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Multielectronic states quantum dynamics on a grid is described in a manner motivated by on the fly clas-
sical trajectory computations. Non stationary electronic states are prepared by a few cycle laser pulse.
The nuclei respond and begin moving. We solve the time dependent Schrödinger equation for the elec-
tronic and nuclear dynamics for excitation from the ground electronic state. A satisfactory accuracy is
possible using a localized description on a discrete grid. This enables computing on the fly for both the
nuclear and electronic dynamics including non-adiabatic couplings. Attosecond dynamics in LiH is used
as an example.
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1. Introduction

Computing classical trajectories for the motion of the atoms in a
molecular system clearly illustrates the advantages of computing
on the fly. Accurate quantum chemical computations of the elec-
tronic structure (potential, dipole and non Born-Oppenheimer cou-
pling terms) are required only at those configurations of the atoms
that are reached by the system as it moves in time. Such computa-
tions are possible but are typically time consuming and so are the
bottleneck in computing the dynamics. This is much more so for
the systems with non-trivial ultrafast photo-chemical dynamics
that span several electronic states and where one needs to include
nonadiabatic coupling terms [1–3]. It is therefore of interest to
make as few such quantum chemical computations as are essen-
tial. Computing only for configurations accessed by the system is
the key in the method applied to classical trajectories. We here
seek to mimic such an advantage for quantum dynamics.

In the recent developments of the on-the-fly trajectory guided
basis function or multi configurational time-dependent Hartree
approaches for multi-state coupled electron-nuclear dynamics
[4–6] the choice of the basis functions is responsible for the local-
ized treatment of the problem. It can be either the frozen-width
Gaussian basis functions, or DVR-representations for which one
can evaluate the momentum or kinetic terms explicitly but special
care should be taken for the potential. Here we propose an alterna-
tive approach. We focus on a localized form of the Hamiltonian
that allows for a bounded propagation that is consistent with prop-
agation by the non-local Fourier method [7] on the grid of nuclear
coordinates. The localization is achieved by the well-known finite
difference approximation. As an example we describe multi-state
dynamics in the LiH diatomic molecule. The structure of the Hamil-
tonian that we use provides insight on extending the approach to
multidimensional grid. Specifically the equation of motion of the
amplitude at a particular grid point, see Eq. (3) below, will remain
linear and bounded because the Hamiltonian Fig. 2, will only cou-
ple near neighbors in each direction. As in other approaches on the
fly, the bottleneck remains computing the potential at a multitude
of grid points.

A quantal description of a molecular system of several coupled
electronic states requires solving the time dependent Schrödinger
equation, a subject of recent interest [4,5,8–13]. A wave function
is not quite analogous to a classical trajectory. This is particularly
so when one aims to describe an excitation from an initial state.
We typically choose a stationary initial state so that the change
is due to the perturbation. Such an initial state is usually delocal-
ized in the coordinates of the atoms. This is quite different from
the initial conditions of a classical trajectory that initiates at a
particular configuration. Representing the initial wave packet
dynamics by an ensemble of these classical trajectories is limited
as each one moves independently of the other. Lost thereby is
the effect of the non-locality (meaning coherence between
amplitudes on adjacent grid points) of the momentum and kinetic
operators on the propagation (see Appendix A for the short
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Fig. 2. Block tri-diagonal form of the Hamiltonian in the case of 3-point finite
difference approximation defined on a discrete grid of N points {x0, x1, . . ., xN} for the
nuclear coordinate x. The diagonal blocks (blue boxes) consist of operators that are
local in the grid coordinates; non-local operators (red boxes) couple only neighbor
grid points. With such a Hamiltonian we can compute a wave function for multi
electronic states on the fly. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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discussion on the subject). In the powerful method describing the
motion of atoms on a discrete grid [7,14–17] the kinetic energy is
computed by transforming the wave function to the momentum
representation where the quantum mechanical kinetic energy
operator is just a multiplication. Then one transforms back to the
grid in coordinate space. One need not transform to momentum
space. Instead one can use a very many term finite difference
expansion to compute the kinetic energy purely in coordinate
space [14]. Either procedure yields a benchmark result that for a
dense grid is numerically practically exact. Both techniques are
very non local with a given point on the coordinate grid being cou-
pled to many other points.

