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Résumé. — On calcule la partie réelle du potentiel noyau-noyau a partir d'une méthode basée sur la
fonctionnelle d’énergie de Iinteraction nucléon-nucléon de Skyrme. On présente une description
détaillée de la dépendance des résultats par rapport au choix des densités pour les neutrons et les

protons.

Abstract. — We calculate the real part of the nucleus-nucleus potential by using a method based
on the energy functional of the Skyrme nucleon-nucleon interaction and give a detailed account of
the dependence of the results on the choice of the neutron and proton densities.

- 1. Introduction. — The elastic scattering data of
two heavy ions give the value of the real part of the
nucleus-nucleus interaction potential at the strong
absorption radius [1, 2]. At such separations only the
tails of the density distributions of the interacting
nuclei overlap, and as a result the nuclear contri-
bution represents only a small fraction of the whole
interaction given by the sum of nuclear and coulomb
potentials. This small contribution has a decisive
role for the value of the grazing angle [2] and therefore
calculations of the interaction potential should be
based on nuclear densities which provide an accurate
description of the region where the density becomes
smaller than 10 % of its central value.

In a previous paper [3] we have calculated the real
part of the nucleus-nucleus interaction potential from
Skyrme’s nucleon-nucleon interaction by using the
energy density formalism developed by Vautherin
and Brink [4] for spherical nuclei. Besides the Skyrme
interaction parameters the calculation required the
knowledge of the neutron and proton densities of the
interacting nuclei. For simplicity the calculations of
reference [3] were made using Fermi type distributions
pr adjusted to reproduce the Skyrme-Hartree-Fock
densities pyy of reference [5]. These Fermi type distri-
butions are adjusted to reproduce the surface region
of the Skyrme-Hartree-Fock densities but they are
somewhat different from pye in the tail region ie.,
where p(r) < 0.1 p(0). This difference might be signi-
ficant for our calculations.

The purpose of the present work is twofold. First
we study the validity of the approximation pg (eq. (4))
for nucleus-nucleus potential calculations in the bar-
rier region. For this purpose we perform calculations
with pyr and make a comparison with the results
obtained in [3] from pp. Second we examine the
sensitivity of the potential to the uncertainties in the
nuclear densities associated with different models.
In this respect we calculate the nucleus-nucleus poten-
tial from Millener-Malaguti-Hodgson densities pys [6]
and compare with the results derived from pye. The
densities pys were derived from single-particle wave
functions of a local-state dependent Woods-Saxon
potential.

In the next section we give a brief account of the
method employed in the calculation of the potential
and in section 3 we describe the densities to be used.
In section 4 we analyse the influence of different
densities on the values taken by the potential in the
barrier region. The last section is devoted to conclu-
sions.

2. The method. — We calculate the real part of
the nucleus-nucleus potential according to the for-
malism of reference [3] where the potential between
two nuclei 1 and 2 was defined as the integral

V(R) = J.[H(p, 1) — H(p,, t,) — H(py, ;)] dr (1)
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R being the distance which separates the centres of
the interacting nuclei and H(p, 7) is the Skyrme
interaction energy density [4].

Some simplifying approximations are used to des-
cribe the composite system. In particular the density p
is treated in the so called sudden approximation i.e. p is
taken as the sum of individual densities which do not
change during the collision. The kinetic-energy den-
sity is considered in the Thomas-Fermi approximation.
Motivations for using these approximations were
presented in [7]. For separation distances roughly
situated between the sum of the radii of the interacting
nuclei and the barrier the Thomas-Fermi approxi-
mation allows to include more than 75 % of the
exchange effects due to antisymmetrization. However,
at the barrier it overestimates the exchange effects
and the barrier turns out to be higher than one would
expect from an exact treatment of the kinetic energy
density.

A somewhat better approximation [8] can be used
for the kinetic energy density but for the purpose of
this work the Thomas-Fermi approximation seems
to be satisfactory.

