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We study the asymptotic behavior of an incompressible viscous fluid flow in a biological
body lined by a thin biological film with a cellular microstructure, varying thickness,
and a heterogeneous viscosity regulated by a time random process. Letting the thickness
of the film tend to zero, we derive an effective biological slip boundary condition on the
boundary of the body. This law relates the tangential fluxes to the tangential velocities
via a proportional coefficient corresponding to the energy of some local problem. This
law describes the ability of the biological film to function as a lubricant reducing friction
at the wall of the body. The tangential velocities are functions of the random trajectories
of a finely concentrated biological particle.
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1. Introduction

The main purpose of this work is to study the asymptotic behavior of viscous flows
in a biological body lined by a thin heterogeneous biofilm. Biofilms have complex
structures in which cells exhibit different patterns of gene expression. Biofilms,
such as the thin fluid films that line the epithelium of the eye, respiratory, gas-
trointestinal and urogenital tracts, are subject to considerable uncertainties and
intrinsic spatial variability due to the chemical heterogeneity and the variability of
the mucus concentrations (see for instance [[7, [T5], and [27]). Mucus is a viscous com-
plex biogel which possesses important length-scale and shear-dependent rheological
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characteristics that enable it to function both as a lubricant at the mucosal sur-
faces and as a selective filter that limits the effective exposure of epithelial cells
to foreign pathogens and allows rapid passage of selected gases, ions, nutrients,
and many proteins (see for example [9] and [I5]). Mucus is essentially composed of
water, immunoglobulins, cholesterol, lipids, inorganic salts, proteins, and the high
molecular weight glycoproteins known as mucins. The mucus layer is continuously
produced, secreted, and shed by different mechanisms of clearance [I1]. The thick-
ness of mucus layer varies by location in the conducting airways; being anywhere
from 8.3 um in the trachea compared to about 1.8 um in small bronchioles [20].
Physicochemical characteristics like composition, pH, ionic strength, conformation
are important in the formation, function and rheological properties of mucus [16].
At acidic pH, mucins in gastric mucus change conformation from random coil to
extended conformation and form a gel phase in mucus [5]. Thus, mucus exhibit
a variety of rheological complexities which cannot be described even qualitatively
using the Newtonian fluid behavior. Among many other works, Smith et al. [23]
developed a mathematical model of the transport of mucus and periciliary liquid
in the airways and observed that the mucus velocity based on the Newtonian fluid
model is only slightly larger than the mucus velocity based on the non-Newtonian
fluid model. Recently, Georgiades et al. [9] showed that stomach mucin solutions
of up to 20mg/mL behave as purely viscous Newtonian liquids with increasing vis-
cosity with respect to mucin concentration, and a critical concentration is reached
at the physiologically relevant concentration of 25 mg/mL, in which the solution
behaves as a complex liquid exhibiting both viscous and elastic behavior. Xu et al.
[27] examined theoretically a thin liquid biological film composed of heterogeneous
solute, having a spatial distribution with prescribed statistical features, assuming
that the film viscosity is determined by the concentration of the solute.

Stomach Lumen ~pH2

Mucous Layer

Mucous Cells W

Interstitial Fluid

Fig. 1. A view of a stomach mucus film [25].
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We consider here a biological film with a spatial heterogeneity, cellular
microstructure and varying thickness € € (0, 1). We suppose, without loss of gener-
ality, that the solid surface X of the biofilm lies on the plane 3 = 0. We suppose
that the biological fluid in the film has Newtonian rheology where, taking into
account the microscale characteristics of the film the stress tensor 7 is given by

7= —pldps + ec (E,&/E) Du,
1 c (1.1)
Du = §(Vu + Viu),

where Idgs is the identity matrix on R?, p is the pressure, Vu is the gradient velocity
tensor, and c(%,§;/.) is a spatially periodic viscosity regulated by a time random
process §; /. which can be related to the random structural evolution of the biofilm.
The cell-diffusion time /e describes the time scale over which a finely concentrated
particle of biological constituents will spread over a spatial microscopic periodic
cell.

The main objective of the present work is to study the asymptotic behavior,
as € tends to zero, of the fluid in the biofilm. Using the classical asymptotic and
homogenization methods (see for instance [3]), we derive (see Theorem ZT) the
following boundary condition, which holds almost surely on the surface X:

Ous| w00 =
”a_x?, = (Cug(a" + W4, 0,t) on X x (0,T); B=1,2, (1.2)
b

where v is a constant parameter representing the cinematic viscosity of the New-
tonian fluid in the biological body lined by the biofilm, (C) is defined in (A.34), &
is the matrix defined in ([A.26)2, and W; is the standard 2-dimensional Brownian

motion. If & is a diffusion process with
d& = b(&)dt + (&) dWr,

then (see Remark [AZ9)), replacing condition (A2) by some effectively verifiable suf-
ficient condition in terms of the coefficients of the generator, we obtain the same

. . - oul
result. The effective slip boundary condition (2] relates the shear stress V%h

to the sliding speed u%(x’ + oWy, 0,t); B = 1,2, through the coefficient (C) which
depends on the lubricant viscosity of the flow in the biological film via relation
([AZ34). This boundary condition can be interpreted as a time random lubricant law
on the wall of the biological body. This law confirms the slip model proposed by [24]
and the study of thin film hydrodynamic lubrication models in [I0]. This boundary
slippage condition is a result of the differences in the affinity of the biological fluid
with the solid surface, the viscous forces of the fluid flows, and the random tra-
jectories of the biological fluid particles. Here, the slip velocity u%(x’ + oW4,0,1);
B = 1,2, depends on the random trajectory z’ + W, of a finely concentrated bio-
logical particle on ¥ released initially from some point z’. Due to the presence of
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the Brownian motion Wy, the velocity u%(x/ +oW,.,0,t); 8 =1,2, is characterized
by the following It6 formula:

oud 1 920
du® = o + — Z aljamjaxl% dt + Vue.dWy;, a=1,2,
j=1,2,3

where o is the square root of the matrix o2 defined in ([A25) and & is the matrix
defined in ([(A26);. The effects of mechanical stress on lung airway epithelia have
been studied by several authors, among which [§] and [21]]. In [§], the author showed
that, during normal breathing, airflow across the surface of the airway epithelium
produces a wall shear stress with varying magnitude from the large to the small
generations of the airways. In [2I], the authors studied a model airflow-related
shear stress, which depends on the velocity and viscosity of the air, during het-
erogeneous constriction and mechanical ventilation. They concluded that elevated
airflow-related shear stress on the epithelial cell layer can occur during heteroge-
neous constriction and conjecture that this may constitute a mechanism contribut-
ing to ventilator-induced lung injury. The present work can be extended to biofilms
which exhibit a viscous non-Newtonian behavior, which obey the power law:

