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Abstract

A new weak coupling between the boundary el-
ement method and the finite element method
for solving harmonic electromagnetic scattering
problems is introduced. This method is inspired
by domain decomposition techniques. Using suit-
able approximations of Magnetic-to-Electric op-
erators to build proper transmission conditions
allows for good convergence properties.

Keywords: time-harmonic electromagnetic scat-
tering, BEM/FEM coupling, domain decompo-
sition methods, microlocal operators

1 Introduction

The aim of this ongoing work is to numerically
solve time-harmonic electromagnetic (EM) scat-
tering problems for which the scatterer is dielec-
tric and inhomogeneous. A standard approach
consists in combining integral equations for the
exterior domain and a weak formulation for the
interior domain resulting in a formulation cou-
pling the boundary element method (BEM) and
the finite element method (FEM). A drawback
of this strong coupling is that it is not possi-
ble to easily combine two pre-existing solvers,
one FEM solver for interior domains and one
BEM solver for exterior domains, to construct
a global solver for the original problem. We
present here a weak BEM/FEM coupling, based
on a domain decomposition approach, allowing
a simple construction of such a solver.

2 The EM scattering problem

We denote by Ω− the scatterer, Ω+ the exte-
rior domain, Γ the surface of the scatterer and
n the outward-pointing unit normal vector to
Ω−. The scattered field and the one within the
scatterer satisfy in Ω±:

rot E± − ik±Z±H± = 0, (1)

rot H± + ik±Z
−1
± E± = 0, (2)

where k± and Z± are respectively the wave num-
bers and the impedances of the problem. Note

that the scattered field, as any exterior field,
should also satisfy the Silver-Müller radiation
condition. Finally, the interface conditions on
Γ are:

E− ∧ n = E+ ∧ n + Ei ∧ n, (3)

H− ∧ n = H+ ∧ n + Hi ∧ n, (4)

where (Ei; Hi) is an incident plane wave.

3 Reformulating the problem

Introducing two operators T±, refered to as the
transmission operators, problem (1)-(4) can be
equivalently recast as:

(Id− Sπ)

(
g−
g+

)
= B, (5)

where the right-hand side B is defined through
(Ei; Hi) and T±, and:

Sπ =

(
0 S+

S− 0

)
,

S± = Id± (T+ + T−)R±,

The functions g± should be understood in terms
of traces on Γ:

g± = (H± ∧ n)∓T±(E± ∧ n).

Finally, R± are resolution operators defined as:

R±g = Ẽ± ∧ n,

where (Ẽ±; H̃±) are the solutions of the follow-
ing boundary-value problems:

rot Ẽ± − ik±Z±H̃± = 0 in Ω±,

rot H̃± + ik±Z
−1
± Ẽ± = 0 in Ω±,

(H̃± ∧ n)∓T±(Ẽ± ∧ n) = g on Γ.

The resolution operators R± should be under-
stood as the pre-existing FEM solver for the in-
terior domain and BEM solver for the exterior
domain, as mentioned in the introduction.
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4 Solving the reformulation

To solve (5), the GMRES method is employed.
As a result, the solvers for the interior and exte-
rior domains are repeatedly and independently
called. For this reason, the weak coupling can
be interpreted in a domain decomposition me-
thod (DDM) framework. Moreover, solving (5)
using a fixed point method is equivalent to a
standard Jacobi-type DDM method:

rot En+1
± − ik±Z±Hn+1

± = 0 in Ω±,

rot Hn+1
± + ik±Z

−1
± En+1

± = 0 in Ω±,

the interface conditions on Γ being:

(Hn+1
± ∧ n)∓T±(En+1

± ∧ n) = (Hn
∓ ∧ n)

∓T±(En
∓ ∧ n)∓Hi ∧ n + T±Ei ∧ n.

5 Choosing the transmission operators

The choices for T± impact the convergence of
the GMRES method. Choosing proper Magne-
tic-to-Electric (MtE) operators as transmission
operators ensures that Sπ vanishes rendering
(5) trivial to solve. It is therefore natural to use
approximations of MtE operators as transmis-
sion operators. Accurate approximations typi-
cally involve the principal part of the MtE op-
erators:

1

Z±

(
Id +

∆Γ

k̃2
±

)− 1
2
(

Id− 1

k̃2
±

rotΓrotΓ

)
(· ∧ n),

where k̃± = k± + iε±, ε± > 0. Although nonlo-
cal, the above operators can be localized using
complex Padé approximants. Such transmission
operators have already been successfully used
for DDM, resulting in fast GMRES with a con-
vergence only slightly dependent on the mesh
refinement and wave number [1]. For the weak
coupling, some numerical/analytical tests have
been conducted in the case of the sphere, for
which the eigenvalues of all the involved op-
erators are known analytically, suggest that it
should also be the case for the GMRES conver-
gence of (5).

6 Numerical results

To test formulation (5), we consider a toy prob-
lem: a unit transparent sphere (meaning that
k− = k+ and Z− = Z+) solved by coupling two
BEM solutions, i.e. a BEM/BEM DDM. The
GMRES-convergence is promising as shown be-
low (the GMRES tolerance is fixed to 10−4).

In this case, high order transmission operators
refer to principal parts of MtE operators with
Padé approximation whereas low order trans-
mission operators refer to a simple impedance
operator (zeroth order Taylor expansion): 1

Z±
(·∧

n). The mesh parameters h are defined as frac-
tions of the wave length λ: h = λ

l = 2π
kl . For

the first figure, l = 5. For the second one, the
wave number is equal to 5. In addition, we will
explain how to construct well-conditioned and
efficient iterative BEM solvers for the interior
and exterior problems.
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