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Abstract. In this paper we develop magnetic induction conforming multiscale formulations for
magnetoquasistatic problems involving periodic materials. The formulations are derived using the
periodic homogenization theory and applied within a heterogeneous multiscale approach. Therefore
the fine-scale problem is replaced by a macroscale problem defined on a coarse mesh that covers the
entire domain and many mesoscale problems defined on finely-meshed small areas around some points
of interest of the macroscale mesh (e.g., numerical quadrature points). The exchange of information
between these macro and meso problems is thoroughly explained in this paper. For the sake of
validation, we consider a two-dimensional geometry of an idealized periodic soft magnetic composite.
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1. Introduction. The use of numerical methods for solving electromagnetic
problems is today widespread. Indeed, analytical solutions of Maxwell’s equations
are not always available when facing the complexity of real-life devices with compli-
cated geometries and materials exhibiting a possibly nonlinear or hysteretic behavior.
In this paper we are interested in multiscale magnetoquasistatic (MQS) problems.
These problems arise from Maxwell’s equations when the wavelength of the exciting
source is much greater than the size of the structure so that the displacement currents
can be neglected. This is the model that describes the physics of most electric power
systems: electric generators, motors, and transformers.

The finite element (FE) method is a frequently used numerical method for solving
MQS problems for its easiness to handle problems involving both nonlinearities and
complex geometries. To this end, a mesh of the structure is generated and Maxwell’s
equations are weakly verified on average on elements of the mesh, which is ensured
by integrating these equations elementwise. If the problem is well-posed, the finer the
mesh, the more accurate the numerical solution.

Soft ferrites, lamination stacks, and soft magnetic composites (SMC) are multi-
scale materials used in MQS applications. For instance, soft ferrites help reducing the
magnetic losses in high-frequency transformers; the cores of electrotechnical devices
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are laminated to limit the eddy current losses; and the SMCs ease the manufacturing
of three-dimensional paths in electrical machines.

For problems involving such multiscale materials, the application of classical nu-
merical methods such as the FE method becomes prohibitive in terms of the compu-
tational resources (time and memory) storage whence the use of homogenization and
multiscale methods. Using these methods, the multiscale problem is replaced by the
homogenized problem defined on the homogeneous domain with slowly varying fields.
The performance of homogenization and multiscale methods for MQS problems can
be compared by evaluating their ability to

e derive a homogenized problem that can be easily solved;
handle nonlinearities;
deal with materials with complex microstructures;
deal with partial differential equations involving curl operators;
compute global quantities such as the eddy currents or magnetic losses;
e recover local fields at critical points of interest.

The first homogenization approach used to analytically characterize properties of
composites materials was based on mixing rules [47, 63]. More elaborate theoretical
methods such as the asymptotic expansion method [7], the G-convergence [50, 64],
the I-convergence [22, 15, 21], the two-scale convergence [51, 67], and the periodic
unfolding methods [18, 19] allow one to construct the homogenized problem and de-
termine the associated constitutive laws. Equations resulting from these methods
can be used to develop multiscale methods. A nonexhaustive list of these multiscale
methods include the mean-field homogenization method [16, 20], the multiscale finite
element method [41, 32], the variational multiscale method [17, 44], and the hetero-
geneous multiscale method (HMM) [31, 1, 27]. In electromagnetism such methods
have been developed mainly for materials with linear [9, 10, 38, 48, 14, 13] and non-
linear [39, 5, 12] magnetic material laws. While some preliminary results concerning
electromagnetic hysteresis can be found in [61], there is to date no generic multi-
scale method able to accurately handle hysteretic materials in complex geometrical
configurations.

In this paper we develop such a multiscale method to treat MQS problems in-
volving multiscale materials that can exhibit linear, nonlinear, or hysteretic behavior
with the main focus on the development of weak formulations for the homogenized
problem. Using results from the theory of homogenization for the nonlinear electro-
magnetic multiscale problem obtained by Visintin, we develop the magnetic vector
potential formulations for the multiscale, the macroscale, and the mesoscale problems.
The formulations are then validated on simple two-dimensional geometry. The multi-
scale method is inspired by the HMM and is based on the scale separation assumption
e < 1, where ¢ = [/L is the ratio between the smallest scale I and the scale of the
material or the characteristic length of external loadings L. The fine-scale problem is
replaced by a macroscale problem defined on a coarse mesh covering the entire domain
and many mesoscale problems that are defined on small, finely meshed areas around
some points of interest of the macroscale mesh (e.g., numerical quadrature points).
The transfer of information between these problems is performed during the upscaling
and the downscaling stages that will be detailed hereafter.

The paper comprises five sections. In section 2 we derive the MQS multiscale
and homogenized problems from the multiscale problem that was studied by Visintin
in [65, 67]. In section 3 we derive the weak forms of the multiscale MQS problem.
Section 4 deals with the multiscale weak formulations for homogenized MQS prob-
lems. Starting from the distributional equations that govern the MQS homogenized
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problem, we develop magnetic vector potential formulations for the macroscale and
the mesoscale problems. Scale transitions are also thoroughly investigated. Section 5
concerns the application of the theory to a simple but representative two-dimensional
problem: the modeling of a soft magnetic composite. Conclusions are drawn in the
last section.

2. Derivation of the homogenized magnetoquasistatic problem. In this
section, the homogenized MQS problem is derived. The derivation uses two main
ingredients: the MQ@S assumptions which makes it possible to neglect the displace-
ment currents and the homogenization of the corresponding multiscale problem. The
derivation of this paper is made easier by applying the MQS assumptions to the ho-
mogenized PH multiscale problem that was already carried out in [65, 67] instead of
applying the homogenization theory to the parabolic elliptic (PE) multiscale prob-
lem derived from the PH multiscale under appropriate assumptions (see Figure 1). In
[65, 67], existence and uniqueness of the solution was proved via the approximation by
time-discretization, the derivation of a priori estimates, and the passage to the limit
via compensated compactness and compactness by strict convexity. The homogenized
problem was then derived using the two-scale convergence theory for the fields and
the convergence of functionals used to define constitutive laws. In section 2.1 we recall
Maxwell’s equations that govern the evolution of electromagnetic fields and we define
the function spaces used for solving these equations in the weak sense. In section 2.2,
we recall the PH multiscale problem and its homogenization as done in [65, 67]. This
homogenized problem is then used in section 2.3 for the derivation of the homoge-
nized PE problem. In the rest of the section, we use the capital letters P, H, and E
to denote the parabolic, hyperbolic, and elliptic problems, respectively. Thus, the PH
multiscale problem denotes the parabolic hyperbolic multiscale problem whereas the
PE-PH homogenized problem denotes the homogenized problem with a PE problem
at the coarse scale and a PH problem at the fine scale. The PE problem corresponds
to the MQS problem.

2.1. Maxwell’s equations and the function spaces. Consider the electro-
magnetic problem in an open domain Q7 := Q x Z with Q C R3 and Z = (0,7] C R.
The electromagnetic fields are governed by the following Maxwell equations and con-
stitutive laws [8, 11, 42]:

(2.1a—c) curlh =j+j, +ede, curle=-9;b, divb=0 inQx7Z,
(2.2a-b) b(z,t) = B(h(x,t),x), j(x,t)=T(e(x,t),z) V(x,t)eQxT.

The field h is the magnetic field, b the magnetic flux density, 7 the electric current
density, j, the imposed electric current density (source), and e the electric field. The
material laws (2.2) are expressed in terms of the mappings B : R? x  — R? and
J : R3 x Q — R3, linear or not, accounting for the magnetic and electric behavior,
respectively. The domain € is subdivided into conducting (€2.) and nonconducting
(2F) parts, the former being where eddy currents can appear. The boundary of the
domain {2 is denoted I". In sections 3 and 4 we derive the weak solutions of the MQS
problem using the magnetic vector potential formulations [4, 43, 60, 3]. In sections 3
and 4, some structural restrictions on the computational domain are assumed for the
existence and the uniqueness of the solution [60, 3, 4]. The domain €2 is assumed to
be simply connected with a Lipschitz connected boundary I'. The conducting domain
Q. is an open subset strictly contained in 2 which can be connected or not. In the
latter case, Q. = U";Q% where Q% i = 1,2,..., m are connected components of
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Q.. For simplicity we assume the nonconducting domain Q¢ to be connected. The
case of a nonconnected QS can be also easily treated. The system of equations must
further be completed by an initial condition on the magnetic flux density assumed
to be divergence-free, i.e., divb® = 0. The superscript © is used to denote initial
condition, i.e., b = b(-,0). This condition together with (2.1b) naturally implies
Gauss magnetic law (2.1c). In the rest of this section, we ignore Gauss magnetic law
which is automatically fulfilled under Faraday’s equation (2.1b) together with this
initial condition divb® = 0 (see [65, 67]).

The solutions of the fullscale, the macroscale, and the mesoscale problems must
belong to the right function spaces. For almost every ¢ € 7, these functions spaces
are defined as the domains of the differential operators grad,curl, and div with
appropriate nonhomogeneous boundary conditions prescribed on the boundary I':

(2.3) H'(Q) = {ue L*(Q) : gradu € L*(Q)},
(2.4) H(curl; Q) := {u e L*(Q) : curlu € L2(Q)} ,
(2.5) H(div; Q) := {u € L*(Q) : divu € L*(Q).

The spaces H} (), Ho(curl;Q), Ho(div;€) denote the same spaces as the corre-
sponding spaces in (2.3)—(2.5) with traces equal to zero, i.e.,

(2.6) H)(Q) == {u e H'(Q),ulr =0},
(2.7 Hy(curl; Q) := {u € H(curl;Q),n x ulr =0},
(2.8) H(div; Q) := {u € H(div; Q),n - u|r = 0}.

The spaces H (curl 0; ), H(div 0; ) denote the nullspace of the operators curl and
div, respectively. In sections 3 and 4 we consider the following Bochner spaces for the
potentials, solution of the multiscale and the macroscale problems:

(2.9) L*(0,T;V) and L*(0,T;V*),

where V' can be any vector space (in sections 3 and 4 we use V' := Hg(curl; Q)) and
V™ is the dual of V. The mesoscale problem leads to the solutions that belong to the
spaces:

(2.10) L*R3;W):={u:R} - W :

1
2
lwllp2@s.w) = (/ u(z, b))% dtdx) <00y,
R?x

T

where the separable Banach space W is defined on the mesoscale domain Y = ,,.
For the homogenized PH problem, two spaces were used in place of W: the nullspaces
H (curl0;)) and H(div0;)Y). The symbol Y is used for functions defined on Y with
periodic boundary conditions.

2.2. Homogenization of the parabolic hyperbolic multiscale problem.
From now on, we consider Q = R? and derive the parabolic hyperbolic multiscale
problem along the lines of [65, 67].

PROBLEM 2.1 (PH multiscale problem). The PH multiscale problem was derived
from Mazwell’s equation by neglecting the displacement currents with respect to the
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eddy currents in the conducting domain (i.e., eOre® < j° in Q).

(2.11a-D) curlh® = 5° + 5, + (1 — xq, )€ Or€®, curle® = —9;b°,
(2.12a-b) b°(z,t) = B (h*(z,t),x), j°(x,t) = T°(e°(z,t),z) V(z,t) € R},

where the function x,_ is the characteristic function, different from zero only on the
conducting domain Q.. The superscript € is used to denote the multiscale dependency
of the fields. All derivatives are defined in the distribution sense.

In [65, 67], Gauss magnetic law divb® = 0 was ensured by imposing the initial
condition on b such that divb*® = 0. The material laws (2.12) are expressed in
terms of the mappings B° : R? x Q — R3 and J° : R? x Q) — R3 defined by

(2.13) B*(h®,z) = B(h®,x,x/¢c), T (ef,x) =T (e, x,x/e),

where the operators B : R? x Q@ x Y — R? and J : R? x Q x xY — R3 are used
to represent two-scale composite materials for which the characteristic length at the
mesoscale is €. By abuse of notation, we use B and J instead of B and J in the rest
of the text. For the analytical and theoretical study of the multiscale Problem 2.1 we
assume that the nonlinear mapping B is maximal monotone and therefore it can be
derived by the minimization of a convex, lower-semicontinous functional. It also has an
inverse B~! = H that can be derived from a conjuguate convex, lower semi-continuous
functional [33, 35, 59]. This covers cases of linear and nonlinear reversible magnetic
laws. However, one of the major advantages of the computational homogenization
approach proposed in section 4 is the inclusion of hysteretic laws in the numerical
model by means of classical hysteresis models (e.g., Preisach, Jiles—Atherton, etc.). We
will thus lift this hypothesis once we consider the computational framework. We will
still assume that the mapping J is maximal monotone and has an inverse J ' = £.
In practice, this assumption holds as the materials we consider in this paper are
electrically linear.

Problem 2.1 has been extensively analyzed. A homogenized problem with coarse
and fine problems was derived considering some assumptions on the constitutive laws,
the initial conditions (IC), and the current source j,. These assumptions are recalled
in Assumptions 1-3.

Assumption 1 (regularity of the IC and the sources). Assume that the initial
conditions b°° and e and the source J, fulfill the following regularity conditions:

(2.14a<¢) b € L*(R?), e* € L*(Q9), j, € L*(Q x I), divb™ =0, divj, = 0.

Equation (2.14d) together with (2.11b) ensures Gauss magnetic law div b = 0.

Assumption 2 (assumptions on the constitutive laws). Assume that the electrical
law is given by j° = o€ €°, where the electrical conductivity o° is definite positive in
Q., and that the mapping B is maximal monotone.

These restrictions on the mappings cover a wide range of material laws usually
encountered in applications. They cover the linear electrical materials, the linear
and the nonlinear reversible magnetic materials, as well as soft magnetic materials for
which the hysteresis loop can be approximated using the maximal monotone operators.
However, the hard magnetic materials are not covered.
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Assumption 3 (convergence of the initial conditions). Assume that the initial con-
ditions by and e§ converge in the classical and the two-scale senses, i.e.,
(2.15a-b) b’ - by in L*(R3x ), b — (b)), = by, in L*R?),
(2.16a-b) e <> ed in L*(QF x ), e’ — <68>Y =€, in L*(QF).
These fields are used as initial conditions for the fine and the coarse problem, respec-

tively. The curly brackets (f), are used to denote the average of the function f over
the cell domain Y, i.e.,

1 1
Py = 71 /Y iy =g |, fu=Fa,.

where |Y] is used to denote the volume of the domain ¥ = €,,.

Using Assumption 1 for the IC and the source term and Assumption 2 for the
constitutive laws, the following PH-PH homogenized problem was derived from the
multiscale Problem 2.1 [67].

PROBLEM 2.2 (PH-PH homogenized problem). The PH-PH homogenized problem
has been derived from Problem 2.1 with the following two coarse and fine problems:
Coarse problem: find hyr,ens,bar, gy € L2(R3T) such that
(2.17&7[)) curl, h), = j]\4 +js + (1 — XQC)EMate]\/[, curl, ey; = —0:byy,
(2.18a-b) by =By (b, x), o = Tmlen,x) for ae (x,t) € R x T.

