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Classical Pascal triangle

x) :

01 2 3 4 5 6 7
0/1L 0 0 0 O O 00O
111 1. 0 0 0 0 00O
2/1.2 1 0 0 0 00O
m 3/11.3 3 1 0 0 00
411 4 6 4 1 0 0 O
5/1 5 10 10 5 1 0 0
61 6 15 20 15 6 1 0
711 7 21 35 35 21 7 1

Usual binomial coefficients Pascal’s rule:

of integers:

() - ()=("0)(5)
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e Grid: first 2™ rows and columns

0 1 e 2" —1 2"
0
(g) (?) o (27.0,1)
1
() () - (1)
2" —1
(3 B G B (3:21)
on

N2 o,2")?
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e Color the grid:
Color the first 2" rows and columns of the Pascal triangle

in

e white if (’ZL) = 0 mod 2
e black if (’;’C’) =1 mod 2
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e Color the grid:
Color the first 2" rows and columns of the Pascal triangle

<<m> mod 2>
k 0<m,k<2n

e white if (') = 0 mod 2
e black if (') =1 mod 2
e Normalize by a homothety of ratio 1/2"
(bring into [0, 1] x [0, 1])
~+ sequence belonging to [0, 1] x [0, 1]

in
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What happens for n € {0, 1}

n=~0
0
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What happens for n € {0, 1}

n=~0
0
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What happens for n € {0, 1}

n=~0
0
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What happens for n € {0, 1}

n=~0
0
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What happens for n € {0, 1}

n=2~0
0

[
N

) G) v
) G) v

Generalized Pascal triangles Manon Stipulanti (ULiége)

N}
o

w



The first six elements of the sequence

| | mEn mEn
m EN_ Em_ Em :I-I.. :I-I..
2 .l. .l. 2t IIIIIII IIIIIII 2 Bal )

Generalized Pascal triangles Manon Stipulanti (ULiége) 6




The tenth element of the sequence
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The Sierpinski gasket
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The Sierpinski gasket
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The Sierpinski gasket

b S B e By
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Folklore fact

The latter sequence converges to the Sierpiniski gasket when n
tends to infinity (for the Hausdorff distance).
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Folklore fact

The latter sequence converges to the Sierpiniski gasket when n
tends to infinity (for the Hausdorff distance).

Definitions:
e e-fattening of a subset S C R?

1Sl = | B(=.¢)

z€eS

o (H(R?),ds) complete space of the non-empty compact sub-
sets of R? equipped with the Hausdorff distance dj,

dp(S,8") =min{e € R>g | S C [S']e and S' C [5]}
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Replace usual binomial coefficients of integers by
binomial coefficients of finite words
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (g) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: u = 101001 v =101

Generalized Pascal triangles Manon Stipulanti (ULiége) 11



Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (:j) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: v = 101001 v =101 1 occurrence
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (:j) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: v = 101001 v =101 2 occurrences
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (:j) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: v = 101001 v =101 3 occurrences
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (:j) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: v = 101001 v =101 4 occurrences
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (:j) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: v = 101001 v =101 5 occurrences
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Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u, v be two finite words.
The binomial coefficient (:j) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: v = 101001 v =101 6 occurrences
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Binomial coefficient of finite ;

Definition: A finite word is a finite sequence of letters belonging
to a finite set called alphabet.

Example: 101,101001 € {0,1}*

Binomial coefficient of words

Let u,v be two finite words.
The binomial coefficient (Z) of w and v is the number of times v
occurs as a subsequence of u (meaning as a “scattered” subword).

Example: u = 101001 v =101
N 101001\ 6
101 )
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Remark:
of binomial coefficients of integers

With a one-letter alphabet {a}

m times

k times
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Definitions:

e repy(n) greedy base-2 expansion of n € Ny starting with 1

e repy(0) = ¢ where ¢ is the empty word

reps(n)

DU WD~ OS

1 x 20

I x2l+0x20
Ix2l 41 x20
Ix224+0x204+0x20
Ix224+0x2041x20
Ix224+1x28+0x20

€
1
10
11
100
101
110

Uo7
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Generalized Pascal triangle Py in base 2

(o)

—_
o

~—

repy(k
100 1

—_
—_
—_
—_
o

5
1
10
11
repsy(m) 100
101
110
111

Binomial coefficient

of finite words:
(1”9132 (m))
repy (k)

