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Let K be a non-empty convex compact set of C and

hk : w — sup,cx R(zw) its support function. The classical Polya's
representation theorem states that there is a (topological)
isomorphism between

O%C\K) ={uc O(C\K): lim u(z)=0}

|z|]—+o0
and

Exp(K) = {v € O(C) : Ve > 0, sup |v(w)|er)=elwl < 5o},
weC

given by

O%C\K) 5 u s (W — 1/ ™ u(z) dz) € Exp(K),
C(0,r)*

2im

where C(0, r)" is a circle which encloses K.
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This kind of holomorphic Laplace transform is deeply linked with
the Borel transform. Indeed, take K = D(0, R) and

Z az ke O°(C\K).
Then
1 1 ¥
-—Q eZWU z)dz = -—Q ak/ eZWZ_k dz
2iT Jc(0,2r)* (=) 2l7rkZ::1 C(0,2R)*

-1

. +2.O aka
= (k—1)!

Christophe Dubussy Enhanced LT and holomorphic P-W theorems 3/40



There is a kind of non-compact analogue of Polya's theorem, due
to Meéril.

Let S C C be a non-empty closed convex non-compact set which
contains no lines. Let us set

Seo ={z€eC:z+S5C S}
the asymptotic cone of S and
Soo ={w e C: R(zw) < 0}

the polar cone of S,. It is a closed convex proper cone of C with
non-empty interior. Let & be a fixed complex number on the
bisector of SX.
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Theorem (Meéril, 1983

)

There is a (topological) isomorphism between

T? |

{u€ O(C\S) :Vr >e >0, sup,cs,\s. |u(z)e”$0?| < o0)}
5o {ue O(C):Vr >0, sup,cs, |u(z)e'%?| < c0)}
and
Exp(S) ={v € O((5%)°) : Ve, >0,
sup  [v(w)e () 7E] < oo},
weSE +¢e'€o
given by

1
o =— | e™u.(z)dz,
2iT BS;

where S is the positively oriented boundary of any thickening S..

[m]

=

D¢
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Aim of the work

The aim is to understand the cohomological framework which
allows to obtain such kind of holomorphic Paler-Wiener theorems
and to see how the contour integrations naturally appear.

At the end, we would like to have a kind of algorithmic device

which provides Laplace isomorphisms between interesting functional
spaces.
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1) To develop an abstract notion of Laplace transform for enhanced
subanalytic sheaves and applying it to some sheaf of
functions/distributions with growth conditions. (Whitney, Gevrey,
tempered, ...)

2) To apply the isomorphisms obtained in the previous step to
concrete cases (e.g. the Legendre transform of a convex function)
to reveal functionals spaces which are isomorphic through the
Laplace transform. The contour integrations will naturally appear
when computing explicitly the cohomology groups.
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Let V be a complex vector space of dimension n and consider the

correspondance
VEVxV Ly

and the complex duality bracket (,) : V x V* — C. The (negative)
Laplace transform of a tempered distributions on V is the
composition of three operations :

1) the pullback by p,
2) the multiplication by e—(zw)

3) the direct image (integration over fibers) along g.

Problem : The second step does not preserve the temperate
condition. We introduce an additional variable to take care of the
exponential.
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Tempered distributions

Let M be a real analytic manifold. We define a subanalytic sheaf
Db}, by setting

F(U,Db}y) = {u € Dby (U) : u can be extended to M}.

On a complex manifold X, we note O% € DP(C3¢®) the associated
Dolbeault complex.

Tempered distributions form a subanalytic flabby sheaf. For
example, one has
F(R", Dbs,) = S'(R").

Let us note V the projective compactification of V.
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Enhanced distributions

Let us note P = RU{oc} and Voo, x Ry = (V xR,V x P).

We set
[(U,Dby_ g, )={uel(UDL .): dw=u},
for all subanalytic open set U C V x R.

We call it the subanalytic sheaf (in the bordered sense) of enhanced
distributions.

