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Abstract 

In this work a fully partitioned Lagrangian framework for the solution of fluid–structure interaction (FSI) 

problems involving free surfaces, large solid displacements and deformations, and strong added mass 

effects is presented. The fluid is simulated using the Particle Finite Element Method (PFEM), while 

Metafor, a large deformations nonlinear Finite Element code, is employed to simulate the solid part. The 

fully partitioned coupling is ensured through an Interface Quasi-Newton Inverse Least Squares (IQN-ILS) 

(Degroote et al., 2009) strategy to avoid added mass effects. The Lagrangian particle nature of the PFEM 

allows the simulation of problems involving free surfaces and very large solid displacements, usually 
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difficult to achieve with traditional bodyfitted CFD techniques. We show that owing to the generality of 

its formulation the PFEM can be used as is in the framework of fully partitioned FSI coupling schemes, 

where minimal information (i.e. loads and displacements at the FSI interface) is exchanged between the 

fluid and the solid solvers. More importantly, we demonstrate that a fully partitioned PFEM–FEM coupling 

based on the IQN-ILS strategy allows the simulation of a very large spectrum of FSI problems without 

incurring added-mass instabilities. The performance of the IQN-ILS coupling strategy in a fully Lagrangian 

framework is also assessed and compared to more traditional approaches such as Block-Gauss–Seidel 

(BGS) iterations with Aitken relaxation. An extensive work of verification and benchmarking is proposed, 

aiming to encompass all the combinations of physical and numerical parameters possibly leading to 

added-mass instabilities, and testing the IQN-ILS strategy on different benchmarks beyond those already 

proposed in the literature. The coupling is performed through CUPyDO (Thomas et al., 2019), a general 

Python framework for partitioned FSI coupling. 

Keywords: Fluid–structure interaction; Partitioned approaches; CUPyDO; Added mass; Free-surface 

flows; Particle finite element method 

1. Introduction 

In the last decades the need for understanding and modeling increasingly complex phenomena led to the 

development of multiphysics coupled models that, in most cases, demand a numerical solution. Often, 

each physics involved is already complex by itself and it is difficult to come up with a monolithic numerical 

formulation that encompasses all the features of the coupled problem. On the contrary, specific efficient 

and robust solution strategies for each physics usually exist. It is thus more attractive to look for coupling 

techniques that can take advantage of the capabilities of already existing solvers. This kind of approach 

characterizes the so-called partitioned coupling schemes, where the coupled solvers are treated as black 

boxes and exchange only minimal information. Many partitioned strategies have been developed in the 

framework of FSI problems [1–8], with applications ranging from aerospace to biomedical engineering. 

The coupling strategy may vary depending on the problem at hand. For instance, partitioned approaches 

are known to suffer convergence or stability problems in cases where the densities of the solid and the 

fluid are very close to each other. To describe these cases, the generic term added-mass effects is 

employed in the literature and special techniques have to be developed in such situations. 

Alongside with the need for multiphysics simulations, the analysis of complex flows has gained growing 

attention from both the academia and the industry. The study of free-surface and/or interface flows is of 

particular interest for ships, offshore and dam engineering, environmental engineering (sediments or 

pollutants transport in rivers and floods, for instance), biomedical applications, the oil and gas industry, 

and mold filling processes, to name a few. Traditional body-fitted CFD techniques, based on an Eulerian 



  
Published in: Computer Methods in Applied Mechanics and Engineering  (2019), vol. 348, pp. 409–
442 
DOI: 10.1016/j.cma.2019.01.021 
Status: Postprint (Author’s version)  

 

 

formalism, are not well suited to take into account evolving surfaces or interfaces, even if techniques like 

the Volume-of-fluid [9] or level-set methods [10] offer a viable (yet costly) solution to the problem. For 

the same reasons traditional CFD algorithms cannot be easily employed in FSI problems involving very 

large solid deformations possibly leading to unacceptable fluid mesh distortions. 

This paper presents a fully partitioned Lagrangian framework to solve FSI problems characterized by the 

presence of free surfaces, large solid deformations and displacements, and strong added mass effects. In 

particular, the approach relies on the Particle Finite Element Method (PFEM) [11,12] to simulate the fluid, 

on a large deformations Finite Element (FE) solver to simulate the solid, and on the Interface Quasi-

Newton Inverse Least Squares (IQN-ILS) strategy to ensure the coupling between the two and avoid 

added-mass issues. 

The PFEM is a Lagrangian particle method whose formulation relies on the well-established theory of the 

Finite Element Method (FEM). Owing to its Lagrangian particle nature, the PFEM can easily and accurately 

take into account moving boundaries, free surfaces, and evolving interfaces in general. In the context of 

FSI simulations, these same properties lead to the possibility of simulating problems involving very large 

solid displacements in a natural way, without the need of any mesh-morphing procedure, typical of 

classical body-fitted CFD approaches. Moreover, unlike other particle or meshless methods, such as the 

Smooth Particle Hydrodynamics (SPH) [13,14] or the Elementfree Galerkin (EFG) [15] methods, the PFEM 

is very robust with respect to the imposition of essential boundary conditions and to the introduction of 

complex constitutive models, and its convergence and stability properties derive naturally from those of 

Finite Elements. The generality of the method makes it very attractive in the perspective of a fully 

partitioned coupling, since it can be used as is, and new constitutive models can be added without the 

need of specific treatments or consequences on the coupling strategy. However, limited effort has been 

made in the literature to assess the capabilities of the PFEM in a fully partitioned FSI framework. Idelsohn 

et al. [16] and Franci et al. [17] proposed monolithic formulations where the fluid and the solid are both 

modeled using the PFEM. Zhu and Scott [18] presented a semi-partitioned approach, where an 

incompressible fluid is modeled with the PFEM and the solid with FEM but within the same code so that 

a unique system of coupled equations is solved, employing a fractional step procedure. Very recently 

Meduri et al. [19] proposed a fully-explicit partitioned coupling between an in-house PFEM solver (used 

for the fluid) and Abaqus/Explicit (used for the solid, employing FEM). Unfortunately, their procedure is 

based on the introduction of Lagrange multipliers at the fluid–solid interface, thus breaking the 

partitioned nature of the approach since both solvers have to be modified to account for the Lagrange 

multipliers. Moreover, this approach is only valid for explicit fluid and solid solvers. 

In this work we demonstrate that combining the PFEM with an advanced coupling strategy such as the 

IQN-ILS can be used in a fully partitioned way to solve a very broad spectrum of FSI applications. To this 

aim, the IQNILS technique is tested against a series of demanding benchmarks, beyond those already 
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presented in the literature, covering large part of the envelope of physical and numerical parameters 

possibly leading to added-mass effects. To the best of the authors knowledge this is the first time that a 

fully partitioned PFEM/FEM coupling based on the IQN-ILS technique is proposed, with the aim of solving 

problems characterized by strong added mass effects. It is also the first time that the IQN-ILS technique is 

assessed in a fully Lagrangian framework and, in particular, in combination with the PFEM method to solve 

FSI problems where free surfaces are present. 

Fig. 1. Boundary identification in the Particle Finite Element Method (PFEM): α-shapes technique. The correct solution is obtained 
for α = 1.5. 

 

The IQN-ILS coupling strategy has been implemented in CUPyDO [20], a general framework for solving FSI 

problems (including both mechanical and thermal coupling), extending the work already performed by 

the authors in [20]. CUPyDO is based on a fully partitioned solution strategy where each solver is treated 

as a black box. The only information exchanged between the solvers involves elementary quantities at the 

fluid–solid interface. The communication is made through memory, based on a Python wrapping strategy, 

i.e. a Python layer above both solvers. For an additional solver to be plugged into CUPyDO only a minimal 

Python interface has to be written. Different time integration schemes (implicit and/or explicit) and time 

steps (including adaptive time stepping) can be independently used by the fluid and solid solvers. 

Synchronization between the solvers is ensured by CUPyDO based on the FSI time step size chosen by the 

user. In order to obtain a physically meaningful solution the FSI time step has to be chosen (usually based 

on dimensional analysis considerations) such that each physics is correctly captured and the different 

dynamics involved are not filtered by the coupling procedure. Moreover, when a strong coupling 

procedure is employed, a too large time step would prevent the convergence of the coupled solution. 

The paper is organized as follows. In Section 2 the PFEM method is briefly described. In Section 3 the 

equations governing the coupled FSI problem are derived. Section 4 is dedicated to the description of the 

coupling algorithms implemented in CUPyDO, with particular emphasis on added-mass effects and on the 

techniques employed to circumvent them, in particular the IQN-ILS strategy. The performance of the 

present framework for problems involving free-surfaces, large solid deformations and displacements, and 
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strong added-mass effects is analyzed in Section 5 on a series of demanding benchmarks. Conclusions are 

drawn in Section 6. 

2. The Particle Finite Element Method (PFEM) 

In this work the fluid is simulated using the PFEM. The PFEM is a fairly recent numerical approach that 

combines the advantages of the FEM with an efficient remeshing and boundary recognition strategy. In 

the PFEM, the fluid is discretized using a set of points, hereafter referred to as particles, which are 

Lagrangian entities that actually represent material points of the body. In order to evaluate the forces 

acting on each particle, a new mesh is built at each time step from the entire set of particles using a 

Delaunay triangulation. The boundaries of the domain are then identified using a geometric criterion 

based on the α-shapes technique [21]. According to the α-shapes criterion, triangles whose circumcircle 

radius exceeds a given representative length, scaled by a parameter α, are deleted. In this way, depending 

on the value of α, too large or too distorted triangles can be eliminated from the triangulation, as depicted 

in Fig. 1. A drawback of the use of α-shapes is that it can induce non physical volume variations. To limit 

this phenomenon a value of α between 1.2 and 1.5 should be employed, as discussed by Franci and 

Cremonesi [22]. Delaunay triangulation combined with α-shapes allows a fast evaluation of nodal 

connectivity even when the total number of particles becomes very large [23]. Classical finite element 

shape functions can then be defined on the new mesh to solve the corresponding weak form of the 

governing equations. Linear shape functions are usually employed in the PFEM for all the discretized 

quantities. 

