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Let xg € RY; a function f € L>°(RY) belongs to the Holder space
A*(x0) (e > 0) if there exist C > 0 and a polynomial Py, of degree
less than « s.t., for j large enough,

sup |f(xo + h) — Py (h)| < C279°.
|h|<2
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Let xg € RY; a function f € L>°(RY) belongs to the Holder space
A*(x0) (e > 0) if there exist C > 0 and a polynomial Py, of degree
less than « s.t., for j large enough,

sup |f(xo + h) — Py (h)| < C279°.
|hl<2—

Alternatively, let
AMf(x)=f(x+h)—f(x) and  AFT = A}ARF(x),

and BM(x0,277) = {x : [x0,%0 + (M + 1)h] C B(x0,27%)}.
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Let xg € RY; a function f € L>°(RY) belongs to the Holder space
A*(x0) (e > 0) if there exist C > 0 and a polynomial Py, of degree

less than « s.t., for j large enough,

sup |f(xo+ h) —

|| <2

P (h)| < C27«.

Alternatively, let

ALF(x) = f(x+ h) — f(x)

and AT = A}ANF(x),

and BM(x0,277) = {x : [x0,x0 + (M + 1)h] C B(x0,277)}.

We have f € A%(xp) iff

sup [|AlTHf

|h|<2

Lo (Bl (x,277)) =

< 27U, J
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The pointwise Holder spaces allow to define a notion of regularity
of f at xp: the Holder exponent of f at xp is defined as

h®) (x) = sup{a : £ € A%x0)}. ]
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The pointwise Holder spaces allow to define a notion of regularity
of f at xp: the Holder exponent of f at xp is defined as

h®) (x) = sup{a : £ € A%x0)}. ]

For multifractal functions f, this index h(>) can be a “very
irregular function”.
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The pointwise Holder spaces allow to define a notion of regularity
of f at xp: the Holder exponent of f at xp is defined as

h®) (x) = sup{a : £ € A%x0)}. ]

For multifractal functions f, this index h(>) can be a “very
irregular function”.

A good idea is to study the Holder exponent using global
quantities; the spectrum of f is defined as

D) (h) = dimy{x : h>)(x) = h}, J

where dimy stands for the Hausdorff dimension.
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Cantor's bijection: If x € (0,1) is an irrational number,
f(X) = f([O)X17X27X3aX47 .- ]) = [0,X1,X37 .. ]
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Cantor's bijection: If x € (0,1) is an irrational number,
f(X) = f([0>X17X27X3aX47 .. ]) = [0,X1,X3, .. ]
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Let

Hl< JG + 2)>Iogzu+k)'
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Let

b 1 log, (j+k)
Kk = H <1 + m) .

For almost every irrational number x € (0,1), we have

Iog KO Iog Kl

() .
() € | 30g Ky 2I0g Ko
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In order to better characterize the regularity of f, one can
generalize these notions.
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In order to better characterize the regularity of f, one can
generalize these notions.

One can for example replace the dyadic sequence appearing in the
right-hand side of the inequality by a more general sequence.
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In order to better characterize the regularity of f, one can
generalize these notions.

One can for example replace the dyadic sequence appearing in the
right-hand side of the inequality by a more general sequence.

A sequence o of real positive numbers is called admissible if
0j+1/0j is bounded.
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In order to better characterize the regularity of f, one can
generalize these notions.

One can for example replace the dyadic sequence appearing in the
right-hand side of the inequality by a more general sequence.

A sequence o of real positive numbers is called admissible if
0j+1/0j is bounded.

One sets

log, (inf xen log,(sup Tjtk
)= [l o €N o, )’ 5(0) = lim o ke o )
J J ! 7

)
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In order to better characterize the regularity of f, one can
generalize these notions.

One can for example replace the dyadic sequence appearing in the
right-hand side of the inequality by a more general sequence.

A sequence o of real positive numbers is called admissible if
0j+1/0j is bounded.

