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Abstract

The “classic” diametral dimension is a topological invariant which characterizes Schwartz
and nuclear locally convex spaces. Besides, there exists a second diametral dimension
which is conjectured to be equal to the first one (on Fréchet-Schwartz spaces).

The first part of this thesis is dedicated to the study of this conjecture. We present
several positive partial results in metrizable spaces (in particular in Kéthe sequence
spaces and Hilbertizable spaces) and some properties which provide the equality of the
two diametral dimensions (such as the A-stability, the existence of prominent bounded
sets, and the property (ﬁ)) Then, we describe the construction of some non-metrizable
locally convex spaces for which the two diametral dimensions are different.

The other purpose of this work is to pursue the topological study of sequence spaces
SY, originally defined in the context of multifractal analysis. For this, the second part
of the present thesis focuses on the study of the two diametral dimensions in spaces S”.
Finally, we show that some classes of spaces S” verify (a variation of) the property (ﬁ)
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Résumé

La dimension diamétrale “classique” est un invariant topologique capable de caractériser
les espaces localement convexes de Schwartz et nucléaires. En outre, il existe une deux-
iéme dimension diamétrale conjecturée comme étant égale a la premiére (au niveau des
espaces de Fréchet-Schwartz).

La premiére partie de cette thése est consacrée a ’étude de cette conjecture. Nous y
présentons plusieurs résultats positifs partiels dans les espaces métrisables (notamment
au niveau des espaces de suites de Kothe et des espaces hilbertisables) ainsi que plusieurs
propriétés permettant d’avoir 1’égalité des deux dimensions diamétrales (comme la A-
stabilité, I'existence de bornés proéminents et la propriété (ﬁ)) Ensuite, nous décrivons
la construction d’espaces localement convexes non métrisables pour lesquels les deux
dimensions diamétrales sont distinctes.

Le second objectif de ce travail est de poursuivre I’étude topologique des espaces de
suites SY, & lorigine définis dans le cadre de ’analyse multifractale. Pour ce faire, la
deuxiéme partie de la présente thése se focalise sur ’étude des deux dimensions diamé-
trales au niveau des espaces S”. Enfin, nous montrons que certaines classes d’espaces S¥
vérifient (une variation de) la propriété (€).
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Introduction

Multifractal analysis is a branch of mathematics which aims to determine the regularity
of a signal. Among the notions defined to quantify the regularity of a given signal, one
can particularly mention the so-called Hélder exponent, which leads to the concept of
spectrum of singularities (see for instance [5] [16] [17]).

Actually, it appeared that the asymptotic behaviour of the wavelet coefficients of a
signal (in any wavelet basis) can be used to estimate its spectrum of singularities ([18]).
Translating this property in terms of functional spaces, Jaffard introduced in 2004 the
sequence spaces S* ([17]).

Defined in the context of multifractal analysis, these spaces S” appeared to be func-
tional spaces: more precisely, they can be endowed with a natural vector metric ([4]),
which leads several mathematicians to study them from a functional analysis point of
view (see for example [IL 2, B, 4l [16]). They pointed out different properties, such as
the facts that spaces S¥ are complete, separable, locally p-convex in some cases and only
locally pseudoconvex in others, Schwartz, and non-nuclear.

To determine the relative “position” of spaces S between Schwartz and nuclear
spaces, Aubry and Bastin studied the notion of diametral dimension. This tool — de-
noted by A — is in fact a topological invariant on the class of topological vector spaces,
which can be used to characterize Schwartz and nuclear locally convex spaces (|7, 111 [15]
19, 25], 26, 301 38, [40]). Moreover, the diametral dimension has been deeply studied for
Kathe sequence spaces (|11, 14}, 19, 27, 30, 31, 32}, 33]).

Actually, Aubry and Bastin obtained a formula for the diametral dimension of locally
p-convex spaces SY, which is the same for all these spaces ([2]). Then, two questions
appear:

e we can wonder whether the spaces S¥ are isomorphic (when they share the same
index of p-convexity) and, for this, we could study some other topological invariants
in the context of spaces S”;

e this formula is valid for locally p-convex spaces, but we can wonder whether it
remains true or not when locally pseudoconvex spaces S¥ are concerned.

In another context, Mityagin defined in |[25] a second diametral dimension, denoted
by Ap, using bounded sets in its definition, contrary to A. Besides, he claimed that
the two diametral dimensions A and A, are equal for Fréchet spaces, referring to a
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2 INTRODUCTION

forthcoming paper which, as far as the author knows, has never been published. More
recently, Terzioglu developed a proof for the equality of the two diametral dimensions
in quasinormable, metrizable locally convex spaces ([34]). Nevertheless, Frerick and
Wengenroth found a mistake in this proof (which implies that the considered space is
finite-dimensional when it is Montel and has a continuous norm), so the question remains
open. We then decided to deal with this problem, with the later purpose to determine
Ay (87). When treating this open question, we also discovered that the property (ﬁ)
of Vogt and Wagner (see for example [24]) implies the equality of the two diametral
dimensions, which led us to verify whether the spaces S¥ have this property.

Therefore, these questions constitute the main topics of the present thesis. In Part
we focus on the study of the equality of the two diametral dimensions A and Aj. More-
over, Part [ is dedicated to the pursuit of the study of spaces S” through the diametral
dimensions and the property (ﬁ) In this context, let us describe more explicitly the
contents of these two parts.

Part [I] begins with a general presentation of the theory of the (classic) diametral
dimension A. In Chapter [I] we first introduce the notion of Kolmogorov’s diameters and
its main properties. Then, we use this to define the classic diametral dimension A and
we provide its fundamental properties, such as the facts that it is a topological invariant
and it characterizes Schwartz spaces. Next, we present the main examples of spaces for
which the diametral dimension can be computed, namely Kéthe sequence spaces, and we
particularly focus on two important subclasses of such spaces: regular spaces and smooth
sequence spaces.

In Chapter 2] we define the second diametral dimension A, and give its main prop-
erties. We also describe more precisely the question about the equality of A and Ay and
explain why it is directly solved for non-Schwartz spaces. Besides, we present the main
known properties in Schwartz metrizable spaces assuring the equality of the two diame-
tral dimensions ([6l [I3]): the property of large bounded sets and the equality A = A,
which holds for K6the-Schwartz echelon spaces and Hilbertizable Schwartz spaces.

Chapter [3] presents some properties of the diametral dimension A in finite Cartesian
products ([27]) and shows how to use them in order to obtain some spaces verifying the
equality A = Ayp. In this chapter, we also study the existence of the so-called prominent
bounded sets ([34]), which implies A = Ay, and we prove that the property (ﬁ) implies
the existence of prominent sets, although the converse is false.

Finally, Chapter [4] describes a family of Schwartz — or even nuclear — non-metrizable,
locally convex spaces E with A(E) # Ap(FE), which implies that the open question
about the equality of the diametral dimensions is definitely false in non-metrizable spaces.
Besides, we explain why this construction cannot be imitated in metrizable spaces, thanks
to a characterization of metrizable spaces E verifying A(E) = CYo or Ay(E) = CMNo.
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Part [lI] focuses on spaces S”. More precisely, Chapter [5| introduces the definition
and the topological properties of spaces S” and the formula of A(S") when S” is locally
p-convex (|11, 2, [3, 4, 16]). Besides, it also explains why Ay (S¥) = A (S¥) thanks to the
results given in Part [I}

In Chapter [6] we describe a new method ([12]) to obtain the formula of A (S”) when
the associated profile v is concave and which particularly works for some “strict” locally
pseudoconvex spaces. Then, we show that this new method can actually be used to prove
that such spaces verify the property (ﬁ)

Finally, in Chapter [7] we explain how to adapt the previous technique in the context
of locally p-convex spaces S”. In the same way as in the concave case, this gives the
possibility to revisit the developments which lead to the formula of A (S¥) (|2]) and to
show that those spaces have the property (ﬁ)

At the end of this thesis, Appendix [A] gathers two important results of the theory of
Fréchet spaces, namely Closed Graph Theorem and Grothendieck’s Factorization The-
orem, and some of their main consequences. It also gives some applications of these
fundamental results to the study of the inclusions and equalities between Kothe echelon
spaces, which will be used several times in our developments.



INTRODUCTION



Part 1

Diametral Dimension(s)






Chapter 1

Preliminaries

In this chapter, we define the “classic” diametral dimension and present its main proper-
ties. We also consider the case of the Kothe sequence spaces. But, first of all, we need to
introduce the so-called Kolmogorov’s diameters, which are used in the definition of the
diametral dimension.

1.1 Kolmogorov’s diameters

In this section, we fix a vector space E (on the field of all complex numbers C) and two
subsets V and U of E, with the condition that there exists u > 0 for which V C uU.
Besides, if n € Ny, we denote by L, (F) the class of all vector subspaces of E with a
dimension at most equal to n.
Then, we can define Kolmogorov’s diameters as follows:

Definition 1.1.1. The n-th Kolmogorov’s diameter of V with respect to U is the positive
number

0(V,U) :==1inf {6 > 0: 3L € L,,(F) such that V C éU + L}.

These numbers have many straightforward — but useful — properties. Here is a list of
such direct results (for more details, cf. [11 [19]):

Proposition 1.1.2. For any n € Ny, we have
(1) 6041 (V,U) < 6(V,U):
(2) 0< 6, (V.U) < .

In particular, the sequence (8,(V,U))nen, converges to a positive real number smaller
than (.

Proposition 1.1.3. If Vj, Uy € p(E) are such that Vo CV and U C Uy, then

7



8 CHAPTER 1. PRELIMINARIES

In particular, we also have
0n(Vo,U) < 6,(V,U) and 6,(V,Uy) < 6,(V,U).

Proposition 1.1.4. Let W € p(F) be such that there exists v > 0 with W C vV. Then,
for any m,n € Ny,
Suim(W,U) < (W, V)0 (V,U).

Proposition 1.1.5. For \,v > 0,

gan(v, U) = 6,(\V, vU).

Proposition 1.1.6. If E is finite-dimensional, then
5n<Vv U) =0,

for every n € Ny with n > dim(FE).
Proposition 1.1.7. If F' is another vector space and if T : E — F 1is a linear map, then

on(T(V), T(U)) < 6u(V,U).
In particular, if T : E — F is an isomorphism of vector spaces,

0n(T(V), T(U)) = 6(V,U).

We can also mention the following property ([19]):
Proposition 1.1.8. If U is absolutely conver, then
on(V,U) = 6,(L(V),U),
where I'(V') is the absolutely convez hull of V.
Proof. Indeed, if § > 0 and L € L£,,(F) are given, then we have
VCcWU+L&T(V)CcoU+L

since the set U + L is itself absolutely convex. O

In addition to these basic properties, Kolmogorov’s diameters are actually quite close
to the notion of precompactness, which will give a characterization of Schwartz locally
convex spaces thanks to the “classic” diametral dimension. For this, we recall the following
definition:

Definition 1.1.9. The set V is precompact with respect to U if, for any € > 0, there
exists a finite subset P of E such that

VCeU+ P.

Moreover, in a locally convex space, a set is precompact if it is precompact with respect
to any 0-neighbourhood.
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Now, we are ready to consider the next result (the proof is extracted from [IT], 38]).

Proposition 1.1.10. Assume that U is absolutely convex and absorbing in E. Then, V
1s precompact with respect to U if and only if

lim 6,(V,U) = 0.
n—oo

Proof. If V is precompact with respect to U, then, for a given € > 0, there exists a finite
subset P of E such that

V CeU + P C eU + span(P),

where span(P) is the linear span of P, which is of course finite-dimensional. Therefore,
0 (V,U) < ¢ if n > dim(span(P)).

Conversely, suppose that lim,_,~ d,(V,U) = 0 and fix € > 0. Because U is balanced,
it means there exists a finite-dimensional vector subspace L of E with

VQZU+L

If py is the gauge of U, then we know there exists a finite-dimensional space Lg for which
L = (LNker(py)) ® Ly. Consequently,

VQZU+LﬂmmmHng%U+M.

But it is easy to check that this inclusion can be written as V' C SU + Lo N (V — §U).
Since the set Lo N (V — 5U) is included in Lo N (p+ 5)U, it is in particular a bounded set
of the finite-dimensional normed space (Lo, py) and so a precompact set of this space.

Thus, there exists a finite subset P of Ly with
LM(V—30g5U+R
2 2
hence V C eU + P. O

Of course, this property leads to a characterization of precompactness in locally
convex spaces:

Corollary 1.1.11. If E is a locally convex space and if K is a bounded set of E, then
K is precompact in E if and only if, for every (absolutely convez) 0-neighbourhood W of
E, we have

lim 6, (K, W) =0.

n—oo

Finally, we conclude this section by a proposition and its corollary which are very

important to compare the diametral dimension of two locally convex spaces (cf. Propo-
sition and its applications in Chapter 4| to construct some counterexamples). The
first proof is very close to the previous one (and comes from [19] 38]).
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Proposition 1.1.12. If U is absolutely convex and absorbing, then, for any n € N,
0,(V,U) =inf {0 > 0:3P € p(F)\ {0}, #P <n, such that V C oU +T'(P)},
where #P is the cardinality of P.

Proof. If we denote the right-hand side of the claimed equality by v, (V,U), we just have
to prove that v,(V,U) < 6,(V,U). For this, assume that § > 0 and L € L,(FE) are such
that V C 6U + L and fix € > 0.

As before, we take Lo € L£,(E) such as L = (L Nker(py)) & Lo, so

Ve (s+35)U+Lo
In particular, it implies that

Ve (55U n(v- (5+5)0) € (450 s ton (urs 5o

Because the set

Kn:LOm(M+6+%)U

is a bounded set — and so a precompact set — of the finite-dimensional normed space
(Lo, pu), there exists a finite subset Py of Lo with K C SU 4+ Py. Moreover, by a suitable
choice of a vector basis P of L(ﬂ we have Py CT'(P), #P <n, and

V C(§+e)U+T(P).

Therefore 7, (V,U) < § +¢. What is more, since the argument works for every € > 0, we
even have v, (V,U) < §, which gives v, (V,U) < §,(V,U). O

From this last result, we deduce the following property ([19]):

Corollary 1.1.13. Assume that E is a topological vector space. If U is an absolutely
conver, absorbing, closed set and if n € Ny, then

o (V,U) = 6,(V,U),
where V is the closure of V in E.

Proof. Firstly, assume that n = 0. Then, the claimed equality is straightforward because
U is closed.

Secondly, suppose that n > 0. Of course, 0,(V,U) < 0, (V, U), so that we just have
to prove the other inequality. For this, we use the previous result: we fix § > 0 and
P € p(E)\ {0}, with #P < n, such that V C §U 4+ I'(P).

Then, using the facts that U is closed and I'(P) is compact, U +I'(P) is itself closed
and so V C §U + I'(P). Thus, we conclude because this means that &, (V, U) < ¢ and
s0 6, (V,U) < 6,(V,U). O

Y1f Lo = {0}, we simply take P = {0}.
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1.2 Diametral dimension

Thanks to Kolmogorov’s diameters — and their properties —, we are now ready to study
the “classic” diametral dimension itself. For this, we fix a topological vector space E
(again, on the field C) and a basis of 0-neighbourhoods U in E.

Definition 1.2.1. The diametral dimension of E is the set

A(E) = {g € CY VU € U,3V €U,V C U, such that (£,6,(V,U)),cn, € co} .

It is easy to check that this definition is independent of the choice of the basis of
0O-neighbourhoods and that A(F) is a vector space.

This diametral dimension was introduced by Mityagin ([25]) to obtain a topological
inwariant. In order to explain this important property, we first need to consider a result
to compare the diametral dimension of two spaces and which will be itself useful for the
construction of counterexamples in Section

Definition 1.2.2. Let F' be another topological vector space. Then a linear map T :
E — F is nearly open if, for any 0-neighbourhood U in E, T'(U) is a 0-neighbourhood
in F'.

For instance, an open map is of course nearly open. Besides, as explained by Jarchow
([19]), if E and F' are locally convex, if F' is barrelled, and if T': E — F is onto, then
this map is also nearly open.

Thanks to this notion, we have the following result (cf. [11} [19]):

Proposition 1.2.3. Let F' be another topological vector space.
1. If there exists a linear, continuous, and open map T : E — F, then A(E) C A(F).

2. If F' is a locally convex space and if there exists a linear, continuous, and nearly
open map T : E — F, then A(E) C A(F).

Proof. Assume that 7' : E — F is a linear and continuous map and fix £ € A(F)
and Uy a 0-neighbourhood in F'. Using the continuity of 7', we know there exists a 0-
neighbourhood U in E with T'(U) C Uy. Then, by definition of the diametral dimension,
there is a O-neighbourhood V in F, with V C U, such that

(Endn(V, U))nENo € Co.

Now, we split the argument according to the two situations described above.

1. Suppose that T is also open. In this case, Vp := T'(V) is itself a 0-neighbourhood
in F' and so0, using Propositions and [1.1.7] we have

(5n(VOa UO) < 5n(T(V)7T(U)) < 5n(V? U)'

Consequently, (£,0,(Vo, Up))nen, € co and it proves that £ € A(F).
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2. Assume that F' is locally convex and T is nearly open. Then, we can suppose
without loss of generality that Uy is a closed absolutely convex set. Therefore,
Vo :=T(V) is a 0-neighbourhood in F' and, by Corollary [1.1.13| and Propositions

L3 and L1
60(Vo,Uo) = 8 (T(V), U ) = 8u(T(V), Un) < 8u(T(V), T(V)) < 6,(V. ).

Again, we deduce from this that £ € A(F).
Hence the conclusion. ]

As announced, this property implies that the diametral dimension is a topological
invariant for topological vector spaces ([19]):

Theorem 1.2.4. If E and F are two isomorphic topological vector spaces, then A(E) =
A(F).

Moreover, we can mention these additional consequences of the previous proposition

([191):

Corollary 1.2.5. Let F be another topological vector space and (Ey)aca a family of
topological vector spaces. Then,

e A(E/F)C A(E);

e A (HaeA EOC) < ﬂaEAA(EOl)‘

A more detailed description of the diametral dimension for finite Cartesian products
will be provided in Section [3.I} when we will study the notion of A-stability.

But, now, it could be interesting to consider some examples. The following result is
straightforward, thanks to Proposition [I.1.6}

Example 1.2.6. If E is finite-dimensional, then A(E) = CMNo.

In fact, there are also some infinite-dimensional locally convex spaces with such a
diametral dimension. In Section[d.I] we will show that any space E with a weak topology
verifies A(E) = CNo. Moreover, we will prove in Sectionthat there is only one infinite-
dimensional Fréchet space with this property (up to isomorphism): it is the space w, i.e.
the linear space CN° endowed with the topology of pointwise convergence. More generally,
we will show that a metrizable space E with A(E) = C° is in fact — up to isomorphism
— a subspace of w.

Other interesting examples are the Kdthe sequence spaces, which will be intensively
treated (in terms of diametral dimension) in the next section. Finally, we can also
consider the case of Schwartz spaces. For this, let us recall their definition:

Definition 1.2.7. The topological vector space E is Schwartz if every 0-neighbourhood
U in E contains another 0-neighbourhood V' which is precompact with respect to U.
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As claimed before, the diametral dimension can be used to characterize Schwartz
locally convex spaces. For this, we first remark that we have the following property

(I191):

Proposition 1.2.8. We have
Co - A(E)

Proof. Indeed, for any O-neighbourhood U in E, we have §,,(U,U) < 1 by Proposition
12 O

Now, we can consider the following characterization (cf. |11}, [19]):
Theorem 1.2.9. Assume that E is locally convex. Then, the following are equivalent:
(1) E is a Schwartz space;
(2) lo C© A(E);
(3) co © A(E).

Proof. The implications (1) = (2) and (2) = (3) follow from the definitions of A(F) and
Schwartz spaces and from Proposition [I.1.10]

Assume that there exists a sequence { € A(FE) \ ¢p and fix an absolutely convex
0-neighbourhood U in E. Then, there exists an absolutely convex 0-neighbourhood V in
E such that

(€0 (V. U)) ey € 0-

Moreover, since £ ¢ ¢, there exist a subsequence (gk("))nENo of £ and a constant C' > 0
with |§p(n)| > C for every n € Ny. Consequently,

1

Therefore, the sequence (5k(n)(V, U ))nENo converges to 0. Consequently, the sequence

(6n(V,U)) e, 2lso converges to 0, because it is convergent (by Proposition |1.1.2)) and
has a null subsequence. We conclude by Proposition [1.1.10 O

This last result also implies that we have A(E) = ¢ for non-Schwartz spaces (such
as, for instance, infinite-dimensional normed spaces). This fact, together with Example
[1.2.6] shows that the diametral dimension is not a complete topological invariant on the
class of topological vector spaces: this means that two spaces with the same diametral
dimension are not necessarily isomorphic. However, there are some classes of Ko6the
sequence spaces on which the diametral dimension is complete, such as the class of power
series spaces or, more generally, the class of smooth sequence spaces (see below).

Finally, the diametral dimension can be also used to characterize nuclear locally
convex spaces (cf. [IT], 19, 26l B8] for more details about these spaces and the links with
the diametral dimension):
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Theorem 1.2.10. If E is locally convez, the following are equivalent:
(1) E is nuclear;
(2) ¥p >0, ((n+1)7),, € A(E);

(3) 3p > 0 such that (n+ 1)P), cn, € A(E).

1.3 Applications to Kothe sequence spaces

Some examples of locally convex spaces for which the diametral dimension can be com-
puted are the so-called Kéthe sequence spaces. These ones have been deeply studied and
many results about them can be found for instance in [8] [9] 24].

In 2008, Terzioglu defined the notion of admissible normed spaces (|33]) in order to
generalize the definition of Kéthe spaces and to gather developments for the diametral
dimension of such spaces. In this section, we present Terzioglu’s main results about the
diametral dimension of Kothe spaces, which will be particularly used in Section [2.2]

First, we give the definition of admissible spaces. For this, we just introduce two
notations. The first one is about the product of two sequences: if £,n € CYo, then the
product &7 is defined by

(577)71 = gnnn (n € NO)'

The second notation relates to the unit sequences: if k € Ny, the unit sequence ey is
defined by

(ek)n—{é i Z;Z (nENo).

Definition 1.3.1. An admissible space is a normed space (I,].||;) which verifies the
following conditions:

(1) 1 € CNo;
(2) if € €l and n € 1, then &n € 1 and

€1l < 1o Il

(3) for every k € Ny, e, €l and ||ex|; = 1.

Of course, the classic spaces [, (with p > 1), I, and ¢p are admissible, but we
can also cite the Orlicz sequence spaces (cf. [21], 23] for the definition and [11] for the
“admissibility” of these spaces).

Among the properties of the admissible spaces, we can particularly give the following
one ([33]):

Proposition 1.3.2. If ¢ € | and n € CN° are such that |n,| < |&,] for every n € N,
then m € 1 and ||l <[]



1.3. APPLICATIONS TO KOTHE SEQUENCE SPACES 15

Proof. 1t is direct. O

To introduce the Kothe sequence spaces, we also need the notion of Kdthe sets (cf.
[9, 191, 33]).

Definition 1.3.3. A set A C CY0 is a Kéthe set if
(1) Va e A, Vn € Ny, a, > 0;
(2) Vn € Ny, Ja € A with oy, > 0;
(3) Va, € A, Iy € A :sup{am, Bn} < n ¥n € No.

From now on, we fix an admissible space [ and a K6the set A. Then, we are ready to
introduce the “generalized” Kéthe sequence spaces due to Terzioglu ([33]).

Definition 1.3.4. The Kdthe sequence space associated to [ and A is the space
A(A) = {g eCV . Vae A af e l},

endowed with the locally convex topology defined by the family of seminorms
Do EEN(A) = okl (a€A).

We also define the set U!, as the closed unit ball of A'(A) associated to p!,. Moreover,
we can use the classic notations when the associated admissible space is I, (with p > 1),
lso, O Cp:

Mp(A) := AP (A), Aoo(A) := A2 (A) and No(A) := A0(A).

It is easy to prove that the space )\Z(A) is a complete Hausdorff locally convex space; it
is even a Fréchet space when A is countable. Besides, \(A) C w continuously.

In fact, thanks to the main properties of admissible spaces, it is possible to find a
general formula giving the diametral dimension of any Koéthe sequence space.

For this purpose, we need to define an operation of quotient between two sequences:
if a, 8 € CN°, the quotient-sequence o/ is defined by

(Od) — { an/Bn it Bn # 0;
B, 0 if 8, = 0.

