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feTh(x)(pell,oc0], u> —%) if f € LP(RY) and there exists a
polynomial P of degree strictly less than u and C > 0 such that for
all r >0
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re||f = Plle(g(x,r) < Cr*
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An elliptic partial differentiable equation at xo € RY of order m € N
is a partial differentiable equation of the form

Ef = Z a.Df =g

laj<m

where for all |a] < m, a, is an s X r matrix of functions, f and g
are vector valued functions with f; € WhH(RY) for all j € {1,...,r}.
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An elliptic partial differentiable equation at xo € RY of order m € N
is a partial differentiable equation of the form

Ef = Z a.Df =g

laj<m

where for all |a] < m, a, is an s X r matrix of functions, f and g

are vector valued functions with f; € WhH(RY) for all j € {1,...,r}.
p(xo) = DA det[( Y at(x0)E*)( D 2alx0)E™)] >0
B la|l=m |a|l=m

is the ellipticity constant of £ at xg.
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Calderon & Zygmund (1961)

Let £f = g be an equation with coefficients in T°(xp), u > 0,
which is elliptic at xg. Let 1 < p < oo, u > v > —% and v be

non-integral. If f € W,;”(]Rd) and g € T)(xp), then for all
Jje{l,....r} and |o| < m,

151 r
1Dl e\ o) S CO_ llgklIrpeo) + D I1fillm,p)
k=1 k=1

with
15151 m-aygl ma
opzqu 5 |fp> 7
° p<g<ooif ;< Mg,
op<q<ooif%:%

and C depends on v, p,r,s, uu(xg) and the least upper bound of the
norms in T.°(xp) of the coefficients of £.
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Definition
A function ¢ : |0, +00[—]0, +o0[ belongs to the set of Boyd'’s
function if ¢(1) =1, ¢ is continuous and for all r €]0, +oc],

= ¢(rx)

A0 = b5

< Q.
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A function ¢ : |0, +00[—]0, +o0[ belongs to the set of Boyd'’s
function if ¢(1) =1, ¢ is continuous and for all r €]0, +oc],

= ¢(rx)
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If ¢ € B, then the function ¢ is Lebesgue-measurable and
submultiplicative .
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Definition
A function ¢ : |0, +00[—]0, +o0[ belongs to the set of Boyd'’s
function if ¢(1) =1, ¢ is continuous and for all r €]0, +oc],

= o(rx

o(r) := sup < 00.

x>0 ¢(X)

If ¢ € B, then the function ¢ is Lebesgue-measurable and
submultiplicative .

g [B(B(r) _ | log(9(r)
b(¢)—r€]0?1[ log(r) = 1 log(r)

and

o) nf EEU) | loa(G(r)

rell+oo log(r) r—+oo log(r)
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€ R) is a Boyd function with ¢(x) = r¥ and
=u



r“(1 + [log(r)|)® (u,s € R) is a Boyd function with
r(1+ [log(r))l*l and b(¢) = b(¢) = v,
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Q &(r) = r“(1+ [log(r)|)* (u,s € R) is a Boyd function with
5(x) = r*(1 + | log(r)))* and b(¢) = B(9) = u,

Q (0j)jen, is an admissible sequence iff 3¢ € B : ¢(27/) = o;
Vj € No,
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Q o(r) =r"(1+|log(r)])® (u,s € R) is a Boyd function with
6(x) = r*(1 + |log(r)])/* and b(9) = B(6) = u

@ (0))jen, is an admissible sequence iff 3¢ € B : ¢(27/) = o;
Vj € Np,

© For all ¢ > 0 and R > 0 there exists C > 0 such that for all
r €]0, R] (resp. r € [R,+[)

B(r) < Crlel9)=9)  (resp. g(r) < CrlEl9)+9))
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Q o(r) =r"(1+|log(r)])® (u,s € R) is a Boyd function with
@(x) = r*(L+ |log(r)[)* and b(¢) = b(¢) =

@ (0))jen, is an admissible sequence iff 3¢ € B : ¢(27/) = o;
V) € No,

© For all ¢ > 0 and R > 0 there exists C > 0 such that for all
r €]0, R] (resp. r € [R,+[)

B(r) < Crb@)=2)  (resp. h(r) < C,(5(¢)+6))

Q For all e > 0 and R > 0 there exists C > 0 such that for all
r €]0, R] (resp. r € [R,+o0[)

