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The pointwise Hélder spaces
[ Ielelololele}

Let xo € RY; a function f € L (RY) belongs to the Holder space

A*(xo) (v > 0) if there exist C > 0 and a polynomial Py, of degree
less than « s.t., for j large enough,

sup |f(xo + h) — Py (h)| < C270°,
|h|<2-
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[ Ielelololele}

Let xo € RY; a function f € L (RY) belongs to the Holder space

A*(xo) (v > 0) if there exist C > 0 and a polynomial Py, of degree
less than « s.t., for j large enough,

sup |f(xo + h) — Py (h)| < C270°,
|h|<2-

Alternatively, let

Af(x)=f(x+h)—f(x) and  AJTL = ALARF(x),
and BM(x0,277) = {x : [x0,%0 + (M + 1)h] C B(x0,27%)}.
We have f € A%(xp) iff

< Eae

sup HA[OC]—H-fHLoo(Bf[IO‘](XOij)) =

|h|<2-
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The pointwise Holder spaces allow to define a notion of regularity
of f at xp: the Holder exponent of f at xp is defined as

h®) (xo) = sup{a : £ € A%xo)). J
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[e1e] Yololele}

The pointwise Holder spaces allow to define a notion of regularity
of f at xp: the Holder exponent of f at xp is defined as

h®) (xo) = sup{a : £ € A%xo)). J

For multifractal functions f, this index h(>) can be a “very
irregular function”.

A good idea is to study the Holder exponent using global
quantities; the spectrum of f is defined as

D) (h) = dimy {x : h(>)(x) = h}, J

where dimy stands for the Hausdorff dimension.



The pointwise Hélder spaces
[e1e]eY Tolele}

Cantor’s bijection: If x € (0,1) is an irrational number,
f(X) = f([0>X17X27X31X47 .. ]) = [0,X]_,X3, .. ]
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Let
- 1

K, :J]Z[ (1 N j(j+2))log2(j+k)‘ I

Theorem (S. Nicolay & L. Simons-2016)

For almost every irrational number x € (0, 1), we have

Iog KO Iog Ki
2|OgK17 2|OgK0 .

h(>)(x) e
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The pointwise Hélder spaces
[eIeeTolote] }

For almost every w, the function t — B:(w) has

) (1) = %

for all to € R, but there exists C > 0 such that for all ty € R

|Be(w) — Bey(w)| < Clto — t]2/log log 1o — £~
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In order to better characterize the regularity of f, one can
generalize these notions.

One can for example replace the dyadic sequence appearing in the
right-hand side of the inequality by a more general sequence.

A sequence o of real positive numbers is called admissible if
oj+1/0j is bounded.

One sets

. logy(infxen j+k) _ . logy(supyen okk)
s(o) = lim ) s(o) = lim

J J J J

so that for any € > 0, there exists C > 0 s.t.

C19i(s(0)=¢) < Titk — coi(s(o)+e),
Ok
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Examples:

o o = (2799);, with 5(0) =3(0) = —a,

e if :[0,1] — (0,00) is a weakly varying function, i.e. if it

satisfies o(1)
. rx
o) "

for any r > 0,

o = (2779¢(277)); is an admissible sequence, with
s(0) =3(0) = —a (typically, ¢ = |log|).



Generalized Hélder spaces
[e]e] Yolole}

Given an admissible sequence, let

Bn(x0,277) = {x : [x,x + ([s(e™ )] + 1)h] € B(x0,27)} |

if 3(071) > 0; we set By(x0,27/) = B(x0,27/) otherwise.

Let f € L°(RY), xo € RY and ¢ be an admissible sequence;

loc

f € N(xp) if there exists C > 0 s.t., for j sufficiently large,

s(o1)]+1
P _HALS( i Fll oo (Ba(xo,2)) < Coaj.
|h|<2~
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[e]e] Yolole}

Given an admissible sequence, let

Br(x0,277) = {x: [x,x + ([s(6™")] + 1)h] € B(xo,27)} |

if 3(071) > 0; we set By(x0,27/) = B(x0,277/) otherwise.

