
Generalized regularity spaces. Part II: on the trail

of Calderon and Zygmund

Laurent Loosveldt (Aspirant FNRS) and Samuel Nicolay

Les journées du GdR Analyse Mulifractale

19 Septembre 2018



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

De�nition

f ∈ T p
u (x0) (p ∈ [1,∞], u ≥ −d

p ) if f ∈ Lp(Rd) and there exists a

polynomial P of degree strictly less than u and C > 0 such that for

all r > 0

r−
d
p ||f − P||Lp(B(x0,r)) ≤ Cru

|f |T p
u (x0)

= sup
r>0

r−ur−
d
p ||f − P||Lp(B(x0,r))

||f ||T p
u (x0)

= ||f ||Lp(Rd) +
∑
α<u

|DαP(x0)|
|α|!

+ |f |T p
u (x0)

.
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De�nition

An elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N
is a partial di�erentiable equation of the form

Ef =
∑
|α|≤m

aαD
αf = g

where for all |α| ≤ m, aα is an s × r matrix of functions, f and g
are vector valued functions with fj ∈W p

m(Rd) for all j ∈ {1, . . . , r}.

µ(x0) := inf
|ξ|=1

det[(
∑
|α|=m

a∗α(x0)ξα)(
∑
|α|=m

aα(x0)ξα)] > 0

is the ellipticity constant of E at x0.
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Calderon & Zygmund (1961)

Let Ef = g be an equation with coe�cients in T∞u (x0), u > 0,

which is elliptic at x0. Let 1 < p <∞, u ≥ v ≥ −d
p and v be

non-integral. If f ∈Wm
p (Rd) and g ∈ T p

v (x0), then for all

j ∈ {1, . . . , r} and |α| ≤ m,

||Dαfj ||T q
v+m−|α|(x0)

≤ C (
s∑

k=1

||gk ||T p
v (x0)

+
r∑

k=1

||fk ||m,p)

with
1
p ≥

1
q ≥

1
p −

m−α
d if 1

p >
m−α
d ,

p ≤ q ≤ ∞ if 1
p <

m−α
d ,

p ≤ q <∞ if 1
p = m−α

d

and C depends on v , p, r , s, µ(x0) and the least upper bound of the

norms in T∞u (x0) of the coe�cients of E .
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De�nition

A function φ : ]0,+∞[→]0,+∞[ belongs to the set of Boyd's

function if φ(1) = 1, φ is continuous and for all r ∈]0,+∞[,

φ(r) := sup
x>0

φ(rx)

φ(x)
<∞. (1)

If φ ∈ B, then the function φ is Lebesgue-measurable and
submultiplicative .

b(φ) = sup
r∈]0,1[

log(φ(r))

log(r)
= lim

r→0

log(φ(r))

log(r)

and

b(φ) = inf
r∈]1,+∞[

log(φ(r))

log(r)
= lim

r→+∞

log(φ(r))

log(r)
.
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1 φ(r) = ru (u ∈ R) is a Boyd function with φ(x) = ru and

b(φ) = b(φ) = u,

2 (σj)j∈N0 is an admissible sequence i� ∃φ ∈ B : φ(2−j) = σj
∀j ∈ N0,

3 For all ε > 0 and R > 0 there exists C > 0 such that for all

r ∈]0,R] (resp. r ∈ [R,+∞[)

φ(r) ≤ Cr (b(φ)−ε) (resp.φ(r) ≤ Cr (b(φ)+ε))

4 For all ε > 0 and R > 0 there exists C > 0 such that for all

r ∈]0,R] (resp. r ∈ [R,+∞[)

C−1r (b(φ)+ε) ≤ φ(r) ≤ Cr (b(φ)−ε)

(resp.C−1r (b(φ)−ε) ≤ φ(r) ≤ Cr (b(φ)+ε))

5 b(φ) < 0⇒
∫ +∞
1

φ(x)
x dx <∞ and

b(φ) > 0⇒
∫ 1

0
φ(x)
x dx <∞,
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Proposition

Let E be a closed subset of Rd and φ ∈ B with b(φ) > 0, if there

exists M > 0 such that f ∈ T p
φ (x0) with ||f ||T p

φ(x0)
≤ M for all

x0 ∈ E

, then there exists (fα)|α|<b(φ) family of bounded functions

such that f0 = f almost everywhere on E and the compatibility

condition

fα(x) =
∑

|β|<b(φ)−|α|

fα+β(x0)

|β|!
(x − x0)α + Rα(x , x0)

with

|Rα(x , x0)| ≤ Cφ(|x − x0|)|x − x0|−|α|.

for all x , x0 ∈ E , is checked
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Theorem

Let E ⊂ Rd be a closed set, U = {x ∈ Rd | d(x ,E ) < 1}, n ∈ N0

and φ ∈ B with n < b(φ). If there exists M > 0 such that

f ∈ T p
φ (x0) with ||f ||T p

φ(x0)
≤ M for all x0 ∈ E , then there exits

F ∈ Cn(U) such that F = f almost everywhere on E .

