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Abstract

This work focuses on the development of a highly accurate energy-based hysteresis
model for the modeling of magnetic hysteresis phenomena. The model relies on an
explicit representation of the magnetic pinning effect as a dry friction-like force acting
on the magnetic polarization. Unlike Preisach and Jiles-Atherton models, this model
is vectorial from the beginning and derives from thermodynamic first principles.

Three approaches are considered: the first one, called vector play model, relies on a
simplification that allows an explicit, and thus fast, update rule, while the two oth-
ers, called the variational and the differential approaches, avoid this simplification,
but require a non-linear equation to be solved iteratively. The vector play model and
the variational approach were already used by other researchers, whereas the differen-
tial approach introduced in this thesis, is a new, more efficient, exact implementation,
which combines the efficiency of the vector play model with the accuracy of the vari-
ational approach. The three hysteresis implementations lead to the same result for
purely unidirectional or rotational excitation cases, and give a rather good approxima-
tion in all situations in-between, at least in isotropic material conditions.

These hysteresis modeling approaches are incorporated into a finite-element code as
a local constitutive relation with memory effect. The inclusion is investigated in de-
tail for two complementary finite-element formulations, magnetic field h or flux den-
sity b conforming, the latter requiring the inversion of the vector hysteresis model,
naturally driven by h, for which the Newton-Raphson method is used. Then, at the
finite-element level, once again, the Newton-Raphson technique is adopted to solve
the nonlinear finite-element equations, leading to the emergence of discontinuous dif-
ferential reluctivity and permeability tensors, requiring a relaxation technique in the
Newton-Raphson scheme. To the best of the author’s knowledge, the inclusion of an
energy-based hysteresis model has never been successfully achieved in a b-conform
finite-element formulation before.






Résumé

Ce travail se concentre sur le développement d'un modele d’hystérésis précis basé sur
I'énergie pour la modélisation du phénomeéne d’hystérésis magnétique. Ce modele re-
pose sur une représentation de |'effet d’ancrage (pinning) comme une force de friction
agissant sur la polarisation magnétique. Contrairement aux modeles de Preisach et de
Jiles-Atherton, ce modéle est vectoriel dés le début et dérive des premiers principes de
la thermodynamique.

Trois approches sont considérées: la premiére, qui se rapproche d'un modele de type
"vector-play", repose sur une simplification qui permet de dégager une loi de mise
a jour explicite, et donc rapide, alors que les deux autres, appelées approche varia-
tionelle et approche différentielle, évitent cette simplification mais nécessitent la ré-
solution d’'une équation non-linéaire par un processus itératif. Le modele "vector-
play" et 'approche variationelle ont déja été utilisés par d’autres chercheurs, alors que
I'approche différentielle introduite dans cette these, est une nouvelle implémentation
exacte, plus efficace, qui combine I'efficacité du modele "vector-play" avecla précision
de I'approche variationelle. Les trois implémentations d’hystérésis meénent au méme
résultat pour des cas d’excitation purement unidirectionel ou rotationel, et donnent
une assez bonne approximation dans toutes les situations intermédiaires, du moins
dans les conditions ol le matériau est isotrope.

Ces approches de modélisation de I'hystérésis sont incorporées dans un code d’éléments
finis comme une relation constitutive locale avec effet de mémoire. Linclusion fait
I'objet d'un examen détaillé dans deux formulations complémentaires d’éléments fi-
nis, conformes en champ magnétique h ou en densité de flux b, cette derniere néces-
sitant I'inversion du modele d’hystérésis vectorial, naturellement piloté par h, pour
laquelle la méthode de Newton-Raphson est utilisée. Ensuite, au niveau éléments fi-
nis, une nouvelle fois, la technique de Newton-Raphson est adoptée pour résoudre les
équations non-linéaires des éléments-finis, conduisant a I'émergence de tenseurs dis-
continus de réluctivité et perméabilité différentielles, qui nécessitent une technique
de relaxation dans le schéma de Newton-Raphson. A la connaissance de l'auteur,
I'inclusion d’'un modele d’hystérésis basé sur I'énergie n'a jamais été réalisée avec suc-
cés dans une formulation éléments finis conforme en b auparavant.
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Introduction

Context and Motivations

Magnetic materials are central components in the design of electromagnetic energy
conversion applications, where they allow the establishment and circulation of mag-
netic fields, which is essential for electric motors, generators, transformers, actuators,
sensors, etc. The properties of the magnetic materials have thus a significant impact
on the operating characteristics, current, torque, response time, power density, and
efficiency of all these electromagnetic energy converters.

In particular, electrical machines are exploited in almost all industrial sectors, where
they account for about 60% of the electrical energy consumed [73], and are widely
present in domestic applications. They are also a crucial technology for conversion
of renewable energy, such as wind turbines, and are increasingly present in the world
of transport, where hybrid cars and buses, trains, trams and planes integrate a grow-
ing number of electric drives and actuators [93, 163]. Functional magnetic materials
are used under different forms in electrical machine applications, from soft ferromag-
netic cores, which are generally laminated or powdered in order to reduce eddy cur-
rent losses, to hard permanent magnets, where their ability to resist demagnetization
in operating conditions is then fundamental. Magnetic materials are also extremely
important in electronic energy conversion systems such as high-frequency switched-
mode power supplies and inverters, where they condition the efficiency of the passive
magnetic components (transformers and inductors) in power electronic circuits [89].
Ferrites are widely used in such applications in order to limit magnetic losses at these
high frequencies.

The manufacturers of electromagnetic energy converters are facing new conceptual,
economic and ecological challenges for the 21st century, where the need for stronger,
lighter and more energy efficient devices is ever growing [93]. In particular, there is
the important issue of the minimization of the weight to power ratio in the design of
electrical drives for new developments in transportation technologies. For efficient
designs, it is important to accurately evaluate losses, either by experimental measure-



ment or by numerical simulation, as thermal aspects are eventually the dimensioning
factor. Beside the environmentally questionable use of rare-earth materials to manu-
facture permanent magnets, ecological awareness has also led to increasing environ-
mental legislation with strict directives demanding better energy efficiency of equip-
ment. These guidelines place manufacturers under the obligation to reconsider all
their product ranges from the point of view of efficiency and to review their design
methodologies to integrate this new dimension. Due to the ubiquity of magnetic ma-
terials, even a small improvement in the efficiency of the energy converter devices can
result in a massive reduction of the global electrical energy consumption, with large
economical and environmental savings.

Size and weight reductions can be realized for a given output power by operating at
higher frequencies, which is made possible by recent advances in power electronics.
As both magnetic losses (iron losses) and Joule losses in conductors (copper losses)
increase with frequency, estimating these losses is paramount for the design of modern
compact conversion devices. While in many applications iron losses are predominant
compared to copper losses, the former are much more difficult to estimate given the
complexity of the behavior of magnetic materials, due to the hysteresis phenomenon
combined with the high harmonic content induced by electronic supply systems.

Traditional methods of designing electrical energy conversion devices combine semi-
empirical rules with often simplistic modeling assumptions allowing a decoupling be-
tween the different phenomena and the different scales involved, in order to treat sep-
arately different aspects of the problem. Therefore, the real response of the magnetic
materials, their hysteretic nature and temperature dependence, as well as their com-
plex geometric structuring (e.g. with laminations), are not taken into account, and the
losses themselves are only assessed a posteriori. This pragmatic approach is dissoci-
ated, quick and easy to implement, but is essential in the preliminary design phase.
However, its limited accuracy is insufficient to enable a truly effective optimization of
the energy consumption of electrical machines. Such optimization requires the use
of modern numerical simulation tools. Techniques based on the finite element (FE)
method, initially developed in the field of solid mechanics, have proven their worth
for the simulation of electrical machines. However, at the level of magnetic losses,
laminated magnetic cores are usually modeled as non-conductive and homogeneous
materials, with a single non-linear and non-hysteretic constitutive law, linking the flux
density b and the magnetic field h. The losses are then calculated through a post-
processing formula of the solution [24].

Having design tools that offer rigorous and precise loss calculation functionalities with
accurate signal predictions is thus a glaring demand that is still far from being suffi-
ciently covered.

The modeling of iron losses with a complete description of the magnetic material be-
havior is however a very difficult problem. The iron loss phenomena is the result of
complex microscopic mechanisms, related to the microstructure of the magnetic ma-
terial, summarized by Fig. 0.1, that manifest themselves at the macroscale through
several interdependent physical phenomena, like eddy currents, skin effect, saturation



and, crucially, hysteresis.

atomic magnetic microscopic mesoscopic poly- macroscopic device
moments magnetic domains crystalline structures with magnetic materials

Figure 0.1: Different spatial scales involved in the magnetic properties, adapted from [48].

In this context, it is needed to include a hysteresis model within the simulation tools
in order to represent more accurately the magnetization curves, and eventually the
estimation of iron losses. Hysteresis phenomenon may indeed have a strong influence
on current, torque and naturally iron losses in the results of time stepping simulations
of electromechanical devices.

Presently, the most widely used hysteresis models are usually the Preisach [176, 157]
or the Jiles-Atherton models [125]. The Preisach model describes, probably, the most
accurately the shape of hysteresis loops but is only based on a mathematical formal-
ism with no direct interpretation in terms of energy and requires a large collection
of experimental data. The Jiles-Atherton model is much easier to implement but can
sometimes provide unphysical behavior which prompted many ad-hoc modifications
[41, 123, 160, 9, 140], while the physical assumptions underlying its derivation are still
questionable [217]. Furthermore, both models are natively scalar and their various
vector extensions lack real physical background. However, for the study of coupled
phenomena and in the evaluation of losses or forces in electric machines, it is rele-
vant that the hysteresis model remains coherent with thermodynamic principles for a
straightforward energy balance validation.

Bergqvistintroduced in [17] a new quasi-static magnetic hysteresis model, intrinsically
vectorial, built on consistent thermodynamic principles, and inspired by dry-friction
like mechanisms in visco-plasticity to represent the pinning effect of magnetic domain
walls. The so-called energy-based (EB) hysteresis model [103] offers the possibility to
calculate directly the stored and dissipated energy at any time, not only after the clo-
sure of minor hysteresis loops, as it is usually the case. It combines the simplicity of the
Jiles-Atherton model with the Preisach model point of view, where the magnetization
curve is constructed as a superposition of several pseudoparticle contributions, whose
number can be adequately chosen to reach a given level of accuracy.

The Bergqvist model along with the derived EB hysteresis models [103], have been fur-



ther studied in several works, developing simple parameter identification strategies
(15, 132, 104], correlating model parameters with microstructural features of electri-
cal steels [120], dealing with anisotropy [198] and temperature influences [14, 196],
extending to a dynamical model [102, 197] or proposing slight modifications for the
improvement of core loss computation and including in FE simulations [145].

Originally, Bergqvist simplified the non-linear differential equation deduced from the
energy balance of the magnetic material to arrive at an explicit magnetization update
rule, transforming the £B model into a Vector Play Model (vpm). This simplification
is employed in almost all following works. However, there is not yet much discussion
in the literature on the different implementation aspects of the EB hysteresis model,
and a quantitative comparison between them in terms of accuracy and computational
cost within a practical FE environment is still missing. Moreover, the inclusion of the
model as a constitutive relation in FE simulations remains also challenging due to
strong nonlinearities and potential inconsistencies between the input vector variable
of the model, which is natively driven by the magnetic field h, and the basic variable of
the FE formulation, which may be expressed in terms of the flux density vector b.

Dissertation goals

The global objective of the research is to contribute to the efficient modeling of mag-
netic losses in complex electromagnetic energy conversion devices. More precisely,
the thesis aims at developing advanced methods for the accurate prediction of vec-
tor hysteresis behavior observed in ferromagnetic materials of electrical machines, by
coupling the EB hysteresis model with FE magnetostatic and magnetodynamic field
analyses.

The first goal of the research project is to implement and verify the hysteresis model
behavior at material level, by taking care of the stability and efficiency of the different
implementations investigated. The second goal is to generalize and implement the
EB model within an open source Gmsh/GetDP FE code [56, 85], in magnetostatic and
magnetodynamic formulations, first in one-dimensional (1D), then in two-dimensional
(2D) situations. A third goal is to propose an easy and automatic identification strat-
egy for the EBmodel parameters, based only on standard experimental measurements
on material samples. The final goal consists in validating the implementation and the
identification of the vector EB hysteresis model by comparing the simulation results
with measurement data for a practical transformer application, with harmonic or ro-
tating fields excitations. The classical Jiles-Atherton hysteresis model is also inspected
in this context to illustrate the advantages of the £B model over the latter.

As key information on the performance of the proposed modeling strategy, the accu-
racy, robustness, and speed of each numerical implementation is carefully analyzed
throughout the work.



Dissertation outline

This dissertation is divided into seven chapters.

Chapter 1 starts with a review of the physical concepts underlying the magnetic hys-
teresis phenomenon. The physics of ferromagnetic materials are first briefly reviewed.
The chapter continues with a literature overview of simple iron loss models used in
electrical machines and then with a presentation of existing hysteresis models, based
on different empirical, phenomenological, or physical types of modeling that can be
included in FE simulations.

In Chapter 2, the derivation of the energy-based hysteresis model from thermodynam-
ics is given. The model decomposes the magnetic field into a sum of two components:
areversible part and an irreversible one related to magnetic losses in the material. The
presence of defects introduces potential wells in the free energy responsible for hys-
teresis phenomenon. A pseudo-potential of dissipation can then be defined, which
in combination with the potential energy leads to an energetically consistent formu-
lation to define the behavior of ferromagnetic material. The model is then improved
by considering an infinite number of pseudo-particles and different homogenization
strategies are discussed.

Then, after discretization in a finite number of pseudo-particles, three direct numer-
ical implementations of the model are detailed in Chapter 3. The first one is the vpm
approximation originally proposed by Bergqvist [17]. The second one corresponds to
the variational approach (var), initially proposed in [79] and further developed in per-
sonal works [116, 113], where there is no simplification employed. The third approach
is a new update rule, called differential approach (diff) which avoids the vpm approxi-
mation for solving the non-linear implicit differential equation governing the hystere-
sis magnetization. The three approaches are extensively compared with various types
of magnetic field excitation sources, from unidirectional to purely rotational cases.

In Chapter 4, the direct form (dir) of the three approaches, all driven by the mag-
netic field h, are inversed by means of specifically adapted and approximated Newton-
Raphson (IVR) techniques in order to have access to the corresponding inverse form
(inv), driven by the induction field b. The different investigated inversion techniques
are thoroughly compared on their stability and computation efficiency.

Chapter 5 deals with the inclusion of the three different model approaches as con-
stitutive relations in complementary b-conform or h-conform, magnetodynamic or
magnetostatic FE formulations, the hysteresis model being used either under their inv
or dir forms respectively. Some strategies to improve the nonlinear resolution of the
systems at the FE level are suggested.

Chapter 6 proposes a systematic procedure for identifying the parameters of the fer-
romagnetic EB hysteresis model. The identification process also makes it possible to
give insight into the microscopic nature of the materials. The technique is validated
with experimental measurements.



Chapter 7 concerns the application of the FE formulations coupled with the EB hys-
teresis model for different time stepped simulations. By way of illustration, it starts
with a simple 1D FE time stepping modeling of a lamination sheet [104], presenting
already all the main complexity encountered in the iron losses modeling, combining
eddy currents, skin effect and hysteresis influences. Then, subsequent more complex
FE models are simulated. A simple academic square model with a b-conform FE for-
mulation allows to examine the behavior of the inverse £EB model in a simple FE con-
text. A T-joint model is then used to expose the complementarity of the two dual FE
formulations with rotating hysteresis. The chapter considers then a more practical ap-
plication with the 2D FE simulations of a three-phase transformer core, analyzing the
two complementary b-conform and h-conform FE formulations, including the hys-
teresis model. The accuracy between the different implementations, regarding also
the influence of the mesh density, is highlighted as well as the central processing unit
(CPU) times that are observed and put in perspective with the CPU times obtained
with the anhysteretic constitutive law. Finally, a reference test case from the scientific
community, specially built to study vector hysteresis models, is examined. It allows to
validate with available measurement data the results of the FE simulations with the EB
hysteresis model. Furthermore, this test case is also used to compare the EB hysteresis
model with the classical Jiles-Atherton model.

Original contributions

Hereafter is a list of contributions that are considered to be original:

1. The derivation in Chapter 2 of a new multi-scale representation of the pinning
field distribution based on the homogenization of the magnetic field, instead of
the homogenization of the energy balance, useful for parameter identification.

2. The elaboration of the new diff approach for the energy-based hysteresis model,
driven by the magnetic field, and its detailed comparison with the two other ap-
proaches (vpm and var) on a large set of illustrative examples in Chapter 3.

3. The inversion of the energy-based hysteresis model in order to drive it with the
flux density as input, thanks to the use of relaxed or approximated Newton-
Raphson methods, with a detailed study on the efficiency of the different in-
version techniques applied on a representative range of several magnetization
change situations in Chapter 4.

4. The inclusion of the energy-based hysteresis model in complementary finite-
element formulations (magnetic field or flux density conforming), requiring ei-
ther the direct or the inverse model forms respectively, for magnetostatic and
magnetodynamic analyses, with general improvements in the resolution of non-
linear systems associated to the finite-element method in Chapter 5.

5. The automatization and validation of a procedure for the parameter identifica-
tion of the energy-based hysteresis model, based on standard material measure-
ments in Chapter 6.



6. The application of the aforementioned various implementations of the energy-
based hysteresis model in a finite-element context, for the simulations of several
one-dimensional or two-dimensional finite-element models, from academic to-
wards further realistic examples of increasing geometric complexity, with a per-
manent comparing study between the different implementation possibilities,
at the hysteresis model level, at the inversion technique level, or at the finite-
element formulation level, with validation on available experimental measure-
ment data for the final practical transformer application in Chapter 7.

All the models and finite element formulations have been implemented in the open
source Gmsh/GetDP FE code [56, 85]. Full models ready for testing are available online
on the website of the ONELAB project.

The main original contributions of this thesis have been presented in the following
peer-reviewed journals and conference proceedings.

Journals or Proceedings

* K. Jacques, R. V. Sabariego, C. Geuzaine, and J. Gyselinck. “Inclusion of a Direct
and Inverse Energy-Consistent Hysteresis Model in Dual Magnetostatic Finite-
Element Formulations”. In: IEEE Transactions on Magnetics 52.3 (Mar. 2016),

pp. 14

e K. Jacques, C. Geuzaine, E Henrotte, and J. Gyselinck. “Comparison between
differential and variational forms of an energy-based hysteresis model”. In: IEEE
International Energy Conference (ENERGYCON). Belgium, Apr. 2016, pp. 1-6

* C. Guérin, K. Jacques, R. V. Sabariego, P. Dular, C. Geuzaine, and J. Gyselinck.
“Using a Jiles-Atherton vector hysteresis model for isotropic magnetic materials
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Magnetic Losses Modelling
- State of the Art -

the theory of magnetism, introducing units, terms and quantities that are used

throughout this thesis. The physics of ferromagnetic materials and the mecha-
nism behind the hysteresis effect are recalled in order to understand the nature of the
underlying approximations that must be made to build practical models which will be
presented afterwards.

THE purpose of this chapter is to give an overview of some general aspects of

1. Physical Origins of Magnetism

1.1. Review of Definitions and Notations

The study of magnetic phenomena relies on the definition of two related vector field
quantities: the magnetic flux density (or magnetic induction) b, and the magnetic field
h. Vectors are depicted in bold characters in this thesis. The fields b and h differ in how
they account for magnetization. The former is an extensive material property, which
means that its magnitude is proportional to the size of the system it describes. On the
other hand, the latter is an intensive property, because its value does not depend on
the amount of the substance for which it is measured.

In vacuum, b and h translate the same property, aside from units, such that it is natural
to establish a proportionality relationship between them

b= oh, 1.1)

where pp is called the permeability of vacuum. In this thesis, the International System
of Units is selected such that b and h are expressed in tesla (T) and ampere per meter
(A/m) respectively, which determines the proportionality constant o = 47 x 10~" H/m.

Magnetic fields arise from electric currents, but more fundamentally from the move-
ment of electric charges.
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Subjected to a magnetic field, certain substances start to produce themselves, in the
volume they occupy and in their surrounding, a magnetic induction. It is said that
the substance magnetizes or magnetically polarizes itself. This is a general property of
matter that manifests itself more notably for certain materials called magnetic materi-
als.

The spin of electrons and, to a small extent, their orbital motion around the nucleus
are responsible for this phenomenon, the very essence of which can only be studied
by quantum physics. However, from the engineer’s point of view, the detailed behavior
of electrons in the magnetization process is more usefully described by the concept of
atomic magnetic moment than by that of wave function from quantum theory. The
magnetic moment my is a quantity that represents the magnetic strength and orien-
tation of an elementary entity that produces a magnetic field, such as electrons. The
unit of magnetic moment is ampere meter squared (Am?).

In matter, the magnetic induction can be expressed by the equation
b = pyoh+ pom. (1.2)

This equation defines the magnetization vector field m which is a measure of the net
magnetic moment per unit volume of matter. In particular, if a given elementary vol-
ume AV of a medium consists of a collection of elementary magnetic moments my,
the definition of the magnetization m is

o Mo
AV

where the sum runs over all the moments contained in AV. The unit of m is ampere
per meter (A/m).

, (1.3)

The magnetic induction in matter can also be expressed by the equation
b=poh+]J. (1.4)

This equation defines this time the magnetic polarization vector J, whose unit is tesla
(T). The vector fields J and m report the same phenomenon and are related by

J=pom. (1.5)

In this thesis, the quantity J will be usually preferred to m, as is customary in the study
of ferromagnetism.

Given the general relationships (1.2) and (1.4) connecting b, h, m and J, the magnetic
properties of a medium are defined once a functional dependence b(h), m(h) or J(h) is
known. These are called the magnetic constitutive laws of the medium. In their simple
expression, they write

b= ph, m=y:h, J=xh, (1.6,1.7,1.8)

where p, x, and y are the magnetic permeability, the relative and the absolute mag-
netic susceptibilities of the medium, respectively. These are medium-specific proper-
ties which indicate the ability of a material to support a magnetic field and measure



SECTION 1. 11

how they respond to a magnetic excitation. The quantities y, y and y, are connected
by the relations

p= o+ x = Ho (1+xr) = Hopty - (1.9)

The values p and y are expressed in henry per meter (H/m), while y, is a dimensionless
parameter. The relative magnetic permeability, denoted by p,, is the dimensionless
analogue of u. It can be shown that in order to ensure thermodynamic stability, the
inequalities £ = 0 and y, = —1 must be satisfied.

It is assumed in (1.6)-(1.8) that b, h, m and J are co-linear. It is under this condition,
verified by definition in isotropic materials, at least on a macroscopic scale, that sus-
ceptibility is a scalar quantity. In anisotropic materials, for which the properties may
vary with field direction, susceptibility and permeability are characterized by second
rank tensors, u, i, x and x,. Tensors are highlighted in bold underlined characters
in this thesis. The generalization of (1.9) for anisotropic medium is then

E=u01+l=uo(!+£)=uo&, (1.10)

where I is the identity tensor. In the following of this introductory chapter, suscepti-
bility and permeability are, in many cases, viewed as scalar quantities, restricting the
analysis to a single field direction of interest. All the vector fields h,b,m and J are then
co-linear and it is reasonable to treat them also as scalar quantities, &z, b, m and J.

The laws given by (1.6)-(1.8) have the advantage of simplicity but are clearly not adapted
to describe more advanced magnetization processes. In general, the value of the ma-

terial property y, and thus of y,, 1 and p,, is not constant and may depend on many

factors such as the magnetic field and its history, but also, for example, on the temper-

ature and the stress state of the sample [173]. In this thesis, thermal and mechanical

influences are not investigated further. Neverheless, this work aims to describe ferro-

magnetic systems with the non-linear magnetic dependence of the material properties

that includes saturation and hysteresis effects. For that purpose, it is necessary to de-

velop more complex laws that will be gradually introduced in the following.

1.2. Classes of Magnetic Materials

Materials are classified in different categories depending on how they respond under
the influence of magnetism. This information is precisely indicated by their magnetic
susceptibility which provides insights into the nature of their atomic structure.

Diamagnetism

Diamagnetic materials are characterized by a very weak magnetization that is opposed
to the applied magnetic field, and therefore by a low negative y, value (u, < 1), typi-
cally y, = -107°.

Diamagnetism is due to an orbital movement of electrons, caused by the applied mag-
netic field. The classical explanation assimilates this movement to a microscopic cur-
rent comparable to that of an induced current in a solenoid. Under Lenz’s law, the
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induced current opposes the field that produces it, such that the electron reacts by in-
ducing a magnetic moment opposite to the applied field, which is consistent with the
fact that y, is negative.

Diamagnetism is a phenomenon present in all atomic matter, but which can be masked
by the more important effects of paramagnetism or ferromagnetism when these coex-
ist in the material.

Paramagnetism

Paramagnetic materials are also characterized by a weak magnetization which is, on
the other hand, in the direction of the magnetic field, which gives a low positive y,
value (u, > 1), typically y, = 1076 to 1073,

A paramagnetic material can be described as a set of uncoupled magnetic moments.
These moments exist due to the presence of atoms with unpaired electrons. Usually,
each atomic orbital of an atom contains a maximum of two electrons with opposite
spins, in accordance with the Pauli exclusion principle, so that their magnetic mo-
ments are in opposite directions and cancel out. However, an atomic orbital occu-
pied solely by an unpaired electron presents an uncompensated permanent magnetic
moment free to align in any direction. Under the action of a magnetic field, these
moments tend to align in the same direction, reinforcing the field. Nevertheless, the
resulting polarization remains very low, because the effect of thermal agitation, which
randomly orients the magnetic moments, remains preponderant.

The small amplitudes encountered for the susceptibilities with diamagnetism and para-
magnetism are of little interest in electrical engineering. In reality, their susceptibil-
ity can often be neglected such that y, = 1, which amounts to considering that the
medium behaves magnetically as vacuum.

Ferromagnetism

Ferromagnetic materials are bodies that have the ability to magnetize themselves un-
der the effect of an external magnetic field and to keep this magnetization. The rela-
tionship between the magnetization and the magnetic field is no longer linear, such
that the susceptibility is a function of the field y,(h), that can go through very high
values, typically y, = 10? to 10%, before reaching a saturated regime at higher fields.

As in paramagnetic materials, ferromagnetism comes from the presence of atoms that
carry a permanent magnetic moment. However these moments are no longer inde-
pendent of each other but are, on the contrary, strongly linked. This mutual interac-
tion, which is called ferromagnetic coupling, results in a parallel arrangement of mo-
ments. Therefore, ferromagnetic materials present a spontaneous polarization, exist-
ing in the absence of an applied magnetic field.

Under the effect of an increase in temperature, the thermal agitation becomes more
important and favors the return to a random distribution of magnetic moments, re-
sulting in a decrease in the net maximal magnetization. Each ferromagnetic material
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has a specific temperature, called the Curie temperature, above which the substance
loses its ferromagnetic property and exhibits a paramagnetic behavior.

The phenomenon of orientation of magnetic moments inside ferromagnetic materi-
als occurs in a localized manner. A sample of macroscopic size is therefore divided
into a large number of small volumes, called magnetic domains, each having a sponta-
neous polarization oriented differently from those of its neighbors. Magnetic-domain
structure plays a key role in the hysteresis phenomenon encountered in ferromagnetic
materials. This is discussed in more detail in the following sections.

Ignoring the hysteresis effect at this stage, the typical shape of a ferromagnetic polar-
ization J(h) is illustrated next to paramagnetic and diamagnetic responses in Fig. 1.1. A
saturation state appears in the ferromagnetic response where an increase in the mag-
netic field cannot increase the polarization. This happens when all magnetic moments
in the structure are already aligned in the magnetic field direction. The induction field
b is simply the polarization field added to the empty space contribution pgh. There-
fore, the b field continues to increase, even above saturation for a ferromagnetic mate-
rial, but at a rate comparable to paramagnetism, which is several orders of magnitude
smaller than the rate observed below saturation.

f ism (sl I
/ ferromagnetism (slope y (1)) b erromagnetism (slope 1(h))

paramagnetism (slope > (i)

paramagnetism (slope y > 0) ——- (slope pg)

0 f——— ho 0 f————— -
diamagnetism (slope 11 < 1)

diamagnetism (slope y <0)

Figure 1.1: Simplified comparison of magnetic susceptibilities y (left) and magnetic permeabilities u (right)
for ferromagnetic, paramagnetic and diamagnetic responses.

Antiferromagnetism

Antiferromagnetism is the type of magnetism where the exchange interaction between
neighboring atoms leads to an antiparallel alignment of the atomic magnetic moments.
The total magnetization of the material is then zero in that configuration. When the
magnetic field is increased, the magnetization tends to align in the same direction but
the strong exchange interaction opposes it. The susceptibility is thus in general very
low, y, = 1075. When the temperature rises, the exchange interaction degrades with
thermal agitation, improving the sensitivity to the external field, and thus increasing
the susceptibility. At a specific material temperature, called Néel temperature, the an-
tiferromagnetic coupling disappears. Beyond this temperature, the behavior becomes
comparable to that of paramagnetic materials.
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Ferrimagnetism

Ferrimagnetism is another magnetism type where magnetic moments are this time
antiparallel due to the exchange interaction, but of different amplitudes. In the sim-
plest configuration of the crystal structure of these materials, two families of sites A
and B can be distinguished, occupied by ions having magnetic moments m, and mg
respectively. The number of sites A differs from the number of sites B, and usually m4
differs from mg, such that they do not fully compensate each other and a spontaneous
magnetization remains in the absence of an applied field. Subjected to an external
magnetic field, magnetic moments tend to align in the direction of the field. When the
temperature is lower than the Curie temperature, a behavior similar to ferromagnetic
materials is observed with a saturation of the magnetization. Above Curie tempera-
ture, the material behaves similarly to paramagnetic materials.

Magnetic domains exist also in ferrimagnetic materials since these are formed in ma-
terials where the magnetic moments align spontaneously under the effect of the short-
range exchange interaction, whose field of action is localized.

At the end, ferrimagnetism exhibits all the hallmarks of ferromagnetic behavior with
spontaneous magnetization, Curie temperatures, saturation, magnetic domains and
thus hysteresis. Ferromagnetic and ferrimagnetic materials are often referred as mag-
netic materials, justified by their susceptibility 10® to 10! times higher than those re-
sulting from other types of magnetism, which are said to be non-magnetic [185]. In this
thesis, which deals with the macroscopic description of magnetic material, ferromag-
netic and ferrimagnetic behaviors will not be further distinguished in the following. In
this sense, the subsequent macroscopic results and conclusions drawn for ferromag-
netism can also apply for ferrimagnetism. In the next section, special attention is given
to ferromagnetism with a more detailed reminder of its microscopic origin in order to
derive macroscopic observations before the so-called hysteresis behavior.

1.3. Multi-Scale Origin of Ferromagnetism

In magnetic materials, the derivation of the macroscopic result of the magnetization
process from the microscopic level is divided into two steps. The first consists in the
study of the alignment of the magnetic moments at the scale of a magnetic domain,
which is said to be the microscopic scale. The second concerns the calculation of the
polarization at the scale of the sample, resulting from the superposition of the polariza-
tions specific to each magnetic domain. This intermediate scale which encompasses
the magnetic domain structure is called the mesoscopic scale.

Ferromagnetism at the Microscopic Scale

At the microscopic scale, a magnetic material can be seen as a collection of atoms
carrying permanent magnetic moments my.

In the classical representation proposed by Langevin [135], each individual magnetic
moment is supposed independent from the others, and thus free to rotate in any di-
rection. Submitted to an external field h, each moment acquires a potential energy,
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—pomyg -h, which favors their alignment in the field direction, fighting against the ther-
mal agitation energy, kg T, which tends to shake them in random orientations. The
physical constant kg is the Boltzmann constant, kg = 1.3807 x 10723J/K, and T is the
temperature expressed in kelvin (K). The Langevin theory, whose calculation details
are given in Appendix A-Section 1, predicts that the net magnetization, m, of amedium
containing Ny, atoms per unit volume varies according to

Homoh

, 1.11
kT (L.1D)

1 .
m = Ny my (cotha - —) := NpmmoL(a) witha =
a

where L(a) is the so-called Langevin function, illustrated in Fig. 1.2 (left), and a the
dimensionless factor which weights the two competing energies.

Bj/2(a) = tanh(a)
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Figure 1.2: (left): The Langevin function L(a). (right): The Brillouin functions Bj(a) for different J values.

For J = 1/2 and J = oo, the Brillouin function degenerates into the hyperbolic tangent function tanh(a) and
the Langevin function L(a), respectively.

Introducing in the description the quantum nature of the magnetic moment by re-
stricting its orientation to certain discrete values brings a modification in the final ex-
pression of the net magnetization, which becomes, in quantum formalism [35, 129],

m= Npm (274_1coth(zf.ﬁ_loz)—icoth(i ))'—N myBi(a) (1.12)
- m/7Q 27 27 27 27 L m/7Q J ) .

where the Langevin function from (1.11) is replaced by the Brillouin function, denoted
by Bj(a), and J is a quantum number having only integer or half-integer values which

limits the number of discrete possible states of the magnetic moment. The derivation
of (1.12) is presented with more depth in Appendix A-Section 2.

The Brillouin functions are drawn in Fig. 1.2 (right) for different J values. They remain
all qualitatively similar, exhibiting saturation when magnetic moments align mainly
with the field, when a — oo, and thus m — Mg = Ny my. In the limit J — oo, the Bril-
louin function reduces to the Langevin function since, in this situation, the magnetic
moments are no more quantized and can take any direction, just like in the classical
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framework. With the quantification of the orientation of my, saturation actually oc-
curs more rapidly than predicted by Langevin’s classical theory. In the extreme case

J =1/2, for which only two magnetic moment states are possible, the Brillouin func-
tion reduces to a hyperbolic tangent function.

A noticeable magnetization along the field can only be realized when the field energy
becomes comparable to the amount of thermal energy, in other words when a = 1. At
room temperature, this requires an enormous field intensity, of about i = 3 x 108 A/m,
such that, in standard conditions, thermal agitation remains the predominant effect
which destroys any preferred alignment. This description is thus satisfying for para-
magnetism but not for ferromagnetism. Nonetheless, this theory allows to derive the
Langevin and the hyperbolic tangent functions which appear to be suitable expres-
sions to encompass the average magnetization of a system, from the microscopic scale
to a higher scale. They are considered as a starting point for the description of sponta-
neous magnetization, one of the key ingredients of ferromagnetism.

Weiss extended the Langevin approach by proposing a simple phenomenological the-
ory [209] to explain the spontaneous alignment of atomic magnetic moments within
a ferromagnetic material, even at no field. This theory, which is discussed further in
Appendix A-Section 3, assumes that each magnetic moment in the material is sub-
jected to a strong internal magnetic field, hy, due to the influence of its neighbors.
This molecular field is supposed proportional to the net magnetization, hy o< m, such
that it self-reinforces the alignment of the moments in the field direction as soon as
a nonzero magnetization exists. Therefore, at a given temperature below the critical
Curie threshold, the material acquires a significant spontaneous magnetization, mig,
which can be close to the theoretical saturation value, mg,; = Ny 119, even at zero field.

Ferromagnetism at the Mesoscopic Scale

Actually, all ferromagnetic materials do not present such permanent magnetic satu-
ration at macroscopic scale, since they can exhibit small or null magnetization at no
field, and be strongly magnetized under the application of a relatively small magnetic
excitation.

This results from the fact that a sample of macroscopic size subdivides into many small
regions, called magnetic domains. In each domain, the Weiss molecular field forces the
alignment of the magnetic moments in a uniform direction, but the direction can be
different from one domain to another because its action is localized in space. As the
orientation of the spontaneous magnetization varies from region to region, the overall
magnetization of a sample, including many domains, may well be very different from
the spontaneous magnetization, and even be zero.

A subdivision in magnetic domains is illustrated on Fig. 1.3. The magnetic domain, or
so-called Weiss domain, corresponds thus to a contiguous region in which all atomic
magnetic moments are aligned parallel to each other. The spontaneous magnetization
module m; has the same value in all magnetic domains for a homogeneous medium
at uniform temperature. Magnetic domains can have various shapes. In most materi-
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als, they are microscopic in size, about 1 to 100 pm. Each domain is separated from a

neighbor by a transition zone in which the orientation of the magnetic moments grad-

ually changes from the magnetization direction in one domain to that in the other one.
This interface between adjacent domains is called the domain wall.

Domain Wall

Magnetic Domains

Figure 1.3: Division of the magnetic material into magnetic domains at the mesoscopic scale [185].

The average magnetization of the entire medium is necessarily between 0 and m;. It
can change from 0 to m, under the application of a magnetic field, which implies a
complete modification of the distribution of the Weiss domains. Their number, their
shape, their size and the orientation of their local spontaneous magnetization can be
largely altered.

In theory, the origin of the magnetic domains and their motion can be understood
through micromagnetics. The magnetic domain structure comes from a complex and
delicate balance between several competing energy terms, which are briefly presented
and illustrated for the case of an ideal perfect monocrystalline sample in Appendix B-
Section 1.

However, in practice, it seems impossible to apply micromagnetics to describe real ma-
terials, for which structural disorder dominates. Indeed, as sketched in Appendix B-
Section 2, magnetic materials are generally polycrystalline materials, which means
that they are composed of many crystalline grains, with the presence of relatively punc-
tual defects, such as cavities, non-magnetic inclusions or dislocations in the crystallo-
graphic structure. This leads to random functions for the space-dependent parame-
ters involved in the micromagnetics energy terms, such that a huge number of local
minima, maxima and saddle points appear in the energy landscape, which makes the
energy minimization problem of micromagnetics excessively complex and intractable
for samples of size larger than microscopic scale. It is irrelevant to know all the fine
details of the microstructure in order to extract macroscopic magnetic behavior, such
that only general results of micromagnetics averaged over structural disorder are work-
able.

As a matter of fact, the magnetic domain pattern is strongly influenced by the pres-
ence of defects in the microstructure. A non-magnetic cavity in the material will tend
to capture a domain wall because this situation corresponds to a local minimum in
the magnetostatic energy, as presented in Appendix B-Section 2. A certain amount of
energy is then needed to allow the domain wall to move again from its position. This
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phenomenon is called the domain wall pinning effect and it has a direct influence on
the macroscopic properties of a magnetic material.

Fig. 1.4 presents how the existence of specific crystal defects inside a simple single
crystal modifies strongly, through the pinning effect, the movement dynamics of the
domain walls and impacts the shape of the measured magnetization curve of the sam-
ple. In the initial unmagnetized state given by Fig. 1.4(a), with no applied field, a con-
ventional domain pattern is formed, and the domain walls pass preferably through
the nearby cavities, minimizing their magnetostatic energy. A small field as shown in
Fig. 1.4(b), induces a reversible deformation of the walls which bend like elastic sur-
faces, but the pinning points do not change. The magnetization of the material is very
little impacted. For a medium field associated to Fig. 1.4(c),(d), the energy brought to
the domains becomes sufficient to unpin the domain walls. The walls move thus by
a succession of jumps towards other pinning sites, favoring the expansion of the do-
mains with a more h-oriented magnetization, and the shrinking of the others. These
discrete changes of size of magnetic domains, corresponding to the Barkhausen effect,
affect the magnetization which varies then, not continuously, but by tiny abrupt steps.
These wall displacements are irreversible. Magnetization undergoes its maximal in-
crease in this regime. At Fig. 1.4(e), the irreversible wall movements are finished, the
domain structure has disappeared and only one domain occupying the entire sample
remains. The magnetization within the domain stays parallel to the axis of easy magne-
tization, closest to the direction of h. By increasing further the applied field amplitude,
asin Fig. 1.4(f), the energy supplied starts to overcome the magnetocrystalline energy,
such that the magnetization deviates from the axis of easy magnetization to align with
the direction of h, and the sample reaches its maximum spontaneous magnetization.
This last effect is reversible again.

In a polycrystalline medium, a behavior similar to that described by Fig. 1.4 tends to
occur in each grain, but the process is complicated by interactions between neighbor-
ing grains. The grain structure also has a strong influence as well.

In summary, the magnetic domain structure, which has microscopic origins, is respon-
sible for all the magnetic properties exhibited by a material observed at larger scale. It
is this multi-scale nature that makes the magnetization process in ferromagnetic ma-
terial an extremely complicated phenomenon to tackle.

1.4. The Hysteresis Curve

The typical shape of the magnetization curve of a ferromagnetic material observed at a
macroscopic scale in response to an external magnetic field can now be analyzed. This
curve corresponds formally to the relation between the applied magnetic field & and
the average magnetization m, averaged over a volume much larger than the domain
size. Note that the term magnetization curve refers to the m — h curve, but also to
the J — h curve or, more commonly, the b — h curve, with J and b simply related to m
through (1.5) or (1.2) respectively.

The b(h) curve obtained by increasing the applied field on a sample that has never
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Figure 1.4: Evolution of the magnetization of a single crystal with its magnetic domain structure in pres-
ence of pinning sites for an applied magnetic field h of increasing amplitude from (a) to (f). After reversible
elastic bending of domain boundaries (a)-(b), the domain walls jump irreversibly between pinning sites (c)-
(d), increasing sharply the magnetization, until the material is magnetized uniformly to saturation where
reversible coherent rotation can ultimately take place (e)-(f) [185].

been previously magnetized at macroscopic scale, as illustrated in Fig. 1.4, is called the
first magnetization curve. When the field strength is then decreased, the magnetiza-
tion tends to remain unchanged due to the pinning of the current domain structure.
Therefore, the function b(h) deviates from the first magnetization curve due to the
irreversible processes involved in the magnetization. Cycling the magnetic field be-
tween opposite values makes the hysteresis form appear in the b(h) curve. A typical
hysteresis loop is represented at Fig. 1.5.

Because of hysteresis, the knowledge of / and b is not sufficient to completely describe
the magnetization state, which depends fundamentally on the magnetic domain struc-
ture. Indeed, it has been shown that the evolution of the domain structure for further
field changes differs according to the past history of the material. In that sense, the
material exhibits a sort of memory of the magnetization it has undergone.

The saturation states are particular magnetization states because they correspond to
situations where the domain structure is nearly deleted with only one domain left in
uniform magnetization, such that subsequent magnetization changes are indepen-
dent of the field history prior to saturation. Therefore, the major hysteresis loop that
is the loop obtained by cycling the field between opposite saturated states, as repre-
sented on Fig. 1.5, is generally employed to characterize magnetic materials.

Only the magnetization and the magnetic polarization can reach actual saturation val-
ues, denoted by mg,c 0T Jsa respectively, when the temperature approaches 0K or if
h — oo. There is no saturation of the induction field b since in (1.2) or (1.4), the term
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Figure 1.5: Typical magnetic hysteresis curve.

toh increases indefinitely. However, by abuse of language, the expression by is also
employed to denote the induction field at saturation that is defined as the saturation
value of the magnetic polarization Js,¢, which gives formally

bsat:hlijgo(b_lioh) = Jsat = Mo Msat - (1.13)

Obvious practical limitations prevent the creation of infinitely large fields and the prac-
tical values mgat, Jsat and bg,e are then defined associated to a feasible applied field hgyt,
above which the hysteresis properties no longer change. The major hysteresis loop of
the b— h curve is then made of two different ascending and descending magnetization
paths connecting the points (+/hgat, +bsar) and (—hgat, —bsar), as in Fig. 1.5.

The Barkhausen effect, which causes discontinuous change in the magnetization pro-
cess due to irreversible jumps of domain walls, is illustrated in Fig. 1.5. However, it is
nearly impossible and mostly useless to try to give all details of the random nature of
the Barkhausen signal, such that this effect is usually averaged out in the b — h curve
description.

A minor hysteresis loop is any other cycle between field peak values with lower inten-
sity than the major loop. An example of asymmetric minor loop is shown in Fig. 1.5.

A return to the state of zero magnetization at zero field can be realized through ther-
mal agitation, by increasing momentarily the temperature of the sample above the
Curie point. The virgin curve depicted in Fig. 1.5 corresponds to the first magnetiza-
tion curve traversed when increasing the applied field starting from that demagnetized
state. Applying cycling field of variable amplitude centered to the demagnetized state
allows to generate a set of symmetric minor loops as in Fig. 1.6 (left). The curve con-
necting the reversal points of these minor loops, coincides for all practical cases with
the first magnetization curve or the so-called virgin curve.
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Figure 1.6: (left): Set of symmetric minor hysteresis loops with the reversal points connections on the virgin
curve, (right): Path history generated by a field with oscillating amplitude, slowly decreasing from infinity to
zero, around a constant bias field value. Other final points can be reached by repeating the operation under
different bias values. The locus of all these final points constitutes the anhysteretic curve (in dashed line).

A return to the demagnetized state can also be realized by applying an oscillating field
with an amplitude slowly decreasing from saturation to zero, in order to erase any
memory of previous magnetization states. A spiraling path is thus followed in the b—h
diagram which ends up at the origin in the demagnetized state. The procedure can
be extended by adding a constant field component to the slowly decreasing oscillating
field, as in Fig. 1.6 (right). The final state reached by the so-built converging spiral is
called an anhysteretic state, because it is a particular point in the b — h diagram that
is independent of prior history, and cleaned from hysteresis influence. The curve re-
sulting from the connection of the anhysteretic states obtained with different constant
bias field is called the anhysteretic curve. This curve, that should not be confused with
the virgin curve, is also drawn in Fig. 1.5, and provides somehow the skeleton around
which hysteresis establishes. In practice, the anhysteretic curve can be approximated
by taking the average between the ascending and the descending branches of the ma-
jorloop. The anhysteretic curve would be the magnetization curve followed by an ideal
material if domain walls were free to move through reversible transformations only.

The remanent induction field, b, indicated for the major loop in Fig. 1.5, represents
the induction that remains in the sample after  decreased to zero from a previous sat-
urated state above hg,¢. This characteristic parameter explains how a ferromagnet can
present a spontaneous magnetization, even in the absence of external applied fields.
The phenomenon of remanence also exists for maximum fields lower than hgy, but
then the induction which remains after disappearance of the field is lower than b;, as
it is visible with symmetric minor loops in Fig. 1.6 (left).

The coercive field, h., also shown in Fig. 1.5, is the magnetic field needed to cancel
the remanent induction. This gives an information on the field strength that must
be applied to a sample in order to reverse its magnetization. This value can be very
different depending on the material internal structure.

Actually, the b — h diagram, characterized by the major loop, the anhysteretic and the

P
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Figure 1.7: (left): Typical b — h loops for soft and hard magnetic materials. (right): Typical b — h loops mea-
sured for easy and hard directions of magnetization on a sample having significant magnetic anisotropy.

virgin curves, can vary greatly from one magnetic material to another. The materi-
als are classified according to the values taken by the parameters that affect the b—h
diagram, such as the coercive field for example.

A qualitative representation of the difference between hysteresis loops for soft and
hard magnetic materials is given in Fig. 1.7 (left).

Soft-magnetic materials are those materials that are easily magnetized or demagne-
tized, with a relatively low coercive field h; of 1 to 100 A/m. Their major hysteresis
cycle area is small. The iron-silicon alloys that are used in electrical motors or trans-
former cores, also known as electrical steels, are examples of such materials.

Conversely, hard-magnetic materials are those in which the coercive field is high, of
the order h, = 50 to 100 kA/m, with strong pinning of the domain walls. These materi-
als present a stable permanent source of magnetic field, nearly unaffected by external
actions. The area of their main hysteresis cycle is large. Permanent magnets are made
of this category of magnetic materials.

At this point, it is important to remember that field and magnetization are basically
vector quantities and that the scalar representation of hysteresis curve, based on field
intensity, gives an incomplete information on the magnetic behavior.

Actually, the magnetic properties of bulk materials observed at the macroscopic scale
are, in general, dependent on the direction in which they are measured, i.e. magnetic
anisotropy. There are several sources of anisotropy, either intrinsic to the material or
induced [47]. The magnetocrystalline anisotropy due to the crystal lattice configura-
tion, discussed in Appendix B-Section 1, and illustrated by Fig. B.2, is the most intrinsic
kind of anisotropy. The macroscopic anisotropy observed for a polycrystalline aggre-
gate comes from the average orientation of each individual crystal grain. The disposi-
tion of these grains can be favored in a certain direction, through different treatments,
such as magnetic annealing, plastic deformation or magnetic irradiation, that lead to
induced magnetic anisotropy. The stress state and the shape of the sample also have
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an impact on the overall anisotropy. At the end, the b — h hysteresis curve of a given
material can thus be very different according to the direction of magnetization con-
sidered, and one can identify axes where magnetization is either particularly easy or
difficult, giving rise to different hysteresis curves measured for the same specimen as
in Fig. 1.7 (right).

The anisotropy is an important characteristic in the manufacturing of most magnetic
materials. Depending on the application, materials with various degree of anisotropy
are employed.

For example, in transformers, the magnetization remains predominantly in a fixed di-
rection with a core column. It is therefore beneficial to use grain-oriented (GO) steel
sheets, based on Goss texture for example, which are produced by successive rolling
and annealing processes in such a way to present highly anisotropic property with easy
magnetization axis in their rolling direction (RD). The GO sheets are then used to the
maximum of their possibilities when their RD is parallel to the main preponderant flux
direction, improving the material permeability and its efficiency. The magnetization
deteriorates in other directions, especially in the transverse direction (7D), which cor-
responds to a hard axis. GO sheets are thus characterized by different b — h curves
depending on the magnetization directions.

For rotating electrical machines, the field continually changes its orientation in the
core, or part of it, during operation, such that there is no reason in having an easier
axis than another in the sheet plane. As a consequence, non-grain-oriented (NGO)
steel sheets are more appropriate in that case. These materials can more easily be
considered as isotropic even if a small degree of anisotropy may still exist in practice.

