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Abstract

We pursue the investigation of generalizations of the Pascal triangle based on binomial coefficients
of finite words. These coefficients count the number of times a finite word appears as a subsequence of
another finite word. The finite words occurring in this paper belong to the language of a Parry numeration
system satisfying the Bertrand property, i.e., we can add or remove trailing zeroes to valid representations.
It is a folklore fact that the Sierpinski gasket is the limit set, for the Hausdorff distance, of a convergent
sequence of normalized compact blocks extracted from the classical Pascal triangle modulo 2. In a similar
way, we describe and study the subset of [0,1] x [0, 1] associated with the latter generalization of the
Pascal triangle modulo a prime number.
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1 Introduction

Several generalizations and variations of the Pascal triangle exist and lead to interesting combinatorial,
geometrical or dynamical properties [I} [2, [7) 8, ©]. This paper is inspired by a series of papers based on
generalizations of Pascal triangles to finite words [9, [10] [TT] [12].

1.1 Binomial coefficients of words and Pascal-like triangles

In this short subsection, we briefly introduce the concepts we use in this paper. For more definitions, see
section A finite word is a finite sequence of letters belonging to a finite set called the alphabet. The
binomial coefficient (1;) of two finite words u and v is the number of times v occurs as a subsequence of u
(meaning as a “scattered” subword). It is worth noticing that for any finite word u, the binomial coefficient
(g) is 1 for the only occurrence of € in u corresponds to the empty sequence.

Let A be a totally ordered alphabet, and let L C A* be an infinite language over A. We order the words
of L by increasing genealogical order (i.e., first by length, then by the classical lexicographic ordering for
words of the same length using the order on A) and we write L = {wy < w1 < we < ---}. Associated with
the language L, we define a Pascal-like triangle Py : N x N — N represented as an infinite table. The entry
Py (m,n) on the mth row and nth column of Py, is the integer (ﬁn)
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1.2 Previous work

Let b be an integer greater than 1. We let rep,(n) denote the (greedy) base-b expansion of n € N\ {0}
starting with a non-zero digit. We set rep,(0) to be the empty word denoted by e. We let L, = {1,...,b—
1}{0,...,b — 1}* U {e} be the set of base-b expansions of the non-negative integers. In [9], we study the
particular case of L = Ly. The increasing genealogical order thus coincides with the classical order in N. For
example, see Table [1] for the first few values? of Py. Clearly, P, contains several subtables corresponding to

e 1 10 11 100 101 110 111
ef1 0 0 0 O 0 0 0
111 0 0 O 0 0 0
(1 1 1 0 0 0 0 0
1(1 2 0 1 O 0 0 0
1001 1 2 0 1 0 0 0
10171 2 1 1 0 1 0 0
117011 2 2 1 0 0 1 0
111771 3 0 3 O 0 0 1

Table 1: The first few values in the generalized Pascal triangle Py (A282714).

the usual Pascal triangle. For instance, it contains (b — 1) copies of the usual Pascal triangle obtained when
only considering words of the form o™ with a € {1,...,b — 1} and m > 0 since (Z,:) = (7:) In Table (1] a
copy of the classical Pascal triangle is written in bold.

Considering the intersection of the lattice N? with [0,2"] x [0,2"], the first 2" rows and columns ((;) mod
2)o<ij<2n of the usual Pascal triangle modulo 2 provide a coloring of this lattice. If we normalize this
compact set by a homothety of ratio 1/2", we get a sequence of subsets of [0, 1] x [0, 1] which converges, for
the Hausdorff distance, to the Sierpinski gasket when n tends to infinity. In the extended context described
above, the case when b = 2 gives similar results and the limit set, generalizing the Sierpinski gasket, is
described using a simple combinatorial property called (%) [9].

Inspired by [9], we study the sequence (Sy(n))n>o which counts, on each row m of Py, the number of
words of Ly occurring as subwords of the mth word in L, i.e., Sp(m) = #{n € N | Py(m,n) > 0}. This
sequence is shown to be b-regular [10, [12]. We also consider the summatory function (Ap(n)),>o of the
sequence (Sp(n))n>0 and study its behavior [111 [12].

So far, the setting is the one of integer bases. As a first extension, we handle the case of the Fibonacci
numeration system, i.e., with the language Ly = {e} U 1{0,01}* [I0, [II]. It turns out that the sequence
(Sr(n))n>0 counting the number of words in Ly occurring as subwords of the nth word in Ly has properties
similar to those of (Sy(n))n>0. Finally, the summatory function (Ap(n))n>o of the sequence (Sp(n)),>o has
a behavior similar to the one of (Ay(n))n>0.

1.3 Our contribution

The Fibonacci numeration system belongs to an extensively studied family of numeration systems called
Parry-Bertrand numeration systems, which are based on particular sequences (U(n)),>o (the precise defini-
tions are given later). In this paper, we fill in the gap between integer bases and the Fibonacci numeration
systems by extending the results of [9] to every Parry—Bertrand numeration system. First, we generalize
the construction of Pascal-like triangles to every Parry—Bertrand numeration system. For a given Parry—
Bertrand numeration system based on a particular sequence (U(n)),>0, we consider the intersection of the
lattice N? with [0, U(n)] x [0,U(n)]. Then the first U(n) rows and columns of the corresponding generalized

2Some of the objects discussed here are stored in Sloane’s On-Line Encyclopedia of Integer Sequences [18]. See sequences
A007306, |A282714) A282715, A282720, A282728| A284441, and A284442,
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Pascal triangle modulo 2 provide a coloring of this lattice regarding the parity of the corresponding bino-
mial coefficients. If we normalize this compact set by a homothety of ratio 1/U(n), we get a sequence in
[0, 1] x [0, 1] which converges, for the Hausdorff distance, to a limit set when n tends to infinity. Again, the
limit set is described using a simple combinatorial property extending the one from [9].

Compared to the integer bases, new technicalities have to be taken into account to generalize Pascal
triangles to a larger class of numeration systems. The numeration systems occurring in this paper essentially
have two properties. The first one is that the language of the numeration system comes from a particular
automaton. The second one is the Bertrand condition which allows to delete or add ending zeroes to valid
representations.

This paper is organized as follows. In Section [2] we collect necessary background. Section [3]is devoted
to a special combinatorial property that extends the (x) condition from [9]. This new condition allows us to
define a sequence of compact sets, which is shown to be a Cauchy sequence in Section[d] In Section [5] using
the property of the latter sequence, we define a limit set which is the analogue of the Sierpinski gasket in
the classical framework. We show that the sequence of subblocks of the generalized Pascal triangle modulo 2
in a Parry—Bertrand numeration converges to this new limit set. As a final remark, we consider the latter
sequence of compact sets modulo any prime number.

