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Spaces S”

e Origin:  Multifractal Analysis (spectrum of singularities).

e Approximation of spectrum of singularities?
~» (Sequence) spaces S” (Jaffard, 2004).

¢ Topological study of spaces S”: metrizable topological
vector spaces (t.v.s.), separable, complete, locally
pseudoconvex, Schwartz, non-nuclear (Aubry, Bastin, Dispa,
Esser, Jaffard).
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Spaces S” and diametral dimension
p

Idea: determining the diametral dimension A of spaces S”
(Aubry, Bastin, 2010).

Diametral dimension: topological invariant for t.v.s., which
characterizes Schwartz and nuclear spaces.

All the locally p-convex spaces S” have the same diametral
dimension (Aubry, Bastin, 2010)
» Diametral dimension for non-locally p-convex spaces S*7
» Isomorphic?
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Diametral dimensions

Another diametral dimension Aj... (Mityagin, 1961)

Conjecture:
A=A

in Fréchet spaces (Mityagin, 1961; Terzioglu, 2013).

Purposes: study of this conjecture and applications in spaces
SV, extension of A(SY), and pursue of the topological study of
spaces SV...
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Kolmogorov's diameters

Let E be a vector space, V,UC E, V C uU (> 0).
Definition
The n'" Kolmogorov's diameter of V' with respect to U is

on(V,U):=inf{d >0:3LC E,dim(L) <n, st. VCIU+L}.

Important property

If U is absolutely convex and absorbing, V is precompact with
respect to U iff
n(V,U) = 0if n— oo.
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The “first” diametral dimension
Let E be a topological vector space (t.v.s.) and U be a basis of
0-nghbs.

Definition
The diametral dimension of E is

A(E) = {5 e CY VU €U, 3V €U st. (Eadn(V, U))pen, € co} .

“First” property
A 'is a topological invariant: if E = F, then A(E) = A(F).

NB: ¢ C A(E).
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Topological characterizations

Theorem
If Eisalcs., TFAE:

e E is Schwartz;
e o C A(E).

Theorem
If Eisal.c.s., TFAE:

e E is nuclear;
o ¥p >0, ((n+ 1)), € D(E):
e Ip>0st. ((n+1)P),cn, € A(E).
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The “second” diametral dimension
Definition
If E is a t.v.s. and U is basis of 0-nghbs,
Ap(E) = {g e CY% ;YU € U, VB bounded, (£x04(B, U)) en, € co}.
NB: A(E) C Ap(E).

Conjecture (Mityagin)
If E is Fréchet,
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Topological Characterization

Theorem
If Eis al.c.s., TFAE:
o Every bounded set of E is precompact (“E is pseudo-Montel");
o loo C Ap(E);
e g C Ay(E).
Consequences
o If E is not pseudo-Montel, A(E) = cg = Ap(E).
e If E is pseudo-Montel, but not Schwartz, A(E) = ¢y C Ap(E).

New conjecture
If E is Fréchet-Schwartz,
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A first approach

Idea

e Main examples of spaces with a computable A: Kéthe
sequence spaces (regular spaces and smooth sequence spaces)
(Terzioglu 1969, 2008)

e Equality A = Ap in Kdthe spaces?

Definition
If E is at.v.s. and U is basis of 0-nghbs,

A*(E) = {g eC VU €U, 3V €U st. (£02(V, U)) e, € /OO} .
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V() k>m C (0,00), IM > m, 3B bounded set with

(5,,(3, UM) > klgf (rké,,(Uk, Um)) (n S No).

Theorem (Bastin, L.D.,2017)

If A(E) = A°(E) and if E has the property of large bounded sets,
then

A(E) = Dy(E).
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A first approach
We fix a metrizable l.c.s. E, with & = (Ux)ken, @ decreasing basis
of absolutely convex 0-nghbs.
Definition
E has the property of large bounded sets if, Vm € Ny,
V() k>m C (0,00), IM > m, 3B bounded set with

(5,,(3, UM) > klgf (rké,,(Uk, Um)) (n S No).

Theorem (Bastin, L.D.,2017)

If A(E) = A°(E) and if E has the property of large bounded sets,
then

A(E) = Dy(E).

Positive examples: Regular spaces, smooth sequence spaces
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A generalization
Definition
AF(E) = {g e CY% : VU € U, VB bounded, (£,04(B, U))en, € EOO} .
NB
A(E) < Ap(E)

N IN
A®(E) C AP(E)

Theorem (L.D., Frerick, Wengenroth, 2016)
If E is Schwartz metrizable,

A®(E) = AF(E).
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A generalization

Theorem (L.D., Frerick, Wengenroth, 2016)
If E is Schwartz metrizable and A(E) = A*(E),

A(E) = Ab(E) = A%(E) = AF(E).