More information on the type of magnetic materials that are used in various electrical
engineering applications can be found in [54, 83, 127, 45].

1.5. Iron Losses

Any variation of the induction in a magnetic material is accompanied by energy dissi-
pation inside the material. This energy appears in the form of heat and is not recover-
able. The term magnetic losses, or iron losses, is used to designate this phenomenon.

The area of a closed hysteresis loop traversed during a magnetization cycle has an im-
portant physical meaning because it represents precisely the amount of energy per
unit of volume that is irreversibly transformed into heat. This comes from the fact that
the increment of magnetic work brought to the sample per unit volume during the
process is given by

6W=h-6b (1.14)

with §W expressed in joule per unit volume (J/m?). Anticipating Chapter 2 where ther-
modynamics principles are reviewed, the net variation of the internal energy of the
sample under a closed hysteresis loop, at constant temperature, is zero. Therefore,
through the first thermodynamic law, the magnetic work supplied to the sample is to-
tally dissipated as heat in one magnetization cycle. For each cycle, the energy that is

-
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irreversibly lost is thus given by

W= h-6b, (1.15)
cycle
which corresponds effectively to the area enclosed by the hysteresis loop. It is worth
noting that through the second thermodynamic law, the loop area must always be pos-
itive, such that hysteresis loops must always be traversed counterclockwise in the b—h
diagram. The power loss density, P, related to (1.15), is deduced by expressing the
dissipation per unit time instead of unit cycle, thus

P=f h-6b, (1.16)
cycle
where f is the average frequency in hertz (Hz) at which the cycle is completed, and P
is measured in watt per unit volume (W/m?). The mass-specific power loss, p, is the
term used when the power is expressed in watt per unit mass (W/kg), such that

1
p=—1IFf h-6b, (1.17)
Pv  Jeycle

with py the volumetric mass density of the sample in kg/m3.

In the description given so far, the origin of hysteresis loops comes from the irreversible
nature of the Barkhausen jumps of domain walls in the material. For metals, the dissi-
pation mechanism can be fundamentally explained by the occurence of microscopic
eddy currents, according to Faraday’s law, by the local variation of the induction ac-
companying each domain wall jump. Consequently, from this perspective, the energy
is dissipated in the magnetic material through eddy current losses around domain wall
motion.

Hitherto, it was implicitly assumed that the rate at which the external field varied was
sufficiently low so that the field did not change appreciably during the time needed
for a Barkhausen jump to be made. The Barkhausen jumps were indeed considered
as instantaneous events, and thus unaffected by the rate of the applied field. In this
condition, the magnetization curve remains independent of the field rate, and the term
rate-independent applies to this type of hysteresis.

However, in reality, magnetization processes are somehow impacted by the rate of
change of the field, in particular when fast enough to produce a significant variation
of the field during a Barkhausen jump. The transformations in the magnetic domain
structure no longer result from a succession of spontaneous rearrangements only, but
are also controlled by the sudden variation exerted by the external field. In these cir-
cumstances, the magnetization curves are affected by the field rate and the hysteresis
is said to be rate-dependent.

Therefore, when the magnetization oscillates at frequency above the rate-independent
frequency limit, the intensity of induced eddy currents also increases, which leads to
additional energy dissipation and thus to an increase of loop area along with a modifi-
cation in loop shape, as observed in Fig. 1.8.
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Figure 1.8: Dynamic influence on the hysteresis loops measured on a specimen of a non-oriented iron-
silicon alloy under sinusoidal induction of 1 T amplitude at different frequencies [26].

The calculation and prediction of iron losses is a key factor in the design and opti-
mization process of electrical machines. These losses have a significant influence on
the energy efficiency of a machine. It is therefore desirable to have accurate, fast, and
easily implementable iron loss models in order to take into account their effect in the
preliminary simulation stages in the design process of new electrical machines, before
their manufacturing.

An overview of the most used iron loss models is presented in [134] and a very brief
summary is given hereafter. There exists a wide range of different iron loss models but
they can be sorted into two families. The first family consists of simple models that
neglect the hysteresis effect on the field distribution in the device and calculate the
losses a posteriori from a simple application of theoretical or experimental formulas.
The second family relies on hysteresis models that try to describe mathematically or
empirically the hysteresis characteristics of magnetic materials directly within the con-
stitutive law b(h) during the simulation of the device or machine. The iron losses are
then calculated by the enclosed area of the resulting hysteresis curves, through (1.17).

2. Simple Iron Loss Models

2.1. Approaches based on the Steinmetz Equation

The first group of models within the simple iron loss models family is based on the
Steinmetz equation (SE) [200] which establishes in its foundation a power law depen-
dence between the specific iron losses p, with the amplitude of the flux density 13, and
the frequency f of a periodic signal,

p=CsefDP, (1.18)

where Csg, a and f are empirical material-dependent coefficients that have to be de-
termined by fitting to measurement data. Strictly speaking, equation (1.18) is only

el
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adapted for sinusoidal waveforms in a limited range of frequencies. Therefore, sev-
eral adaptations of the formula have been studied to enlarge its scope of application
to non-sinusoidal flux density waveforms, as caused by power electronics [161], for ex-
ample. A modification of the SE, more suitable for arbitrary waveforms, is proposed
with the so-called modified Steinmetz equation (MSE) [181], where an equivalent fre-
quency deduced from the field change rate is defined and used instead of f in (1.18).
The generalized Steinmetz equation (GSE) [143] is another variation, still based on a
typical power law as in (1.18), but using an average over one time period of the instan-
taneous values % and b(t), which makes the formula sensitive to a direct current
(DC)-component in the signal. Further extensions of SE, consistent with the power
law (1.18), have been investigated since the early 2000s in an effort to respond to other
limitations. These models bear names referring to Steinmetz, such as the improved
generalized Steinmetz equation (iGSE) [206], or the natural Steinmetz extension (INSE)
[32], and so on in different subsequent works [31, 192, 42, 164].

All these models offer a simple and fast way to evaluate iron losses, as soon as the
empirical coefficients are identified from measurements, if not directly provided by
manufacturer’s data. Nevertheless, in any model, a given parameter set only works on
a frequency-limited spectrum, and it remains difficult to identify suitable coefficients
which give satisfactory results over a wide frequency range, as required for waveforms
with high harmonic content, for example. Given their simplicity, it is not surprising
that the prediction of iron losses from these models is generally tainted with significant
errors when deviating slightly from the measurement framework.

2.2. Standard Loss Separation Approach

In the continuity of the original SE (1.18), Jordan separated the iron loss expression
into two terms: the hysteresis losses ppyst, and the eddy current losses pec [126]. Then,
Pry and Bean went further by characterizing the so-called excess losses, appearing at
high frequencies, by introducing a corrective empirical factor [178]. Finally, Bertotti
identified excess losses more precisely using the Pry and Bean equations, and sepa-
rated the iron losses into three terms, giving a full place to the excess losses pexc [20],
such that iron loss behavior is now often decomposed in

P = Physt t Pec + Pexc = Chystfl;ﬁ + Ceclea2 + Cexcfl'sz}l'sy (1.19)

where f is a coefficient generally set at 2, and Cpyst,Cec and Cexc are the hysteresis,
the eddy-current and the excess-loss coefficients respectively. The structure of (1.19)
reflects the loss separation theory which splits the total iron losses in three categories.
The separation has no straightforward significance because all the iron loss terms are
technically due to eddy currents induced by magnetization changes in the sample at
three different scales, as mentioned in Chapter 1-Section 1.5.

The scale associated with the hysteresis loss, ppyst, is the microscopic scale where the
Barkhausen effect takes place. This comes from the small spontaneous jumps of mag-
netic domain walls between pinning sites housed at lattice imperfections, which give
rise to localized eddy currents around them. This dissipation is related to the rate-



SECTION 2. 27

independent, or static, energy loss contribution that corresponds to the hysteresis loop
area at low frequencies (f — 0Hz).

On the other hand, the scale corresponding to the classical eddy-current loss, pec,
is linked to the macroscopic sample geometry, in which global induced currents are
bound to develop under changes in magnetization. This is a rate-dependent, or dy-
namic, phenomenon which contributes to the widening of the hysteresis loop area
when the frequency increases.

Lastly, the scale of the excess loss, pexc, is connected to the mesoscopic scale, at the
magnetic domain level. The associated eddy currents result from the movements of
the domain walls in dynamic regime, under the driving action of the external field.
This effect is significant at frequencies above the rate-independent limit discussed in
Chapter 1-Section 1.5. The excess loss is thus again a rate-dependent contribution
which enlarges also the hysteresis loop area with the frequency.

Unlike the static component, pyys;, which is expressed empirically, the two dynamic
losses components, pec and pexc, can also be expressed, for simplified geometries by
analytical formulae which have a physical meaning.

Hence, the classical loss contribution, pec, comes naturally from Maxwell’s equations
in the characterization of a completely uniform material, ignoring magnetic domain
patterns. It depends mainly on the specimen shape and the boundary conditions of
the problem. In the condition of a lamination sheet of infinite length, under suffi-
ciently low excitation field dynamics such that a homogeneous field is assumed in the
sheet, neglecting the skin effect, the expression of instantaneous specific power losses
by induced currents is approximated by [20]

(1.20)

od? (db(t) )2
Pec = ’

12py dt

where b(t) is the instantaneous induction field, d the thickness of the lamination sheet,
o the electrical conductivity and py the volumetric mass density of the lamination
sheets, respectively.

Concerning the physical description of the excess losses, Bertotti developed a statisti-
cal model theory [18, 19, 25], which leads to an analytical expression of the loss factor
Cexc, that reads, in the case of a laminated material [74],

1
Coxc = — VSVho G, (1.21)
pv

where G is a dimensionless coefficient of friction between the magnetic domains, V; is
a parameter, affected by the grain size, which characterizes the statistical distribution
of the local coercive field, and S is the transverse surface of the lamination sample.
Nevertheless, in practice, the material parameters o, V, G are often difficult to obtain,
and the global coefficients Cec,Cexc are preferably identified directly from measure-
ments and used without details of their nature, as for Cpys.
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As with the standard SE, the equation (1.19) is in principle limited to the case of si-
nusoidal field waveform, at frequencies that do not give rise to the skin effect [20].
Through various attempts to improve Bertotti’s model (1.19), some authors have cho-
sen to make the coefficients dependent on the frequency and the peak induction val-
ues [212, 108, 175, 109], or decided to adapt the expression to take fields of arbitrary
waveforms into account [211]. The properties of the coefficients of Bertotti’s model are
further investigated in [174].

2.3. Rotational Iron Loss Models

In electrical engineering, the magnetic field is not always unidirectional and oriented
along the axis of easy magnetization, as assumed in the models presented so far. This
is particularly true in the T-joint regions of three-phase transformer cores, where the
combination of the fields associated with the different phases leads to the appearance
of a locally rotating induction. Similarly, the cores of rotating electrical machines can
also be subjected, in some regions, to rotating magnetic fields in the lamination sheets.

In practice, iron losses in the rotating field and in the unidirectional field differ. This
difference finds its explanation in the complex mechanism involved during the mag-
netization. For weak fields, a similar power law behavior, as for alternating losses, ap-
plies also for rotating field losses [76], but the losses with rotating field may have values
twice as high as those with unidirectional field [71, 162]. One can roughly approximate,
at least for pec, the rotating field losses by the sum of the unidirectional field losses
according to the rolling and the transverse directions. Conversely, for fields with very
large amplitudes, while the losses in unidirectional field continue to grow as a function
of the amplitude of b, the losses with rotational field decrease as a function of b. This
phenomenon is in agreement with the reversible nature of the rotating field observed
for induction values close to saturation, as illustrated in Fig. 1.4(f).

Several iron loss models have been proposed to tackle the losses due to rotational mag-
netization in the lamination sheet [4, 75, 131, 201]. A review on rotational iron loss
models and measurement techniques is presented in [190, 92]. The results of an in-
ternational study that compares measurements with rotating iron losses are given in
[194].

A common practical approach to estimate iron losses in electrical machines consists in
separating losses according to the type of excitations behind the magnetization. The
total iron loss can be seen, for example, as the sum of three terms originating from
linear magnetization, rotational magnetization and higher harmonics magnetization
[159]. In [111], the iron losses due to rotational magnetization are added to the stan-
dard loss separation model from Bertotti (1.19), via a particular rotational loss factor
to the hysteresis loss term. Actually, the improved empirical loss model takes the form

p=a b’ f+(ar +as,b™) b* f2, (1.22)

where a1 = Cec and ap = Chys; (1+ bib(r- 1)), with r the rotational hysteresis factor
and with b and b the minimum and maximum values of |b(?)| over one period. A higher
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order term of the flux density b is introduced with the factor a4, and the exponent as,
in order to obtain an accurate representation of iron losses at large fields. This term
is in fact called high order losses. The excess loss term Cey. turns out to be negligible
compared to the other terms in this model and is not taken into account in (1.22).

3. Hysteresis Models

Compared to the previous iron loss expressions, hysteresis models give the most ac-
curate representation of the phenomena involved in the magnetic energy dissipation
process. These models approximate, more or less closely, the actual magnetization cy-
cle, material behavior and associated losses, which can be obtained by calculating the
surface of the cycle (1.17). They achieve better results in terms of accuracy compared
to the simpler expressions (1.18) or (1.19), but at higher computational costs.

Among the hysteresis models existing in the literature, the most commonly used are
the Preisach model [176, 157] and the Jiles-Atherton model [125]. Basically, the classi-
cal Preisach and Jiles-Atherton models describe the rate-independent hysteresis phe-
nomenon and are scalar models in nature, which restricts their use to quasi-static uni-
directional magnetization cases. Subsequently, some improvements have been made
to use these models in dynamic operating ranges, taking into account eddy-current
losses and, potentially, excess losses, depending on the degree of precision desired in
the model development. For example, dynamic Preisach models and dynamic Jiles-
Atherton models are considered in [21, 22, 66, 64, 69, 157] and [121, 124, 44], respec-
tively. Furthermore, different extensions transforming the original scalar models into
vector models, in order to deal with rotational magnetizing processes, have been pro-
posed in several works, like in [81, 65, 94, 189, 157] for vector Preisach models and in
[12, 95, 139, 137] for vector Jiles-Atherton models. All these adaptations remain, how-
ever, relatively artificial.

The following subsections recall, without going into much detail, the main foundations
of the classical Preisach and the Jiles-Atherton models, while pointing out some of
their advantages and disadvantages. Some other remarkable hysteresis models, partly
derived from these two, are also presented, with a particular focus on the Bergqvist’s
vector friction-like hysteresis model, which constitutes the basis of the Energy-Based
hysteresis model that is studied throughout this thesis.

3.1. Classical Preisach Hysteresis Model

The classical Preisach model [176] is presented as a purely mathematical model [157],
whose application is actually not limited to magnetism. This model is based on a set
of elementary hysteresis operators i, n,). Each of these operators can be repre-
sented by a rectangular cycle like in Fig. 1.9 (left). The values h, and hg; correspond
to values of the input magnetic field / for which the operator switches to "up" or
"down" magnetization state respectively, with the assumption h; < h;,. In other words,
the operator can characterize a particle, or an elementary domain, whose local mag-
netization, or magnetic moment, changes between two values, iy, 1, d)h = +m; or

=
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Mn,,ngy W = —ms, through a simple rectangular hysteresis loop, that translates a local
memory effect. The magnetic material is assumed to be composed of many such enti-
ties. The Preisach model is then built from a network of elementary operators con-
nected as shown in Fig. 1.9 (right). The output of these operators is multiplied by
a weight function ¢(h,, hy), which depends on h, and hy. The final output of the
Preisach model, i.e. the total magnetization m(#) from the magnetic field input k(#), is
defined from the integral of each weighted elementary contribution

m(t)sz DRy, ha) g,y (D) dhydhy . (1.23)
hy=hg
) (hu, hg)
w'lq
+Mgs¢ < < >
: By, hy)
| R o
- h(t) m(t)
‘hd \hu
o~ S

Figure 1.9: (left): Elementary relay hysteron of the Preisach model. (right): Bloc diagram of the Preisach
model that consists of many relay hysterons connected in parallel and summed with given weights.

The local memory effect of each operator generates a global memory effect, perfectly
adapted to describe magnetic materials. Preisach’s model can indeed be very accurate
and reflects well the magnetic hysteresis. In order to use the model in numerical sim-
ulations, the continuous form is changed to a discrete one by replacing the integrals
in (1.23) with sums. Due to the contribution of several hysterons, it requires a very
high computing power, because each state must be reevaluated if one of the opera-
tors changes state. Moreover, the Preisach model requires a relatively extensive mea-
surement campaign to produce the characteristic distribution function ¢(hy, hy) of a
material. The statistical nature, usually assumed, of this weighting function has no rig-
orous justification or experimental validation. Consequently, since the model has no
physical basis, it can only be used as a mathematical black-box, without any predictive
skill for magnetization processes simulated outside the measurement range. Never-
theless, this is the first model that has allowed the reconstitution of hysteresis cycles,
and it is at the base of many models that are among the most accurate today.

3.2. Play and Stop Models

A purely mathematical formalism has been developed to model the hysteresis phe-
nomenon by assembling simple operators, called hysterons, in the same spirit as the
Preisach decomposition. These elementary operators can be either play or stop hys-
teron types, and they correspond actually to the building blocks of the Prandtl-Ishlinskii
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class of hysteresis models, derived from continuum mechanics [27]. More details on
these abstract tools can be found in [151, 207].

For magnetism, a play operator P is more likely to be applied to the magnetic field .
It produces as output a state variable, whose evolution is defined, for an ordinary static
scalar operator case, by

k . k k
Pk, 1f|h—P(p) <¢
PR = max|min(P*  h+ (%), h—¢F| = h- Pk (1.24)
[ ( ) ) ] h—(k—(p) , otherwise,
|h_P(kn)

where P(’;)) is the state value of the hysteron P* at a previous time, reflecting a local

memory effect, and ¢ k is a constant threshold above which the internal state value P¥
is allowed to change with h.

On the other hand, a stop operator S is more adapted to take the induction field b as
input. The evolution of its internal variable is defined, in a way more or less comple-
mentary to P¥, by

db+ Sk if(db+s’f <k

(p)’ (2]
S¥[b] = max |min (db+ Sk, n*),-n*| = db+ Sk (1.25)
[ ( ®) ) ] nk—(m, otherwise,
)db+s{€m

with db = b— by, and where b(;) and Sgcp) are the values taken by b and S¥ at a previous

time, and ¥ is a constant limit. The changes with db of the internal value are stopped
as soon as this limit n* is reached.

The summation of a finite number N of play or stop hysterons leads to a play-type
model (1.26) or a stop-type model (1.27), able to represent the constitutive relations
b(h) or h(b) respectively, having global memory [27]:

N N
b=y fk (P’C (h] (t)) , =Y gt (s’“ (b] (t)) , (1.26,1.27)
k=1 k=1

where f* and gk are memoryless functions.

As noted in [1], these mathematical models can be extended to become vector mod-
els, either by integrating the final output of the scalar models (1.26)-(1.27), along dif-
ferent directions [155], or by vectorization of the elementary scalar operators (1.24)-
(1.25) [138, 156, 153]. An example of dynamic extension of play-type model based on
Bertotti’s decomposition can further be found in [128]. Since there is no direct physical
interpretation behind their derivation, the play-type and stop-type models can only be
identified from a best fitting technique with experimental results, without guarantee
of satisfactory agreement with measurements [3, 152, 154]. It is worth noting that the

=z
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Preisach model can also be represented thanks to a superposition of Prandtl-Ishilinskii
play-type operators [27]. Generally speaking, play-type and stop-type models promise
alighter digital implementation than the Preisach model.

3.3. Notable Experimental Hysteresis Models

A multitude of other hysteresis models without a direct constructive link to the under-
lying physical phenomena but that rely on the fitting of experimental data, have been
proposed over the years. Most notable amongst those are the Loss-Surface Model and
the Zirka-Moroz Models.

The Loss Surface Model, introduced in [43], was initially designed as a purely exper-
imental hysteresis model, built from b(h) cycle measurements on an Epstein frame.
The data related to a material are obtained by use of triangular controlled flux signals
imposed at different rate % and for different maximum amplitudes b. The material
characterization is then carried out by scanning in frequency and amplitude to get the
characteristic surface h(b, 15, %). Then, based on these surfaces, it is possible to recon-
struct, a posteriori, a cycle b(h) from the knowledge of the couples (b, %). However,
this approach does not correctly approximate the hysteresis cycle when minor cycles
are present. An improvement was made in [84], by decomposing the field & to obtain
a static contribution hga(b) and a dynamic contribution hdyn(b, %). A scalar hystere-
sis model is used to obtain the static field hsiat [80]. The surface hayn (b, %) is then
obtained from the measurements by subtracting the static part [144].

The Zirka-Moroz hysteresis model [214, 215] is another model based on direct use of
experimental measurements. The material data needed for this model are experimen-
tal measurements of the static major loop and of first-order reversal curves only. Then,
through the assumption of similarity between the trajectories of major and minor hys-
teresis loops, any second- or higher-order reversal curve can be obtained by trans-
planting (or copying) the segment, or a weighted sum of segments, from the first-order
curves which present the same overall dimensions and are the nearest to the modeled
curve. An extension to take the dynamic excess loss into account is investigated in
[216] with the introduction of a viscosity term.

Nevertheless, since the loss surface or the Zirka-Moroz model have no physical basis
and rely essentially on the direct use of experimental measurements, they may require
substantial material data storage and there is no guarantee that these models provide
satisfactory predictions in situations of field excitations relatively far from the mea-
surement conditions.

3.4. Jiles-Atherton Model

Unlike previous models, Jiles-Atherton’s model is inspired by the physics of the ma-
terial and more particularly on the displacement of magnetic walls [125]. It is con-
structed on the basis of the decomposition of the total magnetization m into two com-



SECTION 3. 33

ponents, one reversible, myy, and the other irreversible, mj;:
M= Myey + Mirr, With Myey = c(Man — Mirr), (1.28)

where c is a parameter between 0 and 1 which reflects the proportion of reversibil-
ity in the wall displacements, and m,y, is the anhysteretic magnetization. The anhys-
teretic curve is often described by the Langevin function, man = mL (%), presented
in Fig. 1.2 (left), where m; and a are two parameters which control the saturation level
and the slope of the curve, respectively. The field k., = h + am, is introduced to ac-
count for the effective field seen by the magnetic domains, by analogy with the molec-
ular field from the Weiss theory (A.18). The parameter «a reflects the coupling between
magnetic domain moments. The irreversible character of the material is given by

AMiyy  Man — Miry . . ( d h)
= , thé = —, 1.29
dh, 5k WO =sien| (1.29)

where k is related to the irreversibility of wall movement, quantifying the importance
of the pinning effect due to the presence of impurities and dislocations which impede
the wall displacements. The number § takes the value +1 according to the direction
of change of h. Other definitions than (1.29) may be adopted [12] in order to avoid a
pathologically negative value for dm‘" After development and derivation of the differ-

ent terms, the following differential equation is obtained

Cdman +(1-0) d My
dm dh, dh,
= , (1.30)
dh 1_acdm a(l — ¢) d My
dh, dh,

from which it is possible to reconstruct the hysteresis cycle m(h) by integration.

The five parameters c, ms, a,a and k must be determined from experimental mea-
surements. While the computer implementation of the Jiles-Atherton model (1.30) is
relatively simple, the derivation of a set of material parameters capable of satisfac-
torily representing a wide variety of excitation types is however not straightforward,
which often leads to inaccurate predictions, especially for complex hysteresis trajec-
tories [11]. Different identification strategies have been investigated, either derived
from global magnetic properties of the b — h diagram [122] or through various opti-
mization techniques by action on the five parameters in order to minimize the gap
between measured and simulated major cycles [10, 8, 150]. Experience has shown that
the model is unable to approximate minor loops with the same parameters as those
deduced from the major loop. In order to get around this issue, it is possible to con-
sider parameters that vary with magnetic field strength [210, 204], but the predictive
skills of the model are questionable. More fundamentally, the Jiles-Atherton model
sometimes results in unrealistic minor loops for which the closure is not guaranteed.
Several model corrections were thus recommended [41, 123, 160, 9, 140], but these at-
tempts rely on artificial and often awkward modifications to make the model stick to
the measurements, with little justification. Moreover, the alleged physical foundations

rd
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of the original model have been criticized in [217]. In particular, the postulated decom-
position of the magnetization in reversible and irreversible parts (1.28) has a doubtful
physical interpretation. Nevertheless, this model remains easy to exploit, with a rela-
tively low cost in computer resources, which certainly explains its huge popularity.

3.5. Bergqvist Model

Bergqvist developed a quasi-static magnetic vector hysteresis model relying strongly
on thermodynamic principles and presenting features in common with both the Jiles-
Atherton and the Preisach models [17]. From the former, it borrows the idea of mod-
eling the domain wall pinning with dry friction force to explain the physical origin of
the hysteresis phenomenon. From the latter, it considers the magnetization as the su-
perposition of the contribution from a large number of pseudo-particles. Based on
thermodynamic principles, the magnetic system is described by means of its Landau
free energy density g; whose local minima correspond to metastable magnetization
states. For each independent particle with magnetization m* constituting the system,
this energy reads

gL = fm*) — yoh-mF, (1.31)

where f(mF) is the associated Helmholtz free energy density assumed to be the sum
of two components

fm") = fnm") + £,m"). (1.32)

The term f,,(m*) is a convex energy function corresponding to the anhysteretic be-
havior. The presence of impurities responsible for the pinning effect of the domain
walls manifests itself through small potential wells in the energy landscape of the sys-
tem. A large number of these impurities introduces a periodic ripple in the energy
expression, denoted by f), (m*) in (1.32). The effect of the ripple is described through a
friction mechanism, which induces hysteresis behavior for each pseudo-particle form-
ing the magnetic sample. This representation shows similarities with stress-strain hys-
teresis models encountered in plasticity with kinematic hardening [148]. At the end,
the total magnetization is obtained by integrating the contributions of each particle.
For a computer implementation, this integration is replaced by a weighted sum. The
model parameters that characterize a material are those that define the shape of the
anhysteretic curve, also with the weight and the friction coefficient associated with
each pseudo-particle.

In addition to being naturally vectorial, the Bergqvist model benefits from the sim-
plicity of the Jiles-Atherton model and, like the Preisach model, is characterized by an
adjustable precision according to the number of pseudo-particles chosen to represent
the magnetic material. Because of its true thermodynamical background, the model is
predisposed to predict magnetic material responses in a more satisfactory way than
with empirical or black-box type models, in particular when exploited outside the
measurement configuration ranges used for the parameter identification. Moreover,
as the magnetization state is based on an energy balance, the stored and dissipated
energy can be calculated at any moment in time, not only at the end of closing hys-
teresis loops.
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Actually, the so-called Energy-Based hysteresis model [103] which is developed in depth
in this thesis is closely related to the Bergqvist model. It has all its advantages and all
its features. Its derivation is the subject of a more detailed presentation in Chapter 2.

The Bergqvist model and the Energy-Based hysteresis model have been further studied
and improved in several subsequent works. Various parameters identification tech-
niques are presented and compared to measurements in [15, 132, 104]. The influence
of temperature on the parameters is investigated in [14, 196]. There are original pro-
posals for model extensions to anisotropic cases [198] or dynamic regime cases [102,
197]. In [145], an improvement of the core loss predictions is achieved by making the
friction coefficient dependent on the magnetic field strength, and the model is finally
integrated into finite element calculations.

Basically, Bergqvist employed an approximation in his model in order to deduce an
explicit magnetization evolution rule instead of minimizing exactly the energy expres-
sion (1.31). This simplification has the effect of transforming his model into a vector
play-type hysteresis model. This easier model approach has been used in almost all
following works related to the Bergqvist model except in [79, 116, 113, 177], where the
minimization problem is effectively tackled. The consequences of this choice will be
discussed in Chapter 3.
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2

Energy-Based Hysteresis Model

The considered model is based on the first and second laws of thermodynam-

ics to represent the hysteretic behavior of ferromagnetic materials. The basic
thermodynamic principles will be particularized to the description of magnetic bod-
ies. The presence of hysteresis complicates the analysis as it is a naturally out-of-
equilibrium phenomenon, where irreversible processes take place, that can only be
studied with non equilibrium thermodynamic features. To progress step by step, the
hysteresis phenomena will be first neglected to derive thermodynamic relations valid
only for systems that are always in equilibrium, for which constitutive laws are exclu-
sively depicted by anhysteretic magnetization curves. The complexity of non equi-
librium thermodynamics will be added later to finally take hysteresis behavior into
account. At the end, the magnetic system is decomposed in an infinite number of
subsystems, each with an irreversible nature of smoothly varying strength, in order to
express the net magnetization of a more realistic composite material as the integral of
every subsystems contributions.

THIS chapter presents the physical origin of the energy-based (EB) hysteresis model.

1. Fundamentals in Thermodynamics

The first law of thermodynamics expresses the conservation of energy. For a generic
system under constant mass density, this principle may be expressed in local form as

it =W —divq, 2.1)

stating that the change in the internal energy #, in watts per unit volume (W/ m?), is
equal to the sum of the rate of work W performed on the system and the amount of
heat flux q transferred to the system'. The rate of magnetic work, in watts per unit
volume (W/m?), is usually expressed as

W=h-b, (2.2)

1 The dot above a symbol stands for a total time derivative.
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where h corresponds to the applied magnetic field, in ampere per meter (A/m), and b
to the magnetic flux density, in tesla (T). The magnetic flux density b is represented
by the sum of the empty space magnetic polarization J° = ygh, with yo the magnetic
permeability of vacuum, and the material magnetic polarization J, from (1.4),

b=J"+]. (2.3)

The energy of empty space associated to J° does not depend on the magnetization of
the material and contributes to increase reversibly the internal energy of the system.
Therefore, focusing only on the relevant magnetic energy contribution involved within
a magnetic media, the work expression (2.2) reduces to

W=h-j. 2.4)

The second law of thermodynamics states that the change in entropy $ of a given sys-
tem comes from the entropy exchanges with the exterior §$*! and the internal entropy
creation §™. The internal entropy production is due to irreversible processes like hys-
teresis and is always a nonnegative contribution. This principle can be written in local
form as

§= %4 = _div(T g + ™,  §M=o0, 2.5)
where T is the absolute temperature. The following divergence identity
divq=gradT- (T"'q) + Tdiv(T'q), (2.6)
is used to combine (2.1) and (2.5) including (2.4) to obtain
i=h-j-gradT-(T"'q)+ T(s-3s"Y), s§=0. @2.7)

Introducing now the Helmholtz free energy density f(J, T), defined as f := u— Ts, and
using the relation f = 1z — T$— sT in (2.7) allows to get after rearranging the terms

T§™=h-J-gradT-(T"'q) - (f +sT) = 0. 2.8)

The relation (2.8) is also known as the Clausius-Duhem inequality. Neglecting spatial
and temporal thermal variations (grad T = 0, T = 0), it reduces to

D=h-j-f=0, (2.9)

where, from the rate of entropy production §™ and temperature T, the dissipation
function D := T$™ is introduced. This positive quantity represents the power density
that is lost and dissipated by irreversible processes, in watts per unit volume (W/m3).

2. Reversible Part - Helmholtz Free Energy and Anhysteretic Curve

In case of a reversible transformation, the system is in thermodynamic equilibrium
with its surroundings throughout the entire process such that there is no energy dissi-
pated (D = 0) and the equality sign holds in (2.9), leading to

of

f=h-, h:a—] "

(2.10)
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Equation (2.10) gives the possibility to derive the system constitutive law h(J) as soon
as f is expressed as a function of its natural variables f(J, T). Indeed, based on (2.10),
one can deduce the variation of the free energy A f associated to reversible transfor-
mations at constant temperature with

Af:fh~d], (2.11)

highlighting that the change in the potential, Af, can be estimated based on a scalar
plot of the material constitutive law linking the magnetization J and the field h. It is
important to recall that this result is only valid when the system is in thermodynamic
equilibrium at each step of the transformation. In this reversible context, there is no
dissipation due to hysteresis and the fields J and h are related by a one-to-one function
that is said to be anhysteretic and that can be expressed, for a given temperature, by
of ] !

6_] (2.12)

J=Jan(h) — h=J1 (), with Jan= [
For an anisotropic material, the vector constitutive law (2.12), as well as the Helmholtz
free energy, varies in function of the field directions. Otherwise, in isotropic condi-
tions, the vector fields J and h are assumed to be parallel, such that (2.12) is restricted

to
h _ af 17!
= h)— — h= 21 = ith ==L
] fanﬂ 0] Ih| jan I 7l wl fan ol
where ., is a scalar-function depending only on the field magnitude. Fig. 2.1 illus-
trates the classical shape of a reversible magnetic polarization curve J = Jy, (h) where
both J and h are in a parallel direction with magnitudes J = [J| and & = |h| respectively.
The variation A f corresponds to the area delimited by the polarization curve and the
J axis.

] ) ) (2.13)

Af

Figure 2.1: Reversible anhysteretic magnetization curve with the Helmholtz free energy.

In the following, the Helmholtz free energy density f is assumed to be only a function
of J since temperature effects are neglected, and the reversible part of the magnetic
field hyey is defined in accordance with the observation (2.10), such that

_or

fzf(Dy fzhrev‘], hrev:— 6] . (2.14)

rd
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Adopting this expression also in the case of non-reversible transformations and intro-
ducing it in the general relation (2.9) give

D=(th-hy)-J=0. (2.15)

3. Irreversible Part - Pinning Force and Hysteresis Dissipation

Developing now the irreversible contribution, magnetic hysteresis is brought into the
model via the dissipation function D. In the studied framework, the dissipation is sup-
posed to be exclusively due to magnetic hysteresis losses that stem from the pinning of
Bloch walls around defects in the ferromagnetic material structure. The pinning effect
that opposes the motion of Bloch walls at microscopic scale can be reasonably repre-
sented by a dry-friction force that acts against to any change in magnetization at the
macroscopic scale, such that the associated dissipative work D, per unit volume, reads

D =x]l, (2.16)

with the introduction of the pinning field x, a material parameter expressed in ampere
per meter (A/m) that corresponds to the magnitude of the frictional force in the me-
chanical analogy. For an isotropic material, the coefficient « is a positive scalar. Some
anisotropy may be introduced by using a symmetric positive definite matrix for x [177],
but this case is not studied in this thesis.

The dissipation function depends on the rate-of-change of the internal variable and
thus be expressed as D = D(j). By analogy with the definition of hyey, an irreversible
magnetic field hj;; is here defined such that

D =hi-J. (2.17)

The quantity D can thus be seen as the power delivered by the magnetic field h;;; as the
magnetic polarization J varies in time. While it might be tempting to write hy, = ;D
from (2.17) to deduce the algebraic expression of hyy, this result is not straightforward
due to the non-differentiability of (2.16) at j = 0. However, since the defined functional
(2.16) is convex, the notion of subgradient [193, 70], a generalization of the concept of
gradient, can be used to write

hi;; € D) (2.18)

where the set is mathematically defined by
0D()) := {hyr € R*: D(y) = D(j) + hirr - (y—J), Yy e R*}, (2.19)
and detailing with (2.16), it can be rewritten under the form

hir, lhiy| <%, ifi=0

oD()) = j o (2.20)

irr = Km s otherwise
This set is called the subdifferential of D at the point J and its elements h;i; € 4D(j)
are subgradients of D at j. This concept is illustrated in Fig. 2.2. The subgradient h;;
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is non-univocally defined at j = 0 since a whole set of possible gradients exists in that
case. It is from this non-univocity that the hysteresis effect originates. On the other
hand, h;; corresponds to the classical gradient definition on the rest of the domain
where the functional D is differentiable.

D(y) —— D(y) =Ixyl
ssrens D(J) + hyy - (y—J) < D(y), Vy € R®
X hj;; = K‘]T‘
D#0) [ W T -
I
I
l
<
Di=0) | - B R
| R e |
| R | o, |
1 1 1
<o j=0 >0 y

Figure 2.2: Illustration of the subgradient concept for the convex function D(J) = |xJ|. This function is non-
differentiable at the origin (J = 0). Several lines can be drawn through the origin and which are everywhere
either touching or below the graph of D(y). The slope of such lines is called a subgradient and it corresponds
to the definition of hj;;. The subdifferential at the origin is then the interval [-«, ], since all | hj.;| < x verifies
the inequality (2.19). At any other point (J # 0), the function D(J) is differentiable. In this situation, the local
tangent line is the only line that passes through the considered point and which remains everywhere on or

below the graph of D(y). Therefore, the subdifferential is the singleton set {Kl%}, such that the value of h;j,
is then equivalent to the classical gradient expression. in this case.

4. Single-Cell Model

The equilibrium equation (2.15) can be rewritten, after factorisation of J, as
(h—hyey —hiry) - J=0. 2.21)

Considering that this should be true for any J, one generally writes that the term in
parentheses must therefore be cancelled, such that

c’if hiyr, |hi | = x, ifj=0

h_hrev_hirr=0 - h-— EaD(D = ] . , (2.22)
o] ir = K—, otherwise

0]
which gives the fundamental relation of the £B Hysteresis Model.

With a more detailed look, one must note that the original equation (2.21) actually
only leads to the much weaker conclusion that (h — hyey — hj;) is always orthogonal to
J. Nevertheless, the stronger statement (2.22) is generally assumed and used to give re-
alistic descriptions for many magnetic materials, regardless of the possible conditions

gl
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behind the passage from (2.21) to (2.22). This questioning also arises in thermome-
chanical frameworks [213] for constitutive models of dissipative materials, where it is
believed that this type of simplification can also be made [105], as it is sufficient to
provide satisfactory descriptions for a wide variety of materials.

The EB Hysteresis Model has a simple mechanical analogy formed by the parallel con-
nection of a spring and a sliding frictional element, as illustrated in Fig. 2.3 (left).

h

rev

%_

b — |

—_— !
h, |

>

1rr

—
J

Figure 2.3: 1D Mechanical analogy (left) and 3D pictorial representation (right) of one cell of the EB Model.

1
1 hrev
1
1

In this one-dimensional (D) representation, the applied force corresponds to the ap-
plied magnetic field h while the elongation mimics the magnetic polarization J of the
material. In this model, the reversible part h;e, and the irreversible part hj;; act re-
spectively as spring force and friction force with their corresponding lumped element.
The friction slider unlocks when the applied field exceeds the threshold «, allowing the
spring to elongate and thus the magnetization to change, impacting on the Helmholtz
free energy f that is stored in the non-linear spring element.

Fig. 2.3 (right) gives another visual three-dimensional (3D) representation of the equa-
tion (2.22). The grey sphere of radius x centred in hy.y is the representation of all the
elements h;j;; of the subdifferential (2.20). While the tip of the applied field h remains
inside the sphere, one has |hj;;| = |h —hy| < x such that the magnetization remains
constant, j = 0, implying that the reversible field h,e, stays unmodified so that the
sphere does not move. This situation illustrates the constancy of the magnetization
at a given value J even if the applied field h is changing. As soon as the extremity of
the vector h reaches the sphere, hy, changes and the sphere moves along with it in
order to verify condition (2.22). In this situation, the magnetization changes, j # 0, and
verifies the evolution law

of J
h—-—-x—=0. 2.23
a (2.23)

Fig. 2.4 displays the relation between magnetization and magnetic field with hysteresis
behaviour in the scalar case, i.e. when the fields are assumed to vary in the same di-
rection. The evolution equation (2.23) simplifies to & = d; f + k respectively along the
ascending (J > 0) and descending (J < 0) branches of the magnetic polarization curve.
Minor loops and first magnetization curve are unrealistic horizontal lines ( J = 0) link-
ing the branches of the major loop.
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hrev Ty —
descending branch descending branch
h=hrev =K\ h=05f —Kk\ A—=

/

> \ascending branch
h=05f+x

7 h

Y‘\ascending branch
h = hrey +x

4 _anhysteretic curve J ~anhysteretic curve
h = hrey h=0 J f

Figure 2.4: Magnetic polarization curve with hysteresis in one spatial direction.

The elementary J—h curve in Fig. 2.4 (right), is non-differentiable at specific angu-
lar points, when there is a brutal change in the derivative 3_1]1 induced by (2.20), at the
moment where the magnetization process switches between a constant (J = 0) and a
varying regime (Jh — hey| = |hj;r| = ). These changes in the derivative occurring at re-
versal or turnaround points are intrinsic of the hysteresis phenomenon and appear in
every hysteresis model description. Such discontinuities are responsible for numeri-
cal problems in hysteresis model implementation. These difficulties and practical so-
lutions leading to efficient computer implementations will be presented in Chapter 3
and Chapter 4.

5. Multi-Cells Model

The single cell model prediction for the major hysteresis loops can already agree with
experimental measurements. However, this is not true for minor loops which are far
from realistic as shown in Fig. 2.4. This highly simplistic behaviour comes from the
fact that the state of the material is only predicted from the net magnetization and
that the considered pinning strength is a single quantity. To give a more realistic pic-
ture, the complex influence of the pinning sites characterized by different and rapidly
varying strengths at the microscopic scale has to be integrated somehow. Because
a complete description of the microscopic structure remains inconceivable, the ap-
proach followed here and already presented in [17, 15, 104] considers that, instead of
a single value «, the pinning field obeys a distribution law to represent better the sta-
tistical distribution of the pinning strengths in the ferromagnetic microstructure. The
idea consists in decomposing the media into independent regions, all subjected to the
magnetic field h, but each with its own pinning strength, x* (1) = Ak, where A is a di-
mensionless value characteristic of the region, which scales the width of the hysteresis
loop. A magnetic moment then belongs to the region associated to the pinning field
k*(A) with a given probability {(1). By definition, the distribution { (1) verifies the nor-
malization condition f;°{(1)dA = 1. The magnetic state of a A-region is defined by a
magnetic polarization J* (1) that is related to a reversible magnetic field h,, (1) by

(2.24)

*(A
J* (1) = {(D)Jan (hzy (D) thev(ﬁ)”a_é(l : ))’

400

4
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where the probability {(1) weights the constitutive law to balance the relative impor-
tance of the A-region contribution. The associated free-energy density stored in the
A-region, f*(J*(A)), can be expressed in terms of the known free-energy function f(J),
deducing the weighted relation

*(A
f*(I*(/l))=((A)f(] ( )),

)
such that f*(J* (1)) = h%,, (1) -J* (A). Likewise, a region-dependent dissipation function

rev

D*(A) with a related irreversible field h*_(A) is introduced

r

(2.25)

D*(A) = [x*WT* D] =h (L) - T* (), (2.26)

rr

such that, in each A-subsystem, the energy conservation (2.9) writes
D*() =h-J*W) - f*0* (V) (2.27)
or, after factorizing J* (1) as in (2.21), one deduces

(A= By, ()~ B, D) F* D =o0. (2.28)
As the state variables J* (1) are arbitrary, the expression between the parentheses must
vanish. Therefore, each of the A-region is governed by a fundamental evolution law
similar to (2.22),

h-h/,,(A)-h (1) =0

rev irr
sh-—— €aD*(J* () = . LT o (2.29)
2 h; (1) =x"(1) Tl otherwise

In this simplified approach, it is supposed that the pseudo-regions are all independent
of one another such that the equations (2.29) can be handeld separately in each A-
region, for a given magnetic field h. In addition with (2.24), the model is thus perfectly
defined at the mesocopic scale. Finally, all the region-dependent quantities have to
be averaged out into the homogenized macroscopic quantities. There are at least two
ways to homogenize the model in order to bring the information up to the macroscopic
scale.

5.1. Homogenization of the Energy Balance

In this strategy, the total homogenized magnetic polarization is expressed as the sum
of all contributions from an infinite number of A-regions

J= /0 J* (M) dA = fo {)Jan (he, (V) dA. (2.30)

Integrating (2.28) over all A, allows to get the homogenized energy balance

hj= fo (hyey (1) -T* (1)) dA + fo (hji; (1) -T* (1) dA, (2.31)
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where the first and second integrals correspond to the homogenized quantities of the
rate-of-change of the Helmholtz free energy density and the dissipation function, re-
spectively. The former integral may also be expressed with

J ()
40))

fo (hie, (D) -J* (V) dA =f0 f*J da =f0 (()L)f( )d/l = E(f). (2.32)
The global equilibrium (2.31) is verified exactly provided the local equations (2.29) are
resolved.

This homogenization technique, that remains in accordance with the energy balance
and defines the net magnetization as an infinite sum of elementary contributions, rep-
resents the most natural way to express the EB model at macroscopic scale. Moreover,
to the author knowledge, all the EB hysteresis model studied in the literature rely ex-
clusively on this way of homogenizing.

5.2. Homogenization of the Magnetic Field

It is worth mentioning an interesting alternative homogenization method based, this
time, on the averaging of the magnetic fields. According to this approach, the ho-
mogenized reversible and irreversible magnetic fields are simply defined by taking the
weighted average from every A-component

hrey := fo (Wb, (MdA,  hiy = fo {(Mhj (M)dA. (2.33,2.34)

The anhysteretic one-to-one relation between the homogenized quantities J and hyey
is no more guaranteed from the postulates (2.30) and (2.33). Therefore, from (2.33),
it is possible to investigate an alternative macroscopic vector J directly linked through
the anhysteretic function law to the averaged quantity hyey by

i = ]an (hrev) = ]an (j(; c(/l)h;kev (/1) da ’ (2.35)

where the symbol ~ is used to distinguish this definition from the previous homoge-
nized value J, obtained by the other homogenization strategy (2.30). Actually, compar-
ing both expressions (2.30) and (2.35), it appears that only the position of the applica-
tion of the anhysteretic function, that is either inside or outside the integral operator,
differs between these two definitions.

Exploiting these new homogenized values hyey, hj;r and J,a thermodynamic balance in
the same idea as (2.31), can also be expressed at the macroscopic level with

h'izhrev’i"'hirr'iy (2.36)
which is also satisfied as soon as all the local energy balances (2.29) are equilibrated.

The first and second terms of the right hand side in (2.36) can be assimilated to a vari-
ation of Helmholtz free energy density and to a dissipation function respectively. For

4
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the former, this may seem to be a proper way to homogenize the rate-of-change of the
Helmbholtz energy, with

hrey J=Tan (1) T =7 (1) = %m, (2.37)
having regard to the definition of J (2.35) and (2.14), although the value obtained for
(f) is then obviously slightly different from the one defined for (f) in (2.32). On the
other hand, the last term in (2.36) is a rather artificial term of dissipation. There is
actually no real sense to consider a globally averaged irreversible magnetic field in
the dissipation description. As a result, the equation (2.36) only reflects, at the end,
a pseudo balance of energies involving unnatural global terms, that only tend to ap-
proximate the more appropriate homogenized energy definitions proposed with the
general thermodynamic balance in (2.31).

This illustrates the paradox of choosing one or the other homogenization strategy, that
cannot escape some form of approximation at some point. Thus, by making the choice
to preserve the characteristics of the anhysteretic law at the macroscopic scale with
(2.35), the homogenization continuity is necessarily accompanied by a loss of repre-
sentability of the thermodynamic balance for the macroscopic scale.

Therefore, since, as its name indicates, the emphasis is mainly on energy, the choice
of a homogenization based on the energy balance is preferentially used in practice for
the EB hysteresis model. However, homogenization by the magnetic field must not be
neglected for the cause. Indeed, it will be shown that it also has a role to play in the
model parameter identification strategy discussed in Chapter 6.
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3

Discrete Energy-Based Hysteresis
Model Implementations

numerical implementations of the energy-based (EB) hysteresis model, all driven

by the magnetic field h. The first one, which is similar to a Vector Play Model, is
rigorous in the one-dimensional (1D) case but contains a small approximation when
used in two-dimensional (2D) or three-dimensional (3D) cases. The second imple-
mentation, of the variational approach type, has been undertaken more recently. It is
based on a visco-plasticity model in solid mechanics and avoids the approximation
mentioned above. Finally, an original third approach, called differential approach,
is implemented and consists in directly solving the non-linear differential equation
which reflects the energy balance of the ferromagnetic material, without minimizing
an energy functional. The latter approach exploits the fact that the solution of the
equation is necessarily located on a circle (in 2D) or a sphere (in 3D) in the space of the
variables that define the state of magnetization, when it changes. These three imple-
mentations are then verified with illustrative examples and intensely compared with
respect to each other on the basis of efficiency and accuracy.

3 FTER discretization of the pinning field distribution, this chapter introduces three

1. Discretization

For numerical implementations, the continuous distribution {(A) is approximated by
a mixture of N types of pseudo-particles. It is obtained by partitioning the A range into
N parts, A° =0 < A <--- < AN"1 < AN = o0, each part, k = 1,..., N, being associated
with a specific weight, w¥, and a distinct pinning strength, k¥, given respectively by

Ak
e f (MK (D dA
k k-1

k= (Ndr, xk=24 - ) 3.1,3.2)
/‘kal w

47 4
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Therefore, the integrals from the previous chapter are replaced by sums and the ho-
mogenization relation (2.30) becomes

ok k k
J=3 7=} 0" [0k, (3.3)
k=1 k=1
with J¥ and hfev, the magnetic polarization and the reversible magnetic field of region
k, respectively. The global energy balance (2.31), in this discretized context, becomes

N . N .
h-j:l;hfev.lk+l;h§r~lk, (3.4)
=1 =1

with hi’;r, the irreversible magnetic field of region k. In the mechanical analogy, this

comes down to connecting in series N cells like Fig. 2.3 (left) resulting in Fig. 3.1.

N N-1 2
hrev hrev hrev
hrlev

1 1 1 1 i h
1 1 1 1 1
—_— 1 1 1 —_— 1 1
1 1 1 1 1
1 hf;[r 1 hijl\‘[r_l 1 1 hizrr 1 1
x — — 1 1% - . 1 >
D J J L
1 1
! J=yJ* !