Moreover, if

m ∈ N0 is such that n < b(φ) ≤ b(φ) < m, then there exists

C > 0 such that for all x ∈ U, h ∈ Rd \{0} such that

[x , x + (m − n)h] ⊂ U, for all |α| = n

|∆m−n
h DαF (x)| ≤ Cφ(|h|)|h|−n.

∆1
hg(x) = g(x + h)− g(x) and ∆l+1

h g(x) = ∆1
h∆l

hg(x)

Inequality φ(rx) ≤ φ(r)φ(x) and asymptotic behaviour of φ and φ.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

Theorem

Let E ⊂ Rd be a closed set, U = {x ∈ Rd | d(x ,E ) < 1}, n ∈ N0

and φ ∈ B with n < b(φ). If there exists M > 0 such that

f ∈ T p
φ (x0) with ||f ||T p

φ(x0)
≤ M for all x0 ∈ E , then there exits

F ∈ Cn(U) such that F = f almost everywhere on E . Moreover, if

m ∈ N0 is such that n < b(φ) ≤ b(φ) < m, then there exists

C > 0 such that for all x ∈ U, h ∈ Rd \{0} such that

[x , x + (m − n)h] ⊂ U, for all |α| = n

|∆m−n
h DαF (x)| ≤ Cφ(|h|)|h|−n.

∆1
hg(x) = g(x + h)− g(x) and ∆l+1

h g(x) = ∆1
h∆l

hg(x)

Inequality φ(rx) ≤ φ(r)φ(x) and asymptotic behaviour of φ and φ.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

Theorem

Let E ⊂ Rd be a closed set, U = {x ∈ Rd | d(x ,E ) < 1}, n ∈ N0

and φ ∈ B with n < b(φ). If there exists M > 0 such that

f ∈ T p
φ (x0) with ||f ||T p

φ(x0)
≤ M for all x0 ∈ E , then there exits

F ∈ Cn(U) such that F = f almost everywhere on E . Moreover, if

m ∈ N0 is such that n < b(φ) ≤ b(φ) < m, then there exists

C > 0 such that for all x ∈ U, h ∈ Rd \{0} such that

[x , x + (m − n)h] ⊂ U, for all |α| = n

|∆m−n
h DαF (x)| ≤ Cφ(|h|)|h|−n.

∆1
hg(x) = g(x + h)− g(x) and ∆l+1

h g(x) = ∆1
h∆l

hg(x)

Inequality φ(rx) ≤ φ(r)φ(x) and asymptotic behaviour of φ and φ.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

n < b(φ) ≤ b(φ) < m

|∆m−n
h DαF (x)| ≤ Cφ(|h|)|h|−n.

Proposition (D. Kreit, S. Nicolay - 2012)

Let σ be an admissible sequence and n,m two natural numbers

such that n < s(σ−1) ≤ s(σ−1) < m, then

Λσ(Rd) = {f ∈ Cn(Rd) ∩ L∞(Rd) :

sup
|h|≤2−j

||∆m−nDαf ||L∞ ≤ Cσj2
jn∀j ∈ N0, |α| = n}

Whitney (1934) : Compatibility condition ⇒ Di�erentiability
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φ ⇒ Compatibility condition (ter) ⇒

Generalized Hölder-type condition



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

From the theory of Calderon & Zygmund we know that we need to

study

the action of

1 Bessel's operator

J s f = F−1
(
(1 + | · |2)−s/2F f

)
(s ∈ R, f ∈ S ′),

2 Convolution singular integral operator

Kf (·) = p.v .

