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Introduction

A C*° function f is analytic at z( € € if its Taylor series at xy converges to f on an
open neighbourhood of xy. Using Cauchy’s estimates, it is equivalent to have the
existence of a compact neighborhood K C 2 of xy and of two constants C, h > 0
such that

sup |D*f(z)| < Ch*k!, Vke€N.
S

We say that a function is nowhere analytic if it is not analytic at any point.

Many examples of C* nowhere analytic functions exist. An example was given by
Cellérier (1890) with the function defined for all x € R by

“+oo . nl‘
flay = 3 )
n=0

where a is a positive integer larger than 1.
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Introduction

Questions:

+ How large is the set of nowhere analytic functions in the Fréchet space C*°(R)?
+ Is it possible to construct large structures of nowhere analytic functions?

The first result in this direction has been obtained using the notion of Baire genericity.

Definition
Let X be a Baire space. A subset M of X is residual (or comeager) in X if M
contains a countable intersection of dense open sets in X.

Theorem (Morgenstern, 1954)
The set of nowhere analytic functions in residual in C*>°(R).

Other proofs and related results:

« Salzmann and Zeller 1955, Cater 1984, Sarst 1973, Bernal-Gonzélez 1987,
Darji and Swanson 2016.
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Introduction

Large set from a measure point of view

The prevalence is a notion introduced to generalize the concept of “Lebesgue almost
everywhere” to infinite dimensional spaces keeping some properties:

+ A measure zero set has empty interior (ie.“almost every” implies density).
+ Every subset of a measure zero set has measure zero.
+ A countable union of measure zero sets has measure zero.

+ Every translate of a measure zero set has measure zero.

— impossible to define this notion in terms of a specific measure!
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Introduction

Definition (christensen 1974 / Hunt, Sauer, Yorke, 1992)

Let X be a complete metrizable linear space. A Borel subset B of X is shy (or
Haar-null) if there exists a Borel measure 1 on X with compact support such that

wB+z)=0, VrelX. (1)

More generally, a subset M is called shy if it is contained in a shy Borel set. The
complement of a shy set is called a prevalent set.

Useful measure to try:
The Lebesgue measure on the unit ball of a finite dimensional subspace V'.
Condition (1) becomes

Ve € X, (z+ B)NV isof Lebesgue measure zero.

In this case, V is called a probe for the complement of B.
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Large algebraic structure

Definition (Aron, Gurariy, Seoane-Septiveda 2005)

Let X be a vector space. A subset M of X is lineable if M U {0} contains an infinite
dimensional vector subspace.

Genericity

The set of nowhere analytic functions in prevalent and lineable in C*°(RR).

Proofs and related results:
+ Bernal-Gonzalez 2008
+ Bastin, E., Nicolay 2012
+ Conejero, Jiménez-Rodriguez, Mufoz-Fernandez and Seoane-Sepulveda 2012
+ Bartoszewicz, Bienias, Filipczak and Gtab 2014
+ Bastin, Conejero, E. and Seoane 2014
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Nowhere Gevrey functions

Gevrey classes

For a real number s > 0, a function f € C°°(Q) is said to be Gevrey differentiable of
order s at zo € € if there exist a compact neighborhood K C (2 of zy and two
constants C, h > 0 such that

sup |[D¥ f(z)| < Ch*(K))*, Vk € Ny.
zeK

A nowhere Gevrey differentiable function on R is a function that is not Gevrey
differentiable of order s at =, for any xp € Rand any s > 1.

We denote by NG the set of nowhere Gevrey differentiable function.
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Nowhere Gevrey functions

Existence of nowhere Gevrey differentiable functions (Bastin, E., Nicolay 2012)

Let (Ax)ren be a sequence of (0, +00) such that A\, > (k + 1)("’+1) and
Akt1 > 22;’:1 /\§+k Wk € N. The function f defined on R by

+oo

f(l’) _ Z}\ifkei)\ka:

k=1
belongs to C*°(IR) and is nowhere Gevrey differentiable.

Proof. Note that

n—1
‘f(n) (1‘)‘ _ Z )\ZJrl*kei)\kw + )\nei)\nm + Z )\Zqufkei)\ka:
k=1 k>n
n—1 n—1
n+l—k n+l—k n+l—k n+l—*k
> Ay — Z )\k-i-l o Z )\k-‘rl > Z )\k-i-l o Z )\k-‘rl
k=1 k>n k=1 k>n
= 1 n? 1 2
2 _ - _ ~o2n n(.,1\8
> A2 Z/\J> e> on®" > Ch"(nl)".

j=0

.
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Nowhere Gevrey functions

Genericity (Bastin, E., Nicolay 2012; Bastin, Conejero, E., Seoane 2014)

The set NG of nowhere Gevrey differentiable functions is residual, prevalent and
lineable (with maximal dimension) in C'*°(R).