7= —pldgs + & lc (g,&/e) |Dul""2Du, (1.3)

where 7 is the Cauchy stress and r € (1,2). The parameter r may depend on the
temperature (see [1]) or on the pressure (see [19]) in the fluid flows. With slight
modifications in the auxiliary problems introduced in Sec. [A.3] of the Appendix, we
can derive the following nonlinear lubricant law on 3:
o’ 0101 | ~
v—| =K, [@|"" % (¢' +oW;,0,t) on X x (0,7), (1.4)
8$3 5
where u° = (uf,u9) and K, is a constant depending on 7.

The paper is organized as follows: in Sec. ] we introduce necessary notations,
describe the structure of the biofilm, pose the problem to be studied, make assump-
tions on the random fields under consideration and formulate the main result of this
work. In Sec. 3] we present our conclusion. The last section, which is devoted to the
appendix, contains 3 Subsections. Appendix [A]], contains intermediate technical
results and their proofs. In Appendix [A~2, we establish compactness results for the
solution of the original problem. In Appendix we study some local problems
which are crucial in constructing test-functions, which depend on the trajectory of
the process & after time ¢/e, in order to pass to the limit in the original problem.

2. Statement of the Problem and the Main Result
Define the set

R3™ = {z = (z1,22,73) € R* 23 < 0},
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and let Q be a bounded open subset in R3~ with Lipschitz continuous boundary
0. We suppose that the set 3 = 9Q N {x3 = 0} is a smooth surface. Furthermore,
assume that the boundary 0Q\3 can be represented by a smooth negative function

2’ = (z1,22) — a(2’). Let Y = (-3, 3)? be the 2-dimensional unit reference cell
and Z =Y x (—1,0). For every € € (0, 1), we consider the cells:
€ N2 .
Yi=(=5.5) +Geje), 25 =Y5x(=e,0) VijeL (2.1)
and define the set I, C Z? as follows:
I ={(i,j) € Z?|Y C &} (2.2)
Moreover, we define
ve | Y5 Be=Y x(-¢,0). (2.3)
(i,5)€l:
We also set
Q.= O\E., T.=09.Nn09%.. (2.4)

For convenience, we suppose that for every e € (0, 1),
D=0, U(Y* x[-¢0). (2.5)

Finally, we suppose that € is filled with a slow viscous incompressible fluid flow and
that the inertia effects are negligible in €2 in such a way that the flow is governed
by the unsteady Stokes equations:

a;; —vAut+Vp* = f in Q. x (0,7),

ou® . x R c .

- —ediv (e (T8 ) Vur) + VpF = f in T x (0,7), (2.6)
divu® =0 in Q,

uf(z,0) = u(x) on €,

with the transmission and boundary conditions

[uE}FE = 0 on 1—‘8 x (OvT)7
ou’ x du®
vam ~ e (Ttue) G =0 onTex O.T), (2.7)
W =0 on (0Q\X) x (0,7),
ug =0 on X,

where f € L?(Q,R3), [uf]r, is, for almost every ¢ € [0, 7], the jump of u® across I';
that is the difference of the two traces of u® on I'¢, n is the outward unit normal,
v is the constant viscosity in Q. x (0,7), and ¢(z,¢) = (¢ij(2,5))ij=1,2,3; 2 € R?
and ¢ € R% d being a positive integer, is a measurable 3 x 3 symmetric matrix
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corresponding to the viscosity in X. x (0,7"). The time dependence of c(%,&;,.)
is governed by a stationary and ergodic random process &, which is defined on a
probability space (I, T, P) with values in R?, where T is a o-algebra of subsets of
IT supplied with the probability measure P. Let (7;),er be a dynamical system on
(I1, T). That is, a family of operators satisfying for every z,y € R,

To = Id(Id is the identical mapping),

7;+y =T, 0 7;/7 (2.8)

P(Tm_lA) =P(4), VAeT
and such that, for every A € T, the set {(z,w) € R x I[I|T,w € A} is dx @ dP-
measurable. We suppose that 7 is ergodic (or metrically transitive) in the sense
that for every set A € T such that 7,A = A, for every x € R, has a probability
P(A) equal to 0 or 1. We suppose that & is a stationary and ergodic process, that

is, for every n € N, for every ¢, t1,...,t, € R, and for every B € B(R?), where
B(R?) is the Borel o-algebra on R?,

P({w &t (), - -, Gre, (W) € BY) =P({w | &, (Tew), - .., &, (Tiw) € BY)  (2.9)
and (see for instance [6] and [13])
1

Jim — ) §(w)dt = E(9), (2.10)

almost surely. Let F<; be the o-algebra generated by & for all s < ¢ and F>; be
the o-algebra generated by & for all s > t. The strong mizing coefficient of the
process & is the function

k(s) = sup [P(A)P(B) —P(ANDB)|. (2.11)
A€F<,BEF>11s

The uniform mizing coefficient of the process £ is defined by

P(ANB) ’
s) = su PA) — ——— 2.12
(s) ner O (4) PB) (2.12)
P(B)#0
and the mazimal correlation coefficient of the process & is defined through
E —-E —-E
p(s) = sup ((n — Em)(n2 — En)) | (2.13)

meL2(I,F<¢,P),m2€L?(I,F>¢4s,P) E(n?)E(nS)
We make the following assumptions:
(A1) There exists a positive constant C' such that for all z € R, ¢ € R? and v € R?,
lc(2,6)] < C,  vij(z,5)viv; > Clol?, (2.14)

where the summation convention with respect to repeated indices is used in
the left-hand side of the second inequality.
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(A2) At least one of the following relations holds:

/O“ V/A(s)ds < oo, /OOO Vé(s)ds < oo, /OOO Vp(s)ds < oo, (2.15)

Motivation for different scaling in . and ¥. allows for different values of the
characteristic Fr (Froude), Eu (Euler), Re (Reynolds), and Sr (Strouhal) numbers.
The assumption that the inertia effects are negligible in 3. leads to low Froude and
Reynolds numbers and high Euler number (see for instance [22]) in X.. We assumed
here that

Fr

Re =€ and FrxEu=1 in X,. (2.16)
On the other hand, according to [22],
1 1
1=Fu+t— + —
Sr n Re i Fr’

which implies, together with (ZIG), that
FrSr=0(1) in X..

Under the assumption (A1), for any initial condition u € L*(Q2,R?) with divu = 0,
and any € € (0, 1), problem (Z8)—(27) has almost surely a unique solution (uf, p°)
(see for example [26]) such that

we € L2(0,T, H(Q,R3)) N L=([0,T], L*()),

% € L*(0,T,H ' (Q,R?)),
p° € L?(0,T, L*(Q, R)),
where
H(Q,R?) = {ve H'(Q,R?)| div(v) = 0 in Q,v =0 on dQ\¥,v3 = 0 on T}.
(2.17)
We define for every (z/,z3) € Q; ' = (21, 22) and every (i,7) € I,
x if x € Q\X,
T.(z) = (2.18)

T3 . .
(x/7 (a(z") + E)a(x’) — 5) ifzeQnZ;.

Observe that T, is an invertible map from  into )., such that, for every u €
HY(Q.,R3),

[wo Te|[ ey < Cllullm(a. e, (2.19)

where C' is a positive constant independent on €. Our main result in this paper
reads as follows:

Theorem 2.1. Let (u®,p®) be the solution of problem (Z0)—-([ZT). Assume that
assumptions (A1)—(A2) are fulfilled. Then, for P-almost all w,

u®oT* - u® in L2(0,T, HY(Q\Z, R3))-weak,

£—
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ut  — u® in L2(Q x (0,7T),R3)-strong,

e—0
ou® O .
5 % in L0, T H(Q,RY))-weak,
» e p° in L*(Q x (0,T),R?)-strong,
£—
(2.20)
where (u®, p°) is the solution of the problem
I
S AV = inQx (0.7),
divu® =0 in Q,
ud =0 on IO\E; a=1,2,
(2.21)
ug =0 on 09,
ou, _
Vo = ©udH) o
W (z,0) = u(z) forzeq,

where

u%(t) = uoﬂ((x' +oW.,0,t)); B=1,2.

3. Conclusion

Biological fluid film in natural environments, such as the fluid films that line the
epithelium of the eye, respiratory, gastrointestinal and urogenital tracts, are subject
to considerable uncertainties and intrinsic spatial variability due to the biological
and chemical heterogeneity and the random evolution of the mucus concentrations.
In this paper, we considered a body lined by a thin heterogeneous biological film
with a cellular microstructure and varying thickness e > 0. The viscous fluid in
the biological film is supposed to have Newtonian rheology but contains biologi-
cal and chemical components with spatially periodic viscosity c(%Z,&;/.) regulated
by a random time process /., which can be related, for example, to the ran-
dom structural evolution of the biofilm. Letting the thickness ¢ tend to zero, we
derived the following effective biological slip boundary condition on the wall of the
body:
au% TN, 0 (0 ~
1/6—333 = (Clug(z" +aW;,0,t) on X x (0,7),
b

where the proportional coefficient (C) is defined in (AZ34), & is the matrix defined
in ([(AZ26)5, and W, is the standard 2-dimensional Brownian motion. The tangential
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velocity u (ac +oW;,0,t); B =1,2,is a function of the random trajectory =’ +oW;
of a ﬁnely concentrated particle on X released initially from some point .

Appendix A
A.1. Intermediate results

Let ((z,s) be an ergodic stationary process in s € (0,00) with values in the space
L2..(Z) of z-periodic functions of L?(Z), such that

per

1<l 22z % (0,1)) < 0. (A1)

An example of such process is ((z,5) = a(z)&, where a € L2, (Z) and £ is a

Gaussian white noise with (£,€s) = d(s — §); (.) being the average over different
realizations of the random process £. We have the following result:

Lemma A.1. Let (°(x,s) = ((Z,2). Then
(1) For every ¢ € C([0,T],C5(R?)), we have, with probability 1,

hn(l)g//gocsxsdde— // (2,0, s)dx'ds,

where (¢) = E([, ((2,0)dz).
(2) For every sequence (115)8 C L*(Q x (0,T)) such that, for every t € [0,T)],

1t
sup g/ / (ve(z, 8))?dxds < 400,
€ 0 R

there exists a subsequence of (ve)e, still denoted in the same way, and v €
L%(X x (0,T)), such that, with probability 1,

lim — // vepCFdads = (C // v(z', s)e(2',0, 5)dz’ ds,
e—0¢

for every ¢ € C([0,T], CL(R?)).

