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ABSTRACT
Rapid optical excitation of amolecule produces a nonstationary state localised in the Franck–Condon
region. Tomove out of that region, one needs to propagate both the electronic and the nuclear state.
We formulate the motion on a grid of nuclear coordinate. The coupling to the electric field is fully
included in the Hamiltonian used for propagation. We use perturbation theory to analyse the results
of dynamics fromone grid point to another. The nonadiabatic coupling terms arise frompropagating
the electronic states. We apply the formalism to the simple case of a diatomicmolecule in an approx-
imate but accurate scheme that allows performing computation on a limited number of grid points.
As the coherent dynamics unfolds, we expand the grid in the direction of the wave packet motion
with the quantum chemical calculations of the electronic structure performed ‘on the fly’. The LiF
molecule excited by a one-cycle IR pulse is used as a computational example. The 30-fs propagation
through the crossing of the ionic and covalent states is overall adiabatic. The role of electron–nuclear
coherences is emphasised.

Introduction

A classical trajectory moves under a force generated as
a gradient of a potential. In the Born–Oppenheimer
approximation, this local potential is the electronic
energy at a given configuration of the atoms. In an
approach ‘on the fly’, the classical trajectory is propa-
gated one step at a time. The electronic energy is com-
puted for the new position, the trajectory is moved to
the next point and so on. This is made possible because
a computation that reliably gets the energy also can get
the gradient of the potential [1]. Computing the elec-
tronic energy is typically the rate limiting step in the
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simulation of the dynamics. To make as few such energy
computations as possible is a key advantage of computing
‘on the fly’ because the energy is only needed at the actual
configurations accessed by the motion. In this paper, we
deal with dynamics on several electronic states. It is then
necessary to go beyond Born-Oppenheimer approxima-
tion [2,3] and to propagate the nuclei quantummechani-
cally. But we do seek to retain the advantage of the ‘on the
fly’ computations because even for quantal dynamics, it is
computing the electronic states at each nuclear configu-
ration of interest that remains the bottleneck.

We consider a fast optical excitation. Initially, the
excited system is localised in the Franck–Condon region
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as determined by the ground state (GS). By propagation,
we, therefore, mean the change in the atomic configura-
tion of the system as it moves out of the Franck–Condon
region. If the energy is not sufficient for dissociation,
the system can return to the Franck–Condon region and
move out again, etc.

As a numerical example, we analyse the performance
of the ‘on the fly’ computation for the case of dynamics
in LiF pumped with an attosecond linearly-polarised IR-
pulse. The coupling to the electric field is fully included
in the Hamiltonian used for the propagation. In this
molecule, ground and first excited � electronic states
provide an example of two states with avoided crossing
at a long internuclear distance [4,5]. The change in the
ionic character of the adiabatic states while going through
the crossing is reflected by a high nonadiabatic coupling
term τ12 , as was systematically examinedwithin quantum
chemical (QC) computations [6]. During our dynamical
simulations, we stay in the adiabatic electronic basis with
all nonadiabatic effects fully taken into account. Moving
to the diabatic representation has clear benefits (see, for
example, the discussion in [7]). But while computing ‘on
the fly’, the adiabatic to diabatic transformation is not as
accurate, since only a restricted number of points on the
nuclear grid are available for the analysis of the electronic
configuration.

Theoretical methodology

We consider first propagating the electronic states. In the
Born–Oppenheimer approximation, this is clear. In every
configuration of the atoms, the electronic states are eigen-
functions of the electronic Hamiltonian for that configu-
ration. This is usually described as the very rapidly mov-
ing electrons instantaneously adjusting to the motion of
the nuclei. Such an adiabatic approximation is techni-
cally described [8] as the neglect of the derivative with
respect to the changes in position of the atoms of the
transformation of the electronic states from one config-
uration to another. To prepare for the intended applica-
tion, consider a nonrotating diatomic molecule so that
the propagation is one dimensional. Then introduce a
grid [9] along the bond distance where the grid points
are a (short) distance a apart. We use the index i for
the grid point located at the position xi. ψk(xi) is the
kth electronic eigenstate at the grid point i. Assume that
we have a complete set of electronic states at every grid
point. Then the electronic wave function at the point i
+ 1 is related to that at the point i by the transforma-
tion |ψk(xi+1)〉 = ∑

l |ψl (xi)〉〈ψl (xi)|ψk(xi+1)〉. In the
adiabatic approximation, the electronic state changes
continuously so that the off-diagonal elements satisfy
∂〈ψl (xi)|ψk(xi + a)〉/∂x ∼= 0.

