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summary Inverse Abel transform using least squares Abel transform of exponential profiles Tests and applications
_ _ _ - . We conducted several tests aimed at assessing the properties of the inversion methods applied to
Remote sensing of planetary and cometary atmosphere is one of the most important source of flttl ng Computing the full Abel transform (eq. 1) of functions such as the density profiles of equations || artificially simulated signals, including a noise: bel ‘ vl of :
data and knowledge of the gas layers surrounding the celestial objects of our solar system, 2, 3, 4 can be done analytically and produce results expressed using special functions. We define P o )] Inverse Abel transform retrieval of ~a noisy
including our own planet. Most of the instruments used up to now and that will be used in a near _ _ . . . . TN | - S ”'¢ exponential profile using linear triangular
future study the emission of radiations directly produced by the atmosphere. Under optically thin The gener_al idea of nume_:rlcal Abel_ transform inversion is Fo represent the_ volum_e emission rate 0 ym That corresponds to the integrals needed z :3 °\D z :}E %Q% elements  (i.e. no explicit _exp_onentlal
conditions, this observation method provides the local volume emission rate (VER) originating (VER_) using Iopally defined functions, such as a set of line segmer_lts (i.e. a piecewise linear || J,(x,q) = f dy \/2—7_1exp(—q y) (10) for plan_etary and cpmetary atmospheres, 3 ;SU; A, H ;SU_ v%ﬁ _ dfependency) and lehon(_)v regL_llarlzatlon. The
from the atmosphere, integrated along the full line of sight (1.0.5.) of the instrument. Under a fgnctlon) (_)f_whlch the Abel transform can pe cor_nputed_, and det_ermlne t_he parameters of e_ach = y dependlng c_)n the sign of n. E ;UU "%% £ ;m_ O dlscrep_ancy at low altltudfe s due to the
spherical or cylindrical symmetry assumption, the l.0.s. integration of the VER takes the form of E(')etchea?%:3(')?3;2662?52;;a?;::eogpoﬁret?seirﬂ;f&’;’;;’?f:}%i\(jnver“cal profile on the observation, || The complete Abel transfo;m corresponds to x=1, and for n>0, it is found that “ 150l i * 1ol o ;eggla:!zatl(on that;endi% tto trﬂmlrmzel)th:atsecorkl)d
: e ) : . : | ofile - | | m Ak 1 _ - _ N S w: t -1 derivative (proportional to the signal). It can be
g;((e) ﬁigsli;rizzil‘oglrzng ;:1; ;/ﬁgtlé:grlr]\e{[lzs z;cr)rl]‘:)lsepr']l'eflg silnrzlzldeztaannz;lg;:)cr?; :ﬁgﬂﬁ:&{gﬁfﬁﬂgnagljti\t/liiz The f|rs_t method that comes to mind is to rc?pres_ent th_e V_ER with I|_ne segments. This choice 1 (Lq) = z Cm T (k +k2) Bo(kq) | m=n/2 SfKt(r?ézgégﬂglﬂii% Ii:ssre(; efru::ctlon - WF( ; _‘l’)l.{[]. .‘,“D-r”’“ m.lﬂ l-gjt- 0 10“] o cured_ by reducing p_arar_nete_r ¢ in eq. (9), the
(or radial distance), giving the isothermal profile for a planet and the Haser model for a coma. The Clearly lllustrates the principle of the method: a piecewise linear functionican be representedi by k=0 T (%) —— = et . benefit of the regularization is then lost as well.