Let p>1, f € LP (RY), xo € RY and o be an admissible sequence;

loc

f € Aj(xo) if there exists C > 0 s.t., for j sufficiently large,

74l s(o~ ! 1
2JP sup HAE7( ) fHLP(Bh(XoQ*J')) < CO'J
|h|<2-)




Generalized Hélder spaces
[e]e] Yolole}

Given an admissible sequence, let

Br(x0,277) = {x: [x,x + ([s(6™")] + 1)h] € B(xo,27)} |

if 3(071) > 0; we set By(x0,27/) = B(x0,277/) otherwise.

Let p>1, f € LP (RY), xo € RY and o be an admissible sequence;

loc

f € Aj(xo) if there exists C > 0 s.t., for j sufficiently large,

2’% sup HAE(U_I)]Jrl

|h|<2-i Fll e (Byxo,2-i)) < Coje

We have A%(xo) = A (x0), with o = (277%);.



Generalized Hélder spaces
[ee]eY Tole}

Proposition (L.L. & S.N.-2018)
Let p>1, f € LP (RY), xo € R? and & be an admissible sequence

loc
s.t. s(o™1) > 0; we have f € AJ(xo) iff there exists a sequence of
Polynomials (P x,); of degree less or equal to [s(c1)] s.t., for j

sufficiently large,

id
2o ||f = Pjsolle(Bo2-iy) < Coj.
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Proposition (L.L. & S.N.-2018)

Let p> 1, f € LY (RY), xo € R? and o be an admissible sequence
s.t. s(o™1) > 0; we have f € AJ(xo) iff there exists a sequence of
Polynomials (P x,); of degree less or equal to [s(c1)] s.t., for j

sufficiently large,

id
2o ||f = Pjsolle(Bo2-iy) < Coj.

The “if part” comes from the Whitney Theorem.
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In this general characterization, the polynomial is a function of the
scale !

Theorem (L.L. & S.N.-2018)

Let p>1, f € Lf (RY), xo € R? and o be an admissible sequence
st. 0< [s5(o7 )] <s(o™1); f € A(xo) iff there exist a polynomial
P,, of degree < [s(c~1)] and C > 0 s.t., for j sufficiently large,

id
2e||f — PXOHLP(B(XO,TJ)) < Coj.
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In this general characterization, the polynomial is a function of the
scale !

Theorem (L.L. & S.N.-2018)

Let p>1, f € Lf (RY), xo € R? and o be an admissible sequence
st. 0< [s5(o7 )] <s(o™1); f € A(xo) iff there exist a polynomial
P,, of degree < [s(c~1)] and C > 0 s.t., for j sufficiently large,

id
2e||f — PXOHLP(B(XO,TI)) < Coj.

We recover the usual characterization.
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Generalized Hélder spaces
oooooe

One can define a generalized Holder exponent using these spaces.

This space give rise to a method for detecting the logarithmic
correction existing in stochastic processes, such as the Brownian
motion.

fin log
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One of the most remarkable practical feature of the Holder spaces
is their (nearly) characterization with wavelet coefficients.

The “same result” holds here.
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We will index the wavelet coefficients C(IZ with dyadic cubes.
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We will index the wavelet coefficients cj('lz with dyadic cubes.

A dyadic cube at scale j is a cube of the form

k ] 1

TRETE= )d (jeN,keZd,ie{O,l}d\{o}d).|
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We will index the wavelet coefficients cj('lz with dyadic cubes.

A dyadic cube at scale j is a cube of the form

k ] 1

2j W )d (J € N7 k € Zd7 S {07 1}d \ {O}d) |

We will write ¢ instead of CJ('IZ
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A wavelet characterization
[e]eX Yololelele]

Let us set

d)p = sup ( > (27 ',_j)|Cx|)p> ”

L P
7=\ at scale J!
N CA

The p-wavelet leader of xp at scale j is defined by

djaP(XO) = sup d)\7p7
)\€3>\j(xo)

where \;j(xo) is the cube at scale j containing xo.
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For the sake of simplicity, we will consider a wavelet basis of
regularity r > (o 1) such that there exists jo € N for which the
support of each wavelet is included in B(0,2/0).
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regularity r > (o 1) such that there exists jo € N for which the
support of each wavelet is included in B(0,2/0).
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A wavelet characterization
[eIeTeY Tolelele]

For the sake of simplicity, we will consider a wavelet basis of
regularity r > (o 1) such that there exists jo € N for which the
support of each wavelet is included in B(0,2/0).