Cc1rB(O)re) < y(r) < Crlb(@)—e)
(resp. C1 r(B(#)—) < o(r) < cr(b(¢ )+€))

Q b(¢) <0=>f+oo¢x)dx<ooand
b(¢) > 0= [i 2 gy < o,
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Definition
Let xg € RY, p € [1,00] and ¢ € B such that b(¢) > —%. A

function f € LP(RY) belongs to the space T(’;(xo) if there exists P
a polynomial of degree strictly less than b(¢) and C > 0 such that

4
r e ||f = PlleB(so,r) < Co(r) Vr>0. (2)
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Definition
Let xg € RY, p € [1,00] and ¢ € B such that b(¢) > —%. A

function f € LP(RY) belongs to the space T(’;(xo) if there exists P
a polynomial of degree strictly less than b(¢) and C > 0 such that
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_q ¢
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1Fll 700y = Fllesy + 3 20N
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Proposition

Let E be a closed subset of RY and ¢ € B with b(¢) > 0, if there
exists M > 0 such that f € T/ (xo) with ”f”Tj;(xo) < M for all

xp € E
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Proposition
Let E be a closed subset of RY and ¢ € B with b(¢) > 0, if there
exists M > 0 such that f € T/ (xo) with ”f”Tj;(xo) < M for all

xp € E, then there exists (fu)a|<p(g) family of bounded functions
such that fy = f almost everywhere on E and the compatibility
condition

fa(x) = Z ﬁlJ|rg|(|X0)(X —x0)" + Ra(x, x0)
|Bl<b(¢)—|el '

with

|Ra(x,%0)| < Co(|x — xo] ) x — x| 7.

for all x,xg € E, is checked
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Theorem

Let E C RY be a closed set, U = {x € RY | d(x,E) <1}, n € Ny
and ¢ € B with n < b(¢). If there exists M > 0 such that

fe Tq’;(xo) with HfHTg(XO) < M for all xo € E, then there exits
F € C"(U) such that F = f almost everywhere on E.
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Theorem

Let E C RY be a closed set, U = {x € RY | d(x,E) <1}, n € Ny
and ¢ € B with n < b(¢). If there exists M > 0 such that

fe Tg(xo) with HfHTg(XO) < M for all xo € E, then there exits

F € C"(U) such that F = f almost everywhere on E. Moreover, if
m € Ny is such that n < b(¢) < b(¢) < m, then there exists

C > 0 such that for all x € U, h € RY\{0} such that

[x,x+ (m—n)h] C U, forall |o| =n

[ART"DF(x)| < Co(lh])[AI7".

Alg(x) =g(x+h)—g(x) and A}'g(x) = ALALE(x)
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Theorem

Let E C RY be a closed set, U = {x € RY | d(x,E) <1}, n € Ny
and ¢ € B with n < b(¢). If there exists M > 0 such that

fe Tq’;(xo) with HfHTg(XO) < M for all xo € E, then there exits

F € C"(U) such that F = f almost everywhere on E. Moreover, if
m € Ny is such that n < b(¢) < b(¢) < m, then there exists

C > 0 such that for all x € U, h € RY\{0} such that

[x,x+ (m—n)h] C U, forall |o| =n

[ART"DF(x)| < Co(lh])[AI7".

Alg(x) =g(x+h)—g(x) and A}'g(x) = ALALE(x)

Inequality ¢(rx) < é(r)¢(x) and asymptotic behaviour of ¢ and ¢.
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n < b(¢) < b(¢) <m

[ART"DF(x)| < Co(|hl)[h| ™"
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n < b(¢) < b(¢) <m

[ART"DF(x)| < Co(|hl)[h| ™"

Proposition (D. Kreit, S. Nicolay - 2012)

Let o be an admissible sequence and n, m two natural numbers
such that n < s(c71) <35(071) < m, then
A°(RY) = {f € C"(RY) N L°(RY) :

sup ||A™T"Df||= < Coj2™Vj € Ny, |a| = n}
|h|<2-
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n < b(¢) < b(¢) <m

[ART"DF(x)| < Co(|hl)[h| ™"

Proposition (D. Kreit, S. Nicolay - 2012)