Mathematically, one can represent the propagation of
the electronic states using a Taylor expansion.

∣∣ψk(xi+1)
〉 = ∣∣ψk(xi)

〉 + a
∣∣∂ψk(x)

/
∂x

〉 ∣∣x=xi

+ (
a2

/
2
) ∣∣∂2ψk(x)

/
∂x2

〉 ∣∣x=xi + ... (1)

Keeping terms to second-order is sufficient to eval-
uate the terms neglected to order a in the adiabatic
approximation.

∂
〈
ψl (x + a)

∣∣ψk(x)
〉/

∂x ∼= a∂
〈
∂ψl (x)

/
∂x

∣∣ψk(x)
〉/

∂x

= a
〈
∂2ψl (x)

/
∂x2

∣∣ψk(x)
〉 + a

〈
∂ψl (x)

/
∂x

∣∣∂ψk(x)
/
∂x

〉
(2)

Alternatively, one can evaluate the change in the elec-
tronic state using perturbation theory.When the step size
a is small, the change in the Hamiltonian, the pertur-
bation between two adjacent sites, is �H = H(xi+1) −
H(xi) ∼= a∂H/∂x. The first-order correction to the wave
function |ψk(xi)〉, assuming no degeneracy, is a lin-
ear combination of the other, l �= k, electronic eigen-
functions |ψl (xi)〉,H(xi)|ψl (xi)〉 = El (xi)|ψl (xi)〉, at the
same location,

∣∣ψk(xi+1)
〉 = ∣∣ψk(xi)

〉
+ a

∑
l �=k

∣∣ψl (xi)
〉 〈ψl (xi)

∣∣ ∂Hi
/
∂x

∣∣ψk(xi)
〉

Ek(xi) − El (xi)
(3)

This is the same result as from the Taylor expansion
because of the well-known identity

〈
ψm(xi)

∣∣ ∂ψk(xi)
/
∂x

〉 =
〈
ψm(xi)

∣∣ ∂Hi
/
∂x

∣∣ψk(xi)
〉

Ek(xi) − Em(xi)
(4)

Baer [2] uses the notation

τmk ≡ �
〈
ψm(xi)

∣∣ ∂ψk(xi)
/
∂x

〉
. (5)

See also Smith [10]. Terms that are conventionally
regarded as the Born–Oppenheimer correction to the
nuclear dynamics, e.g. [11], are seen to arise from
the nonadiabatic corrections to the propagation of the
electronic state. This difference arises because we have
another kind of perturbation. Born and Oppenheimer
[11] use the kinetic energy of the nuclei as the pertur-
bation. We describe the wave functions on a discrete
grid. So, we use the change in the electronic Hamiltonian
between two adjacent grid points, a∂H/∂x, as the per-
turbation. To lowest order, the change in energy due to
the perturbation is the gradient of the potential scaled by
a. Therefore, the spacing of the grid needs to take into
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account the steepness of the potential in the region of
interest.

Next we need to propagate the nuclear wave func-
tions on the grid. Can we confine the propagation to
near neighbours? The action of the nuclear kinetic energy
operator is usually evaluated by transforming the wave
function of the grid to the momentum space [12]. There
the action of the kinetic energy operator is a local multi-
plication by �

2k2/2m. But the transformation to momen-
tum space requires knowing the nuclear wave function
throughout the grid. A possible alternative is to eval-
uate the derivatives in the momentum and the kinetic
energy operators using a finite difference expression [9].
In the supplementary information, we briefly outline
these expressions using only near neighbours (which is
correct to order of a2) and also the results using next near
neighbours. The nuclear kinetic energy operator T̂ has
the matrix elements in the electronic basis when we use
only near neighbours.

