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Introduction

Introduction

A C∞ function f is analytic at x0 ∈ Ω if its Taylor series at x0 converges to f on an
open neighbourhood of x0. Using Cauchy’s estimates, it is equivalent to have the
existence of a compact neighborhood K ⊆ Ω of x0 and of two constants C, h > 0
such that

sup
x∈K

∣∣Dkf(x)
∣∣ ≤ Chkk! , ∀k ∈ N.

We say that a function is nowhere analytic if it is not analytic at any point.

Many examples of C∞ nowhere analytic functions exist. An example was given by
Cellérier (1890) with the function defined for all x ∈ R by

f(x) =

+∞∑
n=0

sin(anx)

n!

where a is a positive integer larger than 1.
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Introduction

Questions:

• How large is the set of nowhere analytic functions in the Fréchet space C∞(R)?

• Is it possible to construct large structures of nowhere analytic functions?

The first result in this direction has been obtained using the notion of Baire genericity.

Definition
Let X be a Baire space. A subset M of X is residual (or comeager) in X if M
contains a countable intersection of dense open sets in X .

Theorem (Morgenstern, 1954)

The set of nowhere analytic functions in residual in C∞(R).

Other proofs and related results:

• Salzmann and Zeller 1955, Cater 1984, Sarst 1973, Bernal-González 1987,
Darji and Swanson 2016.
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Introduction

Large set from a measure point of view

The prevalence is a notion introduced to generalize the concept of “Lebesgue almost
everywhere” to infinite dimensional spaces keeping some properties:

• A measure zero set has empty interior (ie.“almost every” implies density).

• Every subset of a measure zero set has measure zero.

• A countable union of measure zero sets has measure zero.

• Every translate of a measure zero set has measure zero.

−→ impossible to define this notion in terms of a specific measure!
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Introduction

Definition (Christensen 1974 / Hunt, Sauer, Yorke, 1992)

Let X be a complete metrizable linear space. A Borel subset B of X is shy (or
Haar-null) if there exists a Borel measure µ on X with compact support such that

µ(B + x) = 0 , ∀x ∈ X. (1)

More generally, a subset M is called shy if it is contained in a shy Borel set. The
complement of a shy set is called a prevalent set.

Useful measure to try:
The Lebesgue measure on the unit ball of a finite dimensional subspace V .
Condition (1) becomes

∀x ∈ X, (x+B) ∩ V is of Lebesgue measure zero.

In this case, V is called a probe for the complement of B.
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Introduction

Large algebraic structure

Definition (Aron, Gurariy, Seoane-Sepúlveda 2005)

Let X be a vector space. A subset M of X is lineable if M ∪ {0} contains an infinite
dimensional vector subspace.

Genericity
The set of nowhere analytic functions in prevalent and lineable in C∞(R).

Proofs and related results:

• Bernal-González 2008

• Bastin, E., Nicolay 2012

• Conejero, Jiménez-Rodríguez, Muñoz-Fernández and Seoane-Sepúlveda 2012

• Bartoszewicz, Bienias, Filipczak and Gła̧b 2014

• Bastin, Conejero, E. and Seoane 2014

C. Esser (ULiege) Results of genericity concerning ultradifferentiable classes Valladolid, March 2018 6 / 34



Nowhere Gevrey functions

Nowhere Gevrey functions

Gevrey classes
For a real number s > 0, a function f ∈ C∞(Ω) is said to be Gevrey differentiable of
order s at x0 ∈ Ω if there exist a compact neighborhood K ⊆ Ω of x0 and two
constants C, h > 0 such that

sup
x∈K

∣∣Dkf(x)
∣∣ ≤ Chk(k!)s, ∀k ∈ N0.

A nowhere Gevrey differentiable function on R is a function that is not Gevrey
differentiable of order s at x0, for any x0 ∈ R and any s ≥ 1.

We denote by NG the set of nowhere Gevrey differentiable function.
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Nowhere Gevrey functions

Existence of nowhere Gevrey differentiable functions (Bastin, E., Nicolay 2012)

Let (λk)k∈N be a sequence of (0,+∞) such that λk ≥ (k + 1)(k+1)2 and
λk+1 ≥ 2

∑k
j=1 λ

2+k−j
j , ∀k ∈ N. The function f defined on R by

f(x) =

+∞∑
k=1

λ1−k
k eiλkx

belongs to C∞(R) and is nowhere Gevrey differentiable.