One sets
log, (inf xen log, (sup ey £
(o) = lim 2 < o ), (o) = lim 2 WEN o ),
J J J J
so that for any € > 0, there exists C > 0 s.t.
C-19i(s(0)—e) « Titk — Foj(s(a)+e). J
S50 S
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Examples:

o 0 = (277%);, with s(0) =5(0) = —q,
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Examples:

o 0 = (277%);, with s(0) =5(0) = —q,

e if :[0,1] — (0,00) is a weakly varying function, i.e. if it

satisfies
jim 207
x—0 gb(X)

=1 for any r > 0,
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Examples:

o 0 = (277%);, with s(0) =5(0) = —q,

e if :[0,1] — (0,00) is a weakly varying function, i.e. if it

satisfies
jim 207%)
x—0 gb(X)

=1 for any r > 0,

o = (2779¢(2/)); is an admissible sequence, with
s(0) =3(0) = —a (typically, ¢ = |log|).
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Given an admissible sequence, let

B0, 279) = {x s ey x+ ([s(o )] + DA € Blo,27)} |

if 35(071) > 0; we set By(x0,27/) = B(x0,27/) otherwise.
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Given an admissible sequence, let

Br(x0,277) = {x: [x,x + ([s(6™")] + 1)h] € B(xo,27)} |

if 35(071) > 0; we set By(x0,27/) = B(x0,27/) otherwise.

Let p> 1, f € L (R?), xo € R and o be an admissible sequence;
f € A (xo) if there exists C > 0 s.t., for j sufficiently large,

. s(o—1
215 sup ||A£7s( )]+1f||L"(Bh(X0,27j)) < CO'J J
|h|<2
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Given an admissible sequence, let

Br(x0,277) = {x: [x,x + ([s(6™")] + 1)h] € B(xo,27)} |

if 35(071) > 0; we set By(x0,27/) = B(x0,27/) otherwise.

Let p> 1, f € L (R?), xo € R and o be an admissible sequence;
f € A (xo) if there exists C > 0 s.t., for j sufficiently large,

. s(o—1
215 sup ||A£7s( )]+1f||L"(Bh(X0,27j)) < CO'J J
|h|<2

We have A%(xo) = A (x0), with o = (277%);.
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Proposition

Let p> 1, f € Lf (RY), xo € R? and o be an admissible sequence
s.t. s(o71) > 0; we have f € AJ(xo) iff there exists a sequence of
Polynomials (P x,); of degree less or equal to [s(c1)] s.t., for j
sufficiently large,

P
2a||f = Pjxollr(B(xo,2-y) < Coj-
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Proposition

Let p> 1, f € Lf (RY), xo € R? and o be an admissible sequence
s.t. s(o71) > 0; we have f € AJ(xo) iff there exists a sequence of
Polynomials (P x,); of degree less or equal to [s(c1)] s.t., for j
sufficiently large,

iP
2a||f = Pjxollr(B(xo,2-y) < Coj-

The “if part” comes from the Whitney Theorem.
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Proposition

Let p> 1, f € Lf (RY), xo € R? and o be an admissible sequence
s.t. s(o71) > 0; we have f € AJ(xo) iff there exists a sequence of
Polynomials (P x,); of degree less or equal to [s(c1)] s.t., for j
sufficiently large,

iP
2a||f = Pjxollr(B(xo,2-y) < Coj-

The “if part” comes from the Whitney Theorem.

In this general characterization, the polynomial is a function of the
scale j!
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In this general characterization, the polynomial is a function of the
scale j!

Theorem

letp>1, fe Ll’lc(Rd), xo € R? and o be an admissible sequence
st. 0<[s(o7 )] < s(o71); f € AY(xo) iff there exist a polynomial
P,, of degree < [5(c~1)] and C > 0 s.t., for j sufficiently large,

iP
2d||f = PellLr(B(xo2i)) < Coj-
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In this general characterization, the polynomial is a function of the
scale j!