〈
ψk(xi)

∣∣ T̂ ∣∣∣ ψl (x j)
〉 = −δkl

(
�
2/2ma2

) (
δi, j−1 − 2δi, j + δi, j+1

)
− (

�
2/2ma

) 〈
ψk(xi)

∣∣ ∂ψl (xi)
/
∂x

〉
(δi, j+1 − δi, j−1)

− (
�
2/2m) 〈

ψk(xi)
∣∣ ∂2ψl (xi)

/
∂x2

〉
δi, j (6)

To write the complete wave function �, we define
Cni(t ) as the amplitude of the nuclear wave function in
electronic state n at the grid point i at the time t.

� =
∑
n

∑
i

Cni(t )ψn(xi) (7)

The time-dependent Schroedinger equation for the
full wave function yields an equation of motion for the
nuclear amplitudes:

i�
dCni

dt
= ((

�
2/ma2

) +Vnn(i) − E (t ) μnn (i)
)
Cni

− (
�
2/2ma2

)
(Cni−1 +Cni+1)

−
∑
k�=n

(E(t )μnk(i)Cki − (�/2ma)τnk(i)(Cki−1 −Cki+1)

+ (1/2m)Ynk(i)Cki) (8)

Here E(t ) is the pumping optical field, that for a one-
or few-cycle pulse, acts only for a brief duration. μnn(i)
is the dipole of the electronic state n at the grid point i
while μnm(i) is the transition dipole from state n to m,
at the grid point i.Ynk(i) = �

2〈ψn(xi)|∂2ψk(xi)/∂x2〉, see
Equation (6), are the nonadiabatic coupling terms of the
second-order.

As Smith [10] and Baer [2] noted, the nonadiabatic
terms can be added to the nuclear momentum opera-
tor P̂ giving rise to a generalised momentum ℘̂= P̂ + p ,

where p = −iτ . The validity of the Born–Oppenheimer
separation requires that τ is small as compared to the
local momentum, |i�(Cki−1 −Cki+1)|/2a, see Equation
(8). This is consistent with our perturbation expansion,
Equation (3).

The role of the nonadiabatic terms in driving the
motion of the nuclei is seen also when we compute the
force as the rate of change of the nuclear momentum.

(i�)−1 〈�| [P̂, Ĥ] |�〉 =
∑
i,k

|Cik|2(−∂Vik/∂R)

+(1/2ma)
∑
i,k�=l

(C∗
kiCli−1 −C∗

kiCli+1)(∂τkl (i)/∂R) (9)

In the presence of the optical field, there are addi-
tional terms when the nuclei are driven by the field;
see the supplemental material. The force on the nuclei
is seen to be given as a classical-like average over the
force of the motion on the different electronic states
plus a term reflecting the nonadiabatic contribution. This
second term depends on the interference between the
amplitudes of the nuclear wave packets in different elec-
tronic states. The coupling coefficient, 1/2ma, decreases
at higher masses.

The equation of motion (8) completes our theoreti-
cal program. It expresses the propagation of the nuclear
amplitude at grid point i in terms of the propagation to
the two adjacent neighbouring points of the grid. The
first (top) line in the equation of motion (8) is diagonal in
the electronic index n. The first term in this secular part,
(�2/ma2), is the local and electronically diagonal kinetic
energy. It acts to change only the phase of the amplitude.
The last two terms are the transfer of amplitude to the two
adjacent grid sites while keeping the electronic state n. It
is an adiabatic transfer. The second line in the equation
of motion is the electronically nonadiabatic terms. The
change of electronic state can be induced by the optical
field if it is acting at the time t. Beyond this, the change is
due to the terms that are the propagation of the electronic
state.

Retaining five terms in a finite difference expression
for the second derivative is equivalent to propagating the
electronic state to order a4. The corresponding equation
of motion has more terms than (8) where each grid point
is coupled only to its two immediate neighbours. But even
for the more accurate five point kinetic energy, a grid
point is coupled only to the two near neighbour points
on either side.