Proof. Note that∣∣∣f (n)(x)
∣∣∣ =

∣∣∣∣∣
n−1∑
k=1

λn+1−k
k eiλkx + λne

iλnx +
∑
k>n

λn+1−k
k eiλkx

∣∣∣∣∣
≥ λn −

n−1∑
k=1

λn+1−k
k −

∑
k>n

λn+1−k
k ≥

n−1∑
k=1

λn+1−k
k −

∑
k>n

λn+1−k
k

≥ λ2
n−1 −

+∞∑
j=0

1

λjj
≥ n2n2

− e ≥ 1

2
n2n2

≥ Chn(n!)s.
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Nowhere Gevrey functions

Genericity (Bastin, E., Nicolay 2012; Bastin, Conejero, E., Seoane 2014)

The set NG of nowhere Gevrey differentiable functions is residual, prevalent and
lineable (with maximal dimension) in C∞(R).

Proof of the prevalence. We have

C∞(R) \NG =
⋃
s∈N

⋃
I⊂R

⋃
m∈N

{
f ∈ C∞(R) : sup

x∈I
|f (n)(x)| ≤ mn(n!)s ∀n ∈ N0

}
︸ ︷︷ ︸

:=A(s,I,m) closed subset

where I denotes all rational subintervals. Hence NG is a Borel set.
Let us consider f /∈

⋃
mA(s, I,m). Then, there is at most one element in the set{

α ∈ R : αf + g ∈
⋃
mA(s, I,m)

}
; Otherwise, if α 6= β belongs to this set, then

(α− β)f = (αf + g)− (βf + g) ∈
⋃
m

A(s, I,m)

hence f ∈
⋃
mA(s, I,m) (linear subspace). Consequently, the linear hull of f is a

probe for the complement of
⋃
mA(s, I,m).
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Nowhere Gevrey functions

Actually, there is an older result which deals with the same kind of questions.

Proposition (Schmets, Valdivia 1991)

The Gevrey class of order α > 1 contains a vector subspace which, for every
β ∈ (1, α), contains an infinite dimensional vector subspace, non-zero elements of
which are nowhere Gevrey differentiable of order β.

−→ In particular, for every β ∈ (1, α), the set of nowhere Gevrey differentiable
function of order β is lineable in the Gevrey class of order α.

Questions:

• Other notions of genericity?

• Similar results in the context of classes of ultradifferentiable functions?
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Denjoy-Carleman classes

Denjoy-Carleman classes

Definition
Let M be an arbitrary sequence of positive real numbers and let Ω ⊆ R be an open
set. The M -ultradifferentiable Roumieu type class is defined by

E{M}(Ω) := {f ∈ C∞(Ω) : ∀ K ⊆ U compact ∃ h > 0 : ‖f‖MK,h < +∞},

and the M -ultradifferentiable Beurling type class by

E(M)(Ω) := {f ∈ C∞(Ω) : ∀ K ⊆ U compact ∀ h > 0 : ‖f‖MK,h < +∞},

where

‖f‖MK,h := sup
j∈N,x∈K

|f (j)(x)|
hjMj

.

Particular case: The weight sequences (k!)k and ((k!)α)k.
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Denjoy-Carleman classes

Questions:

• When do we have E{M}(Ω) ⊆ E(N)(Ω)?

• In that case, “how small” is E{M}(Ω) in E(N)(Ω)?

General assumptions:

• We assume that any weight sequence M is logarithmically convex, i.e.

M2
k ≤Mk−1Mk+1, ∀k ∈ N .

• We assume that any weight sequence M is such that M0 = 1.

• We will often work with non-quasianalytic weight sequences M , i.e. such that

+∞∑
k=1

(Mk)−1/k < +∞.

By Denjoy-Carleman theorem, it is equivalent to the fact that there exists
non-zero functions with compact support in E{M}(R).
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Denjoy-Carleman classes

Inclusions between Denjoy-Carleman classes

Notation: M �N ⇐⇒ limk→+∞

(
Mk

Nk

) 1
k

= 0.

Proposition
Let M,N be two weight sequences and let Ω be an open subset of R. Then

M �N ⇐⇒ E{M}(Ω) ( E(N)(Ω).

Keys for the strict inclusion:

(1) If M �N , then there exists a weight sequence L such that M � L�N .

(2) The function

f(x) =

+∞∑
k=1

Lk
2k

(
Lk−1

Lk

)k
exp

(
2i

Lk
Lk−1

x

)
belongs to E{L}(R). Moreover, |f (k)(0)| ≥ Lk ∀k ∈ N0, so that f /∈ E(L)(R).
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Denjoy-Carleman classes

Construction

Definition
We say that a function is nowhere in E{M} if its restriction to any non-empty open
subset Ω of R does not belong to E{M}(Ω).