Fine problem: find hg,eq € L*(R3.: H(curl0;))) and hy, e, by, j, € L*(R:
H(div0;)Y)) such that

(2.19a-b) curl, hys + curl, by = jo + (1 — x,, )edzeo,

curl, ejr + curl, e; = —0;by,
(2.20a-b) by = B(ho,x,y), jo = T (eo,x,y) for ae. (x,y,t)€R>xY xT,.
The macroscale fields are obtained as averages of the zero order terms, i.e., fy =
(fo)y- All the derivatives are defined in the distribution sense.

Equation (2.17b) together with div, b3, = 0 implies the coarse scale Gauss mag-
netic law div, by = 0. The equations of the fine scale (2.19a-b)—(2.20a-b) involve
the nullspaces that can be decomposed as [67, 68, 57, 49]:

(2.21) H(curl0;Y) =R* @ H,(curl0;Y) =R* ® grad, H}(Y),
(2.22) H(div0;Y) =R* @ H.(div0;Y) =R* @ curl, H,(curl;)).

Using the decompositions in (2.21) and (2.22), each field f, of H(curl0;)) or
H(div0;)) can be written as the sum of an average value (f;),, € R?® and a zero

average perturbation f,,. The second equalities in (2.21) and (2.22) are obtained using
the Helmholtz decomposition of L2()):

(2.23) L2(Y) = grad, H(Y) @ curl, H,(curl; ),

which applies for fields with periodic boundary conditions. Indeed, the subspace of
gradients of a harmonic function which appears in the general decomposition of L?
fields is dismissed in the case of periodic functions (2.23) and for 2 = R™ [24, 40].
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The decomposition (2.23) was used by Visintin for the convergence of functionals
used to derive the nonlinear magnetic material laws. For almost every (z,t) € R3,
the decompositions in (2.21)—(2.22) lead to the decompositions of the first order terms
eg = ey +grad, v, and by = by + curly a, with v € H!(Y) and a. € H,(curl; ).

If the mappings B and J are maximal monotone, then the mappings By, and J ps
are also maximal monotone. Their inverses H s = BX} andEy =T ;41 can therefore
be determined by minimizing the convex conjugate functionals and determined by
means of the mesoscale problems hereafter [67].

For the mapping H s, find a. € H.(curl; Y) such that

(2.24) (H (by + curly a.,z,y), curl,al) =0, Va, € H,(curl;))

and then derive: Hps(bar + Be, ) = (H(by + Be, x, y))y-
For the mapping J y, find v, € H}()) such that

(2.25) (T (exr +grad, v, y) grad, o)) =0 Vol € H(Y)

and then derive J y(en + Ec,x) = (T(eym + Ec,xby))y.
The operators

(2.26) Be:Y xR* = LY(Y) : (y,bar) — be = Be(y, bur),
(2.27) E:Y XR3 = L2(Y) : (y,en) — ec = Ecly, enr)

are solution operators for the mesoscale problems with b, = B.(y,by) = curl, a.
and e, = £.(y,en) = grad, v.. If the mappings H and J are linear, problem
(2.24)—(2.25) is equivalent to the cell problem obtained using the asymptotic expansion
theory [62, 7, 68]. The dual formulation allows one to define similar problems for the
constituitive laws By, = H,; and Ey = T3

2.3. Homogenization of the parabolic elliptic multiscale problem. The
MQS problem can be derived by applying the MQS assumption to Maxwell’s equa-
tions. This assumption can be derived by comparing the following physical param-
eters of the problem: L. and Ly, which are the coarse and fine scale characteristic
lengths (e.g., the sizes of the coarse and the fine domains), Ay and Apz, which are
the coarse and the fine wavelengths, respectively, and d. and d¢, the coarse and the
fine skin depths, respectively. The wavelengths and the skin depths are defined by
Ay =21/ (w/l€), An = 27/ (w\/lin€nr) » 0 = \/2/wop and Opr = \/2/w o e,
where o); and € are the homogenized electric conductivity and permittivity that can
be obtained by solving a linear electrokinetic and electrostatic cell problems [55, 56]
and s is the nonlinear homogenized magnetic permeability which can be determined
from (2.24). Additionally, the magnetostatic (MS) problem can de derived from the
MQS problem by neglecting the eddy currents if the MS Assumption 5 is fulfilled. The
conditions that lead to the MQS and the MS problems are stated in Assumptions 4-5.

Assumption 4 (MQS assumption). Displacement currents at the coarse and fine
scales can be neglected if the following conditions are fulfilled:
1. The displacement currents at the coarse scale (1 — xﬂc)e mOrepr can be ne-
glected if A./L. > 1.
2. The displacement currents at the fine scale (1 — x,, )edieo can be neglected
if \p/Ly>1.
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TABLE 1
Type of problems depending on the predefined physical parameters of the problem.

# Problem | Ae/Le | Af/Ly | 6c/Le | 65/Ly | Multiscale | Coarse | Fine
(1) ~1 ~1 ~1 ~1 PH PH PH
(2) >1 ~1 ~1 ~1 PH P PH
(3) ~1 ~1 >1 ~1 PH H PH
(4) ~1 ~1 >1 >1 H H H
(5) >1 >1 ~1 ~1 PE PE PE
(6) >1 >1 >1 ~1 PE E PE
(7) >1 >1 ~1 >1 PE PE E
(8) >1 >1 >1 >1 E E E

Assumption 5 (MS assumption). The coarse-scale and the fine-scale eddy cur-
rents can be neglected if the following conditions are fulfilled:
1. The coarse scale eddy currents j,, can be neglected if there is no net coarse
scale eddy currents (e.g., in the case of perfect insulation) or if d./L. > 1.
2. The mesoscale eddy currents j, can be neglected if there are no conducting
materials in the cell unit (i.e., Qe =0) or if 67/Lf > 1.

The combination of the parameters defined above lead to the multiscale and
homogenized problems defined in Table 1. In this paper we focus on the PE multiscale
problem 2.3 derived using Assumption 4.

PROBLEM 2.3 (PE multiscale problem). This problem can be derived from Prob-
lem 2.1 if point 2 of Assumption 4 is fulfilled. In that case, the displacement currents
edies can be neglected in the entire domain leading to the following equations:

(2.28a-D) curlh® = j° + 3, curle® = —9;b°,
(2.29a-D) b° = B°(h°,x), JIF=TJ°(e%,x) for a.e. (x,t) € R3..

Gauss magnetic law divb® = 0 is automatically verified if the initial condition divbg =
0 s imposed.

The homogenized PE problem can be derived from the PE multiscale Problem 2.3
using the two-scale and the convergence of functionals as done in [65, 67]. This ap-
proach was used in [52] where the multiscale Problem 2.3 was solved using the vector
potential formulation and then homogenized. In this paper we choose a different
approach. We use results of the homogenized PH problem and apply the MQS As-
sumption 4 to derive the homogenized PE problem as illustrated in the commutative
diagram in Figure 1. If points 1 and 2 of Assumption 4 are valid, the coarse-scale and
the fine-scale displacement currents can be neglected, leading to the following PE-PE
homogenized problem.

PrROBLEM 2.4 (PE-PE homogenized problem). This problem can be derived from
the multiscale Problem 2.2 with the following coarse and fine problems:
Coarse problem: find har,enr,bar,Jyr € LQ(R%) such that

(2.30a-b) curl, hyr = 3,5 + 35, curl, ey = —0ibyy,

(2.31a-b) by = Byr(har, @), o = Tmlen,x) for ae (x,t) € R® x T.
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Homogenization
Multiscale Problem 2.1 Homogenized Problem 2.2
PH problem
Assumption 4 Assumption 4
- Homogenization -
Multiscale Problem 2.3 Homogenized Problem 2.4
PE problem
Assumption 5 Assumption 5
- Homogenization -
Multiscale MS problem — Homogenized MS problem
Elliptic problem

Fic. 1. Diagram illustrating the derivation of the homogenized MQS and MS problems.

Fine problem: find hg,eq € L*(R3.: H(curl0;))) and hy,e;, by, j, € L*(R:
H (div0;)Y)) such that

(2.32a-b) curl, hys + curly by = j, curl, eys + curl, e; = —0:by,
(2.33a-b) by = B(ho,x,y), jo = T (eo,x,y) for ae. (z,y,t) ER*xY xT.

FEquations (2.30a-b) and (2.32a-b) are defined in the distribution sense.

3. The magnetoquasistatic approximation. In this section we develop the
weak formulations for the multiscale problem (2.28a—b)—(2.29a-b). We omit the su-
perscript ¢ to lighten the contents of the section.

3.1. Magnetic flux density conforming formulations: Dynamic case.
We assume the electrical constitutive law in (2.2b) to be of the form j = oe, where
o is the electric conductivity assumed to be piecewise constant. We want to solve
(2.28a—b)—(2.29a-b) using the so-called magnetic flux density conforming formulation
11, 25, 58].

From Gauss magnetic law divb = 0 and (2.28b), the electric field e and the
magnetic flux density b can be expressed in terms of the so-called modified magnetic
vector potential a as

(3.1) b=curla and e =—0a.

We therefore derive the following weak form of Ampere’s equation (2.28a) (see [4, 43]):
find a € L*(0,T; V) with d;a € L?(0,T; V") such that

(3.2) (h,curla’)q — (j4,a)a = (4,.a)a,

holds for @’ € V. The vector potential a is not uniquely defined and a gauge condition
must be imposed [4, 46]. The space V' = H(curl; Q) with the homogeneous boundary
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conditions has been defined in (2.9) and its use leads to the neglect of the boundary
term (n x h,a’)r in (3.2).

The magnetic vector potential formulation for the three-dimensional MQS prob-
lem leads to the following problem.

PROBLEM 3.1 (weak form of the three-dimensional MQS problem). Using (2.29a—
b) and introducing (3.1) in (3.2), one gets the weak form: find a € L*(0,T; V) with
dra € L?(0,T; V™) such that
(3.3) (0 da,a’)q, + (h,curla’)q = (4,,a")a

s

foralla € V.

The two-dimensional case with all currents perpendicular to the section is ob-
tained by assuming the source current density j, = js(z,y)1,, where 1, is the unit
vector along the z axis. If the electric conductivity o is such that o3 = 0 = 093,
then z-components of the magnetic field h and of the magnetic flux density b van-
ish and it is possible to derive the magnetic flux density b from a scalar potential
a.(x,y) with @ = a,1,. In this case the curl operator can be expressed in terms
of the grad operator as curl := 1, X grad and the magnetic flux density reads
b= curla =1, x grada,. The weak form of the two-dimensional problem can be
derived from (3.3).

PROBLEM 3.2 (weak form of the two-dimensional MQS problem). The weak form

of the magnetic vector potential formulation of a two-dimensional MQS problem reads
as follows: find a, € L*(0,T; H () with 8;a, € L*(0,T; H1(Q)) such that

(3.4) (0 0has,a})q, + (h, 1, x grada’)a = (s, a’)a,

for all a, € H}(Q). The space H=() is the dual of H}(Q).

3.2. Magnetic flux density conforming formulations: Static case. The
static case can be derived as a particular case of the dynamic problem where eddy
currents are neglected. The following three-dimensional weak form is obtained from
(3.3): find a € Hy(curl; Q) such that
(3.5) (h,curla’)q = (3,,a )a,
for all @’ € Hy(curl; Q). The vector potential a is not uniquely defined and a gauge
condition must be imposed.

Analogously the following two-dimensional weak form is derived from (3.4): find
a, € H} () such that

(36) (h7 1z X grad a/z)ﬂ = (jsa a/z)Qs

for all o/, € H}(Q)

4. Multiscale magnetic induction conforming formulations. A first ap-
proach in numerical homogenization consists in precomputing the material law. In the
case of a material with a linear law and periodic microstructure, only one mesoscale
problem must be solved in order to get the homogenized quantity independent of the
macroscale mesh. For the homogenized MQS Problem 2.4, the macroscale prob-
lem is governed by (2.30a-b)—(2.31a-b). The homogenized magnetic constitutive
law (2.31b) can be computed by solving the boundary value mesoscale problem
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(2.24). For the reversible nonlinear magnetic material laws, the points of the ma-
terial law Hjps can thus be computed for different values bps, e.g., on the grid
by = (1 Abpg, k Abpy, j Abyy) with the discretization 4,5,k = —N, —(N — 1),...,
-1,0,1,...,N — 1, N in each direction and Aby; = bps/(2N) the discretization step,
and then interpolated to get the values of at any point of the application range. This
approach was used in [12].

Hereafter, we develop a coarse-to-fine method inspired by the HMM method in-
troduced by E and Enqguist [1, 2, 26, 27, 28, 29, 30]. Note that the so-called FE?
method [36, 45] popular in the computational mechanics community predates the
HMM method and is based on the same overall philosophy, albeit in a more restric-
tive setting. This method allows one to upscale on-the-fly a homogenized material
law from the mesoscale problems that account for eddy currents at the mesoscale
level. These mesoscale problems also allow one to recover exact electromagnetic fields
at the mesoscale level. This approach becomes quasi-unavoidable when dealing with
problems with hysteresis for which the precomputation of the homogenized magnetic
laws described above and the computation of local fields are not adapted as they do
not account for the history of the material.

In this section we derive the magnetic vector potential formulations for the homog-
enized problem starting with the mesoscale problems governed by the distributional
equations (2.32a—b)—(2.33a—b) and the macroscale problem governed by the distribu-
tional equations (2.30a—b)—(2.31a~b). The index ,, is used to denote the restriction
of first order terms indexed ¢ on the mesoscale domain €2,, (e.g., the restriction of the
field by on 2, is denoted by b,;,). The index M refers to the macroscale problems.

4.1. Magnetic flux density conforming multiscale formulations: Dy-
namic case.

4.1.1. The macroscale problem. The macroscale MQS problem was derived
in (2.30a-b) of the homogenized Problem 2.4

(4.1a—c) curl, hyy = j,,, curlyey = —9iby, divpeby =0 inQx7Z,

(4.2a-b)  hp(x,t) = Har (b + Be,x) ,
Jv@,t)=Tm(em +Ecx) Y(x,t) e QxL.

In (4.2a) we use the mapping H s instead of the mapping B), originally used
in Problem 2.4. This mapping is guaranteed to be uniquely defined if B is a max-
imal monotone mapping [66]. The unknown homogenized fields hys, by, epr, and
Jas exhibit slow fluctuations; they can therefore be well approximated on a coarse
mesh. The macroscale fields satisfy the same boundary conditions as the multiscale
fields. Appropriate initial conditions must also be provided as specified in Assumption
3. Note however that the constitutive laws (4.2a-b) are not readily available at the
macroscale level. They will be upscaled using the mesoscale fields.