Generalized Pascal triangles

e e i i e )

W N - NP B= O

ON = NO = OO

0

W= = O = O oo
[ el el = el
OO OO OO oo

Rule (not local):

(i) = () + 3o
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(P repy (k)

10 100 101 110
0 0 0 0 0 0 0
0 0 0 0 0 0
10 1 1 1 0 0 0 0 0
0 0 0 0 0
reps(m) 100 1 1.2 0 1 0 0 0
101 1 1 1 0 1 0 0
110 1 2 2 1 0 0 1 0

0 0 0 0
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Questions:

o After coloring and normalization can we expect the conver-
gence to an analogue of the Sierpiriski gasket?

e Could we describe this limit object?
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e Grid: first 2" rows and columns of Py

0 1 2" —1 "

0
Goe@) G2 Gea ™)

1
Cot) | Gt o Gat)

2" —1
(RS (B2 ()

2’n

N2 0,272
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e Color the grid:
Color the first 2" rows and columns of the generalized Pascal

in
o white if (‘g;% <(7,j§>) = 0mod 2
e black if (rei’i (7,:)) =1mod 2

e Normalize by a homothety of ratio 1/2"
(bring into [0, 1] x [0, 1])
~ sequence (Up)p>0 belonging to [0, 1] x [0, 1]

1
Un =5, U {(valy(v), vala(u)) + Q}
u,ve{e}U1{0,1}* s.t.
[ul,|v|<n, (g)zl mod 2

Q =10,1] x [0,1]
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0
14 ¢
2/4 1
34 10
L, u
 Generalized Pascal triangles

1/4 2/4 3/4 1

Manon Stipulanti (ULiége)
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The element U,

0, 1~1/4, 10~2/4=1/2, 11~ 3/4

vala (w)

w e {e} U1{0,1}* with |w| <2~ 5
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The element Uy

100 B

Lines of different slopes: 1,2,4,8,16, ...

Generalized Pascal triangles Manon Stipulanti (ULiége)
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(u,v) satisfies (%) iff { (*)
(5 =0=(2)

Example: (u,v) = (101,11) satisfies ()

(=1 G)=0  ([L)=0
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Lemma: Completion
(u,v) satisfies (x) = (u0,v0), (ul, vl) satisfy (%)

Proof: Since (u,v) satisfies ()

(0)=meaz () =0= ()

Proof for (10, v0):

=0 since (x) =1 mod 2

If (;6%) > 0 or (;601) > 0, then v0 is a subsequence of w.

This contradicts (*).

Same proof for (ul,vl).
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Example: (u,v) = (101, 11) satisfies (x) = (¥) =1 mod 2

| "u

Us Uy Us

~ Creation of segments of slope 1
Endpoint (3/8,5/8) = (vala(11)/23, valy(101)/23)
Length /2273
Suw € [0,1] x [1/2,1]  endpoint (vala(v)/2/", vala(u)/2!))
length v/2 - 271

Generalized Pascal triangles Manon Stipulanti (ULiége) 24



Definition: Set of segments of slope 1

Ap =

U SuwC[0,1] x[1/2,1]

(u,v)
satisfying(x)

Generalized Pascal triangles

Manon Stipulanti (ULiége)
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Example: (1,1) satisfies ()

Segment 51 1 endpoint (1/2,1/2) length v/2 - 271

ci(z,y) = (2/2,y/2)  h:(z,y) = (,2y)
0 >

N[

Manon Stipulanti (ULiége)
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Example: (1,1) satisfies ()
Segment 51 1 endpoint (1/2,1/2) length v/2 - 271
ci(z,y) = (2/2,y/2)  h:(z,y) = (,2y)

1

2

0 i

—_

N

N[
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Example: (1,1) satisfies ()
Segment 51 1 endpoint (1/2,1/2) length v/2 - 271
ci(z,y) = (2/2,y/2)  h:(z,y) = (,2y)

1

2

0 i

—_

N

N[
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Example: (1,1) satisfies ()
Segment 51 1 endpoint (1/2,1/2) length v/2 - 271
ci(z,y) = (2/2,y/2)  h:(z,y) = (,2y)

1

2

1 1
0 5§ 1

—_

= 00

N[
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Example: (1,1) satisfies ()
Segment 51 1 endpoint (1/2,1/2) length v/2 - 271
ci(z,y) = (2/2,y/2)  h:(z,y) = (,2y)