Proof of the prevalence. We have

*®\~Ne=JJ U {feC’OO(]R): ilé};|f(n)(x)| < m"(n!)® \meNo}

seNICRmeN

:=A(s,I,m) closed subset

where I denotes all rational subintervals. Hence NG is a Borel set.
Let us consider f ¢ |J,,, A(s,I,m). Then, there is at most one element in the set
{aeR:af+gelU,, A(s,I,m)} ; Otherwise, if o # /3 belongs to this set, then

(@ =B)f = (af +9) = (8] +9) €U Als Tm)

hence f € Um A(s, I, m) (linear subspace). Consequently, the linear hull of f is a
probe for the complement of | J,,, A(s, I, m). O
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Nowhere Gevrey functions

Actually, there is an older result which deals with the same kind of questions.

Proposition (schmets, Valdivia 1991)

The Gevrey class of order o > 1 contains a vector subspace which, for every
B € (1, a), contains an infinite dimensional vector subspace, non-zero elements of
which are nowhere Gevrey differentiable of order 3.

— In particular, for every 5 € (1, «), the set of nowhere Gevrey differentiable
function of order (3 is lineable in the Gevrey class of order a.

Questions:

+ Other notions of genericity?
« Similar results in the context of classes of ultradifferentiable functions?
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Denjoy-Carleman classes

Definition
Let M be an arbitrary sequence of positive real numbers and let 2 C R be an open
set. The M -ultradifferentiable Roumieu type class is defined by

Enny(Q) :={fe€C™(Q): VK CUcompact3h>0: ||f||%h < +o0},
and the M -ultradifferentiable Beurling type class by
Ean(Q) =={f€C>®(Q): VK CU compact¥ h>0: ||f|}l, < +oo},
where
f9 ()]

M, .= sup =20
I = s L

Particular case: The weight sequences (k!);, and ((k!)*)g.
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Denjoy-Carleman classes

Questions:
+ When do we have E{M} (Q) C 5(N) (Q)?
+ In that case, “how small” is E{7} () in Eny (2)?

General assumptions:

+ We assume that any weight sequence M is logarithmically convex, i.e.

M? < My Mgy, Vk€EN.

+ We assume that any weight sequence M is such that My = 1.
+ We will often work with non-quasianalytic weight sequences M, i.e. such that

“+o0

> (M) < oo
k=1

By Denjoy-Carleman theorem, it is equivalent to the fact that there exists
non-zero functions with compact support in £y (R).
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Denjoy-Carleman classes

Inclusions between Denjoy-Carleman classes

=

Notation: M < N <= limy_, (%—:) =0.
Proposition
Let M, N be two weight sequences and let {2 be an open subset of R. Then

Keys for the strict inclusion:
(1) If M < N, then there exists a weight sequence L suchthat M <t L << N.

(2) The function
“+o00 k
Ly Lk1> ( . Ly )
T) = — exp | 2¢ x
=% 5 (B2) e (2

belongs to &1 (R). Moreover, | f#)(0)] > Lj, Vk € N, so that f ¢ &1, (R).
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Construction

Definition

We say that a function is nowhere in £, if its restriction to any non-empty open
subset (2 of R does not belong to ¢y (€2).

Proposition (. 2014)

Assume that M and N are two weight sequences such that M << N. If M is
non-quasianalytic, there exists a function of £ ) (R) which is nowhere in Ex3.

Proof. We know by (1) that there is N* such that M <1 N* < N. By induction, we
get a sequence (L(p))peN of weight sequences such that

MaLWYD L@ g...qL® q... qN* 9 N.

For every p € N, (2) allows us to consider a function f,, € &1} (R) such that

1£9(0)] > LP, VjeN.
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Denjoy-Carleman classes

Since M is non-quasianalytic,
J¢ € E{M}(R) with compact support, ¢ = 1 in a nbh of 0.

Let {z, : p > 1} be a dense subset of R. For every p > 2, we can find k, > 0 such
that the function

bp = ¢(kp(' - xp))
has its support disjoint from {z1, ..., z,_1}. We define g,
gp(x) = fplx —xp) op(x) € ENn(R).
——

——
GE{L(p)}(R) ES{M} (R)

Let v, > 0 be such that
sup g7 ()] < Nj, VjEN
z€R

and define the function g by
00 1
g = Z ng.

p=1
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Denjoy-Carleman classes

1. g € &) (R): For every j € N and every 2 € R, we have

+o0 1 +ool
3Ll LN <

p=1
which implies that g belongs to £ n+}(R) C &y (R).