Proof. (1) Let ¢ € C([0,T],C§(R?)) and ¢ € (0,T]. Let N(e) = [1//€], where [z]
denotes the floor of z. Let m = (t)1_, be a partition of [0, ¢], such that t —t;_1 =
Ve, and ¢ = (sg)A_,; sk € [tk—1,tk] be a selection associated to 7. Then

;1_%6// oC (x, s)dxds

N(E tr

— €
glil(l)g Z / (z,sk) C (z,s)dxds
N(e) te s
=1l 2 ] ) j 707 / / ) dzd
EILI(I)Z Z e“p(ic, je, 0, si) - ZC(z 6) zds

k=1 (i,j)€l.
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N () e2(ty, — tr—1)plic, je, 0, 51)
Yy ¥
- —t th—
) Okzl(i,j)elg / / < f — te1) + k€1>dzds
N(e) e*\Eplic, je, 0, 51)
:ili%; _ZI X/I/C e ) (A.2)
- (’L,])G € o P ,\/E -
where we have introduced the change of variables s — s(tx—tx—1)+tx—1, 21 = x1;i57

_ Z2—JE
Z9 = =

,and zz = %2. As ( is a stationary ergodic process and, according to
property (2.8)3, 7, preserves the probability P, we have almost surely, using the

properties (2.9)-210), that

lir%/ / ( —|— —_— w> dzds

1/ve b1
= lim+/e /C(z,s—i——,w) dzds
=0 Jo z €
1/ve
- lir%\/g /C(z,s,’]}k_l/gw)dzds
e—

1/
= lir%\/_ / ((z,8,w)dzds

=0,
which implies, together with ((A2)), that

llﬂ(l)g// wC(x, s)dxds = ( // 2,0, s)dx'ds.

(2) Let us now introduce the following measure:

,ui _ 125(5”)1(0,@( )Ci(e, E)dxds
e )
€

where (T (z,5) = max((z,s),0), (7 (z,s) = max(—((z,5),0), and 14 is the indi-
cator function of the set A. We deduce from the above computations that (uZ)_
converges in the weak sense of measures to the measure:

= {(F)1s(2)) 10,4 (s)da’ ds,
when ¢ goes to 0. Observing that

1 3
/ veldpz < [I<Nl L2 (2% (0,000) <—/ / (vs(x,S))zdazdS>
R4 € Jo .
1 :
<C<g/ / (vg(x,s))2dxds> ,
0 e

1950003-10




Int. J. Biomath. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 01/08/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Biological body lined by a thin heterogeneous biofilm

we deduce, using the hypothesis on (v.)., that the sequence (vsuﬁi)5 converges, up
to some subsequence, to some measure Y, in the weak sense of measures. According
to Fenchel’s inequality, we have, for every ¢ € C}(R?),

2/ vepdut —/ (p)2dus S/ (ve)?duZ.
R4 R4 R4

Then, passing to the limit, we get the following:

2(x, ) —/ ©*(x',0, s)du* < liminf/ (v2)2duZ < +oo.
R4 R4

e—0
This implies that
1 4 20,/ +
sup{ (x| € CHRY, [ 26, 0.5)u* < o0} < o
R4

Thus, using Riesz’ representation Theorem, we can identify x with vu™, for some
v e L?(X x (0,T)). As ¢ = ¢ — (~, we obtain the result. O

A.2. Compactness results

Lemma A.2. Under assumption (A1), there exists almost surely a positive con-
stant C' independent on e, such that, for every t € [0,T], and every w € II,

t t
// |Vu5\2dxd8+5// |Vus 2dzds < C,
0 JQ. 0 .
t
[ opars [ [ s <c.
Q 0 Ja.
1 t
—// luf|?dzds < C.
€Jo Jx.

ous
ot

<,

L2(0,T,H(Q,R%)*)

where Y is the gradient operator with respect to x and H(2,R®)* is the topological
dual of H(Q, R?).

Proof. Let t € [0,7] and s € (0,1). Let 2’ € Y}5; (i,7) € I, we write, for x3 in
the interval (—¢, 0),
el el .l " ouE
ut (2, xg, s) = u(a', —e,s) + —(2', 2, s)dz. (A4)
e 3])3
Using Young’s inequality, we derive

0 €

8x3

u (2, 3, 8)|* < C (IUE(JJ', —¢,5)|? +€/

—€

: dz), (A.5)
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from which we deduce that

/ |uf (, 5)|*de < C (5/ us(x’,—s,s)de'> +C (52/
. Ye Z:,

j

|Vus(z, 8)2d1’>
(A.6)
and, summing over I,

/\us(x,s)|2dx§0 SZ/ luf (', —¢, s)|*da’ +C<€2/ Vue(x,s)de)
z. i VY5

(A7)

On the other hand, as u® = 0 on 9. N 01, there exists a positive constant C
independent on ¢ such that

3 / (@, —z, 5)|2da’ < C / Vs (2, 5) |2 da. (A.8)
ij 7Y e

We deduce from (A7)-([A-R) that

t t t
/ / [uf(z, 5)[Pdxds < C’s/ / Vs (, s)|*deds + 052/ / |Vus (2, s)|*dxds.
0 Jx. 0 JQ. 0 J%.

(A.9)

Now, multiplying ([2.6)1 2,3 by u®, we get, using Green’s formula, Young’s inequali-
ties, and the relation

ous . 10uf|?
== ,
ot 2 Ot
that

/|u5| x,t) dx—l—v/ / |Vus| dxds—l—a/ / §t/5 Vu NVutdxds
//f udxds + = /|u| (z)dx
t t 1/2 1
<C </ / uEdeds> +C </ / uEdeds> + —/ lu|?(z)dz.
0 Ja. 0 Js. 2 Ja

(A.10)

Then, using Poincaré’s inequality in ., assumption (A1), and ([Ad), we obtain
that

t t
// \Vu5|2dxds+5// |V |?dxds
0o Ja. 0 J3.
t 1/2 t 1/2
SC’((// Vu5|2dxds> —|—<€// Vus(x)|2dxds> ) (A.11)
0 J. 0 /3.
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from which we deduce (A3);2. On the other hand, combining (A9), (AIQ)
and (ATI) we deduce ([(A3)34. Let v € C1(0,T,H(2,R?)) such that v(z,0) =
v(z,T) = 0. Then, according to the above estimates, we have the following:

T
ov
= —.ufdzdt
/o /Qat

This implies that, for every € € (0, 1),

ous
ot

< C||VU||L2(Qx(o,T),R9)~

<C. O

L2(0,T,H(Q,R%)*)

In order to get estimates on the pressure p®, let us first define the zero mean
value pressures:

pe =7 —

2|

Then we have the following estimate:

Lemma A.3. Under assumption (Al), there exists a positive constant C' indepen-
dent on e, such that, for every w € 11,

/ / dxdt <C.

