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Notations

General notations

B A lowercase letter, for example, a, is a scalar.
B A boldface lowercase letter, for example, a = (a1, . .., a.,), is a vector.
B A boldface uppercase letter, for example, A, is a linear mapping (“application linéaire” in French).

B An uppercase letter between square brackets, for example, [ A], is a matrix.

Notations for matrices

B We denote by A;; the (7, 7)-th entry of the matrix [A].
B tr[A] = trace of the matrix [A].
B det|A] = determinant of the matrix [A].

m [A]l =transpose of the matrix [A].
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Notations

“Big-oh” and “little-oh” notation

m If f(h)and g(h) are two functions of h, then we say that
f(h) =0(g(h)) ash—0
if there is a constant c such that

h
M < ¢ forall A sufficiently small.
g(h)

This means that f(h) decays to zero at least as fast as the function g(h) does.

m If f(h)and g(h) are two functions of h, then we say that
f(h)=o0(g(h)) ash—0

f(h)
M%O as h — 0.

This is slightly stronger and means that f(h) decays to zero faster than g(h).

B Examples:

2h° 1
2h° = O(h?) ash — 0 because 2 = 2h < 1forallh < 5
2h® = o(h*) ash — 0 because?:2h—>0ash—>0.

ULg, Liége, Belgium MATHO0024 — Lecture 1 (part B) 4/28



Notations

Notations for derivatives

B letf:QCR”™ - R:x+— f(x)beafunction from 2 C R™ into R.

B We denote by 8—f a) the j-th partial derivative of f evaluated at .
ox ;

B We sometimes denoteaf by fr, or Oy, f.

2
B Similarly, 5 8— = feie; = 02,0, [, o7 a;cf = feiz;a, = Oz, 02,04, f, and so forth.

jaxk

B Multi-index notation:

¢ We call avector @ = (s, . .., ), where each component «vj is a nonnegative integer, a
multi-index of order || = a1 + ... 4+ aun.

€ For a multi-index o, we define

01l f
9o f _ =% ... 0%
v/ oxt ... Oxyr i o
€ Example:
§1:2:1) _ o'
(x1,22,23) 8x18$%a$3
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Notations

Notations for function spaces
B Let () be an open subset of R™. Let 02 denote the boundary of §2.
B C(Q)={f:Q2—R : fiscontinuous} space of continuous functions.

B C(Q)={fecC(Q) : fadmitsacontinuous extension to Q = Q U 9N}.

y4 y4
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Notations

Notations for function spaces (continued)

B CFQ)={f:Q—=R : 0%fis continuous,
differentiable functions.

| < k} space of k times continuously

B CHQ)={f € C*Q) : 02 f admits a continuous extension to {2 = Q U 09,

o < k}.

m L) ={f: Q=R : [,|f(x)|dr < +oo} space of integrable functions.

m L) ={f: Q=R : [,|f(x)?de < +oo} space of square-integrable functions.

B Although we will avoid the use of these notations for function spaces as much as possible, we list
them here because they are encountered often in the literature.
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Review of vector calculus
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Vector calculus

This is not a lecture but rather a summary of key elements of vector calculus. For a more complete
treatment of vector calculus, please refer to MATHO007 Analyse Mathématique Il (F. Bastin).
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Vector calculus

Vectors

B Let us consider the m-dimensional Euclidean vector space R™.
B Fortwo vectors a and b in R™, the (Euclidean) inner product is the scalar denoted by a - b.

B We denote by {ey, ..., e, } an orthonormal basis for R", that is, a basis such that
e;-e; = 0;5,1 < 1,7 < m,where 0;; is the Kronecker delta equal to 1 if ¢ = j and 0 otherwise.

B Given an orthonormal basis {eq, ..., e, } for R™, we have that
b
any vector a in R" can be represented by a column matrix
_CLm_
of its components a; such that a = Z;”zl aje; witha; =a-ej, 1 <j<m.