The three or five point coupling is very localised and
allows computing ‘on the fly’ in a manner that mimics
the classical version. As in classical mechanics, one can
initiate the quantal propagation from just a single grid
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Figure . Adiabatic potentials (a) and nonadiabatic couplings of the first-order τ nk (b) for a set of lowest � states as a function of inter-
nuclear distance in LiF, as calculated at the MRCI/SA-CAS SCF level. The sign of τ nk is determined by the orientation of the Li–F that is
set along the z-axis as shown in (b).

point being initially occupied. But such an initial state
is not physically realistic in either quantum or classical
mechanics. In simulating a typical photochemical prop-
agation, the initial conditions are often the stationary
ground vibrational state of the ground electronic state.
Then, one needs to switch the field on. So, we select the
values of the nuclear amplitudes Cni to vanish on all but
the ground electronic state. On the GS, the amplitudes
are either generated numerically or fitted to an analytical
form of, say, a Morse vibrational state [13]. To generate
the amplitudes numerically, one should take advantage
of established experience and initiate the integration in
the classically forbidden region on the left. Say, one disre-
gards the conventional wisdom and starts the integration
in the middle of the Franck–Condon region. Themethod
will recover the GS wave function but only after a com-
pletion of more than one orbit so that destructive inter-
ference can filter out the undesirable components. This
of course takes time. So, instead one can take advantage
of multigrid methods [14] to filter out the high momen-
tum components. However one proceeds, the light pulse
should not be switched on before one has a reasonable
approximation for the initial state.

There is a practical consideration in favour of extend-
ing a state localised on the grid by more than one grid
point at a time. One can then perform in parallel the
computations of electronic states for several adjacent grid
points at a time. Since these computations are the bot-
tleneck, a multipoint grid extension is advantageous in
terms of the overall computing time.

Computational details

Quantum chemical computations

GS and four lowest excited states of � symmetry were
chosen to represent the electronic wave packet of the

time-dependent wave function. Higher excited states lie
10 eV further above the GS [15], which corresponds
to more than six photons for the IR-excitation (1.5 eV
per photon). At our laser intensity (as follows), these
states will bemuch less populated compared to the lower-
lying states (which have ∼ 6–8 eV excitation energy, see
Figure 1(a)).

At equilibriumdistance, ionicGS of LiF is described by
configuration {1σ 22σ 23σ 24σ 21π4}, where the σ orbitals
are predominantly the 1s(F), 1s(Li), 2s(F) and 2pz(F)
orbitals, respectively, while the π orbital is mostly
2px,y(F). In all the low-lying excited states of interest,
compared to the GS, electron density has moved from
the F atom to the Li. At the geometry of the GS, the first
� excited state is covalent. At a large distance (at about
10 a.u. for the computational level used here), there is
an avoided crossing between the GS and the first excited
� state [4,5]. The GS becomes essentially covalent while
the first excited state is ionic. The change in the bonding
character of these states while going through the cross-
ing is reflected by the high nonadiabatic coupling term
τ 12. As it was shown in [6], the position of the crossing
is varying within 1–2 a.u. depending on the accuracy of
the description of the dynamical correlation by the cho-
senQCmethod of computation.Weuse here themethod-
ology of Reference [6] that was shown to give accurate
results for the description of the ground and first excited
state. The matrix elements of the electronic Hamilto-
nian are calculated using a state-averaged full-valence
CAS SCF [16,17] followed by internally contractedMRCI
[18,19] as implemented in the MOLPRO package [17].
The correlation-consistent cc-pVQZ and aug-cc-pVQZ
Dunning basis sets [20,21] were used for Li and F, respec-
tively. The core 1s(F), 2s(F) and 1s(Li) molecular orbitals
were kept inactive, as it was shown that they have minor
effect in the description of the avoided crossing [6]. The
active space consists of 6 electrons distributed among
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7 orbitals, which yields 142 CSF for the reference CAS
SCF wave function. The state-averaging procedure was
carried out for all the five states with equal weights. If only
two states, the excited �1 and the GS are included in the
state-averaging, the avoided crossing lies around 13.2 a.u.,
which is in good agreement with previous results [6,15].
When the averaging is active for all five states, the posi-
tion of the crossing is occurring at the shorter distances
(∼10 a.u., see Figure 1(a)) because of a less accurate
description of the GS. In what follows, we refer to it as
MRCI/SA5-CAS SCF computation.