Figure 3.1: Mechanical analogy of the hysteresis model with N cells.

Like previously, the individual cell energy balances can be solved separately, such that
each region k is governed by an analogue of the local fundamental evolution law (2.29)
of the EB hysteresis model

h-hk, -hf =0, (3.5)
each characterized by a specific pinning strength x*, one of them, e.g. k = 1, being
zero, k! = 0, in order to incorporate local reversibility. The reversible magnetization
h%ev associated with this fraction represents the bending of the Bloch walls. Pursuing
the analogy with the continuous case, the N subsystems have their own free-energy
density f*(J%) and dissipation function D*(J¥) , likewise (2.25) and (2.26) after substi-
tuting ¢ (1) with w* and x* (1) with x*. Eventually, the £B hysteresis model (3.5) can be

expressed in terms of J¥

ofk hi,, I <« itk =0
h- = eaDFgk) = % ) (3.6)
ayk k gy k L otherwise

irr P

7%
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The output induction field b of the EB Hysteresis model is represented as a sum of the
empty space magnetic polarization J°, and the total material magnetic polarization J

N N
b=10+]=poh+ Y J¥=poh+ Y. 0 Tan (f,) . 3.7)
k=1 k=1

Three implementations of the hysteresis model are considered hereafter. The first one
is an approximate explicit solution of the non-linear differential equation in terms of
hfev. The second one exploits a variational formulation of (3.6) in function of J¥, de-
rived from the theory of plasticity, to deduce the exact solution from an optimization
problem. Finally, the third one solves the non-linear equation implicitly, expressed in
terms of hfev, to provide an alternative exact resolution method. These three imple-
mentations are called: the Vector Play Model, the variational approach and the differ-
ential approach, respectively. They are presented in more detail in the three following
dedicated sections.

For their numerical implementation, the update equations have to be discretized in
time. Accordingly, the vector quantities J* for the variational approach or hfev for the
two other ones must be recorded in each pinning domain, k = 1,..., N, to account for
the memory effect at a given time step. In the following, the subscript (p) is used to de-
note a saved value from the previous time instant so that the derivative of an arbitrary
quantity X is approximated by (x — x(p))/At, with At the time increment between two
time steps.

2. Simplified Differential Approach - Vector Play Model

The resolution of the differential equation in terms of hfev, for given k, is not straight-

forward, namely because the direction of the irreversible field hi’;r =h- hfev from (3.5)
depends on the unknown vector hfev. The unit vector indicating the direction of the
irreversible field is indeed

k k
e _ hirr _ h- hrev (3.8)
h.k - ko k . .
r |h11‘1’| |h - hrevl

Therefore, a simplification already presented in [104] has been considered as a first
approach where it is assumed that hE is parallel to h— h* instead of h—hk, (see

irr rev(p) Tev
Fig. 3.2), with hfev( , the value of hfev at the previous time instant, such that the unit

vector of the irreversible fields (3.8) can now be expressed based only on known vector

quantities h and hfev( )

h-ht
ey x —— (3.9)

irr = k ’
lh— hrev(p) |

Using this simplification (3.9) in the differential equation (3.6) expressed in terms of

hfev allows to derive an approximate solution that verifies the following explicit update

Ve




50 CHAPTER 3.

rule
hfev(p)’ iffh— hrev(p)|SKk’
T S O AT
lh— hreV(p)l,

turning the hysteresis model into a Vector Play Model (vpm) where the whole imple-
mentation of the hysteresis delay relies on the conditional statement, similar to (1.24).
k | = k¥ when h

ire rev # 0, but with

hllir pointing in the appr0x1mated direction (3.9). Actually, the assumed parallelism

between hlkrr and h-— hrev(p), can be expressed as follows

By construction, the vpm approach (3.10) ensures |h;

h* ~rh-hf

irr rev(p) ) ’

(3.11)

~hX_ — AR due to the

rev(p) Tev rev
time discretization and as hkr =h- hreV from (3.5), the relation (3.11) can be rewritten
as

with r a positive constant scalar value. Moreover, as h*

k
h{ ~ l—AthreV (3.12)
This new link of proportlonahty shows that with the approximation (3.9), hy . is sup-

posed parallel to hrev instead of ]’C Asa consequence, the explicit rule (3.10) is theoret-

ically exact only for situations where yk =7/ hrev, with ' a coefficient of proportionality.
Therefore, this is valid for unidirectional and purely rotational hysteresis problems, or
in situations where J* depends linearly on hreV In other cases, the vpm approach re-
mains an approximation that can introduce a small error [113], that does not reduce
even if the increment of h between two time steps tends to zero [177].

Figure 3.2: Illustration of the vpm approach when bfev = 0 (left) and hfev # 0 (right).

From the known values h¥ corresponding to the magnetic state ]fp) at time ¢ — At,

rev(p)
the explicit rule (3.10) determines the new values hreV after a slight field change to a
new value h at time ¢. The induction field b deduced from the vpm approach for the
current instant ¢ is obtained with

b=2""(h, hrev(p)) = oh + Z w ]an (@/ (h, hrev(p))) . (3.13)

This constitutes a direct, explicit, implementation of the EB hysteresis model.
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3. Variational Approach - Functional Minimization

The second approach investigated in [79] and used in [116, 113], consists in solving
exactly the non-linear equations (3.6) in terms of J* through a variational formulation
inspired from the theory of plasticity, due to the similarity between the magnetic hys-
teresis model and the stress-strain model with kinematic hardening of Saint-Venant
[179], the fields h and J* being analoguous to the stress and strain tensors respectively.
The idea consists in building for each cell a functional QF of the state variable J* such
that the evolution of the magnetic polarization J* can only proceed in the sense of min-
imizing these functionals QF. Each of them is determined in two steps. First, for each
cell k, the Landau free energy gf (h,J%), that is linked to the Helmholtz potential f* by

gkmI%) = F5 gk -n-J*, (3.14)
is introduced, and one verifies that

ogk k ogr
8L_Of" . . %8L_ (3.15)
) LG L 6h

Second, due to a disagreement between the natural argument of the dissipation func-
tion D*, i.e. J¥, and the desired functional QF that should be a function of J¥, it is
convenient to define pseudo-potentials, i.e. alternative dissipation functions,

DR IE,) = E =I5, (3.16)

expressed in joule per unit volume (J/ m?), whose related subgradients,

k k k sevk _ gk
hirr’ hirr|SK ’ lfl _I(p)
Rk pk yk k _yk
0y D™(J Jp) =Y B k] I(p) o (3.17)
e =K = otherwise

correspond to discrete approximations of the subdifferentials of oDk (J%), like with (2.20).
These functions are now expressed in terms of the magnetic polarization field J¥, as
desired, with, as additional argument, the value from the previous time step ]{“p), that
contains the magnetic history of the material response. Thanks to (3.14) and (3.16),
the problem (3.6) can be restated as

6% (s +5*) =o, (3.18)

that results in the functional to minimize:
QF (035,38, = gf (0,1 + D* (X0, . (3.19)

It is worth noting that the functional (3.19) has the unit of an energy density (J/m?)
while its gradient with respect to ]k (3.18) has the unit of a magnetic field (A/m). The
typical shape of a functional QF is illustrated in Fig. 3.3. It consists of a strictly convex

Z
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function with the presence of an angulous point in pr). The updated values J¥, at each

time step, follow from minimizing separately each independent Q¥

J¥ = 75 0,35,) = argminQF (0,1 3F, ). (3.20)
]k
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Figure 3.3: Illustration of the var approach when fk =0 (left) andfk # 0 (right).

At the end, the so-called variational approach (var) computes the magnetic induction
field b, knowing the magnetic field h and the state variables from the previous instant

]{“p) with

N
b=2""(hJ{,) = poh+ Y #*MmIE,). 3.21)
k=1

It is important to mention that the minimization procedure should in reality only be
carried out when the magnetization of a cell is about to change, i.e. when J¥ £ 0, and

that a new magnetization state J* has to be calculated. Therefore, when |h — hfev(p)l <
x¥, a condition for which magnetization is frozen, it is known that the magnetization

value of minimum energy is necessarily J* = ]{Cp), and this can be exploited without
any additional computational effort being required. On the other hand, as soon as
|h— hfev(p)l > x¥, the minimum of the energy functional moves towards another point

that must be determined through the resolution of an optimization problem (3.20) in
order to update accordingly the cell state.

The minimization of the functional can be performed using a collection of different
techniques for the descent direction and the step size selections.

As a matter of fact, the followed descent direction updated at each iteration can either
be along the steepest descent (sd) or along a conjugate gradient (cg) direction. The
former is based only on the local gradient of the functional while the latter builds the
new direction from the knowledge of the previous ones, thanks to the nonlinear con-
jugate gradient algorithm by Polak and Ribiere described in [172] (pp. 120-122). For a
given time step of a simulation, an example of functional minimization accomplished
by both of these descent strategies is shown on Fig. 3.4 and Fig. 3.5, respectively. It
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appears through this example that the cg method approaches much more quickly the
solution Jmin than the sd method. The latter may require many iterations to converge
to the minimum of the potential, especially if the curvature changes significantly in
different directions, as seen in this example.

Minimization with the sd method of a functional Q(J), knowing h and Jp)
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Figure 3.4: Example of a functional minimization at a given time step using a steepest descent algorithm.
Jiitr,1s1 indicates the point obtained at iteration I, after a line search of L steps. Jmin) represents the solu-
tion. B4 indicates the steepest descent direction, here followed at iteration I = 8. The process requires a lot
of direction search steps and converges rather slowly to Jnin) = (0.68,0.41)(T).

Moreover, concerning the step length selection, a line search needs to be applied in or-
der to identify an approximate minimum of the nonlinear functional along the search
direction. Here, three line search methods are considered. The first one, referred to
as naive (naive), consists simply in dividing by two the step length at each line search
iteration until the functional becomes smaller than the current value, which is ensured
to happen given the convexity of the functional (see Fig. 3.6 (left)). The second method
(wolfe (wolfe)) probes the functional at different subsequent step lengths in the search
direction, until satisfying the strong Wolfe conditions [172]. The functional verifies
thus, at the end, a sufficient decrease condition combined with a curvature condition
such that the updated slope becomes slightly larger than initially, without being too
positive. The wolfe conditions lead therefore to a point in a region not far from the sta-
tionary point (see Fig. 3.6 (right)). The last studied technique (brent (brent)) relies on
Brent’s method [34] to find the step length that minimizes exactly the functional in the
search direction. This algorithm minimizes a function of one variable without use of
derivatives, based on a smart combination of inverse parabolic interpolation and im-
proved bisection methods. The brent method is thus very robust but also more costly
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Minimization with the ¢g method of a functional Q(J), knowing h and J )
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Figure 3.5: Example of a functional minimization at a given time step using a conjugate gradient algo-
rithm. 1,151 indicates the point obtained at iteration I, after a line search of L steps. Jmin) repre-
sents the solution. fcg indicates the conjugate gradient direction, here followed at iteration I = 4. Com-
pared to the sd method applied in the same condition in Fig. 3.4, the cg process converges more directly to
Jmin) = (0.68,0.41)(T).

compared to the naive or the wolfe techniques as it converges to the exact minimum
rather than an approximation that may be sufficient to continue to the next direction
search iteration. In the example of Fig. 3.6, the brent method allows hence to find the
step length that gives the true minimum of the functional profile in the direction stud-
ied.

Eventually, six var approach derivations are considered resulting from the combina-
tion of each direction choice (sd or cg) with each line search technique (naive, wolfe or
brent).

The choice of the starting point I(’)C in the minimization procedure also affects greatly
the performance of the algorithms. A natural choice is to start the minimization of
the functional from the previous time step magnetization state ]g = ]{Cp). This choice
is however not the most judicious since this point corresponds precisely to an angular
point in the energy functional, as illustrated in Fig. 3.3, which is clearly not ideal for
gradient-based descent search methods such as the sd and the cg methods. Neverthe-
less, once passed the first iteration by following an initial approximated descent direc-
tion, the algorithms can then continue their routine in a more conventional way since
the gradient is defined everywhere else. Besides this, a second, more effective starting
choice consists to take the result of the vpm approach, to initiate the algorithms with
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Naive Line Search Line Search satisfying Wolfe Conditions
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Figure 3.6: Example of Line Search techniques applied at a given time step, for a given descent direction.
The potential profile is shown as a function of the step length in the current descent direction. The notation
(itl,IsL) indicates the iteration number I of the direction search algorithm, which is at I = 4 here, and the
step number L of the line search process used in this same direction. From the current position (it4,1s0), a
naive line search technique (left) tries to find a step length that allows simply to reduce the functional value.
After a first guess at (it4,Is1), that is possibly taken too far, successive steps are then tested by dividing by
two the step length until the corresponding functional value becomes smaller than that of (it4, Is0), which
happens for (it4,1s4) in this example (left). A line search for a step length satisfying the wolfe conditions
(right) requires in addition that the slope of the functional lies between minimal and maximal limits in order
to come closer to the functional minimizer associated to the current direction. In these conditions, (it4,1s4)
is no more valid, such that the line search continues and ends at (it4, Is5), approaching more the stationary
point of the considered direction in this example (right). Note that the search for a step satisfying the wolfe
criteria may sometimes require more advanced probing mechanisms than a simple division by two between
two successive stages, although that is sufficient for the naive research given the convexity of the energy
functional.

1’5 = I{“U o) = @ Yan (% k (h,hfev( p))), given that it constitutes a fast to compute, good ini-
tial approximation of the minimum location. Naturally, the better the initial estimate,

the faster the algorithm converges.

The minimization algorithms are supposed to have converged to the solution as soon
as the gradient norm of the functional at the current iteration is smaller than an abso-
lute tolerance fixed at € = 1071} A/m. However, in practice, this academic level of ac-
curacy is difficult to reach due to limitation in the number representation using finite-
precision arithmetic. Indeed, the line search becomes irrelevant when the step size
becomes too small and has no impact on the significant digits of the functional value.
Actually, for conventional test cases and more particularly for the examples considered
in Chapter 3-Section 5, it can be shown that a modification of the functional value in
the order of the machine epsilon, that is the minimal sensitivity for the number rep-
resentation of the functional, corresponds to a deviation of the solution point J* of
about 1078 T in average, so that it is difficult in view of round-off error to get a bet-
ter precision than that to the optimal solution. A visualization of this phenomenon
encountered during a functional minimization procedure is shown in Fig. 3.7. The
numerical pollution manifests clearly with the introduction of parasitic oscillations in

’d
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the energy landscape, appearing already for sensitivity scales in the order of 1078 T for
J¥. The precision loss is therefore a real limiting factor for the var approach accuracy.
In order to avoid or limit this undesirable effect, as soon as the step size becomes too
small during the search process, the functional is approximated around the current
iteration point value by a second-order Taylor polynomial, from which the minimum
is thus directly known and can be used as a new starting point for the next direction
search iteration if the stop criterion is still not satisfied. Eventually, when the loss of
significance is detected, the algorithm is stopped prematurely.
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Minimization of a functional Q(J), knowing h and J )
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Figure 3.7: Example of numerical loss of significance effect occurring during a functional minimization
at a given time step using a sd algorithm. (top): Jj, 151y indicates the point obtained at iteration I, after
a line search of L steps. Jnin) = (0.08,-0.03)(T) represents the solution. Bgq indicates the sd direction,
here followed at iteration I = 19. (bottow left): Energy profiles in function of the search angle 8 are drawn
for concentric circles centered on Jjt1g 1s1) (see top) with increasingly larger radii, up to = 2.7 x 10787 (in
red), which corresponds to the distance between the value J(it18,1s1) and the next iterate J(it19,1s1), that
is very close to the solution Jmin). (bottow right): Energy profile along the steepest descent direction, in
function of the step length s, from J(it18,1s1), also denoted by J(it19, Is0), towards J(it19,Is1), associated to
a step length s =~ 0.012, which coincides hence with a jump of = 2.7 x 1078 T. In (top), the contour lines are
non-smooth and show very tiny suspitious variations. In (bottow left) and (bottow right), energy profiles
fluctuate between very low values, in the orders of 10713 and 10714 I/m3, which start to become close to
the epsilon machine precision. They are characterized by high frequency digital noise which complicates
the continuation of the optimization process. In (bottow right), the line search can be facilitated thanks
to a second-order Taylor approximation of the one-dimensional function that smoothes out the parasitic
fluctuations. The step length that minimizes the Taylor approximation can then be deduced analytically.
This strategy works up to a certain point beyond which the energy sensitivity deteriorates such that there is
no longer any hope to continue the minimization.
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4. Full Differential Approach - Angle Searching

The full differential approach aims to solve the non-linear equation (3.6) in terms of
hfev implicitly without any additional approximation other than the time discretiza-

tion. First, notice that at each time point instant, the solution of (3.6) is 7k = ]fp), i.e.
ht, = hfev(p), if |h - hfev(p)l < «k. If this inequality is not verified, the resulting h¥,,

should necessarily ensure |h - hfevl = x¥ such that the solution lies on the surface of
a sphere of radius x* centered in h. For 2D problems in particular, as illustrated by

Fig. 3.8, the tip of the solution hfev is somewhere on a circle and one establishes

hf, (@) =h-« e (@), 3.22)
with

ek (ak) = (cos ak,sin ak), (3.23)

irr

a unit vector in the direction of the irreversible magnetic field, i.e. angle a inthe e x-€y
plane. For a 3D problem, the direction is determined by two angles but this case is not
discussed further.

k
hyey

Figure 3.8: Illustration of the diff approach when i]lrcev = 0 (left) and il]fev # 0 (right).

Therefore, the problem now reduces to finding the angle a* ensuring that the direc-
t_ion of the irreversible field (3.23) is parallel to the time derivative of the polarization
J¥. For its numerical implementation, this unit direction is approximated after time
discretization by,

Y k k
e = JE Jan(rer) ~Jan (hrey ) (3.24)

k P ’
J |]k| Jan (hll‘cev) —Jan (hfev(p))

since the one-to-one relations J* = w*J,,(hX,) are always valid and the weights w*
with the time increments At cancel in the ratio in (3.24). Substituting (3.22) in (3.24)
highlights the dependence of €l in terms of the angle a*

]an (h B Kkehilf—r (ak)) B ]an (hl{cEV(p))

e (@)= (3.25)

Jan (h_’(keh." (“k)) _Ian(hfev(p)) '

T
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The parallelism, and thus the equality, between the unit vectors e, x (3.23) and €

irr

(3.25) is ensured if a* verifies

e(@’) xeyr (@) =0

irr

—  epla®) =ey (@), (3.26)

or, using the notation AJF(aF) = wk]an (h— Kkeh!c (ak)) w ]an (h the vector re-

rev(p))’
lation (3.26) is guaranteed, for 2D cases, as soon as the following ak -dependent scalar
function &% (a¥) cancels

7¥ (@b = (0¥ (a") e sina - (A1¥(ab) e, ) cos a*. (3.27)

Note that #*(a¥), as well as AJ*(a¥), are also functions of the vector quantities h and

hfev(p), but this dependence is not reported in the function’s arguments for the sake of

brevity here. In summary, in the case when |h — hrev(p)l > «¥, for given h and h¥

rev(p)’
the problem consists in finding the root a¥ for which #*(aX,h, hfev(p)) = 0. This can
be solved with a one-dimensional bracketing root ﬁndlng method. Once the correct
angles a* are found, the corresponding updated states hreV are easily computed with

(3.22). Therefore, the update law of the differential approach (diff) writes for each cell

k k
hrev 7 rev (h, h

Rk (3.28)
h- Kkehk (alf), otherwise

irr

hfev(p), iflh—hfev(p)l <xk,
rev(p)) =

where ak is such that yk(ak h, hfev(p)) 0, which ensures that ek (a ) = € (a ), with
1T

the vector identity (3.26). The induction field b is then calculated by

N
b= (hhy ) = poh+ Y. @ Tan (75, (h, b

) (3.29)
= rev rev(p) )

An example of cell-update performed by the differential approach for a time step where
lh— hrev(p)l > x¥ is shown in Fig. 3.9. Actually, the function .#* (a¥) is preferably writ-

ten in terms of the angle B*, also visible in Fig. 3.8, which corresponds simply to the
angle indicating the opposite searched direction of the irreversible field, such that
a* = BF 4+ . The shape of the function .#¥ (8¥ + 1) is represented in Fig. 3.9 (right). The
direction angle B that cancels .#* can be found thanks to a one-dimensional brack-
eting root finding brent algorithm Asa starting bracketing interval for the algorithm,
one can give the angles g~ = g& vpm ﬁA and ,Bb ,vam + ,BZ, with

h* -h|-e, k
ﬁ]lipm = atan ((rkev(p)—)) , ﬁg =acos (K—) (3.30, 3.31)
(hrev(p) h) "€x hrev(p) h|

where ﬁv pm is the angle associated to the direction given by the vpm approach. The
brent algorithm finds then subsequent smaller intervals until the searched angle root

’d
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is known to lie within a sufficiently narrow region. In the numerical tests presented
in the following section, a strong stopping criterion is adopted such that the value re-
turned is ensured to be as close as 107! rad to the exact angle. It can be observed
that, in this example, the angle ¥ that cancels .#* does not correspond to the initial
approximation angle ﬁﬁpm.

Differential Approach Update Function &% (ak) = 5k (ﬁk +7)
%
R @
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Figure 3.9: Example of a diff approach update at a time step where Ih—hfev(p) | >x* defy), with ﬁ’,f satisfying

the cancellation of the function yk(ak) with ak = ,Bk + 7 (right).

5. Numerical Comparison

This section aims to present the behavior of the different implementations of the EB
Hysteresis Model and to compare them numerically using illustrative examples. The
simulations with the vpm, the var and the diff approaches, are quantitatively com-
pared in terms of speed and accuracy.

For speed comparison, the ratio of central processing unit (CPU) times with respect to
the vpm approach time is used as indicator. The vpm approach is taken as reference
because it is obviously the fastest one since the result at each time step is immediate
and requires no optimization process. Furthermore, attention is paid to the mean and
maximum number of direction search iterations per cell per time step (s) for the var
and diff approaches. More particularly for the var approach, the mean and maximal
number of line search steps per direction search iteration is also recorded.

In order to quantify the accuracy between each approach, a root mean square devi-
ation norm (RMSDN) between the model output field and a reference field is intro-
duced. This factor is calculated as follows. At each time point of a simulation ¢, = nAt,
and n =1,..., N;; the model, either using (3.13), (3.21) or (3.29), produces an induction
field vector b(t,) = (bx,n, by,n, bz,n). At the end of the simulation, for each component
i = x,¥,%, of b, one can evaluate a root mean square deviation (RMSD); by taking the
root of the average of the squared difference between the i-th component of the out-
put field b; ,, and a reference field bferfl over all the N; time steps of the simulation. One
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has mathematically,

N;

1 02
(RMSD); = Eﬂ;(bi,n—bfn) Vi=1x,y,z. (3.32)

The RMSDN, expressed in tesla (T), is then defined by taking the I%-norm of the vector
made by these three components (3.32). The output produced by the diff approach is
chosen as the reference field for the definition of the RMSDN because it does not rely
on an approximation like for the vpm approach and because unlike the var approach,
there is no additional line search method within each direction search iteration that
could reduce the reachable numerical precision, as already mentioned previously.

These useful comparison tools are exploited in the following with different illustrative
simulation cases, where the various model approaches are fed by input fields h of in-
creasing complexity, from unidirectional to rotational field excitations of increasing
amplitudes.

Concerning the model parameters selection, the anhysteretic saturation law is approx-
imated by a hyperbolic tangent function, asin [17, 177, 79],

Jan() = Ja tanh(i) , (3.33)
ha
with J, the saturation magnetic polarization in tesla (T), and &, a parameter, expressed
in ampere per meter (A/m), that affects the initial slope of the curve. Other functions
than (3.33) able to represent the saturation law could be used as well [103]. For exam-
ple, the Langevin function J,(x) = ]a(coth(x/ ha) — (hg! x)) is another suitable curve,
popular because it can fit quite remarkably measurements [103, 102, 2], and it has a
physical origin from theory of magnetic dipole orientations. Practically, the function
can also be deduced from interpolation between measured database points [15, 177].
Nevertheless, the choice of the expression (3.33) is motivated here because it presents
the advantage to be analytically invertible, allowing to derive analytical expressions
for the reversible field and the Helmholtz free energy. Assuming furthermore isotropic
material, the vector generalization of the saturation law reads
X
Jan(®) = Jan (IX1) —,

(3.34)
x|

where [x| denotes the magnitude of the input vector field x. The same parameters as
in previous works [79, 116, 113], J, = 1.22T and h, = 65A/m, with a 3-cell discretized
representation of the pinning effect [w! =0.1;x1 = 0A/m][w? = 0.65;x% = 16 A/m][w? =
0.25;x3 = 47A/m], deduced from a fitting on a standard non-oriented electrical steel
grade M250-50A are picked up again here.

5.1. Unidirectional Excitation Field Source

First, the model is excited through h(#) = (hpaxsin (27 f£),0,0) where hpax = 150A/m
is the amplitude, and f the frequency, make that the latter has no impact on the result

4
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due to the rate-independence of the hysteresis model. The problem stated in the diff
and var approaches have a direct analytical solution that corresponds to the vpm result
as the latter does not introduce any approximation in this one-dimensional configura-
tion. Still, this test case remains fruitful to analyze the minimization and root finding
algorithms involved in the var and diff approaches. Starting from the demagnetized
state b(0) = 0 with J¥(0) = 0 and hfeV(O) =0, Vk, the simulation is performed on two
periods, each of them including 200 ts. The last period of the simulation is shown in
Fig. 3.10 (left), where the main hysteresis loop by — hy is visible.

1.5 x

0.5
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-1.5 t t t t t d -1.5 t t t t t >
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Figure 3.10: Unidirectional (left) and Multi-harmonic (right) excitations with the three implementations of
a 3-cell EB hysteresis model.

As expected, the three approaches provide the same output field b in this simple case.
The two branches of the major loop correspond approximately to the anhysteretic
curve horizontally shifted over +h, = Zwkkk , that is h; = 22.43A/m in this example,
in agreement with Fig. 2.4 (right) but complicated in addition with the action of three
weighted cells, even if the multi-cell aspect is not much visible here on the main loop
of Fig. 3.10 (left). The total polarization field already comes close to its maximal value
of J,=1.22T for | hy| = 150A/m.

Table 3.1 gathers all the information to compare the different simulated approaches.
As can be seen, besides the vpm and diff approaches, the var approach is declined with
the variety of possible techniques combinations discussed in Chapter 3-Section 3. The
six var approach derivations result from the composition of each direction choice (sd
or cg) with each line search technique (naive, wolfe or brent). Moreover, a first set of
six var approach versions is obtained by choosing as initial point for the minimization

the value from the previous time step I(’)C = ]{‘p), while the second set of var approach

variants takes the result from the vpm approach as starting point ](’)C = ]g‘upm), since it
offers in general a rather good initial guess, readily accessible to begin the minimiza-
tion. The comparative tools mentioned in the preamble of this section are all listed in
Table 3.1, for each approach. The ratio of computational times with respect to the vpm
approach time is reported in the second column. The third column gives the mean
and maximal number of direction search iterations per cell per zs. The fourth column,
that is only relevant for the var approaches, displays the mean and maximal number of
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Table 3.1: Direct model using 3 cells - Unidirectional Excitation.

CPU time ratio iter / cell / ts line search / iter =~ RMSDN (T)

approach (vpm as ref.) mean (max) mean (max) (diff as ref.)

vpm 1.0 1.00 (1) - 1.6-10716
diff 8.6 2.58 (3) - 0.0
var-sd-naive 79.1 13.25 (21) 2.05 (11) 7.7-10716
var-sd-wolfe 97.6 15.05 (81) 2.09 (11) 1.6-10714
var-sd-brent 54.7 3.43 (4) 5.04 (16) 1.2-10714
var-cg-naive 109.3 24.68 (48) 1.53 (11) 7.6-10716
var-cg-wolfe 75.1 10.74 (26) 2.31(12) 1.7-10714
__ _varcgbrent | 573 ___445(6) 42009 12107

var-sd-naive-(vpm) 6.9 1.00 (1) 0.00 (0) 1.6-10716"
var-sd-wolfe-(vpm) 6.8 1.00 (1) 0.00 (0) 1.6-10716
var-sd-brent-(vpm) 6.9 1.00 (1) 0.00 (0) 1.6-10716
var-cg-naive-(vpm) 6.9 1.00 (1) 0.00 (0) 1.6-10716
var-cg-wolfe-(vpm) 6.9 1.00 (1) 0.00 (0) 1.6-10716
var-cg-brent-(vpm) 7.0 1.00 (1) 0.00 (0) 1.6-10716

line search steps per direction search iteration. The last column outlines the so-called
RMSDN factor in order to quantify the average b-field output deviations between each
model approach and the diff approach, that is taken as reference.

In Table 3.1 resulting from the 1D excitation test case, all the methods end up to the
same solution because each RMSDN from the reference field is negligible. Concerning
the diff approach, less than 3 iterations are needed to satisfy the stopping criterion
and the CPU time is a little bit lower than the vpm approach but still relatively short.
The longest CPU times are for the subset of var methods which start the minimization
from the previous time solution. There is no real improvement between the cg or the
sd direction search algorithms because the test case is unidirectional. Despite being
more costly, the brent line search algorithm allows to reduce significantly the number
of direction search iterations, and so the computational time, compared to the naive
and wolfe methods. The wolfeline search seems more interesting only with the cg than
with the sd routine for which the naive approach is even preferable. Naturally, all the
subsets of var methods which start from the vpm solution are exactly at the minimum
of the functional at the beginning thus satisfying immediately the stopping criterion.
There is no iteration needed and no possible comparison between the var algorithms
in this case.

Another excitation mode with the additional presence of an 8th harmonic is shown in
Fig. 3.10 (right). As before, the same conclusion about the performance of the algo-
rithms can be drawn for this case because the excitation is still in a single direction
and the vpm approach already gives the exact solution.
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5.2. Purely Circular Rotational Excitation Field Source

In the next example, a pure two-dimensional rotational excitation is considered. From
the demagnetized state, the rotating source field h(f) is smoothly increased in length
during the first period until reaching the steady state h(t) = hmax[sin(27 f 1), cos2n f 1),
0] established for the four next periods. As in the first example, Aimax = 150 A/m and
each period is decomposed in 200 ts. The by —h, curve and the blocus drawn at the last
period of the simulation are shown in Fig. 3.11 while information on the algorithms is
given in Table 3.2.

1.5 %
1 1
0.5 +
3)
= 0
=
—0.5 1 —x— Upm
—— var
-1 —diff
-1.5 : : 1 1 1 :
—-150 =100 -5 0 50 100 150 .
hx (A/m) by (T)

Figure 3.11: 2D Purely rotational excitation with the three implementations of a 3-cell EB hysteresis model;
by — hy curve (left) and b loci (right).

Table 3.2: Direct model using 3 cells - 2D purely rotational Excitation.

CPU time ratio iter / cell / ts line search / iter =~ RMSDN (T)

B (vpm as ref.) mean (max) mean (max) (diff as ref.)

vpm 1.0 1.00 (1) - 1.6-10716
diff 15.8 6.33 (8) - 0.0
var-sd-naive 649.1 105.46 (121) 1.13 (6) 8.2-10715
var-sd-wolfe 648.8 88.66 (121) 1.15 (6) 4.4.10714
var-sd-brent 294.7 23.17 (26) 2.13 (13) 8.9-10715
var-cg-naive 464.4 80.85 (103) 1.17 (6) 2.8-10715
var-cg-wolfe 186.3 17.33 (22) 2.32 (6) 2.2-10716
__ _varcgbrent | ] us2 5000)  _ _ _ 52603 881071

var-sd-naive-(vpm) 8.6 1.00 (1) 0.00 (0) 2.1-10716°
var-sd-wolfe-(vpm) 8.6 1.00 (1) 0.00 (0) 2.1-10716
var-sd-brent-(vpm) 8.6 1.00 (1) 0.00 (0) 2.1-10716
var-cg-naive-(vpm) 8.7 1.00 (1) 0.00 (0) 2.1-10716
var-cg-wolfe-(vpm) 8.6 1.00 (1) 0.00 (0) 2.1-10716
var-cg-brent-(vpm) 8.6 1.00 (1) 0.00 (0) 2.1-10716

Once again, the vpm approach is not an approximation in this example and gives the
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exact solution. The output fields from the three implementations are overlapping in
Fig. 3.11 and the RMSDN are insignificant in Table 3.2 for every case. The diff ap-
proach needs about 6 iterations in average to find a satisfactory root angle for this 2D
test case simulation, that is a little bit more than with the previous 1D excitation source.
Concerning the subset of var approaches that start the minimization from the previ-
ous time solution, an appreciable decrease of about a factor 3 on the CPU time can be
observed between the cg and the sd methods, as the former converges in less direction
search iterations. This reduction is less pronounced when the naive line search tech-
nique is adopted. The wolfe technique gives intermediate performance results while
the brent routine remains the best choice to minimize the computational time in this
subset of var approaches. However, all the var versions based on the previous time
solution remain at best more than 100 times as long as the vpm approach. Using the
vpm solution as first guess for the var approaches automatically satisfies the stopping
criterion, with no iterations needed. All the var versions based on vpm are thus fast
and equivalent in terms of efficiency for this purely rotational test case.

5.3. Growing Spiral Excitation Field Source

A test case is investigated with a 2D spiral excitation field. The magnetic field rotates,
h(1) = hmax (1) cos 27 f 1), cos 27 f t — @), 0], with an amplitude hmax(£) = 200 ¢/ £ grow-
ing until reaching its maximal value 200A/m at the final time #; and with a phase shift
® = 20° between hy — hy, perpendicular excitation directions. Three periods of 200 s
each are simulated, i.e. tf =3/ f. The applied magnetic field is represented in Fig. 3.12
(left) while the output induction fields from each approach is shown in Fig. 3.12 (right)
with the information gathered in Table 3.3. The diff and all the var approaches con-
verge to the same exact result, the former faster than the latter. The vpm approach
remains about 14 times faster than the diff approach but no longer provides the ex-
act solution here. The RMSDN value of about 50 mT for the vpm approach cannot be
reduced even by refining the time discretization. Nevertheless, the difference is rela-
tively small in this example, and it can be shown that the vpm approach is usually a
good approximation saving a significant amount of calculation time for such kind of
excitation [113]. The approximation may be less accurate if anisotropy is taken into ac-
count [177], because the vpm error, which comes from the direction field inaccuracy
(3.9), may be larger if the material law varies also with the direction, but this consid-
eration is no further discussed here. About the var approaches, the exploitation of
the vpm approximation to start the minimization allows to decrease the computation
time. The use of the cg directions requires much less iterations compared to the sd
method. In this way, the maximal number of iterations per cell per s varies from more
than 20000 in the worst situation with the sd-naive association starting minimization
from the previous time step result, to only 11 with the better cg- brent combination us-
ing the vpm approximation as starting point. Nevertheless, in this example, the var
approaches are at best around 7 times as long as the diff approach or 100 times as long

as the vpm approach.
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Figure 3.12: 2D Spiral excitation with the three implementations of a 3-cell EB hysteresis model; applied
hy — hy curve (left) and produced b loci (right).

Table 3.3: Direct model using 3 cells - 2D Spiral Excitation.

CPU time ratio iter / cell / ts line search / iter =~ RMSDN (T)

approach (vpm as ref.) mean (max) mean (max) (diff as ref.)

vpm 1.0 1.00 (1) - 4.8-1072

diff 13.7 7.05 (11) - 0.0
var-sd-naive 966.6 156.13 (20715) 1.38 (17) 5.8-10713
var-sd-wolfe 1412.8 195.27 (19853) 1.33 (16) 5.2-10713
var-sd-brent 1180.8 60.56 (2680) 4.45 (17) 5.7-10713
var-cg-naive 323.3 64.30 (1614) 1.34 (18) 5.4-10713
var-cg-wolfe 129.6 14.37 (30) 2.43 (15) 5.3-10713
var-cg-brent 142.3 7.37 (12) 5.00 (17) 5.3-10713

© var-sd-naive-(vpm) | 6075 100.56 (14469)  0.67(16)  5.0-1071

var-sd-wolfe-(vpm) 838.9 110.30 (2911) 0.68 (16) 4.9-10713
var-sd-brent-(vpm) 429.5 24.21 (6203) 2.41 (16) 49-10713
var-cg-naive-(vpm) 224.1 39.20 (871) 0.72 (16) 5.3-10713
var-cg-wolfe-(vpm) 84.8 8.03 (25) 1.39 (15) 5.3.10713
var-cg-brent-(vpm) 102.6 4.63 (11) 3.25(17) 5.3-10713

5.4. Scanning of Excitation Fields from Unidirectional to Rotational
Sources

Finally, the three direct approaches, vpm, diff, and var, with more precisely the most
promising var-cg-brent-(vpm) version for the latter, are all compared in a general way
by being subjected to a serie of varied excitation fields to cover a maximum of possi-
ble magnetization paths. Sinusoidal h-field excitations with different phase shifting ®
between hy — hy perpendicular excitation directions and with different maximal am-
plitudes, compose the set of input sources that feed the direct models. The imposed
h-field sources describe paths of ellipsoidal shape in the hy — hy plane, as shown in
Fig. 3.13 (left) and Fig. 3.14 (left) for maximal component fields Amax = 50A/m and
hmax = 200A/m respectively, with gradually varying phase shifting ®, from unidirec-
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tional degenerated case (® = 0°) to purely circular rotational excitation (® = 90°). Each
cycle is discretized in 500 fs. From each of these input fields, the direct vpm, diff and
var approaches produce the corresponding induction field responses, whose trajecto-
ries in the by — by, plane are shown in Fig. 3.13 (right) and Fig. 3.14 (right), from the sets
of source fields having hpnax = 50A/m or hpax = 200A/m respectively.

.......... vpm
var,diff
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Figure 3.13: Input magnetic field sources with hmax = 50A/m, with various phase shifting ® between hy and
hy components (left); and corresponding output induction fields obtained with each direct model approach,
vpm, var, diff (right).
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Figure 3.14: Input magnetic field sources with hmax = 200A/m, with various phase shifting ® between hy
and hy components (left); and corresponding output induction fields obtained with each direct model ap-
proach, vpm, var, diff (right).

With imposed fields of hpnax = 50A/m, the induction fields do not reach the saturation
region, and a regular enlargement of the loop area formed in the b, — by, plane happens
from ® = 0° to ® = 90° in Fig. 3.13 (right). On the contrary, with excitations of hpax =
200A/m as in Fig. 3.14 (right), the saturation region is visited, and the loop in the by —
by plane grows with @, sharply at first, but then more and more slowly as soon as |b|
becomes close to b, = 1.22T. Hence, the paths describe by b for increasing ® are
closer to each other and tend to a circular saturation limit. This manifests clearly when

Z
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® = 50° in the example of Fig. 3.14 (right), that is when the amplitude of the imposed
rotating h remains high enough during a complete cycle to stay mostly in saturation.

It can be expressed that, from every excitation cases, the var and the diff approaches
converge to the same result b. Actually, there is still some tiny numerical differences
between their outputs due to the convergence criteria in the algorithms which leaves
some flexibility in approximating the final result, but they would be indistinguish-
able in Fig. 3.13 (right) and Fig. 3.14 (right), such that both approaches are identi-
fied by a same single line here. On the other hand, the approximations behind the
vpm approach introduce more or less significant deviations compared to the other ap-
proaches, depending on the phase shift angle ® or the maximum amplitude 7.

As already demonstrated, there is no deviation due to vpm in unidirectional (® = 0°) or
in purely circular (® = 90°) situations, regardless of the hnax value. This is also verified
by looking at Fig. 3.13 (right) and Fig. 3.14 (right). For the fields with intermediate ®
values (0° < ® < 90°), it is interesting to note that these deviations are visually the most
important when, during the rotation of the induction field b, its amplitude, |b|, varies
strongly from small values in one direction to saturated values in other one. In the ex-
amples, this situation is encountered with the case hpax = 200A/m in Fig. 3.14 (right),
for small @ values. Then, as ® increases, the b fields rotate more and more mainly in
saturation mode, and the vpm deviations become smaller. On the other hand, with
the examples based on A3 = 50A/m in Fig. 3.13 (right), the imposed rotating field h
has always small amplitudes that do not induce saturation, such that the differences
brought by the vpm approach in the b-field responses are less visible compared to var
and diff approaches. Indeed, the variations of the magnetic polarization fields remain
essentially linear at low magnetic fields, and the vpm approximation is rather appro-
priate to describe this scenario, as noted in Chapter 3-Section 2.

The quantitative information about the deviations introduced by the vpm approach is
summarized in Fig. 3.15 (left), where the RMSDN of the b-fields from vpm with respect
to the results from the diff approach are represented in function of @, for different
hmax values. The value of RMSDN naturally drops for degenerated cases ® = 0° and
® = 90°, and this for all sets of hmax considered. For small imposed fields, such as
hmax = 50A/m, the RMSDN present values more or less independent of ® between the
two dropping extremities. These RMSDN values are among the smallest over the entire
phase angle ® spectrum in Fig. 3.15 (left), of about 1072 T in average. For more intense
fields, as large as hmax = 300A/m, it appears that the deviations are more important
for @ slightly larger than 0°, with a peak around ® = 10°, and then decrease with the
increase of @ until the final drop at ® = 90°. This is consistent with the trend observed
in Fig. 3.14 (right) with the saturating fields /#y,ax = 200A/m. Nevertheless, among all
the covered situations, the maximum RMSDN value remains smaller than 0.08 T, even
for the worst case, which corresponds to a deviation smaller than 7 % when viewed
with respect to the saturation value of 1.22T. Therefore, the vpm approach appears as
arather good approximation in general, even for arbitrary excitations.

The same comparison is made in Fig. 3.15 (right) with the RMSDN between the var
and the diff approaches, the latter still being taken as reference. Despite both meth-
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Figure 3.15: RMSDN between the vpm and the diff b-field outputs (left), and RMSDN between the var and
the diff b-field outputs (right), in function of ® from different excitation modes having various hmax-

ods should give the same result in theory, there are still remaining tiny deviations in
the solutions. These differences are due to the numerical implementations of the al-
gorithms which only find the solutions within one convergence criterion. Given the
finite-precision arithmetic and the loss of significant figures that is more likely to affect
the minimization process in the var approach, it is impossible to satisfy an infinitely
exact tolerance criterion. In Fig. 3.15 (right), both approaches have been pushed to
satisfy the strictest tolerance criterion that can be met on the basis of floating-point
arithmetic. The var approach is much more limited in the maximum level of preci-
sion that can be achieved to reach the exact solution. Globally, it appears that there
is always a RMSDN value of the order of 1078 T averaged over all simulation cases. It
also seems that the minimization with the var approach encounters more numerical
difficulties when the solutions lie in saturation regime. Indeed in Fig. 3.15 (right), the
RMSDN is often greater for simulations with hpax = 300A/m, with an average value
closer to 10~ T over all ®. Moreover, the RMSDN is actually not really affected by the
® value, except that it is minimal in degenerated cases ® = 0° and ® = 90°.

The CPU times ratios for the diff and the var approaches with respect to the time taken
with the fastest vpm approach are given in Fig. 3.16 (left) and Fig. 3.16 (right) respec-
tively, for each excitation cases. These figures show that the diff approach is about 10
times as long as the vpm approach, while it is even worse for the var approach which
is about 100 times as long as with the vpm way. These orders of magnitude are true for
virtually all the simulations that have been performed, for any field amplitudes hmax
and any phase shifting angles ®.

Until now, the EB model has always consisted of 3 cells. Changing the number of cells
does not really have an impact on the conclusions drawn on the RMSDN factors or
on the time ratios compared to the vpm approach. However, if the number of cells is
changed, the number of internal variables change, and each of them requires a pro-
cessing time to describe its evolution during the simulation. The Fig. 3.17 shows, for
each approach, how the calculation time to perform a simulation in average, increases
in function of the number of cells chosen, compared to the case of a single cell that is

Z
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Figure 3.16: CPU times ratios with respect to the vpm, for the diff (left) and for the var approaches (right).

taken as reference. Each point in Fig. 3.17 results from the average of the simulation
times from an entire test campaign covering all the different /. and ® spectra. It ap-
pears that the complexity grows sublinearly with the number of cells. The curves are
below the linear growth in Fig. 3.17 because all the variables constituting a multi-cell
model are not necessarily updated at each time step since the magnetic field strength
is not always sufficient to overcome the pinning force associated to the cell.

6 1 —+var 7

CPU time ratio (1 cell as ref.)

1 2 3 4 5 6 7
Number of Cells - N

Figure 3.17: Evolution for the vpm, var and diff approaches of the averaged CPU times in function of the
number of cells chosen, taking the ratio with their single-cell case, being their own reference times.

In general, one may conclude that the vpm approximation is a remarkable trade-off
between accuracy and calculation time performance, at least in the isotropic case.
The elegant var formulation allows to keep directly the link with the energy potential
minimization concept from the thermodynamic background of the hysteresis model.
However, this approach appears to be more likely subjected to undesirable numer-
ical effects, due to the loss of significance in the functional evaluation that occurs
sometimes during the minimization. Despite numerous attempts to improve the var
performances, the new proposed diff approach seems preferable in practice to find
efficiently the exact solution when more complicated sources than unidirectional or
purely rotational cases appear.



CHAPTER

Inversion of the Energy-Based
Hysteresis Model

ITHERTO, the energy-based (EB) hysteresis model takes the magnetic field h as
H an input variable in the three direct implementations which can all be written

under the same generic format b = 287" (h,Xfp)), where X¥ correspond to hX,,

for the Vector Play Model (vpm) (3.13) and the differential approach (diff) (3.29); or
to J* for the variational approach (var) (3.21). However, in order to include it in finite
element (FE) formulations where the magnetic induction field b is the unknown field,
it is required to have a b-based hysteresis model to express h as function of the actual
induction b and the past values of the magnetic state Xf )- The aim of this chapter
is to present several techniques to perform such inversion for the £EB model and to
compare the numerical performance of various implementations on an illustrative set
of test cases.

1. Preliminary Remarks

Basically, the var approach offers an opportunity to perform such an inversion. Thus,
a first attempt at inversion was made by trying to adjust the expression of the energy
potential, by means of Legendre transformations, so that the model always consists of
minimizing a functional, but expressed in terms of the induction field instead of the
magnetic field. However, when several cells are considered, the decoupled treatment
in several part for each magnetization vector is no longer possible, which requires con-
sidering a global functional, grouping each cell elements in a global magnetization
vector, and minimizing it in a larger space to simultaneously search all the compo-
nents of this global vector. The search for the minimum according to this strategy is
then much more complicated than in the direct case and simple algorithms of steepest
descent or conjugate gradient are no longer sufficient. The Nelder-Mead minimization
algorithm has also been tested without any further success. In addition, the existence
of a single minimum of this global functional has not been proven and the attempt to
invert from this perspective has therefore been suspended.

71 %
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Furthermore, the concept of inverse of a given hysteresis operator has been tackled in
several works [151, 207, 36, 133], and further discussed for the class of magnetic hys-
teresis models based on Play and Stop hysterons [27], to which the vpm approach be-
longs. Despite the fact that the inversion of a single play hysteron seems to be feasible
by turning it into a stop operator, the procedure to find the inverse operator does not
seem available analytically when models are built up by the superposition of several
cells.

Therefore, at the end, more general inversion techniques derived from the classical
Newton-Raphson method have been mostly investigated and studied for the inversion
of the EB hysteresis model in this work. It is worth noting that arc methods, inspired
from Riks-Crisfield techniques [184, 46, 72] to overcome strong non-linearities have
also been considered but to a lesser extent and with less success. The most promising
techniques that have been used in this thesis are presented in the following sections.

2. Newton-Raphson Method

2.1. Classical Newton-Raphson Method

In its simplest application, the Newton-Raphson (/VR) method is an efficient algorithm
to find numerically a precise approximation of a root of a real function r(x) of one
variable x. The procedure is illustrated graphically on Fig. 4.1, where, from an initial
guess x° reasonably close to the true root, the function r(x) is approximated by its
tangent line of slope r’ (x%), where r’ denotes the derivative of the function r. The
intersection of the tangent line with the x-axis gives a new point x!, which results from
the linear equation

0 4 1 (0 (! — x0) = 0 — ! = 50— r(x°)
()4 () (6~ ) =0 et

The point x! may typically be a better approximation to the function’s root than the
starting point x°. This scheme can be iterated by applying successively

-1
xl=x1- %l—l))’ 4.1)

to produce a sequence x2, x>, ... that converges to the root x* as can be seen with the
examples on Fig. 4.1.

Although it is more complicated to visualize it graphically, the same NR method can
also be used to solve systems of M nonlinear equations with M variables, which amounts
to finding the zeroes of functions r(x) : RM — RM. The generalization of (4.1) consists
then, instead of dividing by r'(x!~1), to left multiply with the inverse of the M x M Ja-

-1
cobian matrix g—; evaluated at x! 1, such that the iterative formulation writes

=x1_

g—;r—l]_l -r(x"l) . 4.2)
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Figure 4.1: Graphical Illustrations of the convergence of the NR Method for simple univariate functions.

On that basis, the inversion problem of the EB hysteresis model can be overcome by
explicitly inverting the direct implementation form by means of the Nk method. For a
known magnetic state (h(p),b(p),Xg‘p)) at previous time instant (p) and a given induc-

tion b* at the current time instant, the sought magnetic field h* is the solution of the

nonlinear vector equation r(h) = QBd""(h,X(’;})) -b* =0, involving the direct £B model.