Thanks to this, we can prove a first result about Kolmogorov’s diameters in Kothe
sequence spaces. This property — and the associated arguments — is very important for
us, because one of the main results in Section [2.2] - Proposition [2.2.6] - is actually based
on the next proof. We will also imitate these ideas for the diametral dimension of spaces
S” in Sections [6.1] and [T.1]

Besides, remark that the lower-bound in the following proposition can be also found
using Tikhomirov’s Theorem (Proposition , which will be completely detailed in
Section Here, we only present Terzioglu’s developments (the next proof is a slightly
modified version of the corresponding proof in [33]).
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Proposition 1.3.5. Let o, 5 € A be given, for which there exists p > 0 with ap, < pufm
for every m € Ny. Besides, assume that J and J' are two subsets of Ng such that
#J=n+1 and #J <n, where n € Ng. Then, we have

(6% (6
inf (=) <6, (UL U,) <su () .
jeJ(ﬁ>._ <'B >_j§z§)’ g j

j
Proof. 1. For the first inequality, we put dp := infjc; (%) and we assume that
J

On (U};, Ué) < 0p. Remark that this particularly means that dp > 0 and so o; > 0
for any j € J.
Therefore, there exist a § > 0, with § < &y, and L € £, (A (A)) such that

Uh C UL+ L.

We also define a projection Py : £ € N(A) — > jes &€ and we denote by G its
range (i.e. the space span({e; : j € J})). Now, if j € J and & € A(A) are given,
we have
3 1

Bl =1\ j &l = 5-lesdsl:
Consequently, if £ € G, p%(&) < %pfl(ﬁ), which means that U, N G C %Ué NnG.
Moreover, since PJ(Ué) = Ué N G, we obtain Ué NG C dUL NG + Py(L), so
UlnGc %U}x NG + Pj(L). Thus, we deduce from this

UéﬂGggUéﬂG+PJ(L)

0
5 (6 S\
C—(=UNG+P;(L)|+P;L)y=(—=—| U,NG+ P;(L)
50 50 60
C
S\N
0

for any N € N. Therefore,

! g\ ! (G.ph)
U,nGc ) 5 ) UanG+Py(L)) =Pi(L) ,

NeN 0

because 5@ < 1. But we know that a; > 0 for every j € J, so pfl is a norm on G
0

- L
and so PJ(L)(G%) = Pj(L), as a finite-dimensional vector subspace of a Hausdorff
space. Therefore,
U.NGC Py(L)
and this implies that G C P;(L), since G and Pj(L) are both vector spaces. Hence
a contradiction, since dim G =n+1 > n > dim P;(L).
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2. Now, we prove the other inequality. Again, we define a projection Py : £ € X(A)
Y e &iej- Now, for € € AY(A) and n € Ny, we have

«

B

(0%

)n Bal€ — Pr(©)al < [sup ()] 1Bul€ — Pr(©)l.

(& — Py (&))n| = ( jeor \ B

This implies that

J

PL(& = Pr(9)) < [sw <g>

i¢J’!

] (e~ Pr(©) < [sup (5) ] o ©)
J

i¢J’!

Consequently, if £ € U, then &€ — Py () € [supjw/ (%) ] Ul and

J
jeJ’ B i

Hence the conclusion since dim(Pj (A(A)) < n.

E=E¢—Pp(Q)+Py(é) e UL+ Py (A (A)).

O

These two inequalities already bring the exact values of some Kolmogorov’s diameters
(ITT, 33]):

Corollary 1.3.6. Let o,8 € A for which there is p > 0 with oy < pBm for every
m € Ny. If the sequence o/ is decreasing, then

o (Ué,Ug) _ (g) .

Proof. Tt follows from the previous result, taking J = {0, ...,n} and J' = {0,...,n — 1} if
n>0and J =0 if n=0. O

Without such an assumption of decrease on o and (3, evaluating Kolmogorov’s diam-
eters can be very difficult. It is why Terzioglu provided a characterization of Schwartz
Kothe spaces ([33]) — or “Kéthe-Schwartz sequence spaces” to respect the traditional
terminology —, which actually corresponds to the classic characterization of Schwartz
spaces of type A\p(A), Aso(A) and A\g(A). From this, we will deduce a general formula for
A (M(A)).

Theorem 1.3.7. The space N(A) is Schwartz if and only if, for every o € A, there
exists € A, with oy, < By, for any n € Ny, such that a/5 € cy.

Proof. If the space is Schwartz, then, for a given weight o € A, there exists 5 € A, with
an < B, for all n, such that

(o (), <
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by Proposition [1.1.10 Then a/f € ¢y, since, otherwise, there exist a constant C' > 0

and a subsequence (a/ﬁ)k(n)) N of a/B with (a/B)pn) = C for all n € No. Taking
nelNg

J ={k(0),...,k(n)} in Proposition we obtain

«Q
C< inf 7)) <o (UsUs),
~ je{k(0),..., k(n)}<ﬁ)j_ ( ’ >

hence a contradiction.

Now, assume that «, 5 € A are such that «,, < 3, for any n € Ny and o/ € ¢y. For
a fixed € > 0, there exists N € N for which (a/3), < ¢ for all n > N.

Then, taking J' = {0, ..., N — 1} in Proposition we have

5 (Ué, Ué) < by (Ué,, Ug) < sup (g) <e (= N).

Consequently, by Proposition |1.1.10} U}j is precompact with respect to UL, 0

This last theorem implicitly means that, when A/(A) is Schwartz, we can exclusively
focus on weights a, 8 € A such that o/ € ¢g. Moreover, it is possible to reorganize such
a null sequence to obtain a decreasing one — and we recall that Kolmogorov’s diameters
define decreasing sequences. This idea leads to the following construction (|11, B3]).

Construction 1.3.8. Let z € co N [0,00)N0 be given. Then, the supremum
sup{x, : n € Np}
is attained at (at least) one index. We denote by mg(z) this supremum and we put

¢(x,0) :=min{n € Ny : 2,, = mo(x)}.
Again, the supremum

mi () == sup {zy : n € No \{ip(2,0)}}

is attained and we define ¢(z,1) := min {n € Ng \{¢(z,0)} : z, = m1(z)}.
Recursively, if mo(z), ..., mm(z) and ¢(z,0), ..., o(x,m) are defined, we put

Tmt1(x) := sup {z, : n € No \{p(z,0), ..., p(x,m)}}
and ¢(x,m + 1) := min {n € No \{p(z,0),...,o(x,m)} : v, = Tmy1(x)}.
This recursion defines another sequence 7(x) = (7 (%) )nen, = (x%’(xv”))neNo’ which

actually corresponds to a decreasing reorganization of the sequence z. Therefore, we
have just introduced a map

7 coN[0,00)N0 — o N [0,00)N0 : 2+ 7 (),

called the decreasing-reorganization map in this work.



1.3. APPLICATIONS TO KOTHE SEQUENCE SPACES 19

This decreasing-reorganization map can be used precisely to describe Kolmogorov’s
diameters in Kothe-Schwartz spaces ([33]):

Proposition 1.3.9. Let o, 5 € A be such that there exists p > 0 with oy, < uBy, for
each m € Ng and such that o/ € ¢o. Then,

5 (Ug, Ug) = ma(a/B)  (n€N).

Proof. 1t is enough to use Proposition with J = {¢(a/B,0),...,p(a/B,n)} and
J ={p(a/B,0),....,0(a/B,n—1)}ifn>0and J =0 if n=0. O

As a consequence, we deduce this general formula for the diametral dimension of
Kothe sequence spaces ([33]):

Theorem 1.3.10.
(1) If N(A) is not Schwartz, then A (A(A)) = co.
(2) If \((A) is Schwartz, then

A ()J(A)) - {5 e CV Vo € A,38 € A with an < B, VYn € Ny, a/f € co,
and (§nmn(a/B)),en, € co} )

Proof. That is direct by the previous result. O

We would also like to insist on the fact that the diametral dimension of A'(A) — just
like Kolmogorov’s diameters in Proposition [I.3.9]- is independent of the admissible space
[.

Thanks to the last theorem, we can theoretically find the diametral dimension of any
Kothe space. However, it is very difficult in practice to manipulate decreasing reorgani-
zations of positive null sequences and so to obtain a “usable” formula of this diametral
dimension. This is why we will conclude this section by considering an interesting sub-
class of Kéthe sequence spaces for which the diametral dimension is easily computable,
namely the class of reqular Kothe spaces.

These regular Kothe spaces are defined thanks to countable Kéthe sets. More pre-
cisely, we will use the standard definition of Kéthe matrices (cf. [9] 24]):

Definition 1.3.11. A countable Kothe set A = {ay : k € Ny} is a Kéthe matriz if, for
every k,n € Ng, we have 0 < ag(n) < ag+1(n), where ax(n) is the component n of ag.

In this situation, we write A = (ag)ken, and we put

ph = pak and Ul = U,ik.
Moreover, when A is a Kothe matrix, we will say that \'(A) is a Kdthe echelon space.

Some useful properties about the equality and the inclusions between Ko6the echelon
spaces are presented in the appendix (cf. Section |A.2)).
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Definition 1.3.12. The Kéthe matrix A = (ak)ken, is regular if, for each k € Ny, the
sequence ay /a4, is decreasing. We also say that the space A(A) is regular.

First of all, let us mention an interesting property of non-Schwartz regular spaces

(I331)-

Proposition 1.3.13. If the Kithe matriz A = (ay)ren, 5 regular and if N(A) is not
Schwartz, then this space is normed.

Proof. By assumption and by Theorem [1.3.7, there exists m € Ny such that, for every
k> m, am/ax ¢ co. But, since a,,/ay is a decreasing sequence if k > m, it means there
exists Cy > 0 with

for every n € Ny, or, equivalently, a,,(n) > Crai(n). Because we also have ag(n) < ap,(n)
for all n € Ny if k& < m, it implies that the spaces A'(A) and N ({a,,}) are algebraically

and topologically equal (cf. Proposition |A.2.1)). O

Now, we can prove the following formula for Kolmogorov’s diameters in regular spaces
(331]):

Proposition 1.3.14. If A = (a)ken, is reqular and if k > m, we have

am(n)
on (UL UL, ) = 22,
n k»~“m aj, (TL)
Proof. Tt is straightforward by Corollary [1.3.6] since a,,/ay, is a decreasing sequence. [
Thus, we can easily deduce from this the next theorem:

Theorem 1.3.15. If A = (a)ken, s reqular, then

A ()\Z(A)> = {f e CNo . Vm e Ny, 3k > m such that <£n(;7:((§))> € CQ} .
neNg

As announced above, this result provides several examples of spaces with an easily
computable diametral dimension. Unfortunately, there exist some K&the echelon spaces
which are not regular and not isomorphic to any regular Koéthe space. Actually, in
Section [3.2], we will use the notion of prominent bounded sets to construct such non-
regular spaces.

Among all regular Kéthe sequence spaces, we can especially mention the classic power
series spaces. We recall their definitions (cf. [19] 24]).

Definition 1.3.16. Let « € [0, oo)NO be an increasing sequence such that lim,, . o, =
o0o. Then, the power series space of finite type associated to o is the Kéthe space

Ao(a) == A1 (Ao),
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where Ag is the K6éthe matrix ((e*an/k)neNo)k " Similarly, the power series space of
€

infinite type associated to « is the space
Aso(@) == A1 (Aso),

where Ao is the K&the matrix ((ek"‘”')neN())k N To follow the generalization of
€Ny

Terzioglu with admissible spaces, we also define the power series spaces associated to
a and [ by
Ab(a) == A(Ap)  and  Al_(a):= A (Ax).

Thanks to the very specific form of the Kothe matrices of power series spaces, the
following formulae are easily obtained:

Proposition 1.3.17. We have
A (Af(@)) = AP (a) = Af*(a)

and

A (Ago(a)) - U {g e Mo (gne—’fan)nem c zoo} = (As(a)) .

keNg

Proof. 1t follows from Theorem [1.3.15] after some basic computations. More details are
available in [IT], [19]. Besides, these results can be also proved thanks to smooth sequence

spaces (see below), via Propositions and O

We recall that the diametral dimension is a complete topological invariant for power
series spaces: when they are associated to a same admissible space [, two power series
spaces are isomorphic if and only if they have the same diametral dimension. This
property is deduced from the very particular expression of the diametral dimension for
power series spaces. Moreover, we can even use the diametral dimension to show that

e two power series spaces of the same type (associated to a same admissible space)
are isomorphic if and only if they are algebraically (and so topologically) equal,

e two power series spaces of different types are never isomorphic.

All these results and developments can be found in [I1} [19], but they can be also seen as
a direct corollary of the properties of smooth sequence spaces (cf. Theorem below).

The power series spaces — and the corresponding Kolmogorov’s diameters — will be
very important in Section to construct some spaces with prominent bounded sets but
without the property (ﬁ)

2Some authors, like Meise and Vogt (J24]), rather define the power series spaces with Kothe sequence
spaces associated to Iz, i.e. Ao(a) = A2(Ap) and Ao (@) = X2(A).
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1.4 Smooth sequence spaces

In this last section of the current chapter, we present another family of Kothe sequence
spaces for which the diametral dimension is easily computable, namely the so-called
smooth sequence spaces. They were introduced by Terzioglu in [30] and are studied in
[27, B0 31, 32, [34].

In the previous section, the developments for the diametral dimension of Kéthe se-
quence spaces were mainly based on decreasing conditions on quotients of weights. Here,
smooth sequence spaces are defined by conditions on the weights themselves and gener-
alize the notions of power series spaces.

More precisely, if we fix a Kothe matrix A = (aj)ken, and an admissible space [, we
consider the following definitions:

Definition 1.4.1. The space A (A) is a smooth sequence space of finite type or a Gy -space
if

(1) Vk,n € Ny, ax(n+ 1) < ag(n);
(2) Vk € No, 35 € Ng and C' > 0 such that Vn € Ny ax(n) < C’ajz(n).
It is a smooth sequence space of infinite type or a G -space if
(1) Vk,n € Ny, ag(n) < ag(n+1);
(2) Vk € Ny, 3j € Ny and C > 0 such that Vn € Ny a2(n) < Caj(n).
A smooth sequence space is a smooth sequence space of finite or infinite type.

For instance, it is easy to check that power series spaces are smooth sequence spaces:
more precisely, a power series space of finite type is a smooth sequence space of finite
type and a power series space of infinite type is a smooth sequence space of infinite type.

But the conditions in the previous definitions lead to some results for the diametral
dimensions of such spaces, thanks to some techniques which are different from what was
presented in the previous section. To prove them, we will simply use Proposition [1.3.5]
which will generalize the corresponding results given in [30] in case [ = .

Proposition 1.4.2. If M(A) is a G1-space, then
A (AZ(A)) — o(A).

Proof. Let £ € A (Al(A)) and m € Ny be given. Then, there exists kK > m for which
({nén (U,lg, Ufn))neNo € ¢g. But, by Proposition we have

b, (U.0L,) > in (am(j)> ! (),

i<n \ ag(J) ai(0

v

50 (gnam(n))neNo € ¢o.



1.4. SMOOTH SEQUENCE SPACES 23

Conversely, fix £ € A\g(A) and m € Ny. By definition of G;-spaces, we know there
exist k € Ny and C > 0 with a,,(n) < Ca2(n) for all n € Ny. Using Proposition m
we obtain

oo (U1 U) < sup (2220 < Coup (7)) = Can(o)

j>n \ ak(Jf) j>n
So £ € A (A(A)). O
Proposition 1.4.3. If N(A) is a Guo-space, then
A </\I(A)> - U {g e CNo:¢/ay € co} .
keNg

Proof. Suppose that £ € A (AI(A)). Then, there exists k € Ny with (fnén (U,l€7 Ué))
cg- From Proposition we deduce

o (ko) g1 (20) = 2

n€Np €

Consequently, £/ax € co.

Now, we assume that &€ € CN° and k € Ny are such that &/ay, € ¢y and we fix m € N.
Without loss of generality, we can suppose that k > m. Then, we take j > k and C' > 0
for which a?(n) < Caj(n) for any n. Therefore, Proposition gives

i (en) s (555) = (50) <22 (5) ~

S0 (&nén (UJZ», UTln>>neNo € co. Hence £ € A (\(4)). O

The Gso-spaces will be considered in Section to obtain some spaces which pos-
itively answer the open question about the diametral dimension. For this, the next
characterization of Schwartz smooth sequence spaces can be interesting (it is again a
generalization of the case [ = Iy given in [30)]):

Proposition 1.4.4.
(1) If X'(A) is a G1-space, then it is Schwartz if and only if ai, € co for every k € N.

(2) If N(A) is a Goo-space, then it is Schwartz if and only if there exists k € Ny for
which ag(n) — oo if n — occ.

In both cases, \(A) is not Schwartz if and only if X'(A) = 1.

Proof. The points (1) and (2) directly follow from Theorem and from Propositions
and

Now, assume that A!(A) is a non-Schwartz G1-space. It means that there exist k € Ny
and C > 0 with ag(n) > C for every n € Ny. This implies that A\(A) C [ (cf. Proposition
. Because we also have a;(n) < a;(0) for all j,n € Ny, we get [ C A (A).

Finally, if A'(A) is a non-Schwartz Gu.-space, then, for every k € Ny, there exists
Cy, > 0 such that az(0) < ap(n) < Cj, for any n € Ny, hence \(A) = L. O
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In the same way as for power series spaces, it is possible to show that the diametral
dimension is a complete topological invariant for smooth sequence spaces associated to a
same admissible space (and it was actually done for I = I; in [30,32]). This is described in
the following result, which generalizes the corresponding property in power series spaces.

Theorem 1.4.5. The diametral dimension is a complete topological invariant on the
class of smooth sequence spaces associated to l. More precisely, if B = (b)ken, is another
Kothe matriz and if I’ is another admissible space,

(1) if N(A) and N\(B) are two smooth sequence spaces of the same type such that
A ()\Z(A)) =A (/\I(B)), then they are algebraically and topologically equal;

(2) if \((A) and N (B) are two Schwartz smooth sequence spaces of different types, then
we always have A (N'(A)) # A <)\l/ (B))

Proof. We distinguish three situations.

(a) Assume that \'(A) and \'(B) are two G-spaces with the same diametral dimension.
Then, by Proposition [1.4.2], we have

Ao(A) = Ao(B).

By properties of Kothe echelon spaces (cf. Proposition [A.2.1)), it implies that
M (A) = N(B) algebraically and topologically.

(b) Now, suppose that A\'(A) and A\ (B) are Goo-spaces with the same diametral dimen-
sion. By the previous property, we can assume that these two spaces are Schwartz
(otherwise they are both equal to [). Thus, by Proposition |1.4.3, we obtain

U {fGCN°:§/ak€co}: U {fG(CNozﬁ/bkECO}.

keNp k€Ng

Because \'(A) and A(B) are Schwartz, it implies that, for every m € Ny, @y, by, €
A (M(A4)) = A(N(B)). So there exist k > m and C > 0 with ap(n) < Cby(n)
and by, (n) < Cay(n) for every n € Ng. Then, this shows that A\'(A) and \(B)
algebraically and topologically coincide (cf. Proposition .

(c) If now M(A) is a Schwartz Gy-space, A (B) is a Schwartz Guo-space, and if they
have the same diametral dimension, we have

Mo(4) = {g e CNo . ¢/ € co} = | Mol1/m)).

keNp keNg

Then, by Grothendieck’s Factorization Theorem (cf. Corollary , this implies
there exists kg € Ny with A\g(A) = Ao({1/bk,}). In particular, Closed Graph
Theorem (cf. Proposition implies that the spaces A\g(A) and \o({1/bk,})
have the same topology, which is impossible because the first one is Schwartz and
the second one is Banach.
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Hence the conclusion. O

Corollary 1.4.6. Two smooth sequence spaces of the same type and associated to the
same admissible space are isomorphic if and only if they are algebraically and topologi-
cally equal. Moreover, two Schwartz smooth sequence spaces of different types are never
isomorphic.

Proof. 1t is straightforward by the previous theorem. O

Thanks to all these notions and examples in Koéthe sequence spaces, we are now ready
to deal with the open question about the diametral dimension, which is directly studied
in the next chapter.
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Chapter 2

The open question and some
positive results

In this chapter, we present the open question concerning the diametral dimension. We
also present some positive partial answers to this question, first in the context of Kothe
sequence spaces and after in a more general setting.

2.1 Another diametral dimension
In [25], Mityagin implicitly defined another diametral dimension by
Ay(E) = {§ e CYo . VU e U, VB bounded set in E, (£n0n(B,U)) e, € co} ,

where F is a locally convex space (or, more generally, a topological vector space) and U
is a basis of O-neighbourhoods] in E.

Then, Mityagin claimed that A(E) = Ay(E) for any Fréchet space E, referring to
a forthcoming joint paper with Bessaga, Pelczynski, and Rolewicz which, as far as the
author knows, was never published. Such a result is even impossible, as we will see below.

In fact, in the original version, Mityagin only considered compact sets B in the
definition of Ay(F), rather than bounded sets. But, then, the equality of A and A, is
already false for infinite-dimensional Banach spaces (they are not Schwartz, so A(E) = ¢y,
but in that case, by Proposition [1.1.10] Ay(E) D lso).

In [34], Terzioglu claimed that A and A, coincide for quasinormable metrizable locally
convex spaces. However, Frerick and Wengenroth discovered a gap in his proof, which
implies that the space has a bounded 0-neighbourhood when it is Montel and has a
continuous norm.

The aims of the current section are to study this second diametral dimension Ay and
to bring some information about the open question and the topological properties which
help to solve it.

First of all, an inclusion between the diametral dimensions is always verified.

3 Again, this definition is independent of the choice of U/.

27
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Proposition 2.1.1. For any topological vector space E, we have
A(E) C Ay(E).

Proof. 1t follows from the definition of bounded sets and from Propositions and
O

Next, we recall that Schwartz locally convex spaces are characterized thanks to the
first diametral dimension A (cf. Theorem . This property also means that the
diametral dimension A is “interesting” only when the considered space is Schwartz, oth-
erwise it is reduced to cg.

Naturally, we can wonder whether a similar characterization exists when we consider
Ayp. Since some notions of precompactness are needed to prove Theorem m (via
Proposition , one could expect that Ay characterizes properties of type Montel.
For this, we recall the following definitions:

Definition 2.1.2. A locally convex space is
o semi-Montel if all its bounded sets are relatively compact;
e Montel if it is semi-Montel and barrelled.

However, in this context, we only need precompactness — and not relative compact-
ness. This is why we define this slight variation of the previous notions:

Definition 2.1.3. A locally convex space is pseudo-Montel if all its bounded sets are
precompact.

Of course, the notions of being semi-Montel and pseudo-Montel coincide for complete
locally convex spaces, and are also equivalent to being Montel in Fréchet spaces.

In fact, this notion of “pseudo-Montel” is linked to Schwartz spaces thanks to the
quasinormability (which is used by Terzioglu in [34]).

Definition 2.1.4. A locally convex space E is quasinormable if, for every 0-neighbourhood
U in E, there exists a 0-neighbourhood V included in U such that, for every € > 0, there
exists a bounded set B with

V CeU + B.

Then, we can prove the following equivalence, which is well-known in Fréchet spaces.

Proposition 2.1.5. A locally convex space is Schwartz if and only if it is pseudo-Montel
and quasinormable.

Proof. 1t is direct by the definitions. O

Now, it is easy to prove the next characterization thanks to Proposition |1.1.10}
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Theorem 2.1.6. Let E be a locally convex space. The following are equivalent:
(1) E is pseudo-Montel;
(2) loo © Ay(E);
(3) co & Ay(E).
Proof. The argument is exactly the same as for Theorem [1.2.9] O

Now, if we put Theorems and together, we deduce this obvious — but useful
— property:

Proposition 2.1.7. Let E be a locally convex space.
(1) If E is not pseudo-Montel, then A(E) = Ay(E) = cp.
(2) If E is pseudo-Montel but not Schwartz, then A(E) = co C Ap(E).

Since there exist Fréchet-Montel spaces which are not Schwartz (cf. for instance
[9, 24]), this particularly means that the two diametral dimensions cannot be equal in
general for any Fréchet space. Moreover, the last property shows that the open question
is completely solved for non-Schwartz locally convex spaces.

Consequently, we just have to study this problem in the context of (Fréchet-)Schwartz
spaces. Besides, the assumption of quasinormability considered by Terzioglu has already
been implicitly treated: if a quasinormable space is not pseudo-Montel, the diametral
dimensions are equal and if it is pseudo-Montel, then it is Schwartz.