1

2

1 1
0 5§ 1

—_

= 00

N[
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Definition: Set of segments of different slopes
c:(z,y) = (2/2,y/2)
h(z,y) = (z,2y)

A, = U h (' (Ao))

0<j<i<n
0 1
(Ao
B | IS
”_;‘ \ e(Ap)
=< !
% C
=
] wtetann Vo4
30, h
o
=
1

Generalized Pascal triangles Manon Stipulanti (ULiége)
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Definition: Set of segments of different slopes
c:(z,y) = (2/2,y/2)
h(z,y) = (z,2y)

Av=|J P (d(A))

0<j<i<n
0 1
CZ{A!]- .
=V Ay
3 - . Lemma: (A, )n>0 is a Cauchy
= ‘ sequence
] atetann Vo4
T
1
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Definition: Set of segments of different slopes
c:(z,y) = (2/2,y/2)
h(z,y) = (z,2y)

Av=|J P (d(A))

0<j<i<n
0 1
CZ(A!]- .
=V Ay
3 - . Lemma: (A, )n>0 is a Cauchy
= ‘ sequence
~ || Htetan Voo
I Definition: Limit object £
*
1
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A key result

Theorem (Leroy, Rigo, S., 2016)

The sequence (Uy,)n>0 of compact sets converges to the compact
set £ when n tends to infinity (for the Hausdorff distance).

e

“Simple” characterization of £: (x) condition
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First step: coloring the cells of the grids regarding the parity

Extension using Lucas’ theorem

Everything still holds for binomial coefficients = r mod p with

e base-2 expansions of integers
e p a prime
ere{l,....p—1}

Theorem (Lucas, 1878)

Let p be a prime number.
If m= mkpk+-~-+m1p+m0 and n = nkpk+---—|—n1p+n0

then
m ko fmg
( ) = I I ( l) mod p.
n im0\

Generalized Pascal triangles Manon Stipulanti (ULiége) 29




_ Example with p =3, 7 = 2

Left: binomial coefficients = 2 mod 3

Right: estimate of the corresponding limit object

Generalized Pascal triangles

Manon Stipulanti (ULiége)
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Extension to any integer base

Everything still holds for binomial coefficients = r mod p with

e base-b expansions of integers with b > 2
e p a prime
eref{l,....,p—1}

Example: base 3, =1 mod 2

Generalized Pascal triangles Manon Stipulanti (ULiége)
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Fibonacci numeration system

Definitions:

e Fibonacci numbers (F(n))n>o:
F(0)=1,F(1)=2 F(n+2)=F(n+1)+F(n) ¥Yn>0
1,2,3,5,8,13,21, 34, 55,89, 144, 233, 377, 610, 987, 1597, . ..

e repp(n) greedy Fibonacci representation of n € Ny

starting with 1

e repp(0) = & where ¢ is the empty word

Generalized Pascal triangles

Manon Stipulanti (ULiége)

n repp(n)
0 €

1 x F(0) 1

2 x F(1)+ 0 x F(0) 10

3 x F(2)+0x F(1)+ 0 x F(0) 100

4 x F(2)+0x F(1)+ 1 x F(0) 101

5|1 xFB)+0xF(2)+0xF(1)+0x F(0) 1000

6|1 xFB)+0xF(2)+0xF(1)+1 x F(0) 1001

{e} U1{0,01}*

32



Generalized Pascal triangle Pr in Fibonacci base

(o) repp(F)
e 1 10 100 101 1000 1001 1010
€ 1 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0
10 1 1 1 0 0 0 0 0
100 1 1 2 1 0 0 0 0
repy(m) 101 1 2 1 0 1 0 0 0
1000 1 1 3 3 0 1 0 0
1001 1 2 2 1 2 0 1 0
1010 1 2 3 1 1 0 0 1
Binomial coefficient Rule (not local):

of ﬁn(ite; words: " "
repp(m ua .
Crepr i) () = () o)
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The first six elements of the sequence (U))n>0
0 10
0 10°
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The tenth element

Lines of different slopes:

Generalized Pascal triangles

Manon Stipulanti (ULiége)
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The tenth element

Lines of different slopes: ™, n > 0, with ¢ = 1+T\/5 Golden Ratio
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Similar convergence result

Theorem (S., 2018)

The sequence (U},)n>0 of compact sets converges to a limit com-
pact set £’ when n tends to infinity (for the Hausdorff distance).

