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ABSTRACT 
Local energy communities (LECs) usually occur at the 
level of low-voltage distribution networks, which are 
inherently unbalanced due to single-phase household 
appliances and distributed generation. To simulate and 
optimise the behaviour of an LEC, the three phases and 
neutral must be modelled explicitly. This paper aims at 
numerically assessing the influence of the modelling of 
the earth and the connection between the neutral and the 
earth, in terms of voltages and currents. The simulations 
are performed on an existing Belgian low-voltage feeder 
supplying 19 houses, which are all equipped with a smart 
meter measuring the mean voltage, current, and active 
and reactive power every minute for each phase. The 
simulations show that the explicit modelling of the earth 
using Carson's equations has a moderate effect on the 
simulation results. In particular, it creates differences in 
the simulations that are around ten-times smaller than 
the errors between simulations and measurements. 

INTRODUCTION 
Local energy communities (LEC) usually occur at the 
level of low-voltage distribution networks, which are 
inherently unbalanced due to single-phase household 
appliances and distributed generation. The common 
assumption made in high-voltage and medium-voltage 
networks – that the three phases are balanced – can no 
longer be made. To simulate and optimise the behaviour 
of an LEC, the three phases and neutral must be modelled 
explicitly. Indeed, in some cases, the current in the 
neutral is of the same order of magnitude as the phase 
current, which can have two effects: on the one hand, if 
the neutral conductor is not grounded, the neutral current 
creates a neutral voltage, which modifies the voltage of 
the phases. This phenomenon is called neutral point 
shifting [1]. On the other hand, if the neutral conductor is 
grounded, there is an unchecked current flowing through 
the earth. In either case, this should be taken into account. 
This paper aims at reviewing the main assumptions made 
to model a three-phase electrical line, and more 
specifically at assessing numerically the influence of the 
modelling of the earth. This is done in the setting of an 
existing Belgian low-voltage (LV) distribution feeder. 
Each house has been equipped with a smart meter 
measuring the one-minute average voltage, current, and 
active and reactive power for each phase. One minute has 
been chosen to clearly exhibit the imbalance in the 
network and the variability of the loads. A longer 
averaging period would smooth out those characteristics 
[2] that emphasize the impact of the neutral and earth 

modelling.  
The paper is organized as follows. The first section will 
review the common modelling hypotheses and 
simplifications for LV electrical lines. The second 
section will numerically assess the impact of Carson’s 
equations to model the earth return path, and finally, the 
third section will compare the simulation results with the 
actual measurements from the smart meters. 

ELECTRICAL LINE MODELLING 
In this study, the electrical lines are composed of four 
conductors (three phases and one neutral). In the 
simulations, they are modelled as PI equivalents with an 
impedance matrix, which corresponds to the resistance, 
self- and mutual impedance of the conductors, and a 
shunt admittance matrix, representing the capacitance 
between the conductors. This admittance matrix is 
divided in two halves, one at the sending end of the line 
and the other at the receiving end. Both matrices are 
computed using PowerFactory, by entering the physical 
constants of the conductors (material, section, etc.). This 
implies that the impedance does not depend on the length 
of the cable, i.e. that the leakage flux at the end of the 
lines can be neglected [3]. Finally, since the aim of this 
study is to model LEC to simulate their operations and 
optimize their behaviour, only power-flows in steady-
state will be considered (no harmonics or fault studies).  

Carson’s equations and earth return path 
PowerFactory uses Carson’s equations [4] to update the 
impedance matrix to take into consideration the earth 
return path. Let 𝑍" be the 4x4 impedance matrix with 
only the resistance of the conductors and their self- and 
mutual impedance. Carson’s equations provide a way to 
modify 𝑍" to take into account the earth return path [5]. 
Let 𝑍" be the updated version of 𝑍". Thanks to the work 
of Kersting [6], the earth impedance can be extracted 
from 𝑍" to create 𝑍#, a 5x5 matrix where the earth return 
path is modelled explicitly as an extra-conductor. This 
formulation has been used to solve power flow in [7]. 
However, Carson’s equations were originally designed 
for overhead lines with widely spaced conductors, which 
is not the case in LV networks. Moreover, even if it has 
been shown that they can be applied to underground 
cables for the mains frequency [8], they use image theory 
to compute the earth return path, and thus assume the 
latter is parallel to the conductors, a hypothesis which 
may not hold in an LV distribution system presenting a 
complex topology and a proximity to underground pipes, 
which can provide a path with a smaller impedance. 
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Kron’s reduction 
By assuming that all buses have a neutral conductor 
perfectly connected to the ground, one can reduce the size 
of the impedance matrix from 4 to 3. Indeed, the neutral 
voltage difference at the beginning and the end of the line 
is zero.  As explained in [9],  