As a conclusion, the open question raised by Mityagin turns to be the following one:

Do we have the equality A(E) = Ay(F) for every Fréchet-Schwartz
space E7?

2.2 A first approach by Kothe spaces

When we began to treat this open question ([6]), we first considered the (regular) Kothe
sequence spaces, as they constitute some examples for which the “classic” diametral
dimension is easily computable. In fact, we originally obtained a positive result for power
series spaces, thanks to two properties which thereafter appeared to be also verified by
regular spaces and by G.-spaces (see below).

We then translated these properties in the more general context of metrizable locally
convex spaces. To present them, we introduce a slight variation of the first diametral
dimension.

Definition 2.2.1. If F is a topological vector space and U is a basis of 0-neighbourhoods
in F, we put

A®(E) = {g € CY VU € U,3V €U,V C U, such that (£,6,(V,U)),cn, € zoo} :
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The first assumption we used is that the equality A(E) = A% (FE) is verified. Remark
that, since loo € A (FE), such an equality is only possible for Schwartz spaces. Moreover,
it is easy to check that it is true for regular Kéthe-Schwartz sequence spaces thanks to
Proposition and Theorem Actually, we will even prove that this equality is
verified by any Kothe-Schwartz echelon space (cf. Proposition [2.2.5]).

The second assumption corresponds to the next definition — the name of which
was chosen to imitate the terminology of Terzioglu with the prominent bounded sets.
From now on, we fix a metrizable locally convex space E with a decreasing basis of
0O-neighbourhoods (Ug)ken, -

Definition 2.2.2. The space E has the property of large bounded sets if, for every
m € Ny and every sequence (1) x>m of strictly positive numbers, there exist M > m and
a bounded set B with

on(B,Up) > klgf (reon (U, Un)) (n € Np).

Thanks to the two notions introduced above, we can prove the following result ([6]):

Theorem 2.2.3. If E has the property of large bounded sets and verifies A(E) =
A®(E), then
A(E) = Ay(E).

Proof. Suppose that £ ¢ A(E). Then, there exist m € Ny and a strictly increasing
sequence (n(j));j>m of Ng with

1€n(7)| On() (U, Um) > 1.
Using Proposition [I.1.3] this leads to
[6n()| On(i) (Un: Um) 21 Wik € No, j = k 2 m.

After that, for each k > m, we deﬁneE]

|
rp:=sup4q 1, su .
’ p{ i< }fn(j>|5n<j>(Uk=Um)}

So, we have
Tk &) On(j) (U, Um) =1 Vi, k € No, j > m and k > m.
Therefore, it also means that

[€np| Juf (ridng(Ur, U)) = 1

‘When j < k, remark that we have 5n(j)(Uk7 Um) > (Sn(k)(Uk, Um) > 0.
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for every j > m. However, since E has the property of large bounded sets, there exist
M > m and a bounded set B for which

(5n(B, UM) > kglf (T‘k(gn(Uk, Um)) (n S N()).

This gives the conclusion because, in that case,

60| Ony) (B, Unr) 2 1
for all j € No, which implies that £ ¢ Ay(E). -

Now, we show that regular spaces and G-spaces verify the two hypotheses in the
previous theorem. First, we prove that A and A™> are always equal for Kéthe echelon
spaces. For this, we fix a Kéthe matrix A = (ax)ken, and an admissible space [ and we
consider the next lemma ([6]), which is originally inspired by the proof of Lemma
presented later in this work.

Lemma 2.2.4. Let € > 0 be given. If j,k,m € Ng and N € Ny are such that j > k > m,
am/ag € co, and

am(n)
ak(n)

am(n)
a;(n)

then, there exists Ng > N with

<e Vn > N,

5 (Uj., Ufn> < &6, (U,i, Ufn) Vn > No.

Proof. First of all, since the sequences a,,/a; and a,,/aj, converge to 0, it means that

the sets o o am(i)\ _ am(t)
Jj {t €No: ogl?ng ( a;(i) > ~ a;(t) }
Joom{reo: nt (%)) < 2}

are finite. Moreover, we have {0,..., N} C J; N J;, and the definitions of J; and Jj, even
imply that

and

J; = {plam/a3,0), o plam fag, 475 — 1)}
and
Jr = {p(am/ag,0), ..., 0(am/ak, #J — 1)} .

In this situation, we put No := sup{#J;, #Ji}. It is easy to check that we have Ny > N.
Now, let us fix n > Ny. We define

Ji = {elam/a;,0), ..., p(am/aj,n—=1)} and Jp := {p(am/ax,0), ..., o(am/ar,n—1)}.

Then, two situations are possible.
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1. If J; = J, = J', then, by Propositions and

o () = (555) = (G5 ) =i (0108

because {0,..., N} C J;NJ, C J'.

2. If J; # Jj, then there exists i € J; \ Ji, because #.J; = #.J; = n. In particular,
i > N since we have {0,..., N} C Jp C J;. Moreover, by definition of Jj, there
exists ig < n with i = @(am/a;,io). Thus, by Proposition [1.3.9]

<< =y (G )~ (o).

am(7)

a; (i)

5 (U;,an) < 6 (U;,U}n) -

Hence the conclusion. O

Thanks to this result, we are now ready to prove this property:

Proposition 2.2.5. If M(A) is Schwartz, then
A ()\Z(A)) = A% ()\l(A)) .

Proof. Let € € A*® ()\I(A)) and m € Ny be given. By assumption, there exist & > m and
C' > 0 such that a,,/a; € ¢ and, for any n € Ny,

&ald (UL UL) < C.

Besides, there exists j > k such that ay/a; € c¢p. Therefore, if we fix ¢ > 0, there exists
N € Ny for which

Q

k(n < £

j(n) — C

~—

)

for each n > N. Consequently,

~

am(n) _ am(n) ax(n) _ € am(n
ai(m) ~ ax(n) ai(n) = C aln)

for all n > N. Now, if we use the previous lemma, there exists Ng > N such that, for
every n > Ny,
5, (UL UL) < =6, (UL UL
n ja m = 5 n krYm | -
Then, if n > Ny,
€

This shows that (gnan (Uj., U}n)) ea,s06eAN(A)). O
nelNg
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After this result, we can consider the property of large bounded sets in the context of
Kothe sequence spaces. For this, we first prove the following result, inspired by Proposi-
tion Once again, it can be proved using Tikhomirov’s Theorem (Proposition ;
here, we just present the arguments developed in [6].

Proposition 2.2.6. Let (r}.)ken, € (0,00)N°, m,n, € Ng, and J C Ny, with #J = n+1,
be given. Then

: o ((am(d) Il - ! g7l
< < .
klgyfn (rk;Ielg(ak(j) )) <o k>m| reUs, Uy, | < klgrfn (rkdn (Uk,Um>>

Proof. 1. Suppose there exist § > 0, with § < dp := infg>y, (rk infjc s <ZZ((;)))), and
L € L, (\'(A)) such that
() rUi € 60U}, + L.

k>m
As in Proposition , we define a projection Py : & € A (A) — ZjGJ &je; and we
put G := Py (M (A)).
Now, if € € M(A), k > m, and j € J, we have

ak(4)

1
lak(5)&;] = ream(7) Telam(5)&5] < %rk‘am(j)§j|7

so ph (&) < g—gplm(f) when £ € G. We deduce from this the inclusion

1
Ufangé— () Ui | NG
0 k>m

But we also have

ﬂ UL | NG CoUL NG+ Py (L),

k>m

which implies that U, N G C UTZ,L NG + Py (L). By the same developments as
in the proof of Proposition this shows that G C Py (L), which is impossible
because dimG =n+ 1 > n > dim (Py (L)).

2. The second inequality is straightforward thanks to Propositions and
Hence the conclusion. O

This property leads to the following result in the context of regular spaces, which
shows that regular spaces have the property of large bounded sets:
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Proposition 2.2.7. Assume that A is reqular. If (T})ren, € (0,00)N0, m,n, € Ny, then

o | () UL UL, | = inf <rk“m(">).

k>m
k>m

Proof. 1t is direct by taking J := {0, ..., n} in the previous proposition and by Proposition
O

Corollary 2.2.8. If A is reqular, then \'(A) has the property of large bounded sets.

Proof. Tt is clear by the last result: if m € Ny and a sequence (7)x>n, of strictly positive
numbers are given, then the bounded set

B = ﬂ rkU,i
k>m
verifies
5, (B,an) — inf (rk5n (U,Q,Ufn)) .
k>m
for all n € Ny. ]

And so, gathering everything, we obtain a first family of spaces which positively
answer our open question:

Theorem 2.2.9. If A is regular, then

A (AI(A)) — A, ()\l(A)> .

Proof. If A'(A) is not Schwartz, then it is normed by Proposition and so non-
Montel. We know that it implies the equality of the two diametral dimensions.

If now A'(A) is Schwartz, then it verifies A (A (A)) = A> (X (A)) and has the prop-
erty of large bounded sets. We conclude by Theorem [2.2.3] O

After regular spaces, we now consider the G -spaces, which also verify the two con-
ditions of Theorem

Proposition 2.2.10. If A(A) is a Guo-space, then it has the property of large bounded
sets.

Proof. Let us fix m € Ny and a sequence (ry)g>m of strictly positive numbers. If we use
the definition of Goo-spaces, we know that, for every k > m, there exist j(k) > k and
C} > 0 for which

ai(n) < Ckaj(k) (n) Vn € Np.

Next, we put
_ G

Sp = ————=.

am(0)
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Then, by Propositions and [1.3.5] this implies

t)
1 l > i . am(
On, | spUL, Up, | 2> klgf (sk t11§1£ <ak(t)

(i)

So, the bounded set B := [, siUL is such that
5 (B,Ufn) > inf <rk.5n (U,Q,U,’n)),
k>m
hence the conclusion. O

Consequently, we have another family of Kéthe sequence spaces for which the two
diametral dimensions are equal:

Theorem 2.2.11. If M(A) is a G -space, then

A ()\Z(A)) — A, (Al(A)> .

Proof. Tf X'(A) is not Schwartz, then it is the normed space [ (by Proposition , S0
it verifies the equality of the two diametral dimensions.

If it is Schwartz, then the two conditions of Theorem are verified, so the equality
is also true in that case. O

Given these positive results for regular spaces and Goo-spaces, we can wonder whether
the third class of “practical” Kéthe sequence spaces for the diametral dimension, namely
the G1-spaces, also verify the equality of A and Ap. In fact, in Section we will see it
is the case and even more: such spaces have prominent bounded sets.
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But, at this stage, we do not know whether the two diametral dimensions are equal
for any Koéthe sequence space. Therefore, in order to understand what happens for non-
regular and “non-smooth” spaces, we develop a little bit more Proposition thanks
to the decreasing-reorganization map.

From now on, we assume that A!(A) is Schwartz and, without loss of generality, that
am/ai € co if m,k € Ng and & > m. Moreover, in the next result, we consider the
following notion : if, for every j, () [0,00)No then the sequence infjen, 219 is defined

by (infjeNO x(j))n = infjen, m(j)

Proposition 2.2.12. Let (7g)ren, € (O’OO)NO and m,n, € Ny be given. Then
Tn <k§£1 (re (am/ak))> < 0y kD r UL UL | < Jnf (remn(am/ay))
>m

Proof. 1f x is the sequence defined by z; := infy>,, (Tk (‘;7:((]?)))) for all j € Ny, then, for

J ={¢(x,0),...,o(x,n)}, Proposition gives

I S . am(])
5o | () UL UL | = ,3;1,2 (Tkguelg (ak(j)

k>m
i (e (=)
JEJ [k>m ax(7)
=T, <}€1§m (rg (am/ak))> :
The other inequality follows from Proposition [1.3.9] O

Unfortunately, we have no exact value for Kolmogorov’s diameters in the previous
result, but only approximations. Nevertheless, for regular spaces, we have

oo | () e Ul | = 7o (0 (5 Caman))) = it (i f0)

k>m

by Propositions [2.2.7] and [1.3.14 so, the lower and upper bounds in the last property
are the best approximations for Kolmogorov’s diameters of that kind.

In fact, in some cases, we can say even more:

Proposition 2.2.13. Assume that | = lo. If (Th)ren, € (0,00)N0 and m,n, € Ny are
given, we have

on | () UL UL | =7 (;3&2 (71 (am/ak))> .

k>m
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Proof. In fact, we have

rkU {f e M(A) : Yk > m, sup |ag(n)é,| < rk}

k>m n€No
= {f € )\l : sup [sup <ak(n)> &n| < 1}
n€Ng |k>m Tk
{5 € )\l * Sup |/3m(n)§n| < 1}>
n€eNg

where 8,(n) 1= supy>, (ak(n)/rx) € [0,00]. This means that [, r UL = Uém. Thus,
using Proposition [[.3.9]

oo || () 00k U | = a5 = 7o (5 aman)).

k>m
Hence the conclusion. O

Comparing these results with what happens for regular spaces in Corollary we
could prove the equality of the two diametral dimensions if we had for instance

k>m k>m

inf (rpmn(am/ag)) < m, (mf (& (am/ak)>>

Unfortunately, we do not know whether this inequality is always true, except in the very
particular case of regular spaces.

More generally, another way to proceed would be to translate the property of large
bounded sets in the context of Kéthe spaces. More precisely, using Proposition we
would like to have the following property: if m € Ny is given and if (74)x>nm is a sequence
of strictly positive numbers, there exist M > m and another sequence of strictly positive
numbers (sg)r>n with

" ( inf (5 <aM/ak>>) > nf (o /a)

k>
for every n € Np.

Nevertheless, we do not know whether this property is always verified when the
considered space is not regular or not G, so that it is unknown whether each Koéthe
echelon space has the property of large bounded sets. Because of that, the question to
know whether there exist some spaces without the property of large bounded sets remains
open.

Consequently, to obtain more general results for the equality of the two diametral

dimensions — at least for Kéthe spaces —, we have to use other ideas and concepts. It is
actually the topic of the next section.
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2.3 Generalization to Schwartz metrizable spaces and ap-
plications to Hilbertizable spaces

Previously, we defined the property of large bounded sets to obtain the equality of the
two diametral dimensions, with the additional assumption that A and A coincide.
Nevertheless, in this definition, we use the existence of particular bounded sets B which,
in some sense, comes “from the outside”. In this situation, we can wonder whether it
would be possible to adapt developments in Theorem with an explicit construction
of bounded sets with convenient properties. This idea finally led to a new argument
([13]), which is however still based on the assumption A = A,

In order to present this argument, we first define a new variation of diametral dimen-
sions.

Definition 2.3.1. If F is a locally convex space (or a topological vector space) and U
is a basis of 0-neighbourhoods in F, then we set

AF(E) = {f e CNo YU € U, VB bounded set in E, (£,6,(B, U))nen, € loo}.

Here is a diagram summarizing the inclusions between the diametral dimensions and
their variations:

A(E) C Ay(E)
IN N
A>(E) C AF(E)

Before presenting the links between the variations of the two diametral dimensions,
we give another description of precompactness.

Remark 2.3.2. Let F be a vector space. If U is an absolutely convex subset of E, then
V C F is precompact with respect to U if and only if, for all € > 0, there exists a finite
set P C V such that V C eU + P.

Proof. Assume that V' is precompact with respect to U and fix € > 0. Then, there exists
a finite subset P of E with

V§;U+P—pL€JP<p+;U>.

In that case, we can suppose that, for every p € P, we have V N (p+ %U) # (. In
particular, we can choose v(p) € V N (p+ 5U) for each p € P. Then, if we set P’ :=
{v(p) : p € P}, we have P’ CV and P C 5U + P'. Therefore, we obtain

V CeU+ P

Hence the conclusion. O
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Now, we can prove the following property ([13]), based on the variations of the di-
ametral dimensions:

Theorem 2.3.3. Let E be a Schwartz metrizable locally conver space. Then A>®(E) =
AF(E).

Proof. Let (Ug)ken, be a decreasing basis of absolutely convex 0-neighbourhoods in E
such that Uy, is precompact with respect to Uy for any k.

Then, we fix £ € A°(E) and we assume there exists m € Ny such that, for every
k > m, the sequence (£,0n(Uk, Um)),en, is unbounded.

In particular, this means there exists a strictly increasing sequence (n(k))g>m of No
with

for each & > m. But, using precompactness between 0-neighbourhoods, we know there
exist finite sets P, C Uy (k > m) with

U, C 1 Un + Pg.
[

In this situation, the set B := J;,, Pk is bounded in E. Indeed, for every K > m, we
have J;~ i Pr € Uk and the set Uf:m—‘,—l Py, is finite.

Therefore, since £ € AP°(E), there exists C' > 0 with [£,[0,(B,U,,) < C for every
n € Np.

Now, we fix k > sup{m + 1,C + 1}. Then, there exists L € L, (F) for which

B C LUm + L.
[€nci)|
We deduce from this
1 1 C C
Up + Py C Up + B C U + Unt+rc Sty 4o,
}fn 0l [€nm] [nir | [nir) | [€no]
80 O (k) (Uk, Um) < |€ ( )’ Thus, gathering everything, we finally have
n(k
k < |&nky| Ongey(Urs Um) < C +1 <k,

which is of course impossible. O

This theorem intuitively means that the two diametral dimensions A and A, are
quite close to each other for Schwartz metrizable spaces, since two “slight” variations of
them are equal. More precisely, we obtain a generalization of Theorem [2.2.3] ([13]):

Theorem 2.3.4. If E is a Schwartz metrizable locally convex space and if A(E) =
A>®(E), then

A(E) = Ay(E) = A®(E) = AP(E),
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Proof. 1t follows from last result and from the inclusions between the diametral dimen-
sions and their variations. O

For instance, using Proposition [2.2.5] this directly gives:

Theorem 2.3.5. If | is an admissible space, if A is a Kithe matriz, and if N'(A) is
Schwartz, then

A (AZ(A)) = A, (AZ(A)> .

So, the main examples of Schwartz, metrizable, locally convex spaces for which the diame-
tral dimension is computable verify A = A;. Because of this observation, it seems very
difficult to find potential counterexamples to our open question in Schwartz metrizable
spaces (but not impossible for non-metrizable spaces, as we will see in Section {.1]).

In this situation, we have to check if A and A coincide in Schwartz metrizable
spaces. Unfortunately, this question is still open today.

Nevertheless, there exists another specific class of Schwartz metrizable spaces for
which A and A® are equal, namely the Hilbertizable spaces.

First, we consider the definition of these spaces:

Definition 2.3.6. Let F be a locally convex space.

(1) A seminorm p on E is a Hilbert seminorm if there exists a semi-scalar product
< .,.> on E such that p(x) = /< x,z > for each z € E.

(2) The space E is Hilbertizable if its topology can be defined thanks to a fundamental
system of Hilbert seminorms.

A Hilbertizable Fréchet space is sometimes called a Fréchet-Hilbert space.

Of course, Hilbert spaces are Hilbertizable, but it is also the case, for instance, for
Kothe spaces of type A2(A) or even for nuclear spaces (see e.g. |24 38]).

When we consider Hilbertizable spaces, it is possible to translate the inclusions be-
tween 0-neighbourhoods in terms of operators between Hilbert spaces. To understand
this fact, we recall the following classic notion:

Definition 2.3.7. Let p be a continuous seminorm on the locally convex convex space
E. Then, ker(p) is a vector subspace of E, so that we can consider the vector space

E/ker(p)

and the associated quotient map ®, : E — E/ker(p). Since p(z + y) = p(x) for all
z € E,y € ker(p), we can define a norm |||, on E/ker(p) by ||®p(x)||, = p(x) if x € E.
In particular, if U is the closed unit ball associated to p in E, then the topology of
(E/ker(p), ||.|lp) is defined by the unit ball ®,(U).

With these notions, we define the local Banach space for the seminorm p as the
Banach space

E, := (B/kex(p), |l.I»)" ,
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where the symbol A refers to the completion. In fact, the topology of E, is defined by a
norm which is an extension of |||, to E,; for simplicity, we will keep the notation ||.||,
for this extension.

If p is a Hilbert seminorm, then FE), is called the local Hilbert space for the seminorm
p and is obviously a Hilbert space.

We also define the canonical map ¥ : E — E, :  — = + ker(p). Moreover, if ¢ is
another seminorm on F with p < ¢, there is a natural imbedding

E/ker(q) — E/ker(p) : x + ker(q) — x + ker(p),
which is of course uniquely extended to a map ¢ : E, — E,.

Actually, in Kolmogorov’s diameters, it is possible to replace 0-neighbourhoods by
unit balls of local Banach spaces. This is described in the lemma and the corollary below
([19, 130]).

But before, we would like to insist on the fact that, in what follows, we will con-
sider three different spaces, namely E, E/ker(p), and E,. Consequently, the values of
Kolmogorov’s diameters can change from a space to the other, even if we consider the
same sets. This is why we introduced both maps ®, : E — E/ker(p) and ¥ : E — E,,
although they algebraically coincide: when we consider sets of type ®,(U) (resp. P(U)),
this implicitly means that we consider diameters in the space E/ker(p) (resp. in E,).

Lemma 2.3.8 ([19]). If p and q are two seminorms on the locally convex space E, with
p < q and with respective closed unit balls U and V', then

On(@p(V), @p(U)) = 6, (V, V).

Proof. Using Proposition [[.1.7] it is clear that we have 0, (®,(V), ®,(U)) < 6,(V,U).
For the other inequality, we take § > 0 and L € £,,(E) such that

D,(V) C 60,(U) + Pp(L).

This particularly implies that V' C §U + L + ker(p) C U + L. Hence §,(V,U) < ¢ and
50 0, (V,U) < 6,(®,(V), ®,(0)). O

Using the fact that B, := »(U) is the closed unit ball of E,, we obtain the next
corollary (the proof of which is inspired by some arguments from [30]):

Corollary 2.3.9. With the same notations as in the previous lemma, we have

50 (V,U) = 6n (£(By), Bp) -



42 CHAPTER 2. THE OPEN QUESTION AND SOME POSITIVE RESULTS

Proof. First, by Proposition and Corollary [1.1.13| and by the fact that «5(B,) C
tP(V'), we have

on, (L{]’( S o, (LP ,LP(U)>
— 5, (L (U))
< 6 (P(V), P(U))
< 5n( p(V), @p(U))

Next, for the other inequality, we use Proposition [[.1.12} we take § > 0, m < n, and
T1y .oy T € B withE]
H(By) € 6By + T ({21, ¥ }) -

We fix ¢ > 0. Using the density of E/ker(p) in E,, we can find yi,...,ym € E/ker(p)
with z; € yj + B, if j <m. So (By) C (6 +€)Bp + T ({y1, ..., ym}), which implies
PV)C (0 +e)PU) +T ({y1; - Um})

because (V) C i (By).
Let v € ®,(V) = ”(V). Then, there exist a sequence (u;);en, of (U) = ®,(U) and
y €I ({y1,..., ym}) for which

v—Y. e
Uj—)mlnEplfj—)OO.

Because uj and 572 belong to E/ ker(p), this implies that the sequence (u;);en, converges

to % ( ) Besides, ®,(U) is closed in E/ker(p), so u := 572 € ®,(U) and

6+5
v=00+e)u+ye€(+e)Py(U)+T ({y1,-esym}) -

Consequently, we obtain 0, (V,U) = 0,(2p(V), ®p(U)) < 5 + e. Finally, taking the limit
as € — 07, this leads to 8, (V,U) < ¢ and so 6,(V,U) < 6, (¢4(By), Bp). O

In summary, this last result means that Komogorov’s diameters are, in some sense,
a description of the behaviour of the linking maps ¢} between local Banach spaces. In
particular, when we consider Schwartz Hilbertizable spaces, these linking maps turn
to be compact operators between Hilbert spaces. In this situation, the use of the very
specific properties of such operators will bring an interesting description for Kolmogorov’s
diameters, since they appear to be the singular numbers of these operators.

Therefore, we need to make some recalls about compact operators between Hilbert
spaces and singular numbers.

°If n = 0, we can for example take m = 1 and z; = 0.
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Definition 2.3.10. Let (E, ||.|g) and (F, ||.||r) be two normed spaces and T' € L(E, F)
be given. Then, the n-th singular number of T is the number

sn(T) :=inf {|T = S|l (g,r : S € L(E,F),dim (S(E)) <n},
where |.||(g,r) is thenorm of L(E, F), i.e. [T g, r) =sup{[|T(2)|F: > € E,[z||p < 1}.