2 Background and particular framework

We begin this section with well-known definitions from combinatorics on words; see, for instance, [16]. Let
A be an alphabet, i.e., a finite set. The elements of A are called letters. A finite sequence over A is called
a finite word. The length of a finite word w, denoted by |w]|, is the number of letters belonging to w. The
only word of length 0 is the empty word €. The set of finite words over the alphabet A including the empty
word (resp., excluding the empty word) is denoted by A* (resp., AT). The set of words of length n over A
is denoted by A™. If u and v are two finite words belonging to A*, the binomial coefficient (’;) of u and v is
the number of occurrences of v as a subsequence of u, meaning as a scattered subword. The sequences over
A indexed by N are the infinite words over A. If w is a finite non-empty word over A, we let w* := www - - -
denote the infinite word obtained by concatenating infinitely many copies of w. If L C A* is a set of finite
words and u € A* is a finite word, we let u~!.L denote the set of words {v € A* | uv € L}. Let A be totally
ordered. If u,v € A* are two words, we say that u is less than v in the genealogical order and we write u < v
if either |u| < |v|, or if |u| = |v| and there exist words p, ¢, € A* and letters a,b € A with u = paq, v = pbr
and a < b. By u < v, we mean that either u < v, or u = v.

In the first part of this section, we gather two” results on binomial coefficients of finite words and integers.
The proof of the first lemma is easy, but still can be found in [I3] Chap. 6].

Lemma 1. Let A be a finite alphabet. Let u,v € A* and let a,b € A. Then we have

() = ()~ ()

where 6q.p is equal to 1 if a = b, 0 otherwise. If s,t,w are three words over A, then we also have

(V)= 2 ()

uv=t

Implied by the previous result, the next useful lemma deals with binomial coefficients of words ending
with blocks of zeroes.

Lemma 2. Let A be a finite alphabet containing 0. For all non-empty words u,v € A* and all k € N, we

(59 -2 () ()

Jj=0



In the last part of this section, we introduce the setting of particular numeration systems that are
used in this paper: the Parry—Bertrand numeration systems. First of all, we recall several definitions and
results about representations of real numbers. To that aim, let [-] denote the ceiling function defined by
[x] =inf{z € Z| z > z}. For more details, see, for instance, [3, Chap. 2], [I4, Chap. 7] or [I7].

Definition 3. Let 8 € Ry and let Ag = {0,1,...,[8] —1}. Every real number x € [0,1) can be written as
a series
+oo )
z=2 87
j=1

where ¢; € Ag for all j > 1. The infinite word cica--- is called a B-representation of x. Among all the
B-representations of x, we define the S-expansion dg(x) of x obtained in a greedy way, i.e., for all j > 1, we
have ¢;877 + ¢j 418777 + -+ < 87T We also make use of the following convention: if w = wy, -+~ wy is
a finite word (resp., w = wyws--- is an infinite word) over Ag, the notation 0.w has to be understood as
the real number Z;’:O w; 3771 (resp., Z;;OT w;jB77); it actually corresponds to the value of the word w in
base .

In an analogous way, the -ezpansion dg(1) of 1 is the following infinite word over Ag

(B—1)~, if eEN;
dg(1) := { ([8] = 1)dg(1 = ([B] —1)/B), otherwise.

In other words, if 8 is not an integer, the first digit of the S-expansion of 1 is [#] — 1 and the other digits
are derived from the S-expansion of 1 — ([5] —1)/8.

Let dg(1) = (tn)n>1 be the S-expansion of 1. Observe that t; = [§| — 1. We define the quasi-greedy
B-expansion dj(1) of 1 as follows. If dg(1) = t1---tp, is finite, i.e., t,, # 0 and ¢; = 0 for all j > m, then
dg(1) = (t1 - tm-1(tm — 1)), otherwise dj(1) = dg(1).

A real number 8 > 1 is a Parry number if dg(1) is ultimately periodic. Note that if dg(1) is finite, then
0 is called a simple Parry number. In this case, Proposition [5] gives an easy way to decide if an infinite word
is the S-expansion of a real number [I5]. For more details, see, for instance, [I4, Chap. 7]. First, let us recall
the definition of a deterministic finite automaton.

Definition 4. A deterministic finite automaton (DFA), over an alphabet A is given by a 5-tuple A =
(@, 40, 4,4, F) where @ is a finite set of states, ¢y € @ is the initial state, 0 : Q@ x A +— @ is the transition
function and F' C @ is the set of final states (graphically represented by two concentric circles). The map
d can be extended to @ x A* by setting §(¢,e) = ¢ and d(q,wa) = §(6(q,w),a) for all ¢ € Q, a € A and
w € A*. We also say that a word w is accepted by the automaton if §(qp, w) € F.

Proposition 5. Let § € Ry be a Parry number.

(a) Suppose that dg(1) =ty ---ty, is finite, i.e., t,, # 0 and t; = 0 for all j > m. Then an infinite word
is the B-expansion of a real number in [0,1) if and only if it is the label of a path in the automaton
Az = ({ag, ..., am-1},a0,A43,9,{ao,...,am—1}) depicted in Figure where the transition function ¢
is defined as follows: for each i € {1,...,m}, 6(a;_1,t) = ag for allt € {0,...,t; — 1}; and for every
1< m, (5(&1;1,75,‘) = a;.

(b) Suppose that dg(1) = t1 -ty (tmt1 - tmtk)” where m,k are taken to be minimal. Then an infinite
word is the B-expansion of a real number [0,1) if and only if it is the label of a path in the automaton
Az = ({ag, ..., amtk-1}, a0, Ap,0,{a0, ..., am+k—1}) depicted in Fz'gure where the transition func-
tion § is defined as follows: for each i € {1,...,m + k}, d(a;—1,t) = ap for allt € {0,...,t; — 1}; for
every i <m+k, 0(a;—1,t;) = a;, and 6(amsk—1,tm+k) = Am.



(b) The case when dg(1) is ultimately periodic but not finite.

Figure 1: The automaton Az in function of the ultimately periodic word dg(1).

From that result, observe that from any state in the automaton, one can reach the initial state by reading
a suitable sequence of zeroes, acting as a reset sequence. Note that if ¢; = 0, the set {0,...,¢; — 1} is empty,
so several zeroes might actually be required to reach the initial state. Now let us illustrate the previous
proposition. For other examples, see, for instance, [5].

Example 6. If 3 € R>; is an integer, then dg(1) = dj(1) = (8 — 1)*. The automaton Ag consists of a
single initial and final state ag with a loop of labels 0,1,...,5 — 1.