The first-order nonadiabatic coupling term takes large
values in the region of the covalent-ionic avoided crossing
(Figure 1(b)). These values as well as the potential ener-
gies are similar to those computed for only two state aver-
aging [5]. Therefore, except for the shift of the avoided
crossing, there are only minor effects on the dynamics
that followed the excitation in the five state CAS averaged
procedure.

On the fly propagation on the grid

The amplitudes of each electronic basis function defined
on the grid of Li–F internuclear distances are propagated
in time using Runge–Kutta fourth-order scheme. In all
calculations, we define the molecular orientation such
that the origin of the molecular frame is at the nuclear
centre of mass and the Li atom is in the positive direction
of the z-axis. We start initially from a few grid points – 26
points spanning a range of internuclear distances from 2
to 4 a.u. – a range large enough for an accurate descrip-
tion of the GS wave function and the field-induced pop-
ulation of the excited states within the Franck–Condon
region. As the wave packets on the excited states begin to
move, the population close to the edge of the grid is grow-
ing.We expand the grid only if the population at the edge
becomes larger than some predefined threshold. Due to
the localised form of the momentum and kinetic energy,
this affects only coefficients at the edge of the grid. The
error is on the order of the values of the amplitudes mul-
tiplied by the coupling constants (�τ/2ma or �

2/2ma2 for
momentum and kinetic terms, respectively).

Each time we extend the grid – we compute the matrix
elements only at the additional points and restart the
dynamics from previous coefficients on the new, larger
grid. For each state, the threshold is defined by compar-
ison of the population at the edge – to the maximum
of the population of this state in the region of 1 a.u.
from the edge. This distance seems reasonable for the
localised wave packets, which are created by pumping
with an ultrashort pulse. However, during the dynamics
on each excited state, the width is changing according to
the curvature of the potential [22]. In the present case, the

threshold of 5% for the grid extension provides a good
accuracy of the overall dynamics. As a benchmark (we
refer to it as ‘full grid’ computation), we use results of
the propagation on the initially large grid of 356 points
spanning the range (1.6, 30 ) a.u. with a grid spacing of
a = 0.08 a.u.

Details of the propagation procedure

Interaction with pulse was explicitly taken into account
in the Hamiltonian, using the time profile of the electric
field:

Ep (t ) = (−1/c) ∂Ap (t )
/
∂t =

= Ep exp
(
−(

t − tp
)2/2σp

2
)

×
(
cos

(
ωpt

) −
(
t − tp

)
ωpσ 2

p
sin

(
ωpt

))
(10)

Ap = −Epc
ωp

exp
(
−(

t − tp
)2/2σp

2
)
sin

(
ωpt

)
(11)

where Ep(t ) is electric field, which corresponds to the
vector potential Ap. The direction of the pulse is chosen
to be along the F–Li vector, Ep = |Ep

z |ez, with an ampli-
tude |Ep

z | = 0.08 a.u. that ensures hardly any population
in the higher electronically excited states. The frequency
of the pulse ωp was set to be 800 nm, with σp = 20 a.u.
of time. This narrow width means that it is an essentially
one-cycle pulse.

