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ABSTRACT
An application of the virial theorem to the radial pulsation of gaseous stars leads to a simple deriva-
tion of the approximate formula
A e Cmy L, )
TT AT\ TR — 4] !

for the period found earlier (4. J., 94, 124, 1941) by a variational method. In the foregoing formula
I, denotes the moment of inertia and Qo the potential energy of the star, and T'; is the adiabatic exponent
assumed constant through the star.

If the star is in steady uniform rotation, in the same approximation, the theorem gives

Io ..
= (_ [31 — 4])Q +[5 — 3P1]wofm> ’ (ii)

where wo denotes the angular velocity and 9 is the total angular momentum of the star. In the case of a
homogeneous distribution of mass, equation (ii) reduces to a formula which can be derived directly from
one of Poincaré’s theorems. When 4 < I'; < § and under the circumstances of validity of the approxima-
tions used, the decrease in period due to the rotation is small.

1. The application of the virial theorem to the steady pulsations of a gaseous star.—For a
cloud of particles which act on each other only by gravitational attraction or shocks we
have the Lagrangian identity

a1
2 ap

where I is the moment of inertia with respect to the origin, T the kinetic energy, and Q is

=2T+Q, ()

‘the gravitational potential energy of the star. Equation (1) is the form given by Jacobi to
‘a theorem originally due to Lagrange for three bodies. For a spherical distribution of

mass

I=f0Mr2dm(r) and 9=—GfOMM%’”—(1)—, (2)7

where m(r) denotes the mass interior to » and M is the total mass of the configuration.

In this paper we shall consider the application of equation (1) to the steady radial
pulsations of a gaseous star. In studying this problem we shall adopt the Lagrangian
mode of description, in which we follow each particle (or element of mass) during its mo-
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tion. Let the distance » from the center of symmetry be used as such a Lagrangian co-
ordinate. Further, let 6 denote the displacement from the “equilibrium” position 7.
The conservation of mass clearly requires that ,

m(ro+58r) =m(re). - (3)

Let 61, 6T, and 6Q denote the changes from their equilibrium values in the respective
quantities at time {. Equation (1) gives

/

/

14d%1I
To a first order in ér we have (cf. eq. [2])
61—2/‘rwdm00~d/~——dh S (5)
and
M m(r)s(r) -~ M §r

where we have used the suffix zero to indicate that the quantities refer to the instant
when r = 7,.
For small periodic oscillations we may write

—=§= e, ‘ (6)
where 27/0 denotes the period. Equations (5) and (5") now become

M . M '
oI = 26""‘f0 ¢&dI, and §Q= — ei"‘f £0d Qg . @)
0

Considering next the evaluation of 67, we may first observe that T consists of two
parts: the kinetic energy due to thermal motions and the kinetic energy due to the vi-
brations. It is evident that the latter is of the second order in ¢ and can therefore be ig-
nored in a first-order theory. Accordingly, we need to consider only the variation in the
total kinetic energy T, stored in the form of thermal motions. If the radlatlon pressure
is negligible, we have the relation -

2ﬂ53£ %dmh% (8)

where p, denotes the gas pressure and p the density. On the other hand, if the radiation
pressure is included, the usual argument which leads to equation (1) shows that equa-
tion (8) has to be replaced by (cf. eq. [66], below)

2ﬁ=3fM€dmuy (9)

where P is the total pressure, including the gas and the radiation pressures. Thus, to the
first order

2wuama=3AMaGdew@. (0

We shall now suppose that the pulsations are adiabatic, in which case

P\_Pop _ )00 o
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where T'; is the adiabatic exponent properly defined. Moreover, if d§/dr, is further as-

sumed to be a small quantity of the ﬁrst order everywhere, the equation of continuity
leads to the relation’

_5_£ - _.( _j) tot |
,Do_ 3$0+70d70 €. ‘ (12)
Combining equations (10), (11), and (12), we obtain
y ) d
26T = — 9ejwf0 -(rl— 1) godm (ro) —3 e“”f "4n Py (1= 1) 22 £  ridr,. (13)

Integrating by parts the second of the two integrals on the right-hand side of equat1on
(13), we find :

RO RO

41rf0 Py (T — 1) 1§ 2 df" Y dro=4nPy (0~ 1) rggolo —4x [ Pty dTy
- ip - , (14)

_41rf0 (0= 1) fo 52 73T, — 127rf0 P, (T, — 1) £,r2d 7o .