Consider the golden ratio ¢. Since 1 = 1/¢ + 1/¢?, we have d(1) = 11 and dj (1) = (10)*. Tt is thus
a Parry number. The automaton A, is depicted in Figure The square 2 of the golden ratio is again a
Parry number with dy2(1) = d7. (1) = 21“. The automaton A2 is depicted in Figure

(a) (b)

Figure 2: The automaton A, (on the left) and the automaton A,z (on the right).

With every Parry number is canonically associated a linear numeration system. Let us recall the definition
of such numeration systems.

Definition 7. Let U = (U(n)),>0 be an increasing sequence of integers such that U(0) = 1. We say
that U is a linear numeration system if U satisfies a linear recurrence relation, i.e., there exist £k > 1 and
ag, .- .,ak_1 € Z such that

Un+k)=ar1Un+k—1)+---+aU(n) ¥Yn>0. (1)

Let n be a positive integer. By successive Euclidean divisions, there exists £ > 1 such that

where the c¢;’s are non-negative integers and c,—; is non-zero. The word ¢, - - - ¢g is called the normal U-
representation of n and is denoted by rep;;(n). In other words, the word cy_1 - - - ¢ is the greedy expansion of



n in the considered numeration system. We set rep;;(0) := . Finally, we refer to Ly := repy (N) as the lan-

guage of the numeration and we let Ay denote the minimal alphabet such that Ly C Aj; (since sup,,> ng:)l)

is bounded by a constant, such a finite alphabet does exist). If d,. - - - dy is a word over an alphabet of digits,
then its U-numerical value is valy (d, - - - dp) := Z;:O d; U(j). Observe that, if valy(d, - - - dg) = n, then the
word d,. - - - dp is a U-representation of n (but not necessarily its normal U-representation).

Definition 8. Let § € R>; be a Parry number. We define a particular linear numeration system Ug :=
(Us(n))n>o associated with 8 as follows. If dg(1l) = ¢1---t,, is finite (¢, # 0), then we set Ug(0) := 1,
Up(i) :=t1Ug(i — 1) + -+ +t;Us(0) + 1 for all ¢ € {1,...,m — 1} and, for all n > m,

Ug(n) :=t1Ug(n — 1) +--- + t,Ug(n —m).

Ifdg(1) =t1- -t (tms1 - - tmtr)” (m, k are minimal), then we set Ug(0) := 1, Ug(i) := t;Ug(i — 1)+ --- +
t;Ug(0)+1forallie{l,...,m+k—1} and, for all n > m+k,

Us(n) :==tUg(n—1)+ -+ tmixUsg(n —m — k) + Ug(n — k)
—t1Ug(n—k—1)—--- =t Ug(n —m —k).

The linear numeration system Ug from Definition |§| has an interesting property: it is a Bertrand numer-
ation system.

Definition 9. A linear numeration system U = (U(n))n>0 is a Bertrand numeration system if, for all
weAaweLU@wOeLU.

Bertrand proved that the linear numeration system Ug associated with the Parry number 3 from Defini-
tion[8is the unique linear numeration system associated with 3 that is also a Bertrand numeration system [4].
In that case [4], any word w in the set 0*Ly, of all normal Ug-representations with leading zeroes is the
label of a path in the automaton Az from Proposition

Finally, every Parry number is a Perron number [I4, Chap. 7]. A real number 8 > 1 is a Perron number
if it is an algebraic integer whose conjugates have modulus less than 5. Numeration systems based on Perron
numbers are defined as follows and have the property 7 which is often used in this paper.

Definition 10. Let U = (U(n)),>0 be a linear numeration system. Consider the characteristic polynomial
of the recurrence given by P(X) = X*¥ —ap_; X* 1 —... —a; X — ap. If P is the minimal polynomial
of a Perron number 5 € Ry, we say that U is a Perron numeration system. In this case, the polynomial P
can be factored as P(X) = (X — 8)(X — ag) -+ (X — ai), where the complex numbers «o, ..., ax are the
conjugates of 3, and, for all j > 1, we have |a;| < . Using a well-known fact regarding recurrence relations,
we have U(n) = ¢1 8™ + coay + -+ - + cpay for all n > 0 where ¢y, ..., c; are complex numbers depending on
the initial values of U. Since |a;| < 3 for all j > 1, we have

Jim S )

Remark 11. Note that if two Perron numeration systems are associated with the same Perron number,
then these two systems only differ by the choice of the initial values U(0),...,U(k —1). The choice of those
initial values is of great importance. See, for instance, Example

Example 12. The usual integer base system is a special case of a Perron—-Bertrand numeration system.

The golden ratio ¢ is a Perron number whose minimal polynomial is P(X) = X2 — X — 1. A Perron—
Bertrand numeration system associated with ¢ is the Fibonacci numeration system based on the Fibonacci
numbers (F'(n)),>o defined by F(0) =1, F(1) =2 and F(n+2) = F(n+ 1)+ F(n). If we change the initial
conditions and set F/(0) = 1, F'(1) = 3 and F'(n+2) = F'(n+1)+F’'(n), we again get a Perron numeration
associated with ¢ which is not a Bertrand numeration system. Indeed, 2 is a greedy representation, but not
20 because rep g (valps(20)) = 102.



The particular setting of this paper is the following one: we let § € R.; be a Parry number and
we constantly use the special Parry-Bertrand numeration Ug from Definition @ From Definition @ and
Definition |7} the alphabet Ay, is the set {0,1,...,[3] — 1} and the language of the system of numeration
Ug is Ly, C A, (which is defined using the automaton Az from Proposition .

3 The (%) condition

We let w,, = repys, (n) denote the nth word of the language Ly, in the genealogical order. The generalized
Pascal triangle Py, : N x N = N : (4,5) — (Zﬁ;) is represented as an infinite table? whose entry on the ith
row and the jth column is the binomial coefficient (Zj;) For instance, when 8 = ¢, the first few values in
the generalized Pascal triangle Py, are given in Table [2 below. Considering the intersection of the lattice
N? with [0,Ug(n)] x [0,Ug(n)], the first Ug(n) rows and columns ((:“U”]) mod 2)o<; j<u,(n) Of the generalized
Pascal triangle Py, modulo 2 provide a coloring of this lattice, leading to a sequence of compact subsets of

R2. If we normalize these sets respectively by a homothety of ratio 1/Us(n), we define a sequence (U?),>0
of subsets of [0,1] x [0, 1].