Theorem (L.L. & S.N.-2018)

If f € AJ(x0), there exists C > 0 s.t., for j sufficiently large,

djp(x0) < Coj.

The converse result cannot be true: in the usual case, a
logarithmic correction appears!
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We also need a notion of minimal regularity.

Local Besov spaces: f € B; ,(xo) if there exists A > 0 for which
there exists C > 0 s.t., for any j,

s—9dYyi (i 1/p
S T

|k—2ix0| <A
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We also need a notion of minimal regularity.

Local Besov spaces: f € B; ,(xo) if there exists A > 0 for which
there exists C > 0 s.t., for any j,

s—9dYyi (i 1/p
S T

|k—2ix0| <A

Bj 4(x0) is a Xu space.
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. d
Let f € L} (R?) and o be an admissible sequence s.t. 27/rg; — 0;
feny Iog(xo) if there exists C > 0 s.t., for j sufficiently large,

id s(o— d
2% sup . HAL( f”LP(Bh(xo 2-iy) < Coj|logy(2™ ”UJ)|
|h|<2=J
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-d
Let f € L} (R?) and o be an admissible sequence s.t. 27/rg; — 0;
feny Iog(xo) if there exists C > 0 s.t., for j sufficiently large,

21-1 [5(c~! i
P sup .HAh f”LP(B,,(xo, 2-i)) = Coj|logy(2™ ”UJ)|
|n|<2—

Theorem (L.L. & S.N.-2018)

‘1
|
|l

Let f € L (R?) and o be an admissible sequence s.t. 2 7o — 0;
if there exists € > 0 s.t. f € B;, ,,(x0) and if there exists C > 0
s.t., for j sufficiently large,

Cljvp(xo) S CUJ’

then f € A7 .. (x0)-
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A wavelet characterization
000000e0

If one replaces f € Bj ,,(x0) with f € B;oo(]Rd), these results hold
with other wavelets (Meyer's wavelet for example).

In some way, this result is optimum.

To formalize it, we need the notion of prevalence.
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Theorem (L.L. & S.N.-2017)

From the prevalence point of view, a.e. function satisfying the
previous hyptohesis with p = oo, i.e.

dj,oo(XO) < Cajv

does not belong to AZ,(xp).
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We say that f € L, (R?) belongs to I7(xo) if there exist C > 0
s.t., for j sufficiently large,

21% sup HAE(OﬁI)H—lf‘HLp(Bh(Xovzfj)) Z CUJ ’
|h<2-i
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Irregularity spaces
[ 1]

We say that f € L, (R?) belongs to I7(xo) if there exist C > 0
s.t., for j sufficiently large,

21% sup HAE(OﬁI)H—lf‘HLp(Bh(Xovzfj)) Z CUJ ’
|h<2-i

They allow a better understanding of the Hélder spaces and the
behaviour of the studied function

Proposition (L.L. & S.N.-2018)
Let f € LP (]Rd), xp € R? and o be an admissible sequence; if

loc

there exists C > 0 s.t., for j sufficiently large,

dj p(x0) = Coy,

then f € I7(x0).
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The function f € Lf (RY) belongs to T9(xp) if it both belongs to
/\g(Xo) and /g(Xo).



Irregularity spaces
oe

The function f € Lf (RY) belongs to T9(xp) if it both belongs to
/\g(Xo) and /g(Xo).

Theorem (L.L. & S.N.-2018)

Let f € Lf (RY), xo € R? and o be an admissible sequence s.t.
—d/p < s(071); let us suppose that there exists ¢g > 0 s.t.

f € BYo(x0). If f € TG(x0), then there exist C,C" > 0 s.t., for j
sufficiently large

o
C J < d; p(x0) < C'oj.

—
|loga (277 7))
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Let p > 1; a function f € L (R9) belongs to A5 (x0) (> —d/p)
if there exist C > 0 and a polynomial Py, of degree less than «

s.t., for h sufficiently small,

1 1/
(d/ £ = Prol dx) F <
i B(X():r)
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Let p > 1; a function f € L (R9) belongs to A5 (x0) (> —d/p)
if there exist C > 0 and a polynomial Py, of degree less than «

s.t., for h sufficiently small,

1/
(16,/ £ = Prol dx) F <
i B(X07r)

The p-exponent of f at xg is defined as

hP)(xp) = sup{ar: f € Ny (x0)}- J

The p-spectrum of f is defined as

D®)(h) = dimy{x : hP)(x) = h}. )
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spaces :

h®)(xo) = sup{a : £ € A%xo))- ]
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If p = oo (with the usual modifications in the definition), we
recover the “classical notion” of regularity based on the Holder
spaces :

h®)(xo) = sup{a : £ € A%xo))- J

We aim at finding conditions (functional spaces) under which

D(P)(h) ~d+qlh—s(c™h)). J




A Multifractal formalism
00®000

Let us define the generalized Besov spaces!