Study of spaces §¥
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Theorem (L.D., Frerick, Wengenroth, 2016)
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o Kéthe-Schwartz sequence spaces (Bastin, L.D.,2017)
e Hilbertizable Schwartz spaces
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A generalization

Theorem (L.D., Frerick, Wengenroth, 2016)
If E is Schwartz metrizable and A(E) = A*(E),

A(E) = Ab(E) = A%(E) = AF(E).

Spaces with A(E) = A>(E)

o Kéthe-Schwartz sequence spaces (Bastin, L.D.,2017)

o Hilbertizable Schwartz spaces, and so nuclear spaces (L.D.,
Frerick, Wengenroth, 2016)



Introduction An equality between two diametral dimensions
0000000
O0000e
000000
000

Study of spaces §¥

0000
000000000
00000

A generalization

Theorem (L.D., Frerick, Wengenroth, 2016)
If E is Schwartz metrizable and A(E) = A*(E),

A(E) = Ab(E) = A%(E) = AF(E).

Spaces with A(E) = A>(E)

o Kéthe-Schwartz sequence spaces (Bastin, L.D.,2017)

o Hilbertizable Schwartz spaces, and so nuclear spaces (L.D.,
Frerick, Wengenroth, 2016)

But no definitive conclusion...
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Definition
A space E is A-stable if

A(E) C A(E) x A(E),

N
where, for x,y € C°, x* y = X0, o, X1, Y1, X2, Y2, -.-
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A-stability

Definition
A space E is A-stable if

A(E) C A(E) x A(E),

N
where, for x,y € C™, x *x y = Xp, Yo, X1, Y1, X2, V2, ...

Proposition
1. If E, F are A-stable,

A(E x F)=A(E)NA(F)
2. If A(E) C A(F) and if E is A-stable,

A(E x F) = A(E)
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A-stability

Definition
A space E is A-stable if

A(E) C A(E) x A(E),

N
where, for x,y € C™, x *x y = Xp, Yo, X1, Y1, X2, V2, ...

Proposition
1. If E, F are A-stable and s.t. A(E) = Ay(E), A(F) = Ap(F),

A(E x F) = A(E) N A(F)= Ap(E x F).
2. If A(E) C A(F) and if E is A-stable and s.t. A(E) = AL(E),

A(E x F) = A(E) = Ay(E x F).
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A-stability

Definition
A space E is A-stable if

A(E) C A(E) x A(E),

N
where, for x,y € C™, x *x y = Xp, Yo, X1, Y1, X2, V2, ...

Proposition
1. If E, F are A-stable, metrizable and Schwartz,

A(E x F) = A(E) N A(F)= Ap(E x F).
2. If A(E) C A(F) and if E is A-stable, metrizable and Schwartz,

A(E x F) = A(E) = Ay(E x F).
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A-stability
Proposition
If E is A-stable and Schwartz, then
A(E) = A™(E).
In particular, if E is also metrizable,

A(E) = Dy(E).
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A-stability

Proposition
If E is A-stable and Schwartz, then

A(E) = A™(E).
In particular, if E is also metrizable,
A(E) = Ap(E).

Warning!

There exist non-A-stable Kothe-Schwartz sequence spaces!
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A(E) = {5 € CY0 VU € U, (£x00(B, U)) peny, € co} .
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Prominent bounded sets

Definition (Terzioglu, 2013)
A bounded set B in E is prominent if

A(E) = {5 € CY0 VU € U, (£x00(B, U)) peny, € co} .

Proposition
If E has a prominent bounded set, A(E) = Ap(E).
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Prominent bounded sets

Definition (Terzioglu, 2013)
A bounded set B in E is prominent if

A(E) = {5 € CY0 VU € U, (£x00(B, U)) peny, € co} .

Proposition
If E has a prominent bounded set, A(E) = Ap(E).

Warning!
There exist Kothe spaces with prominent bounded sets (smooth
sequence spaces of finite type)...
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Prominent bounded sets

Definition (Terzioglu, 2013)
A bounded set B in E is prominent if

A(E) = {g € C VU € U, (£46n(B, U)) peny, € co} :
Proposition
If E has a prominent bounded set, A(E) = Ap(E).

Warning!
There exist Kothe spaces with prominent bounded sets (smooth
sequence spaces of finite type)...