W For two vectors a and b, the inner product a - b is the scalara - b = Zgnzl a;b;.

m If m = 3, for two vectors a and b, the vector product a x b is the vector
axb= (a2b3 — a3b2>€1 + (a3b1 — a163>€2 + (albg — agbl)eg.
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Vector calculus

Linear mappings

B A linear mapping A from R™ into R is a function that maps any vector a in R™ onto a vector
b = A(a)in R™ in a manner that satisfies additivity (A(a1 + a2) = A(a1) + A(az),
Va1, as € R™)and homogeneity (A(aa) = aA(a),Va € R, Va € R™) properties.

B Given an orthonormal basis {eq, ..., e, } for R™, we have that

any linear mapping A from R™ into R™ can be represented by a matrix

of its components a;; such that a;; = e; - A(e;), 1 < 1,5 < m.

B We have for two vectors a and b and a linear mapping A with b = A(a) that
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Vector calculus

Linear mappings (continued)

B The sum of two linear mappings A and B is the linear mapping C' = A + B with components
Cij ZOJij—Fbij, 1 S’L,] §m

B We denote by A : B the inner product of two linear mappings A and B such that
A:B= Zijzl aijbij.

B The composition of two linear mappings A and B is the linear mapping C' such that
C(a) = A(B(a)), Ya € R™.

B The transpose of a linear mapping A is the linear mapping A ' such
that A'(a) -b=a- A(b), Va,bc R™.

B The inverse of a linear mapping A (if it exists) is the linear mapping A~ * such thata = A~ *(b),
b= A(a),Va € R™. Thus, the inverse satisfies A~ * A = I, where I is the identity linear

mapping.

B The trace of a linear mapping tr(A) is defined by tr(A) = A : I = Z;n:l a;;. We have that
rf(AB)=A:B' = A" B.

B The composition, transpose, inverse, and trace can be made explicit in terms of the components of
the linear mapping.
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Vector calculus

Differential operators

B We consider scalar-, vector-, and linear-mapping-valued functions ¢, a, and A from R" into R,
R™ and the space of linear mappings from R into R™, respectively, that is,

x — p(x), x — a(x), x— A(x).

B The gradient of  with respect to @ at x (if it exists) is the vector V .o (a) such that
p(x + hy) — p(x)

lim = Veolx) - vy Vy € R™.
directional derivative of ¢ at @ in direction y gradient of o w.r.t. @ at & direction y

B The gradient of a with respect to a at @ (if it exists) is the linear mapping D a(x) such that
a(x + hy) — a(z)

ilzg% h — \(Dwa’(w)z (y) ) Vy e R™.

J/ v

~
directional derivative of a at @ in direction y gradient of a w.rt. @ at @ direction y

B The divergence of a with respect to x (if it exists) is the scalar div.a such that
divga = tr(Dza).

B The divergence of A with respect to x (if it exists) is the vector div, A such that
divy A - b = div,(A* (b)), vb € R™.
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Vector calculus

Differential operators (continued)

B The Curl of a with respect to @ (if it exists) is the linear mapping Curl_a such that
Curl,a = D_.a — DwaT.
If m = 3, we can associate to Curl_a the vector curl,a such that

curl,a X b = Curla(b), Vb e R™.

B The Laplacian of ¢ with respect to @ (if it exists) is the scalar /A, such that
Ngpp = divey V4.

Differential operators (properties)

curl, V.o = 0.

divicurl,a = 0.

divz(a x b) = b - curl,a — a - curl,b.
Vzdivya = div,(Dzal).

V .div,a = div,.D_,.a + curl_curl .a.
divy(A'(a)) = A :Dpa+a-divy A.
dive(pa) = a - VLo + ¢divea.

B div,(pA) = A(Vip) + pdivg A.
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Vector calculus

Coordinate system

B We consider again scalar-, vector-, and linear-mapping-valued functions ¢, a, and A from R™ into
R, R™, and the space of linear mappings from R into R™, respectively, that is,

x — p(x), x — a(x), x— A(x).

B A coordinate system is a one-to-one correspondence between vectors x in R™ (“position”) and
m-tuples (&1, ...,&y) in R™ (“coordinates”):

(&1, .. &m) = x(&e, ... &m).

B |If a Cartesian coordinate system is used, its basis vectors are most often reused for the
representation of vectors (a), linear mappings (A), and differential operators. However, if a
curvilinear coordinate system is used, basis vectors are sometimes redefined locally for use for the
representation of vectors (a), linear mappings (A), and differential operators.