We note Oy, € D°(C3® , ;) the associated Dolbeault
complex and OF_ the associated object in E°(C$™® , ).

Christophe Dubussy Enhanced LT and holomorphic P-W theorems 10/40



Pullback of distributions

Let us note pr = p X idg. For all k,/ € Z, one has a morphism

—1 ypTo(k, /) T,(k,1)
pR Pr DbV HDbVOOXV(’;ox]ROy
given by the pullback of distributions by the submersion pg.

In 1984, M. Kashiwara proved that the pullback of a tempered
distribution is still tempered. Moreover,

(Depat w) = —(pau, D) = — <u, / 8tw>

_ —<u,8t/*w> = <3t”’/*“>
~(u. [ @) = Gru)
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Multiplication by the exponential kernel

Let us define
ppey (2w, t) € VX VI XR = (z, w, t+R(z,w)) € VX V" xR.
One has a morphism of subanalytic sheaves

(k1) T.(kl)
HR(,) vaoo XV xRee — PPy v e
given by u(z, w,t) — u(z,w,t — R(z,w)). Since u is enhanced,
there is a unique v such that u(z, w, t) = e'v(z, w). Hence

t—R(z,w) —R(z,w)

u(z,w, t —R(z,w)) =e viz,w)=¢e u(z, w,t).

Then one composes this morphism with the multiplication by
efi%(z,w>.
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Direct image (integration) of distributions

Let us note gg = g X idg. For all k,/ € Z one has a morphism

/ qRquV ><V* % Rog —)'DbT(kX]’lé:on),
ar

given by the direct image of distributions by gg.

One easily see that the tempered condition is preserved thanks to
the compactness of V x V" x P. Moreover,

(o)== ) v

= —<U, 8tqﬂ*§w> = <atu7 qﬁiw>

=<u,qﬂ§w>>=</(mu,w>.
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Laplace transform of enhanced distributions

The negative Laplace transform (with parameter t) is encoded by

— T,(n,/+n n,/4+n
qrn(kn), PR vao(o XEOZ) = qru(pn(,), vao(o X—{/*) YR)

= qru(Dby " 2 )
0,/
— Db . X)R

This gives derived morphisms

Rarn(Rig() P 0. x v )] = OF g

oo

+_
Equ(Ciempizw) @EP Q5 «r. )] — 05; X Rog *
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Fourier-Sato functor

The enhanced Fourier-Sato functor
EfV Eb(CSUb Re ) — Eb((CSUb Oo)

is defined by

+
E]:V(F) = ECI!!((C{t:mLM} ®Ep71F)

The enhanced Fourier-Sato functor EFy is an equivalence of
categories. In particular, one has an isomorphism

RHomE(Fl, Fp) ~ RHomE(Efv(Fl)a E]:V(F2))a

functorial in F1, F, € Eb((cSub ¥ Ro )
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The Laplace isomorphism

The morphism

Fr( Q. v )] = O <&

oo

. . . . b sub
is an isomorphism in E°(C32 , g ).

Idea : Use the enhanced Riemann-Hilbert correspondence to go
back to the famous result

Dp.(L (%Dq*(_@v*(*]}]l*)) ~ Z5(+H) ® det(V)

of Katz and Laumon (1985).
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Legendre transform

(i) We say that f : V — RU{+o0} is a closed proper convex
function on V if its epigraph {(z,t) e VxR :t > f(z)} is
closed, convex and non-empty.

(ii) For any f € Conv(V), we set dom(f) = f~}(R) and call it the
domain of f. This set is convex and non-empty.

(iii) For any f € Conv(V), we define a function
f*:V* - RU{+4o0} by setting

*(w)= sup (R(z,w) — f(2)).
zedom(f)

We call it the Legendre transform of 7. It is an element of
Conv(V™).