A Multifractal formalism
00®000

Let us define the generalized Besov spaces!

We have
B2 = M, Mo J

with s = (1 — a)t + au, where H} and Hp are Sobolev spaces.



A Multifractal formalism
00®000

Let us define the generalized Besov spaces!

We have
B2 = M, Mo J

with s = (1 — a)t + au, where H} and Hp are Sobolev spaces.

One can define generalized interpolation spaces by replacing the
dyadic sequence with an admissible sequence.



A Multifractal formalism
00®000

Let us define the generalized Besov spaces!
We have
B2 = M, Mo J

with s = (1 — a)t + au, where H} and Hp are Sobolev spaces.

One can define generalized interpolation spaces by replacing the
dyadic sequence with an admissible sequence.

Theorem (L.L. & S.N.-2017)

014k
Ok

Let r,s € R and o be a generalized sequence irllf > 1 and

r<s(o) <s(o) <s;

we have

Bpq = Hp, Hplog-
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It also works with the “classical” Sobolev spaces Wpt.

Theorem (L.L. & S.N.-2017)

Let p, g € [1,00], o be an admissible sequence such that

inf JLtk > 1 and k,n € Ny be such that
k Ok

k < s(o) <35(0) < n;
We have

B, = {f € W (27°lo; o Jartelpeg)); € (v)a] = k.
< —J




A Multifractal formalism
0000e0

Proposition(L.L. & S.N.-2018)

Let p>1, ¢ > 0 and o be an admissible sequence s.t. s(c™) >0
and s(c™1) > d(f — f); a function f € B | (RY) if and only if

(C;) € £9(Z9) and there exists C > 0 s.t., for any J,

1
q
Z(ajflzfgfdk,p)q < C.

)\E/\j
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Proposition(L.L. & S.N.-2018)

Let p>1, ¢ > 0 and o be an admissible sequence s.t. s(c™) >0
and s(c™1) > d(f — 7); a function f € B | (RY) if and only if

(C;) € £9(Z9) and there exists C > 0 s.t., for any J,

—15—Yj q
(o727 dy )| < C.

)\E/\j

Proposition (L.L. & S.N.-2018)

Let p>1, g,r > 0 and o be an admissible sequence s.t.
s(c71)>0and s(c7 1) > d( - f); if f € By, "(R9) then
e for any h < s(c=1) —d/p,
{x: hP)(x) = h} =0,
e for any h> s(o~1) —d/p,
dimy{x : hP(x) < h} < d+ q(h—s(c1)).




A Multifractal formalism
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Theorem (L.L. & S.N.-2018)

Let p>1, g,r >0 and o be an admissible sequence s.t.
5(c7Y) =s(c71) >0and s(c ) > d(% - %); from the prevalence

point of view, for a.e. function f € Bg;l, the p-spectrum is defined
on [s(¢7 1) — d/p,s(c71)] and for any h belonging to this interval,

we have

dimy {x : hP)(x) = h} = d + g(h — s(c1)).

Moreover, for a.e. x, h(P)(x) = s(o~1).
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In infinite dimensional Banach spaces, there is no o-finite
translation invariant measure.

In the setting of complete metric vector spaces, to obtain a notion
of “almost everywhere”, one has to turn a characterization of
Lebesgue measure zero Borel sets into a definition.

Let £ be a complete metric vector space; a Borel set B C E is
Haar-null if there exists a Borel probability measure p, strictly
positive on some compact set K C E such that u(B + x) = 0 for
any x € E.

A subset of E is Haar-null if it is included in a Haar-null Borel
subset of E; the complement of a Haar-null set is called a
prevalent set.

In this setting, a properties that holds on a prevalent set is satisfied
almost everywhere.
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