The use of the Thomas-Fermi approximation
reduces the energy density expression H(p, 1) to a
function depending on p only. Calling it H{(p) the
equation (1) becomes :

V(R) = J‘ [H(p) — Hp,) — H(p)]dr, (2)

with
p=p tpa. 3)

In fact the expression (2) includes separate contri-
butions from neutrons and protons and to calculate
V(R) we need to know pi", piP, p and pif’ i.e. the
neutron and proton density of each nucleus.

3. The densities. — In the following we describe
the densities used in the calculations. Some of their
characteristics are given in tables I-111 and figures 1-3.

As we have mentioned in the previous section, the
ingredients of the calculation are the Skyrme inter-
action parameters and the neutron and proton densi-
ties of the individual nuclei. For the Skyrme interaction
parameters we use the set STIT [5] which gives the best
overall agreement with the experimental total binding
energies and radii of magic nuclei.

To perform our study we make a selection of pairs
of magic nuclei mainly among those for which elastic
scattering experimental data exist and can give indi-
cations on the real part of the potential around the
coulomb barrier. The chosen pair are '°0 + '°0,
180 4 #°Ca, '°0 + *8Ca, *°Ca + *°Ca, *®Ca + **Ca
and '°0Q + 2°%Pb. -

A consistent choice for the densities of the interact-
ing nuclei would be the Skyrme-Hartree-Fock densi-
ties pyr [5]. For reasons of simplicity in [3] the calcu-
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lations were made with Fermi type distributions pg
adjusted to reproduce the quantity

pur = Plig + pid
i.e. the sum of neutron and proton Skyrme-Hartree-

Fock densities. The neutron and proton densities were
therefore assumed to be given by

N
PR =—pe; PP

PF 4)

where
Po

pF=]+ex r—R
P a

with parameters given in table 1. As a c;:msequence
of the relations (4) one has

(PP = (P 3 = (PO

i.e. the equality of the neutron, proton and matter
r.m.s. radii. The fit is made for py to reproduce the
value of (r?>Y2 given by Skyrme-Hartree-Fock
calculations and to describe as well as possible the
surface region of pyr. The values of ( r?))? or
¢ r? »1/% obtained from this fit and the Hartree-Fock
results are reproduced in table TI.

4"

TABLE [

Parameters of Fermi type distributions,
equation (4"), which fit Skyrme-Hartree-Fock
matter densities

Nucleus o R a
156 0.160 7 2.653 8 0.44
O 0.157 7 3.741 6 0.47
“8Ca 0.160 0 3.978 0 0.47

= 0.148 2 6.8321 0.49
TasLe II

Proton and neutron r.m.s. radii (fm) given by Skyrme-
Hartree-Fock calculations (HF), Fermi type distri-
butions (F) adjusted to HF, and Millener-Malaguti-
Hodgson densities (WS).

¢ & piiE <P
Nucleus F HF WS F HF WS
160 2.627 2.638 2.671 2.627 2.616 2.690
40Ca  3.384 3.406 3.419 3.384 3.362 3.358
48Ca  3.542 3.461 3.418 3.542 3.599 3.706
208pp 5597 5.521 5.434 5.597 5.646 5.621

In the tail region of the densities the differences
between the approximation (4) with pp given by (4")
and the Skyrme-Hartree-Fock densities of [5] can
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be seen in figures 1-3 for '°0, *Ca and *°*Pb respec-
tively. The approximation seems to be quite good for
N = Z nuclei (*°Ca is not given in the picture) but
for the proton densities of N # Z nuclei, the approxi-
mation p{ gives distinctly larger values than p{}.
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FiG. 1. — The tail of the neutron and proton densities of !°0 given

by the Fermi type distributions (F) eq. (4), the Skyrme-Hartree-

Fock calculations (HF) [5], and Millener-Malaguti-Hodgson madel
(WS) [6].
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F1G. 2. — Same as figure 1 but for **Ca.