(iv) For any f € Conv(V), we denote by H(f) the real affine space
generated by dom(f) and we set E(f) = H(f*)*. We also set

d(f) = dim E(f) = codim H(f™).
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Lemma (Kashiwara, Schapira, 2016)

Let f € Conv(V). One has an isomorphism

SFv(Ces(2))) = Cles—f(—w),—wedome(£+)} ® ore(s)ld(F)].

Assume H(f) = V*. As a consequence one gets an isomorphism

RHomE(C{th(Z)}, QI\EIOO X Roo )[n]

~ RHomE((C{tZ_f*(_W),—wedom°(f*)}7 E]:VQ\EIOO X Roo)[n]
= RHomE((C{tz_f*(_W),—Wedomo(f*)}; Og;o X ]Roo)

given by the enhanced Laplace transform. One can show that these
complexes are concentrated in degree 0. How can we compute

explicitly the degree 0 morphism using Dolbeault complexes ?

[m]

=

18/40



Almost subanalytic functions

Let M be a real analytic manifold and U C M a subanalytic open
subset of M. A function f : U — R is subanalytic if its graph

I+ C U x R is subanalytic in M x R. A continuous function

f: U — R is almost C*°-subanalytic if there is a subanalytic
C*>-function g : U — R such that

3C>0,Vx e U:|f(x)—g(x)| < C.

In this case, we say that g is in the (ASA)-class of f.

M. Kashiwara and P. Schapira conjecture that any continuous
subanalytic function f : U — R is almost subanalytic.
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Exponential growth condition

Let f : U — R be a continuous almost C°-subanalytic function.
For any open subanalytic set V C M and any p € Z, we set

e " DBP(V) = {u € DLE,(UN V) : eBu € DEEP(U N V)},

where g is in the (ASA)-class of f. The correspondence
V — e~ f Db;P(V) clearly defines a subanalytic flabby sheaf on M.

Let U be an open set of complex manifold X and f : U -+ R a
continuous almost C*°-subanalytic function. For each p € Z, we
define the subanalytic sheaf efQE’(p by the Dolbeault complex

0= e DbYPY & e Dp (P 5 .. o e DHPN 0.
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Proposition

Let f : M — RU{+oc0} be a function such that f1(R) is a closed
subset of M. Assume moreover that there is a subanalytic function
g € C*°(M,R) such that g|f-1(r) = f|f-1(r). There is an
isomorphism

rf—1(]R)(e_g Db‘;\;’) o R,ﬂhomE((C{th(X)}, Dbl%lf(]Roo)

for each p € 7 . In particular, the right hand side is concentrated in
degree 0.

We prove it on sections. Set S = f~1(R). Let U be an open
subanalytic set of M. We can show that v is in

o = {u € Dby, (V) : supp(u) C S, efu € DbP(U)}
if and only if efu is in

B = {u e Dby (UxR)N{t < g(x)}) : supp(u) C S, deu = u}.



Proposition

Let M be a real analytic manifold and U C M a subanalytic open
subset of M. Let h: U — R be a continuous almost
C®°-subanalytic function. There is an isomorphism

e " Db ~ RIhomE(C s hix) xeu)» Dbf,,";Roo)

for each p € Z . In particular, the right hand side is concentrated in
degree 0.

Let us go back to V and f € Conv(V). Let us assume that

(i) The convex sets dom(f) and dom®(f*) are subanalytic.
(ii) There is a subanalytic C*°-function g on V such that
&ldom(f) = fldom(r)-
(iii) The function * : dom°(f*) — R is almost C*°-subanalytic.

[m] = = =



Theorem
There is an isomorphism

Hiom(r)(V, € 8Q%) ~ HO(V*, e OL.)
explicitly given by

[u] €

rdom(f) e & Dbt‘—;(n’n)

érdom(f)e_g ,Dbg_}(n’n_l)

— LT u e {veOy(dom®(f*)) : e v is tempered on V'}.

[m] = -

Do
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Tempered Polya's theorem

Let V = C. We identify V* to C in such a way that (z, w) = zw.
Let K be a non-empty convex compact set of C. For all £ > 0, we
define a function f. : C — RU{+o0} by setting

0 if K
fi(z) = { nel
400 otherwise.