But also without any prominent set (smooth sequence spaces of
infinite type)!
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Definition
A Fréchet space E, with a fundamental system of increasing
seminorms (||.||x)ken, has the property (Q) if

¥m 3k Vi 3C > 0: (IX]15)° < CIKILIXE vX € E

where [[x'[[; := sup{|x'(x)| : Ixllx < 1}.
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Prominent bounded sets and property (ﬁ)

Definition
A Fréchet space E, with a fundamental system of increasing
seminorms (||.||x)ken, has the property (Q) if

¥m 3k Vi 3C > 0: (IX]15)° < CIKILIXE vX € E

where |[x'[[} := sup{|x'(x)| : [Ix]lx < 1}.
Proposition
(ﬁ) implies the existence of prominent sets in
o Kothe spaces (Bastin, L.D., 2017);
o Fréchet spaces (L.D., Frerick, Wengenroth, 2016).
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Prominent bounded sets and property (ﬁ)

Definition
A Fréchet space E, with a fundamental system of increasing
seminorms (||.||x)ken, has the property (Q) if

¥m 3k Wi 3C > 0: (IX]15)° < CIX LK vX € E
where [[x/][5 := sup{[x'(x)] : [Ix]}x < 1}.

Proposition
(ﬁ) implies the existence of prominent sets in
o Kothe spaces (Bastin, L.D., 2017);
o Fréchet spaces (L.D., Frerick, Wengenroth, 2016).

Warning! H(D) x H(C) has prominent sets but not (2)! (L.D.,
Frerick, Wengenroth, 2016)
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A difference between diametral dimensions?
Idea

Topological properties to have
A(E) € CNo = AL(E)?

~ “finite-dimensional bounded sets” (in non-metrizable spaces).

Theorem (Bastin, L.D.,2017)
There exist Schwartz (and even nuclear) non-metrizable spaces E
with

A(E) € CNo = AL(E).
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A difference between diametral dimensions?
Idea
Topological properties to have

A(E) € CNo = AL(E)?

~ “finite-dimensional bounded sets” (in non-metrizable spaces).

Theorem (Bastin, L.D.,2017)
There exist Schwartz (and even nuclear) non-metrizable spaces E
with
A(E) € CNo = AL(E).
In metrizable spaces?
If E is metrizable,

A(E) = CNo or Ap(E) = CNo «— E is a subspace of w...
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Notations

Sequences indexed by a binary tree:
o Ni={(j,k)eNg: k<21}
« QO :=CN

e Notations of elements of Q:

“ce .

Definition

A map v :R — {—oco}U[0,1] is an admissible profile if it is
increasing, right-continuous, and s.t.

Omin := inf{a € R: v(a) > 0} € R.
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where E;(C,a)(¢) := {k : |¢jx| = C27%}.

Natural metric topology
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Theorem (Aubry, Bastin, 2010)
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Definition
cesSvif
Ya > 0,¥e > 0,YC > 0,3J € Ny : #E;(C, a)(¢) < 2@+ > g

where E;(C,a)(¢) := {k : |¢jx| = C27%}.

Natural metric topology

T.v.s., separable, complete, locally pseudo-convex or locally
p-convex, Schwartz, non-nuclear.

Theorem (Aubry, Bastin, 2010)

If S¥ is locally p-convex, then

A(SY) = {g € o Vs >0, (6u(n+1)"%), . € co} — A(SY).
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Theorem
If v is concave, €, — 0T, and (pp)nen, is dense in (0,0),

s'= ) ) s

méeNp n€ENg
where

e n:p>0—infa>qa,,, {ap—rv(a)+1}
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When v is concave...

Theorem
If v is concave, €, — 0T, and (pp)nen, is dense in (0,0),

m m bZS!’")/”" Em

méeNp n€ENg
where

e n:p>0—infasq,, {ap—v(a)+1}

* by o is the (pseudo)normed space

1
o1 /P

ey = sup [205) Z!w” <00
jEO
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Topology of S” defined by

PY ce S s supllEll e
iel pj,00

with m € No, | C Ny, #/ < oo, and p} :=n(p;)/pi.
To simplify: e, =1/(m+1), {pn: n € No} = QnN(0, c0)

Study of spaces S”
0000
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Topology of S” defined by

P ce s sup ||E|l yoon
iel bp;,oo

with m € No, | C Ny, #/ < oo, and p} :=n(p;)/pi.
To simplify: e, =1/(m+1), {po: n € No} = QN(0,00) =: Q.
Purpose

A(S") = {€ € €05 > 0, (€n(n +1) ) oy, € 0}
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When v is concave...

Topology of S” defined by

P ce s sup ||E|l yoon
iel bp;,oo

with m € No, | C Ny, #/ < oo, and p} :=n(p;)/pi.
To simplify: e, =1/(m+1), {po: n € No} = QN(0,00) =: Q.

Purpose

A(SY) O {5 € C™ Vs >0, (§a(n+1)7°) oy, € CO} ‘
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When v is concave...