Abel transform of these functions can be computed analytically using combinations of special e (el SomiTELIon @ _trlangular ILASIETS i:{(7) Eeinee on overlappln_g |r_1tervals. Ve foel 1 4UUé_""""""'\t‘.\:: o - x'\. (' }_é : :
functions. Retrievin . : . : : transform T,(r,) of each triangle t,(r) can be computed, and a linear combination of the T,’s can mockr (k + _) e m! . 350¢ \ _350F N | Inverse Abel tra_tnsform retrleval of a notoy:
: g the vertical (radial) profile of the VER does however require to invert the be fitted e ob 4 E(L) denoti he function that is 1 f T . 1) = m 2) g k41 —(n—1)/2 Cm = 7 ' £ 00l \ E 300! , " exponential profile using triangles multiplied
observed Abel transform to account for possible departures from these idealized analytical e fitted over the observed F(ro) denoting o (r) the function that is 1 for r < £, and 0 otherwise: || Jn(1,q) = Z q\* k(k+1,q), m = (n )/ ! (m — k)! 2 5ol "*f\ 3 et \\ ! by an exponential, with regularization. The
gxpre_ss_ions, so that indefinite integrals define_d fr_om the_ Abel integral (which we will call || f4 ™ t () = F =Tk Xl () + Tkt1 — 7 Xirerens () k=0 m (7) | % 2005. “a,,\} % 200+ \\  scale height of the’profile is also retrievéd by
indefinite Abel transforms) are needed (or numerical integrations need to be performed). AN SN T — Tk-1 vk Ther — Tk ktal When n <0, the full Abel transform of the Haser model can be computed using: 150¢ N, 150 ¢ . | the fitting method. The local quantity (~volume
In this study, we present a new method to produce a workable series development allowing S,/ \/\,’ N % 7 — j°° exp(—qgx) p - _q D n 5 LD 00, S 100F N 2| . - rate) is retrieved with minor
accurate computation of the indefinite Abel transforms that appear in the study of optically thin N TN N \ R f(r) = Z ayty(r) F(ry) = Z ay Ty (1p) n= | avzro1 X nt2 = g Dnoa + o= D — 5 D o ;Ff)li{;-m-irﬂl:;its;UH O {]‘fll.l{;s) 0" Uncertainties at all altitudes
emissions of planetary and cometary atmospheres. Indeed, taking the Taylor series development of r, 1, Iy r k k 1T (a): L.o.s. integration of f as a function of tangent altitude with a noise (dotted lines) and fitted profile (dashed lines and diamonds,
the exponential function to reduce the problem to a series of indefinite Abel transforms of 1500 | | Iy = 2 (e . - ) Dy =Bk(0,q) Di=P(q) = > (1 —q (Bx(0,9) S,(=1,9) + Bx(-1,9) S, (0, q))) shades for +1-c range: light for the “data”, dark for the retrieval). (b): Emission rate retrieved by inverse Abel transform of the
polynomial functions (which can be carried analytically) does not work. It leads to the k\To Jro ; 3 k 2k imulated observation of panel (a) (dashei diamonds and shades for the +1-c range)
computation of the difference of large, nearly equal numbers, which cannot be done accurately. ool i T D, = q Bx(1,9) —q P(q) 1\ (7 z) The modified Struvef| 3 10’ T o] B YOK o T oo | S x* as a function of the scale height
Our method rather relies on an appropriate series development of the Jacobian of the Abel - P s () @) S5.(n, z) = (E Z) 3 3 function, also called | = 107 ok [ :H— wia | assumed for the exponential function
transform. We show that the computation can be done reliably up to near machine precision, and || | o, > . k=0l (k T ) [k +n+ 2) Struve-L. s :E;r s | used In the Inverse Abel transform fitting
that accuracy control can be enforced for tailored applications. Possible applications are || £ 800 T | _ | ) 7 ) 2 1of o | of the profile shown above, with and
considered, that include the study of comas and of the upper atmosphere of Mars and the Earth. % Computing the Abel transform of individual triangular || YWhen x differs from 1, we write z=1/y* and define g(y) = i i and h(z) = 7= so that % 100 % | without a noise added to the simulated
£ 600~ Triangular elements requires the computation of indefinite integrals || », (21— 1)1 s jonuf Whoutnose. | dfe= L N\ iy - “observafion™ The retrieved scale height
&) function constructed from the Abel transform. This can be done e a )2"n+1 in=j (-2) (-4) (2n-1)!1 = (2n)!/(2" n!) 10 15 20 25 30 10 15 20 25 30 tmhatc?ﬁs the IP:XSCt one I\NI'[hIIn 10%, better
- 5 - when the elements only contain powers of r. The 1/r2 —Z H (km) H (km) an the applied noise level.