In the case of a linear electric law j,;, = J pm(en) = oaen, one computation
suffices to extract the homogenized conductivity ops (see details in [7, 55, 54]). In the
case of a nonlinear mapping H s, we derive another mesoscale problem which accounts
for the eddy current effects at the mesoscale level. This mesoscale problem (with eddy
currents) is thus embedded in a HMM approach to compute the constitutive homog-
enized magnetic law on the fly. Furthermore, it enables the accurate computation
of local mesoscale fields and the upscaling of more accurate global quantities such as
the eddy currents losses. The derivation of the homogenized constitutive laws from

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/10/18 to 205.208.116.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

MULTISCALE FE MODELING OF QUASISTASTIC PROBLEMS 311

the solution of the mesoscale time-dependent problem (2.32a—b)—(2.33a~b) instead of
the boundary value problem defined by 2.24 was proved by Visintin (see, e.g., [67,
Theorem 7.3]).

Using results of section 3.1 we can derive the three-dimensional macroscale weak
formulation of (4.1)—(4.2).

PROBLEM 4.1 (weak form of the three-dimensional MQS macroscale problem).
The weak form of the three-dimensional macroscale problem reads as follows: find
ay € L?(0,T; Ho(curl; Q)) with 0;a € L*(0,T; (Ho(curl; Q))*) such that

43 (a ,’) (h, Lp’):(',’)
(4.3) UMtaMaMQ—i— M, cur aMQ .]SaMQ

c s

holds for all test functions a’y, € Ho(curl; Q).

The macroscale magnetic field hys(x,t) = Has(curl, aps + be, x, t) is dependent
on the mesoscale solutions b.. The vector

(4.4) be = (60, B2, b, ... pNer))

is a collection of magnetic field corrections obtained by applying the solution operators
in (2.26) for mesoscale problems corresponding to Gauss points (9. The vector 5,
represents the eddy currents and j, represents the source current density imposed in
the inductors €.

For the two-dimensional case, we get the following problem.

PROBLEM 4.2 (weak form of the two-dimensional MQS macroscale problem). The
weak form of the two-dimensional macroscale problem reads as follows: find a,n €

L2(0,T; HY(Q)) with dya,n € L2(0,T; H-1(Q)) such that

(4.5) (JM&gazM,a;M)Q + (hM,lz x grad, a’zM>Q = (js,a;M>Q

holds for all test functions a’,,, € Hg ().

The homogenized magnetic law H s in (4.3) for the three-dimensional problem
and in (4.5) for the two-dimensional problem is upscaled using the mesoscale fields as
described in the following section.

4.1.2. The mesoscale problem. The governing equations of the mesoscale
problem with eddy currents which, unlike problem (2.24)—(2.25), also enable one to
recover accurate local electromagnetic fields, are a modified version of the two-scale
problem (2.32a-b)—(2.33a-b). These equations read

(4.6a-b) curlh, =3j,,, curl ey + curl ye; = —0;b,y,
(4'73‘7b) hm(IB,y,t) :%(bm<w?y’t)>way)’ jm(wayvt) = J(em($7yat)’$7y)’

in which we keep the curl of h® instead of using its two-scale decomposition given in
(2.32a). In this equation, h}, is the restriction of the multiscale magnetic field h® to
the representative volume element €2,,, also called the “mesoscale domain.” We can
thus use both nonlinear reversible and irreversible (hysteretic) material laws. Problem
(4.6a—b)—(4.7a—b) contains macroscale fields assumed constant at the mesoscale level,
so that the mesoscale problem can be written in terms of the mesoscale coordinates
y. This is the case if the scale separation assumption is fulfilled.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/10/18 to 205.208.116.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

312 NIYONZIMA, SABARIEGO, DULAR, JACQUES, AND GEUZAINE

The two-scale convergence theory allows us to express the curl of the elec-
tric field at the mesoscale level in terms of the curl of the electric field at the
macroscale and the curl of the mesoscale correction term, i.e., curl, e,, = curl, ep +
curl, e;. Using the Faraday law at the macroscale together with the vector identity
curl, (O;by X y) = (n—1)9:by (n = 2,3 for two-dimensional and three-dimensional
problems, respectively) we can write

(4.8) curly e, = curl, (61 + enm + k(curl, epr x y))
= curl, (61 + ey — k(b X y))

with k = (n — 1)~} since curl, e); = 0. Similar developments have been proposed
in [48] and [34] for the electric and the magnetic fields in linear cases. Inserting the
orthogonal decomposition of the mesoscale magnetic induction b,, = by + curly a.
we get

(4.9) curl zey + curl yeq = —0,(by + curl, a.).

From (4.9) we get curl, (e; + 0,a.) = 0 which, together with the orthogonal decom-
position (2.22), leads to the expression of the first order term of the electric field ey
in terms of the correction terms a,. and v, as

(4.10) e, = —0ia. — grad, v..

At the mesoscale level, the first order term e;(x, -, t) must be chosen in H.(curl;))
for almost every (x,t) € R3.. In section 4.1.3 we will show that a. is tangentially
periodic and we will choose v, to be periodic on the mesoscale domain €2,,. Using
these developments, we can derive the mesoscale three-dimensional weak formulation.

PROBLEM 4.3 (weak form of the three-dimensional MQS mesoscale problem). The
weak form of the three-dimensional mesoscale problem reads as follows: find a. €
L?(0,T; H . (curl; ) with d,a. € L*(0,T; (H.(curl; ¥))*) and v. € L*(0,T; H(Y))
such that

(4.11) (a(’?tac7 aé) + (h, curlya’c) + (Ugradyvc, a’c)

me m me

= (o’(eM — kO:bpr X y),aé)Q ,

mec

(4.12) (U@tac, gradyvé) + (agradyvc7 gradyvé)

me me

* !
+ <n JJVIaUc>F

mc gm

= (U(eM — kOibyr X ), gradyvé)Q

hold for all test functions al, € H,(curl; V) and v, € H:(Y).

The magnetic field is given by h(x,y,t) = H(curlya.(x,y,t) + by (x,t), z,y)
and the boundary term (n x h,a,)r  is omitted due to the periodicity of h = hg (see
the definition of function space in (2.10)) and of a,. The domain €2,,,. with boundary
Iy is the conducting part of the mesoscale domain and the electric current density
Jam = omens is obtained from the macroscale solution.

For the two-dimensional case, the following mesoscale weak formulation can be

derived.
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F1G. 2. Scale transitions between the macroscale (left) and the mesoscale (right) problems.
Downscaling (macro to meso): obtaining proper boundary conditions and the source terms for the
mesoscale problem from the current macroscale solution. Upscaling (meso to macro): calculating
effective quantities (e.g., material properties) for the macroscale problem from the mesoscale solution
[53].

PROBLEM 4.4 (weak form of the two-dimensional MQS mesoscale problem). The
weak form of the two-dimensional mesoscale problem reads as follows: find a,. €

L*(0,T; HX(Y)) with ya.. € L*(0,T; (HL(Y))*) and u. piecewise constant on Qe
for almost every (x,t) € RS such that

(4.13) (Uatazca a’,/zc)
= (U(EM — kO;bys X y)7 1zalzc> )

(4.14) (Uatazc, u’c>

+ (h, 1, x grad, a’ZC)Q + (ch,alzc)

mc m mc

me

+ (ch, u’c)Q = (U(eM — kKObpr X 1Y), 1Zu’c>

me mc me

hold for all test functions a’,, € H}(Y) and ul, piecewise constant on Q.

4.1.3. Scale transitions. The macroscale and the mesoscale problems in sec-
tions 4.1.1 and 4.1.2 are not yet well-defined. Indeed, the macroscale magnetic law
H s is not readily available at the macroscale level and the mesoscale problem re-
quires source terms bys, eps and j,, and proper boundary conditions to be well-posed.
These two problems need to fill the missing information by exchanging data between
the macro and meso levels. The so-called scale transitions comprise the downscaling
and the upscaling stages (see Figure 2).

During the downscaling, the macroscale fields are imposed as source terms for
the mesoscale problem. Boundary conditions for the mesoscale problem are also
determined so as to respect the two-scale convergence of the physical fields, i.e., the
convergence of the magnetic flux density (b,,)q,, = bas leads to the following condition
on the tangential component of the correction term of the magnetic vector potential
a., which is fulfilled if

(4.15) / curla.(z,y,t)dy = j{ n X a.(x,y,t)dy =0 Y(x,t) € R3..
QTYI

I

This condition is fulfilled if a.(x,-,t) belongs to the space H.(curl;)), ie., if a, is
tangentially periodic on the cell.

Additionally, grad, v.(z, -, t) = ei(x, -, t)—0:a.(x, -, t) also belongs to H ,(curl; V),
which is automatically ensured by the curl theorem:

(4.16) / n x grad, v.dy = / curl, grad, v.dy.
Ty Q

m

Further we choose a periodic v..
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The convergence of the electric current density (j,,)q,.. = Jas also leads to the
following relation:

(4.17) / Ju(@y. ) dy

= —/ U(atac(w,y,t) + grad v.(x, y,t)) dy =0 V(z,t) € RE.
erc

The upscaling consists in computing the missing constitutive laws oas, Has to-
gether with OH s /0bys at the macroscale using the mesoscale fields. Due to the
linearity of the electric law, the asymptotic expansion theory can be applied. There-
fore, we compute once and for all the homogenized electric conductivity by solving a
unique cell problem. A similar approach was also adopted in [12].

The upscaling of the nonlinear magnetic law is performed by averaging the mag-
netic field (consequence of the two-scale convergence of the magnetic field):

(4.18) hp(x,t) = Hy (b (x,t), )
= |Ql|/ H (curl, ap(z,t) + curly ac(x,y,t), z,y) dy.
mc Qe

For the ith Gauss point, the Jacobian expression reads

dHwm 1 / ( OH OH OB, >
(4.19) 2l Jo. \ 2o y

dby 0b, Oby

with be(x,y,t) = curly ac(x,y,t) = B. (y, curl, an(x,t)) and by, = curl, an. The
derivative with respect to the mesoscale vector potential ays is given by
dHy  dHwm dby

4.20 = .
( ) dCl,M dbM daM

The computation (4.19) involves the Fréchet derivative of B, with respect to the
macroscale magnetic density by;. This derivative can be evaluated numerically using
the finite difference. In [54], several mesoscale problems per Gauss point were solved
in parallel. A first problem is solved using (4.11)—(4.12) for the three-dimensional
problems (resp., (4.13)—(4.14) for the two-dimensional case) to find the solution when
a macroscale source by, is applied. Then, a time and space independent magnetic
induction perturbation term ¢&b; oriented along the ¢ directions (; =, and ) is
added to the macroscale source terms. Therefore, three (resp., two) additional prob-
lems analogous to (4.11)—(4.12) (resp., (4.13)—(4.14) for the two-dimensional case) are
solved in order to determine the Jacobian dHy/dby needed for the Newton—Raphson
scheme. The total magnetic induction b, for these problems are expressed as

(4.21) b,, = by+curly, a.+0b; = curly, (a. + k(by X y) + k(0b; X y)) = curl, a,,,
which can be derived from the total magnetic vector potential:
(4.22) an, = a. —grad, v, + k(by x y) + k(db; x y).

These developments allow one to transform the three-dimensional equation (4.11) into

(4.23) (a@tac, aL)Q + (’H(curlyac + by + 0bs, x,y), curlyagQ

mc m

+ <0gradyvc,a’6>Q = (U(eM — KkOybys X y),aé)

me

Qe
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Notice that the time derivative of the constant term in (4.22) disappears. We also
modify the two-dimensional equation (4.13) as

(4.24)

(Uatazc,alzc)g + (’H(lz x grady a,. + by + 6b;, x,y), 1, x grad, a’zc)Q

me m

+ (ch, a’zc)ﬂ = (U(eM — KOtbar X Y), 1zalzc)Q

me me

Equations (4.12) and (4.14) remain unchanged. This leads to the solution hp; 4+
0p P, where 0 hyy is the perturbation of the magnetic field in direction i. We can
therefore compute the elements of the tangent matrix as

<8’HM> - (5bihM)j
j

(4.25) Dbay 5b;

Further mathematical justifications of the numerical computation of the tangent ma-
trix are given in section 4.2.

4.2. Finite element implementation. In this section we discuss the numerical
implementation of the homogenized problem using the finite element method. The
numerical approximation involves errors the sources of which can be numerous in the
case of the MQS problem:

o the error due to the the finiteness of the mesoscale domain (instead of ¢ — 0),
e the error due to the modified mesoscale problem (4.6a—b),
e the error due to scale transitions,
e the error due to the approximation using a finite-dimensional space in the
Galerkin approximation,
the error due to Euler’s time stepper,
e the error in the Newton—Raphson scheme used for solving the nonlinear
macroscale and mesoscale problems,
e the error due to the resolution of the linear systems,
e the error in reduced Jacobian,
e the error resulting from the application of the homogenization near the bound-
aries of the computational domain, etc.
This paper does not deal with the error analysis.

Using a similar approach to the one used in [52], the macroscale and mesoscale
equations are solved using the finite element method. The fields aff and af are
approximations of the continuous fields ayr and a. on the discretized computational
domain and a’! € (0,T] x W%,o and all € (0,T] x W}, where ><W%7O and W'o

are discrete subspaces of H?(curl; Q) and H(curl; Q,,)

Num
(4.26) ay(zx,t) ~ alt(x,t) = ZaM,p(t)a{va(m)

Ne
and  all(y,t) ~ all(y,1) =Y al)(Hal ,(y),
p=1
where the superscript ¢ = 1,2, ..., Ngp refers to the enumeration of mesoscale prob-

lems, and Ny and N are the number of degrees of freedom for discretized fields
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at the macroscale and the mesoscale, respectively. Space discretization leads to the
semidiscrete coupled problem:
Find waveforms [an (), alt t),..., a.gNGP)(t)] such that

(4.27) My0ron + Fulo, ac) =0,
and for the mesoscale problems i = 1,..., Ngp
(4.28) Mol + Fr(a® ol 0,a()) =0

for a given set of initial values [aM(tO),agl)(to),...,agNGP)(to)], where My :=
(omaw, ajy)a, with ay and ajy, the ansatz functions, and the functions Fy (- - - ) and
Fum(---) are the semidiscrete terms involving the nonlinear magnetic terms stemming
from (4.3) and (4.11) by inserting (4.26).

The time discretization using an implicit Euler method followed by the use of
the Newton-Raphson method to solve the resulting nonlinear problem leads to the
following Jacobian:

(k)
(4.29) JGP = —

N
5‘(1%\3[’_’“) Bagl’J_’k) dallNerik)
8.7:'(11.77]6) 6‘7:'(11.77]‘7)
n aai’f,j,m aa("f,m 0 0
M C
: 0 0
9F WNap.i.k) 9 F Nar.j.k)
PO R W T )
where al(\z’k) and agi’j #) denote the jth Newton—Raphson iterates and
(4.30) FG = Fu(af? al®),
(4,4,k) (4,4,k—1)
i, i, i,5,k) © -«
fgnyj’k) = Fm <a£ 7Lk)aoé\/[] k)7 B At A ) )
k

where the superscripts £ and j are used for time steps and the Newton—Raphson
iterations. See [52, section 4] for more details on the derivation of the Jacobian
(4.29). In practice, one does not solve the system above but the Schur complement
system with the reduced Jacobian defined by

. . . —1 .
(131) Jub = Mo OFY S [ 0FGY (Mm 6?&2*’“)) OF )

Aty 8a1(\i’k)_i=1 aaﬁi’j”“) Aty 8a£i’j’k) 6051(\2”’]“)
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Algorithm 1 Pseudocode for the monolithic FE-HMM.
INPUT: macroscale source j, and mesh.
OUTPUT: macroscale fields, mesoscale fields, and global quantities.
procedure MACROSCALE PROBLEM
t + to, initialize the macroscale field anlt, = ano,
for (k< 1 To Ntg) do > the macroscale time loop (index k)
for (j < 1 To N}:) do > the macroscale NR loop (index j)
for (i < 1 To Ngp) do > parallel solutions of meso-problems (index 1)
downscale the macroscale sources,
compute the mesoscale fields, see Algorithm 2,
compute and upscale the homogenized law Hyr and

OHi/Oby
end for ,
assemble the Jacobian j%’k) from (4.31) to solve the macroscale problem.
end for

end for
end procedure

Algorithm 2 Pseudocode for one mesoscale problem.