Let o be an admissible sequence and n, m two natural numbers
such that n < s(c71) <35(071) < m, then
A°(RY) = {f € C"(RY) N L°(RY) :

sup ||A™T"Df||= < Coj2™Vj € Ny, |a| = n}
|h|<2-

Whitney (1934) : Compatibility condition = Differentiability
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n < b(¢) < b(¢) <m

AF"DF(x)| < Co(lhl) A"

Proposition (D. Kreit, S. Nicolay - 2012)

Let o be an admissible sequence and n, m two natural numbers
such that n < s(0™ 1) <5(671) < m, then
N (RY) = {f € C"(RY) N L°(RY) :

sup ||A™"Dfl|L~ < Co;2"Vj € Ny, |a| = n}
|h|<2—i

Calderon-Zygmund (1961) : T/ = Compatibility condition (bis) =
Halder-type condition
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n < b(¢) < b(¢) <m

AF"DF(x)| < Co(lhl) A"

Proposition (D. Kreit, S. Nicolay - 2012)

Let o be an admissible sequence and n, m two natural numbers
such that n < s(0™ 1) <5(671) < m, then
N (RY) = {f € C"(RY) N L°(RY) :

sup ||A™"Dfl|L~ < Co;2"Vj € Ny, |a| = n}
|h|<2—i

L.L. & S.N (2018) : qu = Compatibility condition (ter) =
Generalized Hdlder-type condition
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KF() = pv. / k(- — y)F(y) dy,
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From the theory of Calderon & Zygmund we know that we need to
study the action of

O Bessel's operator

TF=F @+ P)Ff) (seR, fed),

@ Convolution singular integral operator

£F() = pv. [ k=) dy,
& elliptic with constant coefficients of the same order m

E=KA™, AN =-A
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¢s 110, +00[—]0, 400 1 x = P(x)x°,



Elliptic differentiable equations
0®0000000000000

s 1 ]0,+oo[—]0, 400 : x +— &(x)x°

Theorem

Let xg € RY, p €]1,00], ¢ € B such that b(¢) > —% ands >0
such that b(¢) + s < 0 or there exists n € Ng for which

n< b(¢)+s < b(¢)+s < n+1. We have that J° maps
continuously Tf(xo) into TJ (xo) where :

1 1 s d
°p2q2 —Sifp<s,

opgqgooncg<p§oo,

op§q<ooif%:p.
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feTP0).f=P+R

_d
r?[|Rl|Le(Bo,r)) < ‘f’Tg(Xo)qS(r) Vr>0.



Elliptic differentiable equations
00®000000000000

feTP0).f=P+R

_d
r?[|Rl|Le(Bo,r)) < ‘f’Tg(Xo)qS(r) Vr>0.

we need to bound

/ IRG)[|x| ™ dx  and / RO |x] ™ dx
B(0,r) RI\B(0,r)



Elliptic differentiable equations
00®000000000000

feTP0).f=P+R

_d
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we need to bound

/ IRG)[|x| ™ dx  and / RO |x] ™ dx
B(0,r) RI\B(0,r)

after computation (using inequality ¢(rx) < ¢(r)d(x))

L) oo e
/0 75 d¢ and /1 75 dé
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bounded if b(¢) + d — u > 0 and b(¢) + d — u < 0 (integrability
property of ¢).
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feTP0).f=P+R

_d
r?[|Rl|Le(Bo,r)) < ‘f’Tg(Xo)qS(r) Vr>0.

we need to bound

/ IRG)[|x| ™ dx  and / RO |x] ™ dx
B(0,r) RI\B(0,r)

after computation (using inequality ¢(rx) < ¢(r)d(x))

L) oo e
/0 75 d¢ and /1 75 dé

bounded if b(¢) + d — u > 0 and b(¢) + d — u < 0 (integrability
property of ¢). Theuse of u=d —s+nandu=d—s+n+1
makes the assumption n < b(¢) + s < b(¢) + s < n+ 1 necessary.
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KF() = p.v. / k(- — y)F(y) dy,

where the kernel k € C>°(R9\{0}) is homogeneous of degree —d
and has mean value zero on the sphere ¥..
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Theorem

KF() = p.v. / k(- — y)F(y) dy,

where the kernel k € C>°(R9\{0}) is homogeneous of degree —d
and has mean value zero on the sphere ¥..

Let p €]1,00[, xo € RY and ¢ € B be such that —% < b(¢) and
b(¢) < 0 or there exists n € Ng such that

n< b(¢) < b(¢p) <n+1.