The integrated part vanishes at both limits, and we are left with (cf. eq. [2] )

d ar

41r£ P(P -1 EOd?’o——‘/‘ —Eo”o——ldm(fo) s
)

=3 [falm-naney - [Tum-1ae,

~where in transforming the second of the three integrals on the right-hand side of equation

(14) we have used the relation

3@= _47rr3G1n(1’0) o= GM(fo) dm(?'()) on

T T, 0Tz 0T rdre  dro

(16)
Equations (13) and (15) now give

) M P dar
zar=3ewff0 p—°sorod—1dm<ro>+3ew*f fI=Dd. (1D

Finally, introducing equations (7) and (17) into equation (4), we obtain

. up,
— ot [Trdlo=3 [ g ogfldm(rowrsf b (m = 1) a0 [, (18)
. or - ‘
M
f (3P1"‘"4) E0d90+3 ‘E_ngro_d_]‘-jdm(ro)
a9 _ 20 Po dro

(19)

f ety

Equation (19) for the period is of the same general form as the one obtained in an
earlier paper.! However, in that paper ¢* was defined, in accordance with the Ritz prin-
ciple, as the minimum of a similar expression which included terms of the second order
in fo.

1P, Ledoux and C. L. Pekeris, Ap. J., 94, 124, 1941, This paper will be referred to as “I.”
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If T is assumed to be independent of 7o, equation (19) reduces to

Gr—4) [ d ,
o= — A‘ . (20)

M
S kel
0
If we further suppose that & is a constant, we recover the formula .

_ 3r;—4)Q
I !

(21)

0?2 =

obtained in paper I. As has been shown in paper I, equation (21) already provides a fair
approximation to the true periods if the central condensation of the star is not too high.

The éxtension of the foregoing analysis to include second-order terms is feasible and
may give indications as to the manner in which ¢2 may be expected to change when the
amplitudes of the pulsation become large. However, in such cases the assumption that
the pulsations are adiabatic will require reconsideration.

2. Application of one of Poincaré’s theorems® to the pulsation of a rotating configuration.—
The problem of a rotating gaseous configuration in pulsation is a difficult one. But we
may expect that a general theorem such as the one we have referred to will give us some
idea as to the effect of rotation on the period.

Consider, then, the case of a uniformly rotating gaseous configuration in which at any
given instant the angular velocity is the same throughout the mass. Since we have in
view the pulsation of such a configuration, we must allow @ to be a function of time.
Under these conditions the equation of motion in a frame of reference rotating with an
angular velocity ® is

L —%gradP-l—grad B—0X @Xr) —2(®Xv) — %Xr), (22)

where P denotes the total pressure, p the density, and 8 the gravitational potential
governed by Poisson’s equation,

VB = —4xGp . (23)
Under the circumstances envisaged, . /
. dér
‘ v="0r, | (24)

where or denotes the displacement, at time £, of an element of gas whose equilibrium posi-
tion is 7, (say). Since the problem admits of an axial symmetry, it would appear that ér
will lie in the meridian plane. If we assume that this is the case, v will also lie in this
plane, and the two last terms on the right-hand side of equation (22) are the only vectors
in this equation which are normal to the meridian plane. Accordingly, we must require
that :

2@x0) +5xr=0. (25)

In spherical polar co-ordinates (with the z-axis along the axis of rotation) equation (25)
takes the form
ad . dr ) '
Z(Qrcosﬁd—t—l—wsmﬂﬁ>+rs1n07l—t—-—0, (26)

2 Legons sur les hypothéses cosmogoniques, p. 22, Paris, 1911.
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or, somewhat differently, i
1 dw 2dr ad ‘

Equation (27) admits of immediate integration, and we have
\ w?? sin? ¢ = constant . (28)

The foregoing equation (28) expresses merely the conservation of angular momentum.
We must, of course, expect this to be an integral of our problem. Thus, for pulsations in
which the angular momentum is identically conserved, the displacements ér lie in the
meridian planes, and the equation of motion (22) simplifies to :

%= —%gradP—i—grad%—mX (0 X7). (29)
On the other hand,
OX (@Xr) = —Lw?grad (x2+ %) = —Lw?grad (#2sin® 9) . (30)
We can, accordingly, re-write equation (29) in the standard form
| L —-%gradP+grad¢, (31)
where ‘
=L+ 50 (221737 . ‘ (32)

At the equilibrium position, v = 0; and equation (31) reduces to
igradoPo grady ¢, (33)

where, as in § 1, the suffix zero is used to indicate that the quantities are assigned their
equilibrium values.