Proof. Let t € [0,7]. Let v € H(Q,R?) be the solution of the following
problem:

div (¢5) =p7(,t) in Q,
vy =0 on 0f)..

There exists a constant C(€2) only depending on € and T such that (see for
instance [4]):

1995 | o, oy < COIFECD)122(01)

Multiplying (Z8)1,2 by ¥ and using Green’s formula, we obtain that

//Vu -V dudt
//fwtdxdt—i—// d:cdt—// -

cdxdt

sdxdt.

As

< Cllp*ll2 (00 x (0,1))>
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€

8 S
“t Wpedadt v

<C

1Pl 2202 x (0,7))>
L2(0,T,H~1(,R?))

T T
/ Vu - Vi dudt| < ClIF| e 0m) / P
Q 0

we get the desired estimate using Lemma [A22] O

We have the following compactness result:

Proposition A.4. Let (u®,p) be a solution of problem ([Z8)-(ZM). There exists
a subsequence of (u®,p®)e, still denoted in the same way, such that, for P-almost
all w:

(1) The following convergences hold
uoT. - u in L2(0,T, H*(Q,R?))-weak,

£—

u® % u in L*(Q x (0,T),R%)-strong,
£—
ou® Ou°
;t = a—ut in L*(0, T, H(Q, R3)*)-weak,

e = P’ in L*(Q x (0,T),R3)-weak,

(A.12)

with u® € L?(0, T, H(,R?)) N L>([0,T], L*(Q,R?)) and u°(z,0) = u(z) in Q.
(2) For every t € [0,T), every p € C([0,T],C5(R?)), and every w € 1I,

lim — // u“p(tdrds = (C // (2, s)p(x',0, s)dx'ds,
e—0¢g

where (*(x,5) = ((Z,2); ((z,s) being an ergodic stationary process verifying
(&), the constant () is defined in Lemma[Adl, and

u*(x/7 S) = uo(x/707 8)7

where u®(2’,0,t) is, for almost every t € [0,T], the trace of u’® € HY(Q,R3)
on .

Proof. (1) From estimates (A3]) and inequality (2.I9), we deduce that the
sequence (u€ o T.). is bounded in L2(0,T, H*(£2;R3)). Then, up to some subse-
quence, the sequence (u® o T.). converges to some u® in L2(0, T, H(Q, R?))-weak.
From (A3);5 it follows that u’ belongs to L*(Q x (0,7),R?) and, up to some
subsequence,

XoV(ufoTe) — vu® in L%(0,T, L*(Q,R?))-weak,
E—

where xq is the characteristic function of Q. Let us write

t t t
/ / |u® — u’|*dxds = / / luf — u®2dxds + / / luf — u®|2dxds.
0 Jo 0 Jo.- 0 Ju.
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Using the above convergences, Sobolev embeddings and ([A3])3 4, we prove that
(uf). converges to u® in L2(Q2 x (0,T),R?)-strong. Using the trace Theorem, we
have, up to some subsequence,

t
lim// [u® —u°(.,0,.) o T, | da'ds
e—0 0 .

= lim t ufoT. —u° ac 2'ds = )
=tim [ o T (0. Tae(T e s 0. (413)

e—0

Since divu® = 0 in €, we have, for every ¢ € C°(X),

t
/ div(u®)pdrds = / / V., pdrds — / / uSpndz’ds = 0,
0 Jx. - -

where uf_ = (ui’ug)’ n = e3 = (0,0,1) s and VTSO = (5);;’ 5);02

to the limit using (A3)3; and [(ATI3), we deduce that uJ = 0 on ¥. Now, since
divu® = 0 in Q., we easily obtain that divu® = 0 in Q. Thus, u° belongs to
H(Q,R3). We deduce from Lemma and from the above computations that, up
to some subsequence,
€ 0
852 = aalt in L2(0, T, H(Q, R3)*)-weak.

Using Lemmal[AZ2 and inequality 2I9), we deduce that, for almost every ¢ € [0, T,
there exists a subsequence (u°'(.,t)).,, such that

) Then, passing

/ IV (u! o T.)(x,t)|*dr < Cy < oo.
Q

This implies that, up to some subsequence, (u®(.,t)); converges to u’(.,t) in
H(Q, R3)*-strong. Let (t,), be a dense sequence in [0, 7]\N. We have
s)

n 8u€l(
/t s ds

1 tn Out!
< [t — 1]} /
t

0s
< Clty — ]2,

4 (o ) = (&) 20y = \
H(Q,R3)*

2
ds
H(Q,R3)

from which we deduce that (u'(.,t)); converges to u%(.,t) in H(£,R3)*-strong
uniformly in [0, T]. Let 6 > 0. Then, according to [I7, Chap. 1, Lemme 12.1], there
exists a constant Cs > 0, such that

/|u5’“(.,t) ()2 < 5/ \Vusl(.,t)|2dx+5/ Vs (., 1) 2de
Q Q Q

+Csllu™ (1) = () [

Thus, (u®(.,t))e is a Cauchy sequence in L>([0,7T], L%(€2)). We deduce from this
that u® € L>([0,7T], L3(©2)) and u®(z,0) = u(x) in Q. On the other hand, using
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inequality (2:19), we deduce that, up to some subsequence,
e ~ P’ in L*(Q x (0,T), R%)-weak.
E—
(2) We deduce from Lemmas [A2) and [A] that there exists u* € L*(X x (0,7T)),

such that, for every ¢ € C([0,T],C¢(R?)), we have, up to some subsequence, and
with probability 1,

lim [ w ol duc(z,s) / / (2, s)p(x',0, s)dx'ds,
e—0 R4
where
1s.(2)1(0 (s)dwds
pe(w, s) = 5 :