Starting from the initial estimate h® = h p)» the NR process builds subsequent approxi-
mations hl, [=1,2,..., of the magnetic field by solving

a%d”‘ -1 -

hl=phl-1_
oh

1
: [%d"f(hl*,x(’;ﬂ) ~b*], 4.3)

which comes from the linearization of r(h’) around the previous estimate h!™!, as sim-
ple application of (4.2). The iteration process is repeated until the vector equation
r(hl) = 0 is verified within a certain tolerance, for example,

|2l xE )b | <e, (4.4)

with €, a small number expressed in tesla (T) here.

The differential permeability tensors a%z;l:”" appearing in (4.3) are obtained by differen-

tiating with respect to h the direct hysteresis model ,%di"(h,X&)), either supplied by the

vpm (3.13), the var (3.21) or the diff (3.29) approaches, evaluated with the field h'-!,
obtained at the previous iteration.

Actually, it is possible to derive analytical expressions for the tensors 6?;;:”, from each
approach, as partially presented in [113]. In this work, this type of inversion technique
for the £B model is then denoted by the shorthand: Newton-Raphson with Jacobian
matrix evaluated analytically (INR,,,). The derivations of these analytical expressions
is the subject of the following section.

2.2, Analytical Expressions of the Differential Permeability Tensor

As already mentioned, depending on the chosen approach, the state variables that are
considered are either the polarization vectors X* = J¥, or the reversible magnetic fields

’d
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Xk = hk,, leading to two general expressions for the differential permeability tensor
expressed either in terms of J*
at%du N a]k
hJ*) =pol +] 4.5
(h,J%) = o ah (4.5)
or in terms of hX,,
a@dn N ahk
——(h, hrev) =pol+ Z Xak( rev) — (4.6)
= oh

thanks to the introduction of the differential magnetic susceptibility tensors Xak (hfev),

al , which have the same units as an

that come from vector-by-vector derivatives
rev

absolute magnetic permeability, in henry per meter (H/m). For isotropic materials,

vectors J* and hfev are colinear (2.13) and related by a scalar anhysteretic law, J* =

w* jan(lhreV ‘ hﬁfvl , from where an analytical expression for the derivative with respect

to the vector hrev can be calculated

ar* (Ihfey) — tan (hie, ) T
k (hrev) — = Xan (|hrev| Xana re|vh l?gan rev hfevhfev ' 4.7)
rev rev

rev revT denotes a tensor resulting from the dyadic
product between the two vectors, where the transpose of the second one is indicated
by a superscript T. The scalar quantities, Yan and yangs, correspond to the apparent
and the differential scalar magnetic susceptibilities respectively. They are defined by

In this last relation, the factor h*_h*

(hyy ) AN
Yan(hk, ) = Zenlel), Xang(hyey) = jn—k (4.8, 4.9)
Ihrev | a | hrevl

Their analytical derivations are straightforward from the anhysteretic law _#,y, if this
one is represented by a simple function, such as a hyperbolic tangent or a Langevin
function, for example.

. o dir . .
In order to complete the analytical determination of a‘?;h, it remains to deduce an-
6]

k
alytical expressions for the tensors according to (4.5), or agﬁ*v under (4.6). In the
following, these developments are partlcularized for the different model approaches
that have been discussed in the previous chapter, ie. vpm, var and diff.

Vector Play Model

With the vpm approach, the state variables hX_ are updated by a simple law % ¥ (h, h*

rev rev(p) )

given by (3.10). The tensors agﬁ"’ can thus be deduced by derivating this update rule
with respect to h, such that when |h - hfev(m | >xk,

T
k
6hfev _ 6%" (h hE = xk I- (h hrev(p)) (h hreV(P)) (4.10)
oh R T lh-hf_ 12 o

rev(p) | rev(p
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onk k . TR
whereas — = %lh = 0 in the other case, when the magnetization is frozen. Intro-

ducing this result (4.10) in (4.6) in addition with the tensor expression (4.7) evaluated
with the updated fields hX, = 2 allows to end up with an analytical expression for
the differential permeability tensor specific to the vpm approach

0BV B N p B 6%]6

——Mmh, ) =pol+ ) xs" (%) ——. (4.11)
oh rev(p) - oh

It is important to note that, despite the fact that both the differential magnetic suscep-

tibility xak(%k) and the derivative of the update rule % are always symmetric ten-

sors by definition, this is not the case for the tensor resulting from their matrix multipli-

cation, such that the differential permeability tensor a‘%ﬁm is not necessary symmetric.
ilndeed, by detailing this matrix multiplication in the case when |h — hfev(p)l > ¥, one
as
ou*
XoF @) —=—=A+B+C, with
oh
K k(g k
A=|l-——— X (%), sym.
lh — hrev(p)
k, .k k
K 0" Yan (Thyey ) k kT
B=—2 reg‘/_ (h— hrev(p)) (h— hrev(p)) , sym.
th - hrev(p) |
k, k ko k
o (gD ) (h-hE,) (- hEsg)
=i |h _ hll%v(p) |3 |h£€ev|2 Tevorev rev(p) rev(p)

where the product is decomposed under the sum of three tensorial terms A, B and

C. While the symmetry of the two first is obvious, this property is not guaranteed for

the last one. Therefore, the resulting sum, and consequently the tensor agg;;w“, is not

necessary symmetric. Actually, the symmetry is ensured only in situations where hfev

is parallel to h— hfev( p- In this case, these two vectors are related by a proportionality

relationhX, = r (h —hk

rev ) with r a scalar factor, such that the last tensor term C can

rev(p) )’
be simplified to the following one, which is symmetric this time:

K0 (ang () = Yan (b)) . o
€= lh—h* 3 (h - hrev(p)) (h - hrev(p)) . sym.
rev(p)

This simplification is valid only in unidirectional loadings and in case of purely ro-
tational hysteresis, which corresponds, not surprisingly, to situations where the vpm
verifies exactly the physical equation behind the £B model.

The symmetry of the differential permeability tensor with the vpm approach in the
particular case of a purely rotational excitation is illustrated by means of an example
in Fig. 4.2. However, in general, this symmetry is not guaranteed with the vpm ap-
proach as shown through another example in Fig. 4.3, where a rotating distorted signal

4
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in presence of harmonics is now considered. It is obvious that the non-diagonal com-
ponents of the tensors calculated by (4.11) are different from each other at almost each
time step in this simulation.

1.5 ¢
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1 4

100 ¢ 05 1

£ g
< 0 2 0
< =

~100 | —05 7

_1 4
—200 +

-200 -100 0 100 200
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Figure 4.2: Simulation with a direct vypm hysteresis model made up of1 cell [w1 = 1;1(1 =75A/m] and with a
hyperbolic tangent function as anhysteretic curve (J = 1.22T, hg = 65A/m), subjected to a purely rotational
magnetic field excitation of hax = 200A/m, with 400 time steps per period. (top left): h locus imposed as
input, (top right): b locus calculated as output. Note that b rotates clock-wise with a slight phase lag behind
h due to hysteresis, as indicated by the time step (ts) markers, ts25,ts125,ts225,ts325. (bottom): Evolution

of the xx, xy, yx and yy components of the differential permeability tensor % (divided by py) calculated

analytically with (4.11) at each time step. This tensor remains symmetric throughout the period since % =

ob . . . .
ﬁ for all time steps in this purely rotational example.
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Figure 4.3: Simulation with a direct ypm hysteresis model made up of 1 cell [w! = 1;x = 25A/m] and with
a hyperbolic tangent function as anhysteretic curve (J, = 1.22T, hg = 65A/m), subjected to a rotational
magnetic field excitation with a fundamental of hax = 200A/m, in presence of a fifth higher harmonic of
magnitude hpgpm = (2/3) hmax, with 400 time steps per fundamental period. (top left): h locus imposed as
input, (top right): b locus calculated as output. Note that b rotates with a slight phase lag behind h due to
hysteresis, as indicated by the time step (ts) markers, ts50,ts150,ts250,ts350. (bottom): Evolution of the xx,
xy, yx and yy components of the differential permeability tensor % (divided by ) calculated analytically

. . . . . . . b
with (4.11) at each time step. This tensor is not symmetric throughout the period since % # ﬁ for all

time steps in this example. The evolution of the two non-diagonal components are superimposed on each
other to facilitate the comparison and make the differences more striking.

Thanks to thermodynamical considerations, it can be shown that the differential per-
meability tensor %—‘f should be symmetric in theory. However, it has been highlighted

4
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OBVPM

that the vpm approach does not always guarantee this property with and hence
suffers from a lack of consistency with basic thermodynamic laws. This limitation
comes from the approximation used behind the construction of the vpm approach.
Moreover, by anticipating Chapter 5 which focuses on the inclusion of the £B model
in FE formulations, the vpm approach prevents the possibility to exploit symmetric Ja-
cobian methods for the resolution of FE systems of equations, if the global assembled
matrix associated to the FE model relies on local asymmetric tensors. Nonetheless,
the symmetry of the Jacobian matrix does not constitute the fundamental basis of the
theory and, more to the point, that property is not exploited fundamentally in the nu-
merical methods employed in this thesis.

Variational Approach

Concerning the var approach the state variables J* are calculated by minimizing the
potentials Qk(h, J*, I )) evaluated by (3 19). Once again, it is possible to deduce an

analytical expression for the tensors by exploiting the annulation of the functionals
gradients at the potentials minima (3.18). Derivating this equality (3.18) with respect
to J¥ leads to the new relation

2
%(ghbk) =0, (4.12)

that involves the second derivatives with respect to J* of the Landau free energy gf (h,J5),
defined by (3.14), and of the pseudo-dissipation functions Dx gk, ]{Cp)), provided by
(3.16). Starting then by breaking down the first term, that writes

0 _0°f* on
a2 8L G T apk

(4.13)

reveals the tensor -+ a] that corresponds exactly to the inverse of the tensor 6] for
which it is desired to determinate an analytical expression. The other term that ap-
pears in (4.13) comes from the second derivative of the Helmholtz potential f*(J¥).
This contribution can be rewritten thanks to the definition of the reversible field (2.14),
in order to highlight that has the characteristics of an inverse of a differential mag-
netic susceptibility tensor w1th the units of an absolute magnetic reluctivity, in meter
per henry (m/H),

o°fk afk\ 8 (x\_ 0Oh, Gk
6]k2 - 6]k(6]k - 6_Ik(hrev)_ 6]k - (] ) (414)

Furthemore, this tensor can be expressed analytically based on the assumption that
there exists a suitable analytical relation to describe the anhysteretic curve connecting
hX, and J¥. In isotropic conditions, the vectors hfev and J* are parallel and related

by a scalar anhysteretic function, hrev Il ('ﬂl)—kl) Tk such that the tensor expression
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xgl k(Ik) can be calculated by derivation:

el
—lk(]k)_ hfevzi(xgé(m)l_'_)(ana(wk) Xan( k)]k]kT). 4.15)

a]k wk wk |]k|2

Like previously, the factor J¥J* " denotes a tensor resulting from the dyadic product
between the two vectors, and the transpose of the second one is indicated by a super-
script T. The scalar quantities, y;} and y ! 5 correspond to the inverse of the apparent
and the differential scalar magnetic susceptibilities respectively, defined by

Xan (|]k|) i) x;&a(“—kl) 2/ (47) .

k k| k DA
a) w a(ﬁ

wF
The analytical derivations of (4.16) and (4.17), may not be possible if the anhysteretic
law, Zan, is not invertible analytically, as for example with the Langevin function, for
which ¢! is not defined.

(4.16, 4.17)

)

_lk(]k) (4.15) is obvious. Actu-

ally, they are reciprocal by definition, as a direct consequence of the chain rule:

The analogy between the tensors xak(hfev) (4.7) and X

)
a1k ohk.

rev

(1") X5 (hyy) =

-1
=1 — xglk(]"F[X_ak(hfev)] . (418

Similarly for the scalar quantities ya,(hX,|) (4.8) and Xana(|hrev|) (4.9) which are the
multiplicative inverses for y;1 (1J%|/w*) (4.16) and Xana(|]k|/ o) (4.17) respectively:

k k
(1 |) 1 . (II |) 1
Yo | | = ——— Yars| = | = —————. (4.19, 4.20)
a“(wk Yan(DE D) MO Wk |7 yang(IHE D)

Therefore, the direct analytical functions of the apparent (4.8) and differential (4.9)
scalar magnetic susceptibilities, and more generally, the direct differential magnetic
susceptibility tensor expression (4.7), can be exploited instead of their inverse ana-
logues (4.16), (4.17) or (4.15). That is of particular interest when the anhysteretic func-
tion has no analytical inverse ¢, and thus no analytical functions for y;! or y;1,.
Nevertheless, to follow this path, it remains necessary to deduce the hrev correspond-
ing to the J¥, as hfev is the natural input for the direct analytical versions (4.8), (4.9)
and (4.7). From this perspective, it can be considered to build a database of pairs
(hrev,] ) based on the direct one-to-one anhysteretic curve for a wide range of dis-
creetly spaced hX, values. Any hX,, corresponding to a specific J* can then be retrieved
by interpolation between the database points. Another way to determinate hk,, from
J¥ when the anhysteretic curve does not have an analytical inverse ¢! consists in re-
versing the anhystereticlaw _#,, numerically. Anticipating the discussion of Chapter 4-
Section 2.3, a NR iterative scheme is well suited to perform the inversion at this stage

£
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because the anhysteretic curve is usually a twice continuously differentiable function,
ensuring a quadratic convergence in the neighborhood of the solution.

In short, there is always a way out to calculate the tensor expression x‘;l k(]k), and thus

‘;f from (4.14), even if the anhysteretic law _#a,, is not analytically invertible.

Finally, it remains to characterize the expression of the second derivative with respect
to J¥ of the pseudo-dissipation functions, the last term of (4.12). This is achieved by
taking the derivative with respect to J* of the subgradients expression (3.17):

k

oh;
k -evk _ 1k
a]1]zr,|hlrr| = ifJ _I(p)
0%, DRk 3k ) = k k T . (4.21)
” v ahlkrr = L I- (I I(p)) (I ](p)) otherwise
k 7k = k 2 ’
0] J ](p)l J ] )l

After reassembling the expressions (4.21) with (4.13) and (4.14), the equality (4.12) be-
comes in the case when J* # J, "t

T
k k
oh NELAT Kk (] ](p)) (] I(p))
— = (] ) + - I- - 5 (4.22)
Taking the inverse of (4.22) leads finally to the analytical expression for the tensors 0]
T -1
k k
ay* 6fk T xk (’ -3, *-16)
~Z—(hJ,) = Xo U+ I ,  (4.23)
oh g )R k=T, 12

which is valid only when the magnetization is changing, J* # ](p) On the other hand,

3 o .
these tensors cancel, %h = gih = 0, when the magnetlzatlon does not change with

respect to a variation of the magnetic field h, as J* = ]( )

At the end, as soon as the updated J* has been calculated through the minimization
process (3.20), 7k = jk(h ] )), that depends only on h and ]( ) the tensors ‘?—11: can
be evaluated analytically from (4.23), and used to build the differential permeability
tensor associated to the var approach with (4.5),

ggl/ul N ajk
——hJ(,) = OH%W' (4.24)

Contrary to the vpm approach, the differential permeability tensor 6‘?:”‘ is always

k
symmetric, considering the symmetry of the terms %, as verified analytically with
(4.23), since xglk verifies also this property. With the var approach, the permeability
is therefore in accordance with thermodynamic principles in all situations.
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Differential Approach

By construction, the diff approach solves the same partial differential equations than
the var approach (3.6), but in terms of the reversible field h¥,  instead of the polariza-

tion field JX. Therefore, it is expected to reach the same analytical expression for the

0B

differential permeability tensor ah , formulated in terms of hfev

The development can be replicated following the same idea, by starting from the up-
date law Aey(h, hfev(p)) (3.28), which translates the energy equilibrium that can be
written as

AJ¥
hE =h-«* , (4.25)
Tev |A]k|
for the case when |h— hrev(p)l > x¥. The notation AJ* = wk]an(hrev) w ]an (hrev(p)) is

used to express the direction of the irreversible field €k =€y AP , in accordance

S IAIkI
with (3.24) and (3.26). The dependence of AJ* with respect to hX,, and hrev(p) is not
reported for the sake of brevity in the following. Taking the derivative with respect to h
of (4.25) leads to

ohk Kk ( A]kAJkT)aAJk 026

=I- .
oh = |AJfI\T  |AJf)2 ) oh

The tensor % can be broken down into the product of the differential susceptibility

k
tensor x,* (hX ) (4.7) with the vector-by-vector derivative factor agrev after application
of the chain rule

1Y L) k onk ohk
] I ] Tev _ k(hrev) Tev , (4'27)
"0h  oh ahfev oh oh
k
such that the tensor agﬁv can be highlighted in (4.26)
k AJFATET ohk
J N S P X" (i) | = (4.28)
|AT¥| |AJF[2 oh

An analytical expression for the tensor agrev can then be deduced after applying an
inverse multiplication:

-1

ohk ok Kk NS L
—n = (b)) = T | T X" )| (4.29)

This result (4.29) is only valid when |h - hrev(p)l > x*. In the other case, when the mag-

hk
netization does not change, the reversible field is also frozen and 9 G = a‘%‘ev =0.In
summary, once the h¥

k. is calculated from the update law 7%, (h, hrev( ) (3 28), that
depends on h and hyey(p), the differential permeability tensor associated to the dijff ap-
proach can be expressed analytically from (4.6), combining (4.29) and (4.7), evaluated

£z
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with the updated fields h rev =7k,
098I 07k
T( rev(P)) =Ho I+ Z Xak(‘}frlfev) 6liev : (4.30)

Not surprisingly, the mathematical development behind the magnetic differential per-
meability tensor of the diff approach (4.30) leads to the same analytical form that for

the var approach (4.24). Indeed, the tensor products Xo~ k( rev) 0““’ from (4.30) are,

at the end, equivalent to the tensors % from (4.24), but written in terms of hX, . This
correspondence can be established clearly regarding the reciprocal property given by
(4.18), and the matrix arithmetic rule for the inverse product, [M]_l =B'A7!, s0
that, for the case when |h— hrev(p)l >k or equivalently when Ik # ]{Cp), one has

|A]k|2 rev

-1
Kk NN L
(! - X_k( 1I'€ev)

T -1
AFFAF* “(hk,)
|AJK| g

0.7k xk
6 ( rev) 6liev = x_ak(hfev) [l"' (1_

1k
[ I(Ik)] - IAIkI |AJk |2

k kaqkT -1
Y N AJ*AJ k ok 1k k
- [Xa (I )+ |A]k| (1_ |A]k|2 ) (hrev (I )]
k karkT\1™ k
1k ok K AJ*AY 0g
= —+ I— = ,
Xa_(] ) |AT¥| (— |AJK|2 ) oh

retrieving the expression from the var approach (4.23), considering that AJk =gk — I(p)

. . . . o diff
Therefore, just like for the var approach, the differential permeability tensor 22 Sh 1S
also symmetric in all circumstances, which is in agreement with thermodynamic con-
siderations.

This property is illustrated by means of the example shown in Fig. 4.4, where the same
distorted excitation source as in Fig. 4.3 is used again, but applied here to the diff
model approach. This time, there is no difference between the non-diagonal com-
ponents of the differential permeability tensor, calculated through (4.30) at each time
step, meaning that the tensor remains well symmetric throughout the simulation. The
same result can be produced with the var approach.
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Figure 4.4: Simulation with a direct diff hysteresis model made up of 1 cell [w! = 1;x! = 25A/m] and with
a hyperbolic tangent function as anhysteretic curve (Jo = 1.227T, hy = 65A/m), subjected to the same ex-
citation as in Fig. 4.3, i.e. a rotational magnetic field excitation with a fundamental of hax = 200A/m, in
presence of a fifth higher harmonic of magnitude hp,,, = (2/3) hmax, with 400 time steps per fundamental
period (top left): hlocus imposed as input, (top right): b locus calculated as output. Note that b rotates with a
slight phase lag behind h due to hysteresis, as indicated by the time step (ts) markers, ts50,ts150,ts250,ts350.
(bottom): Evolution of the xx, xy, yx and yy components of the differential permeability tensor % (divided
by o) calculated analytically with (4.30) at each time step. This tensor is symmetric throughout the period

. ob . . . .
since % = ﬁ for all time steps. The evolution of the two non-diagonal components are superimposed

on each other to facilitate the comparison and they are in perfect agreement.
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2.3. Practical Considerations about the Convergence

Before discussing the ability of the NR method to perform the inversion of the EB
model, it is worth recalling the general requirements under which the convergence
of the NR method is ensured. This is easily sketched by considering again the sim-
pler application of the VR algorithm on the root-finding of a univariate function r(x),
for which a direct geometrical interpretation of the update (4.1) exists, as shown with
Fig. 4.1.

This illustrative description indicates that at least two conditions are required for the
algorithm to work properly: the function must be differentiable at each points x/ that
are visited in order to linearize the function there; and the derivatives must not cancel
at these points so that the linearized function has a zero. In addition to these condi-
tions, there is the strong constraint of having the initial guess x° close enough to the
unknown zero x* of the function so that the convergence is ensured. Mathematically, it
can be proved that the sequence produced by the NR method is a very powerful tech-
nique which may exhibit a local quadratic convergence in the conditions where the
function r(x) is continuously differentiable with a zero r(x*) = 0, if (i) the Jacobian af—ag‘)
is non singular at x*, and (ii) the Jacobian is Lipschitz continuous on a neighborhood
of x*, and that the initial point is close to x* [87, 165].

Nevertheless, they are many situations in which the required criteria are not met, so
that the NR method can fail to converge. Some of these complications are illustrated
with several non-converging examples in Fig. 4.5. The non-smoothness and/or the
non-differentiability of the function in a neighborhood of the root are a first obvious
violation of the NR method. An example of divergence due to an angular point, where a
discontinuous change in the derivative happens, is presented on Fig. 4.5(a). Fig. 4.5(b)
exposes the failure of the method when a stationary iteration point is encountered.
The zero derivative produces a tangent line parallel to the x-axis which shoots off the
solution. Actually, even if the derivative is small but does not cancel, the next iteration
point will be found very far away horizontally and be a poor approximation of the root.

The behaviour of the NR method may be highly dependent on the choice of the ini-
tial point x°. Fig. 4.5(c-d) shows how an initial guess, relatively close to one root, with
a rather small slope, can jump away to another location, possibly converging to an-
other unwanted root that may exist there (Fig. 4.5(c)), or reaching a region where the
method simply does not converge, which can arise, for example, if the function ap-
proaches zero asymptotically as x goes to +oo (Fig. 4.5(d)). If the initial iteration is not
taken close enough to a zero and that the function presents an inflection point with a
rather brutal curvature change in the vicinity of a root, iterations may progressively di-
verge from the root as illustrated by Fig. 4.5(e). For some functions, the visited points
may enter an infinite cycle, preventing convergence, as illustrated with Fig. 4.5(f-g),
where oscillations caused by an inflection point or by a local minimum are presented,
respectively. The behavior of the sequence can be more complicated than an alterna-
tion between two points, as depicted with a wandering example of the method caused
by a local minimum at Fig. 4.5(h). In other word, when the initial iteration is taken too
far away from a local root, the iterated sequence generated by the algorithm has an
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r(x) r(x)

(b)

r(x) r(x)

(® (h)

Figure 4.5: Failures of the classical NR Method: (a) Divergence due to an angular point; (b) Shoots-off of
the solution due to a near zero slope; (c-d) Jumps away from the solution due to a poor initial guess; (e)
Divergence due to a poor initial guess and the influence of an inflection point near the root; (f-g) Cycling
behabiours; (h) Non-converging wandering sequence.

erratic behavior, whose possible convergence can only be the fruit of chance if one of
the iterates is fortunately close to a zero.

In the light of the various general limitations of the Nk method listed above, the atten-

4
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tion is now paid on the specific application of this method for the inversion of the EB
model through (4.3). It is clear that the function, r(h) = %"”"(h,X(’“p)) —b*, does not meet
all the criteria required to the proper functioning of the classical VR iterative scheme.

Indeed, whatever the approach behind the £B model, the relation 2% (h, X(’;)) is obvi-
ously not continuously differentiable at each magnetic field value due to the presence
of angular points, which are associated to brutal changes in the magnetization regime
for specific values of the magnetic field h, that reflect the transition between the cases
|h - h’r“(p)l <«Fand |h- h’r“(p)l > x* in the vpm and the diff approaches, which cor-
responds to the turning situation between J* - Iécp)l =0 and [J¥ - ]écp)l > 0 in the var
approach. The components of the differential permeability tensors are modified by
jumps between these two frozen or unfrozen magnetization behaviors, and are actu-
ally undefined analytically at these transition points.

This situation can be easily illustrated by means of a simple 1-cell EB model subjected
to unidirectional ramp excitation starting from the demagnetized state, with an im-
posed magnetic field increasing monotonously at each time step, as in Fig. 4.6(top left).
The response of the direct model, shown in Fig. 4.6(top right), gives an induction field
that increases first linearly with a slope of i, as long as the magnetic field magnitude
remains smaller than the cell pinning field x!, until the magnetization changes sud-
denly at the moment where this threshold is reached, and evolves then according to
the anhysteretic function for the following time steps. The xx-component of the dif-
ferential permeability tensor presents thus a brutal increase at the instant where the
cell becomes activated, as shown in Fig. 4.6(bottom left), and decreases then smoothly
towards the value y in the saturation limit.

An effective inverse form of the EB model must be able to produce the magnetic field h
from an imposed induction field b, which amounts to retrieving the signal of Fig. 4.6(top
left), based on the data of Fig. 4.6(top right), taken as input. For each time step n, the
current value b*,; is thus known, and the classical VR method (4.3) may be applied
to determine the corresponding magnetic field h,, starting each iteration from the
field obtained at the previous time step, i.e. h% = hg) = hy_1. In this example, the
NR method works properly for the first time steps where the induction field increases
with a constant slope py between subsequent time instants. Actually, the NR method
requires only 1 iteration to converge for these time steps since the function is linear
in that region. However, the classical NR method cannot work for the time step just
beyond the angular point. The zoom around this zone in Fig. 4.6(bottom right) shows
hence the points that can be retrieved by the inverse form, superimposed over the re-
sult from the direct form that serves as reference.

The detail on the failure of the classical NR method in finding the solution for this
specific time step, just after the angular point, is illustrated graphically by Fig. 4.7. In
these figures, the function .%d”(h,x(’;)) associated to the considered time step is repre-

sented. The subsequent values h! found by the application of the NR update (4.3) are
depicted. Only the composition along the excitation direction, thus along x, is given.
The algorithm is initialized at (h%, b%) based on the previous time step solution with
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Figure 4.6: Simulation with a direct ypm hysteresis model made up of1 cell o' = 1;x! =75A/m] and with a
hyperbolic tangent function as anhysteretic curve (Jo = 1.22T, hg = 65A/m), subjected to a ramp magnetic
field excitation (top left), which produces an induction field response with an angular point at time step 75
(top right). (bottom left): Evolution of the xx component of the differential permeability tensor % (divided
by po) calculated analytically with (4.11) at each time step. (bottom right): Inversion of the direct vpm
hysteresis model with the classical NR method. The induction field b in (top right) is used as input for the
inverse form with the aim to retrieve as output the magnetic field in (top left) originally imposed for the
direct form. The inversion works until time step 76 where the presence of the angular point causes the
method to fail.

the aim to find the solution hj, associated to the known value b}. Unfortunately, the
near zero slope g at the starting point leads to a value hl far away in the saturation
range, where a slope as equally low as 1y produce a next estimate h?2 that far in the op-
posite saturated region. The algorithm determines then subsequent iterates h3, h%, ...
that enter in a cycling behavior, oscillating between very distant values in opposite sat-
uration, where the differential permeability tensors, i.e. the slopes, remain unchanged,
not allowing any progress in converging to the solution k}.

In summary, due to the discontinuities displayed by the differential permeability ten-
sor, the classical NR process may exhibit a cycling behavior when successive iterates
lie from one side to another around the derivative discontinuity, preventing the algo-
rithm to converge. Furthermore, some stability problems may be encountered when
the NR iterations lead to values far from the solution and near magnetic saturation
where Ihfevl values are high and IIkI are close to their maximum values, since the ten-
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Figure 4.7: Failure of the classical NR method to determine the solution h* associated to the known value
b*, at time step 76 in the example of Fig. 4.6. The function @d”(h,X(’;)) associated to this time step is

represented, focusing on its composition along the direction x. Starting from the previous time step solution
(h?c, bg), the algorithm generates subsequent iterate values h}c, h%, hi, ... which move further away from the
solution hy, before cycling indefinitely between two iterate states in opposite saturation.

k . . .
sors %Lh of each cell tend to become singular in that region. Therefore, the tensor %—f

may become ill-conditioned, with small diagonal component values, almost equal to
the vacuum permeability value p, such that the update (4.3) may probably determine
a value h' very far away from the previous one h'~!, thus with large increments be-
tween two NR iterations, Ah! = h! —h/™!, that may lead to divergence.

2.4. Relaxation Technique

It is well known that the complications encountered with the classical Nk method may
be alleviated by using a relaxation factor y €]0, 1], to reduce the increment towards the
next iterate and avoid proceeding into a region where the convergence is compomised.
In the preliminary NR scheme (4.1) for the root-finding of univariate function r(x), it
comes down to consider

l

Xoweed = X Pyl =2 =1 ey A, 4.31)

where xielaxe d is then the next iterate used in the NR scheme, instead of x!. The value of

the relaxation factor can be fixed a priori to a constant value y. A value y = 1 means that
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the scheme is non-relaxed, as in the classical scheme. As y is selected closer to zero,
the relaxation is accentuated. If the factor y is chosen very small, this may increase the
number of NR iterations needed, and so the computation time, but may guarantee the
convergence by progressing by tiny increments.

More wisely, the relaxation factor can be adapted at each NR iteration, in such a way
that the next iterate is forced to be a better approximation of the root than the previous
point. Atagiven NRiteration /, several factors yf ) May be tested before finding a value
that satisfies, for instance

|| <[] (4.32)
where x[lm] =x"14 yfm] Ax!, from (4.31). The search can start from Yf()] =1, and then
probe smaller values following, for example, a geometric sequence

1 _ 1
’)/[m] = (p_m, (433)
with m =0,1,2,..., where ¢ is a common ratio generally chosen equal to the golden

ratio or to 2. The search is stopped as soon as the criterium (4.32) is verified. For each
tested relaxation factor yf ) there is thus one additional function evaluation r(x[l m))-

Considering again the earlier illustration from Fig. 4.1 (right), one can see that the NR
method takes too large a first step with the standard approach. Introduction an adap-
tive relaxation mechanism in this example allows to improve significantly the deter-
mination of the increment, as shown on Fig. 4.8. The relaxation process is here highly
attractive since it requires less VR iterations than in the non-relaxed situation to ap-
proach faster the function root. Each relaxation factor search needs only to evaluate
r(x[l mp) such that its computational cost is rather low as compared to applying the left

multiplication by the inverted derivative, [r’ (x!"1)171., as needed in each NR update
(4.1), especially in the multi-dimensional case (4.2). It is therefore always preferable to
have fewer NRiterations at the cost of a greater number of relaxation factor processing.

r(x)

X

1 1
ﬁ“%ﬁzl i Yio =1
5 <~ >

\

Figure 4.8: Illustration of a relaxed NR method applied on the same example as Fig. 4.1 (right).

More importantly, the relaxation mechanism makes it possible to converge for situa-
tions where the classical NR method fails. This is illustrated on Fig. 4.9, which includes
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two previous non-converging examples from Fig. 4.5(a),(e) respectively, but the con-
vergence is achieved here thanks to the relaxation on the increments.

A

r(x) r(x)

A

Figure 4.9: Convergence of the relaxed NR method where the classical NR method fails, illustrated around an
angular point (left), or an inflection point (right), taken from the illustrations in Fig. 4.5(a), (e), respectively.

In the same way, the relaxation method can be applied on the NR method used for the
inversion of the EBmodel, whose update scheme is (4.3). Particularizing the relaxation
technique (4.31) and the relaxation factor search criterium (4.32), for this application
consists in searching the factor yf m) that gives
I _pl-1, .1 I_pl-1y _pl-1 .1 I
h h'™ +y,, W -h")=h"+y,Ah’, (4.34)

[m] —

such that

|2 mf,, xE) - b* (4.35)

[m]?

< “%dzf]"(hl—l,X(I;)) b

Thanks to the relaxed scheme, the EB model can now be inverted successfully for each
time step of the ramp excitation from Fig. 4.6. This is shown on Fig. 4.10, where the
direct form and the inverse form are superimposed. This solution cannot be obtained
with a standard non-relaxed NR,,, technique, as discussed before.

1.2 +

direct form (dir)
0 ¢ « inverse form (inv)

-0.2 T T T T T T } {

0 50 100 150 200 250 300 350 40
hy (A/m)

Figure 4.10: Comparison between by — hy curves of a direct form (h — b) and an inverse form (b — h) of an
EB hysteresis model on the example of Fig. 4.6. The inversion is performed with a relaxed NRana technique.

The same agreement can be observed with rotational excitation, such as those consid-
ered in Fig. 4.2 and Fig. 4.3. The corresponding h-loci, imposed as input for the direct
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form and produced as output with the inverse form, are drawn in Fig. 4.11 (left) and
Fig. 4.11 (right), for each of these test cases. Once again, such results are not feasible
under the influence of angular points without relying on the relaxation procedure for
the inversion with the NR,,, technique.

200 + 300
200
100 + 100
g direct form (dir) g
< 0+ . . < 0
- «  inverse form (inv) -
= = -100
-100
—-200 +
-200 | ~300 |
—200 -100 O 100 200 —-300-200-100 0 100 200 300
hx (A/m) hyx (A/m)

Figure 4.11: Comparison between the h loci of a direct form (h — b) and an inverse form (b — h) of an EB
hysteresis model on the examples of Fig. 4.2 for (left) and Fig. 4.3 for (right). The inversion is performed with
a relaxed NRana technique.

3. Approximated Newton-Raphson Methods

It is also interesting to investigate alternative approximated NR methods to perform
the inversion of the EB hysteresis model (4.3), by replacing the exact Jacobian matrix,
a‘?;};m, by an approximated matrix, denoted here under By. In this context, the update
scheme (4.3) becomes thus o

-1 .
hl:hl—l_[&l—l] _[ggdn(hl—l,x(l;))_b* ) (4.36)

At least two reasons can motivate to do so.

First, it has been assumed so far that the differential permeability tensors can be cal-
culated analytically. However, strictly speaking, this is only possible if the anhysteretic
curve is adequately described by a smooth analytical function, for which the inverse
exists also mathematically. In practice, this is not necessarily the case since the se-
lected function can be non-invertible, such as with the Langevin function, or approx-
imated by interpolation between database points, for instance. In this context, the
differential permeability tensor can still be expressed in a kind of NR,,, approach, by
exploiting the analytical formula given in Chapter 4-Section 2.2, but knowing that each
elementary relation, such as _Zan(|lrev]), Xan(Brev]), Xang(rev)), or Zak (T, xan (111)
)(;I} 51D, that appear inside have actually no analytical expressions behind them, and
should rather be seen as numerical mapping between two sets of quantities, which is
already a semi-analytical - semi-numerical (or semi-experimental) approximation of
the Jacobian matrix. Moreover, if one decides to make the EB model more compli-
cated by describing the pinning field as a function of the magnetic field, or by intro-
ducing other dependencies for the anisotropic case for example, there is no guarantee

4
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that an exact analytical expression for the differential permeabilities will still exist in
the end. In anticipation of this, it is thus natural to study approximated approaches for
the determination of the Jacobian matrix.

Secondly, in some circumstances, it is sometimes interesting to use an approximated
Jacobian matrix instead of the exact one in a NR scheme in order to improve the con-
vergence. Actually, this is somehow the idea behind the relaxation procedure, recalled
in Chapter 4-Section 2.4, since the relaxation factor can be seen as a factor which
weights the Jacobian matrix in the classical NR update. Indeed, by introducing (4.34)
in (4.3), one ends up with

1 a%dir

hl  —hl-1_ [
(m] )
" Yfm] oh P

-1
-1 .

‘ ] . [%d”(hl_l,xk ) —b* , (4.37)
which, when compared with (4.36), gives the corresponding approximated form be-
hind B, I=1"associated to the relaxation process of the NR,,,, technique.

The following subsections investigate two other families of techniques which propose
other strategies to approximate the Jacobian matrix Bj.

3.1. Numerical Newton-Raphson Method

One possibility consists for example in evaluating the differential permeability tensor
purely numerically by finite differences. The inversion technique according to that ap-
proach is then simply denoted as the Newton-Raphson with Jacobian matrix evaluated
numerically (NRy,,,,), in the following.

In the general three-dimensional (3D) case, the Jacobian matrix By’ is a 3 x 3 matrix,

(Bo')xx  (Boxy (Bo')xz
By'=| Bshyx (Bahyy (Bahyz|, (4.38)
(Boh)zx  (Bahzy  (Boh)z
where each component (Bal)aﬂ corresponds thus formally to the differential perme-

. omdr |l . . . o
ability tensor component ah[; ’ , with @,f=x,y,z. Numerical differentiations tech-

niques can then be exploited for each component to approximate the derivatives based
on forward differences:

B! +55-ep,XE,) - B M XE)) eq

Byl ap = , 4.39
(Ba)ap 55 (4.39)
or central differences:
L (2 5505 X)) - B ~6-e5XE)) e
(Ba)ap = ) (4.40)

2§ﬁ

where e, refers to a unit vector in the direction a, and §, represents a small perturba-
tion of the magnetic field along that direction, measured in A/m.
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The selection of the step sizes 6x,6,,6, is rather delicate. The derivative is better
approximated when the perturbation step is small, but too small values may lead to
subtractive cancellation errors when the differentiated quantities are numerically very
closein (4.39) or (4.40). More to the point, the idea is not necessarily to get the accurate
derivative since it has been shown in Chapter 4-Section 2.3 that the exact differential
permeability tensor does not allow the VR method to converge in all situations. There-
fore, one can decide voluntarily to make a rough approximation of the derivative by
choosing a larger step §,, increasing intentionally the truncation error. In particular,
with the presence of angular point around the solution, as in the example from Fig. 4.7,
choosing a rather large perturbation 6, in order to probe points situated around the
discontinuity for the finite differences calculation may allow to smooth out the brutal
local change of the derivatives. An approximated Jacobian matrix can thus be con-
structed with a better knowledge of the average slope change in the neighborhood of
the angular point, being possibly more conductive to convergence.

Nevertheless, the determination of optimal values for the finite difference steps, dy,
by, 62, is a difficult problem. In a pragmatic approach, theses values can be fixed to
constant sizes and be determied a priori by trial and error, since it depends on the ma-
terial and on the problem characteristics. For instances, different constant step values
84, ranging between 10' A/m and 10~ A/m, have been experienced in several appli-
cations during this thesis, and different efficiencies have been observed in function of
the simulation context.

In practice, the same perturbation step 6 has been finally adopted for each direction,
such that 6, =6, =6, = 6. Moreover, its has been observed in the course of numerous
tests that satisfying results can be obtained by considering perturbation steps &', that
change dynamically at each VR iteration [, according to

6'=c|Ah!| = c|h! =n!7Y, (4.41)

where Ah' is thus the NR increment step calculated at iteration [, and c is a constant
weighting factor, which can be modified if needed, but with a typical value set at ¢ = 0.1
in the simulations here. This gives thus an automatic way that adjusts the perturbation
step at each VR iteration in function of the increment step. It remains yet a flexibility
in chosing the value 6° used in the first NR iteration.

The construction of the numerical approximation for the Jacobian matrix requires 4
evaluations of the direct EB model with the forward-difference formula (4.39), includ-
ing the central one that is actually already evaluated by default per each iteration, and
6 evaluations with the central-difference case (4.39). Note that the number of direct
model evaluations needed to build the Jacobian matrix remains the same whether the
matrix is symmetric or not.

In purely two-dimensional (2D) excitation case, the components with respect to z can
be discarded

(Boh)xz = (Bah)yz = Bahax = Bahzy =0,  (Baha=1, (4.42)

4
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and the Jacobian matrix reduces eventually to a 2 x 2 matrix if the vector fields h, b,X*
are expressed with two components only. At the end, the Jacobian matrix determina-
tion requires then now 3 or 4 evaluations of the direct EB model with the forward- or
the central- difference formulae, respectively.

Forward differences are thus less costly compared to central differences. However, in
practice, better results have been obtained with the central difference approach such
that this is always the corresponding formula (4.39) that is used behind the NR,,;,,
technique in all cases presented in this thesis. In light of this, one can already antici-
pate that the preparation of the Jacobian matrix at each NR,,,,,, iteration will be all the
more costly in terms of computation time as the direct EB model is time-consuming.

3.2. Quasi Newton-Raphson Methods

Finally, quasi Newton-Raphson methods are other alternative of the NR method, that
are able to find roots of multivariate functions, without relying on an exact Jacobian
determination. Contrary to the NR,,,,,, technique, the Jacobian matrix is here updated
based on the knowledge from the previous iterations, without needing additional eval-
uation of the functions. This is an important advantage for the inversion of the EB hys-
teresis model since the direct model can some sometimes be laborious to compute, in
particular with the var approach.

Basically, quasi Newton-Raphson methods can be seen as generalizations of the secant
method, but for multidimensional problems. The secant method for finding the root
of a single-variable function r(x) relies on a process similar to the NR method (4.1),
but where the derivative r'(x!~!) is substituted by the slope of the line that joins the

two last visited points, xl’l,xl =2 such that the recurrence relation becomes

-1_ ,1-2
P L S—— (4.43)
r(x=1) —r(xl-2)

The graphical illustration of this update scheme is shown in Fig. 4.12 on the same ex-
amples as in Fig. 4.1. Actually, the secant method can sometimes converge in situ-
ations where the classical NR method fails, as illustrated in Fig. 4.13. The previous
non-converged examples in presence of angular point and inflection point of the non-
relaxed NR,,, technique from Fig. 4.5(a),(e), are here solved without problem based
on the update scheme from (4.43). Since such delicate situations with angular and in-
flection points are typically encountered in the direct EB model functions, this further
motivates the need to investigate generalization of the secant method for the inversion
of the hysteresis model.

Actually, there exist a number of different techniques to generalize the secant method
to multivariable functions. Inspired by the secant equation (4.43), all quasi-Newton
methods satisfy the condition

B,;'*'AR! = Ab!, (4.44)

where the following vectors are defined to simplify the notation,

Ah'=h'-h""", Ab' =20 X§) -2 XE ), (4.45, 4.46)
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r(x)

Figure 4.12: Graphical illustrations of the secant method applied on the same examples as Fig. 4.1.

A

r(x) r(x)

A

Figure 4.13: Convergence of the secant method where classical NR method failed, illustrated around an
angular point (left), or an inflection point (right), taken from the examples in Fig. 4.5(a),(e), respectively.

where the adaptation for the EB hysteresis model application is already considered.
Nevertheless, the relation (4.44) is underdetermined when there is more than one vari-
able, such that it does not define a unique matrix Bal“, but a class of matrices. Some
freedom remains to make further assumptions about the matrix properties in order to
completely determined B,'*!. Different formulae have been developed to update the
Jacobian matrix, or its inverse, different in the rank of the update matrix and in the
properties that are maintained through this update [172]. Some of them are recalled
hereafter.

The simplest quasi-Newton approach is the Broyden formula [37], where the update
minimizes the change to the Jacobian, between & I+1 and ﬂ L

The Davidon-Fletcher-Powell Formula (DFP) [50, 78] is another quasi-Newton method
where the update formula for the Jacobian is determined in such a way to preserve
symmetry and positive definiteness, whose solution is

. Ab/an!™Y (- anlab!")  ablab!’
Byt =(1-——F—|Bo! | I- = +— (4.47)
- Ab! AR T Ab!" Ah!) Ab!" Ah!
The inverse of ﬁ k denoted by
-1
Hy' = [&l] , (4.48)
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is useful in the implementation of the algorithm, since the next search point (4.36) can
then be computed as a simple matrix-vector multiplication

hl — hl—l _ﬂl_l . [%dir(hl_l,x(];})) _b* . (449)

By using the Sherman-Morrison-Woodbury relation, that is
A'xy'A™!
1+yTA x’

(A+xy) =4 (4.50)

the DFP update (4.47) can be explicitely expressed in terms of the inverse of the Jaco-
bian approximation Hy ! to get

ﬂlAblAblTﬂl AhlAth

Hy"' = H,' - (4.51)

+ )
Ab' Hy'ab! AR A

saving thus the effort of having to inverse the Jacobian matrix at each iteration.

The most popular of the quasi-Newton method is the Broyden-Fletcher—Goldfarb-
Shanno (BFGS) method [38, 77, 88, 191], which is generally considered as the most
effective of all quasi-Newton updating formulae [172]. The BFGS update can be de-
rived as being the dual of the DFP approach (4.47). Instead of considering the Jaco-
bian matrix Bal , similar conditions can be imposed on their inverse Hal , to preserve
the symmetry and positive definiteness of the matrices at each iteration, giving thus
the dual formula:

i [, snlab") o ablan'"|  An‘an!’
ﬂ =1~ 1T i i ! - 1T 1 + 1T i ’
Ah'" Ab Ah'" Ab Ah'" Ab

or equivalently, written efficiently without matrix multiplications:

(4.52)

o (on' bt s ab' Hy'ab!) (anan')  Hylab'an!T +an'ab!” Hy!
H, =H; + - —.

(AthAbl)z AthAbl

(4.53)
This is this last expansion (4.53), called the Good Broyden-Fletcher-Goldfarb—Shanno
algorithm (GoodBFGS), that has been chosen to approximate the inverse of the Jaco-
bian matrix used in the iterative scheme (4.49) to find the next estimate of the magnetic
field for the inversion of the EB hysteresis model. For the first iterate, the inverse Jaco-

6@1[!‘7' (A
oh

bian matrix is calculated analytically ﬂo =

The GoodBFGS technique has the reputation to be rather robust and has proven to
have good performance even for non-smooth systems in [141, 142]. A superlinear rate
of convergence has been observed on practical problems, which has to be compared
with the one of the NRmethod, thatis quadratic. In general, a quasi-Newton algorithm
usually needs more iterations than a classical NR method, but its costs per iteration
is usually lower, since the Jacobian matrices update are very light, even more if the
update is directly applied on the inverse Jacobian.



SECTION 4. 97

4. Numerical Comparison

In this section, the proposed inversion techniques, namely the NR,,,,, the NR,,;,;,, and
the GoodBFGS algorithms, are extensively tested, with or without the relaxation pro-
cess, and compared on their ability to reverse each of the direct EB hysteresis model
approaches, i.e. the vpm, the var and the diff methods. For that purpose, the battery
of test cases used in the previous Chapter 3-Section 5 for the comparison of the direct
models is here used again. Furthermore, the analysis is also realized with the same
3-cell hysteresis model parameters as in Chapter 3-Section 5.

Therefore, a set of 40 excitation sources of similar type as in the previous chapter, i.e.
hdir(t) = hmax[ cos(2nft),cos2rft— (D),O], is made-up with various maximum field
value components, Anax = 50,100,150,200A/m, and various phase shifting angles @,
from 0° to 90° by step of 10°, such as to cover a large panel of possible excitation source
types, from unidirectional to purely circular cases, as shown by the illustrations of
Fig. 3.13 and Fig. 3.14. Preliminary, the direct forms of the EB model are fed by these
excitation sources h%" (2) to produce the flux density responses b(¢). Then, in a second
stage, the generated fields b(#) are used as input sources for the corresponding inverse
forms of the EB model in order to retrieve, at the end, magnetic fields h"( 1), that
should in theory be the same as those imposed at the beginning. Each periodic signal
is here discretized by 500 evenly spaced time steps in each simulation. In general, the
smaller the time step, the better the convergence of the inversion methods since the
approximation from the previous time step is then closer to the current solution. But
this influence is not discussed here and a fixed time increment is considered. At each
time step n, the inversion technique is assumed to have converged at an iteration /
when the stopping criterion |g3di’(h£,,xfp)) —bj;| <1077 T is verified.

At the end of a simulation, the accuracy of the inversion technique can be measured by
comparing the input magnetic field hg” and the corresponding output hﬁ;”" that results
from the serial application of the direct and the inverse forms of the EB model. To this
end, a root mean square deviation norm (RMSDN), analogous to (3.32), is calculated
from the mean-square differences between these fields over all the time step (s), n =
1,..., N, used in the simulation, thus based on the composition

N,
(RMSD); = | — (nim - hd"f)z Vi=xy2z (4.54)
1 — N,j ) i,n i,n ) - )yr ) .
n=

from which the RMSDN is derived by taking the L?-norm. Naturally, this factor is mea-
sured in ampere per meter (A/m) this time.

Here, the three model approaches are tested with each of the three inversion tech-
niques, each of which being combined with a relaxation process, or not, making a
total of 18 different implementations that can be submitted to the set of 40 excita-
tion sources. The various implementations performances are summarized in Table 4.1
and Table 4.2, which group the inversions without, or with, the relaxation mechanism,
respectively. Each line in these tables corresponds thus to an association of an EB
model approach with an inversion technique, as specified on the first two columns.
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The third column indicates, for a given implementation choice, the number of sim-
ulations among the 40 tested ones for which a convergence issue arises during the
inversion, when the maximum number of iterations, set at l;;,,x = 200, is reached for
some time step. The values in the following columns give additional characteristics of
the inversion technique, such as the central processing unit (CPU) time needed per
simulation with the inverse form, the CPU time ratio of the inverse form with respect
to the direct form, the mean and maximal number of iterations per time step for the
inversion, and the RMSDN factor calculated with (4.54). All the indicated values are
determined exclusively from the average over the test cases that have converged for
all time steps. The simulations which have not worked properly among the 40 tested
ones for a given implementation choice are discarded, such that a reduced number of
valid values are then taken into account to calculate the average quantities. These sit-
uations are identified on Table 4.1 and Table 4.2, by increasing the shading of the rows
in function of the number of simulations that have not been successfully inverted for
the given implementation.