Proceeding as in Poincaré’s analysis, we take the divergence of equation (31) and in-
tegrate over the entire volume occupied by the configuration. We obtain

d,.. _ - _ . (l )
/;E(d1vv)dV—~fV(2w 47Gp) dV /;dlv “grdP)dvV,  (34)
use having been made of the relation (cf. eq. [23])

2
div grad ¢ = V2B + 2 v2 (a2 + y2)
g D) y (35)

= —47Gp+ 207 .

The first of the two integrals on the right-hand side of equation (34) is readily evaluated;
and, transforming the second into a surface integral by Gauss’s theorem, we find

/;E(d1vv)dV=ZwZV—47rGM—fS;gradP-ldst, (36)

where the surface irftegral is extended over the entire bounding surface .S of the con-
figuration and 145 is a unit vector normal to element of surface &S of .S.

Now, in virtue of equation (24), we may regard v as a quantity of the first order of
smallness. Hence, in an approximation in which we ignore all quantities of the second

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1945ApJ...102..143L

925 A8 I 027 TTA3L!

148 P. LEDOUX

order of smallness we may interchange the differentiation with respect to fand an inte-
gration over the spatial co-ordinates. Thus, in this approximation equation (36) becomes

v 1
= 20V —f47rGM—/S- > grad P LisdS . 37)
Writing V = V, -+ 6V, etc., in equation (37), we obtain
26V
7t...__:zes(wzm-—5[ = grad P+ 155dS . (38)

We shall now suppose that ér is along r and that é7/7, can again be represented as in
equation (6). Under these circumstances equation (28) allows us to conclude that

B 98T gpein, (39)

wo 7o

Moreover, it is clear that, to be consistent with our assumption of uniform rotation («
1ndependent of spatial co- ordmates), we should also suppose that

£, = constant | 40

throughout the entire configuration. As we have seen in § 1, this assumption leads, in
most cases, to a fair approximation for the period and is therefore to be regarded as not
too restrictive. On the assumption (40)

0 _3pein and SV o 3ggeir. (41)
" Po VO ‘

Further, according to equations (39) and (41),

26 (V) = 202V, (2 i—‘:+% = — 22V £ et (42)

Again, to a first approximation, we have
1 1 1 .
54 ;gradP- ldeS= /;06 (}; gradP)- ld,sodS() —I—f;;gradoPo- 0 (ldst) . (43

As in § 1, we shall assume that during the pulsations the changes of state take plac
‘adiabatically. Then

b (1 grad P) = — Q —1— grado P, —f—i grado (I‘lPo Q) —}-i (6 grad) Py. (44

s

Now the components proportlonal to 8/dr and 9/rd¢ of the gradient operator a,t time
have the values

1 9 1 19
—_— —— = 4!
iTiar, ™ TFrn 90 (
Accordingly, _
8 (grad) = — £pe'et grad, . (4
Restricting ourselves further to the case where T'; is a constant, we have
{
1 grado <F1P0 > FIPO grad AL Tidp grady Py, (4
Po Po Po Po
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or, since dp/po is independent of spatial co-ordinates (cf. egs. [40] and [41] ),

1 ) ‘
— grad, (I‘IPO Sp = — 3 et E grado Py . (48)
Po Po Po , '

Combining equations (44), (46), and (48) and after some further minor reductions, we

) (%gradP>= foei”t(2—3I‘1)pigrad0P0, \ (49)
0

Now, since-the bounding surface S of the configuration must be an equipotential
surface, '

grad ¢

dszm' (50)

Also, we may write
dS=2wr%sin #d¢. (50"

Further, under the assumptions made concerning &r, it is evident that the direction of
the normal is left unchanged during the pulsation. Hence,

B(Idst) = 2506"”(1“0(150). . (51)
Intfoducing equations (49) and (51) into equation (43), we have

1 . 1
afs S grad P 14sdS = (4 =31 Eoe”‘/S;—p—ogradoP- 1issdSo.  (52)

The foregoing equation can be further simplified by the use of equations (32) and (33).
Thus,

1 : . ‘
(3-/5~ 3 grad P- 1;5dS = (4 —3T')) fuewt‘/‘;dwogr?dﬂ $od Vo (53)