Definition 13. Let Q := [0,1] x [0, 1]. Consider the sequence (U?), >0 of sets in [0, 1] x [0, 1] defined for all
n > 0 by

[3'—71 va, V), va (7 U, v ¢ = 1 mo :
up = Uﬁ(n)U{( Ly, (v), valy, (u)) + Q | u, ELUﬁ,(U> 1 d2}c[0,1]x[0,1]

Each U$ is a finite union of squares of size 1/Us(n) and is thus compact.

Example 14. When 8 = ¢ is the golden ratio, the first values in the generalized Pascal triangle Py, are
given in Table 2l The sets Uy, Uf and U are depicted in Figure 3] The set g is depicted in Figure

j

(@) e 1 10 100 101 1000 1001 1010
e[1 0 0O 0 0 0 0 0
1110 0 0 0 0 0
wlt 11 0 0 0 0 0

i 100011 2 1 0 0 0 0
01/1 2 1 0 1 0 0 0
10001 1 3 3 0 1 0 0
100012 2 1 2 0 1 0
1010/1 2 3 1 1 0 0 1

Table 2: The first few values in the generalized Pascal triangle Py, .

given in the appendix.

Remark 15. Each pair (u,v) of words of length at most n with an odd binomial coefficient gives rise to
a square region in U2. More precisely, we have the following situation. Let n > 0 and u,v € Ly, such
that 0 < |v] < |u| < n and () = 1 mod 2. We have ((valy, (v), valy, (u)) + Q)/Ug(n) C U as depicted in
Figure [

3Using the notation (Z), the rows (resp., columns) of Py, are indexed by the words u (resp., v).
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Figure 4: Visualization of a square region in U2.

Let us now introduce some notations about the Hausdorff metric. We assume that d is the Euclidean
distance on R?. We let B(z,¢) denote the open ball of radius € > 0 centered at z € R? and, if S C R?, we
let [S]e := UzesB(x,€) denote the e-fattening of S. We consider the space (H(R?),d}) of the non-empty
compact subsets of R? equipped with the Hausdorff metric dj, induced by d. It is well known that (H(R?), dj)
is complete [6].

Our aim is to show that the sequence (U?),>o of compact subsets of [0,1] x [0,1] is converging and to
provide an elementary description of its limit set. The idea is the following one. Let (u,v) € Ly, x Ly,
be a pair of words having an odd binomial coefficient. On the one hand, some of those pairs are such that

(ZJLZ) = Omod 2 for all letters a such that ua,va € Ly,. In other words, those pairs of words create a

black square region in Z/{I’i ‘ while the corresponding square region in Z/Il*i +1 is white. As an example, take

B =, u =1010 and v = 101. We have (1;8) = 2 (see Figure . On the other hand, some of those pairs
create a more stable pattern, i.e., (ZZ) = 1 mod 2 for all words w such that uw,vw € Ly,. Roughly, those
pairs create a diagonal of square regions in (U?),>o. For instance, take 8 = ¢, u = 101 and v = 10. In
this case, (“) = 1 mod 2 for all admissible words w. In particular, the pairs of words (u,v), (u0,v0) and
(u00,v00), (u01,v01) have odd binomial coefficients (see Figure [3|) and create a diagonal of square regions.
With the second type of pairs of words, we define a new sequence of compact subsets (A?),,>¢ of [0,1] x [0, 1]
which converges to some well-defined limit set £°. Then, we show that the first sequence of compact sets
up Jn>0 also converges to this limit set. The remaining of this paper is dedicated to formalize and prove
those statements.

To reach that goal, for all non-empty words u,v € Ly,, we first define the least integer p such that
u0Pw, v0Pw belong to Ly, for all words w € 0*Ly,. In other terms, any word w can be read after u0” and
v0? in the automaton Ag. Then, some pairs of words (u,v) € Ly, x Ly, have the property that not only

(z) = 1 mod 2 but also (“OP“’) = 1 mod 2 for all words w € 0*Ly,; see Corollary Such a property creates

v0Pw

a particular pattern occurring in U2 for all sufficiently large n, as shown in Remark
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Figure 5: The automaton Ag for the dominant root 3 of the polynomial P(X) = X% —2X3 — X2 — 1.

Proposition 16. For all non-empty words u,v € Ly,, there exists a smallest nonnegative integer p(u, v)
such that
(uolﬂ(u,v))fl.LUl3 — (Uop(u,v))fl.LUB _ O*LUB-

Proof. Using Proposition 5] take p(u,v) to be the least nonnegative integer p such that §(ag,u0P) = ag =
d(ag,v0P). Then, for any word w € 0* Ly, , the words 0P ), wOP(® )y are labels of paths in Ag. Conse-

quently, they are words in Ly,. Conversely, if the words u0P (@), p0P(®Y)y are labels of paths in Ag, then
w € 0" Ly,. O

In the following, we will be using p(e,e). Observe that, using Proposition |5} d(ag,e) = ag. We naturally
set p(e,e) := 0 and we thus have (EOP(E’E))_l.LUﬂ = Ly,.

Example 17. If > 1 is an integer, then p(u,v) = 0 for all u,v € Ly,. See Example |§|
If B = ¢ is the golden ratio, then p(u,v) = 0 if and only if v and v end with 0 or ©w = v = €, otherwise

p(u,v) = 1.
The integer of Proposition [16| can be greater than 1 as illustrated in the following example.

Example 18. Let 3 be the dominant root of the polynomial P(X) = X% —2X?3— X2 —1. Then 8 ~ 2.47098
is a Parry number with dg(1) = 2101 and dj(1) = (2100)“. The automaton Ag is depicted in Figure |5 For
instance, p(101,21) = 2.

Definition 19. Let (u,v) € Ly, x Ly,. We say that (u,v) satisfies the () condition if either u = v = ¢, or
|u] > |v| > 0 and
uop(urv) . uop(u’v)
(vOP(“a”)> =1mod2 and (vOP(“v“)a> =0 Vac Ay,

where p(u,v) is defined by Proposition Observe that, if (u,v) # (g,¢), then v0P(“)q € Ly, for all
a € Ay,. It is worth noticing that if only one of the two words u or v is empty, then the pair (u,v) never
satisfies (*).

The next easy lemma shows that all diagonal elements of U satisfy (x).
Lemma 20. For any word u € Ly,, the pair (u,u) satisfies (x).

Proof. If u = ¢, the result is clear using Definition Suppose u is non-empty and let p := p(u, u) denote
the integer from Proposition Then, for all a € Ay,, we get (Zgi) =1=1mod 2 and (%2;) = 0 for we

have |[u0Pal > |u0P|. O

If a pair of words satisfies (%), it has the following two properties. First, its binomial coefficient is odd,
as stated in the following proposition. Secondly, it creates a special pattern in 22 for all large enough n; see
Proposition [22] Corollary 23] and Remark

Proposition 21. Let (u,v) € Ly, x Ly, satisfying (x). Then () =1 mod 2.



