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Abstract: The energy functional for the Skyrme density-dependent force is used to calculate the
interaction potential between two 'O nuclei. A two-centre harmonic oscillator potential
is employed to construct the density and kinetic energy density of the ground state of the
combined system and of the separated nuclei. The antisymmetrization effects are investigated.

The relative motion of the nuclei is taken approximately into account and the energy depend-
ence of the potential derived from the Skyrme force is presented.

1. Introduction

Several microscopic studies of the interaction energy between two heavy ions
have been carried out recently. We refer to those which belong to one of the following
two groups. In the first group the density functional of Bruecknerezal.') is employed
in the sudden ?) or adiabatic *)approximation. The interaction potential is determined
by minimization with respect to the density parameters. In the second group the nuclear
interaction between two overlapping nuclei is determined from molecular #) or shell
model *) orbitals and an effective two-body interaction. The choice of this interaction
depends on how well it reproduces the binding energies of both the interacting system
and the separated nuclei. Up to now the Brink-Boeker ¢) and Volkov 7) forces have
been most extensively used. The problems principally investigated in these papers
are the antisymmetrization and the distortion effects. Another important problem
is the treatment of the relative motion between nuclei. Some investigations have
been made by using simplified versions of the generator coordinate method ®°),

In the present paper we present calculations of the real part of the interaction
potential between two nuclei based on an approach which has similarities with both
groups of works mentioned above. The potential is defined as the binding energy
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of the total system less the binding energies of the isolated nuclei. For the binding
energies we choose the energy functional derived by Vautherin and Brink *°) for the
Skyrme interaction. Extensive Hartree-Fock calculations carried out with this
interaction **) provide sets of parameters which give good binding energies and
reproduce well the single-particle properties of nuclei. For the Skyrme interaction
the energy density is an algebraic function of the nucleon density p, the kinetic energy
density T and a spin-orbit density J.

There are two ways of evaluating the interaction energy of two nuclei. One is to
perform a self-consistent calculation. Such an approach introduces difficult numerical
problems '?). The second way, which will be adopted in this paper, is to describe
the densities p and T by a model. For the purpose of our work we consider that a
two-centre shell model is satisfactory. The ground state of the two interacting nuclei
is taken as a Slater determinant built from a non-orthogonal basis of harmonic
oscillator wave functions centred at two different points separated by a distance R.
The same wave function has been used in ref. ).

In self-consistent calculations the interaction energy of two nuclei is determined
through a variational calculation where the averaged hamiltonian describing the
composite system is minimized under a constraint on a physical quantity relevant to
the problem. Such a quantity could be for instance the quadrupole moment 12) and
then the ground state wave function and the binding energy are determined as a
function of it. In model calculations, for any value of the quadrupole moment the
binding energy should be obviously higher than that obtained in a self-consistent
way. But if the model wave function of the ground state is not too different from
the self-consistent wave function one should expect that the difference between the
corresponding binding energy and the self-consistent result should be small of second
order.

We apply the formalism to the interaction between two °0 nuclei and present
results for the potential as a function of R. We discuss in detail the exchange effects
due to antisymmetrization and show that a large part of the exchange contribution
comes from the modifications produced by antisymmetrization on the kinetic energy
density. An approximate way of including exchange effects issuggested by this result.

Treating the c.m. motionin an approximate way we find an energy-dependent poten-
tial which can be compared with that obtained by Fliessbach °). The implications of
using the Skyrme force on the energy dependence of the potential are pointed out.

In sect. 2 we briefly describe the formalism. Sect. 3 is devoted to the construction
of the density and kinetic energy density and some of their properties. In sect. 4 we
present the results and make a comparison with other works. Sect. 5 contains con-
cluding remarks.

