp

(
− k1s

k2,0

)]
(B.29)

and given the hardening rule :

σ
′sat
t = σ

′sat
t,0 +

(σ′satt,f − σ
′sat
t,0 )εpv

Bσt + εpv
(B.30)

k2 = k2,0 + (k2,f − k2,0)εpv
Bσt + εpv

(B.31)

where σsatt,0 is the initial value of the saturated uniaxial tensile strength and σsatt,f the final value
and where k2,0 and k2,f are respectively the initial and final values of final increment of effective
tensile strength. The coefficient Bσt corresponds to the volumetric plastic strain at half the
variation between the initial and final values. The derivatives thus writes :

dσ
′sat
t

dε
p (k+1)
v

=
(σ′satt,f − σt,0)′satBσt

(Bσt + εpv)2 − (1− e(−k1s

k2,0

(k2,f − k2,0)′satBσt

(Bσt + εpv)2 (B.32)

B.3 Truncation of the tensile failure criterion
The yield criterion in the stress invariants plane is given by :

f 5 ≡ Iσ − 3(σ′t − TRUNC) = 0 (B.33)
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where TRUNC is arbitrarily fixed at :

TRUNC =
σ′satt,0 ∗ 10−4

3
−3cosβ−

√
3sinβ

(B.34)

The consistency equation writes :

f 5(σ
′(k+1)
E,ij , κ

(k+1)
E,m ) + ∂f 5

∂σ
′(k+1)
E,ij

∆σp (k+1)
ij + ∂f 5

∂κ
2 (k+1)
E,m

∆λp 5 dκ2
m

dε
p (k+1)
v

∂g5

∂σ
′(k+1)
E,ii

= 0 (B.35)

(B.36)

B.3.1 Derivative with respect to stress
The derivatives of the yield surface with respect to the effective stress are obtained by the chain
rule:

∂f 5

∂σ′ij
= ∂f 5

∂Iσ

∂Iσ
∂σ′ij

(B.37)

= 1 δij (B.38)

B.3.2 Derivative with respect to plastic variables
The derivative of the yield surface with respect to the plastic variable is given by:

∂f 5

∂κm
= ∂f 5

∂σ′t
(B.39)

where:

∂f 2

∂σ′t
= 3 (B.40)

We know

σ′t = −σ′satt + k2

[
1− exp

(
− k1s

k2,0

)]
(B.41)

and given the hardening rule :

σ
′sat
t = σ

′sat
t,0 +

(σ′satt,f − σsatt,0 )εpv
Bσt + εpv

(B.42)

k2 = k2,0 + (k2,f − k2,0)εpv
Bσt + εpv

(B.43)

where σsatt,0 is the initial value of the saturated uniaxial tensile strength and σsatt,f the final value
and where k2,0 and k2,f are respectively the initial and final values of final increment of effective
tensile strength. The coefficient Bσt corresponds to the volumetric plastic strain at half the
variation between the initial and final values. The derivatives thus writes :

dσ
′sat
t

dε
p (k+1)
v

=
(σ′satt,f − σt,0)′satBσt

(Bσt + εpv)2 − (1− e(−k1s

k2,0

(k2,f − k2,0)′satBσt

(Bσt + εpv)2 (B.44)
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