∫
k(· − y)f (y) dy ,

E elliptic with constant coe�cients of the same order m

E = KΛm, Λ2 = −∆
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φs : ]0,+∞[→]0,+∞[ : x 7→ φ(x)x s ,

Theorem

Let x0 ∈ Rd, p ∈]1,∞], φ ∈ B such that b(φ) > −d
p and s > 0

such that b(φ) + s < 0 or there exists n ∈ N0 for which

n < b(φ) + s ≤ b(φ) + s < n + 1. We have that J s maps

continuously T p
φ (x0) into T q

φs
(x0) where :

1
p ≥

1
q ≥

1
p −

s
d if p < d

s ,

p ≤ q ≤ ∞ if d
s < p ≤ ∞,

p ≤ q <∞ if d
s = p.
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f ∈ T p
φ (0)

, f = P + R

r−
d
p ||R||Lp(B(0,r)) ≤ |f |T p

φ(x0)
φ(r) ∀r > 0.

we need to bound∫
B(0,r)

|R(x)||x |−u dx and

∫
Rd \B(0,r)

|R(x)||x |−u dx

after computation (using inequality φ(rx) ≤ φ(r)φ(x))∫ 1

0

φ(ξ)ξd−u

ξ
dξ and

∫ +∞

1

φ(ξ)ξd−u

ξ
dξ

bounded if b(φ) + d − u > 0 and b(φ) + d − u < 0 (integrability

property of φ). The use of u = d − s + n and u = d − s + n + 1

makes the assumption n < b(φ) + s ≤ b(φ) + s < n + 1 necessary.
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Theorem

Kf (·) = p.v .

∫
k(· − y)f (y) dy ,

where the kernel k ∈ C∞(Rd \{0}) is homogeneous of degree −d
and has mean value zero on the sphere Σ.

Let p ∈]1,∞[, x0 ∈ Rd and φ ∈ B be such that −d
p < b(φ) and

b(φ) < 0 or there exists n ∈ N0 such that

n < b(φ) ≤ b(φ) < n + 1.

||Kf ||T p
φ(x0)

≤ Cφ,pM||f ||T p
φ(x0)

(3)

where

M = sup
|x |=1

0≤|α|≤db(φ)eN0

|Dαk(x)|.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

Theorem

Kf (·) = p.v .

∫
k(· − y)f (y) dy ,

where the kernel k ∈ C∞(Rd \{0}) is homogeneous of degree −d
and has mean value zero on the sphere Σ.

Let p ∈]1,∞[, x0 ∈ Rd and φ ∈ B be such that −d
p < b(φ) and

b(φ) < 0 or there exists n ∈ N0 such that

n < b(φ) ≤ b(φ) < n + 1.

||Kf ||T p
φ(x0)

≤ Cφ,pM||f ||T p
φ(x0)

(3)

where

M = sup
|x |=1

0≤|α|≤db(φ)eN0

|Dαk(x)|.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

Example

j ∈ {1, . . . , d}

Rj f (x) = p.v .
−iΓ(d+1

2
)

π
d+1
2

∫
(xj − yj)

|x − y |d+1
f (y) dy .

Λ = i
d∑

j=1

RjDj ,
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How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα

, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

How to �nd the regularity of the solution ?

Ef =
∑
|α|≤m

aαD
αf = g

elliptic partial di�erentiable equation at x0 ∈ Rd of order m ∈ N0

f ∈W p
m(Rd)(p ∈]1,∞[), g and the coe�cients of E check a

regularity assumption at x0.

Ex0 =
∑
|α|=m aα(x0)Dα, Ex0 = KΛm, HK = id .

Ex0f + (E − Ex0)f = g ⇔ Λmf = Hg +H(Ex0 − E)f

h = (1−∆)
m
2 f if m is even or h = (i + Λ)(1−∆)

m−1
2 f if m is

odd

h = Hg +H(Ex0 − E)f + L1(D)f if m is even,

h = Hg +H(Ex0 − E)f + L2(D)f + ΛL3(D)f if m is odd.