2. The formalism

We define the interaction potential between two nuclei as the energy expectation
value of the whole system minus the energy expectation value of the two nuclei
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separated at infinity
V = E(R)—E(w). (1)

Here R is a parameter which measures the separation of the two nuclei. We shall
define R explicitly in sect. 3. To calculate E(R) and E(c0) we use the energy functional
derived by Vautherin and Brink '°) for the Skyrme interaction. There are two main
reasons for using this force. First, the Hartree-Fock calculations performed with the
Skyrme interaction provide sets of parameters which give good binding energies and
radii for the whole mass table'!). It is obvious from definition (1) that an interaction
which gives good binding energies will yield a reasonable depth for the potential.
An advantage of the Skyrme interaction is that it can be used for any pair of nuclei.
Also, it gives good nuclear density distributions. This is important because the inter-
action energy of two nuclei is sensitive to their radii **). The second reason for using
the Skyrme interaction is the mathematical simplicity of its energy functional. This
simplicity makes calculations easier and gives a better physical insight because it
connects directly the behaviour of the potential to the properties of the density.

For the Skyrme interaction the expectation value of the total energy E of a system
whose ground state is described by a Slater determinant can be written as

E = fH(r)dr, (2)

where the energy density H(r) is an algebraic function '°) of the nucleon densities
Pas Pas P = Pat+Py, the kinetic energy densities 7, 7, T = 7,+7,, and the spin-orbit
densities J,, J,, J = J,+J,. If we neglect the spin-orbit coupling and Coulomb
potentials, the densities of the N = Z nuclei will satisfy p, = p, = 1p, 7, = 1, = 37
and H(r) = H(p, ©) may be written as

ﬁ2
H(p,7) = “2;1’5"‘%1‘0?"‘5‘1—16{3 pP+15(3t, +5t,)pt +55(91, — 51.) (Vo). (3)

The parameters of the Skyrme interaction are #q, ¢, and #,, ¢3. In this paper the two
sets of parameters SI and SII provided by ref. '°) are used and a comparison of the
results obtained with the two sets is made.

In expression (3) different terms contribute to different effects. The second and
third term are responsible for the volume part of the binding energy and the term
proportional to 9z, — 5¢, gives the surface effects. While the first term is a pure kinetic
one the fourth comes from the exchange part of the nucleon-nucleon interaction
and determines the density dependence of the nucleon effective mass !?). This term
is modified when the nuclei are in relative motion with respect to each other. The
modification requires that pt should be replaced by pt-j* where j is the momentum
density and is given by eq. (20). The momentum density j vanishes in a static Hartree-
Fock calculation because of time reversal invariance but is non-zero in our case
where the nuclei have a relative motion *#).
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To calculate the potential between two *°0 nuclei 1 and 2 according to definition
(1) it is necessary to evaluate the expression

V(R ) = [ H(p, 9~ H(py 2)=H(p, )]dr, @

where H is given by eq. (3) and k by eq. (6). The densities p, © refer to the whole
system and p;, 7 ; and p,, 7, to the isolated nuclei.

3. Densities

We consider a shell model description for the ground state of the system 1°0+1%0.
For simplicity we ignore spin and isospin and let the 32 nucleons occupy the s- and
p-states of two harmonic oscillator wells centred at—1R and 1R along the z-axis.
If in the c.m. system the two nuclei are moving towards each other with momenta
K and —K, respectively, this motion can approximately be described by a plane wave
e ®where R is the distance between the centres of the two potentials. In fact here we
ignore the difference between R as the distance between the centres of mass and as
the distance between the centres of potential wells. This could be corrected by the
treatment of the c.m. motion within the generator coordinate method, but we assume
that such corrections would not essentially modify our results. Fliessbach has shown *)
that the dependence of the angle between K and R is very small so that if is reasonable
to take K along the z-axis. The system has cylindrical symmetry and p and = will be
functions of the coordinates z and r and parameters R and %.

With this approximation of the relative motion the ground state of 50 +°0 is
described by a Slater determinant wave function built from the following single-
particle states:

ik(z —ik(z—%R
Yty = Puey €T, gy = By T, (%

where ¢,(;) and ¢y, are s- or p-eigenstates of harmonic oscillator wells centred
around —34R and 1R, respectively, and k is related to K by

k = KJA. (6)

To find the expression of the density p and the kinetic energy density t from this
non-orthogonal basis we use the appendix of ref. 1°). Accordingly, these two quanti-
ties are

p= 2 B R W Vp (7)
OR)
=X B R )V VW, @)

B(J)sali)
where By 4y = Wp)|Wayy are the matrix elements of an 8 x8 complex matrix.