IKFll72060) < CopMIIFllT2(x0) (3)
where
M = sup |[D%k(x)|.

|x|=1
0<|a|<[b(¢)ng
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—iT(4) [ (x—y)
0 dit ’X—y|d+1 (Y)d}/-
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How to find the regularity of the solution?

Ef =Y a,Df=g

laj<m

elliptic partial differentiable equation at xo € RY of order m € Ny
f € Wh(RY)(p €]1,00[), g and the coefficients of £ check a
regularity assumption at xp.
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How to find the regularity of the solution?

Ef =Y a,Df=g

laj<m

elliptic partial differentiable equation at xo € RY of order m € Ny
f € Wh(RY)(p €]1,00[), g and the coefficients of £ check a
regularity assumption at xp.

° EXO = Z‘al:m aOé(XO)Day gXo - ’C/\m, H’C == Id

0 Ef +(E—Ey)f =g o AN"F = Hg + H(E — E)F

o h=(1—A)sfif misevenor h=(i+A)(1—A)"z fif mis
odd

e h=Hg+H(Ex — E)F + Li(D)f if mis even,
h=Hg + H(Ex — E)F + La(D)F + ALs(D)F if m is odd.
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h=Hg+H(E — E)f + Li(D)f
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h=Hg+H(E — E)f + Li(D)f

The coefficients of £ are functions in T*(x0), g € T;7>(x0) and
he Tppz(Xo).
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h=Hg + H(Ex — E)F + Li(D)F

The coefficients of £ are functions in T*(x0), g € T;7>(x0) and
he Tppz(Xo).
e p3 €]l,00[, Hg € T£3(X0): ||/HgHTZ3(X0) < N||g||rg3(xo)1

o f=J"he WE(RY) (p2 €]1,00]) and for |a| < m
||D04f||7—£2( < CPzWHJm_la'hHTiQ(xo)
< sz,mejmi‘a'hHT5,2n-|a\(><o)

< Cl1All7e2 ()

Xo)

b(v)) < b(p) +1, 1 € Z such that | < b(p) < b(p) < I +1
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h="Hg +H(E — E)F + Li(D)F

& = Z a, DY and & = Z (aa(x0) — an) D

laj<m |a|]=m
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h="Hg +H(E — E)F + Li(D)F

& = Z a, DY and & = Z (aa(x0) — an) D

laj<m |a|]=m

Let xg € RY, py, p2 € [1, 0] such that 0 < pl—a = %—l—i <1 and
#,1 € B such that b(¢) > 0, b()) > —/%' ¢ <1 and b(1)) <0 or
there exists n € Ng for which n < b(¢)) < b(¢)) < n+ 1. If

€ Tg‘(xo), e Tf(xo) then i € Tf(xo) with

1 f2ll 723 ) < Capripa,d 1l 721 o) 1ol 722 g

H,HglfHTz?’(xo) < CprpapNM Z HDafHTZZ(xo) < CHhHT,ﬁ’Z(xo)

|o|<m



Elliptic differentiable equations
©00000000e000000

& = Z (aa(XO) - aa) D“,

lal=m

Let xop € RY, py, p2 € [1, 00] such that 0 < p1—3 = ﬁ—l—i <1 and
¢, p € B such that _/% < b(p), 0 < b(e). If A1 € Tgl(xo) and
f, € T/?(xo) and if xg is a Lebesgue-point of f1, then for all ¢ € B

such that b(v) > —%, ¢ < 1 and
o b(y)) — b(p) < b(¢) if b(¢) < 1,

e b(¢)) — b(p) < 1if b(¢) > 1 and b(¢)) < 1 or there exists
n € N for which n < b(v)) < b(1)) < n+1.