Proposition (E. 2014)

Assume that M and N are two weight sequences such that M �N . If M is
non-quasianalytic, there exists a function of E(N)(R) which is nowhere in E{M}.

Proof. We know by (1) that there is N? such that M � N? � N. By induction, we
get a sequence (L(p))p∈N of weight sequences such that

M � L(1) � L(2) � · · ·� L(p) � · · ·�N? �N.

For every p ∈ N, (2) allows us to consider a function fp ∈ E{L(p)}(R) such that

|f (j)
p (0)| ≥ L(p)

j , ∀j ∈ N0 .
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Denjoy-Carleman classes

Since M is non-quasianalytic,

∃φ ∈ E{M}(R) with compact support, φ ≡ 1 in a nbh of 0.

Let {xp : p ≥ 1} be a dense subset of R. For every p ≥ 2, we can find kp > 0 such
that the function

φp := φ
(
kp(· − xp)

)
has its support disjoint from {x1, . . . , xp−1}. We define gp

gp(x) := fp(x− xp)︸ ︷︷ ︸
∈E{L(p)}(R)

φp(x)︸ ︷︷ ︸
∈E{M}(R)

∈ E(N?)(R).

Let γp > 0 be such that

sup
x∈R
|g(j)
p (x)| ≤ γpN?

j , ∀j ∈ N

and define the function g by

g :=
+∞∑
p=1

1

γp2p
gp.
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Denjoy-Carleman classes

1. g ∈ E(N)(R): For every j ∈ N and every x ∈ R, we have

+∞∑
p=1

1

γp2p
|g(j)
p (x)| ≤

+∞∑
p=1

1

2p
N?
j ≤ N?

j

which implies that g belongs to E{N?}(R) ⊆ E(N)(R).

2. g is nowhere in E{M}: By contradiction, assume that there exists an open subset Ω

of R such that g ∈ E{M}(Ω). Let p0 ∈ N such that xp0 ∈ Ω. Remark that

+∞∑
p=p0

1

γp2p
gp = g︸︷︷︸

∈E{M}(Ω)⊆E
(L(p0))

(Ω)

−
p0−1∑
p=1

1

γp2p
gp︸ ︷︷ ︸

∈E
(L(p0))

(Ω)

∈ E(L(p0))(Ω).

But, since the support of gp is disjoint of xp0 for every p > p0, we also have∣∣∣∣∣
+∞∑
p=p0

1

γp2p
g(j)
p (xp0)

∣∣∣∣∣ =
1

γp02p0

∣∣∣g(j)
p0 (xp0)

∣∣∣ =
1

γp02p0

∣∣∣f (j)
p0 (0)

∣∣∣ ≥ 1

γp02p0
L

(p0)
j

for every j ∈ N, hence a contradiction.
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Denjoy-Carleman classes

Remark. Given a sequence (L(p))p≥1 such that

M � L(1) � L(2) � · · ·� L(p) � · · ·�N∗ �N

and a dense subset {xp : p ∈ N} of R, we have constructed a function g such that

• g ∈ E{N∗}(R)

• /∈ E(L(p))(Ω) for every neighbourhood Ω of xp.

−→ Main tool for the lineability!
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Denjoy-Carleman classes

Lineability

Proposition (E. 2014)

Assume that M �N . If M is non quasianalytic, the set of functions of E(N)(R) which
are nowhere in E{M} is lineable (with maximal dimension).

Idea of the proof. For every t ∈ (0, 1), we set

L
(t)
k := (Mk)1−t(Nk)t ∀k ∈ N0 .

Then M � L(t) �N for all t ∈ (0, 1) and L(t) � L(s) if t < s.
Remark that

M � L( t2 ) � L( 2t
3 ) � L( 3t

4 ) � · · ·� L(t) �N, ∀t ∈ (0, 1).

and we can consider gt ∈ E{L(t)}(R) which is not in E(
L((1− 1

p
)t))(Ω), for any open

neighbourhood Ω of xp and for any p ≥ 2. Then take

D = span{gt : t ∈ (0, 1)}.
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Denjoy-Carleman classes

Let α1, . . . , αN ∈ C with αN 6= 0 and t1 < · · · < tN in (0, 1). Assume that there
exists an open subset Ω of R such that

G =

N∑
n=1

αngtn ∈ E{M}(Ω) .

Let p0 ∈ N such that xp0 ∈ Ω and tN−1 <
(

1− 1
p0

)
tN . Hence,

gtN =
1

αN

(
G−

N−1∑
n=1

αngtn︸ ︷︷ ︸
∈E
{L(tN−1)}

(R)

)
∈ E{L(tN−1)}(Ω).