Table 4.1: Simulations without relaxation in the inversion techniques applied on each model approach.

CPU time ratio

inversion method non-converged CPU time . . iter / timestep  RMSDN (A/m)
approach . . . . . . per simulation .
(without relaxation) simulations per simulation (s) . mean (max) (dir as ref.)
(dir as ref.)
NRnum 2/40 (&) 1.65 (®) 24.3 3.33 (5) 2.8-1074
vpm NRana
GoodBFGS 17/40 0.87 13.4 6.58 (118) 4.8-10"
NRnum 0/40 152.51 (A) 33.1 3.23 (6) 2.8-10%
var NRana
GoodBFGS 0/40 45.98 (v') 8.2 5.32 (16) 3.3-10"
NRnum 0/40 27.27 (A) 223 3.23 (6) 2.7-1071
diff NRana

GoodBFGS 0/40 10.54 (v') 8.8 7.45(19) 3.4-10"

Table 4.2: Simulations with relaxation in the inversion techniques applied on each model approach.

CPU time ratio

inversion method non-converged CPU time . ) iter / time step  RMSDN (A/m)
approach . X . . . X per simulation .
(with relaxation) simulations per simulation(s) o ——"— mean (max) (dir as ref.)
NRnum (Relax) 2/40 (&) 1.77 (&) 28.6 3.33 (6) 2.8-1074
vpm NRana (Relax) 5/40 1.62 24.3 3.56 (61) 33-1074
GoodBFGS (Relax) 23/40 1.32 20.8 5.26 (32) 5.5-107%
NRnum (Relax) 0/40 165.8 (A) 35.8 3.23(6) 2.8-107%
var NRana (Relax) 0/40 79.31 (V) 12.5 3.21 (6) 2.7-1074
GoodBFGS (Relax) 0/40 89.25 16.1 4.76 (10) 3.4-1074
NRnum (Relax) 0/40 28.49 (A) 25.8 3.23 (6) 27-107%
diff NRana (Relax) 0/40 18.95 (V) 15.7 3.52 (5) 2.4-1074
GoodBFGS (Relax) 0/40 22.23 18.6 5.69 (13) 3.1-1074

By comparing the shaded rows between Table 4.1 and Table 4.2, it is clear that the
NR,,4 inversion technique must absolutely be combined with a relaxation process.
Indeed, a large number of the NR,,,, simulations (75 %) do not converge without this
mechanism, whatever the underlying £B model approach chosen, as seen in Table 4.1,
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whereas the use of the relaxation allows all the NR,,,, simulations with the var and
the diff approaches to converge, according to Table 4.2. Furthermore, among the re-
laxed inversion methods tested for the var and the diff approaches in Table 4.2, the
NR,;,, method requires the least CPU time (indicated by ¥), compared to NR,,,,,,, and
GoodBFGS techniques.

On the other hand, with the vpm approach, despite the fact that the relaxation of the
NRg,,, does improve the algorithm by reducing the number of non-converged simu-
lations from 30 to 5, there are still some test cases which remain problematic (12.5 %).
Generally speaking, the vpm approach is numerically more difficult to invert than the
two other approaches. Indeed, for the vpm approach, there are none of the three in-
version techniques, whether relaxed or not, that are able to converge for all the 40 test
cases, as there is never zero non-converged simulations with each of the vpm-based
implementations in Table 4.1 and Table 4.2. In the best situation, which corresponds
to the inversion with NR,,,,,,, for the vpm approach (marked by #), there are still 2 test
cases (5 %) for which the inversion fails for some time step, with or without relaxation.

While the relaxation is essential for the NR,,,, method, it is not recommended for the
NR;,,,,m» and the GoodBFGS inversion techniques in the light of the presented exam-
ples. Indeed, when applied to var and diff approaches, these inversion techniques are
already fully capable of converging without relying on a relaxation process for the 40
test cases, with 0% failure, as seen in Table 4.1. Introducing relaxation is therefore un-
necessary in this situation since it only slows down the convergence, without making
any improvements, as checked in Table 4.2. In the same way, when applied to the vpm
approach, the relaxation of the NR;,;,,, and the GoodBFGS techniques is useless since
it does not allow here to reduce the number of non-converged simulations, and the sit-
uation is even worse for the GoodBFGS because this number increases in the relaxed
configuration.

The GoodBFGS technique is clearly not adapted for the vpm approach since this as-
sociation leads to an important number of non-converged simulations, either with or
without the relaxation. Actually, this observation seems consistent with the fact that
the GoodBFGS update formula (4.53) aims to conserve the symmetry and the positive-
definiteness of the Jacobian matrix approximations, whereas these properties are not
always guaranteed by nature with the vpm approach, as demonstrated mathemati-
cally in Chapter 4-Section 2.2. Conversely, the differential permeability tensors asso-
ciated to the var and the diff approaches are symmetric and positive-definite in all
circumstances, such that their inversion by the GoodBFGS method is therefore more
appropriate to this context. By comparing the CPU time in Table 4.1, one can see that
GoodBFGS is in fact the most effective non-relaxed inversion technique for each of
the var and diff approaches, as it does not raise any convergence problems for the
40 excitation sources (indicated by v). Hence, the inverse form of the var and diff
approaches are at best about 8.2 and 8.8 times slower than their dual direct form, re-
spectively, thanks to the non-relaxed GoodBFGS inversion technique. The number of
iterations required by the GoodBFGS algorithm is higher than with NR,,,, or NR,,
methods, but, since the inverse Jacobian matrix is straightforwardly updated through
(4.53), the CPU time cost per GoodBFGS iteration is lower. Therefore, the average CPU

4
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time per simulation with GoodBFGS is at the end, of the same order of magnitude as
with NR,,, (discarding unconverged NR,,, simulations in the non-relaxed configu-
ration), and remains significantly lower than with NR,,,,,.

By contrast, the NR,,,;;, inversion technique is the most costly in terms of CPU time
per iteration, because it requires additional evaluations of the direct EB model in order
to construct the Jacobian matrix by finite differences. Therefore, the numerical calcu-
lations of the Jacobian approximations take all the more time as the resolution of the
selected model approach is time-consuming. As discussed in Chapter 3, the vpm is
naturally the fastest approach, with almost instantaneous resolution, whereas the diff
and var approaches involve heavier numerical optimization algorithms in their up-
date functions, and even more so for the var approach, which is an order of magnitude
slower than diff. Consequently, the use of the NR,,,,,,, inversion technique for the var
and diff approaches takes a significant amount of time, as obvious in Table 4.1 and
Table 4.2, where the NR,,,,;,, method is by far the slowest inversion technique proposed
for each of them (identified by A). Even in the fastest of these NR,,;,,,,-based configu-
rations, i.e. without relaxation and applied on the diff approach, the inverse form still
takes about 22.3 times as long as the direct form. It goes up to be 35.8 times as long as
in the slowest case, i.e. under relaxation and applied on the var approach. However,
for the reasons given above, the NR,,,,, inversion technique is the most suitable for
the vpm approach since on the one hand, it is not too time-consuming to make sev-
eral calls to the vpm update function per iteration to determine the finite differences
used in the Jacobian approximations and, on the other hand, this is the most robust
inversion method that provides the least number of non-converged test cases for the
vpm approach.

Finally, it can be observed by looking at the last column in Table 4.1 and Table 4.2 that
all implementation varieties end up with similar level of accuracy of equivalent order
of magnitude for the RMSDN factors, of about 10~* A/m. This value obviously depends
on the tolerance chosen for the stopping criterion of the inversion method, which has
been set at 10~/ T as maximum deviation on the flux density field values.

Lastly, the detailed characteristics of each of the 40 test cases, simulated with the 18
implementation varieties, is exposed from Fig. 4.14 to Fig. 4.19. They illustrate the
content of the averaged values displayed on Table 4.1 and Table 4.2, with the specifi-
cation of each simulation result. Each column of subplots in the figures is dedicated
to one of the 18 implementations, which is associated to a row in the tables, and thus
to a choice of an EB model approach, with an inversion technique, with or without the
relaxation mechanism. For each implementation configuration, these figures provide
some insight for each test case by plotting the evolution of the mean iteration per time
step, the CPU time and the RMSDN values, in function of the phase shifting angles
and for different maximum field values of the imposed sources. Each point in these
graphics is thus associated to a simulation of one of the 40 test cases.

It appears that problems linked to non-convergence tend to be more common for exci-
tation sources with high fields that reach saturation (Amax — 200A/m) and with small
non-zero phase shifting angles (0° < ® < 50°), which correspond to elongated ellip-
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soidal shaped signals, where magnetization changes strongly in magnitude, while ro-
tating.

In summary, several inversion techniques (NR,4, NRy,m, GoodBFGS) have been tested
on the different hysteresis model approaches (vpm, var, diff). It has been shown that
the approximation behind the construction of the vpm approach no longer guarantees
that its differential permeability tensor remains a symmetric positive-definite tensor
in all circumstances, whereas this property is always verified with the var and the diff
approaches. This asymmetry may explain the significant numerical complications en-
countered for the inversion of the vpm approach compared to the two others. More-
over, the NR,,, inversion technique must necessarily be combined with a relaxation
process to ensure convergence, whereas this is not necessary for the two other inves-
tigated techniques. The GoodBFGS technique generally requires the most iterations
before converging, but each iteration needs less CPU time because the Jacobian ma-
trix is approximated on the basis of the previous iteration result. Thus, the GoodBFGS
method is the fastest inversion technique, unlike NR,,,,,,,, which is the slowest. How-
ever, NRy,,, is interesting for the inversion of the fast vpm approach. Nevertheless, the
NRg,,, technique combined with a controlled relaxation generally remains the most
robust technique to ensure convergence compared to GoodBFGS, even if it has not
been directly illustrated by the set of examples presented in this section. A relaxed
NRg 4 is thus generally preferred in practice.

Based on this experience, the different EB hysteresis model approaches, namely the
vpm, var and diff, can now be successfully inverted so as to be driven by the magnetic
induction field b, instead of the magnetic field h. In the following, the inverse EB hys-
teresis model is expressed under a single generic form that can be associated with any
of the three implementation approaches:

h=7""bX,) = argmin 2" (h,X{,) ~b|. (4.55)
These inverse forms can further be integrated into a FE computation code and tested

in magnetic vector potential formulations where the induction field b constitutes then
the variable of interest. This is the purpose of the following Chapter 5.
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Inversion (without relaxation) of the vpm approach.
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Figure 4.14: Details on performances of different inversion techniques (without relaxation) for the vpm

approach over 40 simulation test cases.
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Inversion (with relaxation) of the vpm approach.
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Inversion (without relaxation) of the var approach.
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Inversion (with relaxation) of the var approach.
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Inversion (without relaxation) of the diff approach.
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Figure 4.18: Details on performances of different inversion techniques (without relaxation) for the diff ap-
proach over 40 simulation test cases.
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Inversion (with relaxation) of the diff approach.
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CHAPTER

Finite Element Formulations

(EB) Hysteresis Model for two complementary magnetic field conforming or mag-

netic flux density conforming formulations for finite element (FE) time stepping
analysis are presented. The investigated FE formulations are the magnetodynamic
h— ¢ and a— v formulations, as well as their corresponding magnetostatic simplifica-
tion, namely the a and the ¢ formulations, respectively. Similar inclusion of Preisach
or Jiles-Atherton hysteresis models in complementary FE formulations can be found
in [65, 67, 97] for the magnetostatic case, for example.

IN this chapter, the inclusions in the magnetic constitutive law of the energy-based

1. Electromagnetic Models

1.1. General Description

In classical electromagnetic theory, electromagnetism is described by the following
general Maxwell’s equations [202, 101]

curlh-0,d=j, curle = -0;b, divb =0, divd=gq, (5.1,5.2,5.3,5.4)

which are the generalized Ampere law, Faraday’s law, the magnetic Gauss law and the
electric Gauss law respectively. They involve the vector fields h, e, b, d that are the
magnetic field (A/m), the electric field (V/m), the magnetic flux density (T) and the
electric flux density (C/m?), respectively. The electric charge density g (C/m?) and the
electric current density j (A/m?) are source terms in these equations. This system of
equations is closed with the addition of constitutive laws [52, 124, 110], establishing
some relations between the vector fields h, e, b, d and j that are specific to a medium
and can be written, with their main typical two-by-two coupling, as

b=%m), d=92(), j=_2gle). (5.5, 5.6,5.7)

These connections are not necessarily simple, as they may be nonlinear, anisotropic,
influenced by other physical quantities such as temperature, or may depend on past
values of the fields, with some memory effect leading to hysteresis.

109 %
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Namely, the study of the first one (5.5), the magnetic constitutive law, has been the
central topic of this thesis since Chapter 1-Section 1.1, leading to the development of
the EB hysteresis model in the subsequent chapters to describe hysteretic ferromag-
netic material. The history-dependencies are hidden here for the sake of generality at
this stage.

The second constitutive law (5.6) describes the behavior of dielectric materials. In its
simplest expression, it states a proportionality relation between the electric flux den-
sity d and the electric field e through a material characteristic factor €, the electric per-
mittivity (F/m). Of course, material laws more complicated than a linear relation do
exist, as example for ferroelectric materials, which can be seen as electric equivalent of
ferromagnetic materials, characterized by saturation and hysteresis phenomenon as
well. However, the electric behavior is not the topic of this work.

The third constitutive law (5.7) relates the current density j to the electric field e. In this
thesis, the simple Ohm'’s law is adopted, valid for conductors where j is proportional to
e, and thus linked linearly by a field-independent electric conductivity o (§/m).

At the end, the analysis in this work is restricted to constitutive laws of the type
b=%Mh) —h=#0b), d=ce—e=c'd, j=oe—e=0"'j, (5.8,5.9,5.10)

where only the magnetic law (5.8) can possibly describe nonlinear behaviors. As shown
by (5.8), itis furthermore assumed that the nonlinear mapping 28 has an inverse 87! :=
/. It has been shown in Chapter 4 that such inversion can be performed with the EB
hysteresis model, while it is all the more trivial for linear laws such as (5.9) and (5.10).

All the set of partial differential equations from Maxwell, combined with the consti-
tutive laws, defines a mathematical framework able to determine the evolution of the
electromagnetic fields, locally at each point in space and time [49, 29], provided that
appropriate initial and boundary conditions are given. The general goal consists in
solving this system in a bounded open set Q of the three-dimensional oriented Eu-
clidean space (E*). On the boundary I of the domain Q are defined complementary
partsI';, and I', on which the tangential trace of h (the normal trace of j) or the tangen-
tial trace of e (the normal trace of b) are imposed respectively, with n the unit normal
vector exterior to Q.

It is convenient to divide the domain Q in subregions having specific characteristics.
For instance, the considered domain Q can be split in a conducting region Q. and a
nonconducting one Qf, with Q = Q, U Qf. With this picture, the general framework
is able to model eddy currents in massive inductors, which belongs to Q. and to take
into account external sources from stranded conductors, where the current density j
is imposed in the region Q; c QF, as well as from boundary terms. Additional details
on the coupling between inductors with external circuit equations to access directly
the current or the voltage values thanks to electric global quantities can be found in
[60, 62], but will not be reminded here. These contributions intervene in the set of
source domains g, also called generators, which can be either a subset of Q. or QE
For example, these generators can be connected to massive or stranded inductors, be-
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longing thus to Q,, € Q. or Qs c Qf, respectively.

1.2. Magnetodynamics

The term d;d in (5.1), also called the displacement current, is responsible for wave
phenomena in electromagnetism. However, in the electrotechnical applications of in-
terest, this contribution can be neglected, because the frequencies considered lead to
much greater wavelength than the characteristic size of the devices studied [180, 166].
This leads to a decoupling between electrical and magnetic phenomena. This thesis
focuses essentially on the latter, the description of magnetism.

In the magnetodynamic approximation [186], Maxwell’s equations reduce to
curlh =j, curle = -0;b, divb =0, (5.11, 5.12, 5.13)

from which it is appropriate to provide the local magnetic and electric constitutive
laws

b=%Mh) — h=#0b), j=oce—e=0}j. (5.14, 5.16)

This formalism allows to take the dynamic influence of eddy currents into account.
The fields h, b, e and j are sufficient to characterize an electromagnetic state in space.
Formulations can be expressed directly according to these fields. Nevertheless, as it
will be reminded in the following sections, the introduction of precious potential defi-
nitions allows to reduce the computational cost associated with the resolutions of the
magnetodynamic problem, leading to different formulations.

1.3. Magnetostatics

The magnetostatic approximation considers only magnetic phenomena independent
of time. It assumes that the currents have slow enough variations so that the associ-
ated skin depth is much greater than the characteristic length of the domain. In this
circumstances, eddy currents can no longer exist. Neglecting both the 0,d and d;b
terms, the Maxwell system evolves into

curlh =j, divb =0, (5.17,5.18)
for which only the local magnetic constitutive law remains required

b=%3Mh) — h=74(b). (5.19)

The current density j is given and constitutes a source of magnetic field. The concepts
of magnetic field h or induction b are of course sufficient to characterize a magnetic
state in space. Nevertheless, once again, the concept of auxiliary potentials proves its
interests and gives rise to various formulations depending on the potential adopted.

4
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2. Magnetic Field Conforming Formulations

2.1. Magnetodynamic h — ¢ Formulation
Introduction of the Magnetic Scalar Potential

The magnetic field h can take the general expression
h=h;+h; —grad¢, (5.20)

involving three complementary fields hg,h, and ¢. The field h; is a source magnetic
field related to the imposed current density j, in stranded conductor Q; through

curlh; =j,. (5.21)

The source magnetic field obeying (5.21) is not unique and several ways exist to define
it [60]. One technique consists in building non physical generalized source fields cho-
sen equal to zero everywhere outside the conductors g, except in a transition layer
along their associated cuts [58]. This can be easily defined a priori, i.e. before the
time stepping, which is a key feature of the method. The field h, is the corresponding
reaction field in conducting regions Q., while ¢ is the associated reaction magnetic
scalar potential derived in nonconducting regions Q$. When the domain Q¢ is multi-
ply connected, the scalar potential ¢ is a priori multivalued, in which case cuts must
be introduced to make this domain simply connected and avoid the multiplicity of ¢.

Weak Formulation

Satisfying (5.11) in a strong sense through (5.20), the h—¢ formulation is obtained from
the weak form of (5.12) in combination with the constitutive laws (5.14) and (5.16):

0:(%m),h), + (Uflcurlh, curlh')ﬂc + (Ufljs,curlh/)gx +(nxe;h)r, =0, (5.22)

forallh’ € Fp(Q), where Fp,(Q) is an appropriate function space defined on Q en-
closing basis functions for h, coupled with ¢, as well as for the test functions h’. The
notations (-,-)q and (-, )1, denote the integral of the scalar product of the two argu-
ments over a domain Q2 and on a boundary I respectively.

Spatial Discretization

Nevertheless in a computational context, only a restricted function space for the h—¢
discretization may be considered. In order to satisfy (5.22), the magnetic field h is
therefore interpolated with edge elements [28, 167, 59, 61, 55], generating the discrete
function space defined on a mesh of Q. Each degree of freedom related to each basis
function is the circulation of h along its associated edge. The function space is also en-
riched with additional basis functions associated with the nodes of the mesh included
in the Q¢ regions. Indeed, the circulation of h along an edge in Q¢ is actually the dif-
ference of the scalar potentials ¢ at both extremities of the edge. Exploiting the scalar
potential helps to reduce the computational cost. In case Q¢ is multiply connected,
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the discretization of h, and more particularly of ¢, needs the introduction of vector ba-
sis functions associated with cuts making QCC simply connected. The test functions h’
are restricted to the same function space. Applying this discretization to the problem
(5.22) leads it to become a system of differential equations, with one equation for each
degree of freedom [158].

Time Discretization

Furthermore, a finite difference time-stepping algorithm based on the standard 6 —method
is used to discretize the problem in time [208, 99]. This approach covers in particular
the Euler implicit method (8 = 1) and the Crank-Nicolson method (6 = 1/2). Thanks to
this scheme, the solution at time ¢, is built from the known solution at the previous
instant f,_;. The time derivative of a variable is thus approximated by

— %(h)|n _‘%(h)ln—l (5 23)
In-1 Atn ’ ’

00,%(h) . +(1-0)0,%h)

with At, = t,, — t,-; the time increment at step n. Exploiting this, the system of dif-
ferential equations previously mentioned becomes a system of algebraic equations. In
this thesis, the backward Euler method is adopted (6 = 1), and applying this numerical
scheme to (5.22) requires to cancel the following functional at each time step n

%Bh)|, - BM)|
Aty

Fng(hy) 1= ( nl ,h') + (0" 'curlhy, curlh’)
Q

¢ (5.24)

+ (07 G n curlh’), +nx (e5),, W)y, .

System Resolution

In case the constitutive magnetic law is linear, i.e. %(h)|n = phy, with p the constant
magnetic permeability’, the corresponding systems of algebraic equations in the dis-
crete level are also linear and produce directly the fields h,, for each successive time
instant.

Considering now a reversible anhysteretic constitutive relation, 28 (h) | = PBan(hy), that
depends nonlinearly on h;,, the systems of algebraic equations are then nonlinear and
have to be solved iteratively for each time step, usually by means of a Newton-Raphson
(NR) method.

The same applies for irreversible hysteretic media. Here, the EB hysteresis model is
included under its direct form % (h)|, = %" (h,, (X),,—1) where the variables (X*),,_;

stand for hfev(p) for the Vector Play Model (vpm) and the differential approach (diff),

or ]fp) for the variational approach (var). These values are known from the previ-
ous instant (p) = n— 1. Hence, the update magnetic field b,, depends only explicitly
on the unknown h,, at a given time step. Therefore, the generic constitutive relation

4

Leither a scalar if the medium is isotropic or a tensor for an anisotropic medium.
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b, = %) | ,, at each time step, is also adopted in the following for the hysteresis model
because other possible dependencies, like (X¥),,_1, can be handled parametrically.

The term b,,_; = %(h) | 1 in (5.24) can be directly reused from the previous time step
without calling again the magnetic constitutive law. This implies an additional data
storage cost that may be worthwhile when the application of the constitutive law is
computationally time consuming.

The NR method approximates the exact solution of (5.24) by a sequence hf1 = hﬁ[l +
Ahily with i = 1,2,... the iteration index in the nonlinear resolution, starting from an
initial estimate h(,)l that could be, for example, the known value h;,_; from the previous
time step. At each nonlinear iteration, the nonlinear system coming from (5.24) at the
discrete level is linearised around the (i — 1)-th known solution hil_l and solved with
respect to the increment Ah’, = hi, —hi~! to find the new solution hi,, as summarized
in (5.25), until a given convergence criterion is satisfied.

Magnetodynamic h — ¢ Formulation

Atiteration i of the NR resolution, at time step n, find hﬁl € Fy(Q) such that

agc“h(,,
hl 1

-AhL = —Fpe(h ), (5.25)

holds for suitable test functions h’ € Fpp(Q); with Ahf1 = hil - hz_l and where

0F, 1 0B i-1 . .
h(p Ah! = 2z Ah!,h'| + (aflcurlAhZ,curlh/) ,
hl 1 Atn n Q c
. Bh)|~" - BM) .
Fppl ) = ( It Lo |+ (a_lcurlh’n_l,curlh’)
Aty o .

+ (U_I(js)n)curlh,)gs + <n X (es)n,h/h‘e .

At the discrete level, it comes down to solving, at each iteration i, a linear system in
terms of the increments Ah’, to find the next h’ The tensor appears through the
linearization in (5.25) and is computed with the known values from the (i —1)-th NR
iteration.

When dealing with hysteretic media, the notation %(h)| ;—1 =B (Wi, (XK),-1) rep-
resents the induction field updated by the direct EB hysteresis model based on the
known values h; ! from the (i — 1)-th iteration in the NR process, and the known mate-
rial state from the previous time step (Xk) n-1. If saved, the computed induction fields
from the previous time step b,,_; = %(h) | .1 €an be reused as such.

With the EB model, the differential permeability tensor %‘Of is the tensor already de-

tailed in the VR process (4.3) used for the inversion of the hysteresis constitutive law
at material level. It is worth noting that discontinuities on the differential permeability
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are thus also likely to happen between subsequent iterations. Therefore, relaxation is
in general mandatory with factor y €]0, 1], so that h!, = h’~ ! +yAh! , to palliate stability
problems in the NR scheme.

Finally, when the new solution field h,, is determined after convergence, the magnetic
material variable states (Xk)n are updated thanks to (3.10), (3.20) or (3.28), depending
on the chosen implementation approach. The new material state characterization is
thus completed and the next time step can start.

2.2. Magnetostatic ¢ Formulation

Based on the same developments that were made previously for the magnetodynamic
problem, the simplified case of magnetostatics is now addressed. Similarly as in (5.20),
the magnetic field h takes the general expression

h=h;—grad¢, (5.26)

with hg, the source term still related to j, through (5.21) as before, and where all the
reaction field can now be derived from a scalar potential, —grad ¢, everywhere in Q.
Of course, once again, this derivation is only correct if appropriate cuts are introduced
in Q to make it simply connected [61, 188]. Compared to (5.20), there is no conducting
regions where a reaction field h, can develop in the magnetostatic case. This decom-
position of h is sufficient to satisfy (5.17) in a strong sense.

In addition with the constitutive law (5.19), the weak form of the magnetic Gauss equa-
tion (5.18) then reads

(% (hs—grad¢),—grad¢’), + (n-by, @), =0, (5.27)

for all test functions ¢’ € F((2), where Fy (L) is an appropriate function space, both for
¢ and ¢, the gradient of which is actually included in Fj,(Q).

Of course, in a FE context, the scalar field values ¢ and ¢’ are represented by nodal
elements spanning discrete subspace of F(Q). The degree of freedom associated to
each nodal values in the mesh of Q corresponds to the unknown of the FE problem.
As before, the discrete equivalent of (5.27) consists then in a set of differential equa-
tions, with one equation for each node, such that the problem can eventually be writ-
ten under a system in matrix form, in terms of the vector of unknown components that
discretize spatially the scalar potential field ¢.

Limiting once again this presentation to the continuous domain, the discretized ¢ for-
mulation aims to cancel the functional

Fplpn) = (% (b —gradg) | —grade') +m- (b)), , (5.28)

in order to determine the scalar potential field ¢, corresponding to the inner sources
(js)» and boundary sources (bs), of a given time step 7.

The remarks in the magnetodynamic case about the system resolution and the dis-
cussion on the type of magnetic law hidden behind the expression 2(h), remains also

4
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valid here. Namely, for a nonlinear constitutive law, with or without hysteresis, an iter-
ative process has to be used to cancel (5.28). Adopting a NR scheme, the magnetostatic
¢ formulation can be summarized by the resolution of (5.29), at each NR iteration until
convergence for a given time step.

Magnetostatic ¢ Formulation

Atiteration i of the NR resolution, at time step n, find (pfl € Fy(Q) such that
0F, . .
-0 | AL = - Ty, (5.29)

(pl 1
holds for suitable test functions ¢’ € F(Q); with APl = ¢l — i1 and where

ag‘b i 0% |i-1 i /
Ty a0 = (-G eradag, grad] |

. 71
Fp(pi) = (gg (hs —grad¢) |ln ,—grad¢>') + - (b)n, ., -
Q

As for the h — ¢ formulation, the direct form %" ((hy), —grad ¢!, (X¥),,_1), and the
differential permeability tensors 5‘@ are required for the inclusion of the EB hystere-
sis model in the magnetostatic ¢ formulation. The magnetic states (X¥),, have to be
updated at least at the end of each time step.

3. Magnetic Flux Density Conforming Formulations

3.1. Magnetodynamic a — v Formulation
Introduction of the Magnetic Vector Potential

The a— v formulation satisfies strongly (5.12) and (5.13) by expressing the fields b and
e in terms of a magnetic vector potential a and an electric scalar potential v:

b =curla, e=—-0sa—gradv. (5.30, 5.31)

Weak Formulation

Based on these two potentials, the a— v formulation is deduced from the weak form of
(5.11), in combination with (5.14) and (5.16) [30]:

(#(curla),curla’), + (0d.a,a’), +(ogradv,a’), +mxhga)r, =(j,a), , (5.32)

for all a’ € F,(Q), where F,(Q) is an appropriate function space defined on Q. Consid-
ering test functions a’ = grad v’ in (5.32) gives

(00,a,grad U’)Qc + (ograd v,grad V/)Qc =(n-j,, y’)rj , (5.33)
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for all v' € F,(Q,), another suitable function space for v and v’. Note that (5.33) is
also the weak form of divj = 0 in Q.. The boundary I'; is the part of the boundary of
Q. which is crossed by an electric current. The vector potential a is uniquely defined
in Q. and a gauge condition must be defined in Q. The electric scalar potential v is
only defined in the conducting regions Q. and it can usually be fixed to zero in passive
conductors.

In order to simplify the presentation in the following, it will be supposed that there is
no active conductor in Q, i.e. v = 0. Nevertheless, the extension with this additional
contribution can be handled without difficulty. In order to keep track of this simplifica-

tion, a modified vector potential acanbe introduced, verifying 0 té =0ra+gradv, such
thate = —até from (5.31), and abelongs formally to the space F.(Q) = F,(Q) U F,(Q).

In the case where v = 0, one can then simply replace a by :1 in (5.32), whereas the rela-
tion (5.33) is unnecessary [57].

Spatial Discretization

In practice, the continuous function spaces F,(Q) and F,(Q.) are approximated by
discrete equivalents. Therefore, a general choice to represent a’ and v/, and thus a and
v, consists to use respectively an edge FE function space built on a mesh of Q and an
associated nodal FE function space, satisfying grad F,,(Q.) c F,(Q), formulation (5.32)
including (5.33) in this case [28, 167, 59, 61, 55].

In that way, the potentials a and v can be expressed under their discrete form as linear
combination of basis functions from their respective function space converting the
problem into a system of differential equations. The coefficients weighting each basis
function may be grouped in a vector of unknowns which have to be determined in
order to satisfy (5.32) and so (5.33) within the restricted function spaces.

Time Discretization

A finite difference time-stepping algorithm using the 8-method is also used. The time
derivative in (5.32) is approximated by

* *
anp—an-1

03,a),, +(1-0)(0,a),, , = N
n

) (5.34)
where, as before, the subscripts n and n — 1 refer to the current time step and the pre-
vious known one respectively. The results hereafter are all presented with the Euler
implicit method (6 = 1). In that way, the time discretized approximation of the prob-
lem (5.32) takes the form of a functional of én that has to be canceled for each time
step n, to find the current field ;n:
a,-a
F (;n) = (Jf(curl;)|n,curla’) + (an—n_l,a’)
a Q 0

Aty (5.35)

4

+(n x (hs)n,a/)rh - ((js)"’a/)ﬂs .
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System Resolution

After translation to the restricted function space, the formulation (5.35) becomes a sys-
tem of algebraic equations. Once again, depending on the linear or nonlinear nature of

*
the magnetic constitutive law #(curla), the corresponding systems of algebraic equa-
tions at the discrete stage are then either linear or nonlinear, with a NR scheme needed

*
to find the solution field a,, in the latter case, for each time step. In the linear case, one

* *
has #(curla) | , = veurla, with v a constant magnetic reluctivity”, that is the inverse
of the magnetic permeability p. The fields h,, are then obtained directly by solving the
corresponding linear system at each successive time step. Conversely, with a nonlinear

* *
anhysteretic law, written as .#°(curla) | = JCan(curlay), an iterative process has to be
used for the resolution within each time step.

For the hysteretic case, it is the inverse form of the EB hysteresis model that must
be taken through Jf(curl;)|n = FPmv (curl;;n, (Xk)n_l), where the variables (X¥),,_1,
stand for hfev(m for the vpm and diff approaches, or ]{“p) for the var approach. As
the values (X¥),_; are known from the previous time step (p) = n — 1, they can be
treated as parametric at a given time step, such that the generic constitutive relation

h, = #(curl ;1) | w that depends only on the field ;n, is also considered for the hystere-
sis case in the following.

For nonlinear cases in general, at each time step n, the NR method approximates the
exact solution of (5.35) by a sequence a/, = ai! + Aa , obtained by linearization of
(5.35) around the (i—1)-th solutions :lil’l, with i = 1,2,... denoting the iterate number in
the nonlinear resolution, starting from an initial estimate ;1?,, being possibly the known

field ;n_l from the previous time step. Iteratively, the VR scheme satisfies the problem
(5.36) until the verification of a stopping criterion.

2either a scalar if the medium is isotropic or a tensor for an anisotropic medium.
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Magnetodynamic a — v Formulation

* .
Atiteration i of the NRresolution, at time step n, find a}, € F¢(Q) such that

0F
—
*

Oda

*i *i
«day = —F @), (5.36)

an

1

*: ki ok
holds for suitable test functions a’ € F,;(Q); with Aa’, =a’, —a’, ! and where

0F . (07 i-1 : Al
—*“ *i_l.Aé;,:(— curlAZi’n,curla’) +|o ",a’) ,
aa a, 6b n Q Atn Q.
*Xi1
. s —aAdy—
9*(;;’,[1) :(Jf(curlz)rn l,curla/) tlot Tl g
a Q Aty o

+ (n x (hs)n»a’>rh - ((js)n’a’)QS .

As can be seen with (5.36), the linearisation of (5.35) requires the evaluation of its
*

derivative with respect to the degrees of freedom a, which gives the matrix of the lin-

earized system written in terms of the differential reluctivity tensor aé—f evaluated at

the known values from the (i — 1)-th iteration in the VR process.

For the hysteresis case, the magnetic fields Jé’(curlt*l)|f;1 = A (curlaﬁl‘l, Xk)n—l)

* .
are built thanks to the inverse EB hysteresis model with the known values a’; ! from the
(i — 1)-th iteration in the NR process, and the known material state from the previous
time step xk n—1-

Once again, due to the presence of the discontinuous differential reluctivity tensor %—f,
which is, this time, the inverse of the tensor %—‘f already encountered in the inversion at
material level of the EB hysteresis model (4.3), relaxation formula between two iterates

52 = 5’;1 + yAZi;, with y €]0, 1], is also recommended to improve the NR scheme.

*
At the end, if the NR method converges, the new solution a, is determined, and thus

also b,,. Knowing also the magnetic field h;, from #(curl :l)n, the magnetic material
variable states (Xk)n are then updated thanks to (3.10), (3.20) or (3.28), depending on
the chosen approach, to conclude the current material state characterization before
starting the next time step.

3.2. Magnetostatic a Formulation

As in Chapter 5-Section 2, the magnetostatic problem can be derived as a particular
case of the magnetodynamic problem where all time dependent variations are ne-
glected such that there is no domain Q. where eddy current can develop.




120 CHAPTER 5.

This formulation still relies on the magnetic vector potential a definition
b = curla, (5.37)

which thus satisfies directly (5.18). The weak form of (5.17) with the constitutive law
(5.19) gives
(#(curla),curla’) , + (n x hs,a’)rh = (js,a’)Qs , (5.38)

forall a’ € F,(Q), which is, as expected, similar to (5.32), but without the dynamic con-
tributions from domain Q.. As before, it should be noted that the vector potential is
still not uniquelly defined in the domain (, in which the conductivity has now no ef-
fect, and it requires in general the imposition of a gauge condition to ensure its unicity.
The function space F,(Q2) defined on Q is the same as in the previous formulation, still
suitable for a and a’ in the magnetostatic case.

The spatial discretization for a FE implementation is thus based on edge elements as
before, which approximate the vector field a and a’ within the FE mesh.

In the continuous level, the following functional has to be cancelled at a given time
step n to calculate the magnetic vector potential a,,

Falay) = (#(curla)|, curla’) , + nx (hy)p, ), ~ (G)na)g, (5.39)
where (h), and (j,), intervene in surface and volume source terms respectively.

The treatment of the problem (5.39) with linear, nonlinear, hysteretic or not, constitu-
tive laws #(curla) is similar to the treatment presented for the dynamic case. With
nonlinear behavior, an iterative NR method can be adopted to find subsequent fields
af1, as described by (5.40), until convergence.

Magnetostatic a Formulation

At iteration i of the NR resolution, at time step 7, find ail € F,(Q) such that

0F,

o Adl, = -Z, @™, (5.40)

al;!

holds for suitable test functions a’ € F,(Q); with Aa’, = a/, —a’~! and where

i-1

0F,
Oa

CAal == 1Aal  curla’|
ain1 a, (ab curlAa,, curla 5

Fa@ = (ﬂ(curla)|;_l,curla’)ﬂ + (n x (hs)n,a’>1~h = ((js)n,a’)QS .

n

As for the a— v formulation, this is the inverse form " (curla’; !, (X¥),,_,), and the
differential reluctivity tensors % that are required for the inclusion of the EB hys-

teresis model in the magnetostatic a formulation. Moreover, the magnetic states (Xk) n
have to be updated at least at the end of each time step.
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4. Improvements of the Nonlinear Resolution

4.1. About the Nonlinear Resolution

As already mentioned, after the spatial discretization of the FE method, which is not
further detailed in this thesis, all the VR iterations used to solve the nonlinear prob-
lem associated to each investigated formulation (5.25), (5.29), (5.36), or (5.40), can be
written under a generic form of a linear system to be solved in terms of the unknowns
Axi =x! —xi=1 such as

Jexi - Axk = -Fx, ), (5.41)

where i and n, still indicating the NR iteration and the time step indices, and with

OF®ldon ... OF®ldon
Xdof1 F(X)|dof1 OxXdof1 FXdofM
x=| : |, F®-= : v E® = : 2 '
OF®ldotmy ... OF®ldotm
XdofM Fldorm 0Xdof1 0XdofM

where x is the vector of unknowns to be computed, of size M, which corresponds to
the total number of degrees of freedom (DOFs) employed in the FE representation.
The vector x thus gathers the coefficients associated to each FE basics function that
allows to suitably construct the field of interest in the discretized space. In this generic
representation, these coefficients can be related to the spatial representation of the

fields h, ¢, aor a, depending on the magnetic formulation that is adopted. The vector
F(x) is a nonlinear function from RM to RM, that comes from the discretized represen-
tation in the FE basis functions of the defined functional &, (h), (), 3?3 (:1) or F,(a),
according to the formulation that is used, either (5.24),(5.28),(5.35) or (5.39), from the
continuous domain. It should be noted that these functions F include the source terms
which change generally with time, such that, stricktly speaking, a subscript n should
be added to F, but this is not done for readibility concerns here. Lastly, Jg(x) is the Ja-
cobian matrix of square size M x M, associated to the FE system. It refers directly to the

0F, (@)
. 0F,(h) O0F () * 0F,(a)
translation of the terms a}in , 6“:/) , —4— or =4

a
(5.25), (5.29), (5.36), or (5.40), in a FE context.

, depending on the formulation

For a given time step n, the NR resolution (5.41) tries to approach the solution x,,
which verifies F(x};) = 0, through a succession of approximations x’,. However, the
convergence of this iterative process is by no means guaranteed. In case of strong
nonlinearity or poor regularity of F(x), divergence is not unlikely, as already discussed
in Chapter 4 for the inversion of the hysteresis material law.

Several factors affect strongly the behavior of the NR method for the resolution of the
FE system and must be chosen wisely to improve convergence. The convergence cri-
terion, the relaxation factor y, the Jacobian matrix Jg, the initial guess x, and the time
increment At,, are among the most influencing factors that can be easily modified.
The motivation and the rather advanced mechanisms behind their determination are
given with more details in the following subsections dedicated to each of them.

4
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4.2. Choice of a Stopping Criterion

The convergence criterion is evaluated at each iteration i and indicates wether or not
the current estimation x/, of the solution x/, is sufficiently accurate. As soon as it is
satisfied for an iterate i*, the VR algorithm is stopped and the result from the current
iterate x/, is saved as the solution x;, for time step .

Since for the exact solution F(x};) is zero, in practice, a natural convergence criterion
aims to stop the iterations as soon as a sufficiently small residual value is calculated
over all the system functions with some norm, such as

LI

F(x})|| < €aps,
” Xn || €abs ||F( )“

€rel» (5.42,5.43)

where the absolute and relative tolerances, €, and €], are small numbers; the latter
being dimensionless as compared to the ratio between residuals, calculated with the
current and the initial iterates. The notation r(x.), or even r/, is generally used to
denote the system residual value ||[F(x)||.

Another stopplng criterion can be based on the increments between two iterates, Ax/,

x) —xI~!, and be activated, for examples, when

o] _
z €rel - (5.44, 5.45)
5|

4%, | < €as.

A more general stopping criterion can be defined as follow. For each component j of
a quantity of interest (u j)’n, an error ratio (g j)iz can be calculated at iteration i, at time
step n, by

q
a=| i | ldl<1, (.46

qn;

iy
gy =——m———,
o eabs"'erell(uj)izl

where (Auj)%, = (uj)i, — (u;)i7!. This quantity of interest u; can be, for example, as-
sociated to the DOFs of the system, such that u; corresponds then to xgofj, and the
number of components N; can be as high as M, such that all the DOFs used in the FE
representation are taken into account to build the error ratio vector q, which is thus of
size M in that case. An overall error ratio can then be assessed by applying some norm
on this vector. The NR method is stopped as soon as this vector norm | g}, | becomes
smaller than 1. Building q with DOFs x}, in (5.46) gives a stopping criterion that is a
kind of combination of (5.44) and (5.45), where both absolute and relative tolerances
are taken into account simultaneously.

In the generic expression (5.46), the quantity (u;) ! can mean anything. It can be re-
lated to post-processing quantities, global quantities, energy terms, field components
value of h, ¢, b or a, as examples. The NR method is assumed to have converged as
soon as the considered quantity no longer varies significantly from one iteration to an-
other. In order to compare fairly the rate of convergence of the NR method between
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different types of FE formulations, either h-conform or b-conform, it is necessary to
use the same stopping criterion in both cases. For that reason, when a comparison
between numerical performance of complementary formulations is achieved, it has
been chosen to use the stopping criterion of (5.46) and to build the error based on the
magnetic field components (h j)ﬁl that generate the magnetic field in the discretized FE
meshed domain. These quantity values are extracted and used both with b-conform
and h-conform formulations. Using then a mean L?-norm, the following stopping cri-
terion is adopted by default in the following:

=i
Iy:

N ARpLL )
! (M) <1, (5.47)

Nj j=1\€abs +€rel|(hj);z|

where 7 is a dimensionless residual. The choice of the magnetic field components
(h j)ﬁl rather than another field is motivated by the typical magnetization curve shape.
In general, but more precisely in saturation, large variations of h only cause smaller
changes on b. Therefore, at equal tolerances, a criterion based on the components of
h is stricter in nature than one based on b.

Other possible choices for the type of the error norm that can be used are:

N; N;j
lal =St lal=y| Sl lal, =maxta,
J= J=
1Y
“q”MeanL1 = FJ Zi |qf|’ ”q“MeanL2 =
j=

In order to go over problematic situations where the NR method struggles to satisfy the
criterion, a maximum number of iterations i, is also set. If this limit is reached, the
result calculated at the last iteration, x,/"**, is still saved as the solution for the current
time step n, hoping that the error made is not problematic for the following time steps.
With hysteretic material laws, this case is all the more dangerous as the solution of a
time step depends on the magnetization states from the previous one, even in a static
formulation. If the NR method fails to converge properly at a given time, an error of
uncontrolled amplitude occurs and it may more or less seriously affect the solutions
found for later times.

4.3. Computation of an Optimal Relaxation Factor
The introduction of a relaxation factor y applied between two iterates, with

i

X, = xﬁl_l + }/Axil s (5.48)

helps avoiding cycles or too large jumps between subsequent iterates with the aim
to ensure convergence, but sometimes at the cost of a reduced convergence rate. The
relaxation factor is usually chosen between y €]0, 1], and its value is the same for all the

4
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unknowns. It can be fixed to a certain value for all the simulations or be determined
specifically at each NR iteration so as to minimize the total residual r;, expressed with
this new relaxed iterate value (5.48), such that

rh) =rl ! +yaxh) = [Pk yaxd)||. (5.49)

This can be seen as an optimization problem of a one-dimensional objective function
r;,(y) in terms of the relaxation factor y.

Line search methods such as the golden section, or any other similar techniques can be
investigated, but this takes significant additional computational time to evaluate the
residual at each new tested factor, as discussed in [82]. However, a residual evaluation
with (5.49) remains in any cases faster than a complete system resolution from (5.41).
So sometimes, it is worth taking some computational time to determine a good relax-
ation factor, if it then saves some, by making the NRiterations more effective in getting
closer to the solution faster. Nevertheless, finding the exact value yp; that minimizes
the residual is not needed and a compromise between improving the NR convergence
without excessively increasing the computation cost is desired. Therefore, different
simple strategies have been adopted in the search of sufficiently appropriate y values.

e Standard Search Technique

This is a very naive technique, similar to the naive line search used in the var

approach (Fig. 3.6 (left)), which consists in searching a relaxation factor y that

minimizes the residual r’ (), testing different factors following a decreasing ge-

ometric progression

1

(p_m )
with m =0,1,..., mmax and the factor ¢ is the common ratio of the progression,
generally chosen equal to the golden ratio or to ¢ = 2 as in [82, 91]. The strategy
starts to evaluate the residual with y(o; = 1, and then with the following factors in
the order given by (5.50). The algorithm is stopped as soon as the objective func-
tion 7% (ym)) finishes to decrease and that an increase is detected between two
subsequent tested factors, 7/ (Yn+1)) > 7l (Y(m), as illustrated in Fig. 5.1 (left)
with ¢ =2, and where y[3 = 0.25 is selected at the end of the procedure. A maxi-
mum number mpax can be fixed to stop the algorithm if no increase is detected
in the discrete range of values tested.

Yim) = (5.50)

A possible variant consists in a decreasing arithmetic progression for the relax-
ation factors instead of (5.50), such as

Yim =1-dm, (5.51)

with m =0,1,..., mpa. The factor d is the common difference of the progres-
sion, and one must have dmpax < 1 to always have y > 0. Using this evolution
with d = 0.1, on the second example of Fig. 5.1 (right), the procedure would stop
at the first detected local minima and select y = 0.8.



SECTION 4. 125

. i . i
A ri () (o)) A i) (1))
Y ime) rn(0-1(9))
1 1t 1 1y 02 104 06 08 1%
25 22 yopr 2 Yopt

Figure 5.1: Illustration of r,i, (y) curves and search of suitable relaxation factors y. (left): Standard search
technique with a division by two between succesive tested factors y|,,), started from y[o; = 1, until an in-
crease in r,’; (y{m)) is detected. The final value with m = 2, that is y[3) = 0.25, is found here. (right): Heavy
search technique with 10 evenly spaced factors tested from 1 to 0.1, and the optimal one among them is
taken, thus y[7; = 0.3 here. Conversely, with a standard search technique spanning the same y |, values,
starting from yjo) = 1 and decreasing linearly by step of 0.1, the algorithm would stop faster but at the less
optimal value y|3) = 0.8 instead.

* Heavy Search Technique

Another less ingenious strategy consists in calculating the residuals for a whole
set of chosen relaxation factors distributed between ]0, 1]. These points can be
separated, for examples, logarithmically as in (5.50) or linearly as in (5.51). The
procedure tries all the my,x + 1 relaxation factors from the given list and calcu-
lates the corresponding residual value for all of them. Then, the factor y |, that
gives the smallest residual value among the others is kept. Applying this heavy
search technique on the example of Fig. 5.1 (right), by trying 10 relaxation factors
equally spaced between 1 and 0.1, allows to find y7; = 0.3, which is rather close
to the exact optimal value y,p in that example.

Compared to the standard one, this technique can thus be more robust in gen-
eral, with a better chance of approaching the global minimum by probing all the
relaxation factors without stopping prematurely, but requires of course much
more computational effort.

¢ Accelerated Search Technique

Instead of looking for the relaxation factor y that minimizes simply the residual,
this technique aims to find the maximum relaxation factor for which the residual
still decreases. Starting from an initial factor y|q), the method works as follow:

- The relaxation factor is multiplied by a ratio, y;n; = ¢@Y[m-1), as long as the
corresponding residual decreases, i.e. 1}, (Y(m)) < 7}, (Y m-1))-

- Onthe other hand, if the objective function increases with a ratio-multiplied

factor, i.e. 5 (@Y[m-1)) > 7\ (y{m-1)), the factor cannot be increased, and is

instead divided by the same ratio, y;,; = Y[’Z;” , until a decreasing residual

is found between two subsequent steps, such that 7% (y ;1) < 7% (Y m-17)-

4
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Contrary to the heavy search technique, the relaxation factors are deduced quite
rapidly here, without requiring too much residual evaluations. With this accel-
erated search technique, the relaxation factor can sometimes take values higher
than 1, leading to over-relaxation of the NR method. The increments between
two NR iterations are thus generally bigger in average than with the two other
search techniques. The solution of a given time step is then expected to be ap-
proached in less NR iterations with such relaxation factors, but at the cost of a
loss of general robustness, due to the favoring of large increments that may be
too brutal in some situations. In other word, the accelerated relaxation factor
search technique allows convergence to be achieved more quickly but it reduces
the stability of the VR method.

4.4. Evaluation of a Jacobian Matrix

There is some freedom in the choice of the Jacobian matrix Jr(x) of the FE system
(5.41), which can be replaced by other approximated matrices if the exact Jacobian
derivation proves impossible or computationally inefficient since at the end, only the
convergence of the iterative process matters. The analytical and numerical Jacobian
determinations are distinguished here after and some approximated Jacobian matrix
updates strategies are mentioned.