Our aims are therefore three fold. (i) To compute the kinetic
energy in as local a manner as is realistic for the desired numerical
accuracy. (ii) To apply an on the fly approach to a delocalized initial
state. (iii) To do the above for a system evolving coherently on sev-
eral electronic states. We chose the well-studied case of LiH [18,19]
that has significant nonadiabatic couplings (Fig. 1), and where the
successive excited electronic states alternate in the character of the
binding.

There is an important fourth point that we just allude to,
namely the polyatomic case. As we shall show in our approach
the atoms move under the combined influence of the familiar Born

Oppenheimer potential plus the vector potential [1–3] due to the
coupling of different electronic states. So also for polyatomic
motion one needs to sample a rather restricted range of motions
of the atoms.

2. Localizing the Hamiltonian by the finite difference method

To compute the kinetic energy using a small number of grid
points we here use a truncated expression for the kinetic energy.
In the case of multiple degrees of freedom one can apply efficient
algorithms of 3D-finite difference schemes [20] for the grid in
Cartesian coordinates. For a single nuclear coordinate, as is the case
here, the kinetic energy operator couples a grid point i only to its
near neighbor, one on each side, grid-points that are a distance a
apart:

� �h2

2m
@2

@x2 f ðxiÞ ffi � �h2

2ma2 f ðxi þ aÞ � 2f ðxiÞ þ f ðxi � aÞð Þ
¼ � �h2

2ma2 f ðxiþ1Þ � 2f ðxiÞ þ f ðxi�1Þð Þ
ð1Þ

m is the reduced mass. To be reasonably accurate the spectrum

of the finite difference operator �h2
=2ma2

� �
2cosðkaÞ needs to

approximate well the spectrum of the kinetic energy �h2
=2m

� �
k2.
Fig. 1. Adiabatic potentials (a) and non-adiabatic coupling terms (b) in LiH as a function
computational details.
Therefore, in terms of a characteristic momentum the grid spacing
needs to satisfy ka < 1. But this is necessary in any case if we are to
have enough grid points per de Broglie wave length. So already the
near neighbor approximation is quite realistic (see Appendix,
Fig. A1), and suffices for many purposes. A next near neighbor
approximation, defined in the Appendix (see Eq. (A2)), retains
two grid points on either side of a given point. When ka < 1such
a five point approximation is essentially exact (see Fig. A1). Corre-
sponding to Eq. (1) the momentum is given (to order a2)

�i�h
@

@x
f ðxiÞ ¼ � i�h

2a
f ðxiþ1Þ � f ðxi�1Þð Þ ð2Þ

As it should the momentum has a direction along the grid.
When an ultra short laser pulse is switched on, the several elec-

tronic states whose energies are within the wide spectrum range of
the pulse can be populated at each grid point. The time-dependent
wave function is here described in the basis of adiabatic states, for
which the diagonal and off-diagonal terms of the Hamiltonian can
be computed using quantum chemical (QC) multi state methodolo-
gies at each particular value of the internuclear distance that cor-
responds to a given grid point. We propagate a coherent
superposition of electronic states with an amplitude for the
nuclear motion on the grid on each electronic state. We extend
of the internuclear distance R calculated at the CASSCF level. See Appendix B for the
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the range of the grid as required by the dynamics of the nuclear
wave packets on different electronic states.

The Hamiltonian including non-adiabatic coupling can be writ-
ten using the generalized momentum P introduced by Smith [1] as
H ¼ P2=2m

� �þ V . P is the sum of the momentum of the nuclei and
the momentum type terms introduced by the non-adiabatic cou-
pling [2,3]. On the grid, the time-dependent Schrödinger equation
for the amplitude, Cni, of the electronic state n at the grid point i
(internuclear distance xi), using a near neighbor kinetic energy
operator, Eq. (1) and the two point difference for the momentum,
Eq. (2), is:

i�h
dCni

dt
¼ Td þ VnnðiÞ þ YnnðiÞ=2mð Þ � E tð Þlnn ið Þ� �

Cni þ TndCni�1

þ TndCniþ1 �
X
k–n

ðEðtÞlnkðiÞCki �
�h

2ma
snkðiÞðCki�1 � Ckiþ1Þ

þ 1
2m

YnkðiÞCkiÞ ð3Þ

where the index k is the index of all the accessible electronic states,
and {i � 1, i + 1} are the indices of the grid points neighboring i. The
terms of the Hamiltonian diagonal in the electronic index include
the kinetic energy coupling constants, see Eq. (1), that are not
dependent neither on the grid nor on electronic index,