The third type of densities used in the present
calculations are those of reference [6]. They are
obtained from single-particle wave functions generated
in a local, state dependent potential well of Woods-
Saxon shape, and have been successfully applied in
several problems, for example the elastic scattering
of high energy protons [9].

According to reference [6] the single particle wave
function of each occupied state was obtained by
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FIG. 3. — Same as figure 1 but for 2°%Pb.

varying the strength of the central part of the nuclear
potentral in order to reproduce as well as possible the
corresponding single particle energy if known experi-
mentally. The best fit was obtained for 2°®Pb
(Table 1V). For the proton density the constraint of
reproducing the experimental charge density radius
is also imposed and the success of the fit can be seen
in table T1I. One should remark that the original
calculations of reference [6] do not include the centre-
of-mass (c.m.) correction. In table 111, the r.m.s. radii
associated with p{fk and p!® contain this correction
evaluated in the following way. Both the centre-of-
mass correction and the proton size effect can globally
be expressed by the difference

Az=<r2>ch_<r2>p' (5)

For each nucleus this quantity was estimated from
Beiner et al. results [5] and added afterwards to the
{ r* >, values associated with p{®’ and pigk.

TasLE III

Root-mean-square radii (fm) for the charge distri-
butions of the three different types of densities used in
the calculation, pg, puyr and pws as compared to the
experiment.

Ay
Nucleus F HF WS(® exp(®
50 2.68 2.69 2.73 2.73
40Ca 3.45 3.48 3.49 3.49
48Ca 3.61 3.53 3.49 3.48
208pp 5.65 .57 5.49 5.50

(*) Including c.m. corrections (see text). The original numbers
are 2.75, 3.51, and 5.49 respectively.
(®) As in reference [5).
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TaBLE IV

Single particle energies of the last occupied levels
of %0, *°Ca, *®Ca, and ?°®Pb : HF and WS are
results of [5] and [6] respectively.

Protons Neutrons
HF WS  exp HF WS exp
* *
160
ip3/2 16.12 16.99 184 19.62 17.18 21.8
ip1/2 10.18 12.14 12.1 13.58 12.38 15.7
40(_':a
2s1/2 8.37 9.12 109 15.52 14.87 18.1
1d 3/2 8.12 792 83 1511 13.72 156
48Ca m
2s1/2 1491 1541 153 16.03 12.73 12.55
1d 3/2 15.87 15.51 15.7 157 11.48 1252
1f7/2 9.6 971 994
ZDBPb
129/2 17.27 1543 1543
1g7/2 13.5 11.43 1143
2d 5/2 10.19 9.70 9.70
1h11/2 956 9.37 9.37
2d 3/2 842 838 8.38
3s1/2 7.27 8.03 8.03
1h 9/2 12.55 10.85 10.85
27/2 11.12 9.72 9.72
1i 13/2 10.09 9.01 9.01
3p3/2 8.04 827 8.27
2f5/2 833 795 1795
3p1/2 7.02 7.38 7.38

(‘;‘) See reference [10].

The tails of the p{f% and plg; densities are drawn
in figures 1-3. For all nuclei there are differences
between the Skyrme-Hartree-Fock densities and Mil-
lener-Malaguti-Hodgson densities which could be
related to the differences in the fit of the single particle
energies of the last occupied states (Table V).

In the next section we shall see the influence of these
differences on the values of nucleus-nucleus potential
around the barrier region.

4. The potential. — In this section we present
and compare the potentials we have obtained for the
three different densities described in the previous
section. We are interested in the barrier region only.
There the nuclear interaction results from the overlap
of the density tails.

In table V we give results for the pairs '°0 + *Ca,
48Ca + *®Ca, and '°0 + Z2°%Pb. For pairs such as
160 + 10, %0 + *°Ca and *°Ca + *°Ca the dis-
cussion is similar to the case !°0 + “8Ca.