When R — 0 or k — oo the matrix elements B, p) and their transpose tend
to zero and B becomes the unit matrix. Consequently in either of these limits
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p and 7 are the superposition of individual densities i.e. p = py+p, and 7 = 74 -+ 75,
In other words the antisymmetrization effects on p and 7 tend to zero when the two
nuclei are far apart or move very fast with respect to each other. In the high energy
limit as well as for large separation distances p becomes a constant with respect to
the relative energy but 7 is linear with &* through the energy dependence of 7, and 75,

Tro2 = 71,2(0)"‘]‘291,2: 9)
where
p1 = Z |%(1)|2= 71(0) = 2 |V§°a(1)|2> (10)
a(l) a(1)
P2 = Z Ipr(z)izs 1-'2(0) = Z ]Vﬂf’p(zﬂz-
B(2) 8(2)

Fig. 1 represents pb® as a function of z/b where b is the oscillator parameter.
The density is normalized to [pdr = 32. The three curves correspond to three
values 0,1 and 2 of the cylindrical coordinate r/b. The nuclei are at rest. i.e. k =0
and are separated by a distance of R/b = 3. In fig. 2 the kinetic energy density 7 in
b~ % units is plotted as a function of z/b for R/b = 3, k = 0 and r = 0. Curve (1)
represents T given by the formula (8). Curve (1) corresponds to an alternative defini-
tion of T,

t'=~ % BaihamRs kW Vo) - (1)

B> a(i)

The total kinetic energy is the volume integral of either ¢ or z". The two densities
give the same volume integral because they differ only by a surface term, which
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Fig. 1. Density of °0--1%0 in b~3 units as a function of z/b calculated from formula (7) for

R[b =3, k = 0. The three curves correspond to values 0, 1 and 2 of the coordinate r/b. Density
is normalized to [pdr = 32.
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Fig. 2. Kinetic energy density of *0--'0 in b~? uaits as a function of z/b calculated at R/b = 3,
r =0, k =0 frem formula (7) — curve (1), formula (11) — curve (1), formula (12) — curve TE.

vanishes at infinity. The dashed curve TF is the Thomas-Fermi approximation,

Ttr = %(’3‘752)§ %, (12)

with p given by formula (7). As can be seen from fig. 2 the Thomas-Fermi
formula is a good approximation to 7’ for R/b = 3. In fact calculations show that
it is an even better approximation for greater distances. This remark will be used in
the next section in estimating the exchange effects due to antisymmetrization.

4, Results

One of the purposes of our work is to find out how antisymmetrization can influ-
ence the interaction potential between two nuclei. To this end we have calculated
V(R, 0) according to formula (4) in two different versions. In the first one we used
p and 7 given by eqs. (7) and (8). The result is plotted as Vi in figs. 3 and 4 for the
sets of parameters SI and SII respectively. In the second version we took values for
p and T ignoring antisymmetrization ie. p = p;+p, and 7 = 7,(0)+7,(0). The
corresponding results are represented by the curve Vyoex in the same figures. By
comparing Fgx with Vyopx one notices that for both sets of parameters the potential
is largely influenced by the antisymmetrization for all values of R. Some numerical
values of Vgx and Vyopx obtained for SII are given in table 1. The ratio Vyopx/Vex
is 1.8 even at R = 8 fm whereas the barrier (sum of Coulomb and nuclear poten-
tial) is positioned at about 7.74 fm.

Let us call §p and dt the modifications produced in p and ¢ by the antisymmetriza-
tion, i.e. dp = p—p, —p,and t = t—7, —7,. By taking p = Oand &t 5 0 we found
that a large part of the exchange effects in Vgy comes from &t. If the correction dp
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TABLE 1

Values of the interaction potential (MeV) between two 0 nuclei for different separation distances
R calculated with the interaction SII

R (fm) 422 4.58 5.28 6.34 7.39 7.74 8.10
Vioex —118.84  —94.66 —53.41 —1617 —3.18 —1.67 —0.85
Vex —7.91 —9,77 —9.82 —535 153 —0.88 —047
Vex— Vioex 110.93 84.89 43.59 10.82 1.65 0.79 0.38
AV 84.72 67.67 39.32 13.24 2.99 1.65 0.87
vIE —2297 —2544  —20.59 —784 —159 —0.70 —0.38
VoIE —149 —11.32  —15.16 —6.69 —1.43 —0.62 —034