INPUT: macroscale sources and the mesoscale mesh.
OUTPUT: homogenized law Hy and OHy/Oby, per Gauss point for N, problems.
procedure MESOSCALE PROBLEM
prescribe periodic boundary conditions, impose sources,
t + ty, initialize the correction term acls,,
for (p + 1 To N3 ) do > solve N mesoscale problems for the kth time step

dim dim

for (j + 1 To N{R) do > the mesoscale NR loop (index j)
assemble the matrix and solve the mesoscale problem.
end for
end for

end procedure

The overall FE-HMM method is described in Algorithms 1 and 2. It starts with
the initialization of the macroscale problem followed by a time loop. For each time
step, a nonlinear system is solved using the Newton—Raphson method until conver-
gence (i.e., the residual resys is smaller than some prescribed tolerance toly). There-
fore, Nap mesoscale problems are solved in parallel and the homogenized law is ob-
tained. The term (%“; + Bﬂ:g’j’k)/aagm’m)_l (8.7-'%’]"@/801&’]’]6)) in (4.31) can be
interpreted as the discretization of the Fréchet derivative (9B /dbyr) in (4.19) (see
52)).

4.3. The static case. The static problem can be seen as a simplified version
of the dynamic problem obtained by neglecting the time derivatives. The macroscale
weak formulation is derived from the a — v formulation described in the section 4.1.1.
The three-dimensional macroscale weak formulation reads as follows: find ay; €
H . (curl; Q) such that

(4.32) (ha,curl, GM)Q = —(n x hu, a3\4>1“h + (Jss a'/M)QS
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/F o7, Q

Inductor SMC

I

N 55 °)

Fic. 3. Two-dimensional soft magnetic composite geometry (only 100 grains out of the actual
400 are drawn). Top and bottom inductors carry opposite source currents. The dimensions are
L = 1000 um, eq = 150+/2/2 um, e; = 100 um, and egap = 100 pm.

holds for all test functions a}, € H %(curl; ). The two-dimensional macroscale
problem reads as follows: find a5 € H}(£2) such that

(4.33)  (ha, 1. x grad, aly,)g
= —(n x hy,al1)r, + (j57a/zM)QS Val € H(Q).

The three-dimensional mesoscale problem can be derived from (4.11): find a. €
H . (curl; Y) such that

(4.34) (#(curlya. + by, x,y), curlyar), =0 Va, € H,(curl;Y)

and the two-dimensional mesoscale formulation reads as follows: find a.. € HL())
such that

(4.35) (M(1. x grad, a.. + by, @, y), 1. x gradyal), =0  Val. € H(Y).

5. Numerical tests. The models developed in the previous section are valid
for the general three-dimensional problems. In this section we apply the models to
solve nonlinear two-dimensional eddy current problem involving nonlinear/hysteretic
materials using Problems 4.2 and 4.4.

5.1. Description of the problem. We consider an SMC material to test the
ideas developed in the previous sections. An idealized two-dimensional periodic SMC
(with 20 x 20 grains) surrounded by an inductor is studied. We solve this academic
problem using the SMC structure depicted in Figure 3. (Only 10 x 10 grains are
shown.)

The source current j, is imposed perpendicular to the zy-plane j, = (0,0, js)
with js = jsos(t), where jgo is the amplitude and s(t) = sin(27 ft). Therefore, the
problem can be solved using a two-dimensional magnetic vector potential formulation
with @ = (0,0, a,), thus constraining the magnetic flux density b in the xy-plane.
Only one fourth the structure is considered for numerical computations thanks to the
symmetry. (See Figure 4, left, for the reference geometry and Figure 4, right, for
the homogenized geometry.) In both cases, the following boundary conditions are
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SMC SMC

Air / Air
7N N

Fic. 4. Geometry used for computations (one fourth taking advantage of symmetries). Left:
reference geometry (only 25 grains out of the actual 100 are depicted). Right: homogenized geometry.

i

imposed on ['y¢, I, and T'y:

(51) (’I’L : b) e =0 <= (n X a)|Finf =0,
(5.2) (B, =0 < (nxa)y, =0, (nxh), =0

We consider operating frequencies smaller than 50kHz, which corresponds to
Ay and Apr >~ A = 6000m. The smallest wavelength of the source is much larger than
the length of the structure (~ 500um) so that the assumption of a MQS problem can
be made.

All materials are isotropic, so that the magnetic field h has only xy components.
The conducting grains (electric conductivity o = 510°S/m) are surrounded by a
perfect insulator, linear and nonmagnetic (y, = 1). The grains are governed by the
following magnetic laws:

1. a nonlinear exponential law H(b) = (o + 8 exp(||b]|?)) b with o = 388,83 =
0.3774, and v = 2.97 [23];

2. a Jiles—Atherton hysteresis model with parameters M, = 1,145,500 A/m,
a=59A/m, k=99A/m, ¢ =0.55, and o = 1.310~*. (See [37, 6] for more
details on the Jiles—Atherton model and the meaning of the parameters it
uses.)

Results obtained using the computational homogenization (subscript “M” for
Macro and “m” for meso) are compared to the reference results (subscript “Ref”)
obtained solving the reference problem (i.e., the weak form of (2.28a-b)—(2.29a-b) on
a very fine mesh.

Some quantities of interest (global quantities and errors) are defined and used for
numerical validation. The global quantities are the reference and the computational
homogenization eddy currents losses:

TPRef(t) = (a|6ta€(w,t)|2) dil?,
(5.3) /Q

TPm(t) —/QTPump(a:,t)dx—/sz(mlm'/Q (o]0ram(z,y,1)|?) dy) dz.

mc

The equivalent quantities in terms of the magnetic energy can be defined.
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Az proj

ze
—2.3125¢ — 06 —le — 06 3.125¢ — 07 —1.61045¢ — 07 —3.01187e — 08 1.00808e — 07
— — | —

A—
—

Az tot
—2.34262 — 06 —1.03012e — 06 2.82381e — 07
| —

Fic. 5. Terms contributing to the total mesoscale magnetic vector potential for a cell prob-
lem centered at (325,25,0.0)um. Top: the z-component of the projection term Gproj(®,y,t) =
apy(z,t) + k(y X by(x,t)). Middle: the z-component of the correction term ac(x,y,t). Bot-
tom: the z-component of the total mesoscale vector potential atot(x,y,t) {nonlinear case with
jso =35 x 107A/m?, f = 25 kHz}.

Two types of errors are defined as follows:
e the relative error in terms of the eddy current losses:

| TPm — TP Ref |0, 1)

(5.4) Err,p =
| 7P res |l (0, 1)

e the pointwise relative error on the fields by and by,:

(5.5) Errd (x) = [ bm(; ) — bref (@, ) [|12(0,1)
" | brer (@) 220, 7) ’
Errd (z) = [ bm (2, ) = bres(2,°) [l12(0,7)

| bref(z) HL2(0,T)

5.2. Results. Results of the reference and the multiscale problems are compared
in this section. The latter are obtained by solving a finite element problem on the
entire, finely meshed multiscale domain (110,282 triangular elements). Computational
results are carried out on a macroscale, coarse mesh (42 quad elements). Mesoscale
problems are solved around each numerical quadrature point of the macroscale mesh
using a fine mesh (4125 triangular elements).

Figure 5 depicts the different contributing terms involved in the resolution of
the mesoscale problem. The projection term which varies linearly on the mesoscale
domain is computed from the macroscale fields as aproj(®, y,t) = anm(x,t) + £(y X
bar(x,t)). This term is then used as a source for the computation of the correction
term a.(x,y,t) at the mesoscale level which allows one to derive the total magnetic
vector potential aior(x,y,t) = ac(x,y,t) + ap(x,t) + x(y X by (x, t)).

The spatial cuts of the magnetic induction b and the eddy currents j, are shown
in Figure 6. The agreement between the reference solution and the mesoscale solution

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/10/18 to 205.208.116.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

MULTISCALE FE MODELING OF QUASISTASTIC PROBLEMS 321

TABLE 2
Soft magnetic composite problem—b-conform formulations. Comparison of the reference and
the computational (macroscale and mesoscale) magnetic flux density (||b|| [T]) at different points of
the macroscale domain {t = 6-1076 s}.

Position (um) | Reference Meso Macro Errg(w)(%) Errg[(w)(%)
(25,25,0) 0.0157652 | 0.0158937 | 0.0347775 0.82 120.60
(25,475,0) 0.0186482 | 0.0181317 | 0.0403767 2.77 116.52

(175,175, 0) 0.0158077 | 0.0158738 | 0.0346577 0.42 119.25

(475, 25,0) 0.0156693 | 0.0158615 | 0.0345838 1.23 120.70

(475,475, 0) 0.0184396 | 0.0158563 | 0.0417285 14.01 126.30
TABLE 3

Soft magnetic composite problem—b-conform formulations. Relative L2(0,T) errors of the
mesoscale and the macroscale magnetic flux density with regard to the reference, Errg(a:) and

Errg[(az), respectively, at different points of the computational domain.

Position (um) Errg(m)(%) Errlt\’/I () (%)
(25, 25,0) 3.27 11.49
(25,475, 0) 493 15.13
(175,175, 0) 3.01 11.88
(475,25,0) 3.04 12.27
(475, 475, 0) 15.46 22.91

on a cell around certain Gauss points in the computational domain proves excellent.
As expected, small discrepancies are observed near the boundary of the domain (see
Tables 2 and 3).

Table 2 displays the values of || b || obtained from the reference solution (Refer-
ence), the macroscale solution (Macro), and the mesoscale solution (Meso) and the
corresponding relative pointwise errors (Error meso, Error macro) for t = 6 - 1076 s.
In this table, we observe that the mesoscale error increases with the proximity to the
boundary of the computational domain. In the bulk, the error is around 1% and rises
up to 14% at the boundary. Indeed, cells located near the boundary do not respect
the periodicity assumption; they are not immersed in a periodic environment. The
macroscale error is huge and almost independent of the location of the considered
point.

Table 3 provides the relative L?(0,T) error defined by (5.5). Results of Table 3
allow us to draw the same conclusions as those from Table 2, i.e., the error increases
as the point gets closer to the boundary of the computational domain.

Figure 6 depicts the evolution of the eddy currents losses for excitations at 50 Hz
and 2500 Hz (which correspond to the case with enhanced skin effect). A good agree-
ment between Joules losses is observed for both frequencies: a maximum error of
1.41% and 6.69 % are observed for f = 50 Hz and f = 2500 Hz, respectively.

Table 4 contains the relative L>°(0,T) error of the Joule losses defined by (5.4)
as a function of frequency.

Figure 7 shows the convergence of the residual resulting from the resolution by
the Newton—Raphson method as a function of the number of nonlinear iteration. It
can be seen that the macroscale problem converges quadratically while the mesoscale
problems converge at an average rate of 1.33.

6. Conclusions. In this paper we have developed a computational multiscale
method inspired by the HMM approach to solve nonlinear, possibly hysteretic MQS

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/10/18 to 205.208.116.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

322 NIYONZIMA, SABARIEGO, DULAR, JACQUES, AND GEUZAINE

%1070 Joule losses at f=150Hz Joule losses at f = 2500 Hz
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Fic. 6. SMC problem, b-conform formulations, hysteretic case. Instantaneous Joule losses and
absolute error between the reference (Ref) and the computational (Comp) solutions. Hysteretic case.
Left: f =50 Hz. Right: f = 2500 Hz.

TABLE 4
Soft magnetic composite problem—b-conform formulations. Relative L>°(0,T) norm error on
the total Joule losses as a function of the frequency.

Frequency (Hz) | Err.p (%)
50 1.41
100 1.46
250 1.61
1000 3.42
2500 6.69

1072

Tolerance
Tolerance

10 5

10 10F 10 w9

—e— Macro

Tteration Tteration

Fic. 7. SMC problem, b-conform formulations, hysteretic case. Convergence of the error as a
function of nonlinear iterations. Top: mesoscale problem. Bottom: macroscale problem.

problems on multiscale domains (e.g., composite materials, lamination stacks, etc.).
To construct the computational multiscale model, we combine theoretical results from
two-scale convergence theory and asymptotic homogenization. The two-scale conver-
gence and periodic unfolding methods are used for deriving the partial differential
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equations governing fields at both the macroscale and the mesoscale levels, valid in
the nonlinear regime and in the presence of curl differential operators. Asymptotic
homogenization is used for defining a mesoscale problem in the case of linear consti-
tutive laws (e.g., the linear electric conductivity law).

Although the theoretical foundation is only valid in the case of linear and non-
linear problems governed by a maximal monotone operator, in practice, the resulting
numerical multiscale scheme has been successfully applied to general MQS problems
also exhibiting memory effects (hysteresis). The numerical tests were performed for
magnetodynamic problems, using b-conform formulations. An excellent agreement
has been obtained between the reference solutions (computed using a brute force
approach) and the computational (mesoscale) solutions. We observed larger errors
near the boundary of the computational domain as the cell problems defined near the
boundary are not immersed in a periodic environment. The eddy current losses are
also accurately evaluated. The error on these losses increases as a function of the
frequency.

For the considered academic test case, the proposed computational multiscale
method fulfills the original goals (section 1): it allows one to solve multiscale MQS
problems, including the computation of local fields at the mesoscale and the accu-
rate evaluation of electromagnetic losses. It naturally handles nonlinear or hysteretic
materials and periodic mesoscale geometries. From an engineering point of view, the
approach could be straightforwadly applied to deal with more complex multiscale
geometries.

The main disadvantage of the method is its higher computational cost. However,
since all the mesoscale problems are independent, the method is perfectly suited for
modern massively parallel computers, and we thus believe that it has a lot of potential,
even compared to brute force approaches, which do not scale well.
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MULTISCALE FINITE ELEMENT MODELING OF NONLINEAR
MAGNETOQUASISTATIC PROBLEMS USING MAGNETIC
INDUCTION CONFORMING FORMULATIONS*
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Abstract. In this paper we develop magnetic induction conforming multiscale formulations for
magnetoquasistatic problems involving periodic materials. The formulations are derived using the
periodic homogenization theory and applied within a heterogeneous multiscale approach. Therefore
the fine-scale problem is replaced by a macroscale problem defined on a coarse mesh that covers the
entire domain and many mesoscale problems defined on finely-meshed small areas around some points
of interest of the macroscale mesh (e.g., numerical quadrature points). The exchange of information
between these macro and meso problems is thoroughly explained in this paper. For the sake of
validation, we consider a two-dimensional geometry of an idealized periodic soft magnetic composite.