When we consider Hilbert spaces, these singular numbers are used to describe a
compact operator as a series. For this, if (H, < .,.>) is a Hilbert space, we recall that a
sequence (hp,)men, of H is an orthonormal system if

lifm=n
< fons o >= { 0 otherwise.
One property of orthonormal systems is the following one: if ||.|| = /< .,. > is the norm
of H, then >0° | < @, hyp, > > < ||z||? for every x € H (since this system defines an
orthogonal projection on H, see [24] for more details).
In fact, a very important result in the theory of compact operators between Hilbert
spaces is the following one (for the proof, see e.g. [24]):

Proposition 2.3.11. Let H and G be two infinite-dimensional Hilbert spaces and T €
L(H,G) be a compact operator. Then, there exist a decreasing null sequence (Sm)men,
of [0,00) and orthonormal systems (hy)men, in H and (gm)men, in G for which

o0
T = 28m<-,hm>gm7

m=0

where the limit holds in L(H,G) and < .,. > is the scalar product of H.
The orthonormal systems (hm)men, and (gm)men, are not unique, but the decreasing
sequence (Sm)meN, 15 uniquely determined by T and we actually have

Sm = Sm(T).

The description in the previous proposition is called a Schmidt representation of T.
A very similar result can be proved when H and/or G is (are) finite-dimensional: in this
situation, if M := dim(7T'(H)), there exist finite orthonormal systems’| ho, ..., has—1 in H
and gg, ..., gp—1 in G for which

M-1
T = Sm(T) < oy him > gm.

m=0

Thanks to Schidt representations, Vogt proved the following result (|38]):

5If M > 0; otherwise, we simply have T = 0.
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Proposition 2.3.12. If H and G are Hilbert spaces with respective closed unit balls V
and U and if T € L(H,G) is a compact operator, then

on(T(V),U) = s,(T)
for any n € Np.

Proof. We consider a Schmidt representation of T

T = Z Sm(T) < s hin > Gm,

m=0

where < .,. > is the scalar product of H (if both spaces are infinite-dimensional; other-
wise, we keep this notation by putting h,, = 0 and g, =0 if m > M = dim(T'(H))).

We define L := span({go, ..., gn—1}) if n > 0 and L = {0} if n = 0. If ||| is the norm
of G and if x € V, then

2

(e 9] [e.9]

> sl T) <2 h > gm| =D 52(D)| < 2, i > 2
ST Y | <1 b > P
< sp(T)
Thus,
o) n—1
T(x) = Z Sm(T) <y hy > gm + Z Sm(T) <z, hy > gm € sn(T)U + L,
m=n m=0

which implies that §,(T'(V),U) < sp(T).
It remains to prove the other inequality. This is clear when s,(T) = 0, so we can
assume that s,(7") > 0. Now, we fix 6 > 0 and L € £,(G) such that

T(V) C U + L.

Now, we can find g € L+ Nspan{go, ..., gn} \ {0}, where L is the orthogonal complement
of L in G.

Indeed, it is direct if L = {0}; otherwise, we choose a basis [i,...,lg (d < n) of L.
Then, finding g is equivalent to solving the linear system

<Ilm,g>=0(m=1,...,d)

with n + 1 unknowns (< g,g0 >,...,< ¢,9n >), which of course admits a non-trivial
solution.

Next, we take Ag,...,A\, € C such that g = > Ansm(T)gm. In particular,
=y o _oAmhm € H is such that T'(z) = g. Remark that x # 0 because g # 0.
Consequently, without loss of generality, we can assume that the norm of x is equal to 1.
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In this situation, if [ € L is given,

1T () = 1" = llg = UI* = llgll* + 1UI* > Z Al (T) 2 $2(T) D [Aml® = s2(T).
m=0
Since x € V, this inequality implies that 6 > s,(T). Thus 6,(T'(V),U) > s,(T). O

Thanks to this description with singular numbers, we will obtain a way to compare
the velocity of convergence to 0 of Kolmogorov’s diameters ([13]).

For this, we will abbreviate 6, (T(V),U) by 0,(T) when T : E — F is a continuous
operator between the normed spaces E and F', with respective closed unit balls V and U.
Moreover, we will use classic Landau notations: if £, € CY°, then we write 7, = o(&,)
when

Ve >0, AN € Ng:Vn > N, |n,| < ¢l&nl.

Proposition 2.3.13. Let F, G, and H be three Hilbert spaces andT : F — G, S : G —
H be compact operators. Then

0n(SoT) =o0(6,(5)) and  0,(SoT) = 0(0,(T)).

Proof. Using the same convention as in the proof of Proposition [2.3.12] we consider a
Schmidt representation of S

S = Z $m(S) < ., gm > hum,

m=0

where < .,. > is the scalar product of G and s,,(S) = §,,(S). Of course, if x € F, we
have

00 n—1
(SoT)( Zsm (), gm > hum —|—Zsm ) < T(x), gm > hm.
m=n m=0

Consequently, if ||.||x is the norm of X (X € {F,G, H}), this implies that

2

o0
6n(S 0 T)* < sup Z (@) gm > hm|| :lzllp <1
m=n H
o0
_S“p{z 8) [<T(x): gm >!2¢HxHF§1}
m=n
< 5,(5) SHP{Z <Y 9m >!2:y€K}7
m=n

where K := T({z € F: ||z||r <1}) is a compact set in G. Now, for n € Ny, we define
the map

~ 1/2
iy €G— (Z < Y: 9m >I2> = H‘IJ(”)(y)HG,

m=n
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where ®™) : G — G is the orthogonal projection onto the closed span of {g, : m > n}
in G. In this situation, the sequence (r,)nen, is equicontinuous on K (by properties
of orthonormal systems) and converges pointwise to 0: by Arzela-Ascoli Theorem, it
uniformly converges to 0 on K. Thus, we obtain 6,(S o T) = 0(d,(S5)).

For the other statement, we recall a property of singular numbers: if 7% : G — F is
the adjoint map of T, then s, (T%) = s,(T) ([24]). Therefore,

on(SoT) =06,((SoT)") =6n(T7 05") = 0(6,(T7)) = 0(0n(T)).
Hence the conclusion. O

So, in some sense, the previous proposition means that the composition of two com-
pact operators in Hilbert spaces is “strictly more compact” than both of them. Although
this assertion could seem quite intuitive, we do not know whether this is true when we
consider Banach spaces.

Nevertheless, thanks to this last result, we are ready to prove that A and A coincide
for Hilbertizable spaces:

Proposition 2.3.14. If E is a Hilbertizable Schwartz locally convex space, then
A(E) = A®(E).
In particular, it is true for nuclear spaces.

Proof. Let P be a fundamental system of Hilbert seminorms in E and let £ € A (FE)
and p € P be given. We denote by U the closed unit ball of p.

Then, there exists ¢ € P, with p < ¢, such that its closed unit ball V is precompact
with respect to U and verifies

(600 (V. U)) ey € loo-

Moreover, we can choose r € P, with ¢ < r, for which its closed unit ball W is precompact
with respect to V.
So, the operators

u Eq — Eyp and B — By

are compact and such that 6,(V,U) = 6,(c4) and 6, (W, V) = 6,(c%) by Corollary
Then, by Proposition [2.3.13], we have

Endn(17) = &ndn(zf © ) = 0(&ndn(15));
50 (£n0n(W,U)),cn, € co- From this, we deduce that £ € A(E). -

Remark that such a result can be used to prove Proposition 2.2.5l Indeed, if \!(A)
is a Schwartz space (where [ is an admissible space and A is a Kothe set), we know
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that Kolmogorov’s diameters of 0-neighbourhoods in that space are independent of [ (cf.
Proposition [1.3.9). But, since \2(A) is Hilbertizable, we have

A (N(A)) = A(Aa(4) = A% (g(4)) = A% (X(4)) .
Finally, Proposition [2.3.14]leads to:

Theorem 2.3.15. If E is a Hilbertizable Schwartz metrizable locally convex space,
then

A(E) = Ay(E) = A®(E) = AP (E).

In particular, it is true for nuclear metrizable spaces.

Proof. Tt is direct by Theorem and Proposition 2.3.14] O

Remark that proving Proposition for Banach spaces would similarly give the
equality of A and A for Schwartz spaces, and so the equality of A and Ay for Schwartz
metrizable spaces. Unfortunately, this question about compact operators in Banach
Spaces remains open.

Nonetheless, we found an important class of metrizable spaces for which the equal-
ity of the diametral dimensions is true, namely the class of nuclear metrizable spaces.
However, we will see in Section that the nuclearity itself is not sufficient to have this
equality.

Given the proof of Proposition [2.3.14] we can also wonder whether “Hilbertizability”
can be used to compare A, and AP® when the space is pseudo-Montel. In fact, it is
the case when we consider Fréchet spaces. But, for this, we similarly have to translate

inclusions of type
B—=U

in terms of compact operators between Hilbert spaces (where B is a bounded set and U
is a O-neighbourhood). This leads us to recall the following notions:

Definition 2.3.16. Let F be a Hausdorff locally convex space and B be an absolutely
convex bounded set of E. Then, we define the normed space

Ep := (span(B), pp)

where pp is the gauge of B. If the space Ep is a Banach space, then B is called a Banach
disk. If Ep is a Hilbert space, then B is a Hilbert disk.

So, in this situation, we have to determine if we can only consider Hilbert disks for
the description of Ay, i.e. if they constitute a fundamental system of bounded sets. We
recall that a family B of bounded sets of a locally convex space F is a fundamenital system
of bounded sets if, for every bounded set B of F, there exists D € B and pu > 0 with
B C uD.

For instance, it is well known that the family of Banach disks constitute a fundamental
system of bounded sets in Fréchet spaces. More precisely, we have the following result,
extracted from [24]:
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Proposition 2.3.17. In a Hausdorff locally convexr space E, every absolutely convex,
closed, sequentially complete, and bounded set B is a Banach disk. In particular, if E
1s sequentially complete, the family of Banach disks in E s a fundamental system of
bounded sets.

Proof. Of course, the inclusion
EB — K

is continuous, which means that the topology S of Ep is finer than the topology T
induced by F on Ep. Moreover, Ep has a basis of 0-neighbourhoods made of T-closed
sets (because B is closed in F). Then, the lemma below implies that B is S-sequentially
complete and thus Ep is Banach.

The particular case is then straightforward because, when FE is sequentially complete,
every absolutely convex, closed, bounded set in F is a Banach disk. O

Lemma 2.3.18. Let E be a vector space and T and S be two vector topologies on E. If
S is finer than T and has a basis of 0-neighbourhoods made of T -closed sets, then every
T -sequentially complete subset of F is S-sequentially complete.

Proof. Assume that A is a T-sequentially complete subset of F and fix an S-Cauchy
sequence (zp)nen, in A. In particular, (zp)nen, is 7-Cauchy and so converges to a
vector € A for 7. Our purpose is to show that (x,)nen, converges to z for S.

For this, we fix a T-closed, §-0-neighbourhood U. By assumption, there exists IV €
Nop such that z, — x4, € U if p,¢ > N. By taking the limit as p — oo in 7, we deduce
that ¢ —x, € U if ¢ > N (because U is T-closed). Hence the conclusion. O

When we consider Fréchet-Hilbert spaces, we can say even more, as explained in the
next result (which comes from the proof of Lemma 29.16 in [24]).

Proposition 2.3.19. If E is a Fréchet-Hilbert space, then the family of Hilbert disks in
FE is a fundamental system of bounded sets in E.

Proof. Let (pr)ken be an increasing fundamental system of Hilbert seminorms in E and
B be a bounded set in F.
Now, for every k € N, we define A\, := sup,cp pi(z) and

o
lz)? =Y 27N Ppg()?
k=1

when x € E. Then, C :={z € E: ||z|| < 1} is an absolutely convex, closed, bounded set
in F, so a Banach disk by Proposition [2.3.17] By construction, it is even a Hilbert disk
containing B. 0

Next, if we follow the proof of Proposition [2.3.14] for Ay, we will consider inclusions of
type B < D, where B and D are two bounded sets. Because of the different topologies
which coexist in that situation, the following notion will be useful:
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Definition 2.3.20. A locally convex space F satisfies the strict Mackey condition if, for
every bounded set B in E, there exists an absolutely convex bounded set D O B such
that pp induces on B the topology of F.

In fact, we have the following result ([10]):

Proposition 2.3.21. If F is a metrizable locally convez space, then it satisfies the strict
Mackey condition.

Proof. Let (Ug)ken, be a decreasing basis of absolutely convex 0-neighbourhoods in E
and let B be a bounded set in E. Obviously, every inclusion Fp — E, with a bounded
set D, is continuous. Therefore, it is enough to prove that there exists an absolutely
convex bounded set D D B such that, for every A > 0, there exists k € Ny with

BnU, CAD.

For every k € Np, there exists rp, > 0 with B C riUg. Then, we choose a sequence
(Sk)ken,, with 7, < s and (rk/sk)k’ENo € cg. Then, we put

D .= ﬂ SkUk.
keNy

The set D has the claimed property. Indeed, let A > 0 be given. There is K € N for
which 7, < Asp if £ > K, so
B - ﬂ )\SkUk.
k>K

What is more, since ﬂf:_ol AspUy is a 0-neighbourhood in E, there exists kg € Ny for

which Uy, C ﬂf;ol AsgUy. Consequently,

BN Uk, C (] AskUs = AD.
keNy

Hence the conclusion. ]
With these notions, we finally obtain the following property:

Proposition 2.3.22. If E is a Montel Fréchet-Hilbert space, then
Ay(E) = AF(E).

Proof. Let B be a Hilbert disk in E, p be a Hilbert seminorm on E, and U be the closed
unit ball of p. Then, by definition of the strict Mackey condition, we can find another
Hilbert disk D O B for which Ep induces on B the same topology as E. In particular,
the inclusions

B:Eg—~Ep and 4 :Ep—E,
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are compact since F is Montel. By a direct adaptation of Corollary[2.3.9] we can see that
On (L%) = §,(D,U). Thus, applying Proposition [2.3.13[to the inclusions .5 : Ep < Ep
and /f, : Ep — E,, we obtain

on(B,U) = 0(6,(D,U)).
This gives the conclusion. O

Remark that this last property is not a corollary of Theorem Indeed, there
exist some Fréchet-Montel Kéthe spaces which are not Schwartz (cf. [9], 24]): therefore,
taking o as associated admissible space, it means there are Montel Fréchet-Hilbert spaces
which are not Schwartz.

Up to now, the main positive results about the equality of the two diametral dimen-
sions are Theorem and its two consequences, namely Theorems [2.3.5] and [2.3.15]
Unfortunately, the question remains open for general Schwartz metrizable spaces. As
explained before, a possible method to solve this problem would be to prove Proposition
in Banach spaces.

This situation pushed us into considering some other tools which assure the equality
of the two diametral dimensions. These tools — the A-stability and prominent bounded
sets — are in fact the main topics of the next chapter.




Chapter 3

Some other tools for the equality of
the two diametral dimensions

As explained previously, we present in this chapter two tools which assure the equality
of the two diametral dimensions. We begin with the A-stability, which is defined thanks
to some properties of the classic diametral dimension for finite Cartesian products. After
that, we focus on the notion of prominent bounded sets ([34]).

3.1 Finite Cartesian Products and A-stability

Originally, the A-stability was introduced to have the equality of the two diametral
dimensions when we consider some Cartesian products of Schwartz locally convex spaces.
But, thereafter, the A-stability appeared to be, in some sense, a natural condition for
general Schwartz spaces to have the equality of A and A (cf. Proposition below),
and so to have the equality of A and Ay,

First, to understand what happens for the diametral dimension when we consider the
Cartesian product of two spaces, we present the following lemma ([27]):

Lemma 3.1.1. Let E and F be two vector spaces and Uy,Vy C E and Uy, Vo C F be
such that Uy and Us are balanced and respectively absorb Vi and Va. Then

Oman (Vi x Va,Ur x Uz) < sup {6m(V1,U1), 0n(Va, U2) }
for all m,n € Ny.
Proof. Assume that 01,62 > 0 and Ly € £,,,(E), Ly € L,(F) verify
Vi €U+ Ly and Vo € 92U + Lo.
Then, of course, we have Vj x V5 C sup{d1,d2} (U1 x Usz) + Ly X Lg, so that
Iman (V1 X Vo, Uy x Us) < sup{d1,da}.

Hence the conclusion. O

51
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This result is needed to obtain some descriptions of the diametral dimension of prod-
ucts of type E x F'. But, before, we have to introduce a new notation (|27]).

Definition 3.1.2. Let 2,y € CN° be given. Then we define the sequence z 3 by

T if 1= 2m;
Ym if n=2m + 1.

(@5 y)n = {

In other words, x * y is the sequence xg, Yo, 1, Y1, ... In the following, we will say that
x * y is the cross-product of x and y.

Similarly, if X, Y € CYo, we put X xY = {z*y : z € X,y € Y}. Thanks to this
notion and Lemma we obtain these inclusions ([27]):

Proposition 3.1.3. If E and F are both locally conver spaces, then
(AE)NA(F)) * (A(E)NA(F)) CA(E x F) CA(E)NA(F).

Proof. For the first inclusion, we fix £,n € A(E) N A(F) and we just have to show that
Exn € A(E x F). Moreover, if we define the sequence v by 74, = || + ||, then
v € A(E)NA(F). Since sup{|&nl, [7n|} < vn for every n, it is enough to prove that
vxy€eAE X F).

Let U; and Us be two absolutely convex 0-neighbourhoods, respectively in E and F'.
Then, by definition, there exist two other 0-neighbourhoods Vi C U; and V, C U; for
which

(Yn0n(V1, U1)) pen, € o and (Yn0n(V2, U2)) en, € Co-
Then, by Proposition and Lemma we have

YnOon+1(Ur X Uz, Vi X Vo) < vp02,(Ur x Uz, Vi x Vo) < 4 sup {6, (V1,U1), 6, (Va2,Us)},

80 ((7 % Y)ndn(Ur x Us, V1 X Va)), cn, € co. This implies that vy € A(E x F).
The other inclusion directly follows from Corollary [1.2.5] O

Remark that such a result can be used, for instance, to prove that the Cartesian
product of two Schwartz (resp. nuclear) locally convex spaces is also Schwartz (resp.
nuclear).

Besides, if we take ¥ = F, this property implies that

A(E)«A(E) CA(E x E) CA(E).
Based on this, Ramanujan and Terzioglu claimed a more precise result in [27]:

Conjecture 3.1.4. If F is a locally convex space, then

A(E x E) = A(E) x A(E).
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This conjecture is derived from the following result, also asserted in [27]: if U,V are
two absolutely convex 0-neighbourhoods in a locally convex space E such that U absorbs
V', then

5n(‘/,U) = 52n(V X V,U X U) = 52n+1(V X ‘/,U X U)

Unfortunately, it seems there is a gap in the related proof. Indeed, it is claimed that, if
L€ Lopt1(ExE)isgivenand ifpy : (z,y) € EXE— zand pa : (x,y) € EXE — y are
the corresponding projections, then the dimensions of pi(L) and ps(L) cannot be both
strictly greater than n. However, it is not possible, even if E is finite-dimensional: for
example, if £ = C, L = span{(1,1)}, and n = 0, then dim(p;(L)) = dim(p2(L)) =1 > 0.
Consequently, Conjecture[3.1.4]remains open for general locally convex spaces. Nonethe-
less, we will show in the following that it is true for “classic” Kothe spaces (see Proposition

3.1.14[ for more precision).

Given Proposition we can wonder whether similar phenomena occur for the
diametral dimension Aj. Actually, it is the case:

Proposition 3.1.5. If E and F are locally convex spaces, then
(Ab(E) N Ab(F)) * (Ab(E) N Ab(F)) - Ab(E X F) - Ab(E) N Ab(F)

Proof. For the first inclusion, it is enough to proceed in the same way as in the proof of
Proposition [3.1.3] For the second one, we fix £ € Ay(E x F), two (non-empty) bounded
sets B1 and Ba, respectively in E and in F', and two absolutely convex 0-neighbourhoods
Uy and Uy, respectively in F and in F.

By definition, (&,0,(B1 x B2, U X UQ))neNo € ¢p. But, if p : Ex F — FE is the
projection on E, we have by Proposition [I.1.7]

On(B1,U1) = 6 (p1(B1 % B2),p1(Ur x Uz)) < 6,(By X Ba, Uy x Uy).

So (§n0n(B1,U1)),en, € o, which means that § € Ap(E). Symmetrically, we also have
¢ € Ay(F), which provides the conclusion. O

In this situation, we can wonder whether there exist simple conditions which assure
the equality of A(E x F') and Ay(E x F'). An idea would be to consider spaces for which
the inclusions in Proposition become equalities. Translating these conditions for
products of the same space, this leads to the notion of A-stability.

Definition 3.1.6. A locally convex space E is A-stable if it verifies the inclusion
A(E) CA(E) « A(E).
By Proposition we can say that F is A-stable if and only if
A(E)=A(E x E)=A(E) x A(E).

We can say even more: for a space E verifying Conjecture [3.1.4] E is A-stable if and
only if A(E) = A(E x E). So, under the assumption that Conjecture is true (and
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it is for “classic” Kothe spaces), the A-stability corresponds to spaces E for which F and
FE x E have the same diametral dimension. This highlights some links with the so-called
stable spaces ([24]).

Definition 3.1.7. A locally convex space E is stable if it is isomorphic to E x E.
Therefore, our previous explanations lead to:
Proposition 3.1.8. A stable locally convez space verifying Congecture [3.1.4] is A-stable.

However, the A-stability does not imply the stability: for instance, the space C, en-
dowed with the euclidean topology, is A-stable by Example and verifies Conjecture
but is obviously non-stable.

Now, we will see how to use A-stability to obtain the equality of A and A,. First,
we have the following result:

Proposition 3.1.9. Let E and F be two locally convex spaces.
(1) If E and F are A-stable, then

A(E X F)=A(E)NA(F).
(2) If E is A-stable and A(E) C A(F'), then
A(E x F)=A(E).

Proof. 1t is clear by Proposition O

Corollary 3.1.10. Let E and F be two locally convex spaces.
(1) If E and F are A-stable and verify A(E) = Ay(E) and A(F) = Ap(E), then
AyE X F)=A(Ex F)=A(E)NA(F).
(2) If E is A-stable and verifies A(E) = Ay(E) and if A(E) C A(F), then
Ay(E X F)=A(E x F)=A(E).

Proof. (1) By Propositions and we have
Ay(EXF)CAE)NA(F)=A(E)NA(F)=A(E X F).

(2) We use Propositions and again and this gives
Ap(E x F) CA(E)NA(F) CAy(E)=A(E)=A(E x F).

Hence the conclusion. O
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In summary, we have just seen where the A-stability comes from and how to use it
to obtain some equalities of type A(E x F) = Ay(E x F'). Nevertheless, this property
can be independently and quite naturally used to obtain the equality of A and A,

Assume that F is a Schwartz locally convex space. To prove that A®(E) C A(E),
we have to fix £ € A®(F) and an absolutely convex 0-neighbourhood U in E. Then,
natural arguments are the following ones:

e we take another absolutely convex O-neighbourhood V' C U and C' > 0 for which
€010, (V,U) < C for every n € Ny;

e we take a third O-neighbourhood W C V' for which (6,(W,V)),cn, € co-

Then, we could hope that (§,0,(W,U)),cn, € co- But, for this, we have to compare
(W, U) with 6, (W, V) and 6, (V,U), which was possible in Kéthe spaces and Hilberti-
zable spaces. Unfortunately, in general locally convex spaces, we only have Proposition
[LT4 to do this:

Son(W,U) < 8,(W, V)3,(V, U).

So, this inequality proves that |§,[02,(W,U) < C6,(W,V), s0 (§n620(W,U)),en, € Co-
Similarly, (§n02n4+1(W,U)),cn, € co- This particularly means that § * { € A(E). Hence,
in this situation, to be sure that £ € A(F), the inclusion A(E) C A(E) x A(E) seems
indispensable: this is exactly A-stability.

Thus, the previous “intuitive” arguments prove the following result:

Proposition 3.1.11. If E is a A-stable Schwartz locally convez space, then

A(E) = A®(E).

In particular, if E is also metrizable, then A(E) = Ay(E).

Combining Theorem [2.3.4] Corollary [3.1.10] and Proposition [3.1.11] we particularly
obtain:

Corollary 3.1.12. (1) If E and F are two metrizable A-stable Schwartz spaces,
then
AyE X F)=A(Ex F)=A(E)NA(F).