Vaoex and Vey are results obtained by ignoring and including antisymmetrization respectively. 4V is
defined by eq. (13) and VIE and VPiFare approximations explained in the text.

is neglected the difference Vpy— Vyorx Would become

2

Vex— Vaorx = AV =f B’}—" +15(3t, +5t,)(py +p2):| dtdr. (13)
The fifth row in table 1 gives values for the integral AV. For distances 4.22 fm
=< R £ 5.28 fm AV accounts for 75-90% ofthe difference Vgyx— Vyoex- Around the
barrier AV overestimates the exact Fey— Froex. Hence it seems that the correction dp
plays a more important role in the barrier region than for other distances but still it
modifies only slightly the position and the height of the barrier. The curves Vgx for
both ST and SII are similar to one another but the curve Fygopx for SI shows much
less attraction than that for SII. This difference can be understood from eq. (13).
Neglecting dp the integrand defining AV is dth?/2m* where m* is the effective
mass '°) and this quantity is almost two times larger for SI than for SIL

In the previous section we have shown that for distances larger than two times the
rms radius of 0 the Thomas-Fermi expression is a very good approximation to
the exact kinetic energy density 7. This result plus the one for 47 suggest that one
could estimate the exchange effects due to antisymmetrization by calculating V(R, 0)
putting p = p, + p, and v = 2 37*)¥(p; + p,)* in eq. (3) where < is related to
7' by © = v'+2% V 2p. This result is shown in figs. 3 and 4 as the curves Vig. Some
numerical values of Vugex show how well the Thomas-Fermi approximation works
for the individual kinetic energy densities. In fact also in V& 7, and 1, are given by
the Thomas-Fermi approximation.

When the overlap between the two nuclei is small one might expect that the usual
Thomas-Fermi approximation for ¢’ is not adequate. The Pauli principle should
differentiate between different components of the internal momentum of each nucleon.
When the two oxygen are pushed together *7) along the z-axis the Pauli principle
would force an increase of k, but not of k, and k, as the single-particle wave functions
are not changed. Hence a modified Thomas-Fermi kinetic energy density with an
ellipsoidal distribution in k-space would be more adequate. One can get such a
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Fig. 3. Interaction potential between two '°O nuclei as a function of the separation distance R,

calculated with the interaction SI: Pnoex(Vex) are results without (with) antisymmetry included;

Vigex is calculated as Pyopx plus Thomas-Fermi approximation for the kinetic energy densities of
the isolated nuclei; V¥ is an approximation of the exchange effects as explained in the text.

deformed Thomas-Fermi approximation by writing for 7/,

v = $p(k: +k; +k7), (14)
where k,, k, and k, are the Fermi momenta along the axes x, y and z and the total
density p = p; +p, is given by

2
P = Q kxky k:. (15)

The initial density (when nuclei are far apart) is

-

= k3, (16)

P

where k is the initial Fermi momentum. If we assume that &, and %, are unchanged
ie. k. =k, = ky, then

k. =koplp;. (17)
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Fig. 4. Interaction potential between two 'O nuclei as a function of the separation distance R,

calculated with the interaction SII: Funoex(Vex) are results without (with) antisymmetry included;

Ve is calculated as Fyopx plus Thomas-Fermi approximation for the kinetic energy densities of

the isolated nuclei; Vg% and VDI are approximations of the exchange effects as explained in the
text.

Hence
I 2 p - E3
¢ = e 24 2) ]t (18)
It remains to choose p;, We take
p; = p; in the region where p; > p,(z < 0)
= p, in the region where p, > p,(z > 0). (19)

The curve Vpy' in fig. 4 shows the interaction potential calculated with expression
(18) for 7" and (12) for 7, and 7,. The last row in table 1 contains some numerical
values of Vpy" for several separation distances.