Given a set of particles, the main PFEM steps within one time increment can be summarized as follows: 

• Define the particle connectivity through a Delaunay triangulation. 

• Identify the domain boundaries using the α-shapes technique. 

• Solve the governing equations making use of FE shape functions. 

• Use the solution obtained from the previous step to update the particle positions. 

In principle the PFEM can be employed to model both solids and fluids. Indeed, it has already been 

successfully employed to simulate free-surface flows, both compressible [24] and incompressible [11], 

interface flows [25,26], granular/non-Newtonian fluid flows [27,28], FSI problems [16,17,29,30], forming 

processes [31], and melting of polymers [32], among others. Finally, it is also worth noting that very 

recently a new version of the PFEM, called PFEM2 [33] and based on the combined use of particles and a 

background mesh, has been developed and applied to multi-fluid flows [34] and FSI problems [35]. The 

main difficulty in the PFEM2, however, resides in the way quantities are transferred from the background 

mesh to the particles and conversely. 
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In this work the PFEM, in its original form, is mainly employed to simulate free-surface flows involving 

Newtonian incompressible fluids. In the following, several aspects of the implementation are omitted. For 

a more detailed description of the method, the reader is referred, for example, to Idelsohn et al. [11] or 

Oñate et al. [12]. 

3. Governing equations 

This section introduces the mathematical and numerical models for the fluid and solid domains. In 

particular, the incompressible flow solver based on the PFEM [36] and the nonlinear structural solver 

Metafor [37] are briefly described. Finally, the coupling conditions at the fluid–solid interface are 

summarized. 

3.1. LAGRANGIAN VS EULERIAN DESCRIPTION OF MOTION 

A brief recall of material and spatial coordinates and reference and current configuration is given. This is 

motivated by the Lagrangian formalism used for the fluid in this work, which is not a common choice in 

CFD. In the following the definitions and notations of Belytschko et al. [38] are employed. 

Spatial coordinates are denoted by 𝒙. A spatial coordinate specifies the location of a point in space. 

Material coordinates are denoted by 𝑿. The material coordinate labels a material point: each material 

point has a unique material coordinate, which is usually taken to be its spatial coordinate in the initial 

configuration, i.e. 𝑿 =  𝒙 at 𝑡 =  0. The collection of material points with coordinates 𝑋 defines the 

reference configuration, while the collection of material points with coordinates 𝒙 defines the current 

configuration. 

In a Lagrangian description, the motion or deformation of a body is described by a function 𝝓 (𝑿, 𝑡) where 

the material coordinates 𝑿  and time 𝑡  are the independent variables. This function gives the spatial 

positions of the material points as a function of time through 

 𝒙 =  𝝓 (𝑿, 𝑡). (1) 

Conversely, in an Eulerian description, the motion or deformation of a body is described by a function 

𝝓−1 (𝒙, 𝑡) with the spatial coordinates 𝒙 and time 𝑡 as the independent variables. This function gives the 

material coordinates of the point which is at position 𝒙 at time 𝑡 through 

 𝑿 =  𝝓−1(𝒙, 𝑡). (2) 

In this work the governing equations are written in the current configuration and a Lagrangian description 

of motion is used. 
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3.2. NEWTONIAN INCOMPRESSIBLE FLUID 

At a given time 𝑡, and in the current configuration 𝒙, the momentum and mass conservation equations 

for a Newtonian incompressible fluid read: 

 

where 
𝐷(·)

𝐷𝑡
 is the Lagrangian, or material, time derivative of the quantity (·), Ω f  is the volume occupied by 

the fluid in the current configuration, 𝜌(𝒙, 𝑡)  is the current density, µ  is the dynamic viscosity, 𝒗 =

 𝒗(𝒙, 𝑡) is the velocity field, 𝑝(𝒙, 𝑡) is the pressure, and 𝜌 𝒃(𝒙, 𝑡) is some body force, such as gravity for 

instance. Notice that since the momentum conservation equation is written in Lagrangian form the 

nonlinear convective term is not explicitly present. 

These equations have to be complemented with Dirichlet and Neumann boundary conditions: 

 

where 𝒗̅ (𝒙, 𝑡) and 𝒕(̅𝒙, 𝑡)are imposed velocities and surface tractions respectively, 𝝈 =  𝝈(𝒙, 𝑡) is the 

Cauchy stress tensor, 𝒏 denotes the unit outward normal to the boundary, 𝛤𝐷
𝑓

 ∪ 𝛤𝑁
𝑓

 =  𝜕Ω 𝑓 , where 

𝜕Ω 𝑓  is the boundary of the current volumeΩ 𝑓, and  𝛤𝐷
𝑓

 ∩  𝛤𝑁
𝑓

 =  ∅. 

By introducing a linear isoparametric finite element discretization for both velocity and pressure, the 

following system of semi-discrete equations is obtained: 

 

where 𝐯 and 𝐩 are the discretized form of the velocity and pressure fields respectively, 𝐌𝑓  is the mass 

matrix, 𝐊𝑓   the matrix containing the viscous terms, and 𝐆𝑓   the discrete version of the gradient operator. 

The subscript 𝑓 refers to the fluid. In the continuity equation, a stabilization matrix 𝐒 is introduced since 

the selected discretization, i.e. linear velocity and pressure, is known to violate the Ladyzhenskaya–

Babuška–Brezzi (LBB) condition [39,40]. For the inhouse PFEM solver used in this work a Pressure-

Stabilizing Petrov–Galerkin (PSPG) stabilization is used [36,41,42]. This stabilized monolithic approach also 

guarantees very good volume conservation properties in the case of free surface flows compared to 
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fractional-step schemes [43,44]. Notice that no stabilization is needed for the velocity thanks to the use 

of a Lagrangian formulation. 

The vector 𝐟 contains the contribution of both body forces and surface tractions, i.e. the applied forces. 

Moreover, 𝐟 contains surface tension contributions, if present. Surface tension effects can be introduced 

as concentrated nodal loads 𝐭i
st  normal to the free surface, through a simple model: 

 

where 𝐧𝑖  is the local unit normal at node 𝑖, 𝛾 is the surface tension coefficient and 𝑘 (𝒙, 𝑡) is the local 

curvature. 

Eqs.(7) and (8) form a nonlinear system of equations which is solved iteratively using a Picard algorithm. 

Time integration is performed through a Backward-Euler scheme. 

3.3. SOLID EQUATIONS 

At a given time 𝑡, and in the current configuration 𝒙, the momentum and mass conservation equations 

for a solid read: 

 

where Ω𝑠 is the volume occupied by the solid in the current configuration, 𝜌 (𝒙, 𝑡) and 𝜌0(𝒙, 𝑡) are the 

densities in the current and reference configuration respectively, 𝐽 is the determinant of the deformation 

gradient tensor (𝑭 =  
𝜕𝑥

𝜕𝑋
 ), 𝝈 (𝒙, 𝑡) is the Cauchy stress tensor and 𝜌𝒃(𝒙, 𝑡) is some body force. These 

equations have to be complemented with Dirichlet and Neumann boundary conditions: 

 

where 𝒙̅ (𝑡) and 𝒕̅(𝒙, 𝑡) are imposed displacements and surface tractions respectively, 𝐧 denotes the unit 

outward normal to the boundary, , 𝛤𝐷
𝑠  ∪ 𝛤𝑁

𝑠  =  𝜕Ω 𝑠, where 𝜕Ω𝑠  is the boundary of the current volume 

Ω𝑠, and , 𝛤𝐷
𝑠  ∩ 𝛤𝑁

𝑠  =  ∅. 

The in-house nonlinear solver Metafor [37,45] used in this work employs a finite element discretization 

to solve the above system of equations. The discretized form of Eqs. (10) and (11) is 
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where 𝐱 is the discretized position vector, 𝐌𝑠  is the mass matrix, and 𝐟int  and 𝐟ext  are the vectors of 

internal and external forces, respectively. 

The discretized mass conservation equation (15) is automatically satisfied since the mass matrix remains 

constant during the simulation. System (14) is nonlinear and it is solved using a Newton–Raphson strategy 

as: 

 

where 𝐊𝑡(𝐱𝑘)
 is the consistent tangent stiffness matrix defined as  𝐊𝑡(𝐱𝑘) = 𝜕 𝐟int(d)

𝜕d
|𝑘  . Time 

integration is performed employing the Generalized-α method [46]. 

Metafor is equipped with full nonlinear capabilities, including 2D/3D elements for large strain analysis 

(Selective Reduced Integration (SRI) [47] and Enhanced Assumed Strain (EAS) [48–50] elements, among 

others), thermomechanical coupling, frictional contact between deformable bodies or CAD surfaces, 

Arbitrary Lagrangian Eulerian (ALE) [51,52] formalism, and a large set of constitutive laws (thermo-elasto-

visco-plastic, damage, composites, etc.) [53–55] and frictional and tribological models [56]. 