Td ¼ �h2
=ma2 and Tnd ¼ ��h2

=2ma2. The notation non-diagonal on
the kinetic energy, Tnd, is to emphasize that this operator, which
is diagonal in the electronic state index, shifts the wave function
along the grid whereas the diagonal counterpart, Td, only shifts
the phase. The adiabatic electronic energy of state n at the internu-
clear distance xi, acts as a potential VnnðiÞ at the grid point i.
Another term that is diagonal in the electronic state index is the
coupling to the laser field, E(t), due to non-zero permanent dipole
moment lnn ið Þ of the electronic state. Off-diagonal matrix elements
of the Hamiltonian couple different electronic states and thus leads
to changes in the amplitudes of the coupled states. These consist of
the coupling to the laser field due to the transition dipoles between
different electronic states lnk ið Þ and non-adiabatic coupling terms.
The non-adiabatic couplings for the electronic states n and k at grid
point i are given by:

snkðiÞ ¼ �h wnh @
@xwk

�� �
x¼xi

YnkðiÞ ¼ �h2 wnh @2

@x2 wk

��� E
x¼xi

ð4Þ
Fig. 3. (a) Initial ground state population profile for the restricted grid of the on-the-fly c
The population at the red points to either side of the two arrows is set to zero. (b) The tail
in the region of the first extension (area shaded in red). The threshold is defined relative to
points, 1 a.u. from the edge). (For interpretation of the references to colour in this figur
The site-dependent coupling term ð—h=maÞsnkðiÞ acts just like a
non-diagonal kinetic energy in the sense that it shifts population
from site i to its two near neighbors. The magnitude of this cou-
pling differs for different electronic states. Unlike Tnd, this term is
not diagonal in the electronic states. It shifts amplitude to adjacent

grid points and to all electronic states.
A key point about Eq. (3) is that the Hamiltonian has localized

coupling between the points on the grid: Cni is coupled only to
Cni�1 and Cniþ1. In other words, the Hamiltonian is block tri-
diagonal as shown in Fig. 2. The size of each block is the number
of accessed electronic states, typically much fewer than the num-
ber of grid points. Each block on the diagonal, blue in the figure,
is made of the operators local in the nuclear coordinate i, see Eq.
(2). A diagonal block is coupled to its two near neighbors, shown
in red.
3. Coherent quantum dynamics on the fly

In this Letter we discuss computing on the fly towards accurate
quantum dynamics of coherent electronic and nuclear wave pack-
ets. Technically we start from a wave function and QC computa-
tions of matrix elements of the Hamiltonian defined over a
localized small region of the grid. In principle it can be three grid
points or even just one point. Using a Hamiltonian that couples
only near neighbors, see Fig. 2, we can, at each time step, increase
the span of the region by adding just one grid point to each side of
the grid as shown in Fig. A2 of the Appendix.

The ability to compute electronic structure in parallel suggests
starting from a larger region on the grid and also adding a small
but finite number of points at each expansion. This is because
our physical initial conditions are that prior to the onset of the
laser pulse the molecule is in its ground state. We therefore confine
the initial grid to a small relevant range about the equilibrium
position of the ground state potential well (Fig. 3a). This neglects
the far tails of the ground state vibrational wave function. The
pumping by the laser should be switched on only after the initial
localized wave function is propagated for enough time that it
spreads to a reasonable extent. As the wave packet propagates
we increase the dimension of the grid over which the matrix ele-
ments of the Hamiltonian are needed. We expand the grid only if
the population at the edge is large. Thereby we make fewer exten-
sions of the grid but each extension span more than one grid point.
omputation (red line with diamonds) compare to the 512 point full grid (black line).
of the profiles, black: full grid; red line with diamonds: on the fly, after propagation
the maximum population over the grid points of the most recent extension (13 grid

e legend, the reader is referred to the web version of this article.)
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The value of the population at the edge at which we expand is
determined by comparing the ratio of the population at the edge
to the maximal value. Once this fraction n, is larger than the thresh-
old value, here 0.05, we expand. In general the population on a
given electronic state can have more than one maximum. Before
the first extension, the maximal population is defined over all set
of grid points (Fig. 3a). During all the subsequent extensions of
the grid the maximal population is taken over the region of the
most recent extension. The first such extension is shown in
Fig. 3b. In the direction towards dissociation the excited state
potentials are shallow. In this case, we take the range of the exten-
sion to be 1 a.u. corresponding to the width of the initial GS wave-
packet. This is because the wavepackets of the excited states
pumped by the ultrashort pulse from the ground state have ini-
tially the same width. We extend the grid towards the repulsive
potential by 0.6 a.u. due to steep walls of the potentials at short
Li-H distances. This extension to the left is needed only once
because the wavepackets on each excited state move out.