Proof. If u =v = ¢, the result is clear by definition. Suppose that u and v are non-empty. Let us proceed by
contradiction and suppose that ﬁis even. For the sake of clarity, let us set p := p(u, v) from Proposition

On the one hand, by Definition we know that (Zg:) = 1 mod 2 and, on the other hand, Lemmastates
that

() -2 ()(5) ()

Jj=

p
<p)< u) =1mod2>0
— \J v07

J

Consequently, we have

and there must exist ¢ € {1,...,p} such that (076,) > (. Using again Lemma we also have

<£p0> {i (j ! 1> (ﬁj) Z (Z ! 1) (;5) >0,

which contradicts Definition [19 O

Proposition 22. Let u,v € Ly, be two non-empty words such that (u,v) satisfies (x). For any letter
a € Ay, the pair of words (u0P“")a,v0P(“")a) € Ly, x Ly, satisfies (x).

Proof. Set p := p(u,v). Let a be a letter in Ay, and also set p’ := p(u0Pa,v0”a). By Lemmas |I| and

u0P a0’ _pzl D’ ulPa n u0P n u0P
v0PaQP’ 7],:1 j ) \w0ra0’ v0Pa 0P )’

Since (u, v) satisfies (%), () = 0. We now show that all the coefficients (

0. Let 1 < j <p'. From Lemmal[I] we know that

u0Pa u(0P u0P
) = ) + a0 .
v0Pa(I v0Pa(’ “\v0PgQi—1

Clearly, the first term (Uéfnojoj) must be 0. Indeed, otherwise it means that the word v0Pa appears as a

u0Pa

. , )
vOPan)’ for J= 1,...,p, are also

subword of the word w0P, which contradicts (x). The second term (UO,,Z%Z,I) only appears if a = 0. In
D
that case, this term becomes (Uggoj) = 0, for otherwise there is an occurrence of the word v0P0 in w0P,

contradicting (x). Consequently, using Definition we get
P q0P »
anO/ = uo =1 mod 2.
v0Pa0P v0OP
Using the same argument, for any letter b € Ay, we also have
u0Pa0?’
=0. O
(vOpaOP/ b)
Corollary 23. Let u,v € Ly, be two non-empty words such that (u,v) satisfies (x). Then

<uop<w>w

UOP(“W)w) =1mod2 Vwe 0 Ly,.

10



Proof. Set p := p(u,v). From Proposition u0Pw, v0Pw belong to Ly, for any word w € 0*Ly,. Now
proceed by induction on the length of w € 0* Ly,. If |w| = 0, then w = ¢ is the empty word and the statement
is true using Definition If [w| = 1, then w = a is a letter belonging to Ay,. Then, by Proposition
we know that (u0Pa,v0Pa) satisfies (x). Using Proposition [21} we have (ZZ) = 1 mod 2. Now suppose that
|w| > 2 and write w = aw’b € 0* Ly, where a,b are letters. From Lemma (1, we deduce that

u0Pw\ [ uOPaw’ n uOPaw’
v0Pw ) \wOPaw'b vOPaw’ )
By induction hypothesis, (58225:) = 1 mod 2 since aw’ € 0*Ly, and |aw’| < |w|. Furthermore, (:&p;ﬁ/b)

must be 0, otherwise it means that the word v0Pa occurs as a subword of the word u0P, which contradicts
the fact that (u,v) satisfies (x). This ends the proof. O

The next lemma is useful to characterize the pattern created in Z/lff , for all sufficiently large n, by pairs of
words satisfying (x), see Remark below. In this result, we make use of the convention given in Deﬁnition

Lemma 24. Let (u,v) € Ly, x Ly, satisfying (x).

valy, (vOP(-0)+m) valy, (uQP(-0)+m)
Us(lul + p(u,0) + 1) Us(lu| + p(u,0) +n) | |

converges to the pair of real numbers (0.0*/=1°ly, 0.1).

(a) The sequence

(b) For alln >0, let w =d,, denote the prefiz of length n of d5(1). Then the sequence
valy, (0P ) valy, (u0P(®0)d,,)
Us(lul + p(u,v) + 1) Us(lu| + p(u,0) +n) | |

converges to the pair of real numbers (0.0'“"‘”'1}0”(“’”)512(1),O.UOP(“’”)dg(l)).

Proof. Let (u,v) € Ly, x Ly, satisfying (x) and set p := p(u,v). We prove the first item as the proof of the
second one is similar. The result is trivial if w = v = ¢. Suppose that u and v are non-empty words. Let us
Write U = Ujy|—1Ujy|—2 - - up Where u; € Ay, for all i. By definition, we have

valp, (u0P+™) |uzl Us(i+p+n)
Us(|u| +p+n) "Us(lul +p+n)
Using (), Us(i + p + n)/Us(|u| + p + n) tends to 8°/B!*l when n tend to infinity. Consequently,
Ju|—1
valy, (u0P+m)
lim —5 w71 = 0.0
N TR R

Using the same reasoning on the word v, we conclude that the sequence
valy, (vOP(-0)+m) valy, (u0P(®v)+m)
Us(lul + p(u, v) + 1) Us(lul + p(u,0) +n) | |

converges to the pair of real numbers (0.0/“/=1ly, 0.u). O

11



Remark 25. Let (u,v) € Ly, x Ly, satisfying () and set p := p(u,v). Suppose that u and v are non-
empty (the case when u = v = ¢ is similar: in the following, replace 0* Ly, by Ly, where needed). Using
Corollary the pair of words (u0Pw,v0Pw) has an odd binomial coefficient for any word w € 0*Ly,. In

A for all w € 0* Ly, such

particular, the pair of words (u0Pw, v0Pw) corresponds to a square region in Z/l‘ul tpin

that |w| =n > 0. Using Remark [15] this region is

( valy, (v0Pw) valy, (u0Pw) ) Q cuf
Us(Jul +p+n)" Us(lul +p+n) )~ Us(lul +p+mn) ~ "Tultetn’

Using Lemma when w = 0" (the smallest word of length n in 0* Ly, ), the sequence
(( valy, (v0P*™)  valy, (u0PT™) >>
Us(lul +p+n) Us(lul +p+n) )/, 50
converges to the pair of real numbers (0.0'““‘”'1},0@). This point will be the first endpoint of a segment

associated with u and v. See Definition 27] Analogously, using Lemma [24] when w = d,, is the prefix of
length n of d(1) (the greatest word of length n in 0*Ly, ), then the sequence

(( valy, (v0Pd,,)  valy, (uOPd,) ))
Us(lul +p+n) Us(lul+p+n) )/ 54
converges to the pair of real numbers (o.o\ul—lv\vopdg(m, 0.u0Pd}3(1)). This point will be the second endpoint

of the same segment associated with u and v. See again Definition 27] As a consequence, the sequence of
sets whose nth term is defined by

U (( valy, (v0Pw) valy, (u0Pw) ) N Q ) 3)
& Gl G+ v m) Gl s+
wEO*LUﬁ

converges, for the Hausdorff distance, to the diagonal of the square (0.0'“"'”'1}, 0.u) + Q/B'“Hp.