Key words. multiscale modeling, computational homogenization, magnetoquasistatic prob-
lems, finite element method, composite materials, eddy currents, magnetic hysteresis, asymptotic
expansion, convergence theory
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78M40
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1. Introduction. The use of numerical methods for solving electromagnetic
problems is today widespread. Indeed, analytical solutions of Maxwell’s equations
are not always available when facing the complexity of real-life devices with compli-
cated geometries and materials exhibiting a possibly nonlinear or hysteretic behavior.
In this paper we are interested in multiscale magnetoquasistatic (MQS) problems.
These problems arise from Maxwell’s equations when the wavelength of the exciting
source is much greater than the size of the structure so that the displacement currents
can be neglected. This is the model that describes the physics of most electric power
systems: electric generators, motors, and transformers.

The finite element (FE) method is a frequently used numerical method for solving
MQS problems for its easiness to handle problems involving both nonlinearities and
complex geometries. To this end, a mesh of the structure is generated and Maxwell’s
equations are weakly verified on average on elements of the mesh, which is ensured
by integrating these equations elementwise. If the problem is well-posed, the finer the
mesh, the more accurate the numerical solution.

Soft ferrites, lamination stacks, and soft magnetic composites (SMC) are multi-
scale materials used in MQS applications. For instance, soft ferrites help reducing the
magnetic losses in high-frequency transformers; the cores of electrotechnical devices
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are laminated to limit the eddy current losses; and the SMCs ease the manufacturing
of three-dimensional paths in electrical machines.

For problems involving such multiscale materials, the application of classical nu-
merical methods such as the FE method becomes prohibitive in terms of the compu-
tational resources (time and memory) storage whence the use of homogenization and
multiscale methods. Using these methods, the multiscale problem is replaced by the
homogenized problem defined on the homogeneous domain with slowly varying fields.
The performance of homogenization and multiscale methods for MQS problems can
be compared by evaluating their ability to

e derive a homogenized problem that can be easily solved;
handle nonlinearities;
deal with materials with complex microstructures;
deal with partial differential equations involving curl operators;
compute global quantities such as the eddy currents or magnetic losses;
e recover local fields at critical points of interest.

The first homogenization approach used to analytically characterize properties of
composites materials was based on mixing rules [47, 63]. More elaborate theoretical
methods such as the asymptotic expansion method [7], the G-convergence [50, 64],
the I-convergence [22, 15, 21], the two-scale convergence [51, 67], and the periodic
unfolding methods [18, 19] allow one to construct the homogenized problem and de-
termine the associated constitutive laws. Equations resulting from these methods
can be used to develop multiscale methods. A nonexhaustive list of these multiscale
methods include the mean-field homogenization method [16, 20], the multiscale finite
element method [41, 32], the variational multiscale method [17, 44], and the hetero-
geneous multiscale method (HMM) [31, 1, 27]. In electromagnetism such methods
have been developed mainly for materials with linear [9, 10, 38, 48, 14, 13] and non-
linear [39, 5, 12] magnetic material laws. While some preliminary results concerning
electromagnetic hysteresis can be found in [61], there is to date no generic multi-
scale method able to accurately handle hysteretic materials in complex geometrical
configurations.

In this paper we develop such a multiscale method to treat MQS problems in-
volving multiscale materials that can exhibit linear, nonlinear, or hysteretic behavior
with the main focus on the development of weak formulations for the homogenized
problem. Using results from the theory of homogenization for the nonlinear electro-
magnetic multiscale problem obtained by Visintin, we develop the magnetic vector
potential formulations for the multiscale, the macroscale, and the mesoscale problems.
The formulations are then validated on simple two-dimensional geometry. The multi-
scale method is inspired by the HMM and is based on the scale separation assumption
e < 1, where ¢ = [/L is the ratio between the smallest scale I and the scale of the
material or the characteristic length of external loadings L. The fine-scale problem is
replaced by a macroscale problem defined on a coarse mesh covering the entire domain
and many mesoscale problems that are defined on small, finely meshed areas around
some points of interest of the macroscale mesh (e.g., numerical quadrature points).
The transfer of information between these problems is performed during the upscaling
and the downscaling stages that will be detailed hereafter.

The paper comprises five sections. In section 2 we derive the MQS multiscale
and homogenized problems from the multiscale problem that was studied by Visintin
in [65, 67]. In section 3 we derive the weak forms of the multiscale MQS problem.
Section 4 deals with the multiscale weak formulations for homogenized MQS prob-
lems. Starting from the distributional equations that govern the MQS homogenized

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/10/18 to 205.208.116.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

302 NIYONZIMA, SABARIEGO, DULAR, JACQUES, AND GEUZAINE

problem, we develop magnetic vector potential formulations for the macroscale and
the mesoscale problems. Scale transitions are also thoroughly investigated. Section 5
concerns the application of the theory to a simple but representative two-dimensional
problem: the modeling of a soft magnetic composite. Conclusions are drawn in the
last section.

2. Derivation of the homogenized magnetoquasistatic problem. In this
section, the homogenized MQS problem is derived. The derivation uses two main
ingredients: the MQ@S assumptions which makes it possible to neglect the displace-
ment currents and the homogenization of the corresponding multiscale problem. The
derivation of this paper is made easier by applying the MQS assumptions to the ho-
mogenized PH multiscale problem that was already carried out in [65, 67] instead of
applying the homogenization theory to the parabolic elliptic (PE) multiscale prob-
lem derived from the PH multiscale under appropriate assumptions (see Figure 1). In
[65, 67], existence and uniqueness of the solution was proved via the approximation by
time-discretization, the derivation of a priori estimates, and the passage to the limit
via compensated compactness and compactness by strict convexity. The homogenized
problem was then derived using the two-scale convergence theory for the fields and
the convergence of functionals used to define constitutive laws. In section 2.1 we recall
Maxwell’s equations that govern the evolution of electromagnetic fields and we define
the function spaces used for solving these equations in the weak sense. In section 2.2,
we recall the PH multiscale problem and its homogenization as done in [65, 67]. This
homogenized problem is then used in section 2.3 for the derivation of the homoge-
nized PE problem. In the rest of the section, we use the capital letters P, H, and E
to denote the parabolic, hyperbolic, and elliptic problems, respectively. Thus, the PH
multiscale problem denotes the parabolic hyperbolic multiscale problem whereas the
PE-PH homogenized problem denotes the homogenized problem with a PE problem
at the coarse scale and a PH problem at the fine scale. The PE problem corresponds
to the MQS problem.

2.1. Maxwell’s equations and the function spaces. Consider the electro-
magnetic problem in an open domain Q7 := Q x Z with Q C R3 and Z = (0,7] C R.
The electromagnetic fields are governed by the following Maxwell equations and con-
stitutive laws [8, 11, 42]:

(2.1a—c) curlh =j+j, +ede, curle=-9;b, divb=0 inQx7Z,
(2.2a-b) b(z,t) = B(h(x,t),x), j(x,t)=T(e(x,t),z) V(x,t)eQxT.

The field h is the magnetic field, b the magnetic flux density, 7 the electric current
density, j, the imposed electric current density (source), and e the electric field. The
material laws (2.2) are expressed in terms of the mappings B : R? x  — R? and
J : R3 x Q — R3, linear or not, accounting for the magnetic and electric behavior,
respectively. The domain € is subdivided into conducting (€2.) and nonconducting
(2F) parts, the former being where eddy currents can appear. The boundary of the
domain {2 is denoted I". In sections 3 and 4 we derive the weak solutions of the MQS
problem using the magnetic vector potential formulations [4, 43, 60, 3]. In sections 3
and 4, some structural restrictions on the computational domain are assumed for the
existence and the uniqueness of the solution [60, 3, 4]. The domain €2 is assumed to
be simply connected with a Lipschitz connected boundary I'. The conducting domain
Q. is an open subset strictly contained in 2 which can be connected or not. In the
latter case, Q. = U";Q% where Q% i = 1,2,..., m are connected components of
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Q.. For simplicity we assume the nonconducting domain Q¢ to be connected. The
case of a nonconnected QS can be also easily treated. The system of equations must
further be completed by an initial condition on the magnetic flux density assumed
to be divergence-free, i.e., divb® = 0. The superscript © is used to denote initial
condition, i.e., b = b(-,0). This condition together with (2.1b) naturally implies
Gauss magnetic law (2.1c). In the rest of this section, we ignore Gauss magnetic law
which is automatically fulfilled under Faraday’s equation (2.1b) together with this
initial condition divb® = 0 (see [65, 67]).

The solutions of the fullscale, the macroscale, and the mesoscale problems must
belong to the right function spaces. For almost every ¢ € 7, these functions spaces
are defined as the domains of the differential operators grad,curl, and div with
appropriate nonhomogeneous boundary conditions prescribed on the boundary I':

(2.3) H'(Q) = {ue L*(Q) : gradu € L*(Q)},
(2.4) H(curl; Q) := {u e L*(Q) : curlu € L2(Q)} ,
(2.5) H(div; Q) := {u € L*(Q) : divu € L*(Q).

The spaces H} (), Ho(curl;Q), Ho(div;€) denote the same spaces as the corre-
sponding spaces in (2.3)—(2.5) with traces equal to zero, i.e.,

(2.6) H)(Q) == {u e H'(Q),ulr =0},
(2.7 Hy(curl; Q) := {u € H(curl;Q),n x ulr =0},
(2.8) H(div; Q) := {u € H(div; Q),n - u|r = 0}.

The spaces H (curl 0; ), H(div 0; ) denote the nullspace of the operators curl and
div, respectively. In sections 3 and 4 we consider the following Bochner spaces for the
potentials, solution of the multiscale and the macroscale problems:

(2.9) L*(0,T;V) and L*(0,T;V*),

where V' can be any vector space (in sections 3 and 4 we use V' := Hg(curl; Q)) and
V™ is the dual of V. The mesoscale problem leads to the solutions that belong to the
spaces:

(2.10) L*R3;W):={u:R} - W :

1
2
lwllp2@s.w) = (/ u(z, b))% dtdx) <00y,
R?x

T

where the separable Banach space W is defined on the mesoscale domain Y = ,,.
For the homogenized PH problem, two spaces were used in place of W: the nullspaces
H (curl0;)) and H(div0;)Y). The symbol Y is used for functions defined on Y with
periodic boundary conditions.

2.2. Homogenization of the parabolic hyperbolic multiscale problem.
From now on, we consider Q = R? and derive the parabolic hyperbolic multiscale
problem along the lines of [65, 67].

PROBLEM 2.1 (PH multiscale problem). The PH multiscale problem was derived
from Mazwell’s equation by neglecting the displacement currents with respect to the
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eddy currents in the conducting domain (i.e., eOre® < j° in Q).

(2.11a-D) curlh® = 5° + 5, + (1 — xq, )€ Or€®, curle® = —9;b°,
(2.12a-b) b°(z,t) = B (h*(z,t),x), j°(x,t) = T°(e°(z,t),z) V(z,t) € R},

where the function x,_ is the characteristic function, different from zero only on the
conducting domain Q.. The superscript € is used to denote the multiscale dependency
of the fields. All derivatives are defined in the distribution sense.

In [65, 67], Gauss magnetic law divb® = 0 was ensured by imposing the initial
condition on b such that divb*® = 0. The material laws (2.12) are expressed in
terms of the mappings B° : R? x Q — R3 and J° : R? x Q) — R3 defined by

(2.13) B*(h®,z) = B(h®,x,x/¢c), T (ef,x) =T (e, x,x/e),

where the operators B : R? x Q@ x Y — R? and J : R? x Q x xY — R3 are used
to represent two-scale composite materials for which the characteristic length at the
mesoscale is €. By abuse of notation, we use B and J instead of B and J in the rest
of the text. For the analytical and theoretical study of the multiscale Problem 2.1 we
assume that the nonlinear mapping B is maximal monotone and therefore it can be
derived by the minimization of a convex, lower-semicontinous functional. It also has an
inverse B~! = H that can be derived from a conjuguate convex, lower semi-continuous
functional [33, 35, 59]. This covers cases of linear and nonlinear reversible magnetic
laws. However, one of the major advantages of the computational homogenization
approach proposed in section 4 is the inclusion of hysteretic laws in the numerical
model by means of classical hysteresis models (e.g., Preisach, Jiles—Atherton, etc.). We
will thus lift this hypothesis once we consider the computational framework. We will
still assume that the mapping J is maximal monotone and has an inverse J ' = £.
In practice, this assumption holds as the materials we consider in this paper are
electrically linear.

Problem 2.1 has been extensively analyzed. A homogenized problem with coarse
and fine problems was derived considering some assumptions on the constitutive laws,
the initial conditions (IC), and the current source j,. These assumptions are recalled
in Assumptions 1-3.

Assumption 1 (regularity of the IC and the sources). Assume that the initial
conditions b°° and e and the source J, fulfill the following regularity conditions:

(2.14a<¢) b € L*(R?), e* € L*(Q9), j, € L*(Q x I), divb™ =0, divj, = 0.

Equation (2.14d) together with (2.11b) ensures Gauss magnetic law div b = 0.

Assumption 2 (assumptions on the constitutive laws). Assume that the electrical
law is given by j° = o€ €°, where the electrical conductivity o° is definite positive in
Q., and that the mapping B is maximal monotone.

These restrictions on the mappings cover a wide range of material laws usually
encountered in applications. They cover the linear electrical materials, the linear
and the nonlinear reversible magnetic materials, as well as soft magnetic materials for
which the hysteresis loop can be approximated using the maximal monotone operators.
However, the hard magnetic materials are not covered.
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Assumption 3 (convergence of the initial conditions). Assume that the initial con-
ditions by and e§ converge in the classical and the two-scale senses, i.e.,
(2.15a-b) b=’ - by in L*(R3x ), b0 — (b)), = by, in L*R?),
(2.16a-b) e - ed in L*(QF x ), e’ — <€8>Y =eb, in L*(QF).

C

These fields are used as initial conditions for the fine and the coarse problem, respec-
tively. The curly brackets (f), are used to denote the average of the function f over
the cell domain Y, i.e.,

1 1
Py = 71 /Y iy =g |, fu=Fa,.

where |Y] is used to denote the volume of the domain ¥ = €,,.

Using Assumption 1 for the IC and the source term and Assumption 2 for the
constitutive laws, the following PH-PH homogenized problem was derived from the
multiscale Problem 2.1 [67].

PROBLEM 2.2 (PH-PH homogenized problem). The PH-PH homogenized problem
has been derived from Problem 2.1 with the following two coarse and fine problems:
Coarse problem: find hyr,ens,bar, gy € L2(R3T) such that
(2.17&7[)) curl, h), = j]\4 +js + (1 — XQC)EMate]\/[, curl, ey; = —0:byy,
(2.18a-b) by =By (b, x), o = Tmlen,x) for ae (x,t) € R x T.