In all cases but '°O + 2°%Pb the potential obtained
from the Skyrme-Hartree-Fock densities is less attrac-
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tive in the tail region than the potential obtained from
the Fermi type distributions adjusted to reproduce pyg.
For %0 + 2°8Pp there is practically no difference.
The largest difference appears for “®Ca + *8Ca
where the Vg is approximately 15 9 higher than Vz
around the barrier and the barrier position is situated
by 0.1 fm inward for Vi with respect to ¥y while
in the other cases the barrier position remains practi-
cally the same. The reason is the large difference
between the tails of p{f? and pf} of *8Ca (Fig. 2) which

- doubles its effect in the pair **Ca + **Ca. For 2°%Pb

there are also differences between py and pyr but the
neutron and proton densities differences compensate
each other to some extent. For non-identical pairs
as 1°Q + 2°%pb there is also a compensation of dif-
ferences of densities between the two nuclei.

In order to study the dependence of the potential
on the nuclear density model we have compared the
results obtained from the Skyrme-Hartree-Fock densi-
ties Vyr with those obtained from the shell-model
densities of Millener-Malaguti-Hodgson Vys The
ratio Vyg/Vys at values of R around the barrier region
of each pair varies from ~ 0.75 for '°0 + 60 to
1.02 for 'O + 2°8Pb, This is in qualitative agreement
with the difference observed in the density tails.
From figures 1-3 one can see that p{jk — p5) is positive
and significantly large for '®0 and *®Ca and negli-
gible for 2°®Pb. As far as the proton densities are
concerned the p{f) are slightly larger than p§). for 160,
very similar for *®Ca and smaller for 2°®Pb, so that
for the pair *°0 + 298Pb the larger overlap of p{Hy
and p{&? compensates the smaller overlap of pi§y
and p{¥ and gives practically the same results as for

Pur:

The sensitivity of the potential to the density
distributions used has also been discussed by Fleckner
and Mosel [11], for a selection of pairs. The same
order of magnitude is obtained for the variation of
the potential with the density model.

Within our method we have also studied the depen-
dence of the nucleus-nucleus potential on the para-
meters of the Skyrme interaction. We have performed
calculations with the sets of parameters SIV and
SV [5] and the corresponding neutron and proton
densities. For these sets of parameters the potential
gets higher by 20-30 % in light systems at the barrier.

In order to have a better idea concerning the diffe-
rences between Vg, Vi and Vys we have calculated
the elastic scattering cross section o/oy for each of
these potentials and in figure 4 we show the case of
16Q 4+ *8Ca at E,,, = 40 MeV. The calculations were
performed with Raynal’s code MAGALI The calcu-
lated real potential was approximated by a Woods-
Saxon shape with parameters given in table VI. This
parametrized shape reproduces the potential between
the inflexion point and the barrier with an error smal-
ler than 1 9.

We extrapolate the Woods-Saxon shape to smaller
separation distances because here we discuss a strong
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FiG. 4. — The elastic scattering cross-section for '®0 + 48Ca, et

E,, = 40 MeV. The dotted curve is the phenomenological fit [12],

the dashed curve is obtained from Vyg, the full curve from Vg
the dot — and — dash curve from Vys.

absorption case (Fresnel diffraction pattern) where
the elastic scattering cross section at forward angles
is independent of the values taken by the potential
at short separation distances [2]). Furthermore the
detailed shape of the imaginary part is not important
and therefore for the imaginary part we choose a
volume absorption with the geometry of the real
part and a variable strength W. The values of W are
adjusted to reproduce the maximum height of the
Fresnel diffraction pattern and they are also given
in table VI. In the same table the grazing angle 6, is
indicated. This is the angle for which ¢/oy ~ 0.25.
For completeness we mention that 6% ~ 80.50 [12].
The largest discrepancy with respect to the experiment
appear for Vye where 08P = 90.50.