 Analytical Jacobian Matrix

The Jacobian matrix Jr(x) in (5.41) relies on partial derivatives of the nonlinear
functions F(x) In the classical NR approach, it is assumed that the analytical ex-
pressions of these derivatives are made available based on the functions F(x), so
that the Jacobian matrix can be evaluated analytically. The Chapter 4 showed
that, provided that standard analytical laws are used for the anhysteretic curve,
analytical expressions can be deduced for the derivatives involved in the con-
struction of the Jacobian matrix, even with the EB hysteresis model.

* Numerical Jacobian Matrix

If analytical expressions do not exist, it is still possible to estimate numerically
the Jacobian matrix components by finite differences. Moreover, as discussed in
Chapter 4, such approximations can be interesting for simulations with hystere-
sis since, in this situation, the functions F(x) present angular points so that the
exact derivatives could lead to oscillations of the classical Nk method without re-
laxation. On the other hand, approximating the derivatives by finite differences
can help to average out the slopes changes around angular points and thus may
improve the convergence behavior of the iterative process.

Numerical differentiations techniques of the Jacobian matrix components can
be based, for example, either on forward or central difference formulae. They
require additional evaluations of the functions F(x), which are time consuming,
especially in presence of computationally costly hysteresis models. Central dif-
ferences require more functions evaluations than forward differences. Never-
theless, it has been observed in practice that the use of the former instead of the
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latter is essential with the EB hysteresis model, as it offers better stability for the
NR method.

Moreover, in general, the choice of the step value to calculate the differences is
delicate. A too small step size can introduce numerical cancellation errors while
a too large one increases the truncation error of the derivative approximation
[86]. The determination of an optimal step size for a given problem is computa-
tionally expensive and the resulting benefits are unjustifiable since small devia-
tions in the Jacobian elements values have, most of the times, minor impacts on
the NR process. Therefore, the adaptation of the step size of the finite difference
approximations is not attempted here and a constant step size is used with nu-
merical Jacobian evaluations. The size is chosen empirically in such a way to be
satisfactory to the problem characteristics.

* Approximated Jacobian Matrix Updates

There exist other variations of the classical NR method which are based on dif-
ferent evaluations of the Jacobian matrix.

For example, since an exact Jacobian evaluation is not mandatory, the matrix can
be updated only at the first iteration and then kept unchanged for the following
iterations. This allows thus to reduce the cost of the Jacobian determinations
for a given time step, but may increase the number of iterations needed before
convergence.

Quasi-Newton methods update schemes, such as those from the Broyden family
presented in Chapter 4, can be generalized at the FE system level to approximate
the current Jacobian matrix at each iteration based on the value from the previ-
ous one, making its construction lighter by reducing also the number of model
function calculations needed. This can be more stable in some situations, but
may also reduce the convergence rate.

In [53], it is proposed to use, as a substitute for the Jacobian matrix, an identity
matrix multiplied by the mean value of the maximum and minimum diagonal
elements values of the standard Jacobian matrix. The matrix is updated only at
the beginning of each time step and then remains unchanged for the following
iterations. In appropriate conditions, it can produce stable solutions, requir-
ing more iterations but consuming relatively the same total computational time
than a classical VR method.

The update strategies mentioned here have not been, or only partially, investi-
gated in presence of the EB hysteresis model. Yet, in some preliminary tests with
the EB model, these light update methods have shown some limits by diverging
fairly quickly. Further study is required to draw conclusions and this is why they
are not discussed further in this thesis.

4.5. Initialization using a Prediction of the Solution

The choice of the initial guess x, is, finally, of high importance. A first estimate closer
to the solution helps reducing the number of iterations needed to reach a given level of

4
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accuracy. Sufficiently close to the exact solution, the NR method converges quadrati-
cally. On the other hand, if selected too far from the solution, the first iterate of the NR
method may then lead to a sequence that fails to converge.

The most obvious way to initialize the NR method for a given time step is to start di-
rectly from the result of the previous time step. However, it is possible to envisage
more advanced predictions based on the interpolation of several previous time solu-
tions, and to extrapolate to the current time, in order to draw more information on the
evolution trend of the unknown field.

To this end, Lagrange interpolating polynomials are built based on the previous time
step solutions. In this description, initializations based on the previous time step only,
ie. x(,)l =X;,,_1, are seen as extrapolations of zero-degree polynomial (constant), as illus-
trated in Fig. 5.2 (left) for a given DOF of the FE system. A first-degree polynomial (lin-
ear) can be built from the last two previous time solutions, x,,—; and x;_», from which it
is possible to deduce, by linear extrapolation, a first guess of the current solution x%, as
shown with Fig. 5.2 (middle). Continuing in the same idea, a second-order polynomial
(quadratic) can be formed based on the three previous time solutions, x,,—1,X,—2 and
X;-3, and give, by quadratic extrapolation, another initial estimation for x(,’l to begin
the current time step, as represented on Fig. 5.2 (right).

t —
x(1) x(0) n=2 x(®) "o

oH]

ox”

t t t

Figure 5.2: Extrapolating predictions with polynomial of different degrees for a given DOF x(t). Black nodes
represent previous time solutions and white nodes are the initial estimate of the current time step. to begin
the NR method (left): Degree 0: initialization at the previous time solution. (middle): Degree 1: linear ex-
trapolation from the two previous time solutions. (right): Degree 2: quadratic extrapolation from the three
previous time solutions.

Naturally, quadratic extrapolations are expected to generate initial estimations much
closer to the exact solutions, so that the VR method converges in fewer iterations than
if started from the last time step solution only.

Interpolations of higher degrees, with more previous data solutions, can still be con-
sidered but are not interesting in practice since the higher the degree of these polyno-
mials, the greater the oscillations they will exhibit between the data points, and thus
the poorest their extrapolating predictions will be.

4.6. Use of an Adaptive Time Increment

The time increment between two time steps, At, = t, — t,—1, also affects the initial
guess of the VR method, as it is related, at least, to the previous time step solution
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n -1, and thus impact the convergence rate.

The smaller the time increment, the smaller the variations of the external sources in
the formulation, and thus the smaller the change in the solution between two time
steps, such that the NR method is likely to converge in less iterations for a given level
of accuracy. In the limit case where changes become linear between sufficiently small
time steps, the NR method is expected to converge in one iteration in regular condi-
tions. However, the smaller the time increment, the larger the number of time steps
that have to be calculated to reach a given final time in the simulation.

Therefore, itis possible to adopt an adaptive time increment strategy in order to modify
the time increment for certain time steps, such that Az, are not necessarily constant,
leading to not equidistant time steps.

This modification can be applied interactively during the simulation. For example, if
the VR method fails for a given time step, it may be salutary to start again from the
solution of the previous time step and to reduce the current time increment in order
to calculate the solution at a time closer to the previous known solution, with the idea
of facilitating the convergence of the NR method. If this new time increment is still
problematic for the NR method, the strategy can be repeated by restarting from the last
converged solution, decreasing the time increment again, and trying to recalculate a
solution, thus even closer to the previous one.

Naturally this strategy has some limitations since it cannot be repeated indefinitely if
the NR remains unsuccessful after several attempts because the time increment be-
comes always smaller and smaller. Without any lower time increment limit set, the
simulation can thus hardly advance any further in time and stagnate.

Conversely, for time steps where the VR method converged sufficiently fast, i.e. with
a fairly small number of iterations, this indicates that the evolution of the unknown
field between the two previous time steps has been practically linear. Since there is
no reason in sampling in time the field more than necessary in such circumstances,
it may be wise to increase the time increment for the current time step. With larger
time steps, the simulation can thus be completed more quickly. One again, this can
be repeated for the next time steps, by continuing to increase the time increments, as
long as the NR method converge without difficulty.

Of course these time increments should not become too large in order to keep a correct
time discretization, especially with the influence of derivatives in the formulation or in
presence of hysteresis models that depend on the magnetization states of the previous
time steps. A maximum limit for the time increments is therefore mandatory.

In summary, the flexibility of the time increments At,, is a wonderful tool that allows
to influence dynamically on the convergence of the NR method, and, more generally,
on the resolution speed of time-stepping simulations.

4






CHAPTER

Parameter Identification

romagnetic material can be identified straightforwardly from standard mag-

netic measurements, i.e. Epstein frame [106] or single sheet tester (SST) [107].
An automatic discretization technique of the statistical distribution is then presented
in order to extract the cell parameters to construct the energy-based (EB) hysteresis
model associated to the material. Measurements and EB model predictions are then
compared for validation purposes.

THIS chapter illustrates how the statistical distribution of pinning fields in a fer-

1. Identification of the Pinning Field Probability Density

In the continuous decomposition of the multi-cells £B model discussed in Chapter 2-
Section 5, the memory of the material can be represented by the distribution of the
reversible magnetic field h7,,(1). It is remarkable that the pinning field probability
density, denoted by {(A), can actually be identified from standard Epstein (or SST)
measurements. As the loading is always unidirectional in such measurements, it is

the modulus of the fields # = |h| and A, = |h;,, | that are used throughout this section.

Starting from the demagnetized state (wiped-out memory state), being the state with
h}y(A) =0,V A, a unidirectional magnetic loading from & = 0 until & = h, is first ap-
plied to the material. As the magnetization behavior of each individual cell verifies
(2.29) and behaves similarly as in Fig. 2.4 (left) for unidirectional loading, the micro-
scopic A-regions whose magnetic state is modified by this increasing loading are those
for which x*(A) < ha and one has for them, at the end of the loading, i}, (1) = ha —
x* (1), the other h},, (1) remaining zero. The homogenized macroscopic reversible

field, based on (2.33), is then
(e 9)
o0 = ) = [~ C0) max(hy —x* (0, 0)dA. 6.1
0
Note that this is the homogenization by the magnetic field (Chapter 2-Section 5.2)

which is exploited here, whereas the homogenization by the energy balance (Chap-
ter 2-Section 5.1) has been used behind the EB model in all the calculations presented

131 %
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so far. This alternative homogenization strategy is chosen here in order to express the
homogenized reversible field as an integral of each weighted reversible field contri-
bution as in (6.1), which is a starting point in the proposed parameter identification
procedure.

Writing x* (1) = Akynit, where kypjt is a constant factor expressed in units of the mag-
netic field, introduced for units consistency, and which can be arbitrary fixed at kypj; =
1A/m, one can proceed to a variable substitution in the integral (6.1) and write

Nrey(0 — ha) =f w(x™) max(hy —x*,0)dx ™, (6.2)
0

where w(x*) = W is a weighting function equivalent to the probability density

function {(A), but expressed in terms of the pinning field values x* instead of the di-
mensionless factor A. The function w(x*) has then the units of the inverse of the mag-
netic field (m/A). Additionally, the expression in (6.2) can be rewritten simply by

hrev(o - hA) = F(hA) )

with the definition of an auxiliary function

h
F(h) ::f ok (h-x"dx*, (6.3)
0
measured in A/m, whose first and second derivatives with respect to the magnetic field
give respectively
h
0,F(h) :f wk*)dx*,  07F(h)=w(h), (6.4, 6.5)
0
where the former is dimensionless and the latter is expressed in m/A.

Starting over from the state at field /4, the material is now unloaded until the magnetic
field reaches hp < hp, always along the same direction. The microscopic A-regions
involved in the unloading are those such that hg + x* (1) < ha —x* (1), i.e. k" (1) <
(ha — hp)/2. Integrating directly over all k* values, the homogenized reversible field at
the end of the loading process can then be expressed by

o0
hrev(0 — hp — hp) =/ w(x*)min(hg + x*, max(hp —x*,0)) dx*
0

ha—F
A—"B ha

=f ’ w(K*)(hB+K*)dK*+f
0

s wx*)(hy —x*) dx™
ha
=/ w(&*)(hy —«*) dx* —2[
0 0

ha —hg

hp—hg

2
w(x*)(@ - K*) dx*

= F(ha) —2F( ).

The auxiliary function F, whose second derivative is the sought distribution w(x*), as
depicted by (6.5), plays thus a central role here. If F can be identified, then w is also
determined in principle.
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The virgin curve of the material, which can be assimilated to the first magnetization
curve as discussed in Chapter 1-Section 1.4, is simply the composition of the anhys-
teretic curve with F, based on (2.35), from the homogenization by the magnetic field:

Foirgin(9) = Jan (rev(© = 1)) = Jan (F()) . (6.6)

This relationship could serve as a basis for the identification of F. However, the anhys-
teretic curve is not part of standard magnetic measurement setups (Epstein or SST)
and its determination is discussed in Chapter 6-Section 3. Therefore, an identification
strategy independent of J,j, is preferable. To find one, it is first noted that the coercive
field h.(h) of a hysteresis loop of magnitude # is characterized by

Jan(heev(©0 = h— = he(h)) =0,

which implies

w) - 0. 6.7)

F(h) —2F(

The coercive field characteristic /.(h) can be obtained from the measurement of a se-
ries of symmetric hysteresis loop of increasing amplitude in unidirectional conditions.
Fig. 6.1 depicts the measured h.(h) characteristics for five different non-grain-oriented
(NGO) electrical steel grades. The measurements have been realized with the standard
Epstein frame protocol [106], where the magnetic core is a stack of strips taken alter-
natively in the rolling direction (RD) and the transverse direction (7D), so as to aver-
age out the material’s anisotropy. During the measurements, the magnetizing field is
changed in a continuous fashion with a % rate below 100mT/s, as slowly as reason-
able to avoid eddy-current effects and to produce quasi-static hysteresis loops.

Remarkably enough, the h.(h) characteristics of a material contains enough informa-
tion to completely identify the function F, and hence the pinning field probability den-
sity w(x*) of the material.

From a mathematical point of view, the coercive field characteristic has the following
properties:

i he(0)=0,
ii 3h: he(h) = hemax Yh> hg,
i he(h) < h.

Property (i) tells indeed that F(0) = 0. From (ii), one sees that F(h) = h—h¢ max, Yh > h;.
Finally, (iii) implies that the series defined by
Xy p (™ h
— <

x" =

x" ! (6.8)

is strictly decreasing. Starting from an arbitrary initial value x° > hg, for which it is
known that F(x%) = x0 — h¢,max, the value of F for all subsequent terms of the series is

4
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Figure 6.1: Coercive field h¢(h) of symmetrical hysteresis loops measured for five different non-oriented
electrical steel grades.

recursively given by F(x") = F(x"*"1)/2, exploiting (6.7). Clearly, the series converges
towards F(0) = 0.

The coercive field characteristic and the series F(x") are detailed for the material M235-
35Ain Fig. 6.2. The coercive field characteristic is interpolated linearly in the measure-
ment range [hmin, hmax], and it is extrapolated as follows

he(h) = hemax  if B> hmax,
h 2
e = hemin 5| it < B,
hmin

for field values outside the measurement range. The quadratic extrapolation at low
fields is the one that has been observed to give the best results. One sees in Fig. 6.2
(left) that it prolongates reasonably the general shape of the characteristic, which was
measured from Ay, =5.11A/m.

With a properly inter- and extrapolated h.(h) characteristic, the iteration (6.8) can be
carried out in order to produce the curve F(h) in Fig. 6.2 (right). As it is a geometric
progression, the points of the series are more or less equidistant in a logarithmic scale.
One sees that the function F(h) is rather smooth and its asymptotic behavior is also
perfectly well defined

F(hy=h—-h;max if h> hpax,
F(h)=ah if h<hmpp,
where « is a scalar material-dependent constant. In between these two asymptotic

behaviors, the curve F(h) contains all information about the pinning field probability
density w(x*).
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Figure 6.2: Coercive field characteristic hc(h) (left) and function F(h) (right) for the steel grade M235-35A,
in logarithmic scale. The asymptotic behaviors are indicated with dotted lines for both curves. The vertical
line at hy,ip, indicates the lower bound of the measurement range.

The constructed auxiliary function F(h) for the material M235-35A is also plotted in
linear scale in Fig. 6.3 (left). The reversible case, for which there is no remaining co-
ercive field by defintion, is also drawn. It corresponds naturally to a straight line of
unitary slope since the homogenized reversible field F(h) coincides simply to / in this
situation. The hysteresis irreversibility has the effect of delaying the increase of F(h),
before reaching the same evolution rate as the reversible curve at higher fields, but
lowered by k. max for a given h.
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Figure 6.3: (left): Function F(h) for the steel grade M235-35A, in linear scale; (right): Corresponding pinning
field cumulative distribution function 0y F(x), with, for illustration purpose, its spline interpolation based
on the points 8, F(x/).

As the curve is smooth, the first and second derivatives of F(h) can be evaluated at the
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series points x* by finite differences with sufficient accuracy.

Ay

, As—A A .
0, F(x)) = Fie) =221 4 P/t =1 — F(/ ™Y
A1, AzA3 A1A3

F(x/~h F(xj)+F(xj+1)
AAs  AAs AsAs

0iF(x))=2

with
A=xl=xI7V ) Ap=xIt x| Ag=xItt it

and
0,Fx") =1 , 07F(x")=0.

Fig. 6.3 (right) presents a spline interpolation of the derivative of F based on the points
6;,F(xf ) deduced by such finite differences. This function is the primitive of w(x*),
(6.4), and hence the cumulative distribution function of the pinning field, which means
that 0, F(x*) indicates the probability that the pinning field is lower than h. It reaches
the asymptotic value one for k* = 200A/m in this example, which means that all pin-
ning fields in the material are weaker than that value. Interestingly, the non-zero value
at zero magnetic field indicates that about 10 % of the microscopic regions have a zero
pinning fields, i.e. behave reversibly. The cumulative distribution function of a pure
reversible material is indeed 05, F = 1 and is also shown in Fig. 6.3 (right).

The identification procedure has been applied to five NGO electrical steel grades, which
are, namely, M235-35A (3.2wt% Si), M250-35A (3.2wt% Si), M330-35A (2.4 wt% Si),
M330-50A (3.2 wt% Si), and M400-50A (3.2 wt% Si). Their measured coercive field char-
acteristics h.(h) have already been shown in Fig. 6.1, while their associated pinning
field cumulative distribution functions 0, F(x*), and their pinning field probability
densities w(x*) are depicted in the following Fig. 6.4 and Fig. 6.5, respectively.

In Fig. 6.4, all cumulative distribution functions 0y, F (x *) start with a non-zero reversible
component associated to a zero pinning strength and then tend to the unitary value at

high field, when all pinning fields become unlocked. In Fig. 6.5, each grade has its own

characteristic pinning field distribution w(x*). They all include a non-zero amount

w(0) of reversible nature and present a maximal probability density for some specific

pinning field quantity, before reducing to zero for higher pinning fields. The peak val-

ues and the standard deviations in the probability densities vary from one material to

another.

Actually, these differences find their origin in the microstructure of the materials [23,
68]. The material characteristics are influenced in particular by the grain size, the dis-
location density in the material structure, and the lamination thickness, among other
factors. For example, a decrease in the average grain size affects the domain wall move-
ment and thus the coercive force, as discussed at the end of Chapter 1-Section 1.3 and
in Appendix B-Section 2. Basically, the pinning field distribution of a magnetic mate-
rial can be seen as the identity card of its irreversible nature which is correlated with
its internal composition [104, 120].
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Figure 6.4: Pinning field cumulative distribution function 8y, F(x*) for five different steel grades.
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Figure 6.5: Identified pinning field probability density w(x*) for five different steel grades.

More specifically, for the five electrical steel grades considered here, which are M235-
35A (@), M250-35A (m), M330-35A (A), M330-50A (x) and M400-50A (¢), it has been
experimentally observed in [120] that they are made up of average grain size of about
100 pm, 109 um, 87.5um, 122 ym and 70 um, for each material respectively. Moreover,
in the standardized steel nomenclature, the last two digits of the name denote the rated
thickness of the electrical sheet in mm multiplied with one hundred, such that the
three first lamination materials are 350 um thick, and the two last are 500 um thick.

For instance, M235-35A (®) and M250-35A (m) materials have the same alloy and same
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thickness but the former has grains of slightly smaller size in average than the latter,
such that its pinning field probability density is shifted to higher pinning field values
in Fig. 6.5. Indeed, a structure with small grains cumulates a larger grain boundary
surface where local impurities can preferably settle with the effect of increasing the
local coercive forces [17, 127]. This statement is also verified with the M330-50A ma-
terial (+), which has the largest average grain size and a homogeneous grain structure
that tend to reduce the pinning field strengths and the width of the distribution curve
in Fig. 6.5. A decrease in lamination thickness, which influences somehow the disloca-
tion densities, leads to additional effects on the coercive force. For example, M330-35A
(a) has the same alloy, but a reduced thickness and a reduced average grain size than
M330-50A (*). Its pinning field distribution has thus a larger standard deviation due to
an inhomogeneous grain structure, with a wider variety in grain sizes. In general, the
richness of the grain size spectrum in the microstructure is correlated with the spread-
ing of the pinning field distribution. Similar observations can be done for the material
M400-50A (¢), which have the smallest average grain size, and thus a displacement of
its pinning field distribution peak to the highest pinning field values.

Even if the anisotropy of the EB hysteresis model has not been studied in this the-
sis, it is interesting to analyze the influence of the different stacking methods to see
the modifications in the pinning field distribution function along RD or TD. Due to
the rolling process, the grains are enlarged or stretched in RD. Therefore, for the same
M235-35A material, one can measure in RD an average grain size of about 105 um, with
a small standard deviation, whereas in 7D, one gets 89 um, with a larger standard de-
viation [120]. According to the previous observations, this microstructure variation is
expected to be reflected in the different peak values and shapes of the pinning field
distribution functions.

For that purpose, the Epstein frame can be prepared with all strips in RD, or all strips
in TD. The results depicted in Fig. 6.6 and Fig. 6.7 are then obtained, and compared
with those obtained with the standard alternate RD-TD-RD-TD setup, already used by
default previously, and here labeled with RTD. This example illustrates that the iden-
tified pinning field probability density can be strongly influenced by the anisotropy,
despite the material is NGO basically. In combination with an orientation distribution
function, which describes the magneto-crystalline texture, the direction-dependence
can be taken into account in the model parameters to develop an anisotropic EB vec-
tor hysteresis model. Such extension of the EB model is attempted in [198], but is not
discussed further here.
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Figure 6.6: Spline interpolation of the pinning field cumulative distribution function 0y, F (x) based on the
points 0, F(x/) for M235-35A in RD, TD and the standard alternate Epstein stacking (RTD).
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Figure 6.7: Identified pinning field probability density for M235-35A and different stacking methods.

2. Automatic Discretization of the Pinning Field Distribution

With the Bergqvist model, the probability density functions { (1) are in general repre-
sented phenomenologically by Gaussian [13, 182], Lorentzian [17], or Rayleigh distri-
butions [14], which have all appropriate shapes with adjustable parameters. They are
eventually completed with a Dirac delta function to give a reversible contribution as-
sociated to the frictionless case. It is remarkable that the procedure presented here
allows to follow a more physical approach to identify the model parameters, relying
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on the direct visualization of the pinning field probability density curves. For infor-
mation, a similar but different identification approach, also based on an experimental
representation of the distribution curve, is also addressed in [132] for the Bergqvist
model.

In any case, as already mentioned in Chapter 3-Section 1, the continuous pinning field
distribution, represented here by w(x*), has to be approximated by a discrete represen-
tation for the purposes of numerical implementation and inclusion in finite element
(FE) formulation. This is achieved here by partitioning the pinning field spectrum into
N regions, with delimitating values h° =0 < h! < --- < hVN~! < "N = 0o of the magnetic
field. Each region k = 1,..., N of the decomposition corresponds to a specific cell of
the £B model, also named pseudo-particle. Each of them is characterized by its own
weight ©* and own pinning strength x¥. These values can be calculated from the in-
tegral expressions (3.1) and (3.2) which can be rewritten, after substitution to pinning
field variables x* (1) = Akynit, in terms of the pinning field distribution w(x*), whose
primitive is known from the auxiliary function definition F(h), such that

hk
w* =f RIS =8, F(h*) -0, F(h* 1), (6.9)

hk * * * hk
. fhm“’(" Ak \hopF(h) —F)|
K= = : (6.10)

h* wk
f wx*)dk*
k-1

k

The discrete quantities w* are dimensionless whereas x* are expressed in A/m.

One cansee that Y& | * = 1is verified with (6.9), assuming 0, F(h™) = 1 and 0, F(h°) =
0. With only one subdivision, i.e. N = 1, one has w' = 1 and k! = h¢max. With more
subdivisions, there is some freedom in the delimitation of the field range [hk‘l, hk]
corresponding to each cell k. Besides h° = 0 and h" = co which remain fixed, the in-
termediate N — 1 values h! < --- < KN~ which split the integrals in several pieces, can
be selected by hand, as done in [103], or separated equidistantly, for example.

Here, an automatic discretization is adopted in order to find the best partitioning of
the pinning field spectrum. This problem can be seen as the search for the best piece-
wise linear representation of the cumulative distribution function 0, F(h) with N seg-
ments, which amounts to looking for the best decomposition of the area below the
pinning field distribution function w(h) with N rectangles. For that purpose, a strictly
increasing piecewise linear function y(x) composed of N + 1 movable points (x¥, y¥)
with k=0, 1,..., N, is considered. As x° = h°® and x"V = " are fixed a priori, it leaves 2N
coordinate parameters to determine. An optimization process allows to find by least
square fitting method the best positionning of the points (x¥, y*) that approximates
the data curve 9y, F(h). Once the optimal coordinates (xk, yk) are found, the parame-
ters w® and x* associated to each cell can be deduced directly by adapting (6.9) and
(6.10) as

wf=yF -y, (6.11)
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Afitting resultis shown in Fig. 6.8 (left) where a discretization with 3 cells, and thus with
3 segments, is done for the cumulative distribution function of material M235-35A.
The corresponding discretization in 3 rectangles for the pinning field distribution is
illustrated in Fig. 6.8 (right). Each rectangle has an area of w* and a width of (x* - x*~1).
The height of each rectangle is equal to the slope of the corresponding segment in the
polyline approximation of Fig. 6.8 (left).
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Figure 6.8: Discrete representation with 3 cells for the cumulative distribution function 0y, F(x*) (left) and
the pinning field distribution w(x*) (right) of material M235-35A.

It can be seen in Fig. 6.8 (left) that the reversible contribution with zero-pinning field is
not properly taken into account with this discrete decomposition. In order to improve
this representation, a cell purely dedicated to the reversible effect can be considered,
for which w!' = 8;,F(0) and ! = 0. The other cell parameters can still be determined
by exploiting the fitting technique to get the optimal decomposition of the cumulative
distribution curve with N — 1 remaining segments. For the same total number of cells,
this involves thus less adjustable coordinates than previously, since y° = 0, y! = 9, F(0)
and x! = 0 are now frozen to characterize fully the reversible cell k = 1 in this con-
text. Basically, this amounts to introducing a Dirac delta function in the pinning field
distribution.

The fitting obtained with 3 cells, with one of them being specifically devoted to the
reversible response, is shown in Fig. 6.9 for the M235-35A material. The cumulative
distribution function is now well represented by the discretization at zero field and is
approximated by only two segments for the remaining field range. The pinning field
distribution is discretized by a Dirac delta function at k' = 0, associated to cell k =1,
and by two rectangles which stand for the two remaining cells.

Naturally, the discretization can be further improved by increasing the number N of
cells taken. For instance, the identification of the cell parameters based on this pro-

4
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Figure 6.9: Discrete representation with 3 cells (one of which being purely reversible) for the cumulative
distribution function 0y, F(x*) (left) and the pinning field distribution w(x*) (right) of material M235-35A.

cedure for the M235-35A material data with a decomposition in 6 and 15 pseudo-
particles are illustrated in Fig. 6.10 and Fig. 6.11, respectively.
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Figure 6.10: Discrete representation with 6 cells (one of which being purely reversible) for the cumulative
distribution function 8y, F(x*) (left) and the pinning field distribution w(x*) (right) of material M235-35A.
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Figure 6.11: Discrete representation with 15 cells (one of which being purely reversible) for the cumulative
distribution function 0y, F(x*) (left) and the pinning field distribution w(x*) (right) of material M235-35A.

3. Identification of the Anhysteretic Curve

It remains to explain the strategy to identify the anhysteretic curve. As already men-
tioned in the previous section, the anhysteretic curve is not part of standard mag-
netic measurement procedure. On the other hand, the initial magnetization curve
can be evaluated easily from hysteresis loops measurements by joining the reversal
points of each cycle, as illustrated by Fig. 1.6 (left), or be determined experimentally by
monotonically increasing the magnetic field strength from zero to the maximum field
strength, starting from the demagnetized state. Then, based on the first magnetiza-
tion curve measurement and the knowledge of the auxiliary function F, it is possible
to deduce the anhysteretic curve by application of (6.6), without any additional mea-
surement.

Experience shows that anhysteretic curves can be represented accurately by a double
Langevin function [103]

Prev
]an(hrev)3:]aL(_)+]bL( (6.13)

hrev)
hq ’

hyp

with L(x) = cothx — %, as already encountered with (1.11). The term indexed with
a b represents the magnetic polarization due to the motion of Bloch walls, whereas
the term indexed with an a represents the magnetic polarization, occurring at high
field intensity, that is associated with the rotation of the magnetic moments relative to
their preferred easy-magnetization axis, as discussed in Chapter 1-Section 1.3. Once
the function F is known for a material, the four parameters J,, hg, Jp, by, of the dou-
ble Langevin representation (6.13) can be determined by simply matching the mea-
sured virgin curve Jyirgin (h) with Jan (F(h)), in order to verify (6.6). This is illustrated in
Fig. 6.12 (left) with the steel M235-35A data only. It is an evidence of the consistency of
the proposed identification procedure that the curve J,(F(h)), which combines two
unrelated nonlinear functions, is indeed, as expected, linear at the origin.

Comparatively, a similar fitting has been attempted with a hyperbolic tangent function
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in Fig. 6.12 (right), as used with (3.33). As can be seen, the double Langevin function
allows a better agreement with the anhysteretic data points deduced from the proce-
dure, whereas the fitting with the hyperbolic tangent function is of poor quality at high
field intensity. These two curves are also displayed in a linear scale plot in Fig. 6.13. The
linear behavior at small fields remains consistent with both functions. Practically, the
anhysteretic function can also be determined from interpolation between data points
for an even better representation over the entire measured field range.
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Figure 6.12: Virgin curve and the identified double Langevin anhysteretic curve (left) or the identified hy-
perbolic tangent anhysteretic curve (right) of the steel grade M235-35A, in logarithmic scale. The asymptotic
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linear behavior of the anhysteretic curves at the origin is represented by dotted lines.
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Figure 6.13: Virgin curve and the identified anhysteretic curve with either a double Langevin or a hyperbolic
tangent function of the steel grade M235-35A. The asymptotic linear behavior of the anhysteretic curves at
the origin is represented by dotted lines.

4. Validation on Material Measurements

The identification procedure for the EB model parameters is now tested on the NGO
Fe-Si 3.2 wt% 0.48 mm thick lamination, which is the material used in the test electro-
magnetic analysis methods (TEAM) Problem Number 32 [33], whose complete study
with the full device modeling is investigated in more detail in Chapter 7-Section 5.

The TEAM 32 provides the material data shown in Fig. 6.14, measured on an Epstein
yoke cutting strips along different directions with respect to the RD or the TD. The
characterization has been achieved in each direction by means of several symmetri-
cal minor loops under controlled flux conditions with magnetic flux density reaching
maximum value ranging from 0.5 to 1.6 T. It can be seen that, despite the fact that ma-
terial is non-oriented, they are substantial differences between measurement along
the RD or the 7D, with an easier saturation in the former configuration and slightly
larger coercive fields in the latter one. This allows eventually to incorporate anisotropic
effects in vector hysteresis models. However, the anisotropy has not been taken into
account for the EB model in this thesis, and only the data associated to the RD is con-
sidered here.

The information gathered in the symmetrical minor loops given by Fig. 6.14 is suf-
ficient to fully determine the £B model parameters based on the identification proce-
dure presented in this chapter. Indeed, the h.(h) characteristics can be deduced by ex-
tracting the coercive field associated to the maximal magnetic field amplitude of each
cycle, while the virgin curve, Jyirgin(h), can be evaluated by drawing the curve passing
through the maximum and minimum reversal points of each symmetrical loops.
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Figure 6.14: Measurements on the Fe-Si 3.2 wt% material provided by the TEAM 32 benchmark problem.

It is chosen to represent the anhysteretic curve of the EB model by a double Langevin
function (6.13). The identification procedure proposed in Chapter 6-Section 3 pro-
duces the parameters J, = 0.792T, h, = 9.082A/m, J, = 0.791T, and hj, = 137.121A/m
for the TEAM 32 material. Furthermore, the EB model is considered to be composed
of N =3 cells in a first approach. At the end of the automatic discretization technique
described in Chapter 6-Section 2, the cell parameters obtained from the TEAM 32 data
are set to [w' = 0.03;x! = 0A/m], [w? = 0.92;x* = 55A/m], [w® = 0.05;x> = 199 A/ m].

In order to enrich the comparison, a representation with a classical Jiles-Atherton (JA)
hysteresis model is also examined. The model parameters for the TEAM 32 material
have been identified for each RD and 7D in [7, 6] through a real coded genetic algo-
rithm detailed in [136], that minimizes the mean squared error between experimental
and simulated magnetic field curves. As attention is focused on the RD here, only the
parameters associated to that direction are retained for the JA model, which are thus
c=0.652, ms=1.33x 105A/m, a = 172.856 A/m, a =417 x 1075, and k = 232.562A/m.
Hereafter, the measurement of the TEAM 32 material can then be compared with sim-
ulation results achieved with the EB and the /A models.

First, the field evolution described by the major loop that reaches a maximum ampli-
tude of bpax = 1.5T is analyzed. The details of the magnetic field and the flux density
variations measured at each time step during this cycle is given in Fig. 6.15. The mea-
surement of the magnetic field, drawn in Fig. 6.15 (left), is used as an input source for
the 3-cell EBmodel and the JA hysteresis model. The flux densities which are then cal-
culated as output by each hysteresis model are compared with the measured values in
Fig. 6.15 (right).

The averaged accuracy of the hysteresis model prediction can be quantified thanks to
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Figure 6.15: Evolution of the magnetic field (left) and the induction field (right) obtained at each time step
measurement for the major loop (bmax = 1.5T) of the TEAM 32 material. The magnetic field obtained from
measurement (left) is used as a source for the simulations with a 3-cell EB model and a JA hysteresis model
to produce the output induction field (right).

the definition of a root mean square deviation (RMSD) factor, based on the differences
between the computed and the measured flux densities over all the N’ time steps of
the simulation and the corresponding N’ measurement data points,

N RMSD
RMSD = | — Y (b, - b2¢*)*,  RMSD, =100 x %, (6.14)
Nt n=1 max

where the relative root mean square deviation (RMSD,) is the dimensionless equiva-
lent factor, expressed in %, obtained by dividing the previous factor with the maximum
flux density byax among the measurement data.

The simulations with the EB or the /A models are in rather good agreement with the
measured signal of the major loop in Fig. 6.15 (right), considering the simplicity of
their implementation. Both models have similar level of accuracy in average over the
entire cycle, with RMSD, values of about 8% for each simulation, but the /A model
leads to the highest deviation from the measured values for some time steps, with a
maximum error of 0.35 T, whereas the deviation is of 0.26 T at most with the £B model
in the worst case.

The results can also be discussed by representing the b — h curves for the major loop,
obtained from the measurement and the simulations, as done in Fig. 6.16. From that
perspective, one can see that the measured b — h curve shape is well approximated
by the EB model during saturation, but less during desaturation of the material. As a
consequence, the magnetic energy dissipated over each cycle, which corresponds to
the area enclosed by the hysteresis loop (1.15), tends to be underestimated by the EB
model. Indeed, the area obtained from the measurement data is 477J/m?, whereas
the EB model underestimates this value to 347J/m® only (deviation of 27%). This
highlights one limitation of the original EB hysteresis model, which can only produce
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perfectly symmetric loops that have the same shape for the positive and the negative
branches. However, this does not seem to be always the case in practice for some
materials, as visible with the TEAM 32 electrical steel measurement, since the curve
bendings are not necessary the same between saturation and desaturation, where an
asymmetric enlargement of the major loop appears for the descending branch.
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Figure 6.16: b— h curves comparison between measurement and results obtained with a 3-cell EB model
and a JA hysteresis model for the major loop (bmax = 1.5T) of the TEAM 32 material.

There are various physical interpretations that may explain this asymmetry between
ascending and descending branches in the measurement. First, based on the mag-
netization principles presented in Chapter 1-Section 1.3 and dissected in Fig. 1.4, it
appears that the discrepancy occurs mainly in the saturation knee, which corresponds
to the part of the hysteresis loop where irreversible domain wall motion takes place,
but mostly domain rotation dominates. During saturation, all magnetic domains are
forced to be oriented in the magnetic field direction, which is not necessary along
an easy magnetization axis at the grain scale, because the grains are in general ran-
domly oriented relative to each other, especially in NGO material. During desatura-
tion, the domain rotation may thus behave differently due to the influence of local
magnetocrystalline anisotropy [130] that modifies thus the shape and the bending of
the descending curve from the ascending one. This phenomenon is refered as asym-
metric domain rotation in [183], even if the domain wall movement has certainly also
an influence in the process as well. Secondly, the asymmetry may be due to nucle-
ation phenomena which happen when domains of reversed magnetization are formed
inside a saturated region, at the moment of desaturation [26]. Actually, the nucleated
domains can even lead to reentrant hysteresis curve with strong asymmetric shape in
specific experimental setup [90]. Nevertheless, the hysteresis by nucleation has not
been considered in this thesis, but its distinction from wall motion hysteresis is nei-
ther obvious nor rigorous as it can be interpreted as the sudden expansion of small
preexisting reversed domains [26]. Thirdly and lastly, this asymmetric enlargement of
the b — h loop can find its origin in dynamic effects if the measurements are not made
exactly at the same constant rate during saturation and desaturation of the material.
Although it is ensured in [33] that the TEAM 32 material is characterized under con-
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trolled flux conditions at a frequency of 10 Hz, which guarantees good accuracy of the
experimental data with negligible dynamic effects, this statement is yet not illustrated
based on measurements of the major loop in the paper. Knowing the difficulty to ex-
perimentally control the symmetry of a flux source with high amplitudes at small fre-
quency, the possibility of slight discrepancies in the rate between the increasing or the
decreasing regime during the measurement should not be discarded. Furthermore,
such asymmetric enlargement can be successfully reproduced by simulation thanks to
the dynamic lamination model described in the next Chapter 7-Section 1, by simply
introducing a slight asymmetry in the triangular flux density signal, whose influence is
notable, even at 10 Hz.

Anhyhow, it is obvious that the £B model is not able to develop such asymmetry with
its standard static implementation.

Concerning the /A model adopted here, although it only allows to generate symmet-
ric major loops as well, the produced curve seems in better agreement than the EB
one compared to the measurement for the desaturation branch, according to Fig. 6.16
(right). This is because the /A parameters have been fitted in order to represent at
best the entire experimental major loop curve, resulting in a compromise to reduce
the mean-square error from the measurement on both the saturation and the desat-
uration branches, whereas the identification strategy used for the EB model relies on
physical principles. Nevertheless, it is worth recalling that the £B model is at the end
as accurate as the JA model over the entire major loop representation, as already men-
tioned by comparing their RMSD, factor and as emphasized in Fig. 6.15 (right).

Increasing the number of cells in the £EB model does not improve the accuracy of the
major loop representation. Actually, a single-cell model that gathers all the pinning
strengths with ! = 1 and k! = h¢ may, that is h¢ max = 61A/m for the material studied
here, is even enough to produce a result as satisfying as Fig. 6.15 for the major loop.
Indeed, the shape of the ascending and descending branches depends essentially on
the choice of the anhysteretic curve representation because in the standard EB model
operation illustrated in Fig. 2.4, these two main branches are, at the end, equivalent to
the anhysteretic curve, but with a horizontal translation in the b—h diagram of + /; max-
This is confirmed in Fig. 6.17 (left) which plots the RMSD, factors calculated for sim-
ulations of the major loop with the EB model in function of different number of cells
taken in the discretization. One can see that the RMSD, factors remain constant, at
about 8 %, independently of the number of cells, and that it corresponds to the JAlevel
of accuracy with respect to the measurement for all the £B simulations.

Actually, the discretization into a greater number of cells finds its interest for the mod-
eling of distorted signals or even simply for the representation of minor loops, where
a finer description of the pinning field is then required. This is clearly illustrated by
Fig. 6.17 (right) which quantifies the ability of the simulations to reproduce the minor
loop associated to bpax = 0.5T of the TEAM 32 material measurement data. When the
number of cells is increased, the RMSD, factors of the simulations with the EB model
reduce until reaching a precision of about 8 % with respect to the measurement for
a model made-up of at least 7 cells. Beyond this number, the RMSD, factors remain

4
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Figure 6.17: Evolution of the deviation, quantified by a RMSD; factor (%), between the measurement and
the EB model prediction in function of the number of cells N taken, for major loop (left) and minor loop
(right) of TEAM 32 material. The deviation of the JA model with parameters fitted on the major loop with
respect to the measurement is also given, for comparison.

then mostly constant and there is thus no longer any advantage in taking more cells to
improve the prediction for this specific measured minor loop. In other word, an equiv-
alent accuracy of 8 % can be realized with the EB model, as well for the major loop as
for the minor loops, as long as an appropriate number of cells is taken in the latter
case.

On the other hand, the simulation with the JA model, whose parameters are basically
determined to fit the major loop curve, is far from reaching such a level of precision for
the minor loop since it only has a RMSD, factor of 38 % compared to the measurement
in that case. In order to improve the prediction with the /A model, it would be neces-
sary to calculate other parameters associated specifically to the minor loop this time,
but at the risk to deteriorate the approximation on the major loop. The standard JA
model does not enjoy the flexibility of the EB model to adapt its modeling accuracy for
different signal shapes. This highlights the main advantage of the EB model compared
to other conventional hysteresis models.

The b — h curves produced by the EB model, with various number of cells N =3, 6, 9,
12, 24, 48, for the simulation of the minor loop bpax = 0.5T, are displayed in Fig. 6.18,
and compared with the measurement and the result obtained with the JA model. The
refinement of the £B model outputs towards the measurement with an increase of the
number of cells is clearly visible. The field response becomes smoother and the pre-
dicted dissipation becomes more accurate as the number of cells grows. According to
the measurements, the loop area is 68J/m3. The area of the hysteresis cycle produced
by a 3 cell EB model gives the poorest result of 97J/m® (deviation of 43 %). However,
this calculated quantity becomes closer to the measured one as the number of cells is
increased, leading to 84J/m® (deviation of 24 %), 79]J/m® (deviation of 16 %), 78]/m®
(deviation of 15 %), 77J/m? (deviation of 13 %) and 76 J/m® (deviation of 12 %), with 6,
9, 12, 24 and 48 cells respectively, from the examples provided in Fig. 6.18. In compari-
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son, the poor quality of the /A model simulation results is obvious. It produces a value
of 42J/m® for the loss of magnetic energy, which corresponds to a deviation of 38 %
compared to the measurement. Moreover, the well known failure of the JA model in its
inability to close minor loops can also be observed in Fig. 6.18. Such problems do not
exist with the EB model.
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Figure 6.18: Improvement of the EB model representation with an increasing number of cells N =
3,6,9,12,24,48, compared to measurement for the minor loop (bmax = 0.5T) of the TEAM 32 material. The
results of the JA model with parameters fitted on the major loop are also given.
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In order to improve furthermore the accuracy of the EB model and thus minimize the
reachable RMSD, value from the measurement with a better prediction of the mag-
netic energy loss, it is inevitable to go through a complexification of the model. A first
modification, already mentioned in Chapter 6-Section 3, consists in using an anhys-
teretic curve constructed by interpolation on the measurement points, rather than
using an analytical law. This is the most correct approach to define the anhysteretic
curve, but also probably, the least suitable for a numerical implementation since it can
lead to irregularities that reduce the curve smoothness, yet such essential to facilitate
the convergence in a Newton-Raphson (IVR) algorithm. On the other hand, the fitting
on measurements can be improved by the use of an effective field, h, = h+ ay; 1y,
experienced by each cell. In this case, pseudo-particles are no more independent
of one another, complicating thus also the model implementation. This would offer
the opportunity to generate a correct slope for the anhysteretic curve both at low and
high fields, by modifying the added material-dependent parameter a. Such artificial
concept, borrowed from the Weiss theory (A.18), is commonly used in other hystere-
sis models, as in the /A model for example, but also in the so-called moving Preisach
model [205], or even in the Bergvist model [17, 16, 183]. Furthermore, a method that
can be investigated to palliate the limitation of the original EB model in order to model
the asymmetric domain rotation phenomenon previously mentioned, consists in us-
ing variable pinning strength x* that would be dependent on the applied magnetic
field instead of staying constant for all magnetizations. Such idea is actually already
explored for the Bergqvist model, presented as a series-distributed vector play hys-
terons model, with improved vector play operators whose threshold values vary with
the field intensity. Such dependence can be identified from the half width separation
between the main ascending and descending branches along with different magneti-
zations [145, 146], or be defined with an appropriate parametric function [147, 183].
Therefore, the model can generate different slopes during saturation and desatura-
tion, and eventually produce asymmetric major loop, probably more in line with the
experimental measurements, as seen in Fig. 6.16 (right). In the same way, the degree
of reversibility, which corresponds to the weight w!, associated to the pinning-free cell
x! = 0A/m, and so far assumed constant in the original £B implementation, can also
be expressed as a function of the magnetization or the applied field [5, 203, 183]. In-
deed, the degree of reversibility can possibly vary for different magnetization levels.
Ultimately, the anisotropy is another important characteristics that needs to be in-
cluded somehow in the model. A first strategy has already been investigated to this
end for the EB model in [198].

Neverthless, it is worth recalling that the interest of the £B model lies in its original
simplicity and its ability, despite everything, to produce results of satisfactory preci-
sion. The improvements possibilities listed above for the EB model are only suggested
here, but not explored further in this thesis. Therefore, regarding the deliberately un-
changed simplicity of the considered EB model and according to the quality of the
results produced in this section, the identification strategy detailed previously is esti-
mated to be validated.
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7

Finite Element Simulations

teresis model are conducted on various test cases of increasing geometric com-

plexity, namely a one-dimensional (1D) representation of a ferromagnetic sheet,
a simple square where rotational sources are experienced, a planar cross-section of a
perfectly flux-confining T-joint slab, a complete three-phase transformer modeled in
two-dimensional (2D) configuration and finally, a transformer application from the
test electromagnetic analysis methods (TEAM) Problem 32 benchmark to compare
with experimental results.

IN this last chapter, finite element (FE) simulations with the energy-based (EB) hys-

1. Infinite Ferromagnetic Sheet - 1D

As afirst illustration of the hysteresis model implementations within a FE context, the
case of an infinite ferromagnetic sheet as shown in Fig. 7.1 (left) is studied. A tangential
uniform magnetic field hap;, is applied on both lateral surfaces along the direction z.
Moreover, given that the sheet is assumed infinite in the y and z directions, the mag-
netic field h, as well as the induction field b and the magnetic state variables X¥, are
also restricted to be parallel to the direction z in the whole domain, varying only with
the spatial coordinate x. Accounting for the symmetries, it is sufficient to work with
a FE model that consists of a 1D formulation of the eddy current problem applied on
a line parallel to x, across half the thickness d/2 of the sheet, as illustrated in Fig. 7.1
(right).

Simulations are performed using the h — ¢ formulation (5.25) including the direct hys-
teresis model on a line domain of thickness d/2 = 0.15mm, meshed by 100 elements.
The point corresponding to the surface at x = 0 is excited by a time-varying essen-
tial boundary condition h| =0 = happ )z while a natural boundary condition (curlh x
n)|x: a2 =0 holds at the middle of the lamination, with n the normal vector point-
ing outward the studied domain, and thus parallel to x at x = d/2. An electric con-
ductivity of o = 1.57 x 108S/m is considered in the whole domain and the previously
used parameters for the 3-cell hysteresis model from Chapter 3-Section 5 are adopted
again. Due to the 1D configuration, the various EB hysteresis implementations lead to
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Figure 7.1: Schematic representation of a lamination with the unidirectional FE configuration.

the same outputs, such that the simplest Vector Play Model (vpm) approach is chosen
here.

This rather simple FE application is readily able to give a first glance on the complex
nature of iron losses which result from the interplay of nonlinear characteristics, ir-
reversible phenomena, eddy currents and skin effects. All these physical effects are
taken into account in this FE model. Irreversible phenomena introduced by the rate-
independent hysteresis model contribute to add another dissipation source to the clas-
sical induced currents.

To illustrate this, global integrated quantities corresponding to power definitions are
analyzed and compared. The sample is excited by an applied field of sinusoidal wave-
form of magnitude 150 A/m at different frequencies f. Fig. 7.2 presents for f = 50Hz
and f = 500Hz, the evolution during one period of the eddy current losses Pec, and the
rate-of-change of the magnetic field energy Pmag, calculated respectively by

dar ) dr , darz
Peczzf o il dxzzf o 'curlh|"dx,,  Pmag=2| h-bdx,, (7.1,7.2)
0 0 0

and expressed in watts per unit area (W/m?). Thanks to its energy equilibrium founda-
tion (3.4), the hysteresis model allows to split at any time the magnetic specific power
in a reversible and irreversible parts, Pyag = Prev + Pirr, with

dar2 . . ) .
Pfev:zfo (poh-h+2hfev-1k)dx, Piff:zfo (Zhikrr-lk)dx, (7.1,7.2)
k k

where the first term, Ppey, takes the permeability of vacuum contribution p into ac-
count, but which is negligible compared to the hY,, contributions; and the last term
Py, corresponds to the power actually dissipated by the hysteresis phenomenon. The
reversible part corresponds to the reversible magnetic energy that is stored in the ma-
terial and that can be totally retrieved at the end of a time period. Therefore, the mean
value of Py during a cycle, noted ﬁrev, is zero. On the other hand, the irreversible
part gives the amount of energy that is lost through hysteresis, and it is relevant to note
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that this quantity is available at any time, thus not only at the end of a period or after
the completion of minor loops as it is usually the case with other hysteresis models or
with simpler iron loss models. This is an interesting property of the EB model which
allows to know the losses distribution at all times for any applied fields, even for the
most sophisticated. At the end, the mean value of Pj;; over one period, denoted by Pir,
corresponds to the mean value ﬁmag.

f=50Hz [ =500Hz
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Figure 7.2: Energy analysis of the lamination sheet, during one cycle.