3.4. COUPLING CONDITIONS 

Coupling conditions at the fluid–solid interface 𝛤 are defined by the continuity of displacements 𝐝𝛤  and 

loads 𝐭𝛤: 

 

where the load on the fluid side is given by 𝐭𝑓
𝛤 =  𝛔𝑓𝐧𝑓 and the load on the solid side by  𝐭𝑠

𝛤 =  𝛔𝑠𝐧𝑠 with 

𝛔 the Cauchy stress tensor. Indices 𝑓 and 𝑠 denote the fluid and solid domains, respectively. The normal 

unit vectors 𝐧𝑓  and 𝐧𝑠  are both pointing outwards from their respective domains. 
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4. Partitioned FSI coupling techniques 

In FSI partitioned approaches the equations of each physics, as presented in Section 3, are solved 

separately by dedicated solvers. The aim of any partitioned strategy is to couple the different physics by 

exchanging minimal information between the solvers, yet ensuring accuracy and stability of the coupled 

solution. 

Among the different existing possibilities, CUPyDO [20] employs the so-called Dirichlet–Neumann [6,57–

59] procedure for coupling fluid and solid mechanics equations. For a given fluid interface displacement, 

𝐝𝑓
𝛤, a general nonlinear Dirichlet operator ℱ can be applied to obtain the forces at the fluid interface 

 

In the same way, a Neumann nonlinear operator 𝑆 that links the forces applied at the solid interface to 

the solid interface displacements can be defined as well: 

 

The coupling conditions expressed by Eqs. (18)–(19) can thus be reformulated as a fixed-point problem 

[6,59–61]: 

 

where 𝐝𝛤  is the displacement common to both the solid and fluid interfaces. 

In this work, the operators ℱ  and 𝑆  represent the fluid and solid solvers, respectively. This notation 

emphasizes the partitioned nature of CUPyDO, as it treats each individual solver as a blackbox. 

Different techniques exist to solve Eq. (22). Before analyzing them in detail the fixed-point problem is first 

rewritten in a more concise way as: 

 

where 𝒯 is a global nonlinear transfer operator. In practice, problem (23) is condensed on the solid side, 

since the number of degrees of freedom of the solid interface is usually much smaller than the number of 

degrees of freedom of the fluid interface. In the case of non-matching interfaces, CUPyDO employs radial-

basis functions (RBF) [62,63] in an energy conservative way to map quantities between the solid and the 

fluid interface [20]. When non-matching interfaces are considered, the quality of the coupled FSI solution 

depends also on the quality of the interpolation between the fluid and solid data at the common interface. 
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RBF interpolation has proven to be very robust with respect to significant discretization mismatching [63], 

and for this reason is employed in CUPyDO. 

From a practical point of view, problem (23) can thus be rewritten more precisely as 

 

where the subscript 𝑠 refers to the solid. In the literature, the term   is also often denoted 𝐝̃𝑠
𝛤

 , 

meaning the displacements computed by the solid solver. 

4.1. COUPLING ALGORITHMS IMPLEMENTED IN CUPYDO 

In the following, the methods implemented in CUPyDO to solve problem (24) are presented. First, the 

explicit and Block Gauss–Seidel algorithms already presented in [20] are re-derived for completeness. 

Then, the newly implemented Interface Quasi-Newton Inverse Least Square (IQN-ILS) strategy [59,64] is 

presented. Hereafter, the superscript 𝛤 and the subscript 𝑠 are omitted for clarity, while the superscript 

𝑘 defines the FSI iteration number. 

Explicit algorithm. When an explicit coupling is employed, problem (24) becomes simply 

 

Block Gauss–Seidel (BGS) algorithm. Problem (24) can also be solved implicitly. In this case, the simplest 

algorithm is a Block Gauss–Seidel [65–67]: 

 

The residual 𝐫 =  𝒯 (𝐝)  −  𝐝 =  𝐝̃  −  𝐝 is defined in the same way for all the implicit coupling schemes 

implemented in CUPyDO, while 𝜀𝐹𝑆𝐼  is a given dimensional tolerance chosen by the user. 

Block Gauss–Seidel (BGS) algorithm with relaxation. In some cases it is very difficult, or even impossible, 

to ensure convergence for problem (26). This is typically the case when the solid-to-fluid density ratio is 

close to or lower than one. This issue is known as added-mass effects, and will be addressed further in the 

paper. To enhance or even ensure convergence, relaxation can be introduced in Eq. (26) [6]. The problem 

then becomes 
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The relaxation parameter 𝜔 can be constant (static relaxation), or vary from one iteration to another 

(dynamic relaxation). In the case of dynamic relaxation the most common strategy to update 𝜔 is Aitken 

relaxation [6,68]: 

 

The parameter 𝜔 can take values between 0 (the displacements do not evolve any longer) and 1 (no 

relaxation). Usually, an upper limit 𝜔max 1 is imposed by the user to avoid possible divergence. BGS 

coupling with Aitken relaxation is in most of the cases successful in solving strongly coupled problems. 

The capabilities of the BGS coupling with Aitken relaxation implemented in CUPyDO have been assessed 

by the authors in a previous work [20]. 

Interface quasi-Newton Inverse Least Square (IQN-ILS) algorithm. Problem (24) can also be addressed 

using Newton iterations. In this case the solution strategy becomes 

 

where 𝐉𝑘 =  
𝜕𝐫𝑘

𝜕𝐝𝑘 is the Jacobian of the transformation at iteration 𝑘. Unfortunately, this Jacobian cannot 

be readily obtained when using blackbox solvers so that a Quasi-Newton approach must be followed, in 

which an approximation of 𝐉 (or, better, of its inverse) is sought. Eq. (29) becomes then 

 

where 𝐉𝑘−1̂  is an approximation of the inverse Jacobian. Several strategies exist to construct this 

approximation. In the following the Interface Quasi-Newton Inverse Least Square (IQN-ILS) technique 

proposed by Degroote et al. [59,64,69], and implemented in CUPyDO, will be described in detail. The main 

advantage of the IQN-ILS approach is that it is matrix-free and directly provides an approximation of the 

inverse Jacobian, so that no matrix inversion has to be performed and no large matrices have to be stored 

in memory. In particular, an approximation of the whole term −𝐉𝑘−1
𝐫𝑘  is built: 

 

By definition of the residual, 𝐫𝑘 =  𝐝̃𝑘 −  𝐝𝑘  : 
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By defining ∆𝐫𝑘 =  0 −  𝐫𝑘, 0 being the final desired residual, from Eq. (33) one can write: 

 

Thus, the mapping between ∆𝐫𝑘  and ∆𝐝̃𝑘 is needed. Instead of computing this mapping explicitly, 

successive approximations of ∆𝐫𝑘  and ∆𝐝̃𝑘  are built based on information from previous iterations, 

following the idea of Vierendeels et al. [60]: 

 

where 

 

and 𝐕𝑘  and 𝐖𝑘  are matrices collecting differences in 𝐫𝑘  and 𝐝̃: 

 

Combining Eqs. (31), (33), and (36) the final expression for 𝐝𝑘+1 is 

 

The remaining unknown coefficient vector 𝐜𝑘  can be calculated from Eq. (35). Recalling that the desired 

residual should be zero, so that ∆𝐫𝑘 = − 𝐫𝑘, Eq. (35) reads 

 

This is usually a small problem, since its typical size is the current number of FSI iterations. Nonetheless, 

it is an overdetermined problem, since the number of FSI iterations, ℓ, is usually much smaller than the 

number of degrees of freedom on the solid interface, 𝑚. Eq. (42) is thus solved in a least square sense, 
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performing an economy-size QR decomposition of matrix 𝐕𝑘 , and then computing 𝐜𝑘  by back-

substitution: 

 

where 𝐐𝑘 ∈  ℝ𝓂×ℓ and 𝐑𝑘 ∈  ℝℓ×ℓ. 

To improve the convergence properties of the IQN-ILS coupling, information from previous time steps can 

also be retained in matrices V and W. To indicate that information from 𝑛 previous time steps is retained 

the expression IQN-ILS(𝑛) will be used in the following. 

In order to build matrices 𝐕 and 𝐖 the existence of at least one previous FSI iteration is required. To 

circumvent this issue, one iteration of BGS with static relaxation is performed at the beginning of each 

time step to initialize the IQN-ILS procedure. This problem does not appear when information from 

previous time steps is used, except at time 𝑡 = 0, i.e. at the very beginning of the simulation. 

Because the vectors used to construct 𝐕𝑘  do not form an orthogonal basis, two or more columns of 𝐕𝑘  

can be (almost) linear combinations of one another, especially when information from previous time steps 

is retained, which can degrade the convergence properties of the method. Some filtering is usually 

introduced to solve this issue. Two filtering techniques are implemented in CUPyDO: the one suggested 

by Degroote et al. [64] and referred to as Degroote and the one introduced by Haelterman et al. [70] and 

referred to as Haelterman. The basic ideas of the two approaches are briefly summarized here, more 

details can be found in the corresponding references. 

Degroote filtering. In Degroote filtering, each time that a diagonal element of the 𝐑𝑘  matrix is smaller (in 

absolute value) than a given tolerance, the corresponding column of the 𝐕𝑘  matrix is deleted and the QR 

decomposition is repeated, until all diagonal elements that are too small are eliminated. Thus, a column 

is deleted if it is small with respect to the others (i.e. the change between two iterations is small). This 

approach is numerical in nature, since the tolerance employed depends on the accuracy of the fluid and 

solid solvers. 