Let us now define the measure p(z, s) through

1s, (7)1 (0,4 (s)dxds
6 .

p(x,8) = Lip——y

Then 10 (x, s) weakly converges, as € tends to zero, in the sense of measures to the
measure 1x(2')1 4 (s)dx’ds, thus, using the proof of LemmalA.Tl one can see that,
for every p € C([0,T], C§(R?)),

t
lim u5<pdu2(x,s)=/ /u*(x’,s)gp(x/,O,s)dx/ds. (A.14)
R4 0o Js

e—0

Observing that

t
lim/ / updx’ds = hm ufpdpl (z, 5),
=0 Jpa

e—0 /o

we deduce, using (AT3) and (AT, that

u*(z',s) = u’(2’,0,s). O

A.3. Local study
Let us introduce the following result:

Lemma A.5 ([6, Lemma 18.6]). Let qn; h € N*, be the solution of the following
diffusion problem:

%—i—dv( (2,65)Vagn) =0  in Z x (—oo,h); h e N*,
(A.15)
(Ih(Z»h):(IO on Zv

an(z,s) s L-periodic in z,

where Z =Y x (—1,0) and qo € L2, (Z), such that

/Zqo(z)dz =0.
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Then, for every s < h —1,

|4n (2, 5)| < Cllaollr2(z) exp(C(s — h)).
If qo € L*°(Z) then, for every s < h,

|qn (2, 5) < Cllqoll 1 (z) exp(C(s — h)).

Let us now consider the sequence of auxiliary equations:

% + div(c(2,&5)VUy) =0 in Z x (—oo,h); h e N*,

S z

Unlzg=0 = 1 onY x (—oo,h), (A.16)
In(z,h) =1 on Z,

In(z,8) is l-periodic in z.

We have the following convergence result.

Proposition A.6. The sequence (Un)nen+ converge uniformly in compact sets of
Z X (—00,00), as h — 00, to the positive solution ¥ of the problem

v +div(e(z,£)VI) =0  in Z x (—o0,00),

0s
(A.17)
D zg—o =1 on'Y X (—00,00),
Wz,s) is 1-periodic in z,
with
/ Iz, 8)dz=1 a.s. s € (—00,00). (A.18)
z
Moreover 9(z, s) is continuous and satisfies the estimates
Hﬂ(zvs)HLOO(ZX(—oo,oo)) < C?
Supl[9(z, s)ll 2k k41), 10 (2)) < C
c (A.19)
I(z,s) > Cy,
e [9(z5) = On(z,8)] < Cexp(Calk = ),

where C, Cy and Cy are nonrandom positive constants.
Proof. By the maximum principle (see for instance [14]), the solution 94(z,s)

of problem (AI6) is positive. Moreover, multiplynig equation ([(AIG); by 1 and
integrating by parts over the set Z x (s, h), we get, for all s < h,

/ In(z,8)dz = 1. (A.20)
z
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Then, using the Harnack inequality, we obtain that
0<Cy <Op(z,8) <C <o, (A.21)

where C' and 7 are nonrandom constants independent on A. Observe now that
Optk — U, is the solution of the following problem in Z x (—oo, h):

w + div(e(z, &)V (In+k — 01)) = 0,
(Ot — )| 25=0 = 0,
with
/ (Ohtr —Ip)dz =0, (A.22)
from which we deduce, using L:mma and the estimate ([A21)), that
[9n+x — Inllo(zxis,s+1)) < Crexp(C(s — h)), (A.23)

which implies that (95,);, is a Cauchy sequence which uniformly converges on com-
pact sets of Z x (—o00,00), as h — 00, to a continuous function ¢J. Passing to the

limit in (A.21)-(A.23)), as k — oo, we obtain the estimates (A.19); 34, and pass-
ing to the limit in (A22) as k — oo, taking into account the equality (A20), we
obtain the equality (AI8). On the other hand, multiplying Eq. (AZI6); by 9, and
integrating by parts over the set Z x (s, h), we deduce that

h
/ /c(z,gs)Vﬁh.Vﬂhdzds <C,
s Z

where C' is a nonrandom constant independent on h. Thus, using hypothesis (A1),
we have

/ \VIn|?dzds < C,
Z X (s,s+1)

uniformly with respect to w € II and s < h. We deduce that the sequence (Vi)

weakly converges to V¢ in the space L (Z x (—00,00)), and, as a consequence,

the estimate (A19)s. Passing to the limit in the integral identity corresponding to
problem (A1) and using the continuity of 9¥(z, s), we deduce that 9(z,s) is the
solution of problem (A-IT). O

We define the random process 1 = (7););=1,2,3 through

m(s)z/z%;’gs)ﬁ(z,s)dz. (A.24)

where (¢;j(2,&5))ij=1,2.3 = ¢(2,&). We introduce the matrix o>

= (03)ij=1,23

7k = [ EO(s)(0) + (o) (0))ds. (A.25)
0
We also define the following matrices:

= (0ap)a,p=1,2, 0= (0aj)a=1,2,j=1,2,35 (A.26)
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o being the square root of the matrix o2 defined in (A2H). The following result is
crucial for the description of the limit problem (221)):

Proposition A.7. The process n(s) satisfies the functional central limit Theorem
with covariance matriz o

\/‘/ s)ds —> = oWy in C([0,T],R?).