The representation of the GS wave function on the
grid was defined using an analytical expression of
the anharmonic wave function, which corresponds to the
fit of the Morse potential to the calculated GS potential
(De = 5.5 eV, α = 0.6 a.u., Re = 3.00 a.u.). The time step
for the propagation was set to 0.01 a.u. of time, except
the region of avoided crossing, where 10 times lower
time-step was needed to conserve the norm of the time-
dependent wave function. The electron–nuclear dynam-
ics is described in terms of time-dependent population
nk(t ) of each electronic state, defined by

nk (t ) =
∑
i

nki (t ) =
∑
i

|Cni (t )|2 (12)

The time-dependent dipole moment has contribution
both from diagonal components of the density matrix
(due to nonzero permanent dipoles of the electronic
states) and off-diagonal components weighted by the
transition dipole between the states:

μtot (t ) =
∑
n,i

nki (t ) μnn (i)

+
∑
n,k,i

[
C∗
ni (t )Cki (t ) +C∗

ki (t )Cni (t )
]
μnk (i) (13)
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Results and discussion

Low-lying � excited states in LiF can be divided in two
groups with main excitations from the 2pz (�1,�4 states,
Figure 2(a)) and 2px,y (�2, �3 states, Figure 2(b)) atomic
orbitals localised on the F atom to the orbitals of the
Li atom of the respective symmetry. At the equilibrium
geometry of the GS, each pair has similar determinants
in the CAS SCF wave function with opposite sign for the
low-lying states (�1, �2) and the same sign for the states
of higher energy (�4,�3). For the first group, this compo-
sition results in the alternation of the permanent dipole:
−3.6 Debye in �1 and 4 Debye in �4 state (Figure 2(a)).
Also the transition dipoles for GS–�1 and GS–�4 excita-
tion have opposite signs.

In the second group, �2 state with opposite signs of
the πx → π∗

x and πy → π∗
y determinants becomes a fully

dark state for excitations from the GS (Figure 2(c)) while
�3 state being the sum of them has the largest transition
dipole fromGS. This enables us to choose the parameters
of the one-cycle pulse in such a way that specific excited
states will be preferentially populated. Taking a linearly-
polarised pulse in the positive z-direction yields signifi-
cant excitation of�1 excited state while a setting negative
polarisation direction gives rise to the population of �4
state. In both cases, �3 state is also significantly popu-
lated due to its large GS–�3 transition dipole and the fact
that there are two secondarymaxima in the short IR pulse
(see Figure 3). Here, we report the dynamics upon pump-
ing in positive direction, so as to discuss the effects of the
nonadiabatic coupling between �1 and GS.

Overall, Figure 3 shows that the electronic states are
able to respond almost but not quite adiabatically to the
IR field, meaning that net excited state populations at
the end of the interaction with the pulse is smaller than
population during the pulse. See in particular the pop-
ulation of the most highly accessed �3 state. The pop-
ulation of this and also the other states, do respond on
a time scale that is somewhat faster than the period of
the 1.5-eV IR field. These rapid changes in the direction
of the transfer (when the field E(t )has similar values)
come from the change in sign of the imaginary part of the
interelectronic coherences: −E(t )μnk(i)Im(C∗

niCki) (see
Equation (6) of the supplemental material). Because of
the intermediate behaviour, neither fully adiabatic nor
sudden we do treat the coupling to the field exactly by
including it in the Hamiltonian.

Results of the ‘on the fly’ and full grid simulations
of the population dynamics followed upon excitation
with a pulse are shown in Figure 3, revealing the reli-
ably high accuracy of the ‘on the fly’ computations (for
the quantitative errors, see Figure S1 of the supplemental
material). Due to dissociative nature of the excited state

potentials, shortly after excitation, the wave packets
move out of the Franck–Condon region (see movie
M1 of the supplemental material), so extension of
the initial grid is needed after 16 fs of the dynam-
ics. The initial widths of the wave packets in the
excited states resemble the narrow width of the GS
wave function (around 1 a.u. in LiF). For the mostly
populated �1 and �3 excited states, it stays within
∼1–2 a.u. during 220 fs of the dynamics. After that,
�1 wave packet reaches the outer turning point of the
potential and significantly widens on the way back to the
Franck–Condon region.Due to delocalisation of thewave
packet, onemaywant to lower down the threshold during
the restart of the propagation at longer times. Within the
first∼100 fs, current settings for the threshold and exten-
sion length provide the restart of the ‘on the fly’ propa-
gation, each ∼10 fs of the dynamics (Figure 4). In terms
of the computational time, QC calculation for each grid
point takes 10–20 min using one CPU while propagation
of the wave function to the next extension takes less than
a minute. As matrix elements of the electronic Hamilto-
nian at different grid points are independent, it is possi-
ble to run the required QC calculations simultaneously
on several CPUs.