Haelterman filtering. In Haelterman filtering, a column of the 𝐕𝑘  matrix corresponding to a given iteration 

is deleted if it is not ‘sufficiently orthogonal’ to all the columns corresponding to previous iterations, i.e. 

if the norm of the projection of the given column onto all the ‘previous’ ones is smaller than a given 

tolerance. However, in this case the tolerance does not depend on the accuracy of the solvers but 

represents an arbitrary measure of the degree of linear dependency that can be accepted among the 

columns of 𝐕𝑘. The approach is thus more of an algebraic nature. 
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4.2. ADDED-MASS EFFECTS 

In fluid mechanics the term added-mass traditionally refers to the virtual additional inertia experienced 

by a body moving inside a fluid as a consequence of the fact that, by its motion, the body displaces some 

volume of surrounding fluid. However, more recently the same term has been also employed in the 

literature to describe numerical instabilities that may appear in FSI problems under certain conditions. 

The problem of added-mass effects is typical of partitioned approaches and has been already analyzed in 

detail in the literature, for instance by Causin et al. [58], Förster et al. [71], Kuttler and Wall [6], Degroote 

et al. [69,72], Idelsohn et al. [30]. According to these studies, the conditions favorable to the appearance 

of added-mass instabilities can be summarized to: 

• solid-to-fluid density ratio close to or lower than one;  

• presence of slender flexible structures; 

• small time step size. 

While explicit coupling and BGS coupling without relaxation are not suited for problems possibly affected 

by added-mass effects, BGS with relaxation and IQN-ILS techniques have been developed precisely with 

the purpose of avoiding instabilities due to added-mass effects. 

Finally, it is interesting to mention that Idelsohn et al. [30] observed the same added-mass instabilities in 

monolithic FSI schemes based on a pressure segregation approach (i.e. employing a fractional step 

scheme) typically used in presence of incompressible fluids. According to these authors this is due to the 

fact that a fractional step scheme to solve the fluid equations is equivalent to a staggered solution of the 

coupled problem, thus incurring the same problems of a proper partitioned strategy. 

5. Results 

In this section a series of numerical tests involving free surfaces and strong added-mass effects are solved 

using CUPyDO, coupling Metafor and an in-house PFEM solver. In particular, the performance of the IQN-

ILS coupling strategy in this context is analyzed. After a validation benchmark, i.e. the vortex-induced 

vibrations of a cantilever (Section 5.1), many combinations of physical and numerical parameters possibly 

leading to added-mass effects are tested: 

• Flexible solid with density close to the one of the fluid: collapse of a column of fluid against an 

elastic–plastic obstacle (Section 5.2), oscillations of a column of fluid lying on an elastic solid 

(Section 5.3), and collapse of a column of fluid through an elastic gate (Section 5.4); 
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• Almost rigid solid with very low solid-to-fluid density ratio: pop-off of a very light cylinder initially 

immersed in a fluid (Section 5.5); 

• Very flexible solid with very low solid-to-fluid density ratio: filling of an elastic container with some 

fluid (Section 5.6). 

Please notice that, even if the physical nature of some problems is similar, from a numerical point of view 

each test presents a specific difficulty in terms of added mass effects. 

5.1. VORTEX-INDUCED VIBRATIONS (VIV) OF A CANTILEVER 

First, the coupling of the PFEM and Metafor solvers through CUPyDO is tested against existing results from 

the literature. A classic FSI benchmark [2,66,73,74] is chosen as a validation test: the vortex-induced 

vibrations (VIV) of a cantilever. As depicted in Fig. 2, an elastic cantilever (red) is clamped to a rigid square 

base (white) and immersed in a steady flow (blue) of constant velocity, 𝑈, imposed at the inlet. The 

problem is designed in such a way that the frequency of vortex shedding induced by the presence of a 

bluff body (i.e. the square) is the same as the one of the first mode of vibration of the cantilever. Thus, a 

strong coupling between the fluid and the solid is expected, involving large displacements of the structure, 

which makes this a challenging problem. This problem has already been solved by the authors in a 

previous paper [20], employing the SU2 solver [75] – based on the finite volumes method (FVM) – for the 

fluid and Metafor for the solid. In the present case, Metafor is also used for the solid but the fluid 

equations are solved using PFEM instead of FVM. Note that the PFEM has not been originally designed to 

treat this kind of problems, as its Lagrangian nature is not ideally suited to dealing with flows crossing the 

computational domain boundaries (i.e., inlet and outlet) like in this test case. The PFEM has thus been 

adapted for this problem: at the inlet a constant amount of particles is continuously injected at velocity 

𝑈, while at the outlet a “do-nothing” condition [76–78] is employed and particles that exit the domain are 

eliminated from the computation. 

The different material properties for the solid and the fluid are listed in Table 1, while the FSI parameters 

are reported in Table 2. In this case a BGS algorithm without relaxation is sufficient to ensure the 

convergence of the coupled problem. 
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Fig. 2. Vortex-induced vibrations (VIV) of a cantilever — Problem geometry (initial configuration).

 
 

Some snapshots of the response of the system at different time steps are reported in Fig. 3 and compared 

to the results obtained using Metafor+SU2 [20]. The moving PFEM particles can be seen in the figures 

referring to the case Metafor+PFEM. The results are qualitatively in good agreement. Some differences 

can be observed especially far from the cantilever. In particular, the Metafor+PFEM solution seems to 

capture more details of the flow. This is due to the fact that the PFEM employs a discretization which is 

almost uniform over the whole domain while SU2 uses smaller cells close to the cantilever and larger cells 

far away from it, which prevents SU2 from capturing small details in those regions of the domain. Fig. 4 

reports the time evolution of the vertical displacement of the tip of the cantilever for the case 

Metafor+PFEM and Metafor+SU2, respectively. Some differences can be observed especially in the initial 

transitory phase. This is not surprising since this case is characterized by a physical instability, thus the 

path leading to the limit cycle can be greatly affected by small numerical differences. To have a more 

significant and quantitative comparison, Table 3 compares the maximum value of the displacement of the 

cantilever tip and the vibration frequency of the cantilever obtained in this work with the results 

previously registered by the authors using SU2, and with those presented in other works from the 

literature, employing various combinations of numerical methods for the solid and the fluid. Although 

some dispersion exists among the different authors, the results obtained with Metafor+PFEM can be 

considered in good agreement with those from the literature. 
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Table 1. Vortex-induced vibrations (VIV) of a cantilever — Solid and fluid properties. 
 

Geometry 

Distance of the square center from inlet [m] 
Distance of the square center from outlet [m] 
Channel width [m] 
Cantilever length [m] 

A 
B 
H 
L 

5.5 × 10−2 
14 × 10−2 
12 × 10−2 
4 × 10−2 

 Cantilever thickness [m] w 0.06 × 10−2 

 Square side [m] s 1 × 10−2 

 Inlet velocity [m/s] U 0.513 

Solid 

Density [kg/m3] 
Young’s modulus [Pa] 
Poisson’s ratio [–] 

ρs 
E 

νs 

100 
2.5 × 105 
0.35 

 No. of EAS Elements  54 × 2 

Fluid 
Density [kg/m3] 
Kinematic viscosity [m2/s] 

ρf  

νf 
1.18 1.54 × 

10−5 

 No. of particles  63678 

 
 
Table 2. Vortex-induced vibrations (VIV) of a cantilever — FSI parameters. 

Algorithm BGS 

Relaxation None 
∆tFSI [s] 7.5 × 10−4 
εFSI [m] 1 × 10−6 

 
 
Table 3. Vortex-induced vibrations (VIV) of a cantilever — Results for the cantilever oscillation amplitude and frequency. 

Author Solid Fluid Max. tip displ. [mm] ∆displ [%] Freq. [Hz] ∆ freq [%] 

CUPyDO: Metafor+PFEM FEM PFEM 1.15 – 3.25 – 
CUPyDO: Metafor+SU2 [20] FEM FVM 1.07 −6.9 3.14 −3.4 
Wood et al. [66] FEM FVM 1.15 0.0 2.94 −9.5 
Olivier et al. [73] FVM FVM 0.95 −17.4 3.17 −2.4 
Dettmer and Peric [´ 74] FEM FEM 1.25 +8.7 3.03 −6.7 
Habchi et al. [2] FVM FVM 1.02 −11.3 3.25 0.0 
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Fig. 3. Vortex-induced vibrations (VIV) of a cantilever — Contour of the velocity magnitude at three instants of an oscillation cycle: 
Metafor+PFEM vs Metafor+SU2. 

 

 

Fig. 4. Vortex-induced vibrations (VIV) of a cantilever — Time evolution of the vertical displacement of the cantilever tip. 
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5.2. DAM BREAK AGAINST AN ELASTIC–PLASTIC OBSTACLE 

A further validation example considers a very simplified model of the breaking of a dam against a 

deformable obstacle. This benchmark was initially proposed by Walhorn et al. [79] who used a monolithic 

consistent space–time finite element formulation. The geometry of the problem is depicted in Fig. 5. A 

column of fluid is initially held in a reservoir by a rigid wall. At the beginning of the simulation the wall is 

instantaneously removed and the fluid is let free to flow. A deformable obstacle is clamped in the middle 

of the reservoir such that it is hit by the collapsing column of fluid. The fluid is water, with properties listed 

in Table 4. As for the solid, in the first version of the benchmark the obstacle was modeled with pure (large 

strain) elastic behavior. This version of the problem is usually employed as validation benchmark in the 

literature [1,16,18,19,80–82]. The benchmark has been then extended by Zhu and Scott [18] using an 

elastic–plastic material model with linear isotropic hardening, as shown in Fig. 6. Solid material properties 

are summarized in Table 4 as well, both for the elastic and plastic regimes. The FSI coupling is performed 

using a BGS implicit coupling with Aitken relaxation. The parameters employed for the coupling are listed 

in Table 5. 