Proof. The proof follows the lines of the proof of [I2, Lemma 3]. Let us consider
the following two auxiliary problems:

1
? +div(e (2,£)V0) =0 in Z x (=00, T/2),

S
Vz5=0 = 1/2 on'Y x (—00,T/2), (A.27)
191('271—1/2) =1 on Z7

9(z,s) is l-periodic in z
and

09? 9 .
B +div(c(z,&)VY7) =0 in Z x (—o0,T/2),
S z

0?)25=0 = 1/2 on'Y x (—00,T/2), (A.28)
92(2,T/2) =9(2,T/2) —1  on Z,
9¥%(z,s) is l-periodic in z.

Then 9(z, s) = 91(z, s) + ¥%(2,s) on (0,7/2) and n(0) = n'(0) + 1*(0), where

o= [ 0% (2,600 (2, 0)dz m=1,2.
z aZJ

Since ¥™(z,0) and n'(0) are F z-measurable, we have, using one of the mixing

conditions (A2) (for example the last one), that

IE®' (0)/F=1)lL2qany < p(T/2)]1n"(0)] L2y < Cp(T/2). (A.29)
On the other hand, using Lemma [AZ5, one has

‘192('27 0)| < C’exp(—CT/Z),

from which we deduce that

IE®*(0)/F=r)llr2qam < [77(0)ll 2y < Cexp(=CT/2). (A.30)
Combining (A29) and (A30), we get

IE0O)/F>r)llL2amy < Clexp(=CT) + p(T/2)).

Then, under assumption (A2), we obtain, using the Prokhorov Theorem (see for
instance [2, Chap. 1, Sec. 5]) and the functional central limit Theorem (see for
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instance Chap. 9]), that

f/ s)ds _ —> = oW, in C([0,T),R?). O

A.4. Proof of the main result

In this subsection, we give the proof of our main result. According to Proposi-
tion[AL4), there exists a subsequence of (u, p)., still denoted in the same way, which
verifies the convergences for P-almost all w, with v € L2(0, T, H(Q,R3)) N
L*([0,T], L*(Q,R3)) and u%(z,0) = u(z) in Q. Let us define the sequence
(ul(x,t))_ of test-functions through

ul(x,t) = u’(z,s) +u’ (X7, X5,0,t) (0°(, 1) — 1), (A.31)
where
=T+ — / 771
_x2+_/ o z (A.32)

¥ being the solution of the cell problem (A7) in Proposition[A8 of Appendix[AZ3,
and 1 = (1;)i=1,2,3 is the random process defined in (A24). The new variables X¢ ;
m = 1,2, which verify the stochastic differential equations:

_ 1 t
X;sn(o) = Tm,

describe the random perturbations of the trajectory around the horizontal position
(r1,22) of a particle fluid in the biofilm. The function u?(x,t) is thus the sum
of u® on ¥ x [0,7] and a local random perturbation described by the quantity
u(X§, X5,0,t)(9°(z,t) — 1). Let us define the mean

T -E ( / e(z,£)V.0.V.0(2, s)dz). (A.34)
z
To complete our proof, we need the following result:

Lemma A.8. Let u® be the (velocity) solution of problem [2:6)—B2). Assume that
assumptions (A1)—(A2) are fulfilled. Then

(1) For every ¢ € C([0,T],C§(R?)), every w € I1, and every t € [0,T],

hH(l)g// ulp¢tdrds = (¢ // (2',0,5)p(2',0, s)dz’ ds,
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where (°(z,s) = ((%£,2); ((2,5) being an ergodic stationary process verifying
ED.

(2) There exists a subsequence of (uf)e, still denoted in the same way, such that,
for every w € I and every ¢ € C([0,T], CH(X x R)) with ) = 0 on 0% x R, we
have

lime / / gt /E (Vu® — Vul).V(9°)dzds = 0.

e—0

(3) For every w € 11 and every ¢ € C([0,T],CH(E x [0,00),R3)) such that ¢ =0
on 9% x [0,00), we have

lir%s// §t/€ Vu NV () dzds

= @/ / ul(x’ + Wy, 0,8).4p(x,0,5)ds,
0o Js
where o is the matriz defined in (A20).

Proof. (1) Using the construction of (u?)_, Proposition [A4 and Lemma one
can see that

€ o €
;13(1)8/ / ulpC dxds_;li%g/ / (2, —¢, 8)pC dxds
:6/ /uo(x',0,s)<p(x’,0,s)dx’d5,
0 Jx

(2) Since ¢(Z,&;/.) is symmetric, we have the following:

// ft/s (Vu® — Vul).V(9°)dzds

= 5/ / ft/s V(19°).(Vu® = Vu )dxds (A.35)

Then, using the Green formula, we have the following:

/ / &/s V(@0°).(Vu® — Vul)dzds
= _é/o /25 div (C (gvft/s) vzﬁ€> Y. (uf — ul)dzds
_/t/ div (C (gvgt/s) V,ﬂb) W% (uf — ul)dxds
//82 ft/s V19 . (uf — ul)do(z)ds

—|—€/ /82 §t/€ Voon. 9 (v — ul)do(z)ds, (A.36)
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where div, is the divergence with respect to z € Z, V, is the gradient with respect to
z, n is the outward unit normal on 0%., and do(x) is the surfacic Lebesgue measure
on 9. Using assumption (A1), formula (A.32)3, estimate (A3), in Lemma [A.2]
and Lemmal[AI]l we have, up to some subsequence,

;13%5/ / d1v ,gt/s) V.0 )¢.u dzds

= <div(c(z,§s)vz19)>/Ot/Euo(x',0,3).w(x’,0,s)dx/d8,

where, according to Lemma [AT], (div,(c(z,&5)V.4)) is the mean of the process
div,(c(z,&)V.9).

On the other hand, using the construction of the sequence (u?)_and Lemma[A.]]
we obtain that

i [ (e () 9o vt

= <div(c(z,§s)vz19)>/Ot/Euo(x',0,5).w(x',0,s)dx/ds.