Clearly, this function is convex of domain K. and is the restriction
to K. of a subanalytic C*°-function defined on C. Moreover, its
Legendre transform is given by

£ (w) = sup R(zw) = hi.(w) = hx(w)+hp(o (W) = hi(w)+e|w|

€
zeK:

for all w € C. In particular, dom°(f*) = C.
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Identifying 0-forms and 1-forms and under suitable hypothesis, one
gets an isomorphism

Hi (C,0%) = {v € O(C) : v € e" Db(C)}
for all e > 0.

Let € > 0. One has a canonical isomorphism

HL (C,0%) ~ DbL(C\K.) N O(C\K:)

Clz] '
One has an isomorphism
jim H (C, OF) =

{u e O(C\K) : u is tempered at oo}
e—0

Clz]

[m]

=

DA
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Let e > 0 and let u € Dby(C\K.) N O(C\K:). Let us note u the
extension of u to C. Then

~ Mk.(C,Dbp) 1 ¢
0, —= ~ Hg (C,O
[0-u] € 5.7 (C, D) k. ( P)
is the image of

] « DBC\K) N O(C\K,)

Clz]

Key of the proof : Use the distinguished triangle

RMk.(C,0L) — RI(C,0L) — RM(C\K., 0%) 5

and compute the mapping cone of the restriction morphism

pk. : Dbp(C) — Dbp(C\K:).
_ Enhanced LT and holomorphic P-W theorems
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D¢
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Corollary

Let e > 0 and let 1. be a C*°-regularizing function which is equal
tol on C\K: and to 0 on K, ;. Let u € O(C\K) be a tempered
function at co. Then the image of [u] through the canonical map

{u € O(C\K) : u is tempered at oo}

Dbp(C\K:) N O(C\K:)
Clz]

C[z]
= Hy_(C,0%)

is given by [0,(-u)].

We set
Exp'(K) = im{veO(C):ve elks DL (C)}.
e—0
[m] [l - =

£ DA



There is an isomorphism of C-vector spaces

{u € O(C\K) : u is tempered at co} ~
Clz]

%
given by

[u] — (W eCr — e u(z) dz) € Exp'(K),
c,n*

where C(0, r)" is a circle of center 0 and radius r, positively
oriented, which encloses K.

Exp'(K)

[m] = = =

Do
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Idea of the proof :

Lo (0,(veu)) = [ €20,(1u)(2) dz A dZ

5—

C

= / D,(e®™p.u)(2) dz A dz
C

= / 0,(e®v-u)(2) dz A dz
D(0,r)




Tempered Méril's theorem

Let us fix S C C a non-empty closed convex non-compact set
which contains no lines and £y a point on the bisector of SZ . For
all £,&’ > 0, we define a function 7, . : C — RU{+0o0} by setting

f(2) e'R(&z) ifzeS.
e e'\Z) =
’ +00 otherwise.

Clearly, this function is convex of domain S, and is the restriction
to S of a subanalytic C*°-function defined on C. Moreover, its
Legendre transform is given by

foe(w) = sup R(z(w — ') = hs.(w — £'&)
ZES:

for all w € C. Since it is well-known that the domain of hs is SX,
one immediately gets that dom®(f*_,) = (5%)° +¢€'éo. In particular,
since this open cone is non-empty, the generated affine space is C.
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We set

Expz /(S) ={v € O((S%,)° + &%) :

v € e (W) Dh((S5)° +€'60)}
as well as
Expl/ (S) = lim Expl . (S), Exp’(S) = lim ExpL (S).
e—0
Note that

e’'—0
Exp'(S) ={v € O((S5)°) : Ve,&’ > 0,

v € el'ss DBL((S%)° +€'é0)}.

[m] = -

DA
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Thanks to the Mittag-Leffler theorem, one gets

Lemma

Let g, > 0. One has a canonical isomorphism

r—-+o00

H (C,e™*020p) = lim Hg (5,6 %7 O}).