If f € LP(RY), then (fi — fi(x0))fa € T (x0) with

1R = A G0l 7200y < ClslI721 ) (1l 722 o) + 1l lon )




Elliptic differentiable equations
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f e WP (RY)

HEF Il 72310) < ConpatsMM 3 (1D Fl 1220y + 11D Fllion )

laj=m

< CP17P27¢7971/1NM(|’hHng(xo) + HfHW,,‘?(Rd))'



Elliptic differentiable equations
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f e Wh(RY)

HEF Il 72310) < ConpatsMM 3 (1D Fl 1220y + 11D Fllion )

laj=m

< CP17P27¢71071/1NM(|’hHng(xo) + HfHW,ﬁ?»(Rd))-
h=™Hg+H(Ex — E)f + Li(D)f

Let xo € RY, po, p3 € [1,00] such that p3 < py and 9 € B with
—& < b(e). If £ € T2 (x0) NLP(RY), then f € T(RY) with

HfHTf(Rd) = HfHTiz(xo) + ||f|||_P3(]Rd)-




Elliptic differentiable equations
000000000e00000

f e WP (RY)

HEF Il 72310) < ConpatsMM 3 (1D Fl 1220y + 11D Fllion )

laj=m

< CP17P27¢71071/1NM(|’hHng(xo) + HfHW,ﬁ?»(Rd))-
h=™Hg+H(Ex — E)f + Li(D)f

Let xo € RY, po, p3 € [1,00] such that p3 < py and 9 € B with
—& < b(e). If £ € T2 (x0) NLP(RY), then f € T(RY) with

HfHTf(Rd) = HfHTiz(xo) + ||f|||_P3(]Rd)-

HLl(D)fHTf'(xo) < sz,ps,p,w(HhHT,’fz(xo) + HfHW,f;"(Rd))



Elliptic differentiable equations
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Ef = g elliptic at xp , order=m,
o f e WR(RY), p €], o],
° g € TP (x0), with n < b()) + b(y)) < n+1 (n € Z),
—4 < b(y),
o Coefficients of £ are in T(;’(xo), Xp is a Lebesgue point,
0 < b(¢), q €]1, o]
Phoivi

° 9 <Y




Elliptic differentiable equations
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f € Wh(RY)



Elliptic differentiable equations
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fe Wh(RY) = he LP(RY) = TP, (x0)

p



Elliptic differentiable equations
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f e Wh(RY) = he LP(RY) = TP, (x0),
Idea : find (¢j)je{0,...,k} such that B(@Z)J-H) — b(1);) < min{1, b(¢)},
¢ =<, nj < b(yy) < b(yy) < nj+1, 4o =r" P, by =1,



Elliptic differentiable equations
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f e Wh(RY) = he LP(RY) = TP, (x0),
Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
¢ < j, nj < b(vy) < b(¥y) < nj+1, o =r », tp =1,
0< e = Syt <1
pi 9 p
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f e Wh(RY) = he LP(RY) = TP, (x0),
Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
¢ < j, nj < b(vy) < b(¥y) < nj+1, o =r », tp =1,
0< e = Syt <1
pi 9 p

If f e Wi(RY) forall j € {1,...,k}



Elliptic differentiable equations
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f e Wh(RY) = he LP(RY) = TP, (x0),

p

Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
_ _d
¢ <, nj < b(y) < b() <nj+ 1, Yo=r 7, =1,
0<t=L 1oy
pj 9 p
If f e Wi(RY) forall j € {1,...,k}

he T1Zo (Xo)



Elliptic differentiable equations
©00000000000e000

f e Wh(RY) = he LP(RY) = TP, (x0),

p

Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
_ _d
¢ <, nj < b(y) < b() <nj+ 1, Yo=r 7, =1,
0<t=L 1oy
pj 9 p
If f e Wi(RY) forall j € {1,...,k}

he TqZO(Xo) = he T{;:(Xo)



Elliptic differentiable equations
©00000000000e000

f e Wh(RY) = he LP(RY) = TP, (x0),

p

Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
_ _d
¢ <, nj < b(y) < b() <nj+ 1, Yo=r 7, =1,
0<t=L 1oy
pj 9 p
If f e Wi(RY) forall j € {1,...,k}

he TqZO(Xo) = he T{;:(Xo) = h¢c TJZ(XQ)



Elliptic differentiable equations
©00000000000e000

f e Wh(RY) = he LP(RY) = TP, (x0),

p

Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
_ _d
¢ <, nj < b(y) < b() <nj+ 1, Yo=r 7, =1,
0<t=L 1oy
pj 9 p
If f e Wi(RY) forall j € {1,...,k}

he TqZO(Xo) = he T{;:(Xo) = he TJZ(XQ) =...=> he TQZ:(XO)



