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Neutron matter properties are calculated both at zero and finite temperature within 
an extended Brueckner approach using the Paris potential. The binding energy turns 
out to be very close to the one calculated variationally with the Urbana  v14 potential. 
Particular emphasis is put on the symmetry energy, on the isospin dependence of the 
mean field and on the effective mass. As an illustration, the masses of neutron stars 
are calculated. 

PACS: 21.65. + f  

3. Introduction 

A great deal of interest is currently devoted to the 
nuclear matter  equation of state. The present situa- 
tion is however rather confuse. To describe it very 
shortly, conventional analysis of giant monopole in 
nuclei [1, 2], early analysis of heavy-ion collisions 
neglecting effective mass effects [3, 4] and microscopic 
calculations based on potential models, be them per- 
formed in a variational [5] or in a (nonrelativistic 
[6] or relativistic [7]) perturbative scheme, seem to 
point to a so-called stiff nuclear matter  equation of 
state, i.e. a sharp increase of the binding energy per 
particle between P0 and ,-~4po (P0 =norma l  nuclear 
matter equilibrium density). On the other hand, rean- 
alysis of nuclear properties in the spirit of the Landau 
sum rules for  Fermi liquids [8], and recent calcula- 
tions on supernovae explosions [9] seem, on the con- 
trary, to suggest that the equation of state would be 
much softer. Finally, the masses of known neutron 
stars favour [10] a stiff nuclear matter equation of 
state. The last considerations involve asymmetric nu- 
clear matter, for which the theoretical investigations 
are much less numerous in comparison with the sym- 
metric case. In fact, for purely neutronic matter, there 
is practically only one very sophisticated microscopic 
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calculation [5], based on the variational method. 
Here, we want to study the same system by a detailed 
Brueckner type approach, both at zero and at low 
temperature, extending so our previous investigations 
of symmetric nuclear matter  [6]. Actually, our pur- 
pose is fourfold. First, we want to calculate the bind- 
ing energy of neutron matter, in order to check wheth- 
er the agreement between variational and perturba- 
tive approaches, observed for N = Z  [6], also holds 
for Z = 0. Second, we want to calculate microscopical- 
ly the symmetry energy. Third, we investigate the sin- 
gle-particle properties of neutron matter both at T =  0 
and T +  0, especially the neutron effective mass, which 
can play an important  role in supernovae explosions. 
Fourth, we propose ourselves to use our results to 
calculate the neutron star mass spectrum. This is for 
illustrative purpose mainly, since this calculation re- 
quires the detailed knowledge of the equation of state 
at large densities, for which the perturbative approach 
is inadequate or, at least, on less safe grounds than 
the variational approach. 

The paper is organized as follows. Section 2 short- 
ly describes the theoretical frame. Section 3 contains 
the numerical results for the binding energy, the aver- 
age nucleon field, the effective mass and the symmetry 
energy. Section 4 briefly discusses the neutron star 
mass spectrum. Finally, Sect. 5 summarizes our re- 
sults. 
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2. Theoretical Background 

In the Brueckner approach, extended to finite temper- 
ature [-6], the binding energy per particle can be writ- 
ten as a perturbation series organized according to 
the number of hole lines in the Goldstone diagrams. 
To lowest order, it is given as 

B/A={~n(k)} -1 n(k)[ 2~-+~-Re U(k , (2.1) 

where U(k) represents the average field for a particle 
with momentum k and is given by 

U(k) = }--' n(/)<kll gEe(k)+e(l)] I~I>. (2.2) 
I 

In these equations, n(k) can be viewed as the occupa- 
tion probability 

1 
n(k) = 1 + exp [fl(e(k)-/~)]' (2.3) 

fl and # being the inverse temperature and the chemi- 
cal potential, respectively. The Brueckner g-matrix, 
defined by the integral equation 

lab) Q(a, b)(ab[ 
g(w)=v+v ~ w+is-e(a)-e(b)  g(w), (2.4) 

a,b 

describes the effective interaction acting between two 
nucleons, which differs from the bare nucleon-nucleon 
interaction v, due to the presence of the surrounding 
medium. The influence of the latter manifests itself 
in (2.4) through the presence of the Pauli operator 
Q(a, b), which forbids occuped single-particle levels 
in the intermediate states and through the single-par- 
ticle energies e(k) in the denominator. The explicit 
form of Q for any temperature is given in [11, 6]. 
The single-particle energy e(k) is given by 

h 2 k 2 
e (k) = ~ + Re U (k). (2.5) 

All the results obtained in this paper correspond 
to the Paris potential [12] v2 (referred to hereafter 
by the symbol 2BF). We have also looked for the 
effect of three-body forces. We explicitly introduced 
some three-body forces (3 BF) as an effective density 
dependent two-body force va, leading to (in (2.4)) 

/') : / ) 2  ~-/)3" (2.6) 

The quantity v3 is obtained by averaging a genuine 
three-body force (arising from n and p exchanges be- 
tween three nucleons, when one of these is excited 
temporarily to a A-resonance) on the microscopically 
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calculated two-body correlation function. We refer for 
the detail to [6, 13]. 