Atmosphere remote sensi ng: Abel transform S a00f %‘%ﬁ%ﬁé’ﬁﬁr 1 dependence of the Hasgr model V\I;)aS used previously to 210! 1 2k 1 T I ~ | Retrieval of the O('S) —O(3P) emission
- o _ _ | modify the t’s and better represent cometary|| h(z) = 4k—k'2 7 gy) =————== z K (D)2 Y2kl oE g ] e gt eetT Y vate at 297.2 nm of planet Mars, based on
Remote sensing instruments used to study the emissions of the atmosphere of celestial 200} 1 atmospheres using the following expressions: = (k) vye—1 &b )Y Swob | 2 % | MAVEN-IUVS observations (Gkouvelis
objects (planets and comets) produce observations that integrate the atmosphere volume j ' £ (7) Tt - Taylor series of h(z) about z=0 Series development of g(y) about its limit at infinity. ¥ ol ‘&%\%ﬂ% 1% S | et al., 2018) obtained in April and May
emission rate (VER) along the instrument line of sight (l.0.s.), in the optically thin case. When ol u(r) = ——= Uk(ro) = Zf dr ug () N “ﬁ_ N b 2017, for 0° < Lat < 10°, SZA=25+3.1°.
the VER can be assumed to have a spherical symmetry, this l.o.s. integration is called the Abel 00 02 04 06 08 L0 r Tk-1 r2 — 12 (8) ik k) [y e T mmee | The modelling of the emission (shown
transform of the VER. F (arbitrary units) Ju(x,q) _] dy FGXP( qy) = Z4R (kD2 j dyy2k+1 exp( — qy) S— ; T I G " below) has similar peak altitudes and
}> J dr J dr _ _ _ =0 . _ B e ratio between both peaks, despite the
g, [ _ , 2 AII the integrals that appear in the series de_vel_opment giving Jn(X,q) can be computed using | | | | | | | different ,abs.‘?',”t.e V§|u¢§. -
/ _ 7‘0 incomplete gamma functions and exponential integral functions: _ = I "TBetter retrieval quality [
Abel transform of function f(r) along a line of sight (n+ Dl +n7g g =7 \/ (M = DLy —m71§ Ly + T G0 = = o exp(—q y) _ En(q x) E,(z) = J dt =pl a8 2““;\(;\;(hpe()r]nle:r;l?i:ﬁllng " F
with a tangent point located at the radial distance r,; . Ly= |r2—12 e Jx y" xnt 1 & % 150 g .m&
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unction f(r) represents the VER and F(r,) its Abel transform as a function of the tangent 1 r2 1 To 1) = (2k)! v o Z U >0 o0dd Tostof  comotary atmosphere 1037/ Hartley 2
radius of the l.o.s. . The VER profile can have several functional expressions. In planetary L, = arctgl -7 — 1]= o alies (?) na 4k ()2 o (2k+D) 4k (f1)2 ~2k+lmn — sl @] e ] ] o
atmosphere, it is often represented by an exponential profile (5) or by a Chapman profile (6). In 0 o 0 i k=" an |z \ TS UICHNE Fol e N 01T N Bl SN (D el e
cometary atmospheres, the gas is expanding from the nucleus and the density profile follow a Once the Abel transform of the triangular elements is know, the inverse Abel transform z, (2k)! (2k)! AN N1EE ~~ jobservations of comets
Haser model with different expressions for chemically inert (2), parent species (3) (that can be || problem reduces to a linear system solving the least squares fitting of the data, generally with a Ja(x,q) = 4% (kD)2 Va—(2k+1) T 4k (kD2 " 2k+i-n n = 0 even i s \ 2"y N ’;1(.)3.P/ Hart_ley 2 angl Sl
dissociated by EUV, for example) and daughter species (4), that result from the dissociation of || Tikhonov regularization weighted by a parameter A. We apply a regularization matrix that k=0 ' k_ “ — 2w TERS: \‘«. ?Sldlng Spring obtained
the parent molecules and can be photochemically destroyed as well. These models all share an || computes the second derivative of the fitted a,’s, as if they were a function of the radial distance: || For cometary atmospheres, n is negative and the above expressions simplify somewhat "’ s 4:’; °5x'10_f 0k 1 R by the TRAPPIST
exponential dependency, at least on their top side. The expansion of the coma also bears a 1/r2 || this penallzes noisy variations. redefining the integrals to keep n>0: f (k) T Y o telescope. The Hartley 2
dependence as a result of mass conservation, and the photochemical life time of species translate exp(—q y) IR i o . ___Tluxisrehably retrieved
to a characteristic length. z (G — zaka(To ,)) w; Hjy = Z Ti(7o0,;) Tie(70,) w; = (T Vg1 TH)y, Dn(x,q) = f 2 F Y7 ot o S Yol T v using both the t/r°