Fine problem: find hg,eq € L*(R3.: H(curl0;))) and hy, e, by, j, € L*(R:
H(div0;)Y)) such that

(2.19a-b) curl, hys + curl, by = jo + (1 — x,, )edzeo,

curl, ejr + curl, e; = —0;by,
(2.20a-b) by = B(ho,x,y), jo = T (eo,x,y) for ae. (x,y,t)€R>xY xT,.
The macroscale fields are obtained as averages of the zero order terms, i.e., fy =
(fo)y- All the derivatives are defined in the distribution sense.

Equation (2.17b) together with div, b3, = 0 implies the coarse scale Gauss mag-
netic law div, by = 0. The equations of the fine scale (2.19a-b)—(2.20a-b) involve
the nullspaces that can be decomposed as [67, 68, 57, 49]:

(2.21) H(curl0;Y) =R* @ H,(curl0;Y) =R* ® grad, H}(Y),
(2.22) H(div0;Y) =R* @ H.(div0;Y) =R* @ curl, H,(curl;)).

Using the decompositions in (2.21) and (2.22), each field f, of H(curl0;)) or
H(div0;)) can be written as the sum of an average value (f;),, € R?® and a zero

average perturbation f,,. The second equalities in (2.21) and (2.22) are obtained using
the Helmholtz decomposition of L2()):

(2.23) L2(Y) = grad, H(Y) @ curl, H,(curl; ),

which applies for fields with periodic boundary conditions. Indeed, the subspace of
gradients of a harmonic function which appears in the general decomposition of L?
fields is dismissed in the case of periodic functions (2.23) and for 2 = R™ [24, 40].
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The decomposition (2.23) was used by Visintin for the convergence of functionals
used to derive the nonlinear magnetic material laws. For almost every (z,t) € R3,
the decompositions in (2.21)—(2.22) lead to the decompositions of the first order terms
eg = ey +grad, v, and by = by + curly a, with v € H!(Y) and a. € H,(curl; ).

If the mappings B and J are maximal monotone, then the mappings By, and J ps
are also maximal monotone. Their inverses H s = BX} andEy =T ;41 can therefore
be determined by minimizing the convex conjugate functionals and determined by
means of the mesoscale problems hereafter [67].

For the mapping H s, find a. € H.(curl; Y) such that

(2.24) (H (by + curly a.,z,y), curl,al) =0, Va, € H,(curl;))

and then derive: Hps(bar + Be, ) = (H(by + Be, x, y))y-
For the mapping J y, find v, € H}()) such that

(2.25) (T (exr +grad, v, y) grad, o)) =0 Vol € H(Y)

and then derive J y(en + Ec,x) = (T(eym + Ec,xby))y.
The operators

(2.26) Be:Y xR* = LY(Y) : (y,bar) — be = Be(y, bur),
(2.27) E:Y XR3 = L2(Y) : (y,en) — ec = Ecly, enr)

are solution operators for the mesoscale problems with b, = B.(y,by) = curl, a.
and e, = £.(y,en) = grad, v.. If the mappings H and J are linear, problem
(2.24)—(2.25) is equivalent to the cell problem obtained using the asymptotic expansion
theory [62, 7, 68]. The dual formulation allows one to define similar problems for the
constituitive laws By, = H,; and Ey = T3

2.3. Homogenization of the parabolic elliptic multiscale problem. The
MQS problem can be derived by applying the MQS assumption to Maxwell’s equa-
tions. This assumption can be derived by comparing the following physical param-
eters of the problem: L. and Ly, which are the coarse and fine scale characteristic
lengths (e.g., the sizes of the coarse and the fine domains), Ay and Apz, which are
the coarse and the fine wavelengths, respectively, and d. and d¢, the coarse and the
fine skin depths, respectively. The wavelengths and the skin depths are defined by
Ay =21/ (w/l€), An = 27/ (w\/lin€nr) » 0 = \/2/wop and Opr = \/2/w o e,
where o); and € are the homogenized electric conductivity and permittivity that can
be obtained by solving a linear electrokinetic and electrostatic cell problems [55, 56]
and s is the nonlinear homogenized magnetic permeability which can be determined
from (2.24). Additionally, the magnetostatic (MS) problem can de derived from the
MQS problem by neglecting the eddy currents if the MS Assumption 5 is fulfilled. The
conditions that lead to the MQS and the MS problems are stated in Assumptions 4-5.

Assumption 4 (MQS assumption). Displacement currents at the coarse and fine
scales can be neglected if the following conditions are fulfilled:
1. The displacement currents at the coarse scale (1 — xﬂc)e mOrepr can be ne-
glected if A./L. > 1.
2. The displacement currents at the fine scale (1 — x,, )edieo can be neglected
if \p/Ly>1.
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TABLE 1
Type of problems depending on the predefined physical parameters of the problem.

# Problem | Ae/Le | Af/Ly | 6c/Le | 65/Ly | Multiscale | Coarse | Fine
(1) ~1 ~1 ~1 ~1 PH PH PH
(2) >1 ~1 ~1 ~1 PH P PH
(3) ~1 ~1 >1 ~1 PH H PH
(4) ~1 ~1 >1 >1 H H H
(5) >1 >1 ~1 ~1 PE PE PE
(6) >1 >1 >1 ~1 PE E PE
(7) >1 >1 ~1 >1 PE PE E
(8) >1 >1 >1 >1 E E E

Assumption 5 (MS assumption). The coarse-scale and the fine-scale eddy cur-
rents can be neglected if the following conditions are fulfilled:
1. The coarse scale eddy currents j,, can be neglected if there is no net coarse
scale eddy currents (e.g., in the case of perfect insulation) or if d./L. > 1.
2. The mesoscale eddy currents j, can be neglected if there are no conducting
materials in the cell unit (i.e., Qe =0) or if 67/Lf > 1.

The combination of the parameters defined above lead to the multiscale and
homogenized problems defined in Table 1. In this paper we focus on the PE multiscale
problem 2.3 derived using Assumption 4.

PROBLEM 2.3 (PE multiscale problem). This problem can be derived from Prob-
lem 2.1 if point 2 of Assumption 4 is fulfilled. In that case, the displacement currents
edies can be neglected in the entire domain leading to the following equations:

(2.28a-D) curlh® = j° + 3, curle® = —9;b°,
(2.29a-D) b° = B°(h°,x), JIF=TJ°(e%,x) for a.e. (x,t) € R3..

Gauss magnetic law divb® = 0 is automatically verified if the initial condition divbg =
0 s imposed.

The homogenized PE problem can be derived from the PE multiscale Problem 2.3
using the two-scale and the convergence of functionals as done in [65, 67]. This ap-
proach was used in [52] where the multiscale Problem 2.3 was solved using the vector
potential formulation and then homogenized. In this paper we choose a different
approach. We use results of the homogenized PH problem and apply the MQS As-
sumption 4 to derive the homogenized PE problem as illustrated in the commutative
diagram in Figure 1. If points 1 and 2 of Assumption 4 are valid, the coarse-scale and
the fine-scale displacement currents can be neglected, leading to the following PE-PE
homogenized problem.

PrROBLEM 2.4 (PE-PE homogenized problem). This problem can be derived from
the multiscale Problem 2.2 with the following coarse and fine problems:
Coarse problem: find har,enr,bar,Jyr € LQ(R%) such that

(2.30a-b) curl, hyr = 3,5 + 35, curl, ey = —0ibyy,

(2.31a-b) by = Byr(har, @), o = Tmlen,x) for ae (x,t) € R® x T.
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Homogenization
Multiscale Problem 2.1 Homogenized Problem 2.2
PH problem
Assumption 4 Assumption 4
- Homogenization -
Multiscale Problem 2.3 Homogenized Problem 2.4
PE problem
Assumption 5 Assumption 5
- Homogenization -
Multiscale MS problem — Homogenized MS problem
Elliptic problem

Fic. 1. Diagram illustrating the derivation of the homogenized MQS and MS problems.

Fine problem: find hg,eq € L*(R3.: H(curl0;))) and hy,e;, by, j, € L*(R:
H (div0;)Y)) such that

(2.32a-b) curl, hys + curly by = j, curl, eys + curl, e; = —0:by,
(2.33a-b) by = B(ho,x,y), jo = T (eo,x,y) for ae. (z,y,t) ER*xY xT.

FEquations (2.30a-b) and (2.32a-b) are defined in the distribution sense.

3. The magnetoquasistatic approximation. In this section we develop the
weak formulations for the multiscale problem (2.28a—b)—(2.29a-b). We omit the su-
perscript ¢ to lighten the contents of the section.

3.1. Magnetic flux density conforming formulations: Dynamic case.
We assume the electrical constitutive law in (2.2b) to be of the form j = oe, where
o is the electric conductivity assumed to be piecewise constant. We want to solve
(2.28a—b)—(2.29a-b) using the so-called magnetic flux density conforming formulation
11, 25, 58].

From Gauss magnetic law divb = 0 and (2.28b), the electric field e and the
magnetic flux density b can be expressed in terms of the so-called modified magnetic
vector potential a as

(3.1) b=curla and e =—0a.

We therefore derive the following weak form of Ampere’s equation (2.28a) (see [4, 43]):
find a € L*(0,T; V) with d;a € L?(0,T; V") such that

(3.2) (h,curla’)q — (j4,a)a = (4,.a)a,

holds for @’ € V. The vector potential a is not uniquely defined and a gauge condition
must be imposed [4, 46]. The space V' = H(curl; Q) with the homogeneous boundary
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conditions has been defined in (2.9) and its use leads to the neglect of the boundary
term (n x h,a’)r in (3.2).

The magnetic vector potential formulation for the three-dimensional MQS prob-
lem leads to the following problem.

PROBLEM 3.1 (weak form of the three-dimensional MQS problem). Using (2.29a—
b) and introducing (3.1) in (3.2), one gets the weak form: find a € L*(0,T; V) with
dra € L?(0,T; V™) such that
(3.3) (0 da,a’)q, + (h,curla’)q = (4,,a")a

s

foralla € V.

The two-dimensional case with all currents perpendicular to the section is ob-
tained by assuming the source current density j, = js(z,y)1,, where 1, is the unit
vector along the z axis. If the electric conductivity o is such that o3 = 0 = 093,
then z-components of the magnetic field h and of the magnetic flux density b van-
ish and it is possible to derive the magnetic flux density b from a scalar potential
a.(x,y) with @ = a,1,. In this case the curl operator can be expressed in terms
of the grad operator as curl := 1, X grad and the magnetic flux density reads
b= curla =1, x grada,. The weak form of the two-dimensional problem can be
derived from (3.3).

PROBLEM 3.2 (weak form of the two-dimensional MQS problem). The weak form

of the magnetic vector potential formulation of a two-dimensional MQS problem reads
as follows: find a, € L*(0,T; H () with 8;a, € L*(0,T; H1(Q)) such that

(3.4) (0 0has,a})q, + (h, 1, x grada’)a = (s, a’)a,

for all a, € H}(Q). The space H=() is the dual of H}(Q).

3.2. Magnetic flux density conforming formulations: Static case. The
static case can be derived as a particular case of the dynamic problem where eddy
currents are neglected. The following three-dimensional weak form is obtained from
(3.3): find a € Hy(curl; Q) such that
(3.5) (h,curla’)q = (3,,a )a,
for all @’ € Hy(curl; Q). The vector potential a is not uniquely defined and a gauge
condition must be imposed.

Analogously the following two-dimensional weak form is derived from (3.4): find
a, € H} () such that

(36) (h7 1z X grad a/z)ﬂ = (jsa a/z)Qs

for all o/, € H}(Q)

4. Multiscale magnetic induction conforming formulations. A first ap-
proach in numerical homogenization consists in precomputing the material law. In the
case of a material with a linear law and periodic microstructure, only one mesoscale
problem must be solved in order to get the homogenized quantity independent of the
macroscale mesh. For the homogenized MQS Problem 2.4, the macroscale prob-
lem is governed by (2.30a-b)—(2.31a-b). The homogenized magnetic constitutive
law (2.31b) can be computed by solving the boundary value mesoscale problem
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(2.24). For the reversible nonlinear magnetic material laws, the points of the ma-
terial law Hjps can thus be computed for different values bps, e.g., on the grid
by = (1 Abpg, k Abpy, j Abyy) with the discretization 4,5,k = —N, —(N — 1),...,
-1,0,1,...,N — 1, N in each direction and Aby; = bps/(2N) the discretization step,
and then interpolated to get the values of at any point of the application range. This
approach was used in [12].

Hereafter, we develop a coarse-to-fine method inspired by the HMM method in-
troduced by E and Enqguist [1, 2, 26, 27, 28, 29, 30]. Note that the so-called FE?
method [36, 45] popular in the computational mechanics community predates the
HMM method and is based on the same overall philosophy, albeit in a more restric-
tive setting. This method allows one to upscale on-the-fly a homogenized material
law from the mesoscale problems that account for eddy currents at the mesoscale
level. These mesoscale problems also allow one to recover exact electromagnetic fields
at the mesoscale level. This approach becomes quasi-unavoidable when dealing with
problems with hysteresis for which the precomputation of the homogenized magnetic
laws described above and the computation of local fields are not adapted as they do
not account for the history of the material.

In this section we derive the magnetic vector potential formulations for the homog-
enized problem starting with the mesoscale problems governed by the distributional
equations (2.32a—b)—(2.33a—b) and the macroscale problem governed by the distribu-
tional equations (2.30a—b)—(2.31a~b). The index ,, is used to denote the restriction
of first order terms indexed ¢ on the mesoscale domain €2,, (e.g., the restriction of the
field by on 2, is denoted by b,;,). The index M refers to the macroscale problems.

4.1. Magnetic flux density conforming multiscale formulations: Dy-
namic case.

4.1.1. The macroscale problem. The macroscale MQS problem was derived
in (2.30a-b) of the homogenized Problem 2.4

(4.1a—c) curl, hyy = j,,, curlyey = —9iby, divpeby =0 inQx7Z,

(4.2a-b)  hp(x,t) = Har (b + Be,x) ,
Jv@,t)=Tm(em +Ecx) Y(x,t) e QxL.

In (4.2a) we use the mapping H s instead of the mapping B), originally used
in Problem 2.4. This mapping is guaranteed to be uniquely defined if B is a max-
imal monotone mapping [66]. The unknown homogenized fields hys, by, epr, and
Jas exhibit slow fluctuations; they can therefore be well approximated on a coarse
mesh. The macroscale fields satisfy the same boundary conditions as the multiscale
fields. Appropriate initial conditions must also be provided as specified in Assumption
3. Note however that the constitutive laws (4.2a-b) are not readily available at the
macroscale level. They will be upscaled using the mesoscale fields.