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

h = Hg +H(Ex0 − E)f + L1(D)f

The coe�cients of E are functions in T p1
φ (x0), g ∈ T p3

ψ (x0) and

h ∈ T p2
ρ (x0).

p3 ∈]1,∞[, Hg ∈ T p3
ψ (x0), ||Hg ||T p3

ψ (x0)
≤ N||g ||T p3

ψ (x0)
,

f = Jmh ∈W p2
m (Rd) (p2 ∈]1,∞[) and for |α| < m

||Dαf ||T p2
ψ (x0)

≤ Cp2,ψ||Jm−|α|h||T p2
ψ (x0)

≤ Cp2,ρ,ψ||Jm−|α|h||T p2
ρm−|α| (x0)

≤ C ||h||T p2
ρ (x0)

b(ψ) < b(ρ) + 1, l ∈ Z such that l < b(ρ) ≤ b(ρ) < l + 1
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h = Hg +H(Ex0 − E)f + L1(D)f

E1 =
∑
|α|<m

aαD
α and E2 =

∑
|α|=m

(aα(x0)− aα)Dα

Let x0 ∈ Rd, p1, p2 ∈ [1,∞] such that 0 ≤ 1
p3

:= 1
p1

+ 1
p2
≤ 1 and

φ, ψ ∈ B such that b(φ) > 0, b(ψ) ≥ − d
p2
, φ ≺ ψ and b(ψ) ≤ 0 or

there exists n ∈ N0 for which n < b(ψ) ≤ b(ψ) < n + 1. If

f1 ∈ T p1
φ (x0), f2 ∈ T p2

ψ (x0) then f1f2 ∈ T p3
ψ (x0) with

||f1f2||T p3
ψ (x0)

≤ Cd ,p1,p2,φ,ψ||f1||T p1
φ (x0)

||f2||T p2
ψ (x0)

||HE1f ||T p3
ψ (x0)

≤ Cp1,p2,φ,ψNM
∑
|α|<m

||Dαf ||T p2
ψ (x0)

≤ C ||h||T p2
ρ (x0)
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p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

h = Hg +H(Ex0 − E)f + L1(D)f

E1 =
∑
|α|<m

aαD
α and E2 =

∑
|α|=m

(aα(x0)− aα)Dα

Let x0 ∈ Rd, p1, p2 ∈ [1,∞] such that 0 ≤ 1
p3

:= 1
p1

+ 1
p2
≤ 1 and

φ, ψ ∈ B such that b(φ) > 0, b(ψ) ≥ − d
p2
, φ ≺ ψ and b(ψ) ≤ 0 or

there exists n ∈ N0 for which n < b(ψ) ≤ b(ψ) < n + 1. If

f1 ∈ T p1
φ (x0), f2 ∈ T p2

ψ (x0) then f1f2 ∈ T p3
ψ (x0) with

||f1f2||T p3
ψ (x0)

≤ Cd ,p1,p2,φ,ψ||f1||T p1
φ (x0)

||f2||T p2
ψ (x0)

||HE1f ||T p3
ψ (x0)

≤ Cp1,p2,φ,ψNM
∑
|α|<m

||Dαf ||T p2
ψ (x0)

≤ C ||h||T p2
ρ (x0)
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p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

E2 =
∑
|α|=m

(aα(x0)− aα)Dα,

Let x0 ∈ Rd, p1, p2 ∈ [1,∞] such that 0 ≤ 1
p3

:= 1
p1

+ 1
p2
≤ 1 and

φ, ρ ∈ B such that − d
p2
≤ b(ρ), 0 < b(φ). If f1 ∈ T p1

φ (x0) and

f2 ∈ T p2
ρ (x0) and if x0 is a Lebesgue-point of f1, then for all ψ ∈ B

such that b(ψ) > − d
p2
, φ ≺ ψ and

b(ψ)− b(ρ) < b(φ) if b(φ) ≤ 1,

b(ψ)− b(ρ) < 1 if b(φ) > 1 and b(ψ) < 1 or there exists

n ∈ N for which n < b(ψ) ≤ b(ψ) < n + 1.

If f2 ∈ Lp3(Rd), then (f1 − f1(x0))f2 ∈ T p3
ψ (x0) with

||(f1 − f1(x0))f2||T p3
ψ (x0)

≤ C ||f1||T p1
φ (x0)

(||f2||T p2
ρ (x0)

+ ||f2||Lp3 (Rd)).
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p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

f ∈W p3
m (Rd)

||HE2f ||T p3
ψ (x0)

≤ Cp1,p2,φ,ψNM
∑
|α|=m

(||Dαf ||T p2
ρ (x0)

+ ||Dαf ||Lp3 (Rd))

≤ Cp1,p2,φ,ρ,ψNM(||h||T p2
ρ (x0)

+ ||f ||W p3
m (Rd)).