(2) If E is a metrizable A-stable Schwartz space and if F' is a locally convez space
such that A(E) C A(F), then

Ay(E x F) = A(E x F) = A(E).

Given Proposition|3.1.11] we can wonder whether every Schwartz locally convex space
is A-stable. This is why we will study this property in the context of Kéthe spaces.
Actually, we will see that there are some non-A-stable power series spaces, which will

simultaneously show that the A-stability is not a necessary condition to have the equality
of A and A®°.
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From now on, we fix an admissible space [ and a Kothe set A. In fact, our results will
be only valid for “classic” admissible spaces: so, we will assume that [ is equal to I, (for
p > 1), leo, or cg. First, we prove a result describing the products of two Kéthe spaces
(and which is a generalization of the corresponding property for [ = Iy in [32]).

Proposition 3.1.13. If B is another Kothe set, then X(A) x \(B) is isomorphic to
N(A* B).

Proof. We define the linear and injective map
T : MN(A) x X(B) — CNo - (&,1) = Ex.
(1) If I = l,, we have, for £ € M(A), n € X(B), a € A, and 3 € B,

o0

1/p
Paup(€xm) = (Z [(cwx B)n|(€ = n)n\]p>

n=0

00 o 1/p
= <Z<an5n>p+2<ﬁn"nl>”>
n=0

n=0

< 2MP sup {pfx(i),plg(n)} :

Thus, T(A(A) x X(B)) is included in A{(A* B) and T : X'(A) x X(B) — \(A*B)
is continuous. Besides, if £ xn € /(A * B), we have

sup { ph(€): Pl (n) } < Phos(€ ).

Consequently, T : M (A) x \(B) — M(Ax B) is surjective and open. It is therefore
an isomorphism between \(A) x A/(B) and \(A * B).

(2) If I =ls or Il = cp and if £ € X(A), n € \(B), a € A, and 3 € B, we get

Poog (€ %1) = sup ((a* B)n (€ % 1))

n€Np

= sup { sup (anlén]), sup (/Bnnn‘)}

n€Np n€Np
= sup {ph(€),ps(n) }
We conclude in the same way as in (1).
O

Unfortunately, we do not know whether such an isomorphism remains valid when we
consider a very general admissible space. However, this last result implies that A\'(A)
verifies Conjecture
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Proposition 3.1.14. We have
A </\l(A) X )\Z(A)) — A <)\l(A)> £ A ()\Z(A)) .

Proof. Since ¢y = cg * ¢p, we assume that A(A) is Schwartz. Moreover, by Proposi-
tion [3.1.3 it is enough to prove A (A(A) x A[(A)) € A (A(A)) = A (A{(A4)). So, by

Proposition we just have to show that A (A'(A« A)) C A (M(A4)) A (M(A)).
( 1310

Let £ € A (N(Ax A)) and a € A be given. By Theorem [1.3.10, we know that there
exists § € A such that «,, < f3,, for every n € Ny, o/ € ¢y and

(607 (575)) =
n In ,8*,8 neNe 0-

ax o EXe «
But we have w9, (5*5) = Ton+1 <5*5> = T <5> for every n € Nyg. As a conse-

quence, we have

<§2n T <g>>neNo € ¢y and <£zn+1 T <;>>RENO € cp.

Therefore, £ € A (A(A)) x A (A(A)). O

Consequently, if \'(A) is stable, it is also A-stable. But, for smooth sequence spaces
(cf. Section|l.4), we can say even more: for them, the notions of A-stability and stability
coincide:

Proposition 3.1.15. If N(A) is a smooth sequence space, then it is A-stable if and only
if it 1is stable.

Proof. By assumption, A is a Kéthe matrix and we write A = (ag)ren,. In that case, it
is clear we have

M(Ax A) =N (A),

where A is the Kéthe matrix (ag * ax)ren,. But, then, it is easy to see that A!(A) is itself
a smooth sequence space of the same type as A'(A). Therefore, by Propositions [3.1.13

and M(A) is A-stable if and only if
AN(4)) = AN(A)),

which is equivalent to the fact that A\'(A) and A'(A) are isomorphic, by Theorem m
The conclusion follows from Proposition [3.1.13 O

Consequently, in order to find examples or counterexamples of A-stable smooth se-
quence spaces, we just have to characterize stability in their context. It is the purpose
of the following result, which was originally proved in [32] for nuclear smooth sequence
spaces associated to the admissible space Iy:
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Proposition 3.1.16.

(1) If \'(A) is a G1-space, then it is stable if and only if, for every m € Ny, there exists
k € No with (am(n)/ar(2n +1)),en, € loo-

(2) If N(A) is a Goo-space, then it is stable if and only if, for every m € Ny, there
exists k € No such that (am(2n +1)/ak(n)),en, € loo-

Proof. We assume that A(A) is a smooth sequence space. Once again, we define the
Kéthe matrix A := (ax * ag)ken,. Then, by Proposition M(A) is stable if and
only if M(A) and M(A) are isomorphic. Besides, A/(A) is a smooth sequence space of
the same type as A/(A).

Therefore, by Theorem M (A) is stable if and only if \'(A) = A'(A) algebraically
and topologically. This is equivalent to the fact that, for every m € Ny, there exist k > m
and C > 0 with ap(n) < Clag * ar)(n) and (am * am)(n) < Cag(n) for every n (cf.

Proposition [A.2.1)).

Then, we split the argument according to the type of \(A).

(1) We suppose that A(A) is a Gi-space. Since, for any m € Ny, a,, is a decreasing
sequence, we have a,,(n) < (am * a)(n) for every n € Ng. Thus A(A) is stable if
and only if, for every m € Ny, there exist £k > m and C' > 0 for which (a,,*am,)(n) <
Cag(n) for each n € Ny. But having (a,, *xan,)(n) < Cag(n) for any n is equivalent
to

am(n) < Car(2n) and ap(n) < Cap(2n+1)

for all n € Ny and we conclude because a;(2n + 1) < ai(2n).

(2) Now, we suppose that A'(A) is a G-space. Because the sequence a,, is increasing
if m € Ny, it means that (am * am)n < am(n) for every n € Ny. Consequently,
M(A) is stable if and only if, for every m € Ny, there exist k¥ > m and C > 0 for
which a,,(n) < C(agxag)(n) for each n € Ny. But this last inequality is equivalent
to

am(2n) < Cag(n) and ap(2n+1) < Cag(n)

for all n € Ny and, once more, we conclude since a,,(2n) < an(2n + 1).

Hence the conclusion. O

From the last result, it is very easy to deduce the characterization of stable power
series spaces, which was for instance already pointed out in [24] for [ = I;:

Proposition 3.1.17. Let o be an unbounded increasing sequence of [0,00) and r €
{0,00}. Then the power series space AL(a) is stable if and only if

(Oézn+1 /an)neNo € loo .
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Proof. (1) The space A}(a) is a G1-space, so, by the previous result, it is stable if and
only if

VmeN, 3k >m,C>0:e /™ < Ce /b yp e N,
Bt o I yp e N

k m
aopy1 _ ckk

SVmeN,Ik>m,ceR:

SVmeN,Ik>m,ceR:

o,  Qp m

Therefore, if Al(a) is stable, taking m = 1 above, the sequence (a2p41/0n)nen,
is upper-bounded by ck/ag + k. Conversely, if this sequence is upper-bounded by
J € Nand if m € Nis given, it is enough to take ¢ = 0 and k = Jm in the condition
above.

(2) As for the space Al_(a), it is a G-space, thus it is stable if and only if

Vm € No, 3k > m,C > 0: em¥2n+1 < Cekn  yn e Ny
& Vm e Ng, Ik > m,c € R: magnt1 < c+ka, Vn €Ny

k
%<L+* Vn € Ny.

S VmeN, Ik >m,ceR: <
Qi mo, m

It is enough to proceed exactly in the same way as in (1).
Hence the conclusion. O

Because of this result, we will say that the sequence « is stable if it verifies the
condition (a2n+1/0n)nen, € loo-

Examples 3.1.18. If a = (log(n +1)),cy,, then s := Ax(a) is called the space of
rapidly decreasing sequences. It is a stable K6the space and so a A-stable space.

However, if 8 = (e"),,cn,, the power series space Ag(f) is not stable and so not A-stable.
But, as a Kothe space, it verifies A(Ao(B)) = A®(Ao(B)).

Hence, A-stability is just a sufficient condition to have the equality between A and
A,

3.2 Prominent bounded sets and property (ﬁ)

The notion of prominent bounded sets originates from the idea that, in some cases, one
single bounded set can generate both diametral dimensions A and A ([34]). Moreover,
some links between the existence of such prominent sets and the property (ﬁ) were
recently pointed out ([6}, 13]).

First of all, let us clarify what Terzioglu’s notion of prominent bounded sets exactly
means:
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Definition 3.2.1. Let E be a metrizable locally convex space and (Ug)ken, be a basis
of absolutely convex O-neighbourhoods in E. A bounded set B in E is prominent if

A(E) = {g € C 2 Vk € No, (€400 (B, Uk)) pen, € CO} ~

Of course, the links between prominent bounded sets and diametral dimensions is
clear:

Proposition 3.2.2. If the metrizable locally convex space E has a prominent set, then
A(E) = Ay(E).

For example, in [34], Terzioglu proves that smooth sequence spaces of finite type have
prominent bounded sets; we will see that it is in fact the consequence of another property
of these spaces (cf. Proposition [3.2.13)).

Now, we will explicit the definition of these prominent sets thanks to a characteriza-
tion due to Terzioglu ([34]). However, an argument in the associated proof is not always
correct (in fact, it is not when the considered space verifies A(E) = CY0). In order to
take it into account, we make this preliminary remark:

Remark 3.2.3. If the metrizable space F is such that A(E) = C°, then every bounded
set in E is prominent.

Proof. Let (Ug)ren, be a basis of absolutely convex 0-neighbourhoods in E and B be a
bounded set in £. Then, we have

A(E) C {g € TN : Vk € No, (€0(B, Up)) pery, € co} C C = A(E).

This implies that B is prominent. O

Remark means that we just have to consider spaces E for which A(E) # CNo.
In Section we will see that, in metrizable spaces, the equality A(E) = CY is actually
equivalent to the fact that E is isomorphic to a subspace of w (or isomorphic to w if E
is itself Fréchet and infinite-dimensional).

With the assumption A(E) # CY, the following characterization of prominent sets
can be proved ([34]):

Proposition 3.2.4. Let E be a metrizable locally convex space such that A(E) # CNo
and (Ug)ken, be a decreasing basis of absolutely conver 0-neighbourhoods in E. Then, a
bounded set B of E is prominent if and only if, for all m € Ny, there exist k > m and
C > 0 such that

On(Uk, Up) < Co, (B, Uy)

for every n € Ny.

Remark 3.2.5. The condition in this proposition is in fact sufficient even when A(E) =
cNo,
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Proof. We just have to prove that the condition is necessary. For this, we fix a prominent
bounded set B. So, we have

A(E) = {g e CNo vk e No, (§n6n (B, Uk))neNo = CO} ’

Actually, the set B := {(0,(B,Uk)),en, : k € No} defines a Kothe set. Indeed, we ob-
viously have 6,,(B,Uy) < 6,(B,Uks1) for all k,n € Ny and, for every n € Ny, there
exists k € Ng with 6,(B,Ug) > 0. Otherwise, there is ng € Ny such that, for each
k € No, 6ny(B,Uy) = 0: this implies that 0, (B,Ux) = 0 for all & € Ny and n > ng, so
A(E) = CMNo,

Thus, we have

A(E) = Mo(B)

and A(F) is itself a Fréchet space. But, for every m € Ny, we also have

AE) < | {g € CY - (6,0, (Uk, Un))peny, € co}.

k>m
Then, we have two possibilities:

1. There exist ko, no such that 6, (Ug,, Upn) = 0 and so 6, (U, Uy,) = 0 for all k > ko,
n > ng. As a consequence, if we choose k > kg such that d,,(B, Uy) > 0, then we
can find C > 0 for which 6,,(Ug, Uy,) < C6,(B,Uy) for all n € Ny.

2. We have 6,,(Ug, Uy,) > 0 for all k,n. Therefore, the space

{€ € €™ : ¥k € No, (€000 (U, Un))eri, € €0}

is a Banach space. Applying Grothendieck’s Factorization Theorem (cf. Corollary
A.1.5) to the inclusion above, we can find kg > m such that

Ao(B) € {f eCo: (§n57z(Ukoa Um))neNO € CO} .

Now, using properties of inclusions between Kothe spaces (cf. Corollary , we
know there exist k > kg and C > 0 with

6H(Uk0; Um) < C5n(B, Uk)
for every n. Since this inequality remains true if we replace ko by k, we conclude.
O

With this characterization, we can directly highlight some links with the property of
large bounded sets:

Proposition 3.2.6. If E is metrizable space with a prominent bounded set such that
A(E) # CYo_ then it has the property of large bounded sets.
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Proof. Let B be a prominent set in E. We fix m € Ny and a sequence (ry)r>m in (0, 00).
By the previous characterization, we find kg > m and C' > 0 such that

5n(Ukoa Um) < Cén(Bv Uko)
for all n € Nyg. Thus, we obtain

0n(Crio B, Uko) 2 7000 (Ukg» Um) 2 1nf (rdn(Uk, Un)) -
Hence the conclusion. O

Besides, we can weaken a little bit more the condition in Proposition [3.2.4] thanks
to a classic property of metrizable spaces:

Proposition 3.2.7. Let E be a metrizable locally convezr space such that A(E) # CNo
and (Uy)ken, be a decreasing basis of absolutely conver 0-neighbourhoods in E. Then,
E has a prominent bounded set if and only if, for all m € Ny, there exist kK > m and a
bounded set B, such that

5n(Uk, Um) < 5n(Bm, Uk)

for every n € Np.

Proof. If B is a prominent set in F, Proposition [3.2.4]implies that, for every m € Ny, there
exist ky, > m and Cy, > 0 with 6, (Uy,,,Un) < Cnon(B, Uy, ) for each n. Therefore, it
is enough to take B,, = C,,B for every m € Nj.

Now, assume that, for every m, there exist k,, > m and a bounded set B,, such that
on(Ug,., Un) < 6n(Bm, Uk, ) for every n € Ng. Since E is a metrizable space, it is well

m ) m

known that we can find a sequence (g )men, in (0,00) such that

B:= |J tmBm

meENy

is bounded. Then, we have d,(Uk,,, Un) < ﬁén(B, Uy,,) for all m,n € Ng. Thus B is a
prominent set. O

With these characterizations, we are now ready to study prominent bounded sets
more precisely. In a first time, we focus on Kéthe spaces.

Using Proposition Terzioglu shows in [34] that a Schwartz G-space associated
to I1 has no prominent set. However, we propose here a different proof, based on the
arguments in the proof of Proposition [3.2.4] which is valid for any admissible space I:

Proposition 3.2.8. If A(A) is a Schwartz Goo-space, then it has no prominent set.
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Proof. As usual, we write A = (ar)ken,. We assume that B is a prominent set in
M(A). Then, using the notations from the proof of Proposition we put B :=
{(6,(B, Uk))nen, * k€ No} and we obtain

)\O(B):A<A1(A)> - U {gecNo :§/akeco}

keNg

by Proposition [1.4.3] Using Grothendieck’s Factorization Theorem (cf. Corollary ,
we find kg € Ny such that

A (AZ(A)) - {g e N ¢/ay, € co} .

But, since A(A) is a Schwartz Goo-space, aj, € A (A(A)), so ak,/ak, € co, which is of
course impossible. ]

This result particularly shows that the existence of prominent bounded sets is not
only a non-necessary condition to have the equality of A and Ay, but also a non-necessary
condition to have the property of large bounded sets.

After such results in smooth sequence spaces, we can wonder what happens for general
Ko6the-Schwartz echelon spaces. For this, we fix an admissible space [ and a Kéthe matrix
A = (ak)ken, such that ap/ag41 € cp. Using Propositions [1.3.9] [2.2.12] and [3.2.7] we
see that the space A'(A) has a prominent bounded set if, for every m € Ny, we can find

km > m and a sequence (rj(m)) - of (0,00) such that
3>km

J=km

7n (am /) < T < inf (rg.m) (ar,, /aj))> (3.1)

for each n € Ng. To obtain a condition which does not depend on the decreasing-
reorganization map, we will use the following property:

Lemma 3.2.9. Let 2,y € coN[0,00)N0 be such that z,, <y, for every n € Ny. Then we
have

7Tn<x) < Wn(y)

for all n € Ny.

Proof. When n = 0, we have
mo(z) = sup{zy : k € No} < sup{yi : k € No} = mo(y).
Now, we take n € Ny. Then, we have two possibilities.

1. If there exists j € {0, ...,n} such that p(z,7) ¢ {¢(y,0),...,(y,n)}, then

Tn+1(7) < 75(2) = Tp(a) < Yp(ag) < SuP{Yk 1 k & {0(y,0), ..., 0(y,n)}} = mny1(y)-
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2. Assume that {¢(z,0),....,0(x,n)} = {p(y,0),...,o(y,n)}. In this case,

Tn+1(2) = sup{zg : k & {p(2,0), ..., p(z,n) }}
=sup{zy : k ¢ {¢(y,0), ..., 0(y,n)}}
<sup{yx : k ¢ {¢(y,0), ..., 0(y, ) }}
= 7Tn+1(y)-

Hence the conclusion. O

Consequently, the inequality (3.1]) is verified if
1) g <r§m) Ty (”)>

Ak, (M) 7 52 aj(n)

for all n € Ny, or, equivalently, if

S T(m) a’km, (n)

7 aj(n)

am(n)
ak,, (N)

for all j > k,, and n € Ny. Therefore, the space A'(A4) has a prominent bounded set if,
for every m € Ny, there exists k,, > m such that, for all j > k,,, there exists Cj(m) >0
with

a3, (n) > C\"ay, (n)a;(n)
for all n € Ny. But such a condition on the weights of A is already known as a charac-
terization of an important property in Functional Analysis, namely the property (ﬁ) of
Vogt and Wagner.

Definition 3.2.10 ([24]). Let E be a Fréchet space and (||.||x)ken, be a fundamental
system of seminorms of F.

(1) The dual norm of ||.||x is defined by the map

| ' € B v sup{Ja’ ()] : [l < 1}.

(2) The space E has the property (ﬁ) if, for every m € Ny, there exists k£ € Ny such
that, for every j € Ny, there is C' > 0 with

2
(l"1I5)" < Cll2' Iy, 12115
for each 2’ € E'.

This property is used in the theory of nuclear Fréchet spaces (e.g. to describe such
spaces in terms of quotients of s) and in the theory of splitting short exact sequences
(see [24], 135), B7] for more details).

The property (ﬁ) is itself a topological invariant (if two Fréchet spaces are isomorphic,
either both have the property (ﬁ) or no one verifies it) and is inherited by quotient spaces
(more details are for instance available in |11} 24]).

In the context of Kothe spaces, let us mention the following characterization of the
property (ﬁ) for “classic” admissible spaces (see for instance [11] 24] for the proof and
for more details):
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Theorem 3.2.11. If p € {0} U[1,00) U{oc}, then the space \,(A) has the property (Q2)
if and only if, for every m € Ny, there exists k € Ny such that, for all j € Ny, there exists
C > 0 with

ag(n) > Cam(n)a;(n)

for all n € Ng.

Unfortunately, we do not know whether this characterization remains true when we
consider a general admissible space. This is the reason why we will call the property in
the previous theorem the property (ﬁ) for weights.

Then, our previous developments directly give the following result ([6]):

Proposition 3.2.12. If the space \'(A) has the property (ﬁ) for weights, then it has a
prominent bounded set.

With this result, we can for instance prove that (Gj-spaces have prominent sets, as
already mentioned by Terzioglu in [34]:

Proposition 3.2.13. If \(A) is a Gi-space, then it has the property (ﬁ) for weights.
In particular, it has a prominent set and so the property of large bounded sets.

Proof. We fix m € Ny. By definition of G1-spaces, there exist £ > m and C' > 0 with
am(n) < Cai(n)

for every n. Now, if j > k is given, we have aj(n) < a;(0) for all n € Ny, so

1

ai(n) 2 Ca;(0)

am(n)a;(n).

Hence the conclusion. O

In fact, Terzioglu’s result in [34] is more precise: he shows that the unit ball of [ is a
prominent set in A'(A) if it is a G1-space.

The “natural” calculations above, which led to the property (ﬁ) for weights, were,
in a way, restricted by the decreasing-reorganization map. But, if we rather consider
regular spaces — for which we do no need such a map —, then we can be more precise
about the links between prominent sets and property (€2) ([13]):

Proposition 3.2.14. If \\(A) is regular, then it has a prominent bounded set if and only
if it verifies the property (ﬁ) for weights.

Proof. Assume that B is a prominent set in A'(A) and fix m € Ng. We know there exists
a sequence (7x)gen, € (0,00)N0 with B C ﬂkeNO rkU,i.
Then, by Proposition [3.2.4] there exist kK > m and C > 0 with

5, (U,i, U}n) <Cé, (37 U,i)
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for every n € Ny. Now, we fix 7 > k. By Proposition [1.3.14] we obtain

am(n) L7l ! !l ag(n)
= 0n ) <Cé, (B, < i On i = TN
0 (vh. ) < ¢80 (B,UL) < Cry0, (UL UL) = Oy e
So a2(n) > C%ﬁjam(n)aj (n) for any n € Ny. Hence the conclusion. O

In particular, this means that the property (ﬁ) (for weights) is closely linked to
the existence of prominent bounded sets in (regular) Kothe spaces. Therefore, one can
naturally wonder whether it is still the case in general Fréchet spaces. To see this, we
first quote a useful characterization of the property (ﬁ) (cf. |24], Lemmata 29.13 and
29.16):

Proposition 3.2.15. Let E be a Fréchet space and (Uy)ken, be a basis of absolutely
conver 0-neighbourhoods in E. The space E has the property (ﬁ) if and only if there
exists a Banach disk B such that, for all m € Ng and 0 € (0, 1), there exist k € Ny and
C > 0 for which

Up CrU, + Cri=oB

for every r > 0.

With this, we can prove the following result ([13]):

Theorem 3.2.16. Let E be a Fréchet space. If E verifies the property (ﬁ), then it
has a prominent bounded set. In particular, we have A(E) = Ap(E).

Proof. Let (Uk)ken, be a decreasing basis of absolutely convex 0-neighbourhoods in E.
By the previous proposition, there exists a bounded set B in E such that, for all m € Ny,
there exist £ > m and C > 0 with

C

for every » > 0. Now, we fix m € Ny and we choose k > m and C > 0 as above. Let
0 >0and L € L,(F) be such that

B C Uy + L.

Taking r = 2C'§, we have
C Cé 1
Uy, CrUy,+ —B QrUm—l——Uk+L:205Um+§Uk~|—L.
r r
But, here, we can insert the previous inclusion in its right hand-side, which gives

1 1
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If we repeat this argument, we obtain for every j € N

1 1 1 1
Uk§205<1+2+...—|—2j_1> Um—|—§Uk—|—L§4C5Um+§Uk+L.

If we choose j such that %Uk C CU,,, we deduce from this
U, € 5CoU,, + L.

Hence 6,,(Ug,Uy,) < 5C§, which implies 9, (U, Up,) < 5C6,(B,Uy). By Proposition
3.2.4] it means that B is prominent. O

So, even in general Fréchet spaces, the property (ﬁ) implies the existence of prominent
sets. A natural question follows from this: is the existence of prominent bounded sets
equivalent to the property (9)7 Actually, it is not, as explained by the next property

([13]):

Proposition 3.2.17. Let o be an increasing unbounded sequence of (0,00). If it is
stable, then the space AL(a) x AL (@) has a prominent bounded set, but does not verify
the property (Q)

Proof. We know that Aloo(a), as a Ggo-space, has no prominent set and so does not
satisfy (ﬁ) Consequently, the space A}(a) x AL (a) itself does not have the property
(ﬁ), since this property is inherited by quotients.

However, the space Aé(a) is a Gp-space and so has a prominent set B. Actually,
we will show that the bounded set B x {0} is prominent in A}(a) x AL (), which will
provide the conclusion.

For this, we will respectively denote by U ,8 and U the canonical 0-neighbourhoods in
Ab(a) and Al («). Then the idea is to estimate Kolmogorov’s diameters in A} (o) x AL ()
thanks to Lemma and the particular form of Kolmogorov’s diameters in (stable)
power series spaces.