In the case of a linear electric law j,;, = J pm(en) = oaen, one computation
suffices to extract the homogenized conductivity ops (see details in [7, 55, 54]). In the
case of a nonlinear mapping H s, we derive another mesoscale problem which accounts
for the eddy current effects at the mesoscale level. This mesoscale problem (with eddy
currents) is thus embedded in a HMM approach to compute the constitutive homog-
enized magnetic law on the fly. Furthermore, it enables the accurate computation
of local mesoscale fields and the upscaling of more accurate global quantities such as
the eddy currents losses. The derivation of the homogenized constitutive laws from
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the solution of the mesoscale time-dependent problem (2.32a—b)—(2.33a~b) instead of
the boundary value problem defined by 2.24 was proved by Visintin (see, e.g., [67,
Theorem 7.3]).

Using results of section 3.1 we can derive the three-dimensional macroscale weak
formulation of (4.1)—(4.2).

PROBLEM 4.1 (weak form of the three-dimensional MQS macroscale problem).
The weak form of the three-dimensional macroscale problem reads as follows: find
ay € L?(0,T; Ho(curl; Q)) with 0;a € L*(0,T; (Ho(curl; Q))*) such that

43 (a ,’) (h, Lp’):(',’)
(4.3) UMtaMaMQ—i— M, cur aMQ .]SaMQ

c s

holds for all test functions a’y, € Ho(curl; Q).

The macroscale magnetic field hys(x,t) = Has(curl, aps + be, x, t) is dependent
on the mesoscale solutions b.. The vector

(4.4) be = (60, B2, b, ... pNer))

is a collection of magnetic field corrections obtained by applying the solution operators
in (2.26) for mesoscale problems corresponding to Gauss points (9. The vector 5,
represents the eddy currents and j, represents the source current density imposed in
the inductors €.

For the two-dimensional case, we get the following problem.

PROBLEM 4.2 (weak form of the two-dimensional MQS macroscale problem). The
weak form of the two-dimensional macroscale problem reads as follows: find a,n €

L2(0,T; HY(Q)) with dya,n € L2(0,T; H-1(Q)) such that

(4.5) (JM&gazM,a;M)Q + (hM,lz x grad, a’zM>Q = (js,a;M>Q

holds for all test functions a’,,, € Hg ().

The homogenized magnetic law H s in (4.3) for the three-dimensional problem
and in (4.5) for the two-dimensional problem is upscaled using the mesoscale fields as
described in the following section.

4.1.2. The mesoscale problem. The governing equations of the mesoscale
problem with eddy currents which, unlike problem (2.24)—(2.25), also enable one to
recover accurate local electromagnetic fields, are a modified version of the two-scale
problem (2.32a-b)—(2.33a-b). These equations read

(4.6a-b) curlh, =3j,,, curl ey + curl ye; = —0;b,y,
(4'73‘7b) hm(IB,y,t) :%(bm<w?y’t)>way)’ jm(wayvt) = J(em($7yat)’$7y)’

in which we keep the curl of h® instead of using its two-scale decomposition given in
(2.32a). In this equation, h}, is the restriction of the multiscale magnetic field h® to
the representative volume element €2,,, also called the “mesoscale domain.” We can
thus use both nonlinear reversible and irreversible (hysteretic) material laws. Problem
(4.6a—b)—(4.7a—b) contains macroscale fields assumed constant at the mesoscale level,
so that the mesoscale problem can be written in terms of the mesoscale coordinates
y. This is the case if the scale separation assumption is fulfilled.
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The two-scale convergence theory allows us to express the curl of the elec-
tric field at the mesoscale level in terms of the curl of the electric field at the
macroscale and the curl of the mesoscale correction term, i.e., curl, e,, = curl, ep +
curl, e;. Using the Faraday law at the macroscale together with the vector identity
curl, (O;by X y) = (n—1)9:by (n = 2,3 for two-dimensional and three-dimensional
problems, respectively) we can write

(4.8) curly e, = curl, (61 + enm + k(curl, epr x y))
= curl, (61 + ey — k(b X y))

with k = (n — 1)~} since curl, e); = 0. Similar developments have been proposed
in [48] and [34] for the electric and the magnetic fields in linear cases. Inserting the
orthogonal decomposition of the mesoscale magnetic induction b,, = by + curly a.
we get

(4.9) curl zey + curl yeq = —0,(by + curl, a.).

From (4.9) we get curl, (e; + 0,a.) = 0 which, together with the orthogonal decom-
position (2.22), leads to the expression of the first order term of the electric field ey
in terms of the correction terms a,. and v, as

(4.10) e, = —0ia. — grad, v..

At the mesoscale level, the first order term e;(x, -, t) must be chosen in H.(curl;))
for almost every (x,t) € R3.. In section 4.1.3 we will show that a. is tangentially
periodic and we will choose v, to be periodic on the mesoscale domain €2,,. Using
these developments, we can derive the mesoscale three-dimensional weak formulation.

PROBLEM 4.3 (weak form of the three-dimensional MQS mesoscale problem). The
weak form of the three-dimensional mesoscale problem reads as follows: find a. €
L?(0,T; H . (curl; ) with d,a. € L*(0,T; (H.(curl; ¥))*) and v. € L*(0,T; H(Y))
such that

(4.11) (a(’?tac7 aé) + (h, curlya’c) + (Ugradyvc, a’c)

me m me

= (o’(eM — kO:bpr X y),aé)Q ,

mec

(4.12) (U@tac, gradyvé) + (agradyvc7 gradyvé)

me me

* !
+ <n JJVIaUc>F

mc gm

= (U(eM — kOibyr X ), gradyvé)Q

hold for all test functions al, € H,(curl; V) and v, € H:(Y).

The magnetic field is given by h(x,y,t) = H(curlya.(x,y,t) + by (x,t), z,y)
and the boundary term (n x h,a,)r  is omitted due to the periodicity of h = hg (see
the definition of function space in (2.10)) and of a,. The domain €2,,,. with boundary
Iy is the conducting part of the mesoscale domain and the electric current density
Jam = omens is obtained from the macroscale solution.

For the two-dimensional case, the following mesoscale weak formulation can be

derived.
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F1G. 2. Scale transitions between the macroscale (left) and the mesoscale (right) problems.
Downscaling (macro to meso): obtaining proper boundary conditions and the source terms for the
mesoscale problem from the current macroscale solution. Upscaling (meso to macro): calculating
effective quantities (e.g., material properties) for the macroscale problem from the mesoscale solution
[53].

PROBLEM 4.4 (weak form of the two-dimensional MQS mesoscale problem). The
weak form of the two-dimensional mesoscale problem reads as follows: find a,. €

L2(0,T; HX(Y)) with 8ya.. € L*(0,T; (HL(Y))*) and u. piecewise constant on Qe
for almost every (x,t) € RS such that

(4.13) (Uatazcaalzc)g
= (U(eM — kOtby X ), 120‘/20)9 )

(4.14) (Uatazca ui)

+ (h, 1, x grad, a’zc)Q + (auc,a’zc)

me m me

me

+ (cruc,u;)Q = (U(eM — kOiby X ), lzu;>Q

me mc me

hold for all test functions a’,. € H(Y) and u’, piecewise constant on Q..

4.1.3. Scale transitions. The macroscale and the mesoscale problems in sec-
tions 4.1.1 and 4.1.2 are not yet well-defined. Indeed, the macroscale magnetic law
H s is not readily available at the macroscale level and the mesoscale problem re-
quires source terms by, eps and j,, and proper boundary conditions to be well-posed.
These two problems need to fill the missing information by exchanging data between
the macro and meso levels. The so-called scale transitions comprise the downscaling
and the upscaling stages (see Figure 2).

During the downscaling, the macroscale fields are imposed as source terms for
the mesoscale problem. Boundary conditions for the mesoscale problem are also
determined so as to respect the two-scale convergence of the physical fields, i.e., the
convergence of the magnetic flux density (b,,)q,, = bas leads to the following condition
on the tangential component of the correction term of the magnetic vector potential
a., which is fulfilled if

(4.15) / curla.(z,y,t)dy = ?{ n X a.(z,y,t)dy =0 Y(x,t) € R3..
Qi T

This condition is fulfilled if a.(x, -,t) belongs to the space H.(curl;)), i.e., if a. is
tangentially periodic on the cell.

Additionally, grad, v.(z, -, t) = e1(x, -, t)—0a.(x, -, ) also belongs to H ,(curl; V),
which is automatically ensured by the curl theorem:

(4.16) / n x grad, v.dy = / curl, grad, v.dy.
T, Q

m

Further we choose a periodic v..
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The convergence of the electric current density (j,,)q,.. = Jas also leads to the
following relation:

(4.17) / Ju(@y. ) dy

= —/ U(atac(w,y,t) + grad v.(x, y,t)) dy =0 V(z,t) € RE.
erc

The upscaling consists in computing the missing constitutive laws oas, Has to-
gether with OH s /0bys at the macroscale using the mesoscale fields. Due to the
linearity of the electric law, the asymptotic expansion theory can be applied. There-
fore, we compute once and for all the homogenized electric conductivity by solving a
unique cell problem. A similar approach was also adopted in [12].

The upscaling of the nonlinear magnetic law is performed by averaging the mag-
netic field (consequence of the two-scale convergence of the magnetic field):

(4.18) hp(x,t) = Hy (b (x,t), )
= |Ql|/ H (curl, ap(z,t) + curly ac(x,y,t), z,y) dy.
mc Qe

For the ith Gauss point, the Jacobian expression reads

dHwm 1 / ( OH OH OB, >
(4.19) 2l Jo. \ 2o y

dby 0b, Oby

with be(x,y,t) = curly ac(x,y,t) = B. (y, curl, an(x,t)) and by, = curl, an. The
derivative with respect to the mesoscale vector potential ays is given by
dHy  dHwm dby

4.20 = .
( ) dCl,M dbM daM

The computation (4.19) involves the Fréchet derivative of B, with respect to the
macroscale magnetic density by;. This derivative can be evaluated numerically using
the finite difference. In [54], several mesoscale problems per Gauss point were solved
in parallel. A first problem is solved using (4.11)—(4.12) for the three-dimensional
problems (resp., (4.13)—(4.14) for the two-dimensional case) to find the solution when
a macroscale source by, is applied. Then, a time and space independent magnetic
induction perturbation term ¢&b; oriented along the ¢ directions (; =, and ) is
added to the macroscale source terms. Therefore, three (resp., two) additional prob-
lems analogous to (4.11)—(4.12) (resp., (4.13)—(4.14) for the two-dimensional case) are
solved in order to determine the Jacobian dHy/dby needed for the Newton—Raphson
scheme. The total magnetic induction b, for these problems are expressed as

(4.21) b,, = by+curly, a.+0b; = curly, (a. + k(by X y) + k(0b; X y)) = curl, a,,,
which can be derived from the total magnetic vector potential:
(4.22) an, = a. —grad, v, + k(by x y) + k(db; x y).

These developments allow one to transform the three-dimensional equation (4.11) into

(4.23) (a@tac, aL)Q + (’H(curlyac + by + 0bs, x,y), curlyagQ

mc m

+ <0gradyvc,a’6>Q = (U(eM — KkOybys X y),aé)

me

Qe
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Notice that the time derivative of the constant term in (4.22) disappears. We also
modify the two-dimensional equation (4.13) as

(4.24)

(Uatazc,alzc)g + (’H(lz x grady a,. + by + 6b;, x,y), 1, x grad, a’zc)Q

me m

+ (ch, a’zc)ﬂ = (U(eM — KOtbar X Y), 1zalzc)Q

me me

Equations (4.12) and (4.14) remain unchanged. This leads to the solution hp; 4+
0p P, where 0 hyy is the perturbation of the magnetic field in direction i. We can
therefore compute the elements of the tangent matrix as

<8’HM> - (5bihM)j
j

(4.25) Dbay 5b;

Further mathematical justifications of the numerical computation of the tangent ma-
trix are given in section 4.2.

4.2. Finite element implementation. In this section we discuss the numerical
implementation of the homogenized problem using the finite element method. The
numerical approximation involves errors the sources of which can be numerous in the
case of the MQS problem:

o the error due to the the finiteness of the mesoscale domain (instead of ¢ — 0),
e the error due to the modified mesoscale problem (4.6a—b),
e the error due to scale transitions,
e the error due to the approximation using a finite-dimensional space in the
Galerkin approximation,
the error due to Euler’s time stepper,
e the error in the Newton—Raphson scheme used for solving the nonlinear
macroscale and mesoscale problems,
e the error due to the resolution of the linear systems,
e the error in reduced Jacobian,
e the error resulting from the application of the homogenization near the bound-
aries of the computational domain, etc.
This paper does not deal with the error analysis.

Using a similar approach to the one used in [52], the macroscale and mesoscale
equations are solved using the finite element method. The fields aff and af are
approximations of the continuous fields ayr and a. on the discretized computational
domain and a’! € (0,T] x W%,o and all € (0,T] x W}, where ><W%7O and W'o

are discrete subspaces of H?(curl; Q) and H(curl; Q,,)

Num
(4.26) ay(zx,t) ~ alt(x,t) = ZaM,p(t)a{va(m)

Ne
and  all(y,t) ~ all(y,1) =Y al)(Hal ,(y),
p=1
where the superscript ¢ = 1,2, ..., Ngp refers to the enumeration of mesoscale prob-

lems, and Ny and N are the number of degrees of freedom for discretized fields
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at the macroscale and the mesoscale, respectively. Space discretization leads to the
semidiscrete coupled problem:
Find waveforms [an (), alt t),..., a.gNGP)(t)] such that

(4.27) My0ron + Fulo, ac) =0,
and for the mesoscale problems i = 1,..., Ngp
(4.28) Mol + Fr(a® ol 0,a()) =0

for a given set of initial values [aM(tO),agl)(to),...,agNGP)(to)], where My :=
(omaw, ajy)a, with ay and ajy, the ansatz functions, and the functions Fy (- - - ) and
Fum(---) are the semidiscrete terms involving the nonlinear magnetic terms stemming
from (4.3) and (4.11) by inserting (4.26).

The time discretization using an implicit Euler method followed by the use of
the Newton-Raphson method to solve the resulting nonlinear problem leads to the
following Jacobian:

(k)
(4.29) JGP = —

N
5‘(1%\3[’_’“) Bagl’J_’k) dallNerik)
8.7:'(11.77]6) 6‘7:'(11.77]‘7)
n aai’f,j,m aa("f,m 0 0
M C
: 0 0
9F WNap.i.k) 9 F Nar.j.k)
PO R W T )
where al(\z’k) and agi’j #) denote the jth Newton—Raphson iterates and
(4.30) FG = Fu(af? al®),
(4,4,k) (4,4,k—1)
i, i, i,5,k) © -«
fgnyj’k) = Fm <a£ 7Lk)aoé\/[] k)7 B At A ) )
k

where the superscripts £ and j are used for time steps and the Newton—Raphson
iterations. See [52, section 4] for more details on the derivation of the Jacobian
(4.29). In practice, one does not solve the system above but the Schur complement
system with the reduced Jacobian defined by

. . . —1 .
(131) Jub = Mo OFY S [ 0FGY (Mm 6?&2*’“)) OF )

Aty 8a1(\i’k)_i=1 aaﬁi’j”“) Aty 8a£i’j’k) 6051(\2”’]“)
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Algorithm 1 Pseudocode for the monolithic FE-HMM.
INPUT: macroscale source j, and mesh.
OUTPUT: macroscale fields, mesoscale fields, and global quantities.
procedure MACROSCALE PROBLEM
t + to, initialize the macroscale field anlt, = ano,
for (k< 1 To Ntg) do > the macroscale time loop (index k)
for (j < 1 To N}:) do > the macroscale NR loop (index j)
for (i < 1 To Ngp) do > parallel solutions of meso-problems (index 1)
downscale the macroscale sources,
compute the mesoscale fields, see Algorithm 2,
compute and upscale the homogenized law Hyr and

OHi/Oby
end for ,
assemble the Jacobian j%’k) from (4.31) to solve the macroscale problem.
end for

end for
end procedure

Algorithm 2 Pseudocode for one mesoscale problem.