As can be seen in Fig. 7.2, the magnetic dissipated power Pj;; is predominant at low
frequency 50 Hz, compared to the eddy current losses Pe; while the situation inverses
at the higher frequency 500 Hz.

The evolution in function of the frequency of the mean value over a period for these
two types of losses is summarized in Fig. 7.3. The total iron losses per unit surface
correspond to the sum of both contributions Pyt = Pec + Pirr. These total losses are
also given by the flux of the Poynting vector P across the lamination surfaces, which
are assimilated to a point in the FE model in Fig. 7.1 (right), thus

Poi=—2P-m)|, _,, (7.5)
where the Poynting vector is defined by
P=exh=0 !curlh xh. (7.6)

At 50 Hz, the hysteresis losses constitute more than 75 % of the total losses in this exam-
ple. The eddy current losses become the predominant above 200 Hz. The proportion-
ality with f and f2 for the hysteresis and the eddy current losses respectively are visible
in Fig. 7.3 (left) for low frequencies, likewise predicted in classical loss separation mod-
els [20], as discussed in Chapter 1-Section 2.2. The curves start to deviate further from
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Figure 7.3: Frequency dependences of the classical eddy current and hysteresis losses, averaged over a pe-
riod. Classical evolutions at low frequencies (left); Influence of the skin effect at higher fields (right).

these proportional relations at higher frequencies, shown in Fig. 7.3 (right), due to the
increasing influence of skin effects.

A rather more complex excitation hypp of the lamination model is investigated with a
100 Hz magnetic field of magnitude 150 A/m superimposed with a 7-th harmonic of
magnitude 75 A/m in Fig. 7.4 (left). It shows the local b — h relations at the surface and
at the center of the sheet. The loop and inner cycles are slightly smaller in the middle of
the lamination because the magnetic field variations felt inside are lower than on the
surface due to eddy currents shielding. The hysteresis model is rate-independent so
that the constitutive law is not influenced by the frequency, and there is no additional
loop enlargement compared to the quasi-static case.

— At the Surface — At the Surface
- In the Middle

In the Middle

1+

Induction Field b, (T)
(=]
Induction Field b (T)

—200-150-100-50 0 50 100 150 20 -150 -100 =50 0 50 100 150
Magnetic Field h;(A/m) Magnetic Field i (A/m)

Figure 7.4: (left): Local b— h curves at the surface and at the the middle of the lamination, with the law baye
vs. hg,f averaged over the lamination, for f = 100Hz with a 7-th harmonic. (right): Expansion with the
frequency of the bave vs. hgy, curve illustrated for sinusoidal applied fields at f = 50,100,200,400Hz.
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Despite being very simple, this FE model configuration is already appropriate to sim-
ulate measurements in Epstein frames or Single Sheet Testers, for example, provided
the joints in lamination corners can be neglected. In this practical situation, the mea-
sured quantities are thus currents and fluxes that are related to the surface magnetic
field hg,, s = h| <=0 = happ, and the flux density averaged over the lamination thickness

bave = 2d 7" Odlzbdx, respectively. Actually, at low frequency, the flux density b is ap-
proximately uniform over the thickness of the lamination when the skin effect is neg-
ligible. From Maxwell’s equations, a relation between the surface field hg,;t and the
magnetic field hgye associated to the average flux density bgye can be derived [26]:

0d? 0 baye

hgyrf = have + —
surf ave 12 ot

(7.7
where hgye and by, are the fields related through the quasi-static magnetic constitu-
tive law of the material, thus where the static EB hysteresis model applies. The hys-
teresis loop in terms of the quantities that are observable from outside the lamina-
tion, i.e. baye Vs. hgyy, is shown in Fig. 7.4, produced by the FE model. This curve
takes up the influence of the eddy currents, as suspected with the second term con-
tribution in (7.7), in addition to the static hysteresis, such that the relation becomes
rate-dependent. This lamination model considers thus the dynamic enlargement of
the hysteresis loops with the frequency, as can be observed experimentally, reminding
Fig. 1.8 in Chapter 1-Section 1.5. Increasing the frequency of the applied field in the
FE model expands the loops of the latter curve. This is highlighted in Fig. 7.4 (right) in
the case of a simple sinusoidal applied field for different frequencies. This baye Vs. hgyt
relation can be seen as a global constitutive law associated to the entire lamination,
with the incorporation of the eddy currents contribution. This law characterises thus
the magnetodynamic behavior of the lamination sheet at a larger scale than where the
local static EB hysteresis model applies.

Regarding the standard loss decomposition from (1.19) (Chapter 1-Section 2.2), this
lamination model takes thus the static hysteresis losses and the eddy-current losses
into consideration. Eventually, the third contribution, called excess losses, can be in-
cluded as well if the chosen microscopic hysteresis mechanism goes beyond the sim-
ple friction force analogy of the EB model and tries to include additional dynamic (or
rate-dependent) effects [187, 98]. However, the physical justification of this excess loss
term is less clear so it has been decided to disregard it in the context of this thesis. Such
dynamic extensions for the EB hysteresis model have been proposed in [102, 197].

2. Square - 2D

The inversion of the various EB hysteresis model approaches are experimented in a
magnetostatic a-formulation (5.40), with a very simple 2D square FE domain (2 of fer-
romagnetic material represented in the xy-plane in Fig. 7.5 (left). The direction of the
vector potential a = ae; is fixed a priori along the z axis, perpendicular to the studied
domain. In that simplified case, the normal component a; is sufficient to describe the
magnetic vector potential, which reduces the computational complexity. The fields b
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and h lie necessarily in the xy-plane in that configuration. The model is only excited
from the boundary source term (n x (hg),,a’)p , 0f (5.40), where the tangential compo-
nent of the magnetic field (hy), is imposed on all the boundary I';, of the square, with
values changing with time step n. This mimics a time-varying current layer imposed
on the contour, in a perpendicular direction to the xy-plane, which induces a uniform
distribution of the field b and h.
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Figure 7.5: (left): Simple square domain geometry; (right): Meshed domain with the fields distribution result
displayed for a given time step (n = 130) during a clockwise rotational excitation (hmax = 150A/m, ® = 90°).
The delay between the field b and the field h is a manifestation of the hysteresis.

This academic square model allows to test several types of excitations, similar to those
investigated in Chapter 3-Section 5, but this time in a FE context, with in addition
the difficulty of the inversion of the material law at each degree of freedom (DOF) of
the FE system. There is a local Newton-Raphson (VR) method applied for the model
inversion at the material law level with (4.3), for each discretized unknown value in
the mesh, and a global NR method used to solve the magnetostatic problem (5.40) at
the FE system level. Therefore, this simple example already provides a sufficiently de-
veloped study framework for comparing the influence at the two resolution levels of
different implementations with the EB hysteresis model. There are indeed several im-
plementations that have been introduced throughout this thesis, from the three direct
EB model approaches of Chapter 3, with the various inversion techniques of the ma-
terial law presented in Chapter 4, now included in a FE system environment whose
resolution by a global NR method is also influenced by the implementation choice of
several factors, as discused in Chapter 5, such as the way the FE Jacobian matrix can
be calculated or the selection technique for relaxation factors, to name some but a few.

The goal of this section is not to present all the implementation combinations that
exist, but to show some of them which cover a sufficiently wide variety of possibili-
ties, to compare their performance and try to find the association of numerical tech-
niques that provide the most efficient overall implementation, from the point of view
of global robustness and computational speed, for the total FE magnetostatic square
model with the EB hysteresis model. It is chosen to limit the model construction to the
following implementation choices only:
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e The three direct EB model approaches at the material law level:

— the Vector Play Model (vpm),
— the variational approach (var),
- the differential approach (diff);

e The inversion techniques of the EB model at the material law level:

- the Newton-Raphson with Jacobian matrix evaluated numerically (NR, ),
- the Newton-Raphson with Jacobian matrix evaluated analytically (NR;,4),
— the Good Broyden-Fletcher—-Goldfarb—Shanno algorithm (GoodBFGS);

* The evaluation types of the Jacobian matrix in the NR method of the FE system:

— the Jacobian matrix evaluated numerically by finite differences JAC,,;m),
- the Jacobian matrix evaluated analytically JAC,,4);

* The search techniques for the relaxation factors in the NR of the FE system:

- the standard search technique (standard),
— the heavy search technique (heavy),
- the accelerated search technique (accelerated).

However, the JAC,,,;, case is used with the NR,,,,, inversion technique exclusively,
which comes down to adopt simultaneously numerical Jacobian approximations for
both the global and the local NR methods. Conversely, the JAC,,, case is taken with
the NR,,,, and the GoodBFGS inversion techniques only. At the end, all the remaining
combinations give 3 x3 x 3 = 27 varieties of implementations that can be experimented
for the magnetostatic a formulation with the EB hysteresis model.

Each of the 27 implementation diversities are compared on their ability to simulate a
series of test cases, with different excitation field sources. In terms of material charac-
teristics, the same 3-cell hysteresis model parameters from Chapter 3-Section 5 are
still adopted here. In order to probe as many various magnetization paths as pos-
sible and to identify the state changes for which a given magnetostatic system res-
olution becomes challenging, a set of simulations are excited with various imposed
boundary source fields h,(#) |Fh’ of similar characteristics to those used in Fig. 3.13 and
Fig. 3.14, i.e. hg(8)Ir,, = hmax[ cos 2m f1),cos 27 ft — @),0], with various maximal am-
plitude field value components h,x, and various phase shifting angles ®. In that way,
a set of 40 different excitation source fields is built, made of 4 different amplitudes,
hmax = 50,100,150,200A/m, associated with 10 different ® values, taken between 0°
(unidirectional case) and 90° (circular case), by step of 10°. Note that the frequency f
has no impact on the final results since the hysteresis model is rate-independent and
the magnetic formulation is static here. By default, each simulation includes two peri-
ods of 200 time steps each. As the simulations start from the demagnetized state, the
source fields hs(t)‘rh are smoothly increased in amplitude from 0 to hpax during the
50 first steps, and then reach their typical evolution regimes. The stopping criterion




160 CHAPTER 7.

in the NR of the FE system is based on a mean L?-norm of the expression (5.46), us-
ing the exported nodal quantities a, as quantity of interest, and with e s = 107> Tm,
€rel = 107°.

Fig. 7.5 (right) illustrates on a meshed domain the computed fields b and h obtained
with one of the 27 implementation forms at time step n = 130, with a purely circular
excitation (® = 90°) of hpax = 150A/m. The b and h fields distributions are uniform
over the square domain. Actually, the vector h calculated inside the domain Q by the
magnetostatic system resolution is such that it is the same as the one imposed on the
boundary. Thus, it is useless to consider as many triangles as in Fig. 7.5 (right) to mesh
the square, since there is no spatial variations of the physical quantities here. This
mesh is just used for illustration purpose. Both b and h vector fields rotate counter-
clockwise through time, and b lags slightly behind h due to hysteresis influence.

Each of the 27 implementations of the magnetostatic problem are submitted to the
set of 40 simulation test cases, which allow to compare the different implementations
over a sufficiently broad spectrum and to draw conclusions on their average overall
efficiency. To quantify the quality of an implementation choice, the total central pro-
cessing unit (CPU) time needed to complete a simulation is recorded with the number
of iterations required by the VR method of the FE system to converge per time step.
The number of relaxation factors tested per each NR iteration at the FE system level is
also reported.

All the gathered information is summarized in Table 7.1, Table 7.2 and Table 7.3, which
are associated to standard, heavy and accelerated relaxation techniques respectively.
Each line of these tables corresponds to one combination type of the implementation
choices discussed before. Each table contains thus 9 lines, themselves divided into
three subsets associated with each choice of model approach. Each subset includes
then three lines related to each of the investigated inversion techniques of the EBmate-
rial law model. As decided, the Jacobian determination of the FE system is here limited
to one specific type for a given inversion technique, thus not requiring the addition of
other lines in the tables. By counting all the rows of the three tables, the 27 types of im-
plementations previously mentioned are then well referenced. The values indicated in
the last three columns give information on the FE convergence characteristics of the
implementations. They are derived from the average of the values obtained over all the
set of 40 simulation test cases, that is run with every implementation.

As expected, all the simulations gathered in Table 7.3, which rely on the accelerated
search technique for the relaxation factors, are completed in less time than their coun-
terparts with the standard or the heavy search techniques, listed in Table 7.1 or Ta-
ble 7.2, respectively. This can be seen by comparing the average calculation times of
each simulation indicated in the fourth columns of the tables. The accelerated search
gives a speed up between 2 and 4 compared to the standard technique, and between 3
and 5 with regard to the heavy one. Indeed, when determined by the accelerated tech-
nique, the relaxation factors allow to reduce the mean number of NR iterations that
solve the FE system at each time step, as shown by the fith column. In addition, there
are less relation factors that are tested per NR iteration to find a suitable value, as the



SECTION 2.

161

Table 7.1: Simulations with standard search technique for relaxation factors in NR of FE systems.

inversion method jacobian type CPU time (s) rn'ean (m o) mean lrlumber
approach at material level (s T2 s e shmslon NRiterations on of relaxation factors

FE system/time step tested/NR iter
NRnum JACnum 7.47 9.30 (13) 7.39
vpm NRana JACana 7.41 (V) 9.64 (15) 7.26
GoodBFGS JACana 7.71 (X) 9.28 (43) 6.93
NRnum JACnum 25.87 (A) 4.31(41) 3.34
var NRana JACana 10.73 (V) 5.12 (12) 3.28
GoodBFGS JACana 11.89 5.12 (12) 3.28
NRnum JACnum 18.24 (A) 9.39 (13) 7.43
diff NRana JACana 10.4 (V) 9.78 (14) 7.30
GoodBFGS JACana 10.89 9.80 (14) 7.29

Table 7.2: Simulations with heavy search technique for relaxation factors in NR of FE systems.

inversion method jacobian type CPU time (s) m.ean (m ) mean 1:1umber
approach at material level e T2 s e shmlEon NRiterations on of relaxation factors

FE system/time step tested/NRiter
NRnum JACnum 8.99 (v) 9.30 (13) 10
vpm NRana JACana 9.07 9.65 (17) 10
GoodBFGS JACana 11.69 (X) 9.58 (32) 10
NRnum JACnum 58.75 (A) 4.30 (12) 10
var NRana JACana 24.27 (V) 5.12 (16) 10
GoodBFGS JACana 27.52 5.12 (16) 10
NRnum JACnum 22.48 (A) 9.39 (13) 10
diff NRana JACana 12.79 (V) 9.79 (14) 10
GoodBFGS JACana 13.32 9.80 (14) 10

Table 7.3: Simulations with accelerated search technique for relaxation factors in NR of FE systems.

inversion method jacobian type CPU time (s) In.ean (Am =) mean r.1umber
approach at material level e TS icrmes - NRiterations on of relaxation factors

FE system/time step tested/ NR iter
NRnum JACnum 2.21 4.65 (31) 2.50
vpm NRana JACana 1.65 (V) 3.75 (30) 2.09
GoodBFGS JACana 1.94 3.90 (37) 2.16
NRnum JACnum 15.7 (A) 4.03 (11) 2.12
var NRana JACana 7.27 (V) 4.66 (31) 2.09
GoodBFGS JACana 7.74 4.67 (31) 2.09
NRnum JACnum 4.24 (A) 4.76 (33) 2.65
diff NRana JACana 2.88 (V) 5.14 (23) 2.34
GoodBFGS JACana 2.94 5.13 (25) 2.34

last column numbers are smaller in Table 7.3 than in the two other tables. Thus, this
contributes also to reduce the total computational time. Nevertheless, care must be
taken that the maximum number of iterations reached per time step is higher with the
accelerated technique. This indicates that, for some time steps, the NR method con-
verges with greater difficulty. With this simple FE square geometry example, this does
not tend to be more of a problem in the limit of the considered excitations, but for
more complicated situations, the accelerated technique may lead to non-convergence
issues of the NR method, more quickly than with the standard or the heavy techniques,
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which are generally more robust.

With the heavy search technique, an optimal relaxation factor is selected between 10
linearly spaced values, between 1 and 0.1. At each NR iteration, there are always 10
residuals that are thus calculated during the procedure, one with each tested factor, as
can be seen with the last column values of Table 7.2. This is why the longest CPU time
per simulations are encountered with this costly technique.

On the other hand, the standard search technique is lighter as it stops as soon as a
suitable relaxation factor is found while scanning the same discrete interval from 1 to
0.1 by step of 0.1. Moreover, by looking at the fifth columns of Table 7.1 and Table 7.2,
both standard and heavy techniques practically lead to the same numbers of mean
NR iterations. It actually means that, most of the times, both techniques lead to the
same choice of relaxation factor. This can be explained easily for this relatively simple
example. Indeed, the nonlinearity comes here only from the material law that derives
somehow from a convex function. However, any local minimum of a convex function
is a global minimum. Therefore, the factor found by the standard technique which
aims to locally minimize the residual is conditioned to be identical to that obtained
with the heavy technique. Actually, factors tested beyond a minimizing one with the
latter technique has no interest in this example. Yet, this is done here to illustrate the
additional cost associated with the /eavy procedure, which may prove useful in other
circumstances.

Discussion is now focused on the comparison between the implementation types grouped

in a given table. About the choice of the EB model approach, the simulations are com-
pleted more quickly with the vpm approach than with the var or the diff approaches
naturally, as already observed previously. However, the speedup provided by the vpm
approach is not as significant here as the one observed when comparing at the ma-
terial law level only in Chapter 3 or Chapter 4. Indeed, the CPU times given in the
fourth column of the tables are the total simulation times. Thus, they take also the
assembling and the resolution times of FE systems into account, not only the calcu-
lation times of the system components which are those that depend a priori on the
hysteresis model approach chosen. In this example, the system is rather small and its
construction is not the operation that takes the most time. Therefore, total time ratios
between model approaches in this FE context have other values compared to ratios
encountered in previous chapters. Nevertheless, the fact that vpm is faster than diff
which is itself faster than var is still visible here, although to a lesser extent. The vpm
approach allows speedups between 1.1 and 2.5 with respect to diff, and between 1.4
and 7 compared to var approach, depending on the other implementation choices.

It is interesting to note that in Table 7.1 and Table 7.2, FE simulations including the
var approach require almost half as many VR iterations per time step as with the two
other approaches. No real explanation has been found to justify this numerical obser-
vation in this example. In theory, diff and var approaches provide the same solutions
with the exception of numerical approximations, and one would expect the number of
iterations to be more or less similar, since the stopping criterion is always the same in
all simulations. Yet, it is true that the analytical Jacobian (JAC,,,) is calculated slightly
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differently since it is expressed either in terms of J* or hfev, but this remark does not
apply for the case with numerical Jacobians (JAC,,,,,,). The differences in the mean it-
eration numbers may then be due to numerical approximations in the var approach,
as it is more subject to cancellation errors, which can thus have an influence in the
satisfaction of the stopping criterion of the NR method. However, this has not been

studied in more detail and no further conclusion can be drawn.

Continuing the analysis of the tables values, the results are now compared by con-
sidering the effect of the inversion method choice for the material law on the overall
implementation performances. First of all, it can be seen that, for a same combination
of global relaxation factor search technique and EB model approach, there are few dif-
ferences brought between NR,,,, and GoodBFGS inversion techniques, either in terms
of total computational times or in the numbers of mean NRiterations at the FE system
level. More precisely, one can say however that the NR,,, inversion is preferable to
the GoodBFGS one, as it generally induces slightly shorter CPU times per simulation
(marked by V) in the tables. This is especially true when the vpm approach is consid-
ered because in that case, the GoodBFGS is the least adapted inversion technique that
can be chosen, as evident in Table 7.1 and Table 7.2, where it leads to the longest CPU
times (indicated by X), and to the largest maximum numbers of global NR iterations,
reflecting the difficulties of convergence for certain time steps. This is not surprising
since, as seen in Chapter 4, the GoodBFGS is suited for symmetric Jacobian matrices
while this property is not guaranteed with the local differential reluctivity tensors of
the vpm approach.

Both GoodBFGS and NR,;,, inversion techniques are always combined with an ana-
lytical evaluation of the global Jacobian matrix associated to the FE system, denoted
by JAC,,,. One can now look at the case where a pure numerical approximation of
the Jacobians is considered, both locally with a NR,,,,,,, inversion technique, and glob-
ally with a JAC,,,,;,, evaluation. The Jacobian matrix components are thus deduced by
central finite differences. In the NR;,;,,,;, at the material level, the step for the finite dif-
ferences varies between subsequent local iterations as the tenth of the last increment
on h, to calculate the magnetic permeability tensors. The reluctivity tensors are then
deduced by taking the inverse of the latter. In the NR method at the global FE system
level, the JAC,,,,;, is based on a fixed step of 102 A/m, which is chosen beforehand by
trial and error so as to obtain satisfactory results on this FE example.

As expected, compared to the corresponding JAC,,, cases, the complete numerical
estimation of the Jacobians with the NR,,;,,,,-JAC,,,,,, association causes a significant
increase in the total simulation times for the var and the diff approaches, by a factor
2 in average, as can be seen with the CPU time values (indicated by A) in Table 7.1,
Table 7.2 and Table 7.3. This happens even if the JAC,,,;, cases improve slightly the
convergence by needing a little less iterations on the FE system to find the solution
per time step than the analogous JAC,,, cases. This is due to the fact that the NR,,,,,-
JAC,,,,m» combination requires additional EB model evaluations at each iteration to cal-
culate the finite differences. However, these updates are very costly with the var ap-
proach, and to a lesser extent, with the diff approach. On the other hand, the update
of the material law is very fast with the vpm approach, such that simulations based on
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finite differences do not take necessarily more time than with an analytical evaluation
of the Jacobian with this model approach. Therefore, the vpm-NR,,,;1,-JAC;, 1, associ-
ation is not much slower than the alternative implementations vpm-NR;;,,-JAC;y, OF
vpm-GoodBFGS-JAC,,,. Actually, it is even the vpm-NR;,;,,,,-JAC;, ., implementation
(marked by v) that is the fastest between the three variants in Table 7.2. The advantage
of the NRy,;,;,,-JAC,,.,m type is that it can sometimes make the VR process more robust
and require fewer mean iterations to converge. On the other hand, it is necessary to
determine an adequate step for the calculation of the finite differences and this is not
always easy to find a satisfactory one for the FE problem.

It should be remembered that the values given in the summarizing tables are averaged
over 40 test cases. Details of the CPU times and the mean NRiterations values obtained
for each of the 40 simulations with the 27 implementations are shown in the 9 following
Figures (3 implementations per Figure), from Fig. 7.6 to Fig. 7.14.

All these Figures reveal that, mostly with standard and heavy relaxation techniques
(from Fig. 7.6 to Fig. 7.11), the CPU times and the mean NR iterations on FE system per
time step have the global tendency to increase in function of the maximal amplitude
hmax, and the rotational nature ®, of the excitation that is used in the simulation.

The CPU times measured with the var approach (Fig. 7.7, Fig. 7.10, Fig. 7.13) are less
predictable as they do not behave as smoothly with respect to hpax and ®. Updat-
ing the var approach seems to be sometimes more complicated for specific excitation
test cases than others, but the understanding of this behavior is very empirical. Some
test cases are also more difficult to solve than others with the inappropriate vpm-
GoodBFGS association. They are distinguished by higher computational time values
than with the corresponding vpm-NR,,, combination cases, as can be observed by
comparing in Fig. 7.6, Fig. 7.9 and Fig. 7.12, the bottom middle and the bottom right
CPU time curves.

With the accelerated relaxation technique (Fig. 7.12, Fig. 7.13 and Fig. 7.14), the mean
NRiteration numbers and the CPU times remain rather small over all the various exci-
tation characteristics hyax and @, except with the var approach (Fig. 7.13) or with the
vpm-GoodBFGS combination (Fig. 7.12 (right)), where some discrepancies appear for
some test cases, as already mentioned earlier.

In conclusion of this section, a rather large set of different implementations of the EB
model in a simple FE framework has been studied. The proposed implementation
choices intervene at different levels, either at the level of the magnetic material law, or
at the level of the global FE system. The choice of one implementation rather than an-
other can be guided by performance motivations but also by robustness needs. Thus,
itis clear that the accelerated relaxation technique gives the shortest simulation times,
but risk-taking with overly large relaxation factor selection can be fatal in other more
complex situations where the heavy relaxation can then be helpful. The extra cost as-
sociated with this latter choice has been quantified for this example. At the material
level, the vpm approach remains the fastest compared to the diff approach, and even
more with regard to the var approach. However, the speedups are less significant than
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expected due to the inclusion in this FE context. About the model inversion, the tech-
nique that stands out the most is the NR,,, technique which remains one of the best
choices in all circumstances, compared to NR,,;,;, or GoodBFGS. Finally, the numeri-
cal evaluation of the Jacobians based on finite differences should be avoided as much
as possible with the var or the diff approaches, because the model update calls are
then computationally costly with these approaches and must be limited. The analyti-
cal evaluations of the Jacobian matrices based on the developments of Chapter 4 find
then all their interest here. This does not apply for the vpm approach, whose resolu-
tion is straightforward and thus lends itself well to a finite difference approximations
of the deriatives. A numerical evaluation of the Jacobian matrices, if determined by
an appropriate choice of discretization step, can further improve the robustness of the
iterative process. In the end, the problem of choice always comes down to a compro-
mise between speed and robustness.

Search Technique for Relaxation Factors in NR of FE Systems: standard.
Hysteresis Model Approach: vpm.
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Figure 7.6: Details on performances with standard relaxation & vpm approach over 40 simulation test cases.
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Search Technique for Relaxation Factors in NR of FE Systems: standard.
Hysteresis Model Approach: var.
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Figure 7.7: Details on performances with standard relaxation & var approach over 40 simulation test cases.

Search Technique for Relaxation Factors in NR of FE Systems: standard.
Hysteresis Model Approach: diff.
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Figure 7.8: Details on performances with standard relaxation & diff approach over 40 simulation test cases.
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Search Technique for Relaxation Factors in NR of FE Systems: heavy.
Hysteresis Model Approach: vpm.
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Figure 7.9: Details on performances with heavy relaxation & vpm approach over 40 simulation test cases.

Search Technique for Relaxation Factors in NR of FE Systems: heavy.
Hysteresis Model Approach: var.
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Figure 7.10: Details on performances with heavy relaxation & var approach over 40 simulation test cases.
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Search Technique for Relaxation Factors in NR of FE Systems: heavy.
Hysteresis Model Approach: diff.
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Figure 7.11: Details on performances with heavy relaxation & diff approach over 40 simulation test cases.

Search Technique for Relaxation Factors in NR of FE Systems: accelerated.
Hysteresis Model Approach: vpm.

Figure 7.12: Details on performances with accelerated relax. & vpm approach over 40 simulation test cases.
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Search Technique for Relaxation Factors in NR of FE Systems: accelerated.

Hysteresis Model Approach: var.
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Figure 7.13: Details on performances with accelerated relax. & var approach over 40 simulation test cases.

Search Technique for Relaxation Factors in NR of FE Systems: accelerated.

Hysteresis Model Approach: diff.
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Figure 7.14: Details on performances with accelerated relax. & diff approach over 40 simulation test cases.
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3. T-joint-2D

In this section, FE simulations with the magnetostatic a formulation (5.40), which in-
cludes thus the inverse b-based hysteresis model, are compared with those realized
with the complementary magnetostatic ¢ formulation (5.29), which relies on the di-
rect h-based hysteresis model instead. This comparison is conducted with the idea of
validating the inversion of the EB hysteresis model and measuring its computational
costin a FE context.

The complementary formulations are applied to a simple 2D FE domain, shown in
Fig. 7.15, which is a T-shaped magnetic circuit exhibiting rotational flux [97], which
can be assimilated to a T-joint of a three-phase transformer.

For the a formulation, since the problem is 2D, the magnetic vector potential a can
once again be represented by its normal component to the studied domain only. Thus,
the scalar notation a is employed to denote the nodal value of the vector component
of a along the z axis, which is sufficient for its representation.

The boundary I of the studied T-joint domain Q is considered as an alternating series
of flux walls T';,; and flux gates I'g; [97]. By definition, flux walls I';, ; are magnetically
impermeable interfaces, on which n-b = 0 holds, with n the outward unit normal on T'.
The related magnetomotive forces are expressed by #; = (n x h, lez>rwj- On the other
hand, flux gates I'g; correspond to perfectly permeable interfaces, on whichnxh =0
is verified. The magnetic fluxes flowing through the gates, inward Q, are given by ®; =
—(n-b, 1)1 .. Therefore, the sum of the magnetomotive forces & is zero, and so does
the sum of the fluxes ® j-

In the a formulation, a has a constant value A, ; along each flux wall T, ;. Gate fluxes
between two walls can be strongly imposed by fixing the two associated A, ; values as
®; = Ayj— Ayk. Otherwise, an Ay ; value can be considered as a floating potential
unknown of the problem. In that case, the linked magnetomotive force & ; is weakly
imposed through the contour integral in (5.40). To this end, a specific basis function is

n
T n-b=0 w1 a=A4Au

I -~ | g LS NAVA%
Tgon Q #1 1Tg1 S AR AIERK] )
(I):ng::?)z @ @ @':(p:Ugl _’—V‘::A'/\«F, e K X
nxh=0: Fy s ®1<=:n><h:0 [ RIS b
\
a=Ays3
n-b=0 y
L»x
g3 b (T)
¢=Ugs nxh=0 Q065 13

Figure 7.15: (left): Schematic representation of a 2D model of a T-joint of a three-phase transformer with, as
boundary, a sequence of three flux walls ' 1,1 2,1 y3 and three flux gates Fgl, l"gz, ng, and the location
of 6 points A, B,..., E (right): Induction field obtained during a simulation at t = 1s (time step 1000).
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Figure 7.16: Magnetic fluxes imposed in the three flux gates with soft start.

used which decreases element-wise linearly from 1 onI'y; to 0 in the layer of elements
around I'y ;. Equivalently, in the ¢ formulation, ¢ can either be fixed a priori or consti-
tutes a floating potential ¢» = Ug ; on the corresponding flux gates I'g ;. Therefore, in the
latter case, the associated magnetic flux @ ; is weakly imposed via the contour integral
in (5.29).

The same 3-cell material hysteresis model used since Chapter 3-Section 5 is still con-
sidered. A rotational field is effected by imposing strongly in the a formulation and
weakly in the ¢ formulation the gate fluxes ®; = cos (27 ft+2n/3) and @, = cos2n f't,
with a frequency arbitrary fixed to f = 1Hz. Two periods are sampled with 1000 time
steps each. In order to start smoothly through the first magnetization curve of the hys-
teretic material, the fluxes ®; and @, are multiplied during the first quarter of a period
by the function (1 — cos (T ¢/ tyelax)) /2, With frelax = 0.25s. The evolution of the two im-
posed magnetic fluxes conditions the third one which are shown in Fig. 7.16.

For both formulations, the chosen stopping criteria of the NR method for the FE sys-
tem resolutions is defined by (5.47), with €55 = 107®A/m and €] = 1076, At each NR
iteration, a heavy search technique is adopted with an optimal relaxation factor se-
lected between 10 evenly spaced values between 1 and 0.1. The Jacobian is computed
analytically. The first iterate is approximated by quadratic extrapolation from the three
previous time solutions, as in Fig. 5.2 (right).

The FE mesh is made of 843 triangles and yields 403 and 442 DOFs, for a and ¢ re-
spectively after the application of constraints. Fig. 7.15 (right) shows the look of the
induction field obtained during a simulation at ¢ = 1s (time step 1000), when the in-
ward magnetic flux ®,, from gate I'g>, is maximal. The field rotates in and out of the
different gates over time and takes the largest values in the corners of the T-joint.
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Simulations are performed with the three model approaches, vpm, var or diff, which
are used either in their direct or inverse form depending of the FE formulation chosen,
a or ¢. To have time references for both formulations, simulations are also realized
without using an EB hysteresis model, but using a restricted anhysteretic law (anhy)
approach for the magnetic constitutive law, built by interpolation on a database of
a one-to-one b — h curve, which corresponds to the same anhysteretic curve that is
exploited in the hysteresis model.

The information on convergence characteristics of the different formulations of the
T-joint problem is given in Table 7.4.

Table 7.4: Convergence characteristics of different FE formulations for the T-joint problem.

. total CPU time mean (.m ) CPU time per number of
FE formulation  approach . NRiterations on . . non-converged
(minute) . NRiteration (s) .
FE system/time step time steps
o anhy | __ _ [ 30 726-102 0
a (inv) ypm 28.5 3.68 (13) 0.23 0
a (inv) var 610.6 6.93 (50) 2.64 3
a (inv) diff 46 4.13 (13) 0.33 0
e anhy | 51 2038 7561072 0
¢ (dir) vypm 28.7 4.11 (14) 0.21 0
¢ (dir) var 91.4 3.95 (50) 0.69 3
¢ (dir) diff 38.4 4.02 (14) 0.29 0

Naturally, the anhy approaches require less CPU time to finish the simulation than
with an EB hysteresis model inclusion. Actually, in this example, the vpm approach,
which is the fastest EB model implementation, takes about 3.9 and 5.6 times more total
CPU time than the respective anhy cases, in the a and ¢ formulations. However, since
the total number of iterations is not exactly the same for the different formulations, it
is also interesting to compare CPU times taken per NR iteration, reported in the fifth
column of Table 7.4. Then, it appears that the vpm approach is about 3.1 or 2.8 times
as long per NR iteration as in the anhy cases, in the a and ¢ formulations respectively.
It seems logical to find a ratio of around 3 since it is a 3-cell EB hysteresis model that is
considered here.

For all the EB model approaches, the CPU time cost per NR iteration is always slightly
higher with the a formulation than with the ¢ formulation due to the additional inver-
sion of the hysteresis model needed at the material law level. In this example, this ad-
ditional inversion cost is not very visible for the vpm and diff approaches, which take
only about 1.09 and 1.13 more CPU times per NR iteration in the a formulation com-
pared to the ¢ formulation. Moreover, with the vpm approach, this is not even notice-
able on the total CPU times reported in the third column because the ¢ formulation
requires a little more VR iterations than the a formulation. Generally speaking, the diff
approach is slower than the vpm approach but at a reasonable cost here, knowing that
each cell update with the diff approach is complicated by an additional angle search
problem while the vpm updates are straightforward, such as with the anhy cases.
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On the other hand, the var approach remains the most complicated £B model imple-
mentation. It takes the most CPU time to complete a simulation as it is 3.3 times as
long per NR iteration as with the vpm approach in the ¢ formulation and, even worse,
up to 11.4 as long in the a formulation, which leads to a total CPU time longer than 10
hours to solve this rather simple FE problem, while only 7 minutes are required with an
anhy approach in the same conditions. All the complexity of the var implementation
structure worth to be recalled here: there is the problem of loss of significance that can
occur during the minimization update at each cell level, which adds to the approxima-
tion of the material law inversion with the local NR method needed in the a formula-
tion, which is itself encompassed in the global NR method of the FE system. It must
be mentioned that, given all these sources of imprecision that are involved at all levels
of the implementation, the chosen stopping criterion (5.47), with €,ps = 105A/m and
€rel = 1078 seems to be very strict for the var approach. As a result, it is not surprising
to find that the NR method of the FE system does not manage to satisfy that stopping
criterion for 3 on the 2000 time steps of the simulations both in the a and ¢ formula-
tions!. Nevertheless, although the maximum number of iterations, set at 50, has been
reached for those time steps, the FE model has not been destabilized for the cause and
the subsequent time steps were successfully calculated.

The computed evolution for the magnetomotive forces % (), %»(t) and F3(f), associ-
ated to flux walls I'y,1,T'» and I' 3 respectively, are shown in Fig. 7.17, obtained with
the inverse or direct var approaches in the a or ¢ formulations, respectively. A very
good agreement is observed between the results of both formulations on these global
quantities. The same correspondence is obtained with the vpm or the diff approaches,
which produce the same curves as in Fig. 7.17.
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Figure 7.17: Agreement between the magnetomotive forces (global quantities) obtained via the a formula-
tion, including the inverse var approach; and the ¢ formulation, including the direct var approach.

Inot necessarily at the same time steps however.
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Still focusing on the results from the var approach with both the a and ¢ formulations,
the produced b-loci and h-loci, in addition with the by — h, and by, — hy, loops are given
in Fig. 7.18, at the six points indicated in Fig. 7.15 (left). As can be observed, from the
point of view of local quantities, the difference between the results provided for the b or
h field values by the two formulations is more pronounced for certain points. However,
this difference is more related to the quality of the mesh size than to an effect due to
the inversion of the hysteresis model. Indeed, a similar gap occurs when considering
an anhy approach. The results can be improved by refining the mesh size, but for an
obviously higher computational cost. For the local fields, both formulations produce
then outputs that are also very similar.
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Figure 7.18: b-loci (top left), h-loci (top right), by — hy curves (bottom left), by — hy curves (bottom right),
obtained at the 6 points A,B,...,F of the T-joint, either via the a formulation with the inverse var approach
(continuous lines), or via the ¢ formulation with the direct var approach (dotted lines).

The vpm approach is still a very good approximation in this T-joint example as the local
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curves in Fig. 7.19 highlight. At the level of the b and h fields, obtained at the 6 points of
the T-joint, the simulation results obtained with the vpm are indeed relatively close to
those obtained with the diff approach, the two simulations having been conducted in
the a formulation, using the inverse models. The diff and var approaches give similar
results with the exception of numerical approximations.
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Figure 7.19: b-loci (top left), h-loci (top right), by — hy curves (bottom left), by - hy curves (bottom right),
obtained at the 6 points A,B,...,F of the T-joint, via the a formulation by including either the inverse diff
approach (in continuous lines) or the inverse vpm approach (cross marks).

In summary, a and ¢ formulations including the EB hysteresis model converge to the
same results, both globally and locally. The additional cost due to the inversion of
the material law is not significant for the vpm or diff approaches. The choice is thus
more or less free to adopt one or the other FE implementation, either b-conform or
h-conform, according to the regularity needs, independently of the hysteresis model,
whether it is direct or inverse, since inversion does not have a preponderant influence
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on the efficiency of one formulation compared to the other. The implementation with
the var approach is the most complicated to make it work and should not be recom-
mended in practice, unless to accept a relaxation of the stopping criterion. The vpm
approach allows once again a fastimplementation of the EB hysteresis model, as fast as
an anhy approach, regarding the multi-cell aspect. Moreover, it remains an excellent
approximation in this FE example, giving results visually very close to those obtained
with the diff and var approaches.

4, Three-Phase Transformer - 2D

In this section, the simulations of a three-phase transformer, originally studied in [100],
aims to be conducted using either the a— v or h—¢ FE formulations, i.e. (5.36) or (5.25),
with the EB hysteresis model embedded in either its inverse or direct form respectively.
Furthermore, the vpm, var and diff implementations of the hysteresis model are com-
pared in this context. Finally, the mesh influence and the computational times are
analyzed between the different FE formulations with the vpm hysteresis model, and
contrasted with the nonlinear anhy material law case.

Fig. 7.20 (left) shows the cross-section of the three-phase transformer. The laminated
ferromagnetic core is the region where the 3-cell EB hysteresis model is employed, still
with the same material parameters as before. Each phase has one primary and two
secondary windings. In the FE formulations, the windings are seen as stranded induc-
tors Q. Electric global quantities are employed in these regions for the coupling with
circuit equations and for defining voltage sources [60]. Hereby, only the primary wind-
ings are supplied by voltage sources. The transformer representation is surrounded by
air even if in no-load operation the leakage flux is negligible, so that it may be sufficient
to only model the magnetic core as done in [100]. A FE mesh shown in Fig. 7.20 (right)
with 1770 first-order triangles is used by default. The number of triangles is controlled
by a mesh scale factor (MSF) fixed at 2 for this case. The description of the device is
restricted to a 2D case in which the fields h and b lie in the xy-plane, and the current
density j is assumed perpendicular to the study domain.
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Figure 7.20: 2D FE model of the three-phase transformer (left); meshed by 1770 triangles,788 of them be-
longing to the core region - [mesh scale factor=2 (MSF2)] (right).
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The eddy currents in the laminations, mainly flowing parallel to the plane of the lami-
nations, cannot thus be modeled straightforwardly in this 2D case. Yet, they exist tech-
niques [96, 63, 169] to include the eddy current losses in the laminated core with both
FE formulations (5.36) or (5.25). One of them, being very simple at least for the a— v
formulation, consists in introducing, based on (7.7), an additional conductivity matrix
dedicated to the lamination into the FE equations [100, 98], which yields the correct
losses, assuming the skin and edge effects are negligible. However, because the imple-
mentation of this contribution in the dual h — ¢ formulation is not as straightforward,
the laminated core is assumed non conductive Q¢ in both formulations. With this
simplification, the formulations are thus still limited to a magnetostatic case actually,
as studied in the T-joint example of the previous section. The novelty of this section
is that the model, although still rather academic given these assumptions, becomes
a little more realistic by the introduction of coupling with external circuits in the FE
description which allows imposition of more appropriate voltage-driven sources.

Furthermore, the 2D restriction allows to express the a— v formulation in terms of a
vector potential a whose direction can be fixed a priori along the z axis and of which
only the normal component constitutes then the unknown. With this assumption, the
gauge condition diva = 0 is automatically ensured. The same applies for the electric
potential gradient, grad v, where only the component along z can be considered”. The
function spaces of these potentials are thus adapted in consequence, simplifying the
resolution of the problem.

On the other hand, for the h — ¢ formulation, a source magnetic field h; has to be cal-
culated for each active stranded inductor. Each inductor is represented in the cross-
section by two rectangle regions around a core leg and have to be linked together with
the introduction of cuts in order to make the complementary domain simply con-
nected for the correct definition of the potential ¢p. These source magnetic fields and
associated cuts are generated a priori through the technique developed in [58] which
projects a known distribution j, to a function space of h associated with co-tree edges
of the mesh.

Eventually, the a— v formulation is more commonly used in 2D problems before the
h — ¢ formulation, because the former can be solved more easily in this case, simpli-
fying from vector to scalar unknowns, while the latter requires additional processing,
particularly for multiply connected domains. However, the h — ¢ formulation should
not be forsaken because it has its own advantages at the discrete level. It allows to
satisfy exactly the Ampere law (5.11), instead of the Faraday law (5.12) with the dual
a— v formulation, so that the choice of the formulation can be made according to the
type of desired conformity. Most notably, the EB hysteresis model can be included in
a direct way (direct form (dir)) in the h — ¢ formulation, without the inversion oper-
ation (inverse form (inv)) that may take slightly additional computation time in the
dual formulation, as already discussed in the previous section. It is interesting to com-
pare these dual formulations also in this three-phase transformer modeling context.
Nonetheless, FE simulations on electromagnetic devices taking any hysteresis model

2Anyhow, the electric potential v equals zero everywhere in this example, following the simplifications.
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into account are usually based on the a formulation in the literature [94, 8, 51, 149, 91],
even if the hysteresis model is in general natively driven by the magnetic field h. This
is why the two formulations are considered and compared in this practical example.

The transformer is studied in case of three-phase no-load operation starting from the
demagnetised state of the ferromagnetic core. The three primary windings are con-
nected in star and supplied at 50 Hz by 220V root mean square (RMS) value voltages
whose amplitudes gradually increase from zero to the nominal value [100], as in Fig. 7.21.
The time-stepping simulations include 6 periods of 300 time steps each and steady
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Figure 7.21: Smooth start of the Voltages imposed in the three primary windings.

state is reached after say 5 periods.

Fig. 7.22 shows the calculated current waveforms for the last period obtained with both
formulations including either the vpm or the diff hysteresis model implementations,
in their dir or inv forms, depending on the FE formulation. Each simulation produces
globally the same evolution for the primary currents in the three phases. Note that
the results with the var implementation are intentionally not depicted in Fig. 7.22 for
a better visibility, because they would overlap the diff approach results. As a general
remark, it can be seen that the steady-state is not totally reached in Fig. 7.22 because
there is still a remaining direct current (DC) offset between phases. Due to the core
asymmetry, the magnetizing current of phase B is lower than the current obtained for
the two outer phases. There are slight differences between the results from the four
different simulation cases. The discrepancies in the currents are more pronounced
between a— v and h—¢ formulations than by the choice between vpm or diff hysteresis
model approaches. Indeed, the calculated maximal value of the current in phase A, for
example, is more affected by the formulation than by the hysteresis model approach
that is used. There is a variance in the extreme value of about 0.07 A (8.5 %) between
the FE formulations while there is only 0.01 A (1.6 %) change linked to the hysteresis
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Figure 7.22: Currents in the primary windings with each simulation configuration, for the last period.

The local b — h quasi-static hysteresis loops, produced by the four simulation cases at
points A, B and C during the last period, are presented in Fig. 7.23 (left). The three
legs of the transformer are alternately subjected to an equivalent flux producing, at
these central points, similar hysteresis loops which overlap visually in the presented
figures. There is a great agreement between the curves obtained from the different
simulations. Actually, at these points, the magnetic polarization is unidirectional such
that vpm with var and diff approaches are totally identical, as there is no additional
approximation coming from the vpm version. Likewise, the choice between a — v or
h — ¢ formulations do not bring any significant modification in the output fields at
these locations.

Fig. 7.23 (right) illustrates, for the various investigated simulation cases, the loci of the
rotating induction field b at the point G situated in the T-joint of the transformer. In
this place, the local behavior is completely different than in the middle of the leg, with
almost a circular polarization. The variations between the simulation field outputs
are more pronounced than previously. In this example, the differences induced by
the formulation selection are more important than those introduced by the hysteresis
model approach choice. Indeed, as the induction pattern is almost circular in this
region, the approximated vpm approach leads to nearly the same results as with the
exact diff or var approach. The var approach results are once again not represented
for clarity in Fig. 7.23, and they are identical to the diff approach results. The average
deviation of the induction field over one period between the vpm and the exact diff or

3The median value between the compared results is used as reference to evaluate the relative deviation
in %.
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Figure 7.23: b — h curves at Points A,B,C (left); b loci at Point G (right).

var hysteresis approaches is of only 0.02 T (2.3 %). On the other hand, the formulation
selection has a huge influence here, resulting in variations on the local induction field
of about 0.23 T (25 %). In this situation, there is absolutely no interest in using the more
accurate but much more costly diff or var approach compared to the vpm approach
because the benefit of a higher quality hysteresis representation is lost in the numerical
approximation introduced by the FE formulation choice.

However, the differences linked to the FE formulations are related to the density of the
mesh that is used and this disparity can be reduced either by using higher order FE or
by increasing the number of elements used to mesh the studied domain.

Fig. 7.24 and Fig. 7.25 illustrate how the results from a — v and h — ¢ FE formulations
including the vpm approach, vary with a progressive mesh refinement through the
increase of the MSF that controls the number of triangle density. More particularly,
in Fig. 7.24 (left), one can see how the waveforms of the primary current in phase A
obtained with each FE formulation are getting closer, when the number of triangles
increases from the coarsest mesh (MSF1) with 562 elements to the finest one (MSF4)
with 25288 elements. The variation on the peak value of the current is reduced from
0.21A (28 %) with the MSF1 to 0.01 A (1.7 %) with the MSF4, as detailed by Fig. 7.24
(right).

The same convergence behavior appears on the local fields calculated at Point G and
is visible in Fig. 7.25. The b loci from a— v and h— ¢ FE formulations are getting closer
to each other for finer meshes. The mean deviation over one period related to the FE
formulations on the local induction field at Point G reduces from 0.35T (38 %) to 0.05 T
(5 %) with the highest mesh density.

In summary, it appears that the approximation introduced by the FE formulations and
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Figure 7.24: Influence of the MSF on simulation results with the vpm approach; convergence of the phase
current waveform in phase A (left) and of the peak value (right) with the mesh refinement.
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Figure 7.25: Influence of the MSF on simulation results with the vpm approach; convergence of the flux
density b at Point G, with the mesh refinement.

the one from the simplified vpm approach start to be at the same order of magnitude
only for the finest mesh considered (MSF4).

Indeed, in this three-phase transformer example, the polarization induction patterns
are mostly purely unidirectional in the bulk of the three core limbs and circular in T-
joints, with intermediate elliptical behavior assumed in the core regions in between.
The simplified vpm approach predicts thus the same magnetization as the exact diff
and var approaches in most of the core domain and remains an excellent approxima-
tion for all the ferromagnetic core in general, leading to relatively small deviations on
the local fields and global quantities. It is therefore not surprising that a rather impor-
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tant mesh refinement is needed to make the FE formulations sufficiently sensitive to
capture the deviation introduced by the vpm hysteresis approach. The exact diff or
var hysteresis approaches are only useful for mesh quality at least higher than MSF4,
in this example. It is worth noting that more important deviations may be encoun-
tered between the approximated vpm predictions and the results from the var and diff
approaches if magnetic anisotropy is taken into account, as discussed in [177]. In that
situation, the diff approach may therefore be useful to improve the prediction com-
pared to the vpm approach, even with coarse meshes.