Proposition

Let ¢’ > 0. One has an isomorphism
e—0

lim HA,(C, e="%% 0})

_{ueO(C\S):Vr>e>0, e'%zy e DHY(5,\S.)}
B {ue O(C) :Vr >0, e%zy € Db:(5,)}

[m] = = =

Do
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Let &] > ¢’ > 0. Then there is a well defined map from

{ue O(C\S):VYr>e>0,e %%y c Db:(5,\S.)}
{ue O(C):Vr>0, e%zy € DbL(5,)}

to

{ue O(C\S):Vr>e>0, e%2y e Db(5,\S.)}
{uec O(C):Vr >0, e1%2y € DbL(S,)}

Y

namely [u] — [u]. Indeed, if =%y is tempered on 5,\S. (resp. on
Sr), then

/ r_ /
ohboz,, — pleh— )0z o b0z,

is also tempered on $,\S. (resp. on $,), since R((g} — &')éoz) < 0
for all z € S, with large enough module. Hence, this gives rise to a
projective system indexed by &’.
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Proposition

Let ¢ > 0 and let 1. be a C*°-regularizing function which is equal
tolon C\S. and to0 on S, jp. Let u€ O(C\S) such that for all

r>e>0,e%?y c Db5(5,\S.). Then the image of [u] through
the canonical map

{ue O(C\S):Vr>e>0,e %%y e Db:(5,\S.)}
{ue O(C):Vr >0, ey € DbS(5,)}
s HL(C e 0L)

is given by [0,(v-u)].

o <5 = = D¢



Let & > 0. There is an isomorphism of C-vector spaces

{ue O(C\S):Vr>e>0,e %%y e DB(5,\S.)} ~
{ue O(C) :Vr >0, e%zy € Db:(S,)}
given by

=

Expt/(S)

(] > (w € (S)° + e s — /8 o) dz) ,

where S is the positively oriented boundary of any thickening S..

[m] = -

DA
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Idea of the proof : Let us fix w € (§5)° 4 €’&y. One has

/)M5WA)(D¢Aﬁ
/a (e .(2)u(2)) dz A dz

= [, de™u(u(z)) dz oz
SA\S. )2

= lim / 0,(e®ve(z)u(z)) dz A dz
R=00 J(5:\8. /2)D(0.R)
=— lim

/ e e(z)u(z) dz.
R—=400Ja((5:\5. 2)ND(0,R))*
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0s./ /95

Ir

IR

[m]

=

(0, R)
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/ e®)(z)u(z) dz| < 2mR sup |e*"u(z)|
Ir z€IR

= 27R sup (" ~0)?7| sup 707 y(z)].
ZEIR ZEIR

Thanks to the tempered condition on u, one has

sup |e”%u(z)| < RN, R>0.
z€Tr

Moreover, one can write

sup ’e(w—e’ﬁo)2| _ e?R((w—a’go)zR) _ e|w—e’§o\Rcos(6R)'
ZEIR

Since
(W — 5/50 S (S:O)O,ZR S 55) — (3(5 > O,COS(HR) < —0,YR > 0),

one gets

/ezwws(z)u(z)dz < 2mcRNtle—Iw—e'GlbR
Ir R—+00
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Corollary
There is an isomorphism of C-vector spaces
lim

e’'—0

{uecO(C\S):Vr>e>0,e?uc Dbi(5,\S.)}
{ue O(C):Vr >0, e'%zy € DBS(5,)}
= Exp'(S)

given by

([uer])er = (w €(SL) — _/

u.(z) dz) ,
aS:
where OS_ is the positively oriented boundary of any thickening S

[m] = -

Do
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Limitations of the approach

1) This method does not provide the explicit inverse map which is
also interesting in practice.

2) The isomorphism is only algebraic. The topological part has to
be checked by hand.

3) There are some subanalytic hypothesis that are perhaps not
necessary if one proves the theorems by hand.
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