∆𝑉 = 	𝑍"𝐼 

∆𝑉)*+
∆𝑉,

= 	 𝑍)*+ 𝑍)*+,-

𝑍)*+, 𝑍,
𝐼)*+
𝐼,

 

∆𝑉, = 0 

∆𝑉)*+ = 𝑍)*+ − 	𝑍)*+,- 𝑍,01𝑍)*+, 𝐼)*+ = 𝑍2𝐼)*+ 

where ∆𝑉	represents the voltage differences along the 
line for the four conductors and 𝐼 is the current through 
them. With Kron’s reduction, the impedance matrix is 
split into four submatrices, one related to the phases 𝑍)*+, 
another related to the neutral 𝑍,, and the last ones linking 
the two, 𝑍)*+,.  
Kron’s reduction can be applied to both 𝑍" and 𝑍", 
depending on the use of Carson’s equations. If all nodes 
are grounded, Kron’s reduction does not modify the 
simulation results. However, care must be taken if this 
reduction is used for networks with an ungrounded 
neutral, as it will lead to erroneous neutral voltages.  

Sequence impedance matrix 
Instead of using phase impedance matrices to represent 
the lines or cables, one could use sequence impedance 
matrices. If the lines are considered to be transposed 
regularly, the sequence impedance matrix will be 
diagonal. However, zero sequence impedance is not 
commonly given by manufacturers as it depends on the 
network earthing. The positive sequence impedance is 
commonly multiplied by a factor between 2.5 and 3.5 for 
lines without a ground return [3]. However, [10], [11] 
have shown that approximating the zero sequence 
impedance with the positive one can lead to large errors 
in the voltages, justifying the use of phase impedances. 

Shunt admittance matrix 
Finally, given that the shunt capacitances of LV networks 
are small, even for underground cables, as in [7], [12], 
[13], the admittance matrices will be neglected. 

TEST CASES 
Four network configurations have been selected to 
analyse the influence of the earth modelling.  

1. No buses are grounded, except the neutral point 
of the distribution transformer which is perfectly 
grounded. 

2. The neutral of specific buses is grounded through 
a 0.5-Ω impedance. 

3. The neutral of specific buses is perfectly 
grounded. 

4. The neutral of all buses is perfectly grounded.  

TEST SYSTEM AND MEASUREMENT 
CAMPAIGN 
The test network used for this study is an existing Belgian 
LV distribution network with a star configuration 
400V/230V. It is composed of one feeder made with 
underground cables of the EVAVB-F2 3x95 + 1x50 type. 
Detailed, unbalanced three-phase four-wire modelling of 
the network has been used according to [7] based on the 
data provided by the Distribution System Operator 
(DSO) (topology, line length, cable type, etc.). The actual 
configuration of the network is the first one (ungrounded 
neutral). In configurations 2 and 3, the neutral is assumed 
to be grounded at the buses marked with a red square in 
Figure 1. 

 
Figure 1 – Graphic representation of the test network. 

The network supplies 19 houses, all equipped with a 
three-phase smart meter. Each smart meter provides 
phase-to-neutral voltage, current, active and reactive 
power measurements for each phase, as a one-minute 
average. The beginning of the feeder is also equipped 
with a smart meter. It is important to note that the phase 
identification of all smart meters is known thanks to the 
algorithm presented in [14]. 

RESULTS 
Simulations have been performed on the test network for 
each network configuration, on the one hand without 
using Carson’s equations (i.e. using 𝑍") and on the other 
hand using them to represent the earth return path (i.e. 
using 𝑍#). A Newton-Raphson algorithm has been 
applied to solve the power flow equations expressed in 
rectangular form. The consumption and production 
profiles of the different houses are the ones from the 
smart meters, thus reflecting the true operations and 
imbalance of the network.  
 
The difference between the simulation results from the 
two earth modelling techniques is assessed with two 
measures:  
1. The mean absolute difference (MeanAD): 

1
𝑛

𝑉6 − 𝑉6-

230

,

691

 

2. The maximum absolute difference (MaxAD): 

max
=

V= − V=′
230

		

where 𝑉6 and 𝑉6′ are two voltage time series, and 𝑛 is the 
their length. All results are represented with box plots, 
where the samples are the measures of all time series. For 
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example, since there are 19 three-phase buses, the 
boxplot will represent the distribution of the mean 
absolute error for the 84 voltage time series. On each box, 
the central mark is the median, while the edges of the box 
are the 25th and 75th percentiles. Outliers are identified 
and plotted individually, while the whiskers extend to the 
most extreme data points not considered as outliers.  