Table 4. Dam break against an elastic–plastic obstacle — Solid and fluid properties. 

Geometry 

Water column width [m] 
Obstacle width [m] 
Obstacle height [m] 

L 

w 

h 

0.146 
0.012 
0.080 

 Gravity [m/s2] g 9.81 

Solid 

Density [kg/m3] 
Young’s modulus [Pa] 
Poisson’s ratio [–] 
Yield stress [Pa] 

ρs 
E 

νs 

σy 

2500 
1 × 106 0 
5 × 104 

 Plastic modulus [Pa] Ep 2 × 104 

 No. of SRI Elements  4 × 31 (reference), 10 × 64 (fine) 

Fluid 
Density [kg/m3] 
Dynamic viscosity [Pa · s] 

ρf  

µf 
1000 

0.001 

 No. of particles  2987 (reference), 11240 (fine) 

 

Table 5. Dam break against an elastic–plastic obstacle — FSI parameters. 

Algorithm BGS 

Relaxation Aitken 
ωmax 0.5 
∆tFSI [s] 1 × 10−3 
εFSI [m] 1 × 10−6 
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Fig. 5. Dam break against an elastic–plastic obstacle — Problem geometry (initial configuration). 

 

 
Fig. 6. Dam break against an elastic–plastic obstacle — Nonlinear material stress–strain curve [18]. 

 

 
 
 
 

First the results obtained with the present approach are validated for the case of the dam break against 

an elastic obstacle. The time evolution of the horizontal displacement of the left upper corner of the 

obstacle is reported in Fig. 7 and compared with the results obtained by Meduri et al. [19] (explicit 

FEM/PFEM coupling with Lagrange multipliers), Zhu and Scott [18] (monolithic FEM/PFEM coupling with 

fractional step), and Ryzhakov et al. (monolithic PFEM). Despite some dispersion in the reference results, 
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the amplitude of the initial peak and the overall time evolution of the response compare well with the 

literature. 

 
Fig. 7. Dam break against an elastic–plastic obstacle — Validation: results for a purely elastic obstacle. Horizontal displacement 
of the left upper corner of the obstacle as a function of time. 

 

 

The same simulation is then run again using an elastic–plastic constitutive model for the obstacle. This is 

one of the main advantages of a partitioned coupling: any constitutive model can be used for the solid or 

the fluid, only depending on the capabilities of the solvers employed, without any consequence on the FSI 

coupling itself. Snapshots of the solution obtained for the elastic–plastic obstacle at different time steps 

are collected in Fig. 8. 

The time evolution of the horizontal displacement of the tip of the obstacle for this case is shown in Fig. 

9. Again, the agreement with the results obtained by Zhu and Scott [18] is very good in the first phase of 

the interaction between the water and the solid, up to around 0.75 s. After this time, the two approaches 

give quite different results. The final value of the displacement predicted by the two approaches is also 

different. Zhu and Scott predict a final displacement of around 0.02 m, while the present approach 

estimates its value around 0.03 m. This difference can be mainly explained by the fact that Zhu and Scott 

employ a corotational mesh of beam elements to model the obstacle. The thickness of the obstacle is thus 

not taken into account on the fluid side, introducing a non-negligible difference in the geometry of the 

problem, especially once the water has passed the obstacle. To verify the results obtained with the 

present approach, the same simulation has been performed using a much finer mesh (details can be found 

in Table 4). Fig. 10 shows the comparison between the responses obtained with the two discretizations. 
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The results obtained with the finer mesh confirm the ones obtained with the reference mesh, indicating 

that the spatial discretization is fine enough to capture the relevant physics. 

 
Fig. 8. Dam break against an elastic–plastic obstacle — Snapshots of the simulation at different times. 

 

 

5.3. FLUID COLUMN ON AN ELASTIC COLUMN 

This example represents a first test to investigate the performance of the proposed approach for problems 

characterized by strong added-mass effects, as introduced in Section 4. This benchmark was proposed by 
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Idelsohn et al. [30] to test a modified fractional-step method that alleviates added-mass effects (cf. end 

of Section 4). The problem is depicted in Fig. 11 and consists of a column of inviscid incompressible fluid 

that lies on an elastic solid column. The two vertical sides of the whole domain are blocked in the 

horizontal direction, the upper fluid side is a free surface and the bottom solid side is clamped. A vertical 

body force is applied to both the solid and the fluid domains. The undeformed initial configuration and 

the absence of any dissipation (i.e. inviscid fluid + elastic solid + no friction) should lead to periodic 

oscillations forced by gravity. The geometry and the different material parameters are listed in Table 6. 

Fig. 9. Dam break against an elastic–plastic obstacle — Time evolution of the horizontal displacement of the upper left corner of 
the elastic–plastic obstacle. 

 

 
Fig. 10. Dam break against an elastic–plastic obstacle — Time evolution of the horizontal displacement of the obstacle tip. 
Reference mesh vs fine mesh. 
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The problem has been designed to exacerbate added-mass effects. The fluid and solid densities are very 

similar, the solid Young’s modulus is very low (2.3×105 Pa corresponds to a very soft material, like muscles 

for instance), and there is no physical dissipation. For these reasons the same benchmark has also been 

employed by Zhu and Scott [18] to assess the performance of an enhanced fractional step method for FSI 

problems and by Meduri et al. [83] who employ a fully explicit FSI coupling through Lagrange multipliers. 

Table 6.  Fluid column on an elastic column — Solid and fluid properties. 

Geometry 

Column width [m] 
Solid column height [m] 
Water column height [m] 

w 

hs 

h f 

0.05 
0.25 
0.75 

 Gravity [m/s2] g 10 

Solid 

Density [kg/m3] 
Young’s modulus [Pa] 
Poisson’s ratio [–] 

ρs 
E 
ν 

1500 
2.3 × 105 
0.4 

 No. of Linear Triangles  40 

Fluid 
Density [kg/m3] 
Dynamic viscosity [Pa · s] 

ρf 

µf 
1000 
0 

 No. of particles  93 

 
 
Fig. 11. Fluid column on an elastic column — Problem geometry (initial configuration). 

 

 

 

In this work the partitioned approaches described in Section 4, in particular the IQN-ILS technique, are 

tested against this benchmark which, despite its apparent simplicity, is not easily solved using traditional 

coupling techniques, either implicit or explicit, as discussed by Idelsohn et al. [30]. The FSI parameters 

used in the simulation are collected in Table 7. In this case, the BGS method is also employed without 
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relaxation and with (very low) static relaxation, to demonstrate the difficulties encountered by traditional 

partitioned coupling techniques to solve this problem. In the following, BGS implies BGS coupling with 

Aitken relaxation. When no relaxation or static relaxation is employed, it will be explicitly indicated. 

The time evolution of the vertical displacement of the upper side of the solid column obtained with the 

present approach using a BGS coupling is shown in Fig. 12 and compared to the results obtained by Meduri 

et al. [83] (explicit FEM/PFEM coupling with Lagrange multipliers), Zhu and Scott [18] (Monolithic 

FEM/PFEM coupling with fractional step), and Idelsohn et al. [30] (Monolithic PFEM with fractional step). 

The solution obtained by CUPyDO is in very good agreement with the results of Meduri et al. and Idelsohn 

et al., while the response obtained by Zhu and Scott is quite different from all the others, for reasons 

unknown to the authors. 

Table 7.  Fluid column on an elastic column — FSI parameters. 

Algorithm BGS IQN-ILS 

Relaxation None/Static/Aitken Static 
ωmax –/1 × 10−2/0.5 0.5 
Filtering – Haelterman 
Filtering tolerance – 1 × 10−1 
∆tFSI [s] 1 × 10−5 1 × 10−5 
εFSI [m] 1 × 10−7 1 × 10−7 

 

 

Fig. 12. Fluid column on an elastic column — Time evolution of the vertical displacement of the solid–fluid interface. 

 

 

Fig. 13 compares the response obtained using BGS with the one obtained with IQN-ILS coupling, without 

any information from the previous time steps, and exploiting the information from 10 previous time steps. 
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The results are exactly the same for all three methods. Table 8, on the other hand, shows the mean 

number of FSI iterations per time step for each of the tested coupling strategies. First, if BGS with no 

relaxation is used, divergence of the solution is observed after two time steps only. Things are slightly 

better with static relaxation but the coupling algorithm still fails to converge after 21 time steps. 

Conversely, BGS with Aitken relaxation and IQN-ILS show very good performance with respect to added-

mass effects for this problem, as less than 3 iterations on average are necessary to converge. It can also 

be noticed that in this case no difference exists between BGS and IQN-ILS results, which can be explained 

by the relatively small number of iterations required to solve this particular problem. Indeed, when the 

IQN-ILS method does not use information from previous time steps, at least two FSI iterations are needed 

to build a first approximation of the inverse tangent matrix. As expected, things are different for the IQN-

ILS(10), which needs, on average, one iteration less than the other methods to converge. 

Fig. 13. Fluid column on an elastic column — Time evolution of the vertical displacement of the solid–fluid interface. BGS vs IQN-
ILS. 

 

Table 8.  Fluid column on an elastic column — Mean No. of FSI iterations. 