Elliptic differentiable equations
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f e Wh(RY) = he LP(RY) = TP, (x0),

p

Idea : find (¢);eq0,... k3 such that b(vj41) — b(v;) < min{1, b(¢)},
- _d
¢ < j nj < b(¢hy) < b(yy) <nj+ 1 do=r 7, Px =1,
1 .
o<ttt 1y
pi 9 p
If f e Wi(RY) forall j € {1,...,k}
he TqZO(Xo) = he T{;:(Xo) = he TJZ(XQ) =...=> he TQZ:(XO)

HhHTZ{,(XO) < HHgHTZJJ(XO) + Cj(l + MN)(HhHTZJJ:i(XO) + ”f”sz(Rd))



Elliptic differentiable equations

000000000000 e00

ko) = min{k € No | (5(u) + 5) < min{1,5(6))}



Elliptic differentiable equations

ko) = min{k € No | (5(u) + 5) < min{1,5(6))}

o n < b(¥))<b(1)) < n+1 and b(1)) < b(e)

Ko(6, ) 1= ko6, 29 - min{k € N | 7.(B(#) — b(y)) < min{1, b(6)})
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ko) = min{k € No | (5(u) + 5) < min{1,5(6))}

o n < b(¥))<b(1)) < n+1 and b(1)) < b(e)

Ko(6, ) 1= ko6, 29 - min{k € N | 7.(B(#) — b(y)) < min{1, b(6)})

® n < b(¥)<b(¥) < n+1and b(s)) — b(y) < min{1, b(¢)}

ko, ) = kp(, r2¥)) + 1



Elliptic differentiable equations

ko) = min{k € No | (5(u) + 5) < min{1,5(6))}

o n < b(¥))<b(1)) < n+1 and b(1)) < b(e)

Ko(6, ) 1= ko6, 29 - min{k € N | 7.(B(#) — b(y)) < min{1, b(6)})

® n < b(¥)<b(¥) < n+1and b(s)) — b(y) < min{1, b(¢)}

ko, ) = kp(, r2¥)) + 1

1 :
0< == +E<1 and e WP (RYYY < [p;, p]



Elliptic differentiable equations
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Theorem

Let p €]1,00], g €]1,0], xo € RY and ¢,v € B be such that

—% < b(v), 0 < b(¢) and there exists n € Z such that

n < b(y) < b(y)) < n+1 .Let Ef = g be an elliptic differentiable
equation of order m at xy such that the coefficients of £ are

functions in T;(Xo) whose xp is a Lebesgue point. Let us suppose
that :

@ g€ Tpl(xo) W/th =

v

o &< and B(s) < () or B()  b(w) < min{L, b(8)},
o0< L =klbd) 1y

o f e WE (RY) for all p* € [p/, p]




Elliptic differentiable equations
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f=Jmh



Elliptic differentiable equations
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f=Jmh

Theorem

There exits Cp ,m such that for all o] < m, D*f € T]

(x0)

m—|a
and

1Dl oy S G (ML + MNYS1 g]|7a

m—|af

+ ko(,9)(L + MNYEO(|IF]| yyp gy + [1F 1]y o))

for all ¢ > 1 such that

op’§q’§ooif%< 7

op’§q’<ooifpl: 5




How to build ()1 <j<k

@000

First assume b(v)) = b(1)),

kol,) 1= min{k € No | (b(¥) + ) < min{L, b(@)}),



How to build ()1 <j<k

@000

First assume b(v)) = b(1)),

kol,) 1= min{k € No | (b(¥) + ) < min{L, b(@)}),

For all j € {0,..., k}, v defined by
@ Yy 1 r r_g,
° Y 1 r r_%(¢(r)r%)j+7s forall 1 <j <k,
° Yy =1h.

0<e< 1 such that
o 0 < L= (b(y) + ¢) < B (b(y) + ¢) < min{L, b(4)},
° —E+H,;€(b(1/)) )géZfor all je {1,...,k—1}.




How to build ()1 <j<k

@000

First assume b(v)) = b(1)),

kol,) 1= min{k € No | (b(¥) + ) < min{L, b(@)}),

For all j € {0,..., k}, v defined by
@ Yy 1 r r_g,
° Y 1 r r_%(¢(r)r%)j+7s forall 1 <j <k,
° Yy =1h.