Example 26. As a first example, when 8 = 2, we find back the construction in [9]. As a second example, let
us take 3 = ¢ to be the golden ratio. Let u = 101 and v = 10 (resp., v’ = 100 = v’). Then p(u,v) =1 (resp.,
p(u',v") = 0); see Example[I7] Those pairs of words satisfy (). The first few terms of the sequence of sets (3))
are respectively depicted in Figure [f]and Figure[7] Observe that when n tends to infinity, the union of black
squares in U7, , (resp., U7, 5) converges to the diagonal of (0.0v,0.u) + Q/¢* (resp., (0.v/,0.u') + Q/©?).

4 The sequence of compact sets (Ag)nzo

The observation made in Remark [25( leads to the definition of an initial set .Ag . The same technique is
applied in [9]. At first, let us define a segment associated with a pair of words.

Definition 27. Let (u,v) in Ly, x Ly, such that |u| > |v| > 0. We define a closed segment S, , of slope 1
and of length /2 - B=1*I=P(4:%) in [0,1] x [0,1]. The endpoints of S,,,, are given by A, , := (0.01"1"ly 0.u)
and

Buy i= Ay + (B7147P0) g=lul=p(u)y — (0.0|“|_|v‘vOp(“’”)dg(l),O.UOP(“’”)dZ(l)).

Observe that, if u = v = ¢, the associated segment of slope 1 has endpoints (0,0) and (1,1). Otherwise, the
segment S, ,, lies in [0,1] x [1/8, 1].

12
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(a) A subset of U5 .

000 v001 v010
2000
u001
1010

v0

i .

uy

(b) The element n = 0 of (3).

SRR
SIS

v00 w01

(c) The element n =1 of (3.

10000
u0001
10010
10100
u0101

ug ug

(d) The element n = 2 of (3). (e) The element n = 3 of ().

Figure 6: The first few terms of sequence of sets (3]) converging to the diagonal of the square (0.0v, 0.u)+Q/p*
for v = 101 and v = 10.

u'0

us uy

(a) The element n =0 of (3). (b) The element n = 1 of (3).

\] Q
W00 w01 210 @SS

/00| u'000

u/001

w0l w010

u'100

u'10|
u'101

(c) The element n = 2 of (3). (d) The element n = 3 of (3).

Figure 7: The first few terms of sequence of sets (3]) converging to the diagonal of the square (0.0, 0.u")+Q />
for v/ = 100 and v’ = 100.
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Definition 28. Let us define the following compact set which is the closure of a countable union of segments

.Ag = U Suv-

(u,v)
satisfying(x)

Notice that Definition [27] implies that Ag C [0,1] x [0,1]. More precisely, .Ag \ See C [0,1] x [1/8,1].
Furthermore, observe that we take the closure of a union to ensure the compactness of the set.

Example 29. Let 5 = ¢ be the golden ratio. In Figure |8 the segment S, , is represented for all (u,v)
satisfying () and such that 0 < |v| < |u| < 10.

N N\ L
\ \\ 0N NN
NS :\‘ \ \\\\
RN \\\ \
N \‘\\b\\\ N \\\\
N CNEN ™"
¢ 0NN, N
CNENNN \§
AR L N L
NN NN
RN N
N N NN »
RN LR, L
1 v\ NCANIN \\\

Figure 8: An approximation of A§ computed with words of length < 10.

In the following definition, we introduce another sequence of compact sets obtained by transforming the
initial set A under iterations of two maps. This new sequence, which is shown to be a Cauchy sequence in
Proposition |31} allows us to define properly the limit set £°.

Definition 30. We let ¢ denote the homothety of center (0,0) and ratio 1/5 and we consider the map
h:(x,y) — (z,By). We define a sequence of compact sets by setting, for all n > 0,

A= | W((AD)).
0<i<n
0<5<i

In Figure |§|7 we apply ¢ and h at most twice from .AOB \ See. Let m,n with m < n. Using Figure |§|,
observe that

An 0 ([/8™ 1] x [0, 1)) = AR 0 ([1/87F, 1] x [0, 1)). (4)
The proof of the following proposition is slightly different from the proof of [9 Lemma 25].
Proposition 31. The sequence (Aﬁ)nzo is a Cauchy sequence.

Proof. Let € > 0 and take n > m. We must show that A2 C [A?], and AP C [AZ)].. The first inclusion is
easy. Indeed, since A2 C A2, we directly have that [A7]. contains A?. Let us show the second inclusion.
From (4), A%, and consequently [AZ ] both contain A N ([1/8™F1,1] x [0,1]). Now we show that [A7 ]

14
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A\ Se.0)

——c

WAAG\See)|  c(A]\ 5ec)

h —

h2(e(Ag \ Se.e)) [A(e(AG \ Se.c)) AN\ S

1

Figure 9: Two applications of ¢ and h from Ag \ See.

contains [0,1/8™+1) x [0, 1] if m is sufficiently large, which ends the proof. By Deﬁmtlon! 28, AL contains the
segment S. . of slope 1 with endpoints (0,0) and (1,1). Thus, by Definition [30} A2, contains the segment
h™(c™(S:)) of slope §™ with endpoints (0,0) and (1/8™, 1) Let (x,y) € [0 I/Bmﬂ) x [0,1]. Then
(y/B™,y) belongs to h™(c™(S..c)) C AP, Consequently, if m is Sufﬁciently large, then

d((z,y), Ap,) < d((x,y), (y/B™y)) <z +y/B" < e O

Definition 32. Since the sequence (A?),;>o is a Cauchy sequence in the complete metric space (H(R?),d},),
its limit is a well-defined compact set denoted by £°.

Example 33. Let ¢ be the golden ratio. We have represented in Figure [10]all the segments of Af for words
of length at most 10 and we have applied the maps h’(c’(-)) to this set of segments for 0 < j <4 < 4. Thus
we have an approximation of A .