Q - To . kT Jj=1 k j=1 0o co % 10”’@ 1 % o serm -\\ ..EJ 1o r EH"\ - (green) and the
iy (2) [n(r) =nge” H with H= m—g (5) . D. (x.q) = 2 (2k)! j“d 1 exp(—qy) 2 (2k)! (x.) (12) i fe T | [t /r*exp triangular
— QP _LL r—r, 1 r—T Ha=b - z Gf Ti(TOJ') Wj Tji - Ti(ro’j) (9) meE k=0 4% (k!)z X yy2k+1 " 4% (k')z P2k (0 g i | :; 1w Departure due to 7 %ﬁ* ? \ :el-er-nents (r-ed). The Al7
"= 2, (3) | n(r) = npexp (1 - - —eXP( )) (6) > _ 7 =1 _ . o =07 15" T exeessive reqularization || & | 1Siding Spring produced
p H Ul (H+1Q)a=D>b Accuracy control can be achieved approximating the factorials with the Stirling formula and o oo pbiorn O NN e ] _ _Jan outburst an departs
G Ly ( _LL _LL) _. tr(H) Regularization matrix V @ variance matrix of the observation {Gj} introducing the Lambert W(z) function defined as the reciprocal function of w e". The general | " li(w ZX:I-(ifif)U :wdmo L "o _ from the classical H_aser
"= Y2y, L — L, e td—e "/ (4) tr(Q) term of series (11) and (12) becomes smaller than accuracy a when P - nverISItorc]I of pseu HO- ata  model. The fitted flux departs from the observation when the exponential
Including the explicit 1/r2 dependence in the analysis of cometary emissions revealed very W <4 in(x) (E2k+1—n(qx))2> ) e branch ;rggle?fi)r gzltjlgh?er et ‘(jeggr‘ggg;ecfll?g'tlé%e&r'rglz ;Stgs(; ;goanndeé(ecr?f/?t\i/\?e;e?:I?é;?,ttlggb .
_ Retrieving the volume emission rate based on the knowledge of its Abel transform is, In || efficient and allowed to retrieve the emission rate profile of comets departing from the expression || — . _ " ax* (For series 11) § / species. The emission rggularization Matrix becgomes intrinsically large P /
principle, feasible using the analytical inversion formula: of equation 2. e 4 In(x) 2‘ 2 \\ rate is reliably retrieved '
4 o Adapting the method to atmospheres such as the Haser model for chemically active species 3E N Lower branch - -
flr) = —1 dry . dr (ro) (eg. 3 and 4) and to atmospheric profiles (eq. 5 and 6) requires to multiply either the t,’s or the w (4 I?T(x)( n+2;-;:%1(qx)) ) _ 4 ‘ﬁ e COHC| USIONS:
7 /roz _,2 @1 u’s by a decreasing exponential function, and to compute the same integrals as (7) and (8). No || k = kigx = T InG) (For series 12) Sk .1 I« Explicitly including the functional dependence of atmospheric profiles in inverse Abel transform
analytical expression Is known for these ones, and taking the Taylor series development of the 04 920002 0406 08 19 retrieval can improve the quality of the inversion, both for planetary and cometary atmospheres.
Applying this formula to real observation is however difficult because the derivative of the|| exponential function before integrating produces alternating series with differences of nearly || These expressions give large values for k..., especially for integration ranges approaching the  Analytical expressions can be derived for all the elements involved in inverse Abel transform least
observation can be dominated by the noise, the profile needs to be known up to high altitude, and || equal large numbers, not suitable for numerical applications. \We use another series development || tangent point r,. (When the integration starts at r,, full Abel transform expressions must be used). squares methods including an exponential dependency and expressed as a series with explicit
a sufficiently high sampling is needed to reliably carry the integration. One generally resorts t0|| to avoid that problem: we compute the series development of 1 about its limit at infinity. When accuracy control is not an issue, numerical integration methods can be preferred, avoiding accuracy control.
least squares fitting methods to overcome these drawbacks. Vyi-1 the singularity near the tangent point using an integration by parts. This idea can also be used « When accuracy control is not crucial or when computation time is an issue, numerical integration can
when analytical expressions are not available, such as for the Chapman profile (6): also be used instead of the analytical series.
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