Due to the localized form of the momentum and kinetic energy
neglecting the tails of the wave packet affects only coefficients at
the edge of the grid. The error is on the order of the values of the
amplitudes multiplied by the coupling constants (—hs=2ma or

—h2
=2ma2 for momentum and kinetic terms, respectively) at the

points not included in the current grid. Amplitudes below the
threshold can be reflected from the current edge of the grid and
this is the source of the error. As a compensating error one can
apply an absorbing potential with renormalization of the ampli-
tude in that channel. Each time we extend the grid we compute
the matrix elements only at the additional points and restart the
dynamics from previous coefficients on the new, larger grid. Essen-
tial details are provided in Appendix C. Quantum chemical compu-
tations are, by far, the most time consuming step. As in the case of
the computations using initially large grids because matrix ele-
ments at each grid point are independent from the others one ben-
efits from running QC computations in parallel. In the present
approach, one can optimize between the number of expansions
of the grid during the dynamics, the number of grid points added
per each expansion and the number of available computational
nodes.
Fig. 4. (a) Top panel: Population dynamics computed for a grid of 512 points using a Fo
lines) and on the fly computations (dashed lines) for the five lowest electronic states of
panel shows the comparison between the dipole moment computed on the fly (red dashe
mark the time of the grid expansion. See Appendix B for details about the Hamiltonian m
within light blue boxes) during first 40 fs of the electron-nuclear dynamics in LiH upon in
initial ground state (GS) wave packet (black solid line) is defined on the set of 16 points (b
the pulse one further extension is necessary due to population of the R4 around the edg
reader is referred to the web version of this article.)
Our computational example is multi-state electron-nuclear
dynamics in LiH upon interaction of the ground state with a short,
one cycle IR 800 nm pulse [19]. The electric field is polarized along
the molecular axis so that only the manifold of R states is excited.
Details regarding quantum chemical calculations can be found in
the appendices. The pulse strength is kept low enough to preclude
any significant ionization: the maximal amplitude of the field was
set to 0.04 a.u. which corresponds to the intensity of 5.61 � 1013 W/
cm2. We thus need to consider only ground state (GS) and 4 excited
states of R symmetry, all of which lie below the first ionization
potential in LiH. Extension to the basis set of both neutral and ionic
electronic states is possible [21]. When adding new electronic
states to the basis the performance of the finite difference approx-
imation of the kinetic energy for the lower states remains the same
because the kinetic energy terms are diagonal in the electronic
state index.

We define an initial localized wave packet on the ground state
over 16 grid points about the equilibrium position of the ground
state, see Fig. 3a. Such a wave function approximates the actual
ground state apart from its wings. After the first time step we
extend the grid at the two edges so that it spans the [1.92, 4.72]
range of distances, comprising 36 grid points (Fig. 4b). For such
an initial state we can switch the laser on without a special delay.
Both population and dipole dynamics are described with a high
accuracy for such an approximate initial nuclear wave packet
(Fig. 4) as compared to FT computations initiated on the stationary
ground state defined on a large grid of 512 points (see Fig. A3 for
the relative errors). The time-dependent dipole is more sensitive
to the accuracy of the approximation because it is determined by
the coherence of different electronic states.

Extensions of the grid will be needed several times as the
dynamics unfold. For the current 5 adiabatic state basis, we have
two bound states (GS and R1) and 3 almost repulsive potentials
(R2, R3 and R4) as shown in Fig. 1a. The first extension is needed
after one time step due to the motion on the ground state, see
Fig. 4b. The second computation of the Hamiltonian terms at addi-
tional grid points is requested during the pulse due to the popula-
tion on the R4 potential that accumulates at the edge of the grid.
The additional extensions and the excited states for which they
urier transform (FT) for computing the kinetic energy and momentum terms (solid
LiH photoexcited by an IR 1-cycle pulse (magenta curve, not at scale). The bottom
d line) and using FT method on the initially large grid (black line). Vertical blue lines
atrix and the pulse parameters. (b) On the fly extension of the grid (region confined
teraction with 1-cycle IR pulse shown as a red curve vs. time on the bottom left. The
lue bar). After the first time step an extension of 36 grid points is needed. Still during
e of the grid. (For interpretation of the references to colour in this figure legend, the



Fig. 5. Heat maps of the population of the bound R1 (a) and dissociative R4 (b) electronic states as a function of internuclear distance for the first 80 fs of the dynamics.
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are required are shown in Fig. 4b. One can see that around 30 fs,
when the wave packet of the bound R1 state gets closer to the
outer turning point (Fig. 5a), the extension of the grid is required
because of large R4-population at long distances (Fig. 5b). In the
dynamical computations we continued to propagate beyond the
range of internuclear distance shown below and ended up at a full
grid of 512 points.