B A coordinate system also allows us to define volume, surface, and line integrals.
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Vector calculus

Volume, surface, and line integrals

B For avolume V parameterized as

(513'1 :xl(fla"'vfm)

Q: , Em < &m <&myen 61 <& <&,
L Im — wm(fh IR 7€m)
the volume integral of a scalar-valued function ¢ over the volume V is given by
Oz Ox;
€ & 96 T
/godV:/ / gp(a:(fl,...,fm)) : C | d&y .. dm.

\% Sm S1 8117m axm
061 T O&m

W For a surface .S parameterized as

(1 =21(&1, ..., &m—1)

q : Em—1 <&m-1 <&m—1,...,&1 <& <&,

( ITm = xm(ﬁl, IR 7£m—1)
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Vector calculus

Volume, surface, and line integrals (continued)

B the surface integral of a vector-valued function a over the surface .S is given by
Oz Oz,

Em—1 £, | 96 "t O&m—1 ai (w<£1’ e 7§m—1)>
S m—1 1 €T Tm,
S 20 e g (2(6 . Eme))

If m = 3, then the surface integral reads, equivalently, as follows:

&2 ox ox
/a dS = /2 / (&1, Emo1)) - (851 X 6§2> d&1d&o.

B Foracurve C parameterized as

(21 = 11(§)

{ Lm = mm(‘f)

the line integral of a vector-valued function a over the curve C' is given by
¢ dx ;
/ a-dE:/ > aj(x(9)) ”df /
¢ £ j=1
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Vector calculus

Volume, surface, and line integrals (properties)

B Stokes’s theorem for a volume: Let {2 be a bounded open subset of R™ with m > 2 with a
sufficiently regular boundary 0S). Let a be a sulfficiently regular function from €2 into R™
(specifically, let a be in C(Q, R™) N C1(Q2, R™)). Then, we have

/divwadV:/ a-dS.
Q o0

B Green’s identities: Let {) be a bounded open subset of R™ with m > 2 with a sufficiently regular
boundary 0f2. Let  and 1 be a sufficiently regular function from €2 into R (specifically, let o and 1)
be in C1(Q) N C?*(2)). Then, we have

WV dS = / (BPap + Vs - Vap)dV,
9]

2

of2

/ (YV e — pVgth) - dS = / (VA g — pNgth)dV.
o2 Q

N\

\
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Vector calculus

Cartesian coordinates
B =1, +yt, + 21,

Coordinates z, y, and z.
Orthonormal basis %, 2,,, and 2.

B a=ayl, +ayt, +a,l,.

9
B Vo= 50, + 8yzy+ 8222

aay

B div,a = 8% + + 8%.

_ ([ Oar Oay \ - Odagy  Oaz) g Oa, _ Oag \ g
B curlza = (8y 8z)zx+(8z ax)zy+ (833 Oy (F2

A ACB@_&L’ +8y¢+8z

B dV = dxdydz.
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Vector calculus

Cylindrical coordinates

B x =rcos(f)i, + rsin(0), + 21..
Coordinates 7, 6, and z.
Orthonormal basis 2, ,,, and 2.

B a=a1-(0)+ aptg(0) + a,t,.
1-(0) = cos(f)i, + sin(6)i,.
19(0) = —sin(0)i, + cos(f)z,.

B V,p= g‘fzr(ﬁ)%—lg—‘g 0(0) + agpzz

8ar ar 1 Oayp aaz
] dlvma— + + = 50 T

m curlya = (5 G5 — F2) 6(0) + (G — F) 40 () + (

9% 1 Op 1 0% 9%
B Do =521 75 tzap T gz

B JdV = rdrdfd:z.
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Vector calculus

Spherical coordinates

B x = rsin(x)cos(0)i, + rsin(x) sin(8)z, + rcos(x)?..
Coordinates r, #, and .
Orthonormal basis 2, ,,, and 2.

B a=a.%(0,x)+ apte(0) + a,i, (0, x).

(0, x) = sin(x) cos(f)i, + sin(x) sin(0)z, + cos(x)..

19(0) = —sin(0)z, + cos(0)iy.