2. g is nowhere in &;,7;: By contradiction, assume that there exists an open subset (2
of R such that g € a3 (). Let po € N such that z,,, € 2. Remark that

= 1 po—1 1
Z ﬁgp - \g,./ - Z ﬁgp € &Ly ().
P=Po eS{M)(Q)QS(L(pO))(Q) p=1

ES(L(PQ))(Q)

But, since the support of g, is disjoint of z,,, for every p > pg, we also have

+oo

1 . 1
99 ()| = 9D (z,)| = f(y)(o)‘ > 7,(Po)
pzzpo Tp 2p o Tp 02p0 po ro Tpo 2po o Tpo 2p0 I
for every j € N, hence a contradiction. LJ
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Denjoy-Carleman classes

Remark. Given a sequence (L(P)),>; such that
MaLW aL® q...aL® g...qaN*aN

and a dense subset {x,, : p € N} of R, we have constructed a function g such that
* g€ &N (R)
* & &) (Q) for every neighbourhood (2 of .

— Main tool for the lineability!
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Lineability

Proposition (E. 2014)

Assume that M < N. If M is non quasianalytic, the set of functions of £y (IR) which
are nowhere in S{M} is lineable (with maximal dimension).

Idea of the proof. For everyt € (0,1), we set

L = (M)""'(N)! Vk € Ny.

Then M < L™ < Nforallt € (0,1)and L) < L) if t < s.
Remark that

MaLE qLE) oL q... LW aN, vte (0,1).

and we can consider g; € £} (R) whichis notin & ( Q), for any open
L

(17%)t)) (

neighbourhood € of z,, and for any p > 2. Then take
D =span{g; : t € (0,1)}.
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Denjoy-Carleman classes

Letay,...,any € Cwithay #0andt; < --- <ty in(0,1). Assume that there
exists an open subset (2 of R such that

N
G=> ongr, €Enry(Q).
n=1

Let py € Nsuchthatz,, € Qandty_1 < (1 - p%) tn. Hence,

N-—1
1
Jtn = (G_ Z AnGt, ) € g{L(tN—l)}(Q)~
an n=1

€€ Lin—1,([R®)

From the choice of py, we have S{LaN,l)}(Q) C 5<L((1_%>W)) (€2) and this leads to

a contradiction with the construction of g; . O
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Dense-lineability

Note that we can modify the above construction of D = span{g; : t € (0,1)} to get
the density of the linear subspace.

Let us consider

* (Pm)men a dense sequence of polynomials in £ x)(R),
* (tm)men a sequence of different elements of (0, 1),

* {Up : m € N} a 0-nbh basis in £ y)(R),

« forevery m € N, k,,, > 0 such that k,,g;,, € Up,.

Then, the linear subspace

Dy = span ({Pm + kmgt,, tm € N} N {gt :te(0,1),t# tm})

has the desired property.
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Denjoy-Carleman classes

More results:

+ Same results using the notion of Baire residuality and of prevalence : The set of
functions of £y (IR) which are somewhere in £,y is given by

U U U E(I,m,s),

ICRmeNseN

where I denotes all rational subintervals of R and
E(I,m,s) = {f € & (R) : sup 1f9D(z)] < smIM;Vj e No} .
zel

+ Generalization using weight functions (without exhibiting a particular function) and
using weight matrices.

C. Esser (ULiege) Results of genericity concerning ultradifferentiable classes Valladolid, March 2018 21/34



Case of countable unions

Let N be a weight sequence and let (M("))HGN be a sequence of weight sequences
such that M (™) < N for every n € N.

Question.
What about the set of functions of £y (IR) which are nowhere in (U, Eqaromy?

Proposition E. 2014

If there is ng € N such that the weight sequence M (") is non quasianalytic, the set of
functions of £ ) (R) which are nowhere in |J,, oy E{army is (dense) lineable (with
maximal dimension), prevalent and residual in £ ) (R).

Idea. Construct a weight sequence P such that

U ooy € Epy € Evy-
neN
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Particular case

Recall that Gevrey classes correspond to Roumieu classes given by the weight
sequence
My, = (K1), keN.

Corollary

Let o > 1. The set of functions of £(x1y~)(R) which are nowhere in Eq(k1ysy for every
B € (1, ), is (dense) lineable (with maximal dimension), prevalent and residual in

Erney (R).
Proof. It suffices to apply the previous result with M = (k)P with1 < B, /.