Algorithm Mean No. of iterations [–] 

BGS — no relaxation Does not converge (at time step 2) 
BGS — static relaxation Does not converge (at time step 21) 
BGS — Aitken relaxation 2.92 
IQN-ILS 2.92 
IQN-ILS(10) 1.96 

 

Idelsohn et al. [30] proposed a series of variations of the same problem in order to further analyze the 

performance of their fractional step approach in terms of added-mass effects. In particular, they 

investigated different combinations of stiffnesses, density ratios, and time step sizes. Tables 9–11 

compare the average number of iterations over 1000 time steps obtained with BGS and IQN-ILS(10) and 
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the number of nonlinear iterations of the fractional step scheme of Idelsohn et al. [30] and of the 

enhanced fractional step scheme of Zhu and Scott [18]. Note that the number of iterations reported by 

the last two references is integer with no additional information, so that it has been assumed to 

correspond to a measure obtained at one given time step. 

 
Table 9. Fluid column on an elastic column — FSI (columns 2–3) and fractional-step (columns 4–5) iterations for different density 
ratios. 

ρs/ρ f BGS-Aitken IQN-ILS(10) Fractional step [18] Fractional step 

[30] 
10 1.91 1.88 3 20 
7 2.53 1.90 3 20 
6 1.96 1.92 3 20 
5 2.78 1.91 3 20 
3 2.48 1.94 3 19 
1 4.18 1.99 3 18 

E = 2 × 1011 Pa; ν = 0.3; ∆t = 10−5 s. 

Table 10. Fluid column on an elastic column — FSI (columns 2–3) and fractional-step (columns 4–5) iterations for different 
stiffnesses. 

E [Pa]; ∆t [s] BGS-Aitken IQN-ILS(10) Fractional step [18] Fractional step [30] 

2 × 1013; 0.2 × 10−5 1.95 1.94 3 10 

2 × 1012; 0.5 × 10−5 2.19 1.93 3 14 
2 × 1011; 1.0 × 10−5 4.18 1.99 3 18 
2 × 108; 1.0 × 10−4 4.41 2.18 4 40 
2 × 107; 1.0 × 10−3 4.66 2.02 5 36 
2 × 106; 1.0 × 10−3 4.62 2.42 5 40 
2 × 106; 1.0 × 10−2 3.93 2.06 11 34 
2 × 105; 1.0 × 10−2 6.32 3.34 8 36 

 

Table 11. Fluid column on an elastic column — FSI (columns 2–3) and fractional-step (columns 4–5) iterations for different time 
step sizes. 

 

The results obtained show the very good performance of the partitioned coupling implemented in 

CUPyDO, and in particular of the IQN-ILS technique that, for all the tests performed, needed at most 

around 3 FSI iterations per time step on average to converge. However, it is important to stress out that 
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this comparison, although indicative of general trends and useful for future studies, is not quantitatively 

meaningful as it relies on different measures of convergence between different approaches. 

Table 12. Dam break through an elastic gate — Solid and fluid properties. 

Geometry 

Water column width [m] 
Water column height [m] 
Gate width [m] 

A 
H 
s 

0.100 
0.140 
0.005 

 Gate height [m] L 0.079 

 Gravity [m/s2] g 9.81 

Solid 
Density [kg/m3] 
Material 

ρs 1100 
Mooney–Rivlin 

 No. of Linear Quad Elements  4 × 39 

Fluid 
Density [kg/m3] 
Dynamic viscosity [Pa · s] 

ρf  

µf 
1000 

0.001 

 No. of particles  5178 

5.4. DAM BREAK THROUGH AN ELASTIC GATE 

Similarly to the example presented in Section 5.2, the collapse of a column of water under the action of 

gravity is considered in this example. This time though, an elastic gate initially retains the column of water. 

The geometry of the problem is depicted in Fig. 14. This problem has been initially proposed by Antoci et 

al. [84], who investigated it both experimentally and numerically, using a fluid/solid SPH model. The 

geometrical and material parameters used in the simulation are taken from the experimental setup of 

Antoci et al. [84] and are listed in Table 12. The fluid is water. The solid is rubber and the material behavior 

is modeled as a hyperelastic solid of the Mooney–Rivlin family. The constitutive law is defined by fitting 

the experimental data – obtained through a tension test – provided by Yang et al. [85] (taken from Antoci 

[86]), and reported in Fig. 15. Since no further information is available, the authors assume that the 

experimental measures are expressed in true strains and true stresses. The results given by assuming 

linear elastic behavior with an estimated Young’s modulus of 10MPa at the origin (as proposed by Antoci 

et al. [84]) are also added in the figure, to show that the hypothesis of linear elastic behavior becomes 

quickly very inaccurate, as soon as the solid undergoes even moderately large deformations. This fact has 

already been discussed in the literature, for instance by Meduri et al. [19], Yang et al. [85], and Li et al. [1]. 

Finally, the contact between the gate and the bottom wall has not been taken into account in the 

numerical model. The FSI parameters employed in the simulation are reported in Table 13. Again, both 

BGS and IQN-ILS techniques are tested. Notice that in this case the solid density is very close to the one 

of the fluid (ρs/ρ f = 1.1) and that the gate is a slender highly flexible structure. Thus, as discussed in Section 
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4, this is a problem where added-mass effects can be critical, if no precaution is taken with respect to the 

partitioned coupling strategy. 

 
Fig. 14. Dam break through an elastic gate — Problem geometry (initial configuration). 

 

 

Fig. 15. Dam break through an elastic gate — Rubber traction test [86]. 

 

 

 

 
 



  
Published in: Computer Methods in Applied Mechanics and Engineering  (2019), vol. 348, pp. 409–
442 
DOI: 10.1016/j.cma.2019.01.021 
Status: Postprint (Author’s version)  

 

 
Table 13. Dam break through an elastic gate — FSI parameters. 

Algorithm BGS IQN-ILS 

Relaxation Aitken Static 
ωmax 0.5 0.5 
Filtering – Degroote/Haelterman 
Filtering tolerance — Degroote – 1 × 10−3 
Filtering tolerance — Haelterman – 1 × 10−1 
No. of previous steps retained – 0/1/5/10/20/30 
∆tFSI [s] 1 × 10−3 1 × 10−3 
εFSI [m] 1 × 10−6 1 × 10−6 

 

Moreover, this example will be exploited further to investigate some numerical parameters employed by 

the IQNILS strategy. In particular, the influence of the number of previous time steps used in the 

approximation of the inverse tangent matrix and of the different filtering strategies mentioned in Section 

4 will be analyzed. 

Fig. 16 shows some time instants of the simulation run with BGS coupling and Aitken relaxation. Initially, 

the gate is held fixed and the column of water is thus in static equilibrium. Suddenly, the gate is released 

and it starts deforming under the action of the pressure exerted by the water submitted to its own weight 

(t = 0.025 s). At around t = 0.075 s the gate is fully open and the water can flow through the gate. The gate 

continues deforming under the action of water pressure and of its own inertia, up to about t = 0.12 s. 

After this point the gate starts closing again because the level of water has decreased and, with it, the 

pressure applied on the gate. The flow rate through the gate is thus reduced as shown in Figs. 16(e) and 

16(f). 

Fig. 16. Dam break through an elastic gate — Snapshots of the simulation at different times. Results obtained using BGS with 
Aitken relaxation. 
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The same conclusions can be drawn by looking at the time evolution of the horizontal and vertical 

displacements of the lower left tip of the elastic gate, reported in Fig. 17. The results obtained in the 

present work are compared to the experimental and numerical results of Antoci et al. [84] showing very 

good agreement. The difference between the numerical and experimental results in the prediction of the 

maximum displacements can be explained by looking at the photos of the experiment in Antoci et al. [84]. 

Some water flowing through the sides of the gate, which is not perfectly sealed, can be observed at the 

beginning of the experiment, thus inducing a lower pressure on the gate than the one computed 

numerically where no side flow is present. 

Fig. 17. Dam break through an elastic gate — Time evolution of the displacements of the gate tip. Experimental results taken 
from Antoci et al. [84]. 

 

Table 14 lists the mean number of FSI iterations per time step, and the corresponding CPU times, 1 

obtained for this problem using BGS coupling with Aitken relaxation and different versions of IQN-ILS (the 

same quantities, normalized with respect to those corresponding to BGS with Aitken relaxation, are 

reported between parentheses to ease the interpretation of the results). Table 14 shows that the main 

cost in a partitioned FSI coupling is associated to the mean number of FSI iterations per time step, or, in 

other words, to how many times the solid and (usually more importantly) the fluid solvers are run within 

each time step, and that the complexity added by the IQN-ILS method is negligible compared to the gain 

obtained in terms of number of FSI iterations. For instance, IQN-ILS(5) with Haelterman filtering leads to 

a 29% gain in terms of number of FSI iterations and to a 27% gain in terms of CPU time, compared to BGS 

with Aitken relaxation. Similar conclusions can be drawn for all the other cases. 

 
1 Simulations were run on a 3.20 GHz Intel Core i5-4570 processor. 
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For the IQN-ILS technique, the two different filtering strategies described in Section 4 are tested. As it can 

be observed, the use of Haelterman filtering [70] globally enhances the performance of the IQN-ILS 

strategy, ensuring faster convergence (i.e. lower number of FSI iterations per time step) and lower 

computational costs. Additionally, the use of different numbers of previous time steps employed in the 

approximation of the inverse Jacobian is analyzed. In general, convergence should be accelerated by 

taking into account information coming from an increasing number of previous time steps. This is true 

when using Haelterman filtering, while Degroote filtering does not show a monotonic trend, which makes 

this approach more difficult to use in practice, since it is impossible to know a priori the optimal number 

of time steps to retain for a given filtering tolerance. In this case, for instance, the best performance with 

Degroote filtering is obtained for IQN-ILS(1). As a last remark, the use of an extremely large number of 

previous time steps should be avoided, even in the case of Haelterman filtering. This is demonstrated by 

Table 14 which shows that, independently of the filtering technique, the CPU times decrease to a lower 

extent than the number of FSI iterations when a larger number of previous time steps is employed. In 

some cases, a lower number of FSI iterations leads even to a higher CPU time. This is due to the fact that 

the use of a larger number of previous time steps necessarily leads to the construction of larger V and W 

matrices. More time is thus spent in the factorization (and related filtering operations) of the V matrix, 

which in part counterbalances the gain obtained in terms of FSI iterations. 