It was shown elsewhere how this discrepancy
could be reduced to a large extent [8}. Here we are
interested in the difference produced by the density
models.

The difference between 6 = 89.50 and 6FP is
very small and by an appropriate change in the surface
absorption one could remove it. In this way one can
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TABLE VI

Parametrization of the *°0 + *®Ca calculated
potential Vg, Vg, and Vs with a Woods-Saxon
shape (Vl)’ Rﬂs T)

Vo R, T W 0,

Potential (MeV) (fm) (fm) (MeV) (deg)
Vi —3652 71 0582 92 895
Vi — 3597 713 0564 86 905
Vs  —39.04 71 0600 107 870

The strength W of the imaginary part used in the calculation of
the cross section (Fig. 4) and the resulting critical angle 6, (see text)
are also indicated.

also diminish the difference bétween 0 = 87° and
6® or 8P, But by the same procedure one can not
change the position of the main peak in the cross
section and therefore the angle at which this peak is
situated would provide an additional test for the real
part. Hence very precise measurements are necessary
in the region of this peak.

5. Conclusions. — We have calculated the real
part of the nucleus-nucleus potential using a method
based on the Skyrme interaction energy functional
and compared the results obtained from three dif-
ferent nuclear densities : Skyrme-Hartree-Fock den-
sities of reference [5], Fermi type distributions adjusted
to the - Skyrme-Hartree-Fock densities and shell-
model-densities of reference [6]. We have studied the
effect of the differences in the tail densities i.e. the
region where the density takes values between

10-2fm~3 and 10~*fm~3.

One can conclude that the approximation of the

TABLE V

Values of the nucleus-nucleus potential

160 4 dsca 48Ca 4 48Ca 160 + 208Pb

R Ve Vierk Vex R Vi Vi Vs R Ve - -

78 —838 —841 —924 86 —1962 — 1870 — 1888 9.8 — 2476 — 2506 — 24.41
80 —640 —637 —7.13 88 —159 —1504 - 1526 100 — 20.77 -—21.06 - 20.35
82 —481 —473 —541 90 —1262 -—11.80 —12.05 102 —17.00 —1720 - 16.60
84 —355 —345 —-404 92 - 983 - 905 -— 932 104 -—13.62 —13.77 —13.26
86 —259 —248 -—-298 94 — 752 — 678 — 7.07 106 — 1069 —10.79 — 10.39.
87 —220 —-209 —254 96 — 566 — 499 — 526 108 — 823 — B28 — B8.01
88 —18 —176 —216 98 — 420 — 360 — 385 110 — 624 — 625 - 6.07
89 —T157 —-T1350 —184 99 — 360 — 304 — 327 111 — 540 — 539 — 526
90 —132 —-123 —15 100 — 307 — 25 — 277 112 — 466 — 464 — 454

R is the distance separating the centres of the nuclei. Vg, Vi and Py are the results obtained with pg, pyr and pys respectively. The

value of the potential at the barrier is underlined.
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Skyrme-Hartree-Fock densities with Fermi type dis-
tributions is satisfactory in general, either due to the
quality of the approximation itself for N = Z nuclei
or due to the compensation of different contributions.
The typical difference of 5 % between Vi and Vg in
the barrier region accounts for a difference of 10-1.50
in the critical angle if the imaginary part is chosen to
have the same geometry as the real part. This difference
can be removed by a proper choice of the -surface
absorption.

From the comparison between the results based
on Beiner et al. densities [5] and Millener-Malaguti-
Hodgson densities [6] we can conclude that the latter
seems to give somewhat better results than the former.

The sensitivity of the potential to nuclear densities
increases towards lighter pairs.

Therefore one should be more careful for the choice
of densities of lighter nuclei. But in order to substan-
tially reduce the disagreement with the experimental
results one has to find a better approximation to the
kinetic energy density as e.g. on the lines described
in [8].
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