4. Conclusions

Using a Hamiltonian that only couples near neighboring grid
points we implemented an on the fly approach to accurately com-
pute the quantum dynamics of multi electronic state systems. One
can propagate one grid point at a time but it is more practical to
extend the grid by a finite number of grid points. We predefine
the range of extension separately for each side to account the
shape of the potentials and the direction of motion of the
wavepackets. This is because the very time demanding quantum
chemical computations can then be done in parallel at all these
additional points. In more dimensions restriction of the dynamics
to the relevant ranges will remain as the major saving, because
computation of the Hamiltonian terms will still be the most
time-consuming part.
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Appendix A. Quantum effects for coherent wave packets
described on a grid

The essential difference between the classical and quantal treat-
ment of the population dynamics is seen in the equation for the
rate of change of the local population nkiðtÞ of the electronic state
k at the grid point i.

dnki

dt
¼ 2Tnd Im C�

kiCki�1
� �þ Im C�

kiCkiþ1
� �� 	

þ
X
l–k

ð1=maÞsklðiÞ Im C�
kiCli�1

� �� Im C�
kiCliþ1

� �� 	
�
X
l–k

ð1=�hmÞYklðiÞIm C�
kiCli

� � ðA1Þ

Spreading of the wave packet along the grid within one elec-
tronic state is determined by the coherences between the ampli-
tudes at the adjacent points of the same electronic state (first
line of the Eq. (A1)). Population transfer to other electronic states
l (other terms of Eq. (A1)) also depends not only on the strength
of the coupling, but also on the coherences between the ampli-
tudes of the coupled electronic states on neighboring grid points.

Appendix B. Computational details

The diagonal and off-diagonal terms of the electronic Hamilto-
nian for each particular grid-point were computed at the CASSCF
on (dashed lines) compared to the dynamics computed with Fourier transform (FT)
= 0.08 a.u.). (b) Error in the populations computed with the 3-point (Eq. (1)) (b, top
e FT method. Black lines correspond to the ground state (GS) population, red to R1,
is figure legend, the reader is referred to the web version of this article.)



Fig. A2. Ground state population profile at different times ((a) 1.5 fs, (b) 2 fs) starting from the 3-point only wave packet (t = 0 fs, dashed line) centered at the equilibrium
position of the GS. Black lines correspond to the results calculated within FT method on 512 grid points, red lines – finite difference (5-point approximation). The errors are
shown in Fig. A3. The on the fly propagation is defined by a threshold n (see Fig. 3 of the main text) of 5% compared to a FT computation where the 512 point grid is available at
all times. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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level using the MULTI program [22] of the suite of quantum chem-
istry MOLPRO package [23]. State averaged wave functions of the
lowest 15 electronic states of R symmetry were built within Gaus-
sian 6-31+G(df, p) basis set. Configurations containing all 4 elec-
trons in the active space of 13/7/7/2 molecular orbitals (of R/Px/
Py and D symmetry, respectively) were used. If at some grid-
points the CASSCF procedure fails to converge, an automatic restart
from the CASSCF wave functions on the neighboring points (±0.01
a.u.) was enabled within the same QC computation as imple-
mented in MOLPRO package [23]. Non-adiabatic coupling terms
were obtained using DDR procedure based on a finite difference
scheme for the computation of the derivative of the electronic
wave function using a step size of 0.01 a.u. in internal coordinates
with center of mass being fixed at Rc.m. = 0. The second order non-
adiabatic coupling terms were computed using numerical deriva-
tive of the first order terms [3]. The full set of matrix elements of
the Hamiltonian computed at this level of theory is in good agree-
ment with previously published results, based on the internally
contracted MRCI calculations [19,24]. For the presented case of
one dimensional nuclear dynamics the QC computations are the
most time consuming part: one computation is taking 20–70 min
on one CPU, depending on the convergence of the CASSCF proce-
dure. Fixed value of the extension length enables to sequentially
build Hamiltonian which can be further used for different pulses
scenario as the dynamics unfold (considering that the basis set of
electronic states is sufficient).
Fig. A3. (a) Population dynamics computed within on-the fly with 8% threshold in popul
approach errors in population dynamics relative to the population of each state for two
computed by FT method on the 512 grid points. The error in R1 is larger primarily because
at 5% or 8%.
The time-dependent Schrödinger equation for the amplitudes
(Eq. (2) of the main text) is solved using a fourth-order Runge-
Kutta method, with time step of 0.01 time a.u. and the step of
the grid a = 0.08 a.u. in internal nuclear coordinate (512 grid
points). For the FT computations FFTW library [25] was used for
computing the discrete Fourier transform. For the on-the-fly com-
putations a 5-point approximation,