}\‘ N \\\ \
S X\!& \\ N\

Figure 10: An approximation of the limit set £?.
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5 The limit of the sequence of compact sets (U°),>

In this section, we show that the sequence (U2),>o of compact subsets of [0, 1] x [0, 1] also converges to L£°.
The proofs of Lemmas [34] and [39| are essentially the same as the ones from [9] ([9, Lemma 27, Lemma 28]),
so we highlight the main differences. The first part is to show that, when € is a positive real number, then
UP c [£P. for all sufficiently large n.

Lemma 34. Let € > 0. For all sufficiently large n € N, we have U? C [LP]..

Proof. Let € > 0. Take n € N and let (z,y) € U2. From Remark there exists (u,v) € Ly, x Ly, such
that () =1 mod 2, 0 < |v] < |u| < n and the point (z,y) belongs to the square region

((ValU[-I (’U), ValUﬁ (u)) + Q)/Uﬁ (n) C Z/[E (5)

Let us set A := (valy, (v)/Ug(n), valy, (u)/Us(n)) to be the upper-left corner of the square region (5) in 4.

Assume first that (u,v) satisfies (x). The segment S, , of length /2 - f~I“=P(w:*) having A, , =
(0.0“I=1vly 0.u) as endpoint belongs to Ag. Now apply n — |u| times the homothety ¢ to this segment. So
the segment ¢~ (S,, ) of length v/2- 3="~P(%¥) of endpoint B; := (0.0"~1"lv,0.0"~1*l4) belongs to Ag—\m
and thus to £8. Using (the reasoning is similar to the one developed in the proof of Lemma , there
exists N1 € N such that, for all n > Ny, d(A, B;) < ¢/2. Hence, for all n > N; such that v/2/Us(n) < €/2,
we have

d((z,y), £%) < d((z,y), B1) < d((z,y), A) +d(A, B1) < V2/Us(n) +d(A, B) < e.

Now assume that (u,v) does not satisfy (x). Since (z) = 1 mod 2, then either v and v are non-empty
words, or u is non-empty and v = €. First, suppose that u and v are non-empty. Let k& be a non-negative
integer such that k > [log, |u|] and 2% > p(u,v). By definition of p(u,v), the words 1021 and v02" 1 belong
to Ly,. As in the proof of [9, Lemma 27], we have

2k

1

(u82k1) =1 mod 2.
v

Using this result, it is then easy to check that the pair of words (u02kl7 vO2k1) satisfies (x). Finally proceed
as in the first part of the proof (namely replace u by u02" 1 and v by v02°1) to get d((z,y),£?) < e, as
expected.

Assume now that u _is non-empty and v = €. In this case, the point A is on the vertical line of equation
x=0. By Deﬁnition Ag contains the segment S. . of slope 1 with endpoints (0,0) and (1,1). Thus, by
Definition AP contains the segment h"(c"(S..)) of slope 8" with endpoints (0,0) and (1/8",1). This
segment also lies in £°. There exists No € N such that, for all n > Na, d(A,h"(c"(S:.))) < 1/8" < €/2.
Consequently, for all n > Ny such that v/2/Us(n) < €/2, we have

d((x’ y)? Lﬁ) d((x’ y)? hn(cn(s&s))) S d((l‘, y)’ A) + d(A7 hn(cn<5575)))

<
< VB/Us(n) + d(A B ((S-.))) < .

In each of the three cases, we conclude that (x,y) € [£]., which proves that U’ C [£P]. for all sufficiently
large n. O

If € > 0, it remains to show that £° C [U,]. for all sufficiently large n € N. To that aim, we need to
bound the number of consecutive words, in the genealogical order, that end with 0 in Ly,.

Definition 35. We let C := max{n € N[ 0" is a factor of dj;(1)} denote the maximal number of consecu-
tive zeroes in dj(1).
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Figure 11: The automaton Ag for the dominant root 8 of the polynomial P(X) = X4 — X3 — 1.

In the next proposition, we show that the maximal number of consecutive words ending with 0 in Ly, is
Cs+ 1.

Proposition 36. If we order the words in Ly, by the genealogical order, the mazimal number of consecutive
words ending with 0 in Ly, , i.e., the mazimal number of consecutive normal Ug-representations ending with
0, is Cs + 1.

Proof. Let n € N be such that repy, (n) ends with 0. We can suppose that repy, (n — 1) does not end with
0, otherwise we translate n. If [repy, (n +1)[ = [repy, (n)], then repy, (n + 1) does not end with 0 because
Ug(m) > 2 for all m > 1. Indeed, if a single digit (not the least significant one) is changed, then the value
is increased by at least 2. Let C' > 1 be such that, for all k € {0,...,C}, [repy, (n + k)| = |repy, (n)| + k
and |repy, (n + C +1)| = [repy, (n + C)|. The normal-U representation preserves the order, i.e., for all
integers my and msy, m; < meo if and only if repy, (my) < repy, (m2) (see, for instance, [3]). Thus, the
words repy, (n), ..., repy, (n + C — 1) are prefixes of dj(1), respectively of length |repy, (n)|, [repy, (n)| +

1,...,|repy, (n)] + C — 1 (the prefixes of dj(1) are the maximal words of different length in Ly,). By
Definition we deduce that C' < Cg. Consequently, there are at most Cg + 1 consecutive words ending
with 0 in Ly, . O]

Let us illustrate the previous proposition.

Example 37. Let ¢ be the golden ratio. Then C, = 1 since d,(1) = (10)*. The first few words of Ly, are
e,1,10,100,101, 1000, 1001, 1010, 10000, 10001, . ... The maximal number of consecutive words ending with
Oin Ly, is2=C, + 1.

Example 38. Let 3 be the dominant root of the polynomial P(X) = X% — X3 — 1. Then 8 ~ 1.38028 is a
Parry number with dg(1) = 1001 and dj(1) = (1000)“. The automaton Ag is depicted in Figure In this
example, Cg = 3. The first few words of Ly, are €, 1,10,100,1000, 10000, 10001, .. .. The maximal number
of consecutive words ending with 0 in Ly, is 4 = Cg + 1.

Lemma 39. Let e > 0. For all (z,y) € £P, d((x,y),U’) < € for all sufficiently large n.

Proof. Let € > 0 and let (z,y) € £L°. As in the proof of [J, Lemma 28], there exist nonnegative integers
Ni,i,j with 0 < j < i < Ny, a pair of words (u,v) € Ly, x Ly, satisfying (x), and (2o, yo) € Su,» such that
d((z,y), h (c'((z0,90)))) < €/2. Now we will show that d(h’(c'((wo,y0))),US) < €/2 for all sufficiently large
n, which completes the proof. We will make use of the constants i, j, the words u,v given above and the
integer p := p(u,v). Set

Ly, =

)

Ly,, ifu=v=¢;
0*Ly,, otherwise.