Modelling the earth return path 
Phase to neutral voltages 
As can be seen in Figure 2, the median of the MeanAD is 
small, approximately 4 ∙ 100" p. u. As expected, the 
MeanAD is equal to 0 when the neutral is not grounded. 
Indeed, no currents flow through the earth, and since the 
sum of the currents in the four conductors is equal to zero, 
the earth modelling has no influence on the simulation 
results. The MeanAD increases incrementally in 
Configuration 2 where specific buses are grounded 
through an impedance, 3 where specific buses are 
perfectly grounded, and 4 where all buses are perfectly 
grounded, the earth’s influence being most prominent in 
that case.  

 
Figure 2 – Boxplot of the mean absolute differences between 
the phase-to-neutral voltages when the impedance of the earth 
is not modelled, and when Carson's equations are used.  

The same tendencies can be observed for the MaxAD, 
with median of 2.5 ∙ 1002 in Configuration 4, as shown 
in Figure 3. 

 
Figure 3 – Boxplot of the maximum absolute differences 
between the phase-to-neutral voltages when the impedance of 
the earth is not modelled, and when Carson's equations are used. 

Currents 
In the case of phase currents, the MeanAD is taken 
relatively to the current intensity at the same time, i.e. 

1
n

I= − I=-

I=

F

=91

	

where 𝐼 is the magnitude of the current.  
As Figure 4 shows, the differences between the phase 
currents when Carson’s equations are used is negligible, 
a difference of approximately 0.05%.  

 
Figure 4 – Boxplot of the mean absolute difference between the 
currents in the phase conductors. In this case, the MeanAD is 
taken relatively to the current magnitude.  

Kron’s reduction 
Kron’s reduction can only be used in Configuration 4 
without leading to simulation errors. In that case, 
simulations using 𝑍2 and 𝑍" are completely equivalent. 
The same can be said for simulations using 𝑍2, 𝑍" and 𝑍#. 
The only difference is the computation burden as the size 
of the network matrix is uselessly larger.  
Main observations from these results 
Given the uncertainty in the applicability of Carson’s 
hypotheses to LV networks, the increased computation 
burden to use 5x5 matrices to represent the lines, and the 
small value of the MeanAD and MaxAD, we advise the 
use of 4x4 matrices, and to consider the earth as a single 
electrical point, i.e. the only ground of the electrical 
equivalent circuit.  

Comparison between simulations and 
measurements 
Taking into consideration the conclusions from the 
previous section, Figure 5 and Figure 6 show the error 
between the phase-to-neutral voltage measurements and 
the voltages simulated in the exact same conditions (i.e. 
same network topology, same cables, same consumption 
and production in the houses), when the earth is not 
modelled with Carson’s equations. It is expected that 
Configuration 1 leads to the smallest error, as the neutral 
of the test network is ungrounded.  With a median of 
approximately 0.001 p.u., Figure 5 highlights a 
reasonable error, indicating that the modelling of the test 
LV network was done properly. Compared to the 
previous sections, the MeanAD and MaxAD are 
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approximately ten-times larger, further showing that the 
impact of the earth modelling is small, and can be 
neglected in front of the errors between simulations and 
measurements. These errors can be as a result of: (i) the 
network topology in the Geographical Information 
System (GIS) of the DSO does not reflect reality. (ii) 
There is noise is the measurements and perhaps 
unmonitored consumption. (iii) The line impedances are 
calculated theoretically and not measured on site, etc. 
 

 
Figure 5 – Boxplot of mean absolute errors between the phase-
to-neutral voltages that are simulated and measured.  

 
Figure 6 – Boxplot of the maximum absolute error between the 
phase-to-neutral voltages that are simulated and measured. 

CONCLUSION 
This paper provides guidelines to help modelling LV 
electrical lines. The first one is that Kron’s reduction 
should only be used when all the buses of the network are 
perfectly grounded, a case which is rarely met on LV 
networks. Second, Carson’s equations should be used 
with caution as their hypotheses may not hold in LV 
networks. For the sake of simplicity, we advise one to 
consider the earth as a single electrical point in the 
network to which all the grounded neutral points are 
connected, with or without a grounding impedance. 
Indeed, the voltage differences brought by Carson’s 
equations are much smaller than the global error between 
simulations and measurements.  
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