= (4 —3T)) &'t (2ws Vo —47GM) .
Equation (38) now reduces to (cf. egs. [41],’ [42], and [53])
0 =4wG (3T, —4) p+32(5—3Ty), (54)

where p denotes the mean density. For a mass devoid of rotation, equation (54) gives
o?=%7G (3, —4)p. . (55)

In this case of no rotation a better approximation, taking into account the variation of
£, with 7, can readily be found. The final result can be expressed in the form

_4 _ 1d&
7= 7Gj [(31‘1 1) +P1R<godro R], (56)

where R is the radius of the spherical star.considered. However, equation (56) has the
disadvantage that it makes ¢* spuriously sensitive to the boundary values.

According to equation (54) for 4 < I'1 < §, the effect of rotation is to increase o2,
and this implies a decrease in the period. But this can only be regarded as a qualitative
indication. For equation (55) predicts for the standard model, for example, a value of ¢
which is smaller than the true value by a factor 3.6. On the other hand, equation (55)
predicts a value which approaches the true one in the limit of a uniform distribution. As
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our discussion i [n paper I has shown, the effect of the central condensatlon is to multiply
the value of ¢2 given by equation (54) by a factor of the order of
3%
47Gpl,’
We may assume that this is true of the first term of equation (54). But to find the cor-
respondlng factor for the second term we need a more detailed discussion, which is un-
dertaken in the following section.

3. The application of the virial theorem to the pulsation of a rotating star—The state-
ment of the virial theorem for a rotating configuration can be deduced from (1) if proper
allowance is made for the fact that in this equation T refers to the kinetic energy in a
fixed frame of reference. However, we shall derive the necessary formulation of the theo-
rem more directly'from the equation of motion (31). Re-writing this equation in the form

(57)

‘fi'; dm= — (grad P) dV + (grad B) dm + [3o? grad (x> + ) | dm , (58)
we resolve it into its Cartesian components. We have
ff;Tf im= — gPdV-{-g-Q—S dm+wxdm
‘f;f dm = —~—§dV—i—@ dm+tydm (59)
—?j—f dm = —QI—J av —I—@ am

Multiplying the foregoing equations by #, y, and z, respectively, adding them together,
and integrating the result over the entire configuration, we obtain

2 ety an= [C(G)+(G) () Jom

M 0 0 dJ M
—1—/0 x%—l—y—g{\—za—%)dﬂz—l—f w?(x2+ 92 dm » (60)

Gy,

where use has been made of the relations

d*x 1 d%x? dx\?
o =1ar—(a) e (61)
Equation (60) can be written alternatively in the form
1421 n
§W=2T2+sz—fvr-gmd13dv+fo wd M (62)

where I and @ have the same meanings as in § 1, 7% is the kinetic energy with respect
to the chosen axis, and I is the total angular momentum (@t = w*x? + y?]dm). Since

div rP) =r.grad P+ 3P, ‘ ©(63)
we have ,

regrad PAV = [ divGP)dV —3 [PdV
v v v (64)
=£krP) -1dst—3fVPdV.
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But as P vanishes on the bounding surface, we have

Sr-gradPav = —3 [ Pav . (65)
A% 14
Equation (62) therefore becomes
' 1421 , n
3= 2T2+Q+3fVPdV-|-fO wd N . (66)

In considering the variation of this equation we shall (asin § 2) consider displacements
or, which lie in the meridian planes and which can further be represented as

%—Eoe“’t (£o=constant) . (67)
0

Also, & is assumed to be a quantity of the first order of smallness. For such variations
T, is of the second order of smallness and can be ignored. We can therefore write

zd;ff—aswrsf ()dm(r)+af wd M . (68)

Remembering that £, is assumed to be a constant, we have
5I=‘2£0€i"t10 and aQ = '—‘2067:”90. — (69)3

Moreover, for adiabatic pulsations under our présent conditions we have (cf. egs. [11]
and [12])

s(0)=2m-n22- —spemm-n (70)
- 0 :
Assuming, further, that I'; is a constant, we have
M /P i '
L 5(E)amin = —s@i=nges [ mave, (D
0 p Vo

and equation (68) becomes

o . wa
~ otbgetly= — Eoe ' —3 (I —1) foet [ 3PdVo+s [ wd. (72)
. Vo 0
On the other hand, for the equilibrium position equation (66) gives
2+3 [ PudVot [ wdB=0. (73)
Yo 0 '
Combining equations (72) and (73), we have
m
— o%ket o= (371 —4) £e®@'Q+ 3 (1 — 1) weM Ege it 4 5/ wdMN . (74)
VA :