Table 14. Dam break through an elastic gate — Mean No. of FSI iterations per time step and CPU times. Between parentheses, 
the results normalized with respect to the BGS solution. 

Algorithm Filtering Mean No. of iterations (normalized) CPU [s] (normalized) 

BGS – 5.43 (1) 3460.29 (1) 
IQN-ILS(0) Degroote 4.83 (0.889) 3004.11 (0.868) 
IQN-ILS(1) Degroote 4.03 (0.742) 2617.74 (0.756) 
IQN-ILS(5) Degroote 4.21 (0.775) 2649.91 (0.767) 
IQN-ILS(10) Degroote 4.22 (0.777) 2705.89 (0.782) 
IQN-ILS(20) Degroote 4.15 (0.764) 2691.50 (0.778) 
IQN-ILS(30) Degroote 4.11 (0.757) 2660.57 (0.768) 
IQN-ILS(0) Haelterman 4.87 (0.897) 2955.99 (0.854) 
IQN-ILS(1) Haelterman 3.94 (0.726) 2543.89 (0.735) 
IQN-ILS(5) Haelterman 3.88 (0.715) 2522.15 (0.729) 
IQN-ILS(10) Haelterman 3.86 (0.711) 2563.58 (0.741) 
IQN-ILS(20) Haelterman 3.85 (0.709) 2605.65 (0.753) 
IQN-ILS(30) Haelterman 3.82 (0.703) 2546.18 (0.736) 

5.5. CYLINDER POP-OFF 

In this example CUPyDO is tested against a problem involving a very light solid moving into a heavier fluid, 

i.e. the “pop-off” of a cylinder, initially immersed in an open reservoir. The geometry of the problem is 

depicted in Fig. 18(a). The cylinder is initially placed at a given depth, δ, and then suddenly released and 
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let free to move. The upper surface of the reservoir is a free surface. Gravity is applied to the solid–fluid 

system, thus buoyancy is the force driving the motion. If the cylinder is lighter than the fluid (i.e. solid-to-

fluid density ratio, ρs/ρ f < 1) it will move upwards, otherwise (i.e. ρs/ρ f > 1) it will move downwards. In 

case of an upward motion, the cylinder can potentially cross the interface, possibly pop-off outside the 

fluid bulk, and then eventually fall back down. This is a very complex problem from two points of view: 

the strongly coupled interaction between the solid and the fluid when the cylinder moves inside the bulk, 

and the interaction between a moving solid and an evolving fluid interface that can be traversed by the 

solid itself. 

Before analyzing the pop-off problem, the case of a falling cylinder (ρs/ρ f > 1) in a closed reservoir is 

considered for validation. The problem is depicted in Fig. 18(b). The geometrical, material, and numerical 

parameters are listed in Table 15. The solid is modeled as a very stiff elastic material. In this case, since 

the fluid is viscous, the cylinder is expected to accelerate under the action of gravity until it reaches a 

terminal velocity. This problem has already been studied in the literature by Franci et al. [17], Hesch et al. 

[87], Gil et al. [88], and Wang and Liu [89], who found an asymptotic value for the velocity of about 0.037 

m/s. The FSI coupling parameters employed in this example are summarized in Table 16. 

Fig. 19 shows the evolution of the simulation at different time steps, while Fig. 20 shows the time 

evolution of the vertical velocity of the cylinder, measured at its center of mass. As expected, the cylinder 

reaches an asymptotic velocity. The value obtained in this work is 0.03725 m/s, which is thus in perfect 

agreement with the results found in the literature. 

Table 15. Falling cylinder and pop-off — Solid and fluid properties. 

   Falling Pop-off 

Geometry 

Reservoir width [m] 
Reservoir height [m] 
Cylinder diameter [m] 

L 
H 
D 

0.04 
0.075 
0.005 

0.4 
0.2 
0.04 

 Cylinder depth [m] δ 0.005 0.04 

 Gravity [m/s2] g 9.81 9.81 

Solid 

Density [kg/m3] 
Young’s modulus [Pa] 
Poisson’s ratio [–] 

ρs 
E 
ν 

1200 
1 × 109 

0.45 

80 
1 × 108 

0.4 

 No. of Linear Triangles  86 5264 

Fluid 

Density [kg/m3] 
Dynamic viscosity [Pa · s] 
Surface tension coefficient [N/m] 

ρf 

µf 

 γ 

1000 
0.1 
– 

1000 
0.001 
72.86 × 10−3 

 No. of particles  4911 56444 
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Table 16. Falling cylinder — FSI parameters. 

Algorithm BGS 

Relaxation Aitken 
ωmax 0.5 
∆tFSI [s] 1 × 10−3 
εFSI [m] 1 × 10−6 

 

 
Fig. 18. Cylinder pop-off and falling cylinder — Problem geometry (initial configuration). 

 

Table 17. Cylinder pop-off — FSI parameters. 

Algorithm BGS IQN-ILS 

Relaxation Aitken Static 
ωmax 0.5 0.5 
Filtering – Haelterman/Degroote 
Filtering tolerance – 1 × 10−1 
No. of previous steps retained – 10/20/30 
∆tFSI [s] 1 × 10−3 1 × 10−3 
εFSI [m] 1 × 10−5 1 × 10−5 

 

The material and geometrical parameters defining the case of the cylinder pop-off are listed in Table 15. 

Surface tension effects are introduced at the free surface, assuming the presence of air all around the 

reservoir, as indicated by the surface tension coefficient reported in Table 15. Nonetheless, the air itself 

is not modeled. Again, the solid is modeled as a very stiff elastic material. Notice that the solid-to-fluid 

density ratio is extremely low (ρs/ρ f = 0.08), corresponding approximately to a ping-pong ball in water. 

The FSI coupling parameters related to this example are summarized in Table 17. 
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Fig. 19. Falling cylinder — Contour of the velocity magnitude at three instants in time. 
 

 

 

Fig. 20. Falling Cylinder — Time evolution of the vertical velocity, measured at the center of mass of the cylinder. 

 

Fig. 21 shows some snapshots of the simulation. At around t = 0.1 s the cylinder reaches the initial position 

of the free surface, entraining some water at the same time. At around t = 0.15 s the cylinder has 

completely traversed the initial free surface and still entrains a film of fluid outside the bulk. The cylinder 

continues to rise outside the bulk until it reaches a maximum height at t = 0.25 s. At this moment, almost 

all the water has drained away from the cylinder. Then, the cylinder starts to fall back down (t = 0.30 s) 

until it impacts onto the water surface at around t = 0.35 s. From this moment on the cylinder floats on 

the water surface and its motion is mainly governed by surface waves until the end of the simulation (t = 
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1.0 s). Table 18 reports the values of the vertical velocity of the cylinder when it crosses the initial position 

of the fluid surface and the maximum height reached by the cylinder with respect to the initial position of 

the fluid surface. In both cases the top of the cylinder is considered. The maximum height reached by the 

top side of the cylinder normalized with respect to the cylinder diameter (hmax/D) is also included in the 

table for completeness. For the IQN-ILS case, simulations were run using 10, 20 and 30 previous time 

steps. A small dispersion in the results can be observed. Thus, average values are reported in the last row 

of Table 18. A maximum deviation of about 0.4% for the crossing velocity and 4% for the maximum height 

is registered. This can be explained by the fact that the FSI coupling always introduces an error, which is 

at most equal to the chosen tolerance εFSI, but which is never the same between the different coupling 

strategies. These small differences, in such a sensitive problem, are sufficient to lead to slightly different 

results. 

Table 18. Cylinder pop-off — Cylinder crossing velocity and maximum height. 𝑣𝑦: vertical velocity when the cylinder crosses the 

fluid surface. hmax: maximum height reached by the top side of the cylinder. 

Algorithm 𝑣𝑦  [m/s] hmax [m] hmax/D [–] 

BGS 0.721 0.0868 2.167 
IQN-ILS(10)-Haelterman 0.727 0.0854 2.135 
IQN-ILS(20)-Haelterman 0.724 0.0885 2.213 
IQN-ILS(30)-Haelterman 0.724 0.0824 2.060 
IQN-ILS(50)-Haelterman 0.727 0.0888 2.219 
IQN-ILS(10)-Degroote 0.724 0.0829 2.073 
IQN-ILS(20)-Degroote 0.727 0.0853 2.133 
IQN-ILS(30)-Degroote 0.723 0.0823 2.058 
IQN-ILS(50)-Degroote 0.724 0.0859 2.148 
Average values 0.725 0.0854 2.134 

 

Table 19. Cylinder pop-off — Mean No. of FSI iterations. 