� �h2

2m
@2

@x2 f ðxiÞ ¼
� �h2

24ma2 �f ðxi�2Þ þ 16f ðxi�1Þ � 30f ðxiÞ þ 16f ðxiþ1Þ � f ðxiþ2Þð Þ
ðA2Þ

was used wherever needed meaning for the momentum in the
non-adiabatic coupling terms, the kinetic energy and for the
derivative Ynk of the non-adiabatic coupling terms. The small diag-
onal elements Ynn are not included in the dynamical computations.

The interaction with pulse was described within dipole approx-
imation, using explicit time profile of the electric field [18]:

Ep tð Þ ¼ �1=cð Þ@Ap tð Þ=@t ¼

¼ Epexp � t � tp
� �2

=2rp
2

� �
cos xpt
� �� t � tp

� �
xpr2

p
sin xpt
� � !

Ap ¼ �Epc
xp

exp � t � tp
� �2

=2rp
2

� �
sin xpt
� � ðA3Þ
ation (dashed lines) and FT method on the 512 point grid (solid lines). (b) On the fly
values of the thresholds: 5% (bottom) and 8% (top). Comparison to the populations
the ground state wave packet hits the edge of its allowed grid when the threshold is
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where EpðtÞ is electric field which corresponds to the vector poten-
tial Ap. The direction of the pulse is chosen to be along the H-Li
vector, Ep ¼ Ep

z

�� ��ez, with amplitude Ep
z

�� �� = 0.04 a.u. The frequency
of the pulse xp was chosen to be 800 nm, with rp = 20 a.u. of time.

The electron-nuclear dynamics is described in terms of time-
dependent population of each electronic state, defined by:

nk tð Þ ¼
X
i

Cki tð Þj j2 ðA4Þ

and the time-dependent dipole moment:

ltot tð Þ ¼
X
n;i

Cni tð Þj j2lnn ið Þ þ
X
n–k;i

C�
ni tð ÞCki tð Þ þ C�

ki tð ÞCni tð Þ� 	
lnk ið Þ

ðA5Þ
Initial coefficients on the ground state were defined using ana-

lytical expression of the anharmonic wave function which corre-
sponds to the calculated GS potential (De = 2.5 eV, a = 0.615 (a.
u.)�1, k = 27.9, Re = 3.08525 a.u.).

The quality of the results is shown in Fig. A1. The error in pop-
ulation dynamics for the 3-points is less than 1%, and 5-points
finite difference (FD) approximation – less than 0.1% as compared
to the benchmark Fourier transform (FT) computations on the
same 512 point grid.
Appendix C. On the fly computation with a wider initial range of
points

To mimic the classical approach, we can start with one point or
three points on the grid and extend to the left and to the right at
each time step. Here we also discuss an example where we trade
starting with a wider initial grid with making a smaller number
of grid extensions. Fig. A3 shows ground state population profile
dynamics starting from a wave packet localized over three grid
points. After some time steps the wave packet on the ground state
represents well the result of using a full grid. Then the electronic
excitation is applied.

Next we discuss wave packet on the ground state localized over
16 grid points. Such a wave function approximates the actual
ground state apart from its wings. After the first time step we
extend the grid at the two edges so that it spans 36 grid points.
It is then a reasonable approximation to the true ground state
and we can switch the laser on. Both population and dipole dynam-
ics compare well with the FT computations, see Fig. 4. The frac-
tional error in the computed populations vs. the benchmark
Fourier transform method are shown in Fig. A3 when a non-
negligible population is in the extended region. A larger error is
observed for larger value of the threshold (5% vs. 8%), because a lar-
ger portion of the population is neglected. When the threshold is
increased to 10% the wavepacket on the ground state is unphysi-
cally narrow leading to errors coming from the reflection of the
wavepacket from the edges.
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