Theorem

letp>1, fe Ll’lc(Rd), xo € R? and o be an admissible sequence
st. 0<[s(o7 )] < s(o71); f € AY(xo) iff there exist a polynomial
P,, of degree < [5(c~1)] and C > 0 s.t., for j sufficiently large,

iP
2d||f = PellLr(B(xo2i)) < Coj-

We recover the usual characterization.
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One can define a generalized Holder exponent using these spaces.
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One can define a generalized Holder exponent using these spaces.

This space give rise to a method for detecting the logarithmic
correction existing in stochastic processes, such as the Brownian
motion.

lin log
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The pointwise Holder spaces

Generalized Holder spaces

@ A wavelet characterization of the generalized Holder spaces

Irregularity spaces

A Multifractal formalism for the generalized Besov spaces
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One of the most remarkable practical feature of the Holder spaces
is their (nearly) characterization with wavelet coefficients.
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One of the most remarkable practical feature of the Holder spaces
is their (nearly) characterization with wavelet coefficients.

The “same result” holds here.
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Under some general assumptions, there exist a real-valued function
¢ and 29 — 1 real-valued functions (¢(’))1§;<2d defined on RY |
called wavelets, such that

{p(-— k) kezZ@yu{pN(. —k):1<i<29 kezd je No}}

form an orthogonal basis of L?(R).
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Under some general assumptions, there exist a real-valued function
¢ and 29 — 1 real-valued functions (¢(’))1§;<2d defined on RY |
called wavelets, such that

{p(-— k) kezZ@yu{pN(. —k):1<i<29 kezd je NO}J

form an orthogonal basis of L?(R).

Any function f € L?(R?) can be decomposed as

=Y G- Y Z_: S (2x — k).

kezd Jj=0 kezd i=1

oosveldt & . Nico ay Generalized Regularity Spaces Part |: A wavelet-based approach



We also need a notion of minimal regularity.

Local Besov spaces: f € B; ,(xo) if there exists A > 0 for which
there exist C > 0 and € € {9 s.t., for any J,

s_dy; 1/p
> e HIgp) T < cq.

|I—2ix0| <A
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We also need a notion of minimal regularity.

Local Besov spaces: f € B; ,(xo) if there exists A > 0 for which
there exist C > 0 and € € {9 s.t., for any J,

s_dy; 1/p
> e HIgp) T < cq.

|I—2ix0| <A

B 4(x0) is a Xu space.
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We will index the wavelet coefficients c('z with dyadic cubes.

j’
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)

We will index the wavelet coefficients c}ik with dyadic cubes.

A dyadic cube at scale j is a cube of the form

k i
A:E—FF—F[O

,ﬁ)d (kez?1<i<29). J
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)

We will index the wavelet coefficients c}ik with dyadic cubes.

A dyadic cube at scale j is a cube of the form

k i
A:E—i—ﬁ_F[O

,ﬁ)d (kez?1<i<29). J

We will write ¢ instead of CJ(',E
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Let us set

dp=sup( Y (@R D).

J=j .
M\ at scale j/

N cA
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Let us set

drp = S;up,( S (@ u”lc»l)") )

J'=2j .
M\ at scale j/

N cA

The p-wavelet leader of xy at scale j is defined by

dJ',P(XO) = sup d)\,pa J
)\€3)\j(X0)

where \j(xo) is the cube at scale j containing xo.

. Loosveldt & . Nico ay Generalized Regularity Spaces Part |: A wavelet-based approach



This definition is not a generalization of the p-leaders previously
defined!
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This definition is not a generalization of the p-leaders previously
defined!

@ There no need to introduce a multiplicative term insuring the

convergence,

@ these are easier to compute than the original ones.
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This definition is not a generalization of the p-leaders previously
defined!

@ There no need to introduce a multiplicative term insuring the
convergence,

@ these are easier to compute than the original ones.
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For the sake of simplicity, we will consider a wavelet basis of
regularity r > 5(c=1) such that there exists jo € N for which the
support of each wavelet is included in B(0,2/0).
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For the sake of simplicity, we will consider a wavelet basis of
regularity r > 5(c=1) such that there exists jo € N for which the
support of each wavelet is included in B(0,2/0).