First, we prove that, for all m € N, there exists £ > m such that, for all j > k,

Sn (U7, U,) < Ganpa (U7, UR)

for every n € Ny. Indeed, there exists ¢ > 0 with agyt1 < cay for each n. For a given
m, we take k > (¢ + 1)m. Then, if j > k, we have

k_Ym—1/j _1/m—1/j

%Scéﬁ—léﬁ—. < :
an, m m 1/k 1/k—1/j

for each n € Ny. Thus, we havd| (1/k —1/j)azn+1 < (1/m —1/5)a, and, by Proposition

[L.3.14,
On, (U]Q, Uﬁl) =exp((1/7 — 1/m)ay) < exp((1/5 — 1/k)aant1) = dan+1 (U]Q, U,?)

"Even when j = k.
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for all n € Ny.
Next, we fix m € Ny and we choose k > m as above. Since B is prominent in A}(«),
Proposition gives j > k and C' > 0 for which

5, (UL, UR) < €6, (B, UY)
for every n € Ny. This particularly implies that
5 (UL, UY,) < Céont (B,UY).
Furthermore, as apt+1 < agpy1 < cay, for every n € Ny, we can find ¢ > m such that
8 (U, Ue) = exp((m —t)an) < exp((1/5 = 1/m)ant1) = dns1 (U7, Upn,) < 6, (U7, Up,)
for each n € Ng. Then, by the choices of j and ¢t and by Lemma [3.1.1] we obtain
Son (U x U, Up, x Upe) < sup {8, (U, Up,) 6, (U, Ut }

=60 (U3, U}))

< Céapt1 (B,UJQ)

< Cbay (B, U})

= Cbap (B x {0}, U} x U®)

for every n € Ny (the last equality directly follows from the definition of Kolmogorov’s
diameters). Likewise, we have

Sont1 (U] x U®,UY, x Up?) < sup {5n+1 ( 0.UR) . 0n (U, U}
= n+1( )
o (U2.02)
< C52n+1 (BvUj)
= Con+1 (B x {0}, U] x U)

for all n € Ng. Therefore, we have
O (U x U, UD, x Ug?) < C6y (B x {0}, U] x UP®),
which implies by Proposition that B x {0} is a prominent set in A}(a) x AL (o). O

In particular, this result implies that the property of having prominent sets is not
inherited by quotients, contrary to the property (ﬁ) Moreover, it can be used, for
instance, to construct Kéthe spaces which are not regular and even not isomorphic to
any regular space:

Corollary 3.2.18. Let a be an increasing, unbounded, and stable sequence in (0,00) and
[ be one of the three following admissible spaces: 1, (for p > 1), lo, and co. Then, the
space Ay(a) x AL_(a) is isomorphic to a Kéthe echelon space, but it is not isomorphic to
any reqular Kéthe space.
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Proof. 1t is obvious by the previous property and by Propositions [3.1.13|and [3.2.14] O

In conclusion, we have just seen that the property (ﬁ) is a sufficient but non-necessary
condition to have some prominent sets.

The existence of prominent bounded sets constitutes the last property assuring the
equality of A and A, in metrizable spaces that we present in this work. In this context,
since we only obtained positive partial answers to our problem, we can wonder whether it
is possible to do the same in non-metrizable spaces. Nevertheless, it appeared that there
exist some Schwartz — or even nuclear — non-metrizable counterexamples to our open
question. The construction of these counterexamples is presented in the next chapter.
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Chapter 4

Construction of counterexamples

In this chapter, we construct (non-metrizable) locally convex spaces F such that A(E) #
Ap(E). We also explain why we cannot adapt this construction in metrizable spaces.

4.1 Counterexamples in non-metrizable spaces

In the previous chapters, we obtained some properties which assure the equality of A
and Ap in metrizable spaces. On the other hand, the fact that Kéthe-Schwartz echelon
spaces verify this equality makes the research of potential counterexamples harder.

In that context, another way to obtain counterexamples would be to consider some
appropriate topological properties which “force” the two diametral dimensions to be dif-
ferent. We already know some topological properties which bring some information about
the diametral dimensions, such as the fact of being Montel, Schwartz, and nuclear. Now,
our idea is the following one: can we find a condition on a Schwartz locally convex space
E to have Ay(E) = CN°? And, if so, can we simultaneously have A(E) € CNo?

For this, we consider the following definition:

Definition 4.1.1. A bounded set B of a locally convex space F is finite-dimensional if
span(B) is finite-dimensional.

Of course, a natural condition to have Ay(E) = CN0 is to ask that each bounded set
in F is finite-dimensional. Indeed, we have

5,(B,U) =0

if n > dim(span(B)), when B is a finite-dimensional bounded set and U is a 0-neighbourhood.
Unfortunately, such a property cannot be found in infinite-dimensional metrizable spaces:

Proposition 4.1.2. If E is a metrizable locally convex space for which all the bounded
sets are finite-dimensional, then E is itself finite-dimensional.

Proof. Assume there exists a sequence (zp,)nen, of linearly independent elements of E.
Since each singleton {x,} is bounded, we can find a sequence (pn)nen, of (0,00) such

71
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that
B = {pnzy :n € No}

is bounded in E. In particular, the elements of B are linearly independent. But, by
assumption on the bounded sets, B is also finite-dimensional. Hence a contradiction. [

This implies that the property of having only finite-dimensional bounded sets is a
sufficient but non-necessary condition to have Ay(E) = CNo (because, for instance, the
space w is an infinite-dimensional metrizable space which verifies Ay(w) = CNo see
below).

This is why the counterexamples we will present are not metrizable. But, to construct
them, we first have to characterize spaces with only finite-dimensional bounded sets. To
do this, we need the following notion:

Definition 4.1.3. A linear map T : ' — F between two locally convex spaces is locally
bounded if, for every bounded set B of F, the set T(B) is bounded in F.

For example, every continuous map is locally bounded and, conversely, a locally
bounded map on a bornological space is continuous (cf. [24] for more details).

Moreover, we will consider the following notations: if E is a locally convex space,
we denote by E* the algebraic dual of E and by E® the set of all locally bounded linear
maps from E into C.

With these notions, we consider the next property, which is quoted in [39] for Haus-
dorff spaces:

Proposition 4.1.4. Let E be a locally convex space. If E® = E*, then every bounded set
of E is finite-dimensional. Conversely, if E is Hausdorff and if every bounded set in F
is finite-dimensional, then E? = E*.

Proof. Firstly, we assume that E® = E* and we fix a bounded set B in E. If B is not
finite-dimensional, we can find a sequence (xy,)nen, of linearly independent elements of
B. Then, we can define a linear map z* € E* such that z*(x,) = n for every n € Ny.
But, by assumption, x* is locally bounded, so x*(B) is bounded in C, which is of course
impossible.

Secondly, we suppose that E is a Hausdorff space for which each bounded set is finite-
dimensional. We fix 2* € E* and a bounded set B in E and we have to prove that 2*(B)
is bounded in C.

By assumption, there exist z1,...,xy € E (N € N) with B C F' := span({z1,...,xn }).
Because E is Hausdorff, F' is isomorphic to C (as locally convex spaces). As a conse-
quence, for every n € {1,..., N}, the canonical projection ®,, : F' — C associated to zy,
is continuous. In particular, there exists C;, > 0 with |®,(b)| < C,, for each b € B. Then
we conclude, since we have

N
|2 (b)] < Cula* (wn))|
n=1

for every b € B. 0
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Remark 4.1.5. The assumption “Hausdorff” is essential in the previous result. Indeed,
if we consider the space E := C, endowed with the trivial topology, then E is bounded
in itself, but the linear map

id: F—C

is not locally bounded because id(E) = C is not bounded in C.

With this characterization, it is easy to find topologies with only finite-dimensional
bounded sets. For this purpose, we recall the notion of weak topologies:

Definition 4.1.6. Let E be a vector space and F' be a vector subspace of E* (we say
that the couple (E, F) is a dual pair). Then, we define on E the weak topology o(E, F)
by the family of seminorms

py i x € E— sup |2/(2)),
z'eM

where M is a finite subset of F.

It is well-known that o(E, F') is the coarsest locally convex topology 7 on E such
that (E,7) = F (cf. [24]).

This property clearly implies that the weak topology o(F, E*) has only finite-dimensional
bounded sets (by Proposition 4.1.4)), so

Ay(E,o(E,E*)) =CMNo

Thus, we would like to have A(F, o(F, E*)) € CYo. Unfortunately, it is not the case, as
explained by the next property.

Proposition 4.1.7. If E is a locally convexr space endowed with a weak topology, then
we have A(E) = CNo. In particular, we have A(E) = Ay(E) = CMo,

Proof. Let M be a finite subset of £*. We consider the seminorm

py i w € E— sup |2 ()]
x'eM

and its closed unit ball U. By properties of linear functionals, we know that ker(pas)
has a finite codimension N. As a consequence, there exists an N-dimensional vector
subspace L of E with

E = ker(py) @ L.

Therefore, for every § > 0, we have £ C §U + L and so
IN(E,U) =0.

Hence the conclusion. O
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In particular, this result directly implies that every weak topology is nuclear by The-
orem But it also means that weak topologies are not counterexamples to our open
question. Consequently, we have to work a little bit more to find such counterexamples.

Nevertheless, this last property provides an equality already claimed several times in
the present thesis:

Example 4.1.8. The space w verifies A(w) = Ay(w) = CNo.

Now, our idea is to compare the diametral dimension of two topologies on a same
vector space. Since a linear and surjective map 7' : E — F between two locally convex
spaces E and F', with F' barrelled, is nearly open, Proposition [I.2.3]implies the following
result:

Proposition 4.1.9. Let 71 and T2 be two locally convex topologies on the same vector
space E. If To is finer that Ty and if T is barrelled, then

A(E, T3) € A(E, Th).

Proof. Indeed, the map
id: (E,72) — (E,T1)

is then linear, continuous, and nearly open. ]

Consequently, with barrelledness, this proposition means that the diametral dimen-
sion is decreasing for the topology. Then, our idea is simple: we will consider a space
E with A(E) # CN and we will “strengthen” its topology (and so make its diametral
dimension decrease) until it only remains finite-dimensional bounded sets.

More precisely, we fix a vector space E and a barrelled topology 71 on E such that

A(E,T;) ¢ CNo,

Remark that there are many spaces with such properties, like regular Kéthe spaces or
smooth sequence spaces, and which can be chosen to be Schwartz or nuclear. More gen-
erally, we will see in Section that a metrizable space F' (resp. an infinite-dimensional
Fréchet space F') is isomorphic to a subspace of w (resp. to w) if and only if it veri-
fies A(F) = CNo. Therefore, it is for instance enough to choose an infinite-dimensional
Fréchet space (E,71) which is not isomorphic to w.

With these assumptions, we obtain a family of counterexamples ([6]):

Theorem 4.1.10. Let To be a locally convex topology on E for which each bounded
set is finite-dimensional (for instance, Ty = o(E,E*)) and let T be the topology on
FE whose 0-neighbourhoods are the intersections of those of Ty and To. Then, we have

A(E,T) C Ay(E,T).

In particular, if T1 and T are Schwartz (resp. nuclear), then T is itself Schwartz
(resp. nuclear).
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Proof. Since T is finer than 75, every bounded set in (E, 7)) is finite-dimensional. Then,
by the previous proposition, we obtain

A(E, T)CA(E, T1) € CNo = Ay(E, T).
Hence the conclusion. O

Since T3 := o(FE, E*) is nuclear, we just have to take a nuclear barrelled topology 71
with A(E,7;) # CN° to obtain a nuclear non-metrizable counterexample in the previous
construction. Therefore, contrary to the situation in metrizable spaces, the nuclearity is
in general non-sufficient to have the equality of A and A,. Consequently, Hilbertizability
and the equality A = A® are also non-sufficient to have the equality of A and A,.

In particular, we have just seen that our open question is in general false for (non-
metrizable) Schwartz locally convex spaces, while it remains open for Schwartz metrizable
spaces.

In this context, we note the importance of the assumption of metrizability for our
results. But, given the previous developments, we can wonder whether we could find
some other topological properties in metrizable spaces which give

Ay(E) = Mo,

Such properties, combined with arguments similar to Theorem 4.1.10 could maybe bring
some metrizable counterexamples. Unfortunately, as we will see in the next section,
metrizable spaces with such a particular diametral dimension A, cannot be counterex-
amples.

4.2 Metrizable spaces with A(E) = C" or Ay(E) = C

The purpose of this section is to characterize (infinite-dimensional) metrizable spaces E
which verify
A(E) = CMNo and/or Ay(E) = Mo,

As explained in the previous section, the Fréchet space w verifies these two equalities.
But it is also the case for the space of finite sequences

vi=EpCc,

n€Ng

seen as a topological subspace of w, because it is then also endowed with a weak topology.
However, it is well known that this space is not completeﬁ, so that it cannot be isomorphic
to w, even though it has the same diametral dimensions.

More generally, every subspace E of w verifies A(E) = Ay(E) = CNo. Naturally,
we can wonder whether there exist some other metrizable spaces with such diametral
dimensions and we will see that it is not the case.

8Indeed, ¢ is not closed in w, since the sequence (e(m)) of ¢, with e(™ := D ohe €k, COnverges
meENg

pointwise to e := (1)ren, ¢ ©.
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To show this, we need a topological characterization of w and its subspaces, which
follows from properties of projective limits. Therefore, we first make some recalls about
this notion.

Definition 4.2.1 ([24]). Let E be a complex vector space and, for every a € A, let
FE, be a locally convex space and 7, : E — E, be a linear map. The projective limit
associated to the projective system (Eq,To)acA is the space E endowed with the coarsest
locally convex topology for which all the maps m, are continuous.

It is denoted by

proj (Eom 7Ta) .
acA

The topology of this space is defined by the seminorms

sup (pa © 77&) )
aeM

where M is a finite subset of A and p, is a continuous seminorm on FE, for all o € M.

Of course, Cartesian products (like w itself) are projective limits for the system of
canonical projections. But, in fact, we can say more: in some sense, projective limits are
subspaces of products (|24]).

Proposition 4.2.2. Let E := proj(Eq, 7o) be given and suppose that Npea{z € E :
acA
mo(x) = 0} = {0} (it is the case if E is Hausdorff). Then the linear map

O F — HEa:xH(ﬂa(x))aeA
acA

is an isomorphism between E and ®(F), endowed with the induced topology.

Proof. The injectivity of ® follows from the fact that Naca{z € E : mo(x) = 0} = {0}.
Besides, it is clear that ® is linear and continuous and that ®~! : ®(E) — F is also
continuous. O

In fact, every locally convex space carries a projective limit topology induced by local
Banach spaces ([24]) (cf. Definition for the notations):

Proposition 4.2.3. Let E be a locally convex space. If P is a fundamental system of
seminorms of E, then
E = proj(Ep, ).
peEP

In particular, if E is Hausdorff, it is (isomorphic to) a subspace of HpeP E,.

Proof. Since ¥ : £ — E, is continuous for every p € P, it means that the topology of
E is finer than the topology of the projective limit. Moreover, we have p(x) = ||tp(x)]]p
for any x € E and p € P, thus the topology of E is coarser than the topology of the
projective limit.

As for the particular case, it directly follows from the last proposition. O
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Applying these results to w, we obtain a characterization of w and its subspaces
thanks to their local Banach spaces:

Proposition 4.2.4. Let E be a metrizable locally convex space. Then, E is (isomorphic
to) a subspace of w if and only if all its local Banach spaces are finite-dimensional.

Proof. We know that the topology of w is defined by the seminorms

Pkt (Tn)nen, € w = sup{|ol, ..., [zl },

where k € Np. But it is clear that w/ker(py) is isomorphic to C**!. Therefore, the
local Banach space associated to py in (any subspace of) w is finite-dimensional. Since
this property is true for a fundamental system of seminorms of w, it is also true for any
continuous seminorm of w.

Conversely, let (pm)men, be a fundamental system of seminorms of £ and assume
that E,,, is finite-dimensional for every m € Ny. Then, by the last proposition, we know

that F is a subspace of HmENo E,,, , which is isomorphic to w. O

Remark 4.2.5. If E is an infinite-dimensional Fréchet space, we can be more precise:
F is isomorphic to w if and only if all its local Banach spaces are finite-dimensional.

Indeed, using the notion of minimal Hausdorff spaces, it is shown in [I0] that every
infinite-dimensional closed subspace of w is itself isomorphic to w. Consequently, if E is
Fréchet and is an infinite-dimensional subspace of w, then it is in particular closed in w
(as a complete subspace of a Hausdorff space) and so isomorphic to w.

Thanks to Proposition we will characterize metrizable spaces E with A(E) =
CNo or Ay(E) = CNo. But, first of all, we need to explicit these equalities:

Proposition 4.2.6. Let E be a metrizable locally convezr space and (Uy)ken, be a de-
creasing basis of 0-neighbourhoods in E.

(1) We have A(E) = CYo if and only if, for every m € Ny, there exist k > m and
n e NQ with 5n(Uk7 Um) =0.

(2) We have Ay(E) = CNo if and only if, for all bounded set B and m € Ny, there
exists n € Ng with 6,(B,Uy,) = 0.

Proof. Tt is clear that both conditions are sufficient, so we just have to prove that they
are necessary.

(1) We assume that A(E) = CN0 and that there exists m € Ny such that, for all k > m
and n € Ny, 8, (Ug, Up,) > 0. Then, we consider a sequence £ such that

&n = ! 1
I G (U Un) 7 00 (Un, Un)

for every n > m. By construction, for every k > m, we have &,0,(Ug,Up,) > 1
when n > k, which is impossible since ¢ € CNo = A(E).
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(2) Now, we assume that Ay(E) = CN and we fix a bounded set B in E and m € Ny.
Since we have

AY(E) € {€ € T (600(B,Un))en, € o

this particularly means that

cNo _ {5 e CNo: (£,6,(B, Um))nen, € co}.

Therefore, if 6,(B,U,,) > 0 for each n € Ny, the sequence & := (1/0,(B, Up,) )nen,
is such that (§,0n(B,Un)),cn, € Co, Which is impossible.

Hence the conclusion. O

Thus, we see that the equalities A(E) = CYo and Ay(E) = CY are linked to Kol-
mogorov’s diameters equal to 0. Consequently, we have to determine what such an equal-
ity to 0 exactly means. Actually, it has already been characterized in [26] for normed
spaces:

Proposition 4.2.7. Let E be a normed space and U be its closed unit boll. If B is a
bounded set of E for which there exists n € Ny such that

5”(B7 U) =0,
then dim(span(B)) < n.

Proof. Assume there exist n+1 linearly independent vectors in B, denoted by by, ..., by41.
Then, using Hahn-Banach Theorem, we find z,..., 27, € E such that z/(b;) = 5ME|
for any j, k € {1,...,n+ 1}.
Since we have det ((0;%)1<jk<n+1) = 1, there exists e > 0 for which
lajpl <e Vike{l,..n+1} = det ((6;% — ajr)i<jh<ni1) # 0.

Then, we define
€

sup{ux;.u* je{l,n+t 1}}
where ||.||* is the dual norm of the norm of E. By assumption, there exists an at most
n-dimensional subspace L of F such that B C §U 4+ L. As a consequence, for every
ke {l,..,n+ 1}, we can find ux, € U, I € L such that by = duy + l. But we have
|2 (duy)| < of|z%[|* < e for all 4, k, so
det ((x;‘(lk))lgj,kgn—i-l) = det ((a;;(bk) - x}(éuk))1§j7kgn+1) #0.

Nevertheless, because [y, ..., l,41 are linearly dependent in L, we also have

det (((Ix))1<jk<nt1) = 0.

Hence a contradiction. O

95,1 is the Kronecker delta, i.e. §;; = 1 and &;5 = 0 if j # k.
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Now, we are ready to prove the characterization claimed at the beginning of this
section:

Theorem 4.2.8. Let E be a metrizable space. If A(E) = CNo or Ay(E) = CN°, then E
is (isomorphic to) a subspace of w.

Proof. Of course, we can assume that F is infinite-dimensional. Besides, since A(F) C
Ay(E), we just have to prove the result when A,(E) = CNo.

By Proposition this implies that, for all bounded set B of E and all absolutely
convex 0-neighbourhood U of E, there exists n € Ny with 6, (B,U) = 0.

If E is not isomorphic to a subspace of w, it means by Proposition that there
exists a continuous seminorm p on F for which E/ker p is infinite-dimensional. Conse-
quently, we can find a sequence (Zy,)men, of linearly independent elements of E/ ker p.

Next, we choose a sequence (Ym)men, it E such that z,, = ®,(ym) = ym + kerp for
each m € Ny. Moreover, we take a sequence (Ap,)men, in (0, 00) for which

B :={\pym : m € Ng}

is bounded in E. By assumption, there exists n € Ny with 6,,(B,U) = 0, where U =
{z € E: p(x) < 1}. Then, by Proposition we have

0 < 6,(2,(B), ®,(U)) < 6,(B,U) = 0.

By the previous proposition, this implies that span(®,(B)) is at most n-dimensional.
Hence a contradiction. ]

Remark 4.2.9. In the same way as in Remark [4.2.5] we can precise the previous result
if E is Fréchet. Indeed, if A(E) = CY° or Ay(FE) = CNo, then F is a closed subspace of
w: either it is finite-dimensional, or it is isomorphic to w (cf. [10]).

In summary, the only metrizable spaces E for which A,(E) = CN° are exactly — up to
isomorphism — the subspaces of w, and they all verify A(E) = CN°. And, more precisely,
w is the unique — up to isomorphism — infinite-dimensional Fréchet space E verifying
Ay(F) = CNo (and for which we also have A(E) = CMo).

In particular, this means that it is impossible to find a metrizable locally convex space
E such that

A(E) ¢ CNo and  Ay(E) =CMNo,

This explains why we cannot imitate the arguments of Theorem [.1.10] in metrizable
spaces. For this reason, we do not know whether it is possible to construct metrizable
counterexamples to our open question. Consequently, this problem remains open for such
spaces.

These last results conclude the first part of the present thesis, dedicated to the diame-
tral dimensions A and A and their equality. In the next part, we will use some notions
presented in the previous sections (such as the diametral dimensions and the property
(ﬁ)) to pursue the topological study of the so-called spaces S”.
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Part 11

Applications to spaces S”
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Chapter 5

Definition and main properties of
spaces S”

As explained previously, spaces S” were defined in the context of multifractal analysis
in order to determine (or at least approximate) the spectrum of singularities of a given
signal. But some notions of topology were then needed to certify that “most of” the
signals (for instance, in the sense of prevalence) belonging to S” have a spectrum of
singularities equal to (a variation of) v (cf. [3] for more details and explanations). In
this work, we will focus on the functional analysis aspects of spaces S”.

Although spaces S¥ were introduced to study functions, Jaffard defined them thanks
to their wavelet coefficients in a wavelet basis ([I7]). In fact, the required conditions in
the definition of spaces S” are independent of the choice of the wavelet basis, so that
spaces S” can be seen as sequence spaces.

In this chapter, we provide the definition of sequence spaces S and their main topo-
logical properties, which are needed to study the diametral dimensions and the property
(ﬁ) in the context of such spaces.

5.1 General definition and topology of spaces S

First of all, we present some notations used to introduce spaces SY. In fact, coefficients
in wavelet basis are not indexed by “traditional” natural numbers, but by a binary tree.
More precisely, we will consider sequences indexed by the set

A={(j,k)eNj: k<2 —1}.

Moreover, in the following, we will need an order on A: we endow A with the lexico-
graphical order, i.e.

(J1, k1) < (Jo, k2) = (1 <g2) or (j1=yJ2 and ki <ko).

This order naturally leads to a canonical identification of A with Ny, which will be used
several times when we will study the diametral dimension of spaces S”.
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Then, we consider the set of all complex sequences indexed by A.:
Q:=Ch.

In order to distinguish elements of €2 from usual sequences indexed by Ny, we will denote
them by symbols with an arrow, such as ¢.

The definition of spaces S* is based on the number of coefficients greater than a
precise lower-bound, which is formalized by the cardinality of the following sets:

Ej(C,a)(@) = {k € {0,...2) — 1} : [ejp] = C279},

where j € Ng, C' >0, a € R, and ¢ € Q.
Finally, let us explicit what the symbol v means:

Definition 5.1.1. An admissible profile is a map v : R — [0,1] U {—oo} which is
increasing, right-continuous, and for which amin := inf{a € R : v(a)) > 0} is a finite real

number0]

From now on, we fix an admissible profile v. Besides, we introduce the following
notation:
Omax = Inf{a € R: v(a) = 1} € RU{oo}.