Topology of S” defined by

PY ce S s supllEll e
iel pj,00

with m € No, | C Ny, #/ < oo, and p} :=n(p;)/pi.

To simplify: e, =1/(m+1), {po: n € No} = QN(0,00) =: Q.
Purpose

A(S") C{E €T ¥ > 0, (6(n+1) %) oy € ) ?

Lower-bounds for Kolmogorov’'s diameters in spaces S¥7
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sUNP(E) C B,

then 6,(B, U) > 6.
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Idea

Tikhomirov's Theorem

Let E be a normed space, U be its closed unit ball, and B be a
bounded set. If P: E — E is a projection with ||P|| < 1 and
dim(P(E)) =n+1landif 6 > 0is s.t.

sUNP(E) C B,

then 6,(B, U) > 6.

1
~ e =5l on P(E).
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Lemma

lim ("(:)) = amax = inf{a € R: v(a) = 1}.
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The index sets /.

Lemma

lim (M) = Omax 1= inf{a € R : v(a) = 1},

p—0+t 1%

Omax < 00 OF Qmax = 007

y=wla)

y=wla)
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Construction (L.D.,2017)
If tmax < 00 and if e € Q.
1. We choose iy € Ny s.t.

0<p<pi0:,n(p)_n(p,-o) -
p Pio

E.

2. W eNgst. le <1/piy < (£+1)e. If £ >0, we define i, € Ng
for k € {1,...,¢} by

— = — —ke.
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The index sets /.

Construction (L.D.,2017)
If tmax < 00 and if e € Q.
1. We choose iy € Ny s.t.

0<p<Pio=>17(l)IJ)—n(pi°)§5.

Piy

2. W eNgst. le <1/piy < (£+1)e. If £ >0, we define i, € Ng
for k € {1,...,¢} by

— = — — ke.
3. la = {io, ceey I'g}.
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Forall n€ Ng, e € QT, me Np, and ¢ € S,

01 1/pi

€1, 5o < sup sup |25 (Sl
bpm i€ls jeNg
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Proposition
Forallne Ng, e € QT, me Ny, and ¢ € S,

o . 2i_1 1/pi
1€l g < supsup |25 [ 371 e
bp,,,oo iEIejENo k=0
Corollary

For all m, k € Ng, with k > m, e e QT, JC Ny s.t. JD I,

(5n (BP‘((J)’ BP,(HIE)> > (n + 1)8k—am_a'
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Properties of the sets /.

Proposition

Forall n€ Ng, e € QT, me Np, and ¢ € S,

o . 2i_1 1/pi
1€l g < supsup |25 [ 371 e
bp,,,oo iEIejENo k=0
Corollary

For all m, k € Ng, with k > m, e e QT, JC Ny s.t. JD I,

(sn (BP£J)7 BP,(HIE)> > (n + ]_)8k_5m—8'

~> formula of A(S") + extension to some locally pseudoconvex
spaces S”!
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Property (ﬁ)

Theorem

If E is Fréchet space and if (Ux)ken, @ basis of 0-neighbourhoods,
then E verifies (ﬁ) iff

C
VmENOHkENijGN03C>O:ngrUj—l—7UmVr>O.
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Theorem
If E is Fréchet space and if (Ux)ken, @ basis of 0-neighbourhoods,
then E verifies (ﬁ) iff

C
VmENOHkENijEN03C>O:ngrUj—l—7UmVr>O.

~ “Property (Qi4)”
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Property (ﬁ)

Theorem

If E is Fréchet space and if (Ux)ken, @ basis of 0-neighbourhoods,
then E verifies (ﬁ) iff

C
VmENOHkENijGN03C>O:ngrUj—l—7UmVr>O.

~ “Property (Qi4)”

Theorem (L.D.,2017)

If v is concave and if amax < 00, then S¥ verifies (iq).
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The locally p-convex case

When S is locally p-convex...

e Similar topology (sums of Besov spaces);



Introduction An equality between two diametral dimensions

Study of spaces S”
0000000 0000
000000 000000000
000000 00e00
000

The locally p-convex case

When S is locally p-convex...
e Similar topology (sums of Besov spaces);

e Construction // sets I, (L.D.,2017):



Introduction An equality between two diametral dimensions

Study of spaces S”
0000000 0000
000000 000000000
000000 00e00
000

The locally p-convex case
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e Similar topology (sums of Besov spaces);
e Construction // sets I, (L.D.,2017):

» New proof for the formula of A(S¥);
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The locally p-convex case

When S is locally p-convex...
e Similar topology (sums of Besov spaces);
e Construction // sets I, (L.D.,2017):

» New proof for the formula of A(S¥);
» SV verifies (Qig)-
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Thank you for your attention!
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