If f € A7(x0), there exists C > 0 s.t., for j sufficiently large,
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For the sake of simplicity, we will consider a wavelet basis of
regularity r > 5(c=1) such that there exists jo € N for which the
support of each wavelet is included in B(0,2/0).

If f € A7(x0), there exists C > 0 s.t., for j sufficiently large,

The converse result cannot be true: in the usual case, a
logarithmic correction appears!
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-d
Let f € L} (R?) and o be an admissible sequence s.t. 27/rg; — 0;
f € N] og(x0) if there exists C > 0 s.t., for j sufficiently large,

-d o= d
2% sup HA[S( f”LP(B,,(xo 2-iy) < Coyj|logy(2™ PUJ)|
|h|<2
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.d
Let f € L} (R?) and o be an admissible sequence s.t. 27/rg; — 0;
fen Iog(XO) if there exists C > 0 s.t., for j sufficiently large,

-d S(o— d
2% sup . HAE( f”LP(B,,(xo 2-iy) < Coj|logy(2™ PUJ)|
|h|<2-J

Theorem

|
o

Let f € L (R?) and o be an admissible sequence s.t. 2777 g; — 0;
if there exists € > 0 s.t. f € By, ,,(x0) and if there exists C > 0
s.t., for j sufficiently large,

dj p(x0) < Coy,

then f € A7 |, (x0).
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If one replaces f € Bj ., (x0) with f € B;OO(R"), these results hold
with other wavelets.
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If one replaces f € Bj ., (x0) with f € B;OO(R"), these results hold
with other wavelets.

In some way, this result is optimum.
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If one replaces f € Bj ., (x0) with f € B;OO(R"), these results hold
with other wavelets.

In some way, this result is optimum.

To formalize it, we need the notion of prevalence.
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In infinite dimensional Banach spaces, there is no o-finite
translation invariant measure.
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In infinite dimensional Banach spaces, there is no o-finite
translation invariant measure.

In the setting of complete metric vector spaces, to obtain a notion
of “almost everywhere”, one has to turn a characterization of
Lebesgue measure zero Borel sets into a definition.
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In infinite dimensional Banach spaces, there is no o-finite
translation invariant measure.

In the setting of complete metric vector spaces, to obtain a notion
of “almost everywhere”, one has to turn a characterization of
Lebesgue measure zero Borel sets into a definition.

Let E be a complete metric vector space; a Borel set B C E is
Haar-null if there exists a Borel probability measure p, strictly
positive on some compact set K C E such that u(B + x) = 0 for
any x € E.
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In infinite dimensional Banach spaces, there is no o-finite
translation invariant measure.

In the setting of complete metric vector spaces, to obtain a notion
of “almost everywhere”, one has to turn a characterization of
Lebesgue measure zero Borel sets into a definition.

Let E be a complete metric vector space; a Borel set B C E is
Haar-null if there exists a Borel probability measure p, strictly
positive on some compact set K C E such that u(B + x) = 0 for
any x € E.

A subset of E is Haar-null if it is included in a Haar-null Borel
subset of E; the complement of a Haar-null set is called a
prevalent set.
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In infinite dimensional Banach spaces, there is no o-finite
translation invariant measure.

In the setting of complete metric vector spaces, to obtain a notion
of “almost everywhere”, one has to turn a characterization of
Lebesgue measure zero Borel sets into a definition.

Let E be a complete metric vector space; a Borel set B C E is
Haar-null if there exists a Borel probability measure p, strictly
positive on some compact set K C E such that u(B + x) = 0 for
any x € E.

A subset of E is Haar-null if it is included in a Haar-null Borel
subset of E; the complement of a Haar-null set is called a
prevalent set.

In this setting, a properties that holds on a prevalent set is satisfied
almost everywhere.

. Loosveldt & . Nico ay Generalized Regularity Spaces Part |: A wavelet-based approach



Theorem

From the prevalence point of view, a.e. function satisfying the
previous hyptohesis with p = oo, i.e.

dj.o(x0) < Coj,

does not belong to AZ_(xp).