In particular, this means that we have

v(a) = =00 if @ < amin;
v(a) €10,1) if  amin < @ < Omax;
via) =1 if a> apax.

Furthermore, we will also use the conventions 27 := 0 and 2% := oo. Now, we are
ready to define the space S¥ ([17]):

Definition 5.1.2. The space S¥ is the set of all complex sequences ¢ € () such that
Ya € R, Ve > 0,YC > 0,3J € Ny : Vj > J,#E;(C, a)(¢) < 2W(@+e)i,

Intuitively, a sequence c'is in S” if, asymptotically, the number of k such that |c; x| >
279 js smaller than 2¥(®)7. Another way to describe spaces S” is to use the wavelet
profile vz of a sequence € € Q, defined by

vg(a) := lim (hmsup(

e—0t j—oo

log(#E;(1,a + 6)(5)))
log(27) '

More precisely, we can quote the following property (cf. [4]):

Proposition 5.1.3. A sequence ¢ € € belongs to S¥ if and only vz(a)) < v(a) for every
a e R

10Here, we use the conventions that inf ) = co and inf(R) = —oo.
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Let us also mention that the set S¥ is a vector subspace of 2. As we will see below, S”
can be endowed with a natural topology which makes it a separable, complete, metrizable,
Schwartz, non-nuclear, topological vector space. For this, we need to describe the space
S¥ as a countable intersection of metrizable spaces, called ancillary spaces ([4]).

Definition 5.1.4. If « € R and g € [0,00) U {—o0}, the ancillary space E(a, ) is the
set

E(a, B) = {56 Q:30,0" > 0 such that #E;(C,a)(¢) < C'2% Vj € No}.

In this situation, the map

Qs (2,d) € B(e, B2 = inf {C+C': C,C" > 0, #E;(C,a)(@— d) < C"2% vj € No}

defines a metric on E(a, 3). Besides, it can be proved that (E(«, 3),ds,g) is a complete
metric space, the topology of which is stronger than the topology of pointwise convergence
(cf. [4]). Moreover, the link between the space S” and the ancillary spaces is the following
one ([4]):

Theorem 5.1.5. We have

SY = ﬂ ﬂ E(a,v(a)+¢) = m ﬂ E(an,v(an) +em),

e>0 aeR mENp n€ENg
where (€m)men, s a null sequence of (0,00) and (an)nen, s a dense sequence in R.

As announced above, the space S can be seen as a countable intersection of metriz-
able spaces, so we can use a classic construction in metrizable spaces to define a metric
topology on S¥ (cf. [4]):

Proposition 5.1.6. Let (€,)men, be a null sequence of (0,00) and (o )nen, be a dense
sequence in R. Then, the map

§ = i i 27m7n danv’/(an)"‘fm

m=0n=0 L+ dan,,z/(an)Jrsm

defines a translation-invariant metric on S¥. What is more, the space (S”,0) is a sepa-
rable, complete, topological vector space such that

(1) its topology is the coarsest one for which the inclusions S¥ — E(an,v(an) + €m)
are continuous for all m and n;

(2) a sequence is convergent (resp. Cauchy) in (SY,0) if and only if it is convergent
(resp. Cauchy) in E(an,v(ay) + em) for all m and n.

In this situation, we can wonder whether this topology depends on the choice of
the sequences (gm)men, and (an)nen,. In fact, it does not and, more generally, Closed
Graph Theorem for complete metrizable topological vector spaces provides the following

property:
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Proposition 5.1.7. All the complete metrizable topologies on S which are finer than
the topology of pointwise convergence are equivalent.

Therefore, from now on, we endow the space S¥ with the topology defined in Propo-
sition 1.6l

5.2 Concave profiles

When the profile v is concave, the description of the space S¥ — and its topology — is
more simple. To understand this, we just recall the general notion of pseudonorms:

Definition 5.2.1. Let E be a C-vector space and let p € (0,1] be given. A map
q: E —[0,00) is a p-seminorm if

(1) for all z € E and X € C, we have g(Az) = |Aq(x);
(2) forall z,y € E, q(x +y)P < q(x)” + q(y)"-

If, furthermore, ¢(z) = 0 = x = 0, then ¢ is a p-norm. If p = 1, then ¢ is a (semi)norm.
In general, a pseudo(-semi)norm is a p-(semi)norm for some p € (0, 1].

For instance, if X is a countable set and p > 0, the space [,(X) is a complete
min(1, p)-normed space (more details, especially when p < 1, can be found in [19] 20]).
Besides, we can mention the following property (|16}, 24] 28]), which is quite important
for the following:

Proposition 5.2.2. If p,q > 0 are such that p < q and if X is a countable set, then

[p(X) € 1g(X)

and [|-[]1,x) < -l x) on 1p(X).

Pseudonorms lead to the general notion of locally pseudoconvex spaces, in the same
way as seminorms define locally convex topologies:

Definition 5.2.3. Let p € (0,1] be given. A topological vector space E is locally p-
conver if its topology can be defined by a fundamental system of p-seminorms. It is
locally pseudoconvex if its topology can be defined by a fundamental system of pseudo-
seminorms]

We will see later that the space S” is always locally pseudoconvex and, sometimes,
locally p-convex for a particular p.
Now, we can define Besov spaces:

11n particular, two pseudo-seminorms of the topology of E are not necessarily p-seminorms for the
same p.
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Definition 5.2.4. Let p > 0 and s € R be given. The Besov space by , 1s the vector
space

1
9i _1 /p

b oo =S €€ Q:[|éllpy = sup AGL Z|cjk|f? <00y,
J€Np

endowed with the min(1, p)-norm ||.|[ss . Moreover, we also define the space

b0 = {56 Q:|cllps, = sup sup (2Sj\cj7k|) < oo},
J€ENo 0<k<27 —1
endowed with the norm H'”béo,oo
Some inclusions between Besov spaces are already known (I} 4]):
Proposition 5.2.5. Let p,g > 0 and r,s € R be given.
(1) If p<gq ands—f >r—f then by o, C by o, and

-l 00 < 1l-llbg o

q,00 —
on by
(2) If p < q, then b ., C by o, and

Mo o < -1l ..

p,00 —
S
on by o

When v is concave, S” can be described as a countable intersection of Besov spaces,
with parameters linked to the concave conjugate of v (which actually corresponds to the
Legendre transform of v):

Definition 5.2.6. The concave conjugate of v is the map

n:p>0— inf (ap—v(a)+1).

Q> 0min
The main properties of the concave conjugate 1 of v are the following ones ([4]):
Proposition 5.2.7.
(1) The map p >0 — @ is decreasing.

(2) The map p >0 % — % is increasing.
(8) The profile v is concave if and only if

v(a) = ;gg{ap —n(p) +1}

for each o > aumin-
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Now, we can consider the following useful result ([4]):

Theorem 5.2.8. Let (pp)nen, be a dense sequence in (0,00) and (em)men, be a null
sequence of (0,00). Then

SY C ﬂ ﬂ bg(é’o)/i’_s = ﬂ ﬂ bZ(Pn /Pn—em

p>0e>0 neNg meNg
and this inclusion becomes an equality if and only if v is concave.

As a consequence, when we consider a concave profile v, we just have to study spaces

of type
ﬂ ﬂ bgflpn /Pn— Em

neNg meNg

In Chapter [6.1] we will provide some new techniques to determine the diametral dimen-
sion of such intersection spaces. We will also show how to use these methods to study
the property (Q) in the context of this particular type of spaces S”.

5.3 Local pseudoconvexity

When v is not concave, the description of the space S” is not so “simple”, even if its
topology can be also described thanks to some Besov spaces (see below). Actually, this
description will prove that such a space is always locally pseudoconvex and we will see
under which conditions it is even locally p-convex.

In fact, these results originate from a property of the concave conjugate n of v. Indeed,
in [1], Aubry and Bastin define the convezity indez of S” by

=infq1 inf ot
po ln { ,aminglg<oémax7 V(a)}7

M is the right-inf derivative of v. Then, if pg > 0,

where 0T v(a) = liminf,_,q+
they show that
n(p) _ n(po)

_— = amax

p bo
if 0 < p < pdt? Using Proposition (2) for a concave profile v, this implies that

N

p=>po €>0

so that S” is at least locally pg-convex. This consideration can be generalized to non-
concave profiles ([1]):

Theorem 5.3.1. The space S” is not p-normed for any p € (0,1]. Moreover,

121n particular, cumax is always finite in that situation; this fact will be important in the following.
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(1) if po > 0, then S” is locally po-convez;
(2) if po < 1, then S” is not locally p-convez for any p € (po, 1].
In particular, S¥ is a Fréchet space if and only if po = 1.

When py > 0, the topology of S¥ can be described by sums of Besov spaces. To
explain this, we use the same notations as in [2]. If o, s € R, we define on bS, o + by,
the pp-norm

i

@las = inf {1 s, ., + 11 ]eg, o, 5= + 7}

P,

Next, we consider the set
U:={(A,e): A:={aq < ... <ap} C (—00, Omax), € > 0}
and we define an associated pp-norm

H|5”|A,s = Sup ||a\al—a,al—e+(1—y(al))/po-
1<I<L

In the following, we will denote by B4 . the closed unit ball associated to ||| 4.
Then, we have the following result ([2]):

Theorem 5.3.2. If po > 0, a fundamental system of po-norms of S¥ is given by the
family of po-norms |||.||a,c, where (A,e) € U.

We will use this description of the topology of S in Chapter [7] to determine its
diametral dimension and to prove that it has the property (ﬁ)

When pg = 0, then S is locally pseudoconvex, but not locally p-convex for any p
(I2]). In this situation, the topology of S” is described by the same kind of pseudonorms,
except they do not have a fixed convexity index ([2]):

Theorem 5.3.3. Let (an)nen, be a dense sequence of (aumin — 1/2,00) and (em)men, be
a null sequence of (0,00) and assume that pg = 0. Then, the topology of S* is defined by
the family of pseudonorms

e, . := inf {||C'||b§gfoo F [ lygmn €=+ C"} )

where m,n € No, ppy -

— Em —
T 2(an_amin+1) and Sm’” = On +

5.4 Diametral dimension and spaces 5"

As explained in the introduction, we do not know whether spaces S¥ are isomorphic. Of
course, the convexity index can be used to distinguish such spaces, but we do not know
what happens for two spaces S” with the same convexity index.
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This is the reason why the study of some topological invariants in the context of
spaces S” could be interesting. Actually, in [2], Aubry and Bastin determine the formula
of the diametral dimension of locally p-convex spaces SY: if pg > 0, we have

A (SV) - {f e CNo . vs > 0, (gn(n + 1)78)7161\10 < CO} ’

This result can be used to prove that such spaces are Schwartz and non-nuclear, but it
is already known that every space S” (even locally pseudoconvex) is Schwartz (cf. [2]).
For the non-nuclearity, Theorem brings a proof when py = 1. Nevertheless, when
po < 1, the situation is more complex. Indeed, there is no clear definition of nuclearity
for non-locally convex spaces (cf. [2, 22])|] so that we can consider S” to be non-nuclear
by default in that case.

The reader can also remark that the diametral dimension above is the same for
all the locally p-convex spaces S¥, which implies that it is impossible to topologically
distinguish them thanks to this invariant. Another idea is to use the diametral dimension
Ayp. However, it is easy to see that

{5 e CNo:vs >0, (§n(n + 1)75)n€N0 € co} = {f e CNo . vs >0,

(En(n + 1)_S)TL€NO < loo} ’

which implies that

A(SY)=A>(SY).
Therefore, using a simple adaptation of Theorem we obtain:
Theorem 5.4.1. If pg > 0, we have

A7) = 8y (8*) = {€ € C¥ 1 ¥s > 0, (guln + 1))y, € 0}

This unfortunately means that Ay is itself unhelpful to distinguish spaces S¥. Nonethe-
less, given its links with the diametral dimensions (cf. Proposition , we decided
to study the property (ﬁ) in the context of spaces SY. This pushed us into considering
two different situations ([12]).

1. When the profile v is concave, spaces S” take a particular form, which is easier to
manipulate. With this assumption, we will obtain an extension of the formula of
the diametral dimension of spaces S¥ to some non-locally p-convex ones. Moreover,
it appears that the techniques used in that context can also be used to prove that
these spaces have the property (ﬁ)

2. When pg > 0, the techniques developed in the previous point can be adapted to
provide another proof for the formula of A (S¥) and to show that spaces S¥ verify
the property (Q)

13In these papers, it is explained that taking the locally convex definition of nuclearity or the char-
acterization from Theorem [1.2.10] as a definition of nuclearity in locally pseudoconvex spaces actually
implies the local convexity.
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These different developments will be presented in the next two chapters. However,
we already point out the fact that (Q) cannot distinguish the studied spaces S¥ either,
since they all verify it.
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Chapter 6

The concave case

From now on, we assume that the admissible profile v is concave. Therefore, using
Theorem we know that
SY = ﬂ bn(pn)/pn_gm7

Pn,0
neNg meNy

if (pn)nen, is a dense sequence in (0,00) and (€,)men, is a null sequence of (0, c0).
Without loss of generality, we will assume that

1
Em 1= o and {pn:n €Ny} =Qn(0,00) =: QT .

To simplify the notations, we also put

As far as the topology of S” is concerned, Theorem implies that it is the coarsest
one for which the inclusions
SY s bbn” m

Pn,00

are continuous. Therefore, the topology of S¥ is defined by the family of pseudonorms

27 1 1/pi

R .
P@) = sup ] 1o, = sup sup |25 7)d (e} |
iel bp 00 iel jeNg o

where m € Ny and [ is a finite subset of Ng. The closed unit ball associated to P7(nl ) will
be denoted by
B

Py

Our purpose is to determine the diametral dimension of S* (independently of develop-

ments from [2]) and to check if it verifies the property (€2) or not. Unless otherwise
specified, the results presented in this chapter come from [12].

93
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6.1 Diametral dimension

In order to calculate the diametral dimension of S¥, we will follow some developments
presented in Kothe spaces (cf. Proposition [1.3.5)) to approximate Kolmogorov’s diame-
ters. Indeed, some weights of the form

(27 k)eh

with a € R, explicitly appear in the pseudonorms above. However, unlike K&the spaces,
these weights are not indexed by natural numbers, but by the binary tree A. Con-
sequently, we will use the lexicographical order of A to define an enumeration of the
weights.

More precisely, the idea is to define indexes on A: we decide that (0,0) is the couple
of index 0 in A and, after, we index the other couples of A by following its order. For
instance, the couples (1,0), (1,1), (2,0), and (2,1) will be respectively indexed by 1, 2,
3, and 4.

Then, we define the natural number j(n) as the first component j of the couple (j, k)
of index n € Ny in A. In other words, j(n) is the first component of the (n+ 1)-th couple
(j, k) of A, according to the order of A and beginning with (0,0). It is illustrated in the
next figure:

j=0 (0,0)
JO)=0"

Figure 6.1: The first couples of A, crossed according to the order of A, and the associated
scales j(n).

Hence, the (n + 1)-th component of the sequence (2°7)(; ryea is 209" Tn order to
determine the precise value of j(n), we consider the following result ([I1]):

Lemma 6.1.1. If n € Ny, then j(n) is the unique natural number verifying

20 1 <p < MF _ g
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Proof. If (j, k) is the couple of index n € Ny in A, then we know that j(n) = j. More
generally, all the couples of the form (j,%") € A are associated to an index n’ € Ny such
that j(n') = j. So, to conclude, we just have to count the number of couples of the form
(j, k), for a given j € Ny, and to determine the corresponding indices.

For this, let us have a look at the first couples of A (cf. Figure .

1. If j = 0, there is only one corresponding couple, namely (0,0), with an index equal
to 0. It verifies 5(0) = 0.

2. If j = 1, there are two associated couples: (1,0) and (1,1). Besides, their indices
are respectively 1 and 2, so j(1) = j(2) = 2.

nd (2,3),

3. If j = 2, we have four couples, (2,0), (2,1) ), a ,
4) =3(5) =

, (2,2
3, 4, 5, and 6. Consequently, we have j(3) = j(

with respectlve indices
j(6

)=

By induction, if j € N is given, the couples of A of the form (j,k) are indexed from
14+24 .42 t02+...4+ 2, ie. from

27 —1 ; 27 —1
=2/ -1 to 2

— 9i+1 _
2-1 2-1 2 2

Also remark that this remains true if j = 0. So, this means that for the indices n € Ny
such that 2/ — 1 < n <29+ — 2 we have j(n) = j. Hence the conclusion. O

In the following, we will also consider the unit sequences (ﬂ) € Q, with (j,k) € A,
the components of which are equal to 0, except the component (j, k) which is equal to 1.

Now, we are ready to study the diametral dimension of S¥ with, first, an upper-bound
for some Kolmogorov’s diameters:

Proposition 6.1.2. Let m, kg € Ng, with kg > m, n € Ny, and o finite subset I of Ny
be given. Then, we have

Proof. Let c€ B We consider the projection P, : S¥ — S” onto the linear span of

P
the first n vectors ej_fg (according to the order of A and beginning with eq 0) Then, since
we have

(€— Pn(g))j,k =
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if j < j(n), we obtain

21 1/pi
i1 _ i i
PO (= Pu(@) = sup sup |20 57 [ 3 |@— po(@),, |
i€l jeNg =0 ’
[ o ' 921 1/pi
< sup sup GO > lejil”
i€l j>j(n) =0
[ o ‘ 21 1/pi
= sup sup 2(5k075m)j2(pi_p7_8k0>] Z |cj,k Di
i€l j>j(n) k=0
< 2(8ko—5m)j(n)p]g) (@
< 9(erg—em)i(n)
Therefore, we have
&= (C= Pu(@) + Pu(e) € 260 =miMB 1) 4 P, (SY)
and we conclude because dim (P, (S")) = n. O

This first result implies an inclusion for the description of the diametral dimension
of S”.

Corollary 6.1.3. If v is concave, we have

{€€C™:vs>0, (Galn+1)7),0y €0} S ASY).

n€eNg

Proof. We fix m € Ny and a finite subset I of Ny and we take kg > m. By Lemma [6.1.1
we have (n+2)/2 < 27 for any n € Ny. Consequently, the previous proposition implies
that

—em)j n 42\ oo - -

Hence the conclusion. O

However, the other inclusion is not so easily obtained. Indeed, for this purpose, we
have to find some finite index sets I C Ny and some m € Ny for which we have a “suitable”
lower-bound for diameters of type

On <BP,§;>’BP,S{)) ;

where kg > m and J is a finite subset of Ny with J O I. But, in that situation, we have
to compare (pseudo)norms of type [, with different p, which was not the case in Kéthe
spaces.
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In that context, we will use the following general result ([26]), which brings a lower-
bound for Kolmogorov’s diameters and which is called Tikhomirov’s Theorem. Remark
this can be easily generalized to p-normed spaces.

Proposition 6.1.4. Let (E,|.||) be a normed space, U be the closed unit ball of E, and
B be a bounded set of E. If there exist 6 > 0 and a projection P : E — E with |P|| <1,
dimP(E) =n+1, and

§UNP(E) C B,

then 6,(B,U) > 0.

Proof. Assume that §,(B,U) < §. Then, we take 6y > 0, with §,,(B,U) < dy < 9, and
L € L,(F) such that
B C U + L.

Since F is Hausdorff, P(L) is a closed proper subspace of P(E). Therefore, there exists
x € P(E)\ P(L) and € > 0 such that

{y € P(E):[lz —y| <e} € P(E)\ P(L).
In particular,
Ai=inf{|lx —z||: z€ P(L)} > e > 0.
Next, we choose zg € P(L) such that

A0
Ao = Hx — Zo” < 57
0

Using the facts that P(U) C U by assumption and that P is a projection, we obtain

UNP(E)=PUNP(E)) C~P(B) C 5—0P(U) +P(L) C %OU + P(L).

o
Therefore, there exist w € U and z € P(L) such that

ST

This implies that ||z — 20 — Moz|| < Ao(d0/d) < A. But, by definition of A and by the fact
that zo+ Moz € P(L), we also have ||z —29—Xoz|| > A, which leads to a contradiction. [

Now, we have to construct some index sets — on the basis of the previous proposition
— which will lead us to the formula of A(S”), as explained above. Nonetheless, the
construction we will present needs an assumption on the asymptotic behaviour of the
map p > 0 — n(p)/p around 0. For this, we consider the following lemma:

Lemma 6.1.5. We have
i 1P)

p—0t P

- amax .
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Proof. Let L be the limit lim,_,o+ 1(p)/p, which exists since the map p > 0~ n(p)/p is
decreasing. Now, we distinguish two different situations:

1. If apax is finite, we have

TI(P) = inf (Oép - V(a) + 1) < OmaxP — V(amax) + 1 = amaxp,

OCZOCmin

s0 L < amax < 00. Moreover, by Proposition we have
v(a) = inf{ap —n(p) + 1} = inf {p(a — n(p)/p) + 1} =1
p>0 p>0
if @« > L, because n(p)/p < L for any p > 0. Thus amax < L and L = appax.

2. If apax is infinite, then L is also infinite. Otherwise, we apply Proposition in
the same way as in the previous paragraph and we obtain ap.x < L < 0o again,
which is impossible.

Hence the conclusion. O

In what follows, our construction of some finite index sets will need the map p > 0 —
n(p)/p to be bounded around 0. According to the previous result, this means that we
will assume that apmay is finite. As explained in Section [5.3] this is particularly the case
when S is locally p-convex.

Nevertheless, there also exist some concave profiles v such that aay is finite and S”
is only locally pseudoconvex. It is for instance the case for

—oo if a<0,
v:aeR— I1—(a=1)2 if 0<a<l,
1 if a>1,

since it is easily verified that pg is then equal to 0. In particular, this explains why the
next developments will bring an extension of the formula of A(S") to some non-locally
p-convex spaces.

However, the assumption that amax is finite is not always verified, as illustrated by
the following concave profile:

—oo if a<0,

UI:QGRH{ 1—e @ if a>0.
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y = vo(a)

y=wvi(a)

Figure 6.2: Representation of the profiles vy (blue) and vy (red)

Therefore, it will remain some concave profiles v for which we do not know the exact
expression of A(SY).
Now, we are ready to present the announced construction of finite index sets.

Construction 6.1.6. We assume that ama, < 0o and we fix e € Q. Then, we construct
the index set I. by the following procedure:

1. Since the map p > 0 — n(p)/p is decreasing and admits a finite limit for p — 0T
and since the sequence (pp,)nen, is dense in (0, 00), we can choose ig € Ny such that

Dig

1
2. There exists [ € Ny such that le < — < (l4+ 1e. If 1 > 0, we define i, € Ny for

Pig
ke{l,..1} by
1 1
— = — —ke.
p’ik Dig

3. We put I := {ig, ..., i}

The introduction of such index sets I is in fact justified by the following proposition,
which corresponds to the inclusion needed in Tikhomirov’s Theorem (Proposition [6.1.4)
to obtain a lower-bound for Kolmogorov’s diameters:

Proposition 6.1.7. If amay is finite and if n € Ny and ¢ € Q" are given, then there
exists i € I. such that, for all m € Ny and ¢ € §”,

21 1/pi
(_L_;'_ _ ) i .
Hé“bp;l,sm S Sup 2(171 P E€—Em )] E |Cj7k|pz ,
Pn,o0 J€Np k=0

where the right-hand side takes its values in [0, o0].
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Proof. Referring to the definition of the set I, we consider three different cases.

1. If p,, < pj,, Proposition gives

1/pi
o f271 0
e (P! > leul
Pig-o° J€Np
[ 1/ps
291 0
A W )
_ SEUI\II) 2((pn on) Piy— Pig Z |C k’pm
J 0

1 .
(IU/ L te—e )j 2] .

in P TETEmM )

< sup 2 0 Pig E ‘Cj’k|on

J€No

by the first point in Construction

2. If piy < pn < pj;, there exists t € {0,...,1 — 1} with p;, < p, < p;,,. In the same
way as in the previous paragraph, we obtain

((P’ Py, )P ) S .
n iy 41 Pa, Di
el e < sup |2 > lesale
j€No
(p’ 1 ) . [27-1 UPisa
< sup |2\ P E |cj [Pt ,
J€No

since Proposition gives

A < /]
pn pit+1 —pit pit+1

() (s o
" Di, R Piia Pi, Piiya

1 1
< = _

o Dis pit+1
= €.
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3. If now p, > p;;, Propositions [5.2.2] and [5.2.7] lead to

2 _1 1/Pil
(v Z
HEHbZ’" €m < SuNp 2 " Pn |Cj k|p”
j€No
) 2j 1 1/pil
A ) j ;
< sup 2(le ™) E ’Cj,k‘p”
JeNo k=0
2 _1 1/Pz'l
< sup |2 2l > leial
J€No
- . Ln:
Y (P /Pi,
< sup |2 WA Z
JeNo k=0
i 1
i ()
i1 o —cm .
S Su]\l? ) Py |Cj,k:|pll
J€No

since, by Construction [6.1.6, we have 1/p;, < e.