From the choice of p0, we have E{L(tN−1)}(Ω) ⊂ E(
L
((1− 1

p0
)tN))(Ω) and this leads to

a contradiction with the construction of gtN .
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Denjoy-Carleman classes

Dense-lineability

Note that we can modify the above construction of D = span{gt : t ∈ (0, 1)} to get
the density of the linear subspace.

Let us consider

• (Pm)m∈N a dense sequence of polynomials in E(N)(R),

• (tm)m∈N a sequence of different elements of (0, 1),

• {Um : m ∈ N} a 0-nbh basis in E(N)(R),

• for every m ∈ N, km > 0 such that kmgtm ∈ Um.

Then, the linear subspace

Dd = span
({
Pm + kmgtm : m ∈ N

}
∩
{
gt : t ∈ (0, 1), t 6= tm

})
has the desired property.
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Denjoy-Carleman classes

More results:

• Same results using the notion of Baire residuality and of prevalence : The set of
functions of E(N)(R) which are somewhere in E{M} is given by⋃

I⊂R

⋃
m∈N

⋃
s∈N

E(I,m, s),

where I denotes all rational subintervals of R and

E(I,m, s) :=

{
f ∈ E(N)(R) : sup

x∈I
|f (j)(x)| ≤ smjMj ∀j ∈ N0

}
.

• Generalization using weight functions (without exhibiting a particular function) and
using weight matrices.
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Denjoy-Carleman classes

Case of countable unions

Let N be a weight sequence and let (M (n))n∈N be a sequence of weight sequences
such that M (n) �N for every n ∈ N.

Question.
What about the set of functions of E(N)(R) which are nowhere in

⋃
n∈N E{M(n)}?

Proposition E. 2014

If there is n0 ∈ N such that the weight sequence M (n0) is non quasianalytic, the set of
functions of E(N)(R) which are nowhere in

⋃
n∈N E{M(n)} is (dense) lineable (with

maximal dimension), prevalent and residual in E(N)(R).

Idea. Construct a weight sequence P such that⋃
n∈N
E{M(n)} ⊆ E{P} ( E(N).
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Denjoy-Carleman classes

Particular case

Recall that Gevrey classes correspond to Roumieu classes given by the weight
sequence

Mk := (k!)α, k ∈ N .

Corollary
Let α > 1. The set of functions of E((k!)α)(R) which are nowhere in E{(k!)β} for every
β ∈ (1, α), is (dense) lineable (with maximal dimension), prevalent and residual in
E((k!)α)(R).

Proof. It suffices to apply the previous result with M (n)
k := (k!)βn , with 1 < βn ↗ α.

Proposition (Schmets, Valdivia 1991)

Let α > 1. The set of functions of E((k!)α)(R) which are nowhere in E{(k!)β} for every
β ∈ (1, α) is residual in E((k!)α)(R).
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Non-surjectivity of the Borel map

Non-surjectivity of the Borel map

Definition
The spaces of germs at 0 of the M -ultradifferentiable functions of Roumieu and
Beurling types are defined respectively by

E0
{M} := lim−→

k∈N>0

E{M}
((
−1

k
,

1

k

))
,

and

E0
(M) := lim−→

k∈N>0

E(M)

((
−1

k
,

1

k

))
.

Particular case : The sequence Mp = p! in the Roumieu case gives O0, the germs
of analytic function at 0.
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Non-surjectivity of the Borel map

Definition
We define the sequence spaces Λr{M} and Λr(M) by

Λ{M} =
{
b ∈ CN : ∃h > 0, |b|Mh < +∞

}
and

Λ(M) =
{
b ∈ CN : ∀h > 0, |b|Mh < +∞

}
,

where for any h > 0,

|b|Mh := sup
j∈N

|bj | j!
hjMj

.

The Borel map j∞ is defined by

j∞ : E0
[M ] −→ Λ[M ], j∞(f) =

(
f (j)(0)

j!

)
α∈N
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Non-surjectivity of the Borel map

Theorem (Carleman 1920, Thilliez 2008, Rainer and Schindl 2017)

Let M be a quasianalytic weight sequence. Assume that O0 ( E0
[M ]. Then the Borel

map j∞ : E0
[M ] −→ Λ[M ] is not surjective.

−→ In this case, “how far away” is j∞ to be surjective?

• Together with Gerhard, in the quasianalytic setting, we have studied the size of
Λ(M) \ j∞(E0

(M)) using the different notions of genericity.