. Loosveldt & S. Nicolay
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The irregularity spaces allow to define the notion of strongly
mono-Holder function.
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The irregularity spaces allow to define the notion of strongly
mono-Holder function.

They allow a better understanding of the Holder spaces.
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We say that f € LP (R?) belongs to I5 (x0) if there exist C >0

loc
s.t., for j sufficiently large,

id s(o— 1L 1
25 sup |ABCT I g o2y = Coj.
|h|<2-i
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We say that f € LP (R?) belongs to I5 (x0) if there exist C >0

loc
s.t., for j sufficiently large,

id s(o— 1L 1
2% sup _HAE( b fHLP(B,,(xo,z—J)) > Coj.
|A|<2—J

Proposition

Let f € LP (Rd), xo € R? and o be an admissible sequence; if

loc

there exists C > 0 s.t., for j sufficiently large,

dj p(x0) = Coy,

then f € I7(x0).
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The function f € L (R9) belongs to T7(x0) if it both belongs to
/\g(Xo) and Ig(Xo).
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loc

The function f € L? (R?) belongs to T7(x0) if it both belongs to
/\g(Xo) and Ig(Xo).

Theorem

Let f € L (R?), xo € RY and o be an admissible sequence s.t.
—d/p < s(071); let us suppose that there exists ¢g > 0 s.t.

f € BY(x0). If f € TF(x0), then there exist C,C" > 0 s.t., for j
sufficiently large

Y

| |0g2(27j

paj)|
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Let o > 0,
a function f belongs to A%(RY) if f € A%(x) for every x with a

uniform constant,
a function f belongs to I (RY) if £ € [2(x) for every x with a

uniform constant.
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Let o > 0,

a function f belongs to A%(RY) if f € A%(x) for every x with a
uniform constant,

a function f belongs to I (RY) if £ € [2(x) for every x with a
uniform constant.

A function f belongs to TZ (RY) if f € A*(RY) N 1Z(RY).
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Let o > 0,

a function f belongs to A%(RY) if f € A%(x) for every x with a
uniform constant,

a function f belongs to I (RY) if £ € [2(x) for every x with a
uniform constant.

A function f belongs to TZ (RY) if f € A*(RY) N 1Z(RY).

For any a > 0, T2 (R9) is a prevalent subset of A%(RY).
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The pointwise Holder spaces

Generalized Holder spaces

A wavelet characterization of the generalized Holder spaces

Irregularity spaces

@ A Multifractal formalism for the generalized Besov spaces
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Let p > 1; a function f € L (RY) belongs to T&(x0) (e > —d/p)
if there exist C > 0 and a polynomial P, of degree less than «
s.t., for h sufficiently small,

1 1/p
_ — < @
= (/B(XOyh) If — Py dx) < Ch
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Let p > 1; a function f € L (RY) belongs to T&(x0) (e > —d/p)
if there exist C > 0 and a polynomial P, of degree less than «
s.t., for h sufficiently small,

1 1/p
) — < £
Bt Po8) " 0r |

The p-exponent of f at xg is defined as

hP)(x0) = sup{a : £ € TP(x0)}. J
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Let p > 1; a function f € L (RY) belongs to T&(x0) (e > —d/p)
if there exist C > 0 and a polynomial P, of degree less than «
s.t., for h sufficiently small,

1 1/p
) — < £
BP0

The p-exponent of f at xg is defined as

hP)(x0) = sup{a : £ € TP(x0)}. J

The multifractal of f p-spectrum is defined as

DP)(h) = dimy {x : hP)(x) = h}. ]
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If p = oo (with the usual modifications in the definition), we
recover the “classical notion” of regularity based on the Holder
spaces :

h>)(x0) = sup{a : £ € A*(x0)}. ]
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If p = oo (with the usual modifications in the definition), we
recover the “classical notion” of regularity based on the Holder
spaces :

h>)(x0) = sup{a : £ € A*(x0)}. ]

We aim at finding conditions (functional spaces) under which

D®)(h) ~ d + g(h— s(o~1)). ]
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We can generalize the oscillation spaces:

Let p>1, g > 0 and o be an admissible sequence; f belongs to
09, (RY) if (G;) € L9(Z7) and there exists C > 0 s.t., for any j,

( 3 (aj2*%1d§’p)l/qgc.