h = Hg +H(Ex0 − E)f + L1(D)f

Let x0 ∈ Rd, p2, p3 ∈ [1,∞] such that p3 ≤ p2 and ψ ∈ B with

− d
p2
< b(ψ). If f ∈ T p2

ψ (x0) ∩ Lp3(Rd), then f ∈ T p3
ψ (Rd) with

||f ||T p3
ψ (Rd) ≤ ||f ||T p2

ψ (x0)
+ ||f ||Lp3 (Rd).

||L1(D)f ||T p3
ψ (x0)

≤ Cp2,p3,ρ,ψ(||h||T p2
ρ (x0)

+ ||f ||W p3
m (Rd))
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f ∈W p3
m (Rd)

||HE2f ||T p3
ψ (x0)

≤ Cp1,p2,φ,ψNM
∑
|α|=m

(||Dαf ||T p2
ρ (x0)

+ ||Dαf ||Lp3 (Rd))

≤ Cp1,p2,φ,ρ,ψNM(||h||T p2
ρ (x0)

+ ||f ||W p3
m (Rd)).

h = Hg +H(Ex0 − E)f + L1(D)f

Let x0 ∈ Rd, p2, p3 ∈ [1,∞] such that p3 ≤ p2 and ψ ∈ B with

− d
p2
< b(ψ). If f ∈ T p2

ψ (x0) ∩ Lp3(Rd), then f ∈ T p3
ψ (Rd) with

||f ||T p3
ψ (Rd) ≤ ||f ||T p2

ψ (x0)
+ ||f ||Lp3 (Rd).

||L1(D)f ||T p3
ψ (x0)

≤ Cp2,p3,ρ,ψ(||h||T p2
ρ (x0)

+ ||f ||W p3
m (Rd))
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f ∈W p3
m (Rd)

||HE2f ||T p3
ψ (x0)

≤ Cp1,p2,φ,ψNM
∑
|α|=m

(||Dαf ||T p2
ρ (x0)

+ ||Dαf ||Lp3 (Rd))

≤ Cp1,p2,φ,ρ,ψNM(||h||T p2
ρ (x0)

+ ||f ||W p3
m (Rd)).

h = Hg +H(Ex0 − E)f + L1(D)f

Let x0 ∈ Rd, p2, p3 ∈ [1,∞] such that p3 ≤ p2 and ψ ∈ B with

− d
p2
< b(ψ). If f ∈ T p2

ψ (x0) ∩ Lp3(Rd), then f ∈ T p3
ψ (Rd) with

||f ||T p3
ψ (Rd) ≤ ||f ||T p2

ψ (x0)
+ ||f ||Lp3 (Rd).

||L1(D)f ||T p3
ψ (x0)

≤ Cp2,p3,ρ,ψ(||h||T p2
ρ (x0)

+ ||f ||W p3
m (Rd))
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Ef = g elliptic at x0 , order=m,

f ∈W p
m(Rd), p ∈]1,∞[,

g ∈ T p1
ψ (x0), with n < b(ψ) + b(ψ) < n + 1 (n ∈ Z),

−d
p < b(ψ),

Coe�cients of E are in T q
φ (x0), x0 is a Lebesgue point,

0 < b(φ), q ∈]1,∞]
1
p1

= 1
p + 1

q ,

φ ≺ ψ



Introduction Spaces T
p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

f ∈W p
m(Rd)

⇒ h ∈ Lp(Rd) = T p

− d
p

(x0),

Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)⇒ h ∈ T p1
ψ1

(x0)⇒ h ∈ T p2
ψ2

(x0)⇒ . . .⇒ h ∈ T pk
ψk

(x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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1
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j

q
+

1

p
< 1
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pj
m (Rd) for all j ∈ {1, . . . , k}
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ψ1
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(x0)⇒ . . .⇒ h ∈ T pk
ψk

(x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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d
p , ψk = ψ,
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1
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=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}
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pj
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(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−
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p , ψk = ψ,

0 <
1
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=

j

q
+

1
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< 1
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Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)⇒ h ∈ T p1
ψ1
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T
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T
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f ∈W p
m(Rd)⇒ h ∈ Lp(Rd) = T p

− d
p

(x0),

Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)

⇒ h ∈ T p1
ψ1

(x0)⇒ h ∈ T p2
ψ2

(x0)⇒ . . .⇒ h ∈ T pk
ψk

(x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1
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+ ||f ||

W
pj
m (Rd)
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f ∈W p
m(Rd)⇒ h ∈ Lp(Rd) = T p

− d
p

(x0),

Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)⇒ h ∈ T p1
ψ1

(x0)