• Our approach is based on the proof of the previous theorem due to Thilliez.
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Non-surjectivity of the Borel map

Representation formula (Thilliez 2008)

Let M be a quasianalytic weight sequence. There exist numbers (ωMj,k)j,k∈N such that

lim
k→+∞

ωMj,k = 1, ∀j ∈

and such that, given any function f ∈ E0
{M}, one has

f(x) = lim
k→+∞

k−1∑
j=0

ωMj,k
f (j)(0)

j!
xj

for every x > 0 small enough.

−→ If F = (Fj)j∈N is a sequence for which there exists (xn)n∈N ↘ 0 such that

lim sup
k→+∞

∣∣∣∣∣
k−1∑
j=0

ωMj,kFjx
j
n

∣∣∣∣∣ = +∞ , ∀n ∈ N,

then F /∈ j∞(E0
{M}).
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Non-surjectivity of the Borel map

Theorem (E., Schindl 2018)

Let M ba a quasianalytic weight sequence. Let us assume that

lim
k→∞

(
Mk

k!

)1/k

= +∞ , i.e. O0 ( E0
(M).

Then, the set Λ(M) \ j∞(E0
{M}) is residual, i.e. it contains a countable intersection of

dense open sets (hence Λ(M) \ j∞(E0
(M)) also).

Proof.
1. Construction of F ∈ Λ(M) such that there exists a0 ∈ (0, 1] with

lim sup
k→+∞

∣∣∣∣∣
k−1∑
j=0

ωMj,kFja
j

∣∣∣∣∣ = +∞

for any 0 < a ≤ a0 (using the assumptions on M ).
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Non-surjectivity of the Borel map

2. Fix a sequence (an)n∈N ↘ 0 smaller than a0. If we define

G :=
⋂
n∈N

{
b ∈ Λ(M) : lim sup

k→+∞

∣∣∣∣∣
k−1∑
j=0

ωMj,kbja
j
n

∣∣∣∣∣ = +∞

}
,

we know that
G ⊆ Λ(M) \ j∞(E0

{M}) .

It suffices then to prove that G can be written as a countable intersection of dense
open sets of Λ(M). One has

G =
⋂
n∈N

⋂
N∈N

⋂
K∈N0

⋃
k≥K

{
b ∈ Λ(M) :

∣∣∣∣∣
k−1∑
j=0

ωMj,kbja
j
n

∣∣∣∣∣ > N

}
︸ ︷︷ ︸

:=G(n,N,k)
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Non-surjectivity of the Borel map

• G(n,N, k) is open :

Let (b(l))l∈N be a sequence of Λ(M) which does not belong to G(n,N, k) and
which converges to b in Λ(M). Let δ > 0 and fix ε > 0 such that

ε <
δ∑k−1

j=0 |ωMj,k|
Mj

j! a
j
n

.

Let L ∈ N be such that
∣∣b(l) − b

∣∣M
1
≤ ε for all l ≥ L. Then, for all l ≥ L, one

has ∣∣∣∣∣∣
k−1∑
j=0

ωMj,kbja
j
n

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
k−1∑
j=0

ωMj,k(b
(l)
j − bj)a

j
n

∣∣∣∣∣∣+

∣∣∣∣∣∣
k−1∑
j=0

ωMj,kb
(l)
j a

j
n

∣∣∣∣∣∣
≤
k−1∑
j=0

|ωMj,k|
∣∣b(l)j − bj∣∣ajn +N

≤ ε
k−1∑
j=0

|ωMj,k|
Mj

j!
ajn +N ≤ δ +N,

hence b /∈ G(n,N, k) since δ > 0 is arbitrary.
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Non-surjectivity of the Borel map

•
⋃
k≥K G(n,N, k) is dense :

Let b ∈ Λ(M) and ε > 0. From the construction of F, there is k ≥ K such that∣∣∣∣∣∣
k−1∑
j=0

ωMj,kFja
j
n

∣∣∣∣∣∣ ≥ N

ε
.

Then, either b+ εF or b− εF belongs to G(n,N, k): Otherwise, one would have

2ε

∣∣∣∣∣∣
k−1∑
j=0

ωMj,kFja
j
n

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
k−1∑
j=0

ωMj,k(bj − εFj)ajn

∣∣∣∣∣∣+

∣∣∣∣∣∣
k−1∑
j=0

ωMj,k(bj + εFj)a
j
n

∣∣∣∣∣∣ ≤ 2N.

Moreover, for any h > 0, one has

|b− (b± εF)|Mh = ε|F|Mh ,

and the density of
⋃
k≥K G(n,N, k) in Λ(M) follows.
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Non-surjectivity of the Borel map

Other results :

• Equivalent results with the notions of prevalence and lineability

• Mixed setting Λ[M2] \ j∞(E0
{M1})

• Higher dimensions

• Generalization using weight matrices

• Corollary for classes defined via weight functions
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