Once again, the var approach is computationally very expensive and more subjected
to convergence issues compared to the vpm one. The new proposed diff approach
allows a significant improvement of the convergence behavior to derive the same so-
lution as the var approach, but remains naturally slower than the approximative vpm
version. The simulations in this section were run on a single core of an Intel E5-2650
processor with the clock frequency 2.0 GHz on NIC4, a High Performance Computing
massively parallel cluster of the University of Liege. In fact, quantitatively, even with
the coarse mesh (MSF2) presented in Fig. 7.20 (right), the time-stepping simulations
of one period made by 300 time steps take already about 1 or 2 hours with the var hys-
teresis model approach in its dir form within the h—¢ formulation, or in its inv version
within the a — v formulation respectively, while it lasts about 35 minutes and 40 min-
utes with the dir and inv forms of the diff approach respectively. On the other hand,
the vpm approach needs only around 15 minutes to simulate one period. The inver-
sion of the var approach, and to a much lesser extent of the diff approach, is more time
consuming than their direct counterpart, while for the vpm approach there is nearly
no difference in the observed computational time between its dir and inv implemen-
tations in this example. These observations are finally very similar to those obtained
with the T-joint case in the previous section.

In all simulations, the same residual 7} as described by (5.47) is chosen as stopping
criterion again, which is based on all the magnetic field components of each element
of the FE mesh, at iteration 7 of time step n of the NR process at the FE system level. As
before, the absolute and relative tolerances €, and €,,; in (5.47) are fixed to 1075 A/m
and 1078 respectively. The NR process is thus stopped as soon as ffl < 10° is verified or
if a maximal iteration number fixed at 50 is reached. At each NR iteration i, an optimal
relaxation factor y’ is selected between 10 evenly spaced values between 1 and 0.1 to
facilitate the convergence. The Jacobian is computed analytically. The first iterate is
simply initialized by the values from the previous time solution, as in Fig. 5.2 (left).

Fig. 7.26 illustrates, for each investigated simulations, how the NR residual at the FE
system level evolves for all the 1800 time steps. The NR procedure remains conver-
gent with the vpm and diff approaches while, with the var approach, for some time
steps, the stopping criterion precision fails to be satisfied. Even if this does not pre-
vent computing the following time steps, this highlights once again the numerical lack
of robustness of the var approach. Indeed, despite the application of the relaxation
scheme, the stopping criterion is not satisfied with the var hysteresis approach for 40
out of the 1800 time steps with the inv form in the a — ¢ formulation and for 83 time
steps with the dir form in the h — ¢ formulation. In Fig. 7.26 (top), the residual curves
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associated to these specific time steps never go below the horizontal line 10° represent-
ing the stopping criterion. The NR process enters in a cycling behavior without being
able to reduce furthermore the residual after reaching the final 50-th iteration. This
is obviously an illustration of the var approach limitations due to its ill-conditioned
nature, in addition with the numerical loss of significance that may occur during the
minimization process of the magnetic energy density and which is hard to handle. Yet,
in this example, the residuals 7} (5.47) remain confined below 10? (relative tolerance
of 107%), for the more delicate time steps, which is usually still a reasonable tolerance
for highly nonlinear simulated problems. The non-converged time steps contribute to
increasing the mean iteration numbers per time step for the var approach, with the
a— v and the h — ¢ formulations needing both around 8 iterations per time step in this
case. On the other hand, there is no such convergence problem with the proposed
diff approach as can be seen in Fig. 7.26 (middle). There are more critical time steps
appearing with the h — ¢ formulation for which the stopping criterion is harder to sat-
isfy and the residual, while mostly still decreasing, converges slower, needing more
than 50 iterations for 17 time steps out of 1800 in this example. The diff approach re-
mains stably convergent with 8.9 and 7.8 average NR iterations for the h—¢ anda—v
formulations respectively. This is a relatively fast convergence to the exact solution
predicted by the EB hysteresis model, competitive with the variational implementa-
tion presented in [177]. Finally, the fastest convergence is achieved with the vpm hys-
teresis approach here. Fig. 7.26 (bottom) shows the residuals evolution with the vpm
approach for the two complementary FE formulations. The NR methods converge in
average with 5.5 iterations for the a — ¢ formulation with the inv form and with 4.8 for
the h — ¢ formulation with the dir form.

As a general remark on Fig. 7.26, one may observe that the higher the involved fields
for the last time steps, and the more the number of iterations required increases.

Finally, for a practical FE usage, the vpm approach remains recommended to use when-
ever the accurate representation of the £B hysteresis model brought by the diff or var
approach is not worth the additional computational effort and the greater risk of con-
fronting convergence issues with the latter one. In any case, the diff approach should
be preferred over the var approach.

Of course, investigating finer meshes for reducing the errors from the FE formulations
has also a computational cost. The computational times taken with the vpm approach
for the different MSF are displayed in Fig. 7.27 and compared with simulations using
only a simple anhy material law in order to get a reference on how the two FE formula-
tions confront without the hysteresis model. All computational times increase linearly
with the number of triangles used.

On the anhysteretic case first, it appears that a nonlinear iteration with the a— v for-
mulation is slightly faster than with the h — ¢ formulation, about 5s for 7 s in average
with the finest mesh (MSF4). The mean number of iterations per time step does not
depend on the mesh, and is about 2.4 for the a — ¢ formulation and 2.1 for the h—¢
formulation, for all the meshes. The total computational times with each formulation
are at the end quite similar, with yet a slight advantage for the a— v formulation, which
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Figure 7.26: Evolution of the residual f,’; (5.47) in the NR scheme used at the FE system level in function of
the iteration number i, for each time step n, each step n having a specific color. The NR process is stopped
when 7}, <100 or if i > imax = 50.

remains faster, about 20%, with 9:30 hours compared to 11:30 hours with MSF4.

With the vpm hysteresis case, there is no much differences between the FE formu-
lations on the total computational times. The additional inversion of the hysteresis
model at each NRiteration compared to the anhy case, does slow down more the a— v
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Figure 7.27: CPU times with both FE formulations, with the vpm approach or the anhysteretic (anhy) con-
stitutive law, for various MSF associated to different meshes.

formulation, as the inversion required about 25% of the computational time per NRit-
eration. Nevertheless, the h — ¢ formulation, even with a direct application of the vpm
approach, remains slightly slower per NR iteration than the a— v formulation, with
11s vs. 10s respectively, for the finer mesh case (MSF4), as seen in Fig. 7.27 (right).
Because the h — ¢ formulation needs in average a little less number of NR iterations
per time step, the total computational times balance out at the end, with around 30
hours taken for both FE formulations with the mesh MSF4. In other words, the benefit
of the dir hysteresis form in the h — ¢ formulation does not allow to improve the speed
performance in this example with the vpm hysteresis model.

The simulations with the vpm hysteresis model are about 3 times as long as with the
anhysterestic material law. It is worth reminding here that a 3-cell hysteresis model
has been adopted and that the computational time depends of course on the chosen
complexity of the multi-cell model. As the cells are independent of one another, par-
allelization on several clusters would be interesting to investigate in order to speed up
the EB hysteresis inclusion.

Finally, it is interesting to note that, considering the median value between the two
FE formulations as an absolute reference, the refinement of the mesh from MSF3 to
MSF4 for an accuracy gain from 4% to 1.7% on a global quantity (Fig. 7.24) or from
7.5% to 5% on a local field (Fig. 7.25), comes with an increase of the total computa-
tional time by a factor 5 (Fig. 7.27). Further refinements would lead to subsequently
less relative improvements on the true solution but with an ever-growing computer
resources needed. The last small discrepancies are always the more costly to remove
and this is a usual trade-off between accuracy and complexity which extends beyond
the hysteresis modeling.
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5. Transformer from TEAM Problem 32 Benchmark - 2D

As a final example, the TEAM Problem Number 32, described in [33], is considered.
The interest of this benchmark problem is that it provides reliable measurements for
checking the numerical procedures developed in this thesis. Indeed, the TEAM Prob-
lem 32 proposes a test case for validating magnetic field analysis codes, including vec-
tor hysteresis, and makes available several measurements of local and global output
quantities, under various operating conditions.

The experimental setup is schematized in Fig. 7.28. It consists of a three-limbed fer-
romagnetic core made of five Fe-Si 3.2 wt%, 0.48 mm thick laminations, with a specific
electrical conductivity of o = 1.78 x 108 S/m. Two windings of 90 turns each are placed
on the external limbs.

Figure 7.28: 2D structure of the three-limb transformer with pick-up coils [33]; Dimensions are in mm.

This problem has four different variations depending on the supplied conditions of the
windings. They are either connected in series, fed by a controlled sinusoidal voltage
source, without or with harmonics, or both subjected to two sinusoidal waveforms in
quadrature, or eventually, only the first coil is fed while the second one is closed on an
external resistor.

Pick-up coils, referred to as C1 to C9 in Fig. 7.28, are placed in several locations in the
core in order to measure local magnetic flux densities. In regions where rotational flux
densities are expected, a pair of orthogonal pick-up coils is used to get field measure-
ments in both directions.

In FE simulations, the TEAM problem 32 can be calculated as a 2D case. Moreover,
only half of the transformer cross-section can be considered due to symmetry. The
geometry and the mesh that are used for this problem are shown in Fig. 7.29. The
location of points 1,2,3, which are associated to pick-up coils C1-C2, C3-C4 and C6
respectively, are indicated in Fig. 7.29 (left). The mesh in Fig. 7.29 (right) is made of
2242 triangle elements and 1175 nodes.
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left (3 right

Figure 7.29: Geometry of the TEAM problem 32 with the location of 3 points related to pick-up coils posi-
tions (left); and the mesh considered for FE simulations (right).

The calculations in this section are performed with the a — v formulation given by
(5.36). As in the previous FE examples, the 2D restriction allows to use a nodal rep-
resentation for the vector a, where only the component along the z axis constitutes
the unknown. The b and h fields lie thus as before in the xy-plane. In order to take
the eddy currents in the laminated core into account, one can investigate the low fre-
quency lamination model, which consists in introducing an additional conductivity
matrix based on the expression (7.7) in the FE formulation, as detailed in [100, 98, 51].
However, this addition has little impact on the simulation results here. Indeed, the
analysis in this benchmark problem is developed at a frequency of 10 Hz. This guaran-
tees relatively good accuracy of the experimental data while the influence of skin effect
is negligible and, mainly, there is no dynamic effect observed in the signal amplitudes
at this low frequency value, as mentioned in [33]. Therefore, the lamination model
contribution is not required in the following study, which focuses in reproducing by
simulation global and local measured quantities.

Fe-Si 3.2 wt% electrical steel sheets have been characterized through the usual Epstein
frame by the authors in [33]. They provide a set of measured unidirectional symmetric
b—hloops, along different directions with respect to the rolling direction (RD) or trans-
verse direction (7D). This allows to apply the identification procedure as described in
Chapter 6 to determine the material parameters for the £B model. However, as the
hysteresis model studied in this thesis is only described for isotropic magnetic mate-
rials, the same hysteresis data is used for all directions and only the parameters corre-
sponding to the RD is then adopted. The one-to-one scalar anhysteretic curve is rep-
resented by a double Langevin function with J, =0.792T, h, =9.082A/m, J;, =0.791T,
and hy, = 137.121 A/m; while a 3-cell discretization is considered with [w! = 0.03;x! =
0A/m][w? = 0.92;x% = 55A/ m][w® = 0.05;x> = 199A/ m], as deduced by the procedure
presented in Chapter 6 for the TEAM 32 data along the RD. Only the vpm approach of
the EB model is considered here. Moreover, in the a— v formulation, it is the inverse
form of the EB model that is used.

In addition to the comparison with experimental measurements, simulations are also
conducted with a vector Jiles-Atherton (JA) model for the magnetic constitutive law of
the ferromagnetic core. This allows to confront furthermore results deduced with the
EB hysteresis model to those obtained with a more widely used hysteresis model. In
[7, 6], simulations for the TEAM 32 are realized with an anisotropic vector JA model
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and the parameters are determined using optimizing procedures described in [136].
Here, the representation is restricted to an isotropic material law and the same JA co-
efficients found for the RD are adopted for all directions, as in [91]. The considered
parameters for the /A model are thus: ¢ = 0.652, ms = 1.33 x 105A/m, a = 172.856A/m,
a =417 x 1078 and k = 232.562 A/m. Note that, to be included in the a— v formulation,
a b-based version of the JA model is employed.

In all simulations, the stopping criterion for the NR method at the FE system level is
fixed by 7, from (5.47) with eaps = 107> A/m, €g¢) = 107°. A heavy relaxation procedure
with 10 linearly spaced values between 1 and 0.1 is used to ensure convergence. The
initial VR iterate is approximated by a second degree polynomial extrapolation based
on the three previous time solutions. Two periods with 1000 time steps each are con-
sidered in all simulations, with a smooth start from the demagnetized state, and the
steady state is reached at the second cycle.

As already mentioned, the TEAM 32 problem has four different test cases, but atten-
tion will be paid only to CASE2 and CASE3 here, as denoted by the authors. CASE2 is
convenient for checking distorted multi-harmonic signals under unidirectional flux,
whereas CASE3 is appropriate for checking vector hysteresis modeling, with rotational
flux.

CASE2

In the configuration of CASE2, the two windings are connected in series, with an ad-
ditional resistance of Ry = 11.1Q, and supplied by a voltage source that consists of a
10 Hz fundamental and a fifth harmonic component, each with a peak value of 11.8 V.

Comparison between the current obtained in the windings from the simulations, ei-
ther with the EB model or with the JA model, is shown in Fig. 7.30, with, in addition,
the current observed during the measurement over one period. Both predictions from
the simulations give the same output for the current and are in agreement with the
measured quantity.

In Fig. 7.31, the local magnitude of the induction field calculated at point 3 for the EB
and the JA hysteretic data is compared with the measured data obtained at pick-up
coil C6. Moreover, a simulation has also been realized by considering only the double
Langevin function as magnetic constitutive law, thus removing any hysteresis influ-
ence. The resulting output, denoted by anhy, is also drawn in Fig. 7.31.

The simulation in the anhy case produces clearly the least accurate signal, with peak
magnitudes furthest from the measurement. Additionally, there is a slight phase shift
that arises between the measured value and the anhysteretic approach result. This
highlights the requirement for the inclusion of the hysteresis effects if detailed design
of a device behavior has to be performed. About simulations with hysteresis models,
it appears that the JA model generates slightly higher fifth harmonic content than the
EBmodel. In this example, although the £EB model is made of only 3 cells, it allows al-
ready to predict with a better accuracy the measured signal than the classical /A model,
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Figure 7.30: Comparison of the current in the windings from simulations with the EB or the JA hysteresis
models, with respect to the current obtained from measurement.

which is known for not behaving well with distorted signals in presence of harmonics.
This underlines the predictive power of the EB model compared to the JA model in a
practical situation.
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Figure 7.31: Comparison of the y-component of the magnetic flux density at point 3 from simulations with
the EB or the JA hysteresis models, with respect to the magnetic flux density measured at pick-up coil C6.
Simulation result obtained with a corresponding anhysteretic material law is also depicted.
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CASE3

In the configuration of CASE3, the two windings are supplied with two sinusoidal volt-
age waveforms in quadrature, with, for both, a peak amplitude of 14.5V at frequency
of 10 Hz, each being connected in series with a 11.1 Q resistance. The phase shift of 90°
between the two excitation sources generates thus a rotating flux in the T-joints of the
device.

Fig. 7.32 presents the established currents on the left and right windings. The numer-
ical results, either with the EB or the JA model, are in excellent agreement with the
experimental results for these global quantities.
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Figure 7.32: Currents in the left and right windings obtained from simulations with the EB or the JA models,
compared to those obtained from measurements.

For local quantities, the flux density is evaluated on points 1 and 2, where measure-
ments along the x or y directions are collected with dedicated pick-up coils. In Fig. 7.33,
the magnetic induction values taken at point 1 along the x axis, from simulations and
from the corresponding pick-up coil in the experimental set-up, are presented. In
Fig. 7.34, similar results are displayed for the y direction at the same point. The re-
sulting b loci constructed from Fig. 7.33 and Fig. 7.34 are shown in Fig. 7.35. In the
same way, measured and simulated flux density results obtained at point 2 are de-
picted in the following Fig. 7.36, Fig. 7.37 and Fig. 7.38, with details of signal shapes in
each direction, and their corresponding b-loci.

Analyzing first the results at point 1, a good agreement is observed between the simula-
tions and the experimental data along the x direction, with a slightly better prediction
for the EB model compared with the JA model, as visible on Fig. 7.33. There are more
pronounced differences between computed results and measurements along the y di-
rection at point 1, as can be seen on Fig. 7.34. Improving the hysteresis models by
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taking account of the anisotropy nature of the magnetic material would have reduced
this difference. The authors in [6] are using an anisotropic vector /A model and they
seem to have a lower loss of accuracy of their simulation regarding their results from
one direction to the other one. Nevertheless, knowing that the simulations are here
only valid for isotropic material, the measured and computed evolution curves have
similar shapes, despite the magnitude discrepancy. It can thus be estimated that the
simulations remain consistent. The signal waveform seems a little bit better repre-
sented by the EB model than with the /A model. This is also true regarding the b-loci
in Fig. 7.35.
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Figure 7.33: Comparison of the x-component of the magnetic flux density at point 1 from simulations with
the EB or the JA hysteresis models, with respect to measured values.

The same comparison can be applied based on the results localized at point 2. The
anisotropy seems to affect less the field values at this location since they are in rather
good agreement for both directions, either along x or y axis, by looking at Fig. 7.36
and Fig. 7.37, respectively. The prediction with the EB model is not always better than
with the JA model at each time instant but remains of satisfactory accuracy, taking into
account the model approximations. The same remark applies by comparing the b-loci
illustrated in Fig. 7.38.

As conclusion, the TEAM 32 benchmark provides a valuable tool for the validation
of numerical methods to model hysteretic magnetic materials in a practical applica-
tion. A 2D FE model of the device including the inverse EB hysteresis model has been
simulated at different load cases and compared with results obtained with a vector JA
model, on their ability to represent accurately the measured data given by the TEAM
32 problem. First, it is worth noting that good convergence of the NR algorithm has
been observed at any time steps in every simulation thanks to the relaxation proce-
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Figure 7.34: Comparison of the y-component of the magnetic flux density at point 1 from simulations with
the EB or the JA hysteresis models, with respect to measured values.
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Figure 7.35: b-loci at point 1 from simulations with the EB or the JA models, and from measurement.

dure and the initialization technique. The use of the EB model has proven crucial for
accurate representation of local distorted values in presence of harmonics whereas
the /A model is by nature less adapted for such situation. Considering the earlier anal-
ysis, and despite some result differences, the EB model has also been able to repro-
duce local rotating flux density measurements with rather good accuracy, knowing the



SECTION 5. 193

At point 2
0.8 &
0.6 \ x  Imeasurement
EBmodel
0.4 1 - - - JAmodel

o
o
,

Induction Field by (T)
o

-0.2 |
-0.4
—0.6 |
-0.8 | . . . . . : : : |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
Time (s)

Figure 7.36: Comparison of the x-component of the magnetic flux density at point 2 from simulations with
the EB or the JA models, with respect to measured values.
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Figure 7.37: Comparison of the y-component of the magnetic flux density at point 2 from simulations with
the EB or the JA hysteresis models, with respect to measured values.

approximations behind the hysteresis model construction. Extensions to anisotropic
materials and three-dimensional (3D) analysis have to be investigated in future work.
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Figure 7.38: b-loci at point 2 from simulations with the EB or the JA models, and from measurement.



Conclusion

Main Achievements and Conclusions

This thesis focused on the development of a highly accurate quasi-static energy-based
(EB) hysteresis model. The model relies on an explicit representation of the pinning
force as a dry friction-like force acting on the magnetic polarization. Unlike Preisach
and Jiles-Atherton models, this model is vectorial from the beginning and derives from
thermodynamic first principles.

Three approaches have been considered: the first one, called Vector Play Model (vpm),
relies on a simplification that allows an explicit, and thus fast, update rule, while the
two others, the variational approach (var) and differential approach (diff), avoid this
simplification, but require a non-linear equation to be solved iteratively. The vpm and
var approaches were already used by other researchers, whereas the diff approach in-
troduced in this thesis, is a new, more efficient, exact implementation, which com-
bines the efficiency of the vpm with the accuracy of the var. The three hysteresis im-
plementations lead to the same result for purely unidirectional or rotational excitation
cases, and give a rather good approximation in all situations in-between, at least in
isotropic material conditions [177].

These hysteresis modeling approaches can be incorporated into a finite element (FE)
code as a local constitutive relation with memory effect. The inclusion in two comple-
mentary b-conform and h-conform FE formulations has been investigated in detail,
the former requiring the inversion of the vector hysteresis model, naturally driven by
h, for which the Newton-Raphson (INR) method can be used. Then, at the FE level,
once again, the NR technique has been adopted to solve the nonlinear FE equations,
leading to the emergence of the discontinuous differential reluctivity and permeability
tensors, requiring a relaxation technique in the VR scheme. To the best of our knowl-
edge, the inclusion of an EB hysteresis model had never been successfully achieved in
a b-conform FE formulation before.

The one-dimensional (1D) FE simulation of an infinite ferromagnetic lamination has
been studied for its ability to predict both stored and dissipated magnetic energy at
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any moment in time, in parallel with the classical dynamic eddy current losses, also
taken into account through the FE model. This property constitutes one of the sub-
stantial advantages of the EB model. The hysteresis implementations have then been
used under their inverse form (inv) and direct form (dir) respectively in the two com-
plementary FE formulations for the two-dimensional (2D) FE time-stepped simula-
tions of the no-load operation of a three-phase transformer. Matching results between
both hysteretic FE formulations have been observed, with a convergence of the results
correlated with the refinement of the mesh. Moreover, because the ferromagnetic do-
main, assumed isotropic in this example, is essentially submitted to unidirectional or
elliptical field patterns, in the legs or in the T-joints of the core respectively, with in-
termediate behaviours in the transition regions, the approximate vpm approach leads
to results very close to the var and diff approaches, as observed on global and local
quantities. The mesh has to be sufficiently refined in order to make the FE model sen-
sitive to the approximation introduced by the vpm approach. About the NR scheme at
the FE level, it is well known that it is difficult to obtain good convergence of iterations
with highly nonlinear materials, as it is the case here. Nevertheless, thanks to the re-
laxation technique, the outer NR cycle reached convergence in a reasonable number
of iterations per time step with the vpm approach. However, the simulations with the
var approaches have shown to have limitations in their ability to converge for some
critical time steps. The new diff approach allows to improve the convergence perfor-
mance compared to the var approach without loss of accuracy. Surprisingly, there was
no significant gain in the total computational time between the vpm approach in the
h-conform formulation or the b-conform formulation, despite the additional inver-
sion of the model for the latter.

Finally, the FE simulations with the EB model have been successfully validated by
means of available measurements of a practical transformer application, with satis-
factory agreement for both global and local quantities with regard to the actual sim-
plicity of the EB model. The consideration of the hysteresis effect is required in order
to calculate with better accuracy the flux pattern generated inside the device. The EB
model has better prediction capabilities than the Jiles-Atherton (JA) model, especially
in presence of distorted field waveforms with higher harmonics. Therefore, the EB
model appears has an elegant solution to improve further the design of efficient elec-
tromagnetic energy converters.

Future Prospects

Several suggestions for future work are listed hereafter.

First, one can consider improvements to the EB model in order to increase its ability to
predict material measurements:

1. The saturation law used inside the hysteresis model could be easily constructed
from interpolation of points deduced from measurement data, instead of being
approximated by a best fitting technique with an analytical function, even if the
double Langevin function gives already satisfactory results in general.
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. The anisotropy of the magnetic properties is an important characteristic of the
material that needs to be taken into account in order to represent accurately
the material behavior in both the rolling direction (RD) and transverse direction
(TD). It has been shown that significant differences can be observed along differ-
ent magnetization directions, even in the case of non-grain-oriented (NGO) elec-
trical sheets. This is therefore a crucial aspect, which can be incorporated in the
EBmodel by considering, as a first attempt, symmetric positive definite second-
rank tensors to represent the pinning field x* instead of scalar values k¥, as seen

in [177]. However, this contradicts the initial postulate that the irreversible mag-

netic field hi’ir should be parallel to the variation of the magnetic polarization J.

One can thus instead consider a scalar pinning force to be a function of the angle
between J* and a fixed direction, such as attempted in [199, 198]. Furthermore
the saturation law used in the model can also be adapted in such a way to vary
in function of the direction.

. There is the current limitation in the classical EB model related to its inability to
obey the rotational loss property that the magnetic hysteresis loss tend to zero
for a rotating magnetic field when the magnitude of the applied field is saturated
[1]. This is a known problem for ordinary vector play models [157, 40, 39], which
have led to the development of modified vector play models [17, 3, 145]. Simi-
lar adaptations could be introduced for the EB model by considering a variable
pinning strength, dependent on the reversible magnetic field, such that its value
would be reduced in saturation in order to satisfy the rotational loss property. A
variable pinning strength dependent on the magnetic field itself would also be
appropriate to model the asymmetric domain rotation which causes the satu-
ration and desaturation branches to have different shapes. However, it is worth
noting that there is no real physical interpretation behind this correction, which
seems artificial. A better understanding of the origin of these observed phenom-
ena would be required to integrate them properly in the EB hysteresis model.

. The standard EBmodel is a static hysteresis model which is thus rate-independent.
A viscosity term could be added in the model so as to obtain a dynamical vector
model, like in [102]. This is like introducing a dash pot in parallel with the non-
linear spring in the mechanical analogy of the EB model. In the loss separation
representation, this additional contribution would correspond to the so-called
excess loss, which may possibly become significant at high frequency.

. The model could also be integrated in multiphysical problems where the cou-
pling with mechanical or thermal effects would affect the magnetic properties,
for example. It is thus important to know the impact of magnetostriction or the
temperature influence on the EBmodel parameters. The temperature-dependence
is considered in [14, 196, 195] for equivalent vector play models. This is a crucial
point if one is interested in the thermal demagnetization of permanent magnets,
for instance.

. It would be interesting to investigate other mechanisms that may be involved in
hysteresis loops, such as by nucleation phenomena. At the moment, only the
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pinning effect is assumed to be responsible of the hysteresis curve with the EB
hysteresis model. This would certainly be mandatory to represent somehow this
mechanism to be able to model correctly nucleation-type permanent magnet
with the EB hysteresis model.

7. Naturally, the parameter identification strategy must be rethought accordingly
to determine any additional parameters that would have been introduced to
make the EB hysteresis model more sophisticated.

Linked to the above perspectives for improvement or generalization, one should in-
vestigate further modifications that affect the numerical implementation aspects of
the EBmodel:

1. An easy improvement would be to parallelize the pseudo-particle updates of the
EBmodel on different threads, or processors, in order to calculate them simulta-
neously during a simulation. This is relatively straightforward in the sense that
the computation of each cell is already independent from one another, as soon
as the current magnetic field is known. The updated fields need then to be gath-
ered to compute the new magnetic field or the new flux density. This strategy is
certainly interesting to accelerate the central processing unit (CPU) time of sim-
ulations in the case where there is a large number of cells and a refined FE mesh
with many degrees of freedom.

2. The generalization to three-dimensional (3D) applications can be examined. Ac-
tually, the EB model is already ready to be used in the 3D case under its vpm and
var approaches. The diff approach needs the introduction of an additional angle
search to find the updated position of the magnetic reversible field on a spherical
surface.

3. The hysteresis model can be combined in a multi-scale approach with a com-
putational homogenization technique [170, 168, 171], allowing the lamination
of magnetic materials and the microstructure of synthetic materials to be taken
into account. This approach combines the energy consistency of the EBhystere-
sis model, applied to representative elementary volumes, without going down to
the level of extremely expensive micromagnetic calculations.

Finally, one can study other applications where FE simulations with the £B model can
be experimented:

1. The FE method can be applied for the simulations of rotational electrical ma-
chines, where the movement of the device would be an additional complication,
and the analysis of the results obtained with the EB hysteresis model in such cir-
cumstances would be interesting.
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2. Despite this thesis being focused exclusively on ferromagnetic materials, the EB
model is sufficiently general to be used also for ferrimagnetic materials. There-
fore, the FE modeling for the design of devices with ferrimagnetic cores, such
as those encountered in switched-mode power supplies, for instance, can also
be investigated with the EB hysteresis model. It has been shown that the model
can work even in presence of sharp signal waveforms, such as those delivered in
power electronics.

3. The study of the magnetization and demagnetization of permanent magnets is
another important field where the EB hysteresis model can be exploited. The
analysis of fault simulation, short circuit demagnetization and hysteresis loss
risk in machines with permanent magnets can then be addressed.
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A

Ferromagnetism at the
Microscopic Scale

HE theory of ferromagnetism due to Weiss is based on the formalism developed by
Langevin in the case of paramagnetism.

1. Classical Langevin Theory of Paramagnetism

In the Langevin theory of paramagnetism, a paramagnetic domain is represented by
a medium containing N, atoms per unit volume, each carrying a magnetic moment
my. The distance between the moments is large enough so that there is no interaction
between them, and they are free to rotate in any direction. Submitted to an external
field h, each moment possesses a potential energy Wy, measured in joule (J), which
tends to orient them in parallel with the field,

Whot = —piomg -h = —ugmohcosy, (A.1)

where y is the angle between my and h, measured from h whose orientation serves as
reference.

Since the moments are independent of each other, it is reasonable to assume that
their energy distribution is given by Boltzmann’s law. Let n(y)dy be the number of
moments per unit volume making an angle between y and y + dy with h, and let
dQ = 2nsinydy be the differential solid angle they occupy, as in Fig. A.1 (left). Obey-
ing Maxwell-Boltzmann statistics, the magnetic moments are distributed for a given
temperature T measured in kelvin (K), as

Homohcosy

ks T )27[ sinydy, (A.2)

Wpot
n(y)dy = ngexp "o T dQ = npexp
B

where kg = 1.3807 x 10722J/K is the Boltzmann constant. This equation translates the
competition between the potential energy and the thermal agitation which tends to
destroy any preferential alignment to the field. The factor n, is a normalization con-
stant defined by the condition

T
fo n(y)dy = Np. (A.3)
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The total magnetization m is obtained by summing the projections of all moments my
onh:

T
m:[ n(y)mgcosydy, (A.4)
0

which can be rewritten in the following form

m h
f cosysinyexp (W)d
m = Npmo— i (A.5)
f siny exp (—pomohcosy)dy
0 kg T
By posing the dimensionless parameter a, given by the expression
Homoh
= , A6
kT (A.6)
and changing the variable
cosy =X, (A.7)
the integration of (A.5) is easy provided:
1
f xexp (ax)dx 1
m = Nmmo=— = Nmmg (cotha - E) = NmmoL(@).  (A8)

exp (ax)dx
-1

In this final expression, the function L(«) is called the Langevin function. It's bevavior
as a function of 1/ T is shown in Fig. A.1 (right). This function has a horizontal asymp-
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Figure A.1: Langevin function

tote predicting the saturation phenomenon corresponding to the perfect alignment of
the moments on h, with a maximum possible magnetization of mgy; = Ny 9. Around
the origin, L(a) can be approached by L(a) = a/3.
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2. Quantum Mechanical Theory of Paramagnetism

Itis interesting to present the quantum description of the problem since it brings mod-
ification to the characteristic law in satisfactory agreement with experiments.

Contrary to Langevin’s classical description which takes into account a continuum of
states, quantum theory only tolerates that the atomic magnetic moment module varies
by discrete values and that its orientation in space, measured from an external field h
taken as reference, is restricted to certain quantified angles y.

The integral (A.4) in which all orientations of my in space are allowed must therefore
be replaced by a sum of the allowed values of y. From quantum mechanics, the com-
ponent of the magnetic moment along the field h can only take the discrete values
~ M 7
mop = Jg5ms (7) ) (A.9)
where Mj is a quantum number that can have 2] +1 values, varying by unit steps in
the interval
-J=Mj<], (A.10)

while J is the total angular momentum quantum number having only integer or half
integer values. In the expression (A.9), mp refers to the Bohr magneton, a universal
constant which is the natural atomic unit of magnetic moments, mg ~ 9.27 x 10724 Am?.
The factor g5 corresponds to the Landé factor, a dimensionless quantity, typically of
order unity, which, based on the relative contribution of the orbital and spin angular
momentum, weights the total angular momentum, whose component along the quan-

R .. . . My,
tization axis is equivalent to My. The ratio T] in (A.9) plays thus the same role as cosy

in the continuous description and gy, is limited to a maximum value of 7g7mB, asil-
lustrated by Fig. A.2 (left). At the end, the total magnetization expression (A.5) becomes
in quantum formalism

M7:+]

Y
My=-]
My=+] Mofgme (A?) h

exp
MjZ—T kB T

Nofgij (M77) h

7
kg T

— | €X]
])p

m = NmJgyms , (A.11)

Using again the dimensionless parameter a, expressed in this context by

(Jgimp)h
a= %, (A.12)

the quotient of sums appearing in (A.11) can be rewritten as a function Bj(a), known
as the Brillouin function

Bj(a) := ﬂ coth(zftl a) - Lcoth(ia), (A.13)
2] 2]
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Figure A.2: Brillouin function
such that, the expression of magnetization (A.11) becomes
m = N JgymsBj(a). (A.14)

From (A.8) and (A.14), it appears that quantum consideration has the effect of replac-
ing Langevin function by Brillouin function in the expression of magnetization. The
Brillouin functions are illustrated in Fig. A.2 (right) for different J values. However in
general, only the portion around the origin of the functions has to be considered be-
cause the dimensionless parameter a rarely exceeds 1072, Indeed, at room tempera-
ture, where kg T =~ 4 x 1021 ], and taking mo = mg, the parameter «a varies according to
the applied magnetic field as a = (2.5 x 107%)h, which means that even subjected to
relatively high magnetic field strengths, e.g. h = 10°A/m, the a value remains small,
e.g. @ ~2.5x 1073, Under standard condition, the energy transmitted by h to align the
magnetic moments is in general insufficient to defeat the thermal agitation, that is in
adequacy with the properties of paramagnetism.

For small @, Bj(a) can be replaced by its first order approximation near the origin

B~ La. (A.15)
3J

The magnetization is then proportional to the field, m = yk, and the paramagnetic
susceptibility can be deduced from (A.14) and (A.15):

_ J+1 HoNm (Tgyms)” 1

A.16
3] kg (A.16)

Xr

~|

This last relationship expresses the Curie’s law: the susceptibility of paramagnetic ma-
terials varies proportionally to the inverse of absolute temperature.
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3. Weiss Theory of Ferromagnetism

The Langevin theory and its quantum correction are based on the fundamental as-
sumption that there is no interaction between magnetic moments, which is suitable
for paramagnetic description.

In the case of ferromagnetism, this hypothesis is no longer verified: the moments are
extremely close and strongly coupled to each other.

The Weiss theory for ferromagnetism resolves this problem by considering a ferromag-
netic medium as a paramagnetic substance where the mutual influence between all
the neighboring moments is attributed to the existence of a strong interaction field,
called the Weiss molecular field hy.

This internal molecular field is very intense. Referring to Fig. A.2 (right), at room tem-
perature and for m =~ msg, a field strength as high as hw = 10° A/m is required to lead
the parameter a to a = 2.5, and land into the beginning of the saturation region.

This interaction field favors the alignment of the magnetic moments along a common
direction. As the magnetization indicates the average importance of this alignment, it
is reasonable to postulate a proportional relation between the magnetization and the
molecular field

hw = )me, (A.l?)

where Ay is a dimensionless material characteristic constant.

In the theory developed by Weiss, each magnetic moment appears to be independent
of the others, and the coupling manifests only through the postulation of this addi-
tional interaction field hy. Under these conditions, the Langevin theory and its quan-
tum correction still apply, provided that each magnetic moment experiences now an
effective field that is the sum of the applied field with the molecular field, such that

heff=h+hw=h+/1,wm. (A.18)

The equations (A.8) or (A.14) are thus still valid, but the parameter argument a ((A.6)
or (A.12)) has to be adapted accordingly, by replacing & by heg:

_ Homo
kgT

(h+2Awm). (A.19)

The presence of the magnetization in the function argument leads to a transcendental
equation for the magnetization expression, which writes with the quantum consider-
ation,

Homo

o e A (A-20)

m= msath
where mgyt = Nyymg = Ny [fgfmg), is the maximal possible magnetization. It is known,
by rewriting (A.19), that the solution, if one exists, must satisfy also
kg T h

m=———a——. (A.21)
HomoAw  Aw
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Figure A.3: Weiss Theory

Therefore, one can proceed to a graphical resolution of the equations (A.20) and (A.21),
illustrated on Fig. A.3. In the absence of a magnetic field i = 0, and for temperatures
T < Tg, the straight line (A.21) intersects the curve (A.20) in O and S. The solution
a = 0 is unstable and should not be considered because as soon as an interaction be-
tween magnetic moments develops, the molecular field that is created will force the
alignment of all moments, and thus a transition to the solution S. The solution S rep-
resents a stable state where the system spontaneously acquires a non-zero magnetiza-
tion my, even without external magnetic field. Temperature changes affect the slope
of the line (A.21), and thus the position of S. If the temperature decreases, S moves
further towards saturation and the spontaneous magnetization tends to the maximal
value, ms — mga. Conversely, When the temperature increases, the line straightens
up and the spontaneous magnetization decreases, until reaching the limit case where
the line (A.21) becomes tangent to the curve (A.20) at point O. This situation happens
when the Curie temperature T = T¢ is reached, whose value

_ f"" 1 pomoAw Msat
37 kg '

c (A.22)

can be deduced from the slopes equality. Beyond the Curie temperature T > T¢, the
only remaining valid stable solution is the zero-state point O. Spontaneous magneti-
zation is no longer possible m; = 0, because thermal agitation becomes more effective
and randomizes the atomic moments orientations. The ferromagnetic coupling dis-
appears and the material behaves like a paramagnetic medium.

The application of a magnetic field in the direction of the magnetization induces a
downward translation of i/Ayw of the line (A.21) in Fig. A.3. Accordingly, the stable
point S moves towards the point S’. However, this displacement is very small in gen-
eral, even for intense magnetic fields, because the constant Aw which characterizes
the molecular field through (A.17), remains several orders of magnitude larger, since
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hw =~ 10% A/m in standard conditions. Consequently, the applied field has a negligible
influence on the magnetization.

To finish, it should be noted that expanding (A.20) to first order around the origin with
(A.15) ends up again with a linear relation, i = y,m, where the susceptibility writes
this time

T+l pgmome 1

— , (A.23)
3] kg T-T¢

Xr
which is known to be the Currie-Weiss law.

The Weiss molecular field theory allows to give a simple explanation on the sponta-
neous magnetization processes encountered in ferromagnetism, and a valid approxi-
mation on its temperature dependence. Despite satisfactory agreements with exper-
imental measurements, which demonstrate the value of the Weiss model, the phe-
nomenological character of the molecular field approach must not be forgotten. In-
deed, the existence of the molecular field is only postulated and its definition is based
on the averaged value of the magnetization, through (A.17), thus without any insight
the microscopic arrangement of the magnetic moments. A microscopic description of
the molecular field can only be depicted on the basis of quantum theory. Heisenberg
gave a quantum theoretical justification of the molecular field, introducing the notions
of the so-called exchange energy between neighboring magnetic moments and the
overlapping of crystalline orbitals. The details of this much more complex approach
is beyond the scope of this thesis. Nevertheless, it should be emphasized that Weiss
theory and spontaneous magnetization processes are only valid at a localized scale in
space, the scale of a Weiss domain, also called magnetic domain.







APPENDIX

Ferromagnetism at the Mesoscopic
Scale

1. Magnetic Domain Structure in a Monocrystalline Sample

The existence of magnetic domains and the prediction of their spatial disposition can
be described, in principle, by the micromagnetic approach. To give an overview on
the origin of magnetic domains, the qualitative concept of micromagnetics is briefly
presented.

Under this approach, magnetic domains result from the complex balance of several
energy terms. The domain structure of a material is one of which minimizes the total
energy W;,; of the system

Wior = Win+ Wy, (B.1)

where Wj, is the energy coming from the action of an external field h, while W;;, corre-
sponds to the internal energy. The internal energy, W;,, is decomposed in 4 terms:

Win = Wan + Wins + Wex + Wie, (B.2)

where Wy, is the anisotropy energy, W;,; the magnetostatic energy, W, the exchange
energy and W,,, the magnetoelastic energy.

The impact of each of these terms is schematized in Fig. B.1, in the case of a paral-
lelepipedic sample of perfect single crystal iron. The crystalline axes of the reference
crystal are parallel to the edges of the sample.

The magnetocrystalline anisotropy energy, W,,, comes from the interactions of the
magnetization with the crystal lattice, which favors the orientation of the magnetiza-
tion vector along certain preferred directions. For example, in iron, the atomic mag-
netic moments preferably align with the edges of the cubic crystal. As shown by Fig. B.2,
these correspond to the crystallographic directions (100), which denotes the set of all
the six directions [100],[100],[010],[010],[001] and [001], that are equivalent by sym-
metry. When a magnetic field is applied parallel to the axis (100), the magnetic po-
larization reaches rapidly the saturated region, with small excitation amplitude of the
applied field. These directions are thus called easy axis of magnetization. In contrast,
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Figure B.1: Complex balance of four energy terms in the magnetic domain structure.
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Figure B.2: Magnetocrystalline anisotropy.

the magnetization is increasingly more difficult along the crystal directions (110) and
(111), which are called medium and hard axis of magnetization respectively, as can be
seen on Fig. B.2. The energy W,, is mimimum along the easy direction of magneti-
zation and maximum along the hard one. In Fig. B.1, under the effect of W,,, alone,
the spontaneous magnetization tends therefore to align itself parallel to the easy axis
of the reference crystal, since they are energetically favorable directions.

The magnetostatic energy, W,,s, brings an opposite tendency in the energy balance
since it favors magnetic configurations which cancels the average magnetic moment.
This energy corresponds to the potential energy acquired by the magnetic moments
due to the magnetic field that they generate upon themselves. This field is called de-
magnetizing field because its effect opposes to the magnetization, trying to reduce the
total magnetic moment. The origin of the demagnetizing field is in general explained
by means of the presence of magnetic charge density on the surface of ferromagnets.
These magnetic poles, which reflect the magnetic flux lines mapped outside the sam-
ple, also generate inside the magnet a so-called demagnetizing field, whose orienta-
tion is opposed to magnetization. The energy of the demagnetizing field decreases for
magnetic configurations that minimize magnetic charge density on the surface, and
thus reduce the spatial extension of the field outside the sample. In particular, it favors
the magnetization field to be parallel to the surface, along the edges of the sample.
Therefore, magnetostatic energy has the effect of dividing the reference crystal into as
many lamellar domains as possible, since W, s is approximately inversely proportional
to the number of lamellae. When magnetocrystalline anisotropy has cubic symmetry,
itis possible to devise domain arrangements such as in Fig. B.1, with specific triangular
prism domains, called flux closure domains. In this configuration, the sample does not
produce any fields outside, no poles are formed and there is no demagnetizing field,
such that W, is zero.
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The exchange energy, Wy, is the energy concept discovered by Heisenberg to give a
theoretical justification to Weiss molecular field which favors uniform magnetization
configurations, as already mentioned in the previous section. This energy results from
the exchange interaction between magnetic moments. This interaction is purely quan-
tum in nature since it relies fundamentally on the angular momentum of electronic
spin of two neighboring atoms whose quantum wave functions overlap. The exchange
interaction is a local phenomenon because these quantum wave functions decrease
exponentially over the distance separating the moments. Therefore, only the contribu-
tion from the closest neighbors is taken into account. The associated energy depends
on the relative orientation of these moments. For ferromagnetic coupling, this energy
is minimum when their orientation is along the same direction. The exchange energy
tends thus to keep adjacent magnetic moments parallel to each other. Within the tran-
sition zone between two magnetic domains of different magnetization directions, the
magnetic moments change gradually their orientation, from one direction to the other,
thus increasing the exchange energy W,, inside the domain walls. Moreover, the mag-
netocrystalline anisotropy energy W, also increases within domain walls since, inside
them, the moments take less favorable directions between two easy axis of magnetiza-
tion. The sum of these two contributions, W,y and W, represents the energy associ-
ated to the domain walls. Minimizing W,, and W, energies favors thus the limitation
of the total surface area of the domain walls. In particular, as illustrated by Fig. B.1, the
division of the reference crystal into more and more lamellar domains will stop when
the decrease obtained in magnetostatic energy W, s is compensated by the increase in
exchange energy W, and anisotropy energy W, in the domain walls.

The magnetoelastic energy, W;,,, is the energy contribution due to the effect of magne-
tostriction, which is a property that causes slight changes in the shape and the dimen-
sions of magnetic materials under the process of magnetization. The magnetostriction
is said to be positive, when the sample lengthens in the magnetization direction, and
negative if it contracts in the magnetization direction. This causes deformations and
elastic stresses in the crystal lattice. The magnetoelastic energy favors directions of
magnetization that minimize these tiny mechanical stresses originating from magne-
tostriction. In the reference crystal, this energy varies according to the structure of the
magnetic domains as illustrated by Fig. B.1. The energy tends to be minimized when
the direction of magnetization of the domains are in parallel configuration because
the crystal deformation affects only one direction in that case. It requires higher en-
ergy Wy, to form flux closure domains on the edge because the constraints exerted
by the domains on each other are stronger in that configuration. These constraints
can be represented graphically by cutting by thought the crystal along each domain
walls, and exaggerating the deformation of each domain under positive (p) or negative
(n) magnetostriction effects, as shown in Fig. B.1. The increase in magnetoelastic en-
ergy represents the work that would be required to deform the pieces until they can be
reassembled. Reducing the size of these closure domains lower the energy We.

Atno field, the domain structure results thus from the compromise by which the mate-
rial tries to satisfy all these competing internal requirements, as summarized by Fig. B.1.

Under the effect of an external magnetic field, the magnetic sample receive an addi-
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tional energy contribution W}, which influences the total energy of the system (B.1),
and thus the domain structure. The term Wj, called Zeeman energy, corresponds
to the potential energy acquired by the magnetic body submitted to an outer mag-
netic field. This energy favors domains magnetized in the direction of the applied
field. Fig. B.3(a) shows a typical domain structure pattern of an iron single crystal,

Zeeman Energy (W},)

oo

RN )1

YYD Y

(a) (b) (c)

Figure B.3: Zeeman Energy

with no external magnetic energy provided. When an external field is applied, the
energy balance is modified and a reorganization of the domain structure take place,
mostly through the displacement of the domain walls. The energy W), decreases in
domains with magnetization pointing approximately in the direction of the applied
field and, conversely, increases in the others. Therefore, according to the general min-
imum principle, the former domains, which are favored energetically, grow at the ex-
penses of the surrounding domains, which reduce and eventually disappear. With an
increasing field, the domain structure evolves successively as the sequence shown by
Fig. B.3(a)—(b)—(c). At high field, the material is everywhere magnetized in the di-
rection of the field, with nearly only one remaining big domain covering the whole
sample, and the average magnetization of the crystal becomes close the spontaneous
magnetization. By removing the field #, the sample returns in its initial state Fig. B.3(a).
The magnetization process is here reversible because the motion of the domain wall is
perfectly free in this ideal single crystal example.

2. Magnetic Domain Structure in Polycrystalline material

The previous section describes the magnetic domain arrangement in a perfect crystal
lattice. However, most magnetic materials are polycrystalline in the sense that they
are composed of many microscopic crystalline grains of varying size and orientation.
Each grain can be seen as small single crystal, such as the one studied in the previous
section, but the orientation of the crystal lattice changes from one grain to another,
and so do the easy axes of magnetization. When the grains are oriented completely at
random, a sufficiently large volume of polycrystalline material appears as isotropic, by
averaging out the magnetocrystalline anistropy.

The general principle that the intrinsic magnetic domain structure corresponds to a
minimum of the internal energy remains valid. By considering each grain separately,
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Figure B.4: Pinning effect around a non-magnetic cavity.

one can say that the division into magnetic domains inside each grain, is likely to
present similar patterns that those seen about the reference crystal in Fig. B.1, with
a main orientation favored in the easy directions of magnetization, specific to each
grain. However, this only gives a general picture because the minimization cannot be
applied by reducing the internal energy of each individual grain, considered as isolated
from the others.

This is particularly true due to the magnetostatic energy, which is strongly influenced
by the environment surrounding each grain. While the shape of the sample has a huge
impact in the case of single crystal, this is the structure of the grains that has predomi-
nant effect in the study of polycrystalline material.

Moreover, the magnetic domain structure is also influenced by the presence of rela-
tively punctual defects, such as cavities, non-magnetic inclusions or dislocations in
the crystallographic structure. The interface between grains, called grain boundaries,
corresponds to thin layers of amorphous solid, ensuring imperfect junctions between
crystal lattices of different orientations. Grain boundaries are thus the preferential
sites for location of impurities and defects in the overall polycrystalline structure.

The presence of a cavity gives rise to a large amount of magnetostatic energy linked
to the formation of magnetic poles on opposite faces of the cavity, as illustrated in
Fig. B.4(a). This energy is reduced when a domain wall is passing through the inclu-
sion, giving a better balance between the magnetic poles, as in Fig. B.4(b). Therefore,
the domain wall tend to be retained by the inclusion as it corresponds in a local energy
minimum. A certain amount of energy is required to unlock the domain wall from its
position. This phenomenon is called the domain wall pinning effect and it has a di-
rect influence on the macroscopic properties of a magnetic material and the shape of
its magnetization curve. In the absence of domain walls near the cavity, local blade
domain structure such as that shown in Fig. B.4(c) can form around the inclusion, re-
ducing the magnetostatic energy at the cost of increasing the wall energy. This con-
figuration can further reduce its magnetostatic energy by indirect pinning of a domain
wall, through secondary domains connections, as in Fig. B.4(d).
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