A at scale j
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We can generalize the oscillation spaces:

Let p>1, g > 0 and o be an admissible sequence; f belongs to
09, (RY) if (G;) € L9(Z7) and there exists C > 0 s.t., for any j,

( S (aj2—%fd§’p)l/qgc.

A at scale j

Proposition

Let p > 1, g > 0 and o be an admissible sequence and
f € By 4(x0) for some € > 0; if f € (’)g: (R9) then

dimg{x : hP)(x) < h} < d + q(h— s(c 7).
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Indeed, it won't be necessary...
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Indeed, it won't be necessary...

Proposition

Let p>1, ¢ > 0 and o be an admissible sequence s.t. s(c~1) >0
and s(071) > d(1 — 1); we have 03 '(R9) = Bg (RY).
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Let us define these generalized Besov spaces!

. Loosveldt & . Nico ay Generalized Regularity Spaces Part |: A wavelet-based approach



Let us define these generalized Besov spaces!

We have
BS o = [H5, H¥laq J

with s = (1 — a)t + au, where H} and Hp are Sobolev spaces.
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Let us define these generalized Besov spaces!

We have
BS o = [H5, H¥laq J

with s = (1 — a)t + au, where H} and Hp are Sobolev spaces.

One can define generalized interpolation spaces by replacing the
dyadic sequence with an admissible sequence.

. Loosveldt & . Nico ay Generalized Regularity Spaces Part |: A wavelet-based approach



Let us define these generalized Besov spaces!

We have
BS o = [H5, H¥laq J

with s = (1 — a)t + au, where H} and Hp are Sobolev spaces.

One can define generalized interpolation spaces by replacing the
dyadic sequence with an admissible sequence.

Theorem

. . g
Let r,s € R and o be a generalized sequence |r11f1—+k > 1 and
Ok

r<s(o) <s(o) <s;

we have

Bpq = Hp, Hplog-

V.
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It also works with the “classical” Besov spaces W;.
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It also works with the “classical” Besov spaces W;.

Theorem
Let p, g € [1,00], o be an admissible sequence such that

inf 2Ltk > 1 and k,n € Ny be such that
k Ok

k <s(o) <s(o) <n;
We have

B, = {fewWk: (z—flalaj‘ sup 1Ay Dpef||0); € £9V]al = K}.
h|<2—i

<
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It also works with the “classical” Besov spaces W;.

Theorem

Let p, g € [1,00], o be an admissible sequence such that

inf 2Ltk > 1 and k,n € Ny be such that
k Ok

k <s(o) <s(o) <n;
We have

B, = {fewWk: (z—flalaj‘ sup 1Ay Dpef||0); € £9V]al = K}.
h|<2—i

<

These spaces are still considered nowadays in connection with
embeddings, limiting embedding, entropy numbers, probability
theory and theory of stochastic processes.
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Proposition

Let p>1, q,r > 0 and o be an admissible sequence s.t.
s(c™!) > 0and s(c™1) > d(L — L); if £ € BY,"(RY) then
o for anyh<s( 1y —d/p,
{x: hP)(x) = h} =0,
e for any h > s(c™1) —d/p,
{x:hP)(x) < h} < d+q(h—s(c1)).

oosveldt & . Nico ay Generalized Regularity Spaces Part |: A wavelet-based approach



Theorem

Let p>1, g,r > 0 and o be an admissible sequence s.t.

5(c7) =s(c71) > 0and s(c7 1) > d(% - %); from the prevalence
point of view, for a.e. function f € Bg;l, the p-spectrum is defined
on [s(¢7 1) — d/p,s(c71)] and for any h belonging to this interval,
we have

dimy {x : hP)(x) = h} = d + g(h — s(c?)).

Moreover, for a.e. x, h(P)(x) = s(c~1).
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