The asymmetry of the Fermi surface is most important near z = 0 where p; ~ p,-
Atz = 0p = 2p; and formula (18) implies that ¢’ is four times larger than its initial
value. This is equivalent to a variation of 7’ as p? instead of p*. The extra repulsion
introduced by such a dependence of p makes Vi a better approximation of the

exact result Vex.
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The curves ¥y of figs. 3 and 4 can be compared with the results of Reidemejster o
In ref. *) the interaction energy of two *°0 nuclei has been derived from 2 variational
calculation with a Slater determinant trial wave function built up from molecular
orbitals. For the two-body interaction the force B1 [ref. '5)] was used. The calculations
have been done with and without allowing for deformation. The spherical case has
similarities to our curves Vey. Both Reidemeister’s and our calculations produce a
shallow potential, with a minimum depth of about 10 MeV for Vgy and 20 MeV for
Reidemeister’s result. In both cases the minimum depth is situated at about two
times the rms radius. An interesting conclusion of Reidemaister’s calculation is that
beyond this point the distortion due to mutual interaction of nuclei has no essential
effect.

We also attempt a comparison of our results with the self-consistent calculations
performed by Flocard *?) for the same system but with the Skyrme interaction SIII
[ref. *#)]. To make a more precise comparison we have repeated the calculation of
Vex with the Skyrme interaction SIIT and found out that the result differs insignifi-
cantly from Vypy of figs. 3 or 4. We have also added a Coulomb interaction of the
form V¢ = Z; Z,¢*/R. This should be satisfactory provided that the charge distribu-
tions of the two nuclei do not overlap too much, that is provided R > 6 fm. (The
rms radius of the 1°0 charge distribution is ~ 2.7 fm.) In fig. 5 we sketch Vo+ Vix
as a function of R where Vgy is calculated with SIII. On the same figure the results
of ref. *?) are also shown. The large difference between the two curves for distances
R smaller than two times the rms radius is expected essentially because the self-
consistent approach allows for nuclear distortion while our calculations leave the
single-particle wave functions unchanged. This feature of constrained Hartree-Fock
calculations is pointed out by Flocard.

T T T T T T T T ]
18y Bg (sun)
20 L
Vex+ Ve
n L
4 5 5 7 8 9 10 1
—_ 0 ’LJ. L 1 1 1 1
2 R(fm)
=
>0t
20r HE
1 1 1 1 1 L 1 1

Fig. 5. Nuclear plus Coulomb interaction potential between two 0O nuclei as a function of

separation distance R. The curve Vgx- V¢ is the potential Vex calculated with the interaction SIII

to which a Coulomb potential of the form Ve = Z;Z,e*/R was added. Curve HF represents the
result of ref. 2).
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For larger separations, outside our Coulomb barrier (R > 8 fm), there is also a
difference between the two calculations which persists up to about 11 fm. The long
range character of this difference suggests that it might be due to the induced polar-
ization of the nuclei produced by the Coulomb field. Flocard’s calculation includes
this effect and he shows that each fragment has an induced quadrupole moment
QO ~ 0.5 fm? even when R ~ 14 fm. However, an estimate of the polarization energy
gives a result which is much smaller than the discrepancy mentioned above. Therefore
it would be interesting to make a comparison with a self-consistent calculation of
the %0+ %0 potential performed without Coulomb interaction.

Besides the antisymmetry we consider now the effect of the relative motion between
nuclei, that is, we calculate V(R, k) for various values of the momentum k or alter-
natively of the relative energy E, . = 16A”k*/m (m is the nucleon mass). At this
point we need to specify the expression we have used for j. According to ref. '*) we
write momentum density j in terms of the single-particle states (5)

Jj= *1 Y Baii.aw(Ry R)Waty VW) — Ve Wach): (20)

2i pli), =(d)
As for p and 7, the momentum density can be written as a sum of a direct term
ji+ia = klpy—pa)s (21)

plus a correction ¢j due to antisymmetrization. Here |%| is given by eg. (6) and
the direction k is parallel to the direction of the relative motion. If the nuclei do not
overlap much or if k is large the correction §j is small. We expect that it is not impor-
tant and have neglected it.

The result we have obtained for the interaction SII is shown in fig. 6. One can
see that the potential becomes more and more attractive when E,, varies from 0
to 280 MeV. After this point the curve ¥ (R, k) starts to move in the opposite direc-
tion and even rises above V(R, 0) = Vgx, becoming entirely repulsive for energies
larger than 2000 MeV. This repulsion comes both from the terms pt and j2. In fact
the latter brings repulsion proportional to E, ,, at any energy. In the interval E, ,
= (0-280 MeV this repulsion decreases the energy dependence of the potential. In
the interval 0-30 MeV the potential depth may be represented as (10.3+aE, )
MeV with o = 0.17. In the same interval, the interaction SI gives a stronger energy
dependence through a coefficient « = 0.21. The difference in the energy dependence
is due to the repulsion brought by the term j> which has a strength 3¢, 4+ 5¢, about
seven times larger for SII than for SI.