⇒ h ∈ T p2
ψ2

(x0)⇒ . . .⇒ h ∈ T pk
ψk

(x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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(x0) Uniformity on closed set Elliptic di�erentiable equations

f ∈W p
m(Rd)⇒ h ∈ Lp(Rd) = T p

− d
p

(x0),

Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)⇒ h ∈ T p1
ψ1

(x0)⇒ h ∈ T p2
ψ2

(x0)

⇒ . . .⇒ h ∈ T pk
ψ (x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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p
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f ∈W p
m(Rd)⇒ h ∈ Lp(Rd) = T p

− d
p

(x0),

Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)⇒ h ∈ T p1
ψ1

(x0)⇒ h ∈ T p2
ψ2

(x0)⇒ . . .⇒ h ∈ T pk
ψk

(x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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p
φ
(x0) Uniformity on closed set Elliptic di�erentiable equations

f ∈W p
m(Rd)⇒ h ∈ Lp(Rd) = T p

− d
p

(x0),

Idea : �nd (ψj)j∈{0,...,k} such that b(ψj+1)− b(ψj) < min{1, b(φ)},
φ ≺ ψj , nj < b(ψj) ≤ b(ψj) < nj + 1, ψ0 = r−

d
p , ψk = ψ,

0 <
1

pj
=

j

q
+

1

p
< 1

If f ∈W
pj
m (Rd) for all j ∈ {1, . . . , k}

h ∈ T p
ψ0

(x0)⇒ h ∈ T p1
ψ1

(x0)⇒ h ∈ T p2
ψ2

(x0)⇒ . . .⇒ h ∈ T pk
ψk

(x0)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).
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φ ≺ ψ
b(ψ) = b(ψ),

kp(φ, ψ) := min{k ∈ N0 |
1

k
(b(ψ) +

d

p
) < min{1, b(φ)}}

n < b(ψ)<b(ψ) < n + 1 and b(ψ) ≤ b(φ)

kp(φ, ψ) := kp(φ, rb(ψ)) + min{k ∈ N0 |
1

k
(b(ψ)− b(ψ)) < min{1, b(φ)}}

n < b(ψ)<b(ψ) < n + 1 and b(ψ)− b(ψ) < min{1, b(φ)}

kp(φ, ψ) := kp(φ, rb(ψ)) + 1

0 <
1

pi
:=

kp(φ, ψ)

q
+

1

p
< 1 and f ∈W p′

m (Rd)∀p′ ∈ [pi , p]
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φ ≺ ψ
b(ψ) = b(ψ),

kp(φ, ψ) := min{k ∈ N0 |
1

k
(b(ψ) +

d

p
) < min{1, b(φ)}}

n < b(ψ)<b(ψ) < n + 1 and b(ψ) ≤ b(φ)

kp(φ, ψ) := kp(φ, rb(ψ)) + min{k ∈ N0 |
1

k
(b(ψ)− b(ψ)) < min{1, b(φ)}}
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pi
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Theorem

Let p ∈]1,∞[, q ∈]1,∞], x0 ∈ Rd and φ, ψ ∈ B be such that

−d
p < b(ψ), 0 < b(φ) and there exists n ∈ Z such that

n < b(ψ) ≤ b(ψ) < n + 1 .Let Ef = g be an elliptic di�erentiable

equation of order m at x0 such that the coe�cients of E are

functions in T q
φ (x0) whose x0 is a Lebesgue point. Let us suppose

that :

g ∈ T p1
ψ (x0) with 1

p1
:= 1

p + 1
q

φ ≺ ψ and b(ψ) ≤ b(ψ) or b(ψ)− b(ψ) < min{1, b(φ)},
0 < 1

p′ :=
kp(φ,ψ)

q + 1
p < 1,

f ∈W p∗
m (Rd) for all p∗ ∈ [p′, p]
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p
φ
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f = Jmh

Theorem

There exits Cp′,φ,ψ,m such that for all |α| ≤ m, Dαf ∈ T q′

ψm−|α|
(x0)

and

||Dαf ||
T q′
ψm−|α|

(x0)
≤ Cp′,φ,ψ(M(1 + MN)kp(φ,ψ)−1||g ||T q

ψ(x0)

+ kp(φ, ψ)(1 + MN)kp(φ,ψ)(||f ||W p
m(Rd) + ||f ||

W p′
m (Rd)