Since (u,v) € Ly, x Ly, satisfies (x), the pair of words (u0Pw, v0Pw) has an odd binomial coefficient, for all
words w € Ly, using Lemma and Corollary In particular, this is the case when w € L, , is of length
n. We can choose n sufficiently large such that Ug(n) > Cs + 3 using Proposition In this case, there
exist at least two words w € L, , with |w| = n and not ending with 0. Furthermore, as soon as w does not
end with 0, Lemma [I] shows that

V2L D
uOPwORy _(u0Pw o od e VE S 0.
v0Pw v0Pw
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0P w "
V0P Uit lup

j=1 u0Pw0

< Us(1)
j=2 u0Pw00

<Us(2)
j=3 u0Pw000

<U3)

w0P w07

0P w ) being odd creates a square

Figure 12: If w does not end with 0 and is such that |w| = n, then (

LB
region in un+i+|u\+p'

By definition of the sequence Ug, we also have
#{z € 0" Ly, | u0Pwz € Ly, and |z| = k} < Ug(k).

Thus, for all j < i, we conclude that at least one of the Ug(j) binomial coefficients of the form (%%?fuz) with
w not ending with 0 and |z| = j is odd (indeed, choose z = (¥ for instance). In other terms, at least one of

the square regions

( valy, (v0Pw) valy, (u0Pwz) > Q
Us UB(

) - - ,Wich:‘, 6
(n+i+ul+p) Us(n+i+|ul+p) n+i+|ul + p) 2l = (6)

: B
is a subset of un+i+|u\+p’

Now observe that, for any word w € L, ,,, each square region of the form (6)) is intersected by A7 (c'(Su.»))-
Indeed, the latter segment has A := (0.0°" /=1y, 0.0V u) and B := (0.0 *I=1*ly0rdy (1), 0.0° 7 u0Pd} (1))

as endpoints and slope $7. Using , if n is sufficiently large, the points

( valy, (vOP0™) valy, (u0P0™+7) >( ( valy, (v0Pd,,) valy, (u0Pd, ;) ))
, : resp., , , ,
Tt it ol +7) Osn+ it T+ 9 ) "\ Gt v i+ [l +2) Toln i+ Jul + )

since [v0Pw|, [u0Pwz| < n 4+ i+ |u| + p. This can be visualized in Figure

and A (resp., B) are close for all j < i, where d,, denotes the prefix of length n of dj3(1) for all n > 0. When
u and v are non-empty, this can be seen in Figure 13| where each rectangular gray region contains at least
one square region from L{g Fit|ul+p (to draw this picture, we take the particular case of the golden ratio ¢
and i = 2). When u = v = ¢, Figure [13|is modified in the following way: simply replace each word of the
forms 10, v0¢ by «.

Consequently, every point of h?(c¢*(S, ,)) is at distance at most

2-(Cs+2)-Up(y)
Usg(n+ i+ |u| +p)
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Figure 13: The situation occurring in the proof of Lemma where we choose 8 to be the golden ratio.

from a point in U p when n is sufficiently large. Indeed, either the point falls into a gray region from

ntit|ul+p
Figure [13] or not. In the first case, the point is at distance at most U (j)/Us(n + i+ |u| + p) from a square
region in U 5 it ul4+pt S€€ Figure Observe that this square region is of the form @ where w does not end
with 0. Otherwise, the point falls into a (white) square region of the form
valy, (v0Pw) valy, (u0Pw'z) Q . , ,
. , - - , with |w| = |w'| = n, |z] = j.
Us(n+i+|ul+p) Us(n+i+|ul+p) Us(n+i+ |ul+p)

Since n is large enough, there exists a word w” not ending with 0 with |w”| = n, which is within a distance
of 2- (Cs + 2) of w and w’. Then, applying the argument from the previous case proves the statement.

In particular, the result holds for the point h’(c'((xo,%0))) belonging to h?(c*(Sy.)). Hence, for all
sufficiently large n, d(h? (c*((z0,v0))),U2) < €/2, and the conclusion follows. O

Corollary 40. Let (u,v) € Ly, x Ly, satisfying (x) and let 0 < j <i. For every point (f,g) of the segment
hi(c*(Suw)), there exists a sequence ((fn, gn))n>0 converging to (f,g) and such that (fn,gn) € U for all n.

Proof. Let (f,g) be a point of the segment h’(c(S,, ,)). From the proof of Lemma [39} we have

2-(Cp+2)-Us(y)
Ug(m)

d((f,9),U5) <

for all sufficiently large m. Consequently, there exists a sequence ((fy, gn))n>0 converging to (f,g) and such
that (f,, gn) € UP for all n. O

The proof of the following main theorem is the same as the one of [0, Theorem 29], and uses Lemmas
and and Corollary

Theorem 41. The sequence (U?),>0 converges to LP.

As a final comment, let us mention that the extension to any prime number holds true and one simply
has to adapt all the results, as in [ Section 5].
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Figure 14: The set Uy .

6 Appendix

Example 42. We have represented the set U in Figure

Example 43. Let us consider the case when 5 = ¢ is the golden ratio. We have represented in Figure
U, when considering binomial coefficients congruent to 2 modulo 3 (instead of odd coefficients) and an
approximation of the limit set LY proceeding as in Example

ST

I-'. -
-

o

1, A

eli'=r . - .

2 LIRS N

-E_h :#-\.?.EL ﬂl‘x“'- \
:I'-.';. .I.:E ﬁ: \\

Figure 15: The set Ug, (on the left) and an approximation of the corresponding limit set £# (on the right).

In this last example, we give an approximation of the limit object £? for several different values of 5. A
real number 8 > 1 is a Pisot number if it is an algebraic integer whose conjugates have modulus less than 1.

Example 44. Let us define several Parry numbers. Let 81 =~ 2.47098 be the dominant root of the polynomial
P(X)=X*—-2X3— X% — 1, which is a Parry and Pisot number; see Example Let B2 = 1.38028 be the
dominant root of the polynomial P(X) = X% — X3 — 1, which is a Parry and Pisot number; see Example
Let B3 ~ 2.80399 be the dominant root of the polynomial P(X) = X* — 2X3 — 2X? — 2. We can show that
B3 is a Parry number, but not a Pisot number. Let 54 ~ 1.32472 be the dominant root of the polynomial
P(X) = X5 — X% — 1. We can show that 34 is a Parry number and also the smallest Pisot number. In
Figure we depict an approximation of £° for 3 in {¢?, B, ..., B4}
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(b) An approximation of £°1.

2

(a) An approximation of £# .

(d) An approximation of £%3.

(c) An approximation of £%2.

(e) An approximation of £P1.

Figure 16: An approximation of the limit object £? for different values of 3.
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