Once the field is over, the population of the states
only changes due to nonadiabatic couplings. As shown
in Figure 1(b), this coupling is primarily between the GS
and �1 and it is localised in the region of their avoided
crossing. So, we limit considerations to the case when the
field is over, and we have significant nonadiabatic cou-
pling only between the two electronic states |1〉 and |2〉.
From Equation (8), the amplitudes of the nuclear wave
packet on state |1〉 is

i�
dC1i

dt
= ((

�
2/ma2

) +V11(i)
)
C1i

− (
�
2/2ma2

)
(C1i−1 +C1i+1)

+(�
/
2ma)τ12(i)(C2i−1

−C2i+1) − (1/2m)Y12(i)C2i (14)

Using also the complex conjugate of the wave function
gives an equation of motion for the population n1i of the
state |1〉:

dn1i
dt

= − (
�
/
ma2

) [
Im

(
C∗
1iC1i−1

) + Im
(
C∗
1iC1i+1

)]
+ (1

/
ma)τ12(i)

[
Im

(
C∗
1iC2i−1

) − Im
(
C∗
1iC2i+1

)]
− (1

/
�m)Y12(i)Im

(
C∗
1iC2i

)
(15)

The change in the local population consists of the
propagation along the grid but retaining the same adia-
batic electronic state, first line, and due to nonadiabatic
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Figure . (a, b) Excitations between natural molecular orbitals of a(a) and b, b (b) symmetry, which mainly contribute to the  lowest
� excited states in LiF at the equilibrium geometry of the ground state (GS). Permanent dipoles are given for each state, the ground state
permanent dipole is . D. (c) Transition dipole moments from the ground state as a function of internuclear distance. The area shaded in
grey shows the Franck–Condon region.

Figure . Nonequilibrium dynamics in LiF upon excitation with a
one-cycle IRpulse (magenta line). Shownare results of thepopula-
tion dynamics computed for a grid spanning the entire range of R
distance (.,  a.u.) (solid lines) and ‘on the fly’(dashed lines). The
figure illustrates the change in population in the Franck–Condon
region and the short time exit from it. At longer times, the popu-
lations are essentially unchanged (Figure Sa of the supplemental
material).

transitions to the second state. Note the role of the coher-
ence between adjacent points on the grid in the two lines.

Actual results for the local populations are shown in
Figure 5. The figure is selected to emphasise the region
where the nonadiabatic effects are strong. It shows the
profiles of the wave packets on the GS and �1 during
the transversal of the avoided crossing superimposed on
the two adiabatic potentials. These are for a full compu-
tation retaining the three lower lying excited electronic
states. See the movie M2 in the supplemental material for
the full view. Before the system reaches the avoided cross-
ing, there is hardly any population on the GS at such large
distances. Once the front end of the wave packet on �1
reaches the range of the nonadiabatic coupling, it trans-
fers amplitude to the GS. While the wave packet on �1
moves forward, but remains in the region of a significant
nonadiabatic coupling, the amplitude on the GS remains

Figure . Regions of the internuclear distances taken into account
at different time ranges of the dynamics during the ‘on the
fly’ computation. The initial ground state (GS) wave packet was
described using  points in a grid. After  fs of the dynamics, the
size of the grid was extended to  grid points. The rather steep
repulsion of the excited states is reflected in that the grid is only
needed to be extended towards the way out.

significant, Figure 5 panel (b). As the wave packet on �1
moves out of the coupling region, panel (c), it recovers the
amplitude it previously transferred to the GS. About 30 fs
after the beginning of a population build-up on the GS
in the avoided crossing region, it is empty again. At the
same time, the wave packet on the �1 states has recov-
ered, and the population returns to its previous value.
In summary, the transit through the avoided crossing
region ends up adiabatic. The amplitudes before the entry
are very similar in magnitude to the amplitude after the
exit.