3. Numerical Results 

3.1. Neutron Matter. Binding Energy 

The binding energy of neutron matter is given in 
Fig. 1 for T= 0 and for two other temperatures, in- 
cluding the three-body forces of [11]. For compari- 
son, we show the result of Friedman and Pandhari- 
pande [5], who used the Urbana v14 potential plus 
an effective repulsive three-body force (called TNR 
in [5]), similar to the one we have adopted. The phen- 
omenological attractive three-body force (TNA), add- 
ed by the authors of [5] to achieve proper saturation 
of (symmetric) nuclear matter is not included in Fig. 1. 
It should be stressed however that our three-body 
force (3 BF) is asymmetry-dependent in contradistinc- 
tion with TNR of [5]. Its contribution is roughly 
twice weaker in neutron matter compared to nuclear 
matter. Furthermore, our three-body force is explicit- 
ly calculated by averaging a three-body operator on 
correlation functions. These two aspects could be at 
the origin of the difference between the results of [-5] 
and ours at large densities. The contribution of the 
three-body force that we have explicitly included to 
the binding energy is shown in Fig. 2. Its effect is 
rather small and is represented by the difference be- 
tween the long- and the short-dashed curves. The dif- 
ference between the full curve and the long-dashed 
curve is due to the inclusion of a phenomenological, 

NEUTRON MATTER 
I I 

ParJs potent ia l  + 3BF  

8O6o /~////I 

/ /  

20 
T :  0, Vl/, + 

TNR 

I I 
0.25 0.50 

p(fm -3) 

Fig. 1. Neutron matter binding energy per particle, (B/A), as a func- 
tion of the baryon density p, and for three values of the temperature 
T. For comparison, the result of [5] is shown (for T=0)  by the 
dot-dashed line 
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Fig. 2. Various contributions to the neutron matter binding energy, 
evaluated in the approach described in Sect. 2. As in [5], TNI den- 
otes the sum of TNR and TNA. See text for detail 

mainly attractive, three-body force [6] (denoted as 
3BFP). The latter has been fitted [6] (as in [5]) to 
yield the right saturation in nuclear matter. Its asym- 
metry-dependence has been taken the same as in [5]. 

In Fig. 1, we also give the binding energy curves 
for T=  10 and T---20 MeV, which show the typical 
transition from a perfect gas behaviour at very small 
densities to a Fermi gas behaviour. 

3.2. Neutron Matter. Mean Field and Effective Mass 

The real part of the mean field U(k) (2.2) felt by a 
neutron is given in Fig. 3 for several densities. As 
expected, this mean field is noticeably less attractive 
than in nuclear matter, which simply reflects the 
smaller intensity of the n - n  force compared to the 
n - p  one. It is also strongly density dependent, first 
becoming deeper and deeper as the density increases. 
But, for density larger than ~2.5 P0 (not shown in 
the figure), the repulsive forces start to predominate 
and the mean field becomes progressively less attrac- 
tive. 

All the curves in Fig. 3 display a wiggle above 
the Fermi energy, providing a well known signature 
for some structure of the effective mass. The latter, 
defined as (m = 1, h = 1) 

k 
m* [de(k)~ (3.1) 

\ d k ]  
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Fig. 3. Real part of the nucleon mean field (2.2) in neutron matter, 
for various densities. The arrows indicate the corresponding values 
of the Fermi momentum 

is the measure of the real inertia of a nucleon embed- 
ded in the medium. It is a very important physical 
quantity, as it can influence very much the transport 
properties of the neutron matter, and, to some extent, 
influence the dynamics of shock phenomena in super- 
novae explosions. The effective mass is shown, for 
several densities p, in Fig. 4. It displays a peak above 
the Fermi level, superimposed to a more or less con- 
stant background value. The latter is, for the same 
density, sizeably larger than the corresponding value 
in nuclear matter. The peak originates from the cou- 
pling to the so-called core-polarisation states [14], 
which can suddenly be excited above the Fermi level. 
The height of the peak seems to be somewhat smaller 
than in nuclear matter. Let Us remind that higher 
order (correlation) contributions, would shift the peak 
toward the position of the Fermi momentum [14]. 

The lower part of Fig. 4 illustrates the temperature 
dependence of the effective mass for p=0.5  Po, for 
which the effect is sizeable. The temperature depen- 
dence weakens when the density increases and is very 
small for Po already. 

3.3. Symmetry Energy. Symmetry Potential 

The energy per particle E = B/A of asymmetric nucle- 
ar matter is a function E(p, t~) the nucleon density 
p and of the asymmetry parameter/7: 

N - Z  
fl - N + Z" (3.2) 

The function E should show (at fixed p) a minimum 
at fl = 0 for charge independent forces. Close to fl = 0, 
one can write, to a good approximation, 

E(p,  fl) = E(p,  0) q- Esym (p) f12 (3.3) 
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Fig. 4. Nucleon effective mass (3.1) in neutron matter. Upper  part:  
for zero temperature and for the indicated values of the baryon 
density p. Lower part:  for half nuclear matter density and various 
temperatures. The vertical lines indicate the Fermi momentum 
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Fig. 5. Symmetry