Proposition (schmets, Valdivia 1991)

Let o > 1. The set of functions of £((;1y=)(R) which are nowhere in Eq(k1ysy for every
B € (1,a) is residual in (1)) (R).
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Non-surjectivity of the Borel map

Definition
The spaces of germs at 0 of the M -ultradifferentiable functions of Roumieu and
Beurling types are defined respectively by

. 11
oty =t 2o (1))
k€eNso

11
SOM = hll} E(M) ((—, )) .
( ) k€eNso k k

Particular case : The sequence M,, = p! in the Roumieu case gives O°, the germs
of analytic function at 0.

and
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Non-surjectivity of the Borel map

Definition
We define the sequence spaces AEM} and AZM) by

Ay = {b eC¥:3h>0,|b|M < +oo}

and
Ay = {b e CV:vh>0,[b|M < +oo},

where for any h > 0,

The Borel map j° is defined by

@ (0
5% &y — Ay, 37 = <f .,( )>
J: a€eN
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Non-surjectivity of the Borel map

Theorem (carleman 1920, Thilliez 2008, Rainer and Schindl 2017)

Let M be a quasianalytic weight sequence. Assume that O° C €[OM]. Then the Borel
0

map ;> : £y — Apary is not surjective.

— In this case, “how far away” is 7°° to be surjective?

+ Together with Gerhard, in the quasianalytic setting, we have studied the size of
A \jw(S?M)) using the different notions of genericity.

+ Our approach is based on the proof of the previous theorem due to Thilliez.
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Representation formula (thiliez 2008)

Let M be a quasianalytic weight sequence. There exist numbers (w%c)MeN such that

lim wk—l Vj €

k—+oo

and such that, given any function f € S?M}, one has

f(z) = lim ZwM f(J)

k—>+oo

for every z > 0 small enough.
— If F = (F}),en is a sequence for which there exists (z,,)nen \ 0 such that

k—1

Zw] L Fiad,

7=0

lim sup =400, VneN,

k—4o00

;00 (€0
thenF ¢ j (S{M}).
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Non-surjectivity of the Borel map

Theorem (E., schindl 2018)
Let M ba a quasianalytic weight sequence. Let us assume that

. M\ - 0 £0
kl;rgo (k') =+oo, ie. O C &Ny

Then, the set A () \jm(S?M}) is residual, i.e. it contains a countable intersection of
dense open sets (hence Ay \j°°(5?M)) also).

Proof.
1. Construction of F € A, such that there exists ag € (0, 1] with

k—1
Mg
> wiiFja

Jj=0

lim sup
k— 400

:+Oo

forany 0 < a < ag (using the assumptions on M).

C. Esser (ULiege) Results of genericity concerning ultradifferentiable classes Valladolid, March 2018 28/34



Non-surjectivity of the Borel map

2. Fix a sequence (a, )nen \; 0 smaller than ay. If we define

k—1
G .= ﬂ {b € Ao :llicmsup Zw%bja% +oo},
=0

neN —too

we know that
G C A \i®(Ehn) -

It suffices then to prove that G can be written as a countable intersection of dense
open sets of A(,7). One has

k—1
g:n ﬂ ﬂ U {bEA(M) Zw%fbja% >N}

neENNeN KeNg k> K 7=0

==G(n,N,k)
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* G(n, N, k) is open :

Let (b(®),en be a sequence of Ay which does not belong to G(n, N, k) and
which converges to b in A (). Let 6 > 0 and fix e > 0 such that

4]

k—1 M, j°

e <

Let L € N be such that |b() — b|iw < gforalll > L. Then, for all [ > L, one
has

k—1 k
Zw%cbjafl < Zw%c(bgl) —bj)afl + Zw%cb;l)a{l
=0 ‘

M, .
<e) |wM|=lal +N<5+N,
s ]l
=0
hence b ¢ G(n, N, k) since 0 > 0 is arbitrary.
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Non-surjectivity of the Borel map

* Upsk G(n, N, k) is dense :
Letb € A(5s) and & > 0. From the construction of F, there is & > K such that

N

k—1

E M J -
wj7kFJan > =

Jj=0

Then, either b 4 ¢F or b — ¢F belongs to G(n, N, k): Otherwise, one would have
k—1 k—1 k—1
2e ZW%CFJ'CL% < Zw%(b] —6Fj)a¥l + Zw%f(b] —&—st)aﬁl < 2N.
j=0 j=0 §=0

Moreover, for any h > 0, one has
b — (b+eF)[}) =¢[F[},

and the density of [, i G(n, N, k) in A(as) follows.
O
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Non-surjectivity of the Borel map

Other results :
+ Equivalent results with the notions of prevalence and lineability
* Mixed setting Ajarz) \ 7% (E7)14)
+ Higher dimensions
+ Generalization using weight matrices
+ Corollary for classes defined via weight functions
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