Hence the conclusion. O

Combining Propositions and [6.1.7] we are now ready to find a lower-bound for
some Kolmogorov’s diameters in S¥:

Proposition 6.1.8. Let m, kg € Ny, with kg > m, and ¢ € Q" be given. If amay is finite
and if J is a finite subset of Ng such that J 2 I, then we have

5 (BPIE(‘)I)’BR(J”) > 9(ery —em—e)j(n)

for every n € Ny.
Proof. Let Pyyq : S¥ — SY be the projection onto the linear span of the first n + 1
vectors @z (beginning with m).
Of course, BPU) is a bounded set of the (pseudo)normed space (S” (IE)) and we
have
PY (P () < PO
for each ¢ € S”. Therefore, by Proposition we just have to show that

2(€k0—€m—5)j(”)BP7(r{5) N Py (SY) C BP,EOJ)'
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Equivalently, we will get the conclusion if we prove the following inequality on P, 41 (S¥):

P < glemteeug)ith pi)

But, for any ¢ € P11 (S”), Proposition gives

21 1/pi
=L ie—gyp )j )
P)(@) < sup sup AU > lejul”
iel. jeNg e
. / 1 . 2].71 1/pi
= sup sup 2(‘5”*5*5’“0)32(1)"_5_%)] Z ¢kl
i€l j<j(n) k=0
. 1 (21 Vs
< 2(8m+a—ak0)](") sup sup 2(pi7p77;7€m>] Z ’Cj,k‘pi
1€le j<j(n) k=0
= 2(emte—en)i(n) plle) ()
and we are done. O

This last result provides the other inclusion for the diametral dimension of S”.

Theorem 6.1.9. If v is concave and if amax @S finite, then
A(SY) = {{ e Co Vs >0, (&(n+ 1)78)71GNO € co} :

Proof. Let £ € A(S”) and s > 0 be given. We choose m € Ny such that ¢, < s/2 and
we consider the index set I. with € := &,,.

By definition of the diametral dimension, there exist kg > m and a finite subset J of
Np, with J D I, such that

<€n5n <BP(J)’BP<IE>>> € Cp-
ko m n€eNg

Moreover, the previous result gives

5. < By, BP&)) > 9(erg—em—2)i(n)
9(erg—2em)i(n)
9—2emj(n)
n+1)"%m

(
(n+1)7%,

because 2/(") < n + 1 by Lemma, Therefore, (§,(n +1)7%),cn, € co- We conclude
by Corollary [6.1.3] O
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Consequently, as explained before, we have just extended the formula of A(S") given
in [2] to some locally pseudoconvex spaces S” (in fact, to the spaces S¥ with v concave,
Qmax < 00, and pp = 0).

However, it appeared that the index sets I. can be also used to prove that the associ-
ated spaces S” verify the property (ﬁ), as we will see in the next section. This explains
why we will adapt Construction in the context of locally p-convex spaces S” in
Chapter [7] Indeed, we will see there that these adapted arguments not only provide
another technique to obtain the formula of A(SY) (different from the proof in [2]), but
they can also be used to show that such spaces have the property (ﬁ)

6.2 Property (ﬁ)

As we saw in Section property (ﬁ) is defined by means of dual norms. Unfortunately,
this implies that its definition is in general not easy to handle, especially when we consider
some pseudonorms as in the case of spaces S”.

This is the reason why we decided to use a characterization of this property, based
on some inclusions between 0-neighbourhoods (cf. [24]):

Theorem 6.2.1. Let E be a Fréchet space and (Uk)ken, be a basis of 0-neighbourhoods
in E. Then the space E verifies (Q) if and only if

C
Vm € Ng dk € Ny Vj € Ny HC>O:UkQTUj+?UmVT>O. (6.1)

Nonetheless, this characterization is obtained thanks to Bipolar Theorem, so that
we do not know whether 1D remains equivalent to (ﬁ) or not when we consider non-
locally convex spaces. Therefore, in order to distinguish from (ﬁ), we will denote
the property by (€iq), according to the notations used in [36].

Now, we will use index sets I, — and more precisely Proposition [6.1.7]— to prove that
the considered spaces S” have the property (Qiq).

Theorem 6.2.2. If v is concave and if amax is finite, then S¥ verifies the property (Cq).
In particular, if v is concave and SY is locally convez, then it has the property (Q)

Proof. Let m € Ny and a finite subset I, of Ny be given. Then, we choose kg > m such
that ey, < &,,/2 and we define Iy, = I. U I, with € := €., /2 — €k,

In that context, we fix jo € Np, a finite subset I;, of Np, and » > 0 and we prove the
inclusion

1
BP(I’%) S 1B + ;Bp'r(nlm).
ko Jo
For this, we consider two different situations.

1. If r <1, we clearly have

1 1
B CB C-B CrB -B .
P}iéko) = Dpiim) = D piim) = R;;](Q + P piim)
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2. If r > 1, we choose J € Ny such that 2% <pr < 2% Ut Fora given ¢ € B (Ig)
k
we put ’
J 2i— o 27-1
=) Z cGreih and o Gi= ) )l
j=0 k=0 j=J+1 k=0
Therefore, since I. C Iy, and € + €k, — €j, < €m/2, Proposition implies that
; 21 1/pi
P( ]O)(c ) < supsup 2< bt %)j Z |cjrlP
ZEIE ]<J k=0
9i_1 1/pi
< sup sup |2k~ cio)ig(Pi= 3, %0l
1€l j<J
. ' 21 1/p;
i€l 5<JT _
5'm I
< JP( ko)(—»)
<.
Thus we have ¢; € rB JRUNE Besides, because I, C I, and ek, < €,,,/2, we also
JO
have
. ‘ 21 1/pz‘
PUn)(c3) = sup sup 9(Pi~p; —Em)i Z |cjk|P?
i€L, j>J+1 0
9i_1 1/pi
< sup sup oery—em)ig(Pi= 5 ~Eko )i Z |cj i P
i€lyy > J+1 =0
_ /1 (2l e
< 27U qup sup |27 w0 > lejel”
i€l j>J+1 ’
J+1) pUkg)
<272 HUp (@)
1
S —
r
S0 C3 € %B plIm)- Subsequently,

1
C=c+c€rB g )+ -B_ 1,.).
1+ c2 Pjgoj()) P plim)
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Hence the conclusion. O

In particular, we have just shown that locally convex spaces S¥, with v concave, verify
the property (ﬁ) Therefore, we can wonder what happens for locally convex spaces S
without the assumption that v is a concave profile.

In fact, as explained before, we will see in the next chapter that they still have the
property (ﬁ) and, more generally, that every locally p-convex space S” has the property
(Q4q). Consequently, these developments will extend the previous theorem to locally p-
convex spaces SY, but we recall the fact that Theorem is also valid for some locally
pseudoconvex spaces SY.
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Chapter 7

The locally p-convex case

In this chapter, we no longer assume that v is concave. Besides, from now on, we suppose
that

=inf<{1 inf +
po m { ’aminslral<oémaxQ V(a)} >O,

so S” is locally po-convex. From Section [5.3] we recall that the topology of S is given
by the pseudonorms

el

Ae = 121& €0l —e 01—+ (1=(a)) /po

where A = {aq,...,ar} and ¢ are such that (A,e) € U (i.e. a1 < ... < ap < Qmax and
e > 0) and

chalfs,alfs+(1fu(az))/p0 = inf {Hclubg;} + ||C”"b;éfonr(l*V(al))/p() 1C=c + C”} .
Moreover, we point out the fact that we have

|llops = sup  sup (2019 )
0% jeNy 0<k<2i—1 ’

and

i 1/po
o 21

. BRI CTIAY

| a—et vt /my = SUP 2<al ) E | [P

bl S . i
' j€No k=0

As explained previously, we will adapt the construction of the index sets I, presented
in the previous chapter to prove that S* verifies the property (£2iq). We will also show
that this new construction can be used to obtain the expression of A(SY) with other
techniques than those used in [2].
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7.1 Diametral dimension

CHAPTER 7. THE LOCALLY p-CONVEX CASE

In the same way as in Section [6.1] we can easily obtain a first inclusion for the diametral

dimension of S¥, which was already proved

in [2]. But, before this, we make a small

remark, which is straightforward but important for the use of the pseudonorms of S¥:

Remark 7.1.1. Let o,s € R, J € Ny, and ¢ € € be given. If ¢j;, = 0if j < J, then

+ 11l

P,

@las = inf {11l .

d+ ;k—cjk—Olf]<J}

—

Proof. Indeed, if ¢jr = 0 when j < J and if ¢ = ¢/ + o , then the sequences

oo 291 co 29-1
Gi=) )y and &= Y e
j=J k=0 Jj=J k=0
are such that ¢ = ¢ + ¢3 and
I€illeg, o + lI€2llsg, oo < l1€llbg, o + Hc//||bz0 .

O]

This leads to the following lemma ([2]), which is useful to compare two pseudonorms

of SY:

Lemma 7.1.2. Let (A,e) € U, & € (0,¢), €€ S”, and J € Ny be given. If ¢j, =0 for

every j < J, then

Proof. Assume that c;j = 0if j < J and that ¢ = J+ c”,

Then, fix o € A. We have

It Hba - =sup sup
Jj2J 0<k<2i-1

=sup sup
J>J 0<k<2i—1

< 26|

< 2(&’—5

e e

with ¢

=l =0if < J.

(21 a)

(2(6/—5)3'2(&—5')3"07].’ k|)

b(l E
and
[ 9i_1 1/po
e lya—e+0-vtnrrmo = sup AC Z | P
[ ) 2i_1 1/po
i (a—e— (Ot
=sup 2702 e
< 2(5’75)

L
L
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Therefore,

191g, + 1 g -cra-stenimg < 25 <||c’||bgo_g T ||c~\b;(;i+u_y<a»/m) ,

which gives the conclusion. O

Using this tool, we are now ready to obtain an upper-bound for Kolmogorov’s diam-
eters:

Proposition 7.1.3. Let (A,e) € U and €' € (0,¢) be given. Then, for each n € Ny, we
have '
571 (BA,a’; BA,E) < 2(5 75)](71).

Proof. Let P, : S¥ — 5" be the projection onto the linear span of the first n vectors @Z
(beginning with 6770)) and let us take ¢ € B4 . Then, the sequence ¢— P, (¢) is such that
(€= Pu(€))jr = 01if j < j(n). Therefore, we get

2= Pa(@llae < 2€=Oc— P@llaer

by the previous lemma. Since |||¢ — P, (¢)||

Ae <||€]lae <1, we obtain
Z=(C— Py(2)) + Pu(&) € 2"~ B, . + P, (5).
Hence the conclusion. ]

Corollary 7.1.4. We have

{g €T Vs > 0, (Eu(n+1)7*),cn, € co} C A(SY).

neN

Proof. Tt is clear, because if (A,e) € U and &’ € (0,¢) are given, we get, by the previous
result and by Lemma [6.1.1

n+ 2

e'—e
0n (Baers Ba) < 279900 < ( > <2 (n+1)"¢

for each n € Ny. L]

For the other inclusion, the idea is the same as in Section [6.1} we will construct some
suitable index sets to use Tikhomirov’s Theorem ([12]).

Construction 7.1.5. Let €9 > 0 be given. We define a finite subset A, of (—00, dmax)
according to the following procedure:

1. We choose a1 € (—00, aumin)-

2. There exists L € N such that aq + (L — 1)eg < amax < a1 + Leg. For 1 € {1,..., L},
we put a; := oy + (I — 1)ep.
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3. We define A, := {au,...,ar}.
In the same way as in Proposition [6.1.7] we have the following inequalities:

Proposition 7.1.6. Let o € (—00,amax) and €',e0 > 0 be given. Then, there exists
o € Ag, such that, for every ¢ € Q, we have

v (O/—M)j 271 1/p0
L lellyo—er+a-vtonsm < Sup 2(e0—<ig\* ™ "ro > lejklP ;
o e k=0

2 Wl < sup [2(50—6%2&’]'( sup m)]

J€Ng 0<k<2i—1
where the right-hand sides both take their values in [0, cc].
Proof. We consider three different situations.

o If @ < a1 < Qpin, then v(a) = v(ay) = —oo and the first inequality is verified
when o/ = ay. Indeed, if = 0, then this inequality becomes 0 < 0 and if ¢ # 0, it
becomes oo < oo.

Besides, since we have o < a; + €9, the second inequality is also true.

o If @ > o, we have ar, < a < apmax < af, + €o by construction, so that the second

inequality is correct for o/ = a,. Moreover, since v is increasing, we obtain

a—s’—ﬂ §ozL+€o—s'—M <ap+4e—¢ — V<aL),
Pbo Po Po
which implies
() 2 _1 1/P0
e _vlep)Y:
18- viomo < sup |26 )T (5 o
PO, J€Ng k=0

e If o1 < a < o, then there exists [ € {1,..., L — 1} with oy < a < ayy1. Therefore,
we get a < a;+-¢q (by construction of A.,) and —v(a)/po < —v(aq)/po. In the same
way as in the previous point, this gives the two claimed inequalities for o/ = .

This leads to the conclusion. O

Thanks to these two inequalities, we obtain an upper-bound for the pseudonorms of
S¥ of the same kind as in Proposition

Corollary 7.1.7. Let o € (—00,max), €,&',60 > 0, and J € Ny be given. Then, if
¢ € Q) is such that c;, = 0 Vj > J, we have

|’5”04—6’,04—6’—&-(1—1/(05))/120 < 2(50+5)J|”51||A507€.
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Proof. We take the parameter o/ € A, provided by the previous property and two
sequences ¢ and ¢’ such that ¢= ¢ + ¢’ and c;-’k = c;.’,k = 0if 7 > J. Then, we obtain

jeNg 0<k<2i—1

= sup [2(50+55’)j2(a/5)j ( sup ’%,k‘)]
J<J 0<k<2i—1

i<J 0<k<2i-1

< 20t )

b oS
Likewise, we have
. 1
ey (21 /po
- AW — 7
"Nl ya—<r+(1-v@n/mo < SUD o G > Ikl
PO, jENo 5—0
. 1
, (el f271 /Po
s _Rne)_
= sup |2(0te—= )32(0‘ »0 5)] Z \c;-”k|p0
isJ k=0
i . 1
L e ] 271 /Po
< sup 2(€0+5)J2(a ) _€>J Z |C;'/k|p0
isd P

< 2 or—rtaviarime-
P00

Consequently, we have

1 g2+ Nl lyoer va-vianrmo < 2leore <HC,Hb§;,O§ + ”C,/"bg(;oiJr(lV(a’))/po) 7
which proves

Ha|a75’,a75’+(171/(a))/p0 < 2(€O+E)JHa‘a’fa,o/fer(lfl/(o/))/po < Q(EOJFE)J‘”EMAEO,&'
]

Now, we can use this property of the sets A, to obtain a new prove providing the
formula of A(S”). For this, we will use the following approximation of Kolmogorov’s
diameters:

Proposition 7.1.8. Let (A,e) € U, £ € (0,¢), and g9 > be given, with A., C A. Then
we have

On(Baer, B, ) > 270l

e0:f) =

for any n € Ny.
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Proof. Let Py : S¥ — SY be the projection onto the linear span of the first n + 1
vectors @Z (beginning with egg). If @ € P,y1(S¥), then cjr = 01if j > j(n) and, by
Corollary [7.1.7] this implies that

e < 20+ 4, .

Thus 2_(50+€)j(”)BA5075 N P,11(SY) C Ba and we conclude by Tikhomirov’s Theorem

(Proposition [6.1.4)). O

Finally, we obtain:

Theorem 7.1.9. If S” is locally po-convex (i.e. pg > 0), then
A(SY) = {5 e CNo:vs >0, (&n(n + 1)_S)TL€N0 € co} :

Proof. Let £ € A(S”) and s > 0 be given. We put € := ¢ := s/2. Then, there exists
(A,e’) € U such that ¢’ < e, A;, C A, and

(é-n(sn(BA@M BAEO’E))nENU € Cp.

But, by the previous result and by Lemma [6.1.1] we get
On(Baer, Bazye) > 27 0TI > (4 1)~ (0% = (5 4 1)77,
80 (§n(n +1)7%),en, € co- Hence the conclusion by Corollary |7.1.4] O

Now, we will use the parameter sets A, to study the property (€iq) in the context
of locally p-convex spaces S”.

7.2 Property (ﬁ)

As in the concave case, the locally p-convex spaces S¥ verify the property (Qiq) ([12]):

Theorem 7.2.1. The space S” verifies the property (q). In particular, if po = 1, then
SY has the property (Q)

Proof. The argument is exactly the same as in Theorem Actually, it is enough to
show this property:

1
V(A,e) € U, H(A,, 6,) eU: V(A”,s”) €U, Baroe CrBanen + ;BAﬁ vr > 0.

In that case, we fix (A,e) € U. Next, we choose ¢ > 0 with ¢/ < ¢/2 and we put
A= AU A, with g9 :=¢/2 — ¢’. Now, we take (A”,¢”) € U and r > 0 and we prove
the inclusion above.
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1. If » <1, it is clear because

1 1
Bare C© Bae C ;BA,E CrByren + ;BA,s-

2. If 7 > 1, we know there exists J € Ny such that 237 < r < 23U+ If g e Bar o,

we put
J 271 co 27-1
- — > —
= Z Cj.k€jk and = E Z Cj k€ k-
=0 k=0 j=J+1 k=0

Since A, € A" and g9 4+ ¢’ = £/2, Corollary leads to
lléillarer < 250+l a0 < 27 cHarer < 287 ||l arer < 237 <.

Besides, by Lemma and by the facts that ¢/ —e < —¢/2 and A C A, we

obtain
1= € ]_
llesllae < 269Gl 4o < 275 eflaer < 2750 <
r
Therefore, ¢ = ¢ + ¢35 € T’BA//7£// + %BAﬁ.
Hence the conclusion. O

In summary, in the last chapters, we proved that the spaces S”, with v concave and
Qmax < 00 or with pg > 0, verify the property (£2;q) and the equality

A(SY) = {5 e CNo:vs >0, (&nln + 1)_s)n6N0 < CO} '

As explained before, it is easy to verify that A(SY) = A®°(S") under these assumptions,
so that we also have

Ay(S7) = {5 e C0 s > 0, (Enln+1)""), 4y € co} .

Consequently, the property (£2;q) and the diametral dimensions A and A are unhelpful
to find some potential non-isomorphisms between spaces S.

Moreover, even though these last properties are valid for some “strict” locally pseu-
doconvex spaces S” (i.e. with pg = 0), there remain some spaces of this kind for which
we have no result about their diametral dimension(s) and the property (Qiq).

In fact, we did not manage to extend our arguments with the sets I, and A, to
general locally pseudoconvex spaces, despite of a similar description of their topology (cf.
Section . The main difficulty comes from the fact that the exponents in the general
pseudonorms of S¥ are umboumded@7 which makes the extension of Constructions
and to these spaces impossible.

In conclusion, in future research, it should be interesting to check if general locally
pseudoconvex spaces S” could have a different diametral dimension from what we found
or if they could not verify the property (€q). Furthermore, the study of some other
topological invariants could perhaps provide some non-isomorphisms between spaces S”.

1 Actually, we assumed amax < 0o in Chapter @to avoid this problem.
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Appendix A

Some important theorems and
applications to Kothe spaces

In this appendix, the reader will find some important results in Fréchet spaces and in
Kothe spaces which are used several times in the present thesis.

A.1 Closed Graph Theorem and Grothendieck’s Factoriza-
tion Theorem

In the theory of Fréchet spaces, Closed Graph Theorem is a useful result to prove the
continuity of a given operator. Some other versions/generalizations of this theorem are
known, such as De Wilde’s Closed Graph Theorem for operators from a locally convex
space with a web into an ultra-bornological space (see for instance [10) 24 29] for more
details). Nevertheless, in this work, we just need the result in Fréchet spaces:

Theorem A.1.1 (Closed Graph Theorem). Let E and F be two Fréchet spaces and
T:E — F be a linear operator. If the graph of T

g(T):={(z,T(x)) : x € E}
is closed in E X F, then T is continuous.
An important consequence of this result is the following one:

Theorem A.1.2 (Open Mapping Theorem). If T : E — F' is a linear, continuous, and
surjective operator between Fréchet spaces, then it is open.

In practice, we usually use the following corollary of these properties:

Proposition A.1.3. Let E be a vector space and let T and S be two Fréchet topologies
on E which are both finer than a same Hausdorff topology on E. Then, T and S are
equivalent.

In particular, if S is finer than T, these two topologies are equivalent.
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As far as Grothendieck’s Factorization Theorem is concerned, it is an important result
in (LF)-spaces ([24]):

Theorem A.1.4 (Grothendieck’s Factorization Theorem). Let E be a Hausdorff locally
convex space and F and F,, (n € Ny) be Fréchet spaces. If there exist linear continuous
maps T : F' — E and Ty, : Fr, — E, for all n € No, such that T(F) C U, en, Tn(Fn),
then there exists ng € Ng with

T(F) € Ty (Fno)-

This leads to the following property:

Corollary A.1.5. Let E be a Hausdorff locally convex space and F and F,, (n € Ny) be
Fréchet spaces included in E. If the inclusions F — E and F,, — E are continuous and
if
Fc |J F.
n€Np
then there exists ng € Ng such that F' C F),.

A.2 Applications to Kéthe spaces

In this section, we present some results about the equality of and the inclusions between
Kothe echelon spaces, already known for “classic” admissible spaces, but generalized here
for any admissible space. From now on, we fix an admissible space (I, ||.||;) and two Kéthe
matrices A = (ax)ken, and B = (bg)ken, -

When we compare two Kéthe spaces, we usually have to determine if they are equal
and if they share the same topology. In fact, all these notions are closely related to some
properties of Kéthe matrices:

Proposition A.2.1. The following are equivalent:
(1) X(A) = N(B) algebraically;
(2) \(A) = \(B) algebraically and topologically;

(8) for every m € Ny, there exist k > m and C > 0 for which a,(n) < Cbi(n) and
b (n) < Cak(n) for all n € Ny.

Proof. If Xl(A) = M(B) algebraically, they have the same topology by Closed Graph
Theorem (Proposition , since they are continuously included in w. By Proposition
we actually just have to prove that (2) implies (3).

If the two spaces have the same topology, for a given m € Ny, we can find ki, ks > m
and C7,Cs > 0 such that

lamélle < Crllbr, €l and gl < Callar,& ]l

for every ¢ € M(A) = M(B). We conclude by taking k := sup{k,ko} and C :=
sup{C1, Cs} and by evaluating these inequalities at £ = e,,. O
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Sometimes, we say that A and B are equivalent when they verify (3) in the previous
proposition. In particular, we see that the condition to have the equality of A'(A) and
M{(B) is independent of the choice of I.

With this result, we can also characterize the (continuous) inclusions between Kéthe
echelon spaces:

Corollary A.2.2. The following are equivalent:
(1) N(4) C N(B);
(2) \{(A) C A(B) continuously;

(8) for every m € Ny, there exist k > m and C > 0 for which by, (n) < Cag(n) for all
n € Ny.

Proof. Of course, (2) implies (1) and, by Proposition [1.3.2} (3) implies (2). Therefore, it
remains to prove that (1) implies (3).
We define a third matrix C := (cg)ren,, With ¢ := ap + bg. Thus, we have

M) € A(A).

Moreover, if € € A[(A) C M(B) and k € Ny are given, then axé € | and byé € I, which
implies that cx& = axé + bpé € I. Therefore, £ € X(C) and we have

A(A) = \(0).

In particular, the two matrices A and C are equivalent and, for a given m € Ny, we
can find k£ > m and C > 0 with ¢,(n) < Cag(n) for any n. We conclude because
b (n) < e (n). O
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