“Simple” characterization of £': (¥') condition
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ﬁ€R>1 A/?:{O’lval-/@]_l}

+oo
z€0,1)~ax= chﬁ_j, cj € Ag
j=1

Greedy way: dg(x) = cicacs -

_fB-1¥ if 3eN
do(1) = { (78] - ds(1 — (18] — 1)/B) i A& N

B € Rsy is a Parry number if dg(1) is ultimately periodic.

Example: b € Nuq: dp(1) = (b —1)¥
or dy(1) = 110

Parry number ~» algebraic integer whose conjugates have modulus less than 8 (Perron number)
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Linear numeration system

A linear numeration system is a sequence (U(n)),>0 such that

e U increasing

o UM) =1

® sup,>q U[(;EZ)I) bounded by a constant

e U linear recurrence relation
dk > 1,dag,...,ar_1 € Z such that

Un+k)=ar1Un+k—-1)+---4+aU(n) ¥Yn>0

v

Greedy representation in (U(n))n>o:
l
n:chU(j) repy(n) =c¢p---co € Ly = repy(N)
j=0

Example: integer base (b"),>0 with b € N5,
Fibonacci numeration system (F'(n)),>0
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Parry numeration system

Parry number 8 € R5; ~ linear numeration system (Ug(n))n>0

o dg(1) =ty - ;0¥

Us(0) = 1
Us(i) = tUg(t—1)+---+tUs(0)+1 Vi<i<m-1
Us(n) = tUsg(n—1)4+ - +tnUsg(n—m) Vn>m

[ ] dﬂ(l) = t1 s tm(tm+1 R tm+k)w

Us(0) = 1
Us(i) = tUg(i—1)+---+tUs(0)+1 Vi<i<m+k-—1
Us(n) = tUg(n—1)+- - +tmUs(n—m—k) Vn>m+k
+Us(n—k) —t:1Us(n—k—1)—---
—tmUg(n —m — k)
Examples:

be N>1 ~y (bn)nzo base b
@ ~ (F(n))n>0 Fibonacci numeration system
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A linear numeration system (U(n)),>o is a Bertrand numeration
system if
weLyeswdle Ly YwHe.

Proposition (Bertrand-Mathis, 1989)

If B € Ry is a Parry number, then (Ug(n))n>0 is a Bertrand
numeration system.

Generalized Pascal triangles Manon Stipulanti (ULiége) 40



Extension to Parry-Bertrand numeration systems

£ € Rsq Parry number

(Us(n))n>o0 Parry—Bertrand numeration system

Generalized Pascal triangle Pg in (Ug(n))n>0
indexed by words of Ly,

Sequence of compact sets extracted from Pg
(first Ug(n) rows and columns of Ppg)

Convergence to a limit object (same technique)

e Lines of different slopes: 8", n >0
e (¥') condition

Works modulo any prime number

Generalized Pascal triangles Manon Stipulanti (ULiége)
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Xt -—2X3 X221

B1 ~ 2.47098 dominant root of P(X)

43
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1

=

L
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\9\\\\ \ \ \

.\r\\\\ \hbmk%k\»\\\\\\\?\\\\
Ve S s \.h\nmm.mnﬁ it \

L
e B i
P km.mnhk Loy =
SN "

B2 &~ 1.38028 dominant root of P(X) = X* — X3

44
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B3 ~ 2.80399 dominant root of P(X) = X% —2X3 —2X2 -2

Manon Stipulanti (ULiége) 45



B4 ~ 1.32472 dominant root of polynomial P(X) = X° — X* — 1
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In this talk:

| Generalized Pascal triangle | Convergence modp

base 2 v v
integer base v v
Fibonacci v v
Parry—Bertrand v v
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Other related work

e Regularity of the sequence counting subword occurrences:
result for any integer base b and the Fibonacci numeration
system

e Behavior of the summatory function: result for any integer
base b (exact behavior) and the Fibonacci numeration system

(asymptotics)

Generalized Pascal triangles Manon Stipulanti (ULiége) 48



Conus textile or Cloth of gold cone

Color pattern of its shell «~ Sierpinski gasket

Generalized Pascal triangles Manon Stipulanti (ULiége)
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