Now the conservation of angular momentum insures that It and dI remain constant
during the pulsation. Hence,

5[ wd P = f —wodim (75)

or, using equation (39),
mn n :
= — 2geit dM = — 2Eseitiy M . 76
5/0 wd I Eoe fo Cwod M foean M (76)

3 The relation for 6Q follows from the fact that @ is of dimension —1 in the relative distances.
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Substituting this in equation (74), we finally obtain

g = — (3F1—4)QO+ (5_311;1)(.009]&

I,

Just as equation (21) for the period is superior to equation (55), we may expect that
equation (77) is a correspondingly better approximation for the period when there is ro-
tation than equation (54). On the other hand, equations (77) and (54) become identical
in the limit of a homogeneous distribution.

Now the factor introduced by our present method in the second term of (77) is never
very different from 2w,/3, while Qo/7o can be much larger than 4rGp/3. For instance, in
the case of the standard model, ©o/Io = 13.26 X 4wGp/3. If we considédr a star having
the same distribution of density as the standard model but rotating with an angular
velocity w and neglect its deviations from spherical shape, we have

(77)

ot = 13.26(3r1—4)§+33(5—3r1)1, | (78)

where we have used g to denote the gravitational attraction at the surface and f the cen-
trifugal force at the equator. If we take its spheroidal shape into consideration, o/7y
will decrease and /7, will increase. However, the maximum value of 9t/ is 1; and
Qo/I, is not likely to become much smaller for stable configurations than its sphencal
value, since the central condensation will persist; and Qo/I, = 10 X 47Gp/3 is likely to
be a minimum value. With these values (78) becomes

02210(3I‘1—4)1%+ (5—31‘1)1%. (79)

Now let us consider more closely the implications of our assumptions concerning
or. For displacements of the kind we have considered, isosteric as well as isobaric, sur-
faces will remain as such, since §p/ po = constant and 5P/ Py = TI'18p/po = constant. But
on such a surface ¢ will not remain a constant, and grad ¢ and grad P will not continue
to be parallel and there will be a tendency to create a current causing circulation. To the
first order of approximation the restoring force along r is

8530

= £(3I‘1—4) —5(5—3I‘1) wir,sin® & . (80)
But there is a component along ¢ as well, and this has the value
F0=£(3I’1—4)—1-2§——£(5 — 3I'1) wlr sin & cos &. (81)

For a spheroid of revolution flattened at the poles Fy vanishes at the poles and at the
equator. Comparing F, and Fy at 45° for masses which have reached their critical con-
figurations (maximum rotation compatible with steady rotation), we shall obtain an
idea of the maximum effect of Fs. If we take I'; = 3, the ratio of Fy to F, at 45° on the
surface of- the critical Roche’s model is equal to 4, and on the Maclaurin’s spheroid it is
equal to 3. On the other hand, what happens in the external layers of the star is not
likely to have a great bearing on the problem and in any case would not be expected to
affect the proper period of the star, so that we should really compare the values of Fs
and F, at some distance inside the surface. Actually, the ratio decreases rapidly with 7.
Thus, if we suppose wo to be reasonably far from its critical value, the component of
force along ¢ will be small, compared to the component along r; and the transfer of ener-
gy from the pulsation to the currents due to Fy will be slow, compared to the period of
pulsation. Therefore, it is the stability, rather than the period, which will be affected.
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However, if T approaches %, equations (54) and (55) become equal at 45° and our ap-
proximation breaks down altogether, whatever the rotation. If I'y becomes smaller than
%, it is seen that the star becomes unstable at the poles along 7 and that currents will be
set up rapidly in the rest of the star, increasing its instability.

Returning to equation (79), we see that, if its validity is assumed also when fand g
are of the same order of magnitude, the contribution of rotation to ¢ amounts to only
about 10 per cent if I'y = §. The corresponding change in the period will be about S per
cent. However, as the central condensation decreases, the effect of rotation on the period
increases. Thus for a polytrope n = 2, under similar circumstances the contribution of
rotation to ¢? can amount to 20 per cent.

It is a pleasure to record my indebtedness to Dr. S. Chandrasekhar for his help in re-
casting the original paper in a more presentable form and for seeing the paper through
the press.
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