))

for all q′ ≥ 1 such that
1
p′ ≥

1
q′ ≥

1
p′ −

m−|α|
d if 1

p′ >
m−|α|

d ,

p′ ≤ q′ ≤ ∞ if 1
p′ <

m−|α|
d ,

p′ ≤ q′ <∞ if 1
p′ = m−|α|

d .
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f = Jmh

Theorem

There exits Cp′,φ,ψ,m such that for all |α| ≤ m, Dαf ∈ T q′
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(x0)

and

||Dαf ||
T q′
ψm−|α|

(x0)
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+ kp(φ, ψ)(1 + MN)kp(φ,ψ)(||f ||W p
m(Rd) + ||f ||

W p′
m (Rd)

))

for all q′ ≥ 1 such that
1
p′ ≥

1
q′ ≥

1
p′ −

m−|α|
d if 1

p′ >
m−|α|

d ,

p′ ≤ q′ ≤ ∞ if 1
p′ <

m−|α|
d ,

p′ ≤ q′ <∞ if 1
p′ = m−|α|

d .



How to build (ψj )1≤j≤k

First assume b(ψ) = b(ψ),

kp(φ, ψ) := min{k ∈ N0 |
1

k
(b(ψ) +

d

p
) < min{1, b(φ)}},

For all j ∈ {0, . . . , k}, ψj de�ned by

ψ0 : r 7→ r−
d
p ,

ψj : r 7→ r−
d
p (ψ(r)r

d
p )

j+ε
k for all 1 ≤ j < k ,

ψk = ψ.

0 ≤ ε < 1 such that

0 < (1−ε)
k (b(ψ) + d

p ) ≤ (1+ε)
k (b(ψ) + d

p ) < min{1, b(φ)},

−d
p + j+ε

k (b(ψ) + d
p ) /∈ Z for all j ∈ {1, ..., k − 1}.

b(ψj+1)− b(ψj) < min{1, b(φ)}
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How to build (ψj )1≤j≤k

For all j ∈ {0, . . . , k}

1

pj
:=

j

q
+

1

p
.

if f ∈W
pj
m (Rd)

||h||
T

pj
ψj

(x0)
≤ ||Hg ||

T
pj
ψj

(x0)
+ Cj(1 + MN)(||h||

T
pj−1
ψj−1

(x0)
+ ||f ||

W
pj
m (Rd)

).

If f ∈W p′
m (Rd) for all p′ ∈ [pi , ps ] with

1

p1
=

1

ps
+

1

q
and 0 <

1

pi
=

kp(φ, ψ)

q
+

1

ps
< 1

||h||T pi
ψ (x0)

≤Cp,p′,φ,ψ(M(1 + MN)k−1||g ||T p1
ψ (x0)

+ k(1 + MN)k(||f ||W pi
m (Rd) + ||f ||W ps

m
)).



How to build (ψj )1≤j≤k

If n < b(ψ)<b(ψ) < n + 1, two answers :

If b(ψ) ≤ b(ψ)

k1 = min{k ∈ N0 |
1

k
(b(ψ) +

d

p
) < min{1, b(φ)}}

k2 = min{k ∈ N0 |
1

k
(b(ψ)− b(ψ)) < min{1, b(φ)}}.

ψj = r
b(ψ)+ j

k2
(b(ψ)−b(ψ)

,

and ψk2 = ψ, b(ψj+1)− b(ψj) < min{1, b(φ)}, b(ψj) < b(φ)
and so φ ≺ ψj .

||h||T p0
ψ0

(x0)
≤Cp,p0,φ,ψ(M(1 + MN)k1−1||g ||T q

ψ(x0)

+ (k1)(1 + MN)k1(||f ||
W p′

m (Rd)
+ ||f ||W p

m
)).

with 1
p0

= k1
q + 1

p . We conclude by induction for

0 < 1
pi

= k1+k2
q + 1

p < 1 and ψ.
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How to build (ψj )1≤j≤k

If b(ψ) > b(φ) but b(ψ)− b(ψ) < min{1, b(ψ)}

, we choose α
such that max{−d

p , n} < α < b(ψ),

b(ψ)− α < min{1, b(φ)}, in particular α /∈ Z

ψ : r 7→ rα

k = min{k ∈ N0 |
1

k
(b(ψ) +

d

p
) < min{1, b(φ)}}+ 1

0 < 1
pi

= k
q + 1

p < 1 , if 1
p′ = k−1

q + 1
p , then h ∈ T p′

ψ (x0)
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