The relative motion of two *°0 nuclei has been treated here in the same way as
by Fliessbach *). Moreover, the total wave function of the combined system in ref. %)
and the present paper are the same (up to an orthogonal transformation). The differ-
ence with Fliessbach’s work consists in the choice of the two-body interaction. In
using the Bl force ©) Fliessbach finds an energy-dependent potential with a depth
Vo+aE,,, where ¢ = 0.18 when 15 MeV < E,, < 30 MeV. This value of « lies

o1,
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Fig. 6. The energy dependence of the interaction potential between two %0 nuclei calculated with
the Skyrme interaction SII. The results obtained for six different values of the relative energy
(E,...) are presented.

between the values of the linear coefficient which we have obtained with the Skyrme
interactions SII and SI.

A large difference between Fliessbach and our results comes at high energies
E, .. > 280 MeV. According to Fliessbach ) the Bl force gives a potential which
becomes more and more attractive with the increase of the energy due to the fact
that the Pauli principle which brings repulsion becomes less and less important. The
Skyrme force brings an extra repulsive effect proportional to the relative kinetic
energy which becomes dominant at higher energies and makes the potential entirely
repulsive beyond about E, , = 2000 MeV for SII.

5. Conclusions

We have calculdted the interaction potential between two *°0 nuclei by using the
energy functional of the Skyrme interaction and a two-centre oscillator potential
to describe the ground state of the combined system. In such a model antisymmetriza-
tion can easily be taken into account and its effect has been shown explicitly. Due
to antisymmetrization both the density and the kinetic energy density are modified
in the Skyrme energy functional and these modifications give rise to exchange effects
in the interaction potential. It has been found that a large part of the exchange
effects comes from modification produced by antisymmetrization on the kinetic
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energy density. Hence, a way of estimating the exchange effects due to antisymmetri-
zation was suggested. Such an approximation could be used in order to avoid a
large amount of numerical work. In a subsequent paper we shall show its practical
value for the case where the nuclear densities of each of the two interacting nuclei
are described by Hartree-Fock results **).

The relative motion of the nuclei has been described in a simple way which leads
to an energy-dependent interaction potential. At all energies there is a repulsion
linear in E, the energy of relative motion, which comes from the &* dependence of t
and j2, egs. (9), (21). This term has a coefficient proportional to 3¢, + 5¢,, and it
makes the only contribution to the energy dependence at high energies. According
to Dover and Van Giai ! ®) the same combination of #; and ¢, determines the energy
dependence of the nucleon-nucleus optical potential. In both cases the energy-depen-
dent term is repulsive and is related to the same property of the nucleon-nucleon
force.

There is an additional energy dependence at low energies which comes from the
effect of antisymmetry on p and t and which appears to have no analogue in the
nucleon-nucleus optical potential. We found that this energy dependence comes
mainly from the first and fourth terms in expression (3) for H(p, 7). With the interac-
tion SII the antisymmetry effect is dominant up to £ ~ 280 MeV (kb = 1.14) and
makes the potential more attractive with increasing energy. For higher energies the
repulsive term proportional to E becomes more important and for £ =~ 2000 MeV
there is no longer any attraction.

At zero relative energy the two Skyrme interactions ST and SII give almost identical
potentials between two *°O nuclei but the energy dependence of the two potentials
is very different due to the fact that the parameter 3¢, + 5¢, is seven times larger for
SII than SI.

We would like to thank Prof. K. J. LeCouteur for suggesting to us the modification
of the Thomas-Fermi expression for the kinetic energy density. We are grateful to
Dr. S.J. Krieger for many useful discussions. One of us (F.S.) would like to thank
Dr. P. E. Hodgson for kindly offering to her hospitality at the Theoretical Nuclear
Group of the Oxford University Nuclear Physics Laboratory. Computational help
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