The duration of the transit through the avoided cross-
ing region, τ , about 30 fs for the wave packet created
by the one cycle pulse, is significantly longer than the
time, τel , about 5 fs, required for transfer of amplitude
between the two electronic states. The adiabaticity or lack
thereof in a motion through the avoided crossing region
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Figure . Population profiles as a function of internuclear distance R at different times (nGS, n�, top panel) and adiabatic potentials (lower
panel) for the ground state (GS) and� excited state of LiF in the region of the avoided crossing (around  a.u.). Shown are snapshots of
the dynamics for the time of the initial population transfer to the ground state (a), its maximal value (b) and the time of the back-transfer
of the population to the excited state (c).

was early on characterised quantitatively in the Landau–
Zener model [23]. The probability P for an adiabatic
passage was estimated as P = exp(−π2ξ ) where ξ is the
adiabaticity parameter. A realistic estimate is ξ = τ/τel of
about 5 for the case of LiF as shown in the movie M2
and in three panels in Figure 5. The transit is therefore
expected to be adiabatic and it is. This is such an adiabatic
crossing that it is adiabatic at all realistic transit velocities.
It is also seen in computations [5] of the collisional ioni-
sation cross section in Li+F collision. The cross section is
practically negligible. This is unlike, for example, a Li+I
collision where the electron affinity of the iodine atom is
much lower.

Summing over all grid points will give the overall
change in population of the GS:

dn1
dt

= 1
m

∑
i

{(τ12(i)
/
a)

[
Im

(
C∗
1iC2i−1

) − Im
(
C∗
1iC2i+1

)]
−(Y12(i)

/
�)Im

(
C∗
1iC2i

)} (16)

This is practically negligible in the case of LiF because
the nonadiabatic terms first contribute with a positive
sign – population of �1 at the (i+1) grid point is larger
than at the point (i−1), see Figure 5(a)). Later it comes
with an opposite sign (Figure 5(c)) giving no significant
net contribution to the sum.

At longer times, the wave packet on the bound but
shallow �1 potential broadens and is reflected from the
outer turning point. At around 280 fs, its front edge
reaches the avoided crossing region and begins to transfer
population to the GS. The width of the upper wave packet
is now larger and so the transit time is longer. The over-
all behaviour is now not quite as adiabatic as in the first
passage because the GS potential is unbound and some
population goes out to dissociation.

Conclusions

Quantum mechanical ‘on the fly’ computations of the
dynamics of the motion on coupled electronic states
is shown possible for a system whose configuration is
described on a grid. Particular attention is given as to why
it makes sense to propagate more than one grid step at a
time. A minimal requirement for computing ‘on the fly’
is a sensible approximation of the momentum and the
kinetic energy provided by coupling every point on the
grid to its immediate near neighbours. This is sufficient
to include the strong nonadiabatic coupling terms, which
arise from the leading order extrapolation of the elec-
tronic states at a given location. It also includes coherence
between the amplitude on a point and on the two neigh-
bours. There are two such coherences. If the two points
are on the same electronic state, this coherence describes
the adiabatic propagation of the wave packet on the given
state. But if the two points belong to two different elec-
tronic states, then the coherence describes the effect of
the nonadiabatic coupling between them. In particular,
the locally strong nonadiabatic coupling weighted by the
coherence modifies the force acting on the nuclei so that
it is not just the averaged sum of the forces in the dif-
ferent electronic states. A realistic and accurate ‘on the
fly’ approximation includes also the next neighbouring
points on the grid. This is sufficient to account even for
strong nonadiabatic coupling. One-cycle IR laser pulse
pumping LiF is an example showing no net population
transfer, meaning an overall adiabatic behaviour. Yet, the
local dynamics exhibit back and forth transfer between
electronic states in the vicinity of an avoided crossing
of the ionic and covalent states. The time-dependent
local propagation shows that in LiF the rapid response
of the electronic states is faster than the transit time
through the avoided crossing region. Thereby, there is an



MOLECULAR PHYSICS 9

overall adiabatic behaviour despite quite active localised
transitions.
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