Hence,
lim = / / div (e (2.6 ) Vat?) v (u” —ul)dads =0 (A37)
e—0¢ e (W) z
and
t
. . x .
glir(l)/o /25 d;v (c (g,gt/s) Vﬂ/}) K (u —u )dxds =0. (A.38)

Besides, we have the following:

//82 ft/s V19 ). (uf — ud)do(z)ds

t /
:/O /_ (¢ (%,—%,5;) V. 9% .na. (u —u )dx ds
> V.9 (v — ul)dz'ds, (A.39)

where n = e3. Thus, using assumption (A1), Proposition [A-4}, and formula (A32))3
of ¥°, we get

lim/ /82 ft/s V 9 .nap. (u —u )da( )ds

e—0

= lim 5/ /02 ft/s Vaon 9 (u® — ul)do(z)ds = 0. (A.40)

e—0
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Hence, combining (A-35)—([A40), we obtain that
liH(l)e’:‘/ / ft/E (Vu® — Vul).V(49°)dzds = 0.
E—

(3) We have, using the expression ([A31]), that

liH(l)E// §t/€ Vu V(¢v°)dxds

e—0

+lime/ /
e—0

+ lims/ / ( t/s Vau® (X, X5,0,).Vy(9° — 1)9°dads

= lime/ / gt/s ws Voeu® (X§, X5,0,t).4(x, s)dzds

ft/E V??E Vipu (Xl,XQ,O t)ﬁsdxds

e—0

+ lims/ /
e—0

One has, using assumption (A1), that

§t/s Vu (2,0, ).V (4p0°)dxds.

lime / / gt/s ws Vdtu® (X§, X5,0,s)dxds
= lir%/ / gt/s v Ve Vyou® (X5, X5,0, s)dzds = 0
and
hr%s/ / gt/s I/uO(Xf,XS,O,t).VMﬂE — 1)9°dads

- iii%e/ / ft/s Vu (2',0,8).V(yp9°)dxds = 0.

Observe now that, for every ¢ € C([0,T], R?),

/ [u® (2" 4+ ¢(s), 0, 5)[>da’ds
>
gc(/ |u0(x/—|—<p(s),x3,s)\2dxds—|—|g0(s)|/ Vuo(x,s)deds>
Q Q

< Cllpll [ V0 (o,5) s,
Q
This implies that
T
/ / [u’(z’ + ¢(s),0,)?dz’ds < C[|¢]| -
0 P
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Consequently, the mapping ® : C([0,T],R?) — L?(X x (0,7T)) defined by

O(p)(a’,5) = u’ (2" +¢(5),0,5),

is continuous. Hence, taking into account assumption (A2), Lemma [AT7] and
Lemma [AT], we obtain that

: ! T 0 €
lim ec (—,gt/s) Vu, .V (i®)dxds
. €

e—0 Jo

t
:lim// 60(g,&/g)Vﬁf,(VﬁE)UO(Xf,XQE,O,t).w(x,s)dxds
PN

e—0 Jo
_hnég// ft/E V 9°.(V,099) (X5, X5,0,t).4(x, s)dxds
:@/ /uo(x’+5W5,0,s).w(x’,0,s)ds. O
0 Js

Now, we continue the proof of Theorem 2} Let v € L2(0,7,H(2,R3)) N
L>=([0,T]; L*(, R?)) and u°(z,0) = u(x) in Q. Since ¥°|r_y (0,77 = 1, we can define
its extension ¥ to the whole ) by

— [9° inT.x[0,T),
1 in (Q\3.) x [0,7].

Then, multiplying equations (2:6) by v9¢ and integrating by parts, using (2.7), we
get

/ / ot / / vVu.Vodads + e / / &/5 Vu V (v9°)dzds
:/0 /Qf.vﬁsdxds. (A.41)

Then, applying Proposition[Ad and LemmalA-8lfor some subsequence of (u®). still
denoted in the same way, we get, using [(AT9); for ¥° in the fourth integral,

t oud t
/ / —.vdacds—i—/ /VVuO.Vvdxds
o Jo Ot 0 Ja

t
C>/ /(uo(x'+5Wt,0,5))g.vg(x/,0,s)d$’ds
0 Js

= /O t /Q foodzds
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and, using Green’s formula,

t 0
/ / —vdxds—/ / VAuO.vdxds—u/ %v&(x’,O)dx'ds
0 Jaot s Oxg

t
—|—/ /Vpo.vdxds—F(C)/ /(uo(x'—|—5Wt,0,5))g.vﬁ(x',0,s)dx’ds
0 Jo 0 J%

t
:/ /f.vdxds,
0 Ja

from which we deduce that (u”,p°) is the unique solution of problem (Z:21). The
uniqueness of (u’,p") implies that the whole sequence (u.). verifies the conver-

gence (220).

Remark A.9. (The case where & is a diffusion process) Let us suppose that (& ):>0
be a stationary ergodic diffusion process, with values in R?, given by

d&r = b(&)dt + A& )dWr,

with generator

82
= b(y).Vy; o/
Ui gy T PW Ve (Gk)ki=t..a /

Let us introduce the time reverse process (; = £_; with generator
2

L =g b(y).
qkl D0 +b(y).Vy

and suppose that the following condition holds instead of (A2):

(A2") The diffusion coeflicients gx; and their first-order derivatives are uniformly
bounded,

|Gk (Y)] + [Vyar(y)| < C
and the operator Lis uniformly elliptic, for every v € R9,
Grokvr > Clul?.
The vector B(y) admits the polynomial estimate
[b(y)| + [Vyb(y)| < C(1 +[y["),
for some k > 0, and there exist numbers p > —1 and R > 0, such that, for
ally € {y: |y| = R},

(| vy < —Cly|*.
Then (see [I2] Paragraph 5]), we have
t/e
\/_/ s)ds —> — oW, in C([0, 7], R?)
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and, using the Prokhorov Theorem (see for instance [2| Chap. 1, Sec. 5]), the
convergence of the sequence (/€ fot/ “n(—s)ds). is equivalent to the conver-

gence of the sequence (\/Efot/s n(s)ds)e.
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