0<e< 1 such that
o 0 < L= (b(y) + ¢) < B (b(y) + ¢) < min{L, b(4)},
° —E+H,;€(b(1/)) )géZfor all je {1,...,k—1}.

b(yj1) — b(ih) < min{1, b(¢)}



How to build ()1 <j<k

O0e00

Forall j € {0,..., k}

if f e Wh(RY)

11172y < 1815y + GiOL+ M)Al 52y 11

If £ € WE (RY) for all p/ € [p;, ps] with

1 1 1 1 k 1
— = — 4+ — and 0< — = p(¢7¢)+7<1
pL Ps g pi q Ps

1Al 72 (19 < Copt0s(M(L + MNY g 721 )
k(L MYy + 1l ).



How to build (v;)1<j<k
[e]e] 1o} -

If n < b(¥)<b(¥)) < n+ 1, two answers :
o If b(v)) < b(¥)

fa = minfk € No | (b(v) + ) < min{1,5(6))}
ke = min{k € No | L (B(¥) — b(v)) < min{1, b(3)}}.
W = 2L+ 7 (B()—b()

and ¢y, =1, b(¥j+1) — b(1h) < min{1, b(¢)}, b(v) < b(¢)
and so ¢ < 1);.



How to build ()1 <j<k

[ee] lo]

If n < b(¥)<b(¥)) < n+ 1, two answers :
o If b(v)) < b(¥)

fa = minfk € No | (b(v) + ) < min{1,5(6))}
ke = min{k € No | L (B(¥) — b(v)) < min{1, b(3)}}.
W = 2L+ 7 (B()—b()

and ¢y, =1, b(¥j+1) — b(1h) < min{1, b(¢)}, b(v) < b(¢)
and so ¢ < 1);.

1Al 72 () < Coupu.s(M(L + MNY 2 g 75
(k) (1 MNY (1] + 1))

wh L ko 1
Wlthpo—q+p.



How to build ()1 <j<k

[ee] lo]

If n < b(¥)<b(¥)) < n+ 1, two answers :
o If b(v)) < b(¥)

fa = minfk € No | (b(v) + ) < min{1,5(6))}
ke = min{k € No | L (B(¥) — b(v)) < min{1, b(3)}}.
W = 2L+ 7 (B()—b()

and 9y, = ¢, b(¥j41) — b(v;) < min{1, b(¢)}, b(v;) < b(¢)
and so ¢ < 1);.
1AL 70 0 < o (ML + MNY g 3
+ (k) (1 + MNY (1] gy + 11l Twz):

with % = %1 + %. We conclude by induction for
1 _ kitk 1
0<Pi_ q +p<1and1/).



How to build (U"j)l(ijxik
ocooe I

o If b()) > b(¢) but b(v)) — b(x)) < min{1, b(z))}



How to build (;)1<j<k

[eJele] )

o If b()) > b(¢) but b(x)) — b(zb) < min{L, b(¢))}, we choose «
such that max{—%7 n} < a < b(v),

b(¥)) — a < min{1, b(¢)}, in particular o ¢ Z

(e}

Y or—=r



How to build (;)1<j<k

[eJele] )

o If b()) > b(¢) but b(x)) — b(zb) < min{L, b(¢))}, we choose «
such that max{—%7 n} < a < b(v),

b(¥)) — a < min{1, b(¢)}, in particular o ¢ Z

(e}

Y or—=r

k= min{k € No | 7(b(4) + Z) < min{1,b(6)}} +1

1 _ k1
.—q+p<1

0<3



How to build (v;)1<j<k
oooe -

o If b()) > b(¢) but b(x)) — b(zb) < min{L, b(¢))}, we choose «
such that max{—%7 n} < a < b(v),

b(¥)) — a < min{1, b(¢)}, in particular o ¢ Z

(e}

Y or—=r

k= min{k € No | 7(b(4) + Z) < min{1,b(6)}} +1

1_ k1 el _ k=11 P
0< o =g+, <1l,if =52+, then he T} (x)



How to build (;)1<j<k

[eJele] )

o If b()) > b(¢) but b(x)) — b(zb) < min{L, b(¢))}, we choose «
such that max{—%7 n} < a < b(v),

b(¥)) — a < min{1, b(¢)}, in particular o ¢ Z

(e}

Y or—=r

k= min{k € No | 7(b(4) + Z) < min{1,b(6)}} +1

1_ k1 el _ k=11 P
0< o =g+, <1l,if =52+, then he T} (x)

Hh||-,—£i(X0) SCp7p/7¢,¢(M(1 + MN)k_ng‘|T7Zl(XO)
k(L MDAl gy + )
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