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Let b € sz

-1
o Let n=> ¢t/ e Nwith g€ A,:={0,...,b—1} and
j=0
cr-1 #0

o rep,(n) =cr-1...co, rep,(0) =€

o valp(co—1...c) =n,valp(e) =0

@ b-recognizable set

eu=u...up €A v=w...v, € B
(u,v) = (u1,v1) ... (up,vn) € (Ax B)*

e rep, (n,m) =
(Oe_| rePb(nl)l repb (nl) , OZ_| repb(n2)| repb (n2))
where ¢ = max{|repy, (m) |, | repy (n2) |}
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Goal and method

Multiplicatively independent integers (p? = g®* = a= b =0)

Theorem [Cobham, 1969]

@ Let b, b’ two multiplicatively independent bases.
A subset of N is both b-recognizable and b’-recognizable iff it
is a finite union of arithmetic progressions.

@ Let b, b’ two multiplicatively dependent bases.
A subset of N is b-recognizable iff it is b'-recognizable.
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Goal and method

Multiplicatively independent integers (p? = g®* = a= b =0)

Theorem [Cobham, 1969]

@ Let b, b’ two multiplicatively independent bases.
A subset of N is both b-recognizable and b’-recognizable iff it
is a finite union of arithmetic progressions.

@ Let b, b’ two multiplicatively dependent bases.
A subset of N is b-recognizable iff it is b'-recognizable.

Let b € N>> and m € N. If X C N is b-recognizable, so is mX.
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Theorem [Alexeev, 2004]

The state complexity of the base-b representations of mN is
N—1

N>0 | ged (m, bV) ged (b7, m)

n=0
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Theorem

Let me N and p € N>;.
Then the state complexity of the language 0* rep,,(m.7) is

o

Adeline Massuir State complexity and Thue-Morse set 6/26

if m= k2% with k odd.




T ={neN:|repy(n)|; € 2N}

Automaton | Set recognized
My,zp ‘ 7 x N




T ={neN:|repy(n)|; € 2N}

Automaton | Set recognized
52{772;) 7 x N
L 20 {(n,mn) : n € N}



T ={neN:|repy(n)|; € 2N}

Automaton | Set recognized
Mygp 7 x N
L 20 {(n,mn) : n € N}

A7 o0 X Dmor | {(t,mt)  te T}



T ={neN:|repy(n)|; € 2N}

Automaton Set recognized
52{772;: 7 x N
L 20 {(n,mn) : n € N}
A7 o0 X Dmor | {(t,mt)  te T}

™ (%y’zp X ﬂmgp)

m7
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-7 x N in base 2P

X otherwise

iifdeg

07 2p (X,(d,e)) = {

The automaton @77 o
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Lemma

The

automaton /7 o»

recognizes .7 X N in base 2P
is minimal

is complete

is trim

has disjoint states

Adeline Massuir

State complexity and Thue-Morse set

9/26



The automaton %, : {(n,mn) : n € N} in base b

(2,3)

(3,3)

Smplir(d,€)=j &  bite=md+]
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The automaton .27,

is accessible

is coaccessible
has disjoint states

is minimal

is trim

Adeline Massuir State complexity and Thue-Morse set 11/26



0,7),....(m—=1,T)  (0,B),...(m—1,B)




{(t,mt): t € T} in base 2P

The product @20 X 7 20

(m—1,T) (0,B),...(m—1,B

(0, 7),...,

[}
-~ O
+ Vg
T © g
E = ©°
XX
Q ;
T
x>
o
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(i, X)

Reading (d, e) :
2Pi+e=md+j
Y:{ Xifde 7

X otherwise

» U, Y)

Reading (u,v) :

2p|(u,v)|,‘ + Va|2P(V) = mva|2p(u) +j
Y — { X if valee(u) €

X otherwise



(i, X) > (. Y)

Reading (d, e) : Reading (u,v) :
2Pi+e=md+j 2RIl 4 valye(v) = mvalye(u) + j
Y — Xifde T X if valp(u) € 7
= ~ . Y = — .
X otherwise X otherwise

Given i, X, v, there exist unique j, Y, u such that we have
a transition labeled by (u, v) from (i, X) to (j, Y).
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Proposition

The automaton &7, 20 X 7 2»

is accessible

is coaccessible
has disjoint states

is minimal

is trim
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Proposition

The automaton &7, 20 X 7 2»
@ is accessible
@ is coaccessible
@ has disjoint states

@ is minimal

@ is trim
(0, T)—= (i, T): repy(0,i)
(0, T)— (i,B) repop (1, m+ i)
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Proposition

The automaton &7, 20 X 7 2»
@ is accessible
@ is coaccessible

has disjoint states

°
@ is minimal
@ is trim

(i7 T) : rep2p(07 I)
(178) rep2p(17m+i)
(Oa B) - (Oa T) : rep2p(17 m) if p|Z

repy, (2P77, k29H1) if z =qgp+r
withgeNandre{l,...,p—1}
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- m.Z in base 2P

The automaton 7 (n 20 X 7 20)




Proposition
The automaton m (P20 X 7 20) is

@ deterministic

@ accessible

@ coaccessible
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Proposition

The automaton m (P20 X 7 20) is
o deterministic
@ accessible

@ coaccessible

Proposition

In the automaton 7 (@20 X &7 2»), the states (i, T) and (i, B)
are disjoint for all i € {0,..., m —1}.
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For all n € N, we set

Xn'_{ Tifne T

" | B otherwise



For all n € N, we set
B otherwise

Xn::{ TifneJ

Definition
Forall j € {1,...,k—1}, we set

[, T)] ={(+kt, Xp):0< <2 -1}
[G,B)] == {(i+ k&, X7) :0< £ <27 —1}

We also set

[(0, T)] := {(0, T)}
[(0,B)] := {(kt,Xp) : 0 <€ <2 —1}
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Definition

For all « € {0,...,z — 1}, we set

Co:={ (k27 1+ k22724, X)) : 0 < 0 < 2% — 1}

For all 5 € {0,..., E-‘ —2}, we set

[g:= U Ca

ae{Bp,....(B+1)p—1}

We also set

20/26



3,z=1

=3x2l = k=

p=2,m=6

_1}

0<r<2

)

{(3x 270 43 x 2170 X,

Go=
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We can build a new automaton



We can build a new automaton which is

@ accessible



We can build a new automaton which is

@ accessible

@ reduced



Automaton recognizing 6.7 in base 4







Theorem

Let me N and p € N>y.
Then the state complexity of the language 0% repy,(m.7) is

i

if m= k2% with k odd.
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Theorem

Let me N and p € N>y.
Then the state complexity of the language 0% repy,(m.7) is

i

if m= k2% with k odd.

2><3+E]:7
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