Algorithm Mean No. of iterations [–] 

BGS 3.18 
IQN-ILS(10)-Haelterman 2.78 
IQN-ILS(20)-Haelterman 2.69 
IQN-ILS(30)-Haelterman 2.70 
IQN-ILS(50)-Haelterman 2.69 
IQN-ILS(10)-Degroote 2.69 
IQN-ILS(20)-Degroote 2.70 
IQN-ILS(30)-Degroote 2.71 
IQN-ILS(50)-Degroote 2.70 

 

The different phases of the simulation also clearly appear in the time evolution of the number of FSI 

iterations, as shown in Fig. 22 for the BGS and IQN-ILS(30) couplings. As it could be expected, in both cases 

one can notice a higher number of iterations around 0.1 s and 0.35 s, i.e. when the cylinder exits the bulk 
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and when the cylinder impacts onto the water surface after falling down, respectively. For the BGS 

coupling the number of iterations also raises around 0.45 s and 0.625 s, and for the IQN-ILS(30) coupling 

around 0.83 s. In both cases, this is mainly due to the interaction between the cylinder and the water 

surface waves in both cases. Overall, the IQN-ILS strategy is again more efficient than BGS, as confirmed 

by the mean number of FSI iterations reported in Table 19, although IQN-ILS(30) needs on average 0.01 

iterations more than IQN-ILS(20) to converge. This difference can be considered negligible and does not 

contradict the conclusions drawn in example 5.4 about the monotonic trend obtained with Haelterman 

filtering in terms of FSI iterations reduction when a larger number of previous steps is employed. This 

merely indicates that in this case a value around 2.70 represents the minimum possible number of FSI 

iterations for the IQN-ILS technique and that the use of 20 previous time steps is already sufficient to 

obtain it. 

5.6. FILLING OF AN ELASTIC CONTAINER 

In this last example CUPyDO is tested in the case of a challenging FSI problem. The case has been initially 

simulated by Franci et al. [17] using a unified PFEM solid/fluid formulation, and it is inspired by a former 

problem presented by Cremonesi et al. [42]. More recently the same problem has also been used as a 

benchmark by Meduri et al. [19] using an explicit FEM/PFEM coupling with Lagrange multipliers. 

The geometry of the problem is depicted in Fig. 23. A bulk of fluid is initially contained in a closed 

trapezoidal reservoir. The reservoir is suspended over an elastic container, which is initially empty. Gravity 

is applied to the whole system. At time t0, the bottom of the reservoir instantaneously opens, letting the 

fluid fall down under the action of gravity and eventually interact with the deformable container. 

The geometrical parameters as well as the material properties of the fluid bulk and of the elastic container 

are reported in Table 20. Notice that for this problem the solid-to-fluid density ratio is extremely low (ρs/ρ 

f = 0.02) and that the container is modeled as an elastic material with very low Young’s modulus (21 MPa 

is in the range of Young’s moduli of natural rubber), so that severe added-mass effects can be expected. 

The problem is solved using both BGS with Aitken relaxation and IQN-ILS coupling strategies. The different 

FSI parameters employed are reported in Table 21. 
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Fig. 21. Cylinder pop-off — Contour of the fluid pressure field at six different instants in time for the IQN-ILS(30) case. 

 

Some snapshots of the evolution of the problem at different time steps, obtained using IQN-ILS(30) 

method, are reported in Fig. 24. As it can be observed, the fluid initially experiences a free fall (Fig. 24(a)), 

until it impacts the container at around t = 1.0 s. At the very beginning of the impact, the container 

stretches due to the force exerted by the fluid (Fig. 24(b)). A strongly coupled and complex interaction 

between the fluid and the container characterizes the problem from this moment on. The response 
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obtained by CUPyDO is qualitatively in very good agreement with the results of Meduri et al. [19] and 

Franci et al. [17]. An asymmetry develops over time, clearly visible at t = 3.5 s and t = 3.8 s, due to the 

intrinsic nonlinearity of the physical problem. Similar (yet different) lack of symmetry can be found 

elsewhere in the literature (see for instance Meduri et al. [19]). 

Fig. 22. Cylinder pop-off — Time evolution No. of FSI iterations per time step. BGS vs IQN-ILS(30). 
 

 

Fig. 23. Filling of an elastic container — Problem geometry (initial configuration). 
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Table 20. Filling of an elastic container — Solid and fluid properties. 

Geometry 

Rigid container top side [m] 
Rigid container bottom side [m] 
Rigid container height [m] 
Elastic container straight side [m] 

B 
b 
h 
H 

4.87 
1.30 
2.50 
3.75 

 Elastic container cap radius [m] R 2.25 

 Elastic container thickness [m] s 0.20 

 Gravity [m/s2] g 9.81 

Solid 

Density [kg/m3] 
Young’s modulus [Pa] 
Poisson’s ratio [–] 

ρs 
E 
νs 

20 
2.1 × 107 
0.3 

 No. of Linear Quad Elements  4 × 295 

Fluid 
Density [kg/m3] 
Dynamic viscosity [Pa · s] 

ρf  

µf 
1000 
100 

 No. of particles  5622 

 

 

To obtain a more quantitative comparison, the time evolution of the vertical displacement of the bottom 

of the container is shown in Fig. 25, and compared to the results of Meduri et al. [19] and Franci et al. 

[17]. Globally, a very good agreement can be observed. In particular, the present solution and the one 

obtained by Meduri et al. practically coincide until t = 3 s, while the results obtained by Franci et al. present 

some differences and predict a lower value for the maximum displacement, registered around t = 2.5 s. 

Between t = 3 s and t = 5 s some differences appear between the three solutions. It is the authors’ belief 

that this is mainly linked to the different formulations employed for the solid domain in the three works. 

In the end, from t = 5 s to t = 10 s, all three simulations predict very similar responses. In particular all 

seem to indicate the same value for the final displacement of the bottom of the container, which is around 

0.35 m. 

 
Table 21. Filling of an elastic container — FSI parameters. 

Algorithm BGS IQN-ILS 

Relaxation Aitken Static 
ωmax 0.5 0.5 
Filtering – Haelterman 
Filtering tolerance – 1 × 10−1 
No. of previous steps retained – 5/10/30/50 
∆tFSI [s] 1 × 10−3 1 × 10−3 
εFSI [m] 1 × 10−6 1 × 10−6 
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Table 22. Filling of an elastic container — Mean No. of FSI iterations. 

Algorithm Mean No. of iterations [–] 

BGS Does not converge 
IQN-ILS(5) 7.94 
IQN-ILS(10) 6.21 
IQN-ILS(20) 5.33 
IQN-ILS(30) 4.92 
IQN-ILS(50) 4.93 

 

The results presented above were obtained using the IQN-ILS(30) coupling. Indeed, the BGS coupling is 

not able to converge in this case, while the IQN-ILS(30) technique needs on average 4.92 iterations per 

time step to converge, as reported in Table 22. Table 22 also reports the average number of FSI iterations 

for the IQN-ILS(5), IQN-ILS(10) and IQN-ILS(50) cases. The conclusions drawn in example 5.4 in terms of 

mean number of FSI iterations are also confirmed in this case. Fig. 26 shows the time evolution of the 

number of iterations needed for convergence by BGS and IQN-ILS(30), respectively. As it can be observed, 

as soon as the fluid impacts the container, BGS starts experiencing convergence problems until the 

simulation is aborted (Fig. 26(b)). On the contrary, IQN-ILS(30) is able to simulate the entire 10 s of physical 

time without incurring convergence problems, as shown in Fig. 26(a). 
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Fig. 24. Filling of an elastic container — Snapshots of the simulation at different times. Results obtained using IQN-ILS(30). 
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Fig. 25. Filling of an elastic container — Time evolution of the vertical displacement of the bottom of the container. 
 

 

 

Fig. 26. Filling of an elastic container — Time evolution No. of FSI iterations. BGS vs IQN-ILS(30). 
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6. Conclusions 

In this work a fully partitioned Lagrangian framework for FSI problems characterized by the presence of 

free surfaces, very large solid deformations and displacements, and strong added-mass effects has been 

proposed. The solid was modeled through Metafor, a nonlinear Finite Element solver. The fluid was 

modeled using the Particle Finite Element Method (PFEM), a Lagrangian particle method that can handle 

extremely large deformations and designed to solve problems characterized by evolving interfaces, 

typically difficult to address with traditional CFD techniques. In particular, the potential of the approach, 

that relies on the PFEM to simulate the fluid and the Interface Quasi-Newton Inverse Least Squares (IQN-

ILS) coupling strategy, for the solution of problems characterized by the presence of free surfaces and 

strong added-mass effects has been successfully demonstrated. A large number of benchmark tests for 

which added-mass effects are expected have been analyzed and the impact of different numerical 

parameters has been assessed. In terms of mean number of FSI iterations per time step, the IQN-ILS 

strategy has outperformed the classical Block Gauss–Seidel (BGS) method with Aitken relaxation for all 

tests performed with negligible additional cost. For instance, in the most extreme case, i.e. the filling of a 

very light and flexible elastic container with a viscous fluid (Section 5.6), BGS with Aitken relaxation was 

not able to provide a converged solution beyond the first contact between the fluid and the solid, while 

IQN-ILS converged without particular problems. Nonetheless, IQN-ILS requires the solution of an 

overdetermined problem and its convergence properties depend on the filtering employed. It has been 

shown that the filtering proposed by Haelterman et al. [70] is more efficient and robust than the filtering 

initially proposed by Degroote et al. [59,64], and should thus be favored. 

Overall, it has been demonstrated that the PFEM, combined with the IQN-ILS strategy, can be successfully 

used in a fully partitioned fashion to solve a very large spectrum of FSI applications including large solid 

displacements and deformations, moving interfaces and free surfaces, and strong added-mass effects. 
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