INPUT: macroscale sources and the mesoscale mesh.
OUTPUT: homogenized law Hy and OHy/Oby, per Gauss point for N, problems.
procedure MESOSCALE PROBLEM
prescribe periodic boundary conditions, impose sources,
t + ty, initialize the correction term acls,,
for (p + 1 To N3 ) do > solve N mesoscale problems for the kth time step

dim dim

for (j + 1 To N{R) do > the mesoscale NR loop (index j)
assemble the matrix and solve the mesoscale problem.
end for
end for

end procedure

The overall FE-HMM method is described in Algorithms 1 and 2. It starts with
the initialization of the macroscale problem followed by a time loop. For each time
step, a nonlinear system is solved using the Newton—Raphson method until conver-
gence (i.e., the residual resys is smaller than some prescribed tolerance toly). There-
fore, Nap mesoscale problems are solved in parallel and the homogenized law is ob-
tained. The term (%“; + Bﬂ:g’j’k)/aagm’m)_l (8.7-'%’]"@/801&’]’]6)) in (4.31) can be
interpreted as the discretization of the Fréchet derivative (9B /dbyr) in (4.19) (see
52)).

4.3. The static case. The static problem can be seen as a simplified version
of the dynamic problem obtained by neglecting the time derivatives. The macroscale
weak formulation is derived from the a — v formulation described in the section 4.1.1.
The three-dimensional macroscale weak formulation reads as follows: find ay; €
H . (curl; Q) such that

(4.32) (ha,curl, GM)Q = —(n x hu, a3\4>1“h + (Jss a'/M)QS
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/F o7, Q

Inductor SMC

I

N 55 °)

Fic. 3. Two-dimensional soft magnetic composite geometry (only 100 grains out of the actual
400 are drawn). Top and bottom inductors carry opposite source currents. The dimensions are
L = 1000 um, eq = 150+/2/2 um, e; = 100 um, and egap = 100 pm.

holds for all test functions a}, € H %(curl; ). The two-dimensional macroscale
problem reads as follows: find a5 € H}(£2) such that

(4.33)  (ha, 1. x grad, aly,)g
= —(n x hy,al1)r, + (j57a/zM)QS Val € H(Q).

The three-dimensional mesoscale problem can be derived from (4.11): find a. €
H . (curl; Y) such that

(4.34) (#(curlya. + by, x,y), curlyar), =0 Va, € H,(curl;Y)

and the two-dimensional mesoscale formulation reads as follows: find a.. € HL())
such that

(4.35) (M(1. x grad, a.. + by, @, y), 1. x gradyal), =0  Val. € H(Y).

5. Numerical tests. The models developed in the previous section are valid
for the general three-dimensional problems. In this section we apply the models to
solve nonlinear two-dimensional eddy current problem involving nonlinear/hysteretic
materials using Problems 4.2 and 4.4.

5.1. Description of the problem. We consider an SMC material to test the
ideas developed in the previous sections. An idealized two-dimensional periodic SMC
(with 20 x 20 grains) surrounded by an inductor is studied. We solve this academic
problem using the SMC structure depicted in Figure 3. (Only 10 x 10 grains are
shown.)

The source current j, is imposed perpendicular to the zy-plane j, = (0,0, js)
with js = jsos(t), where jgo is the amplitude and s(t) = sin(27 ft). Therefore, the
problem can be solved using a two-dimensional magnetic vector potential formulation
with @ = (0,0, a,), thus constraining the magnetic flux density b in the xy-plane.
Only one fourth the structure is considered for numerical computations thanks to the
symmetry. (See Figure 4, left, for the reference geometry and Figure 4, right, for
the homogenized geometry.) In both cases, the following boundary conditions are
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SMC SMC

Air / Air
7N N

Fic. 4. Geometry used for computations (one fourth taking advantage of symmetries). Left:
reference geometry (only 25 grains out of the actual 100 are depicted). Right: homogenized geometry.

i

imposed on T'jue, 'y, and T'y:

(51) (’I’L : b) e =0 <= (’I’L X a)|Finf =0,
(5.2) (n-b)r, =0 < (nxa)lr,=0, (nxh)p, =0.

We consider operating frequencies smaller than 50kHz, which corresponds to
Ar and A\pr >~ A = 6000m. The smallest wavelength of the source is much larger than
the length of the structure (~ 500um) so that the assumption of a MQS problem can
be made.

All materials are isotropic, so that the magnetic field h has only zy components.
The conducting grains (electric conductivity o = 510°S/m) are surrounded by a
perfect insulator, linear and nonmagnetic (u, = 1). The grains are governed by the
following magnetic laws:

1. a nonlinear exponential law H(b) = (o + 8 exp(7||b]|?)) b with o = 388, 3 =
0.3774, and v = 2.97 [23];

2. a Jiles—Atherton hysteresis model with parameters M, = 1,145,500 A /m,
a=59A/m, k=99A/m, ¢ = 0.55, and a = 1.310~%. (See [37, 6] for more
details on the Jiles—Atherton model and the meaning of the parameters it
uses.)

Results obtained using the computational homogenization (subscript “M” for
Macro and “m” for meso) are compared to the reference results (subscript “Ref”)
obtained solving the reference problem (i.e., the weak form of (2.28a—b)—(2.29a-b) on
a very fine mesh.

Some quantities of interest (global quantities and errors) are defined and used for
numerical validation. The global quantities are the reference and the computational
homogenization eddy currents losses:

TPRet(t) = (o]0ra® (z,t)|?) dz,
(5.3) /Q“

Pan(t) :LTP;p(w,t) dx:/Q(m1m| /Qm (o10sam(@, 3, 1)[?) dy> dz.

The equivalent quantities in terms of the magnetic energy can be defined.
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Az proj
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—2.3125¢ — 06 —le — 06 3.125¢ — 07 —1.61045¢ — 07 —3.01187e — 08 1.00808e — 07
— — | —
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—

Az tot
—2.34262 — 06 —1.03012e — 06 2.82381e — 07
| —

Fic. 5. Terms contributing to the total mesoscale magnetic vector potential for a cell prob-
lem centered at (325,25,0.0)um. Top: the z-component of the projection term Gproj(®,y,t) =
apy(z,t) + k(y X by(x,t)). Middle: the z-component of the correction term ac(x,y,t). Bot-
tom: the z-component of the total mesoscale vector potential atot(x,y,t) {nonlinear case with
jso =35 x 107A/m?, f = 25 kHz}.

Two types of errors are defined as follows:
e the relative error in terms of the eddy current losses:

| TPm — TP Ref |0, 1)

(5.4) Err,p =
| 7P res |l (0, 1)

e the pointwise relative error on the fields by and by,:

(5.5) Errd (x) = [ bm(; ) — bref (@, ) [|12(0,1)
" | brer (@) 220, 7) ’
Errd (z) = [ bm (2, ) = bres(2,°) [l12(0,7)

| bref(z) HL2(0,T)

5.2. Results. Results of the reference and the multiscale problems are compared
in this section. The latter are obtained by solving a finite element problem on the
entire, finely meshed multiscale domain (110,282 triangular elements). Computational
results are carried out on a macroscale, coarse mesh (42 quad elements). Mesoscale
problems are solved around each numerical quadrature point of the macroscale mesh
using a fine mesh (4125 triangular elements).

Figure 5 depicts the different contributing terms involved in the resolution of
the mesoscale problem. The projection term which varies linearly on the mesoscale
domain is computed from the macroscale fields as aproj(®, y,t) = anm(x,t) + £(y X
bar(x,t)). This term is then used as a source for the computation of the correction
term a.(x,y,t) at the mesoscale level which allows one to derive the total magnetic
vector potential aior(x,y,t) = ac(x,y,t) + ap(x,t) + x(y X by (x, t)).

The spatial cuts of the magnetic induction b and the eddy currents j, are shown
in Figure 6. The agreement between the reference solution and the mesoscale solution
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Fi1Gc. 6. SMC problem, b-conform formulations, hysteretic case. Spatial cuts of the z-component
of the eddy currents j (top) and of the xz-component of the magnetic induction b (bottom) along the
line {x = 25,2 = 0}y um. (f = 10kHz, t = 510775 for the curve of eddy currents and t = 25107 "s
for the curve of the magnetic induction).

on a cell around certain Gauss points in the computational domain proves excellent.
As expected, small discrepancies are observed near the boundary of the domain (see
Tables 2 and 3).

Table 2 displays the values of || b || obtained from the reference solution (Refer-
ence), the macroscale solution (Macro), and the mesoscale solution (Meso) and the
corresponding relative pointwise errors (Error meso, Error macro) for t = 6 - 1076 s.
In this table, we observe that the mesoscale error increases with the proximity to the
boundary of the computational domain. In the bulk, the error is around 1% and rises
up to 14% at the boundary. Indeed, cells located near the boundary do not respect
the periodicity assumption; they are not immersed in a periodic environment. The
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TABLE 2
Soft magnetic composite problem—b-conform formulations. Comparison of the reference and
the computational (macroscale and mesoscale) magnetic flux density (||b|| [T]) at different points of
the macroscale domain {t = 6-1076 s}.

Position (um) | Reference Meso Macro Errg(w)(%) Err&(w)(%)
(25,25,0) 0.0157652 | 0.0158937 | 0.0347775 0.82 120.60
(25,475,0) 0.0186482 | 0.0181317 | 0.0403767 2.77 116.52

(175,175, 0) 0.0158077 | 0.0158738 | 0.0346577 0.42 119.25

(475,25,0) 0.0156693 | 0.0158615 | 0.0345838 1.23 120.70

(475,475, 0) 0.0184396 | 0.0158563 | 0.0417285 14.01 126.30
TABLE 3

Soft magnetic composite problem—b-conform formulations. Relative L2(0,T) errors of the
mesoscale and the macroscale magnetic flux density with regard to the reference, Errgl(a:) and

Errg[(a:), respectively, at different points of the computational domain.

Position (um) Errg(az)(%) Errg{(az)(%)
(25,25,0) 3.27 11.49
(25,475,0) 4.93 15.13
(175,175,0) 3.01 11.88
(475,25,0) 3.04 12.27
(475,475,0) 15.46 22.91
%1070 Joule losses at f=150Hz Joule losses at f = 2500 Hz
7.5 0.0165
e Comp e Comp
= —Ref —Ref
= 5 = 0.011 =
é
=25 0.0055
=
=
0 0
0 0.01 0.02 0.03 0.04 0 0.0002 0.0004 0.0006 0.0008
x1078 x10~4
1 12.5
=
= 7.5
8 34 . . .
g 25 . . :. :
a 3 I3 . o
£ 67 . A /\; /\l
S| —2.0 04
= _10 75
0 0.01 0.02 0.03 0.04 0 0.0002 0.0004 0.0006 0.0008
Time (s) Time (s)

FiGc. 7. SMC problem, b-conform formulations, hysteretic case. Instantaneous Joule losses and
absolute error between the reference (Ref) and the computational (Comp) solutions. Hysteretic case.
Left: f =50 Hz. Right: f = 2500 Hz.

macroscale error is huge and almost independent of the location of the considered
point.

Table 3 provides the relative L?(0,T) error defined by (5.5). Results of Table 3
allow us to draw the same conclusions as those from Table 2, i.e., the error increases
as the point gets closer to the boundary of the computational domain.

Figure 7 depicts the evolution of the eddy currents losses for excitations at 50 Hz
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TABLE 4
Soft magnetic composite problem—b-conform formulations. Relative L>°(0,T) norm error on
the total Joule losses as a function of the frequency.

Frequency (Hz) | Err,p (%)
50 1.41
100 1.46
250 1.61
1000 3.42
2500 6.69

10728

10 4r

10 6F

Tolerance
Tolerance

10-6F

—e— Macro

7 E b 2 3 4
Iteration Tteration

Fic. 8. SMC problem, b-conform formulations, hysteretic case. Convergence of the error as a
function of nonlinear iterations. Top: mesoscale problem. Bottom: macroscale problem.

and 2500 Hz (which correspond to the case with enhanced skin effect). A good agree-
ment between Joules losses is observed for both frequencies: a maximum error of
1.41 % and 6.69 % are observed for f = 50 Hz and f = 2500 Hz, respectively.

Table 4 contains the relative L°°(0,T) error of the Joule losses defined by (5.4)
as a function of frequency.

Figure 8 shows the convergence of the residual resulting from the resolution by
the Newton—Raphson method as a function of the number of nonlinear iteration. It
can be seen that the macroscale problem converges quadratically while the mesoscale
problems converge at an average rate of 1.33.

6. Conclusions. In this paper we have developed a computational multiscale
method inspired by the HMM approach to solve nonlinear, possibly hysteretic MQS
problems on multiscale domains (e.g., composite materials, lamination stacks, etc.).
To construct the computational multiscale model, we combine theoretical results from
two-scale convergence theory and asymptotic homogenization. The two-scale conver-
gence and periodic unfolding methods are used for deriving the partial differential
equations governing fields at both the macroscale and the mesoscale levels, valid in
the nonlinear regime and in the presence of curl differential operators. Asymptotic
homogenization is used for defining a mesoscale problem in the case of linear consti-
tutive laws (e.g., the linear electric conductivity law).

Although the theoretical foundation is only valid in the case of linear and non-
linear problems governed by a maximal monotone operator, in practice, the resulting
numerical multiscale scheme has been successfully applied to general MQS problems
also exhibiting memory effects (hysteresis). The numerical tests were performed for
magnetodynamic problems, using b-conform formulations. An excellent agreement
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has been obtained between the reference solutions (computed using a brute force
approach) and the computational (mesoscale) solutions. We observed larger errors
near the boundary of the computational domain as the cell problems defined near the
boundary are not immersed in a periodic environment. The eddy current losses are
also accurately evaluated. The error on these losses increases as a function of the
frequency.

For the considered academic test case, the proposed computational multiscale
method fulfills the original goals (section 1): it allows one to solve multiscale MQS
problems, including the computation of local fields at the mesoscale and the accu-
rate evaluation of electromagnetic losses. It naturally handles nonlinear or hysteretic
materials and periodic mesoscale geometries. From an engineering point of view, the
approach could be straightforwadly applied to deal with more complex multiscale
geometries.

The main disadvantage of the method is its higher computational cost. However,
since all the mesoscale problems are independent, the method is perfectly suited for
modern massively parallel computers, and we thus believe that it has a lot of potential,
even compared to brute force approaches, which do not scale well.
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