1, (0, x) = cos(x) cos(8)i, + cos(x) sin(6)z, — sin(x)2..

Oy - 0 0
= V‘ng — 8_97?%7“(97)() frsull(x) ng (6) + 71° aizx

' 0
[ ] dlvwa — 880'7:‘ _|_ 26?10_7" _1_ 1 Oag _1_ 1 Ay _'_ COtT(X) a

rsin(y) 00 r Ox X

a oa .
B curlya = (% %; -~ COtT(X) ag — rsirll(x) 89X) (0, x) + (

oa, Oa a .
+ (rsirll(x) 86; B 87“9 B Te> ZX((97X)'

_ 1 0 20 1 o .
- Awgp — r2 or (T 897?) + r2 sin(x)? 802 + r? sm(x) 1o5% (Slﬂ(X) X

B dV = r?sin(y)drdfdy.
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Review of Fourier analysis
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Fourier analysis

This is not a lecture but rather a summary of key elements of Fourier analysis. For a more complete
treatment of Fourier analysis, please refer to MATHO007 Analyse Mathématique Il (F. Bastin) and
SYSTO0002 Modélisation et analyse des systemes (R. Sepulchre).
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Fourier analysis

B This slide recalls the Fourier series of a periodic function.
B Let f : R — IR be anonconstant periodic function that has period a and is square-integrable
on [—a/2,a/2], that s, ffc/iz | f(t)|*dt < +o00. Then, the Fourier series of f reads as follows:

( 400 271'
f0)= 3 freww (27).
< k=—o0
1 [e/? 21
\ fr = - /_a/2 f(t)exp (—zk?t) dt.

B It has the following approximation property:
a/2 i 27T
lim t) — exp | tk—t
n——+o0o —a/2 f( ) Z fk p( a )

/\ /\ AN AN A~ A A~ A

AA A A
oy W W W

ULg, Liége, Belgium MATHO0024 — Lecture 1 (part B) 24 /28



Fourier analysis

B This slide recalls the Fourier transform of a function (which need not be periodic).

B Let f: R — Rbe an integrable function, that is, [, | f(¢)|dt < 4o00. Then, the Fourier
transform (FT) fof f is the bounded, continuous function ffrom R into C such that

fw)=Ff(w) = /Rexp(—iwt)f(t)dt.

The Fourier transform of an integrable function is not necessarily integrable itself.

B Let f : R — R be a square-integrable function , thatiis, [, | f(¢)|*dt < +o0. Then, the Fourier
transform fof f is the square-integrable function ffrom R into C such that

(Fw) = Ff(w) = / exp(—iwt) (1)t

6y = F () = - / exp(iwt) f(w)dw

\ T

ULg, Liége, Belgium MATHO0024 — Lecture 1 (part B) 25/28



Fourier analysis

B This slide recalls properties of the Fourier transform of a function (which need not be periodic).

B The Fourier transform interchanges differentiation and multiplication by a monomial:

L~ L ———

d* f Jdw® = (—it)k f and dr £ /dth = (iw)* f.

B The Fourier transform interchanges convolution and multiplication of functions. This means that if

(f % g)(t /ft—s s)ds=/Rf(s)g(t—s)ds,

where * denotes the convolution operation, then

—_— A

frg(w) = flw)gw).
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Fourier analysis

B Lastly, we recall the application of Fourier analysis to linear ordinary differential equations (ODES).
B Ordinary Differential Equation (ODE):

E:%d% )=f(t), teR, b, #0, q>1.

B Algebraic equation obtained by FT (if it exists):

Zbkzw ir(w) = f(w), weR.

B Frequency Response Function (FRF):
. . - 1 1
Ur(w) = h(w)f(w where hw)=—— = , .
(@) = h(w) f(w) &) = i) = ST by

If 1/p has no poles on the imaginary axis, h:R—Cisa bounded, square-integrable function.
B Impulse response function:

h=F"L(h).
If 1/p has no poles on the imaginary axis, h : R — R is an integrable, square-integrable, and
bounded function that decays rapidly at infinity and is continuous (except perhaps at the origin).
B Generalized solution :

ur = hx* f, thatis, u¢(t) = /Rh(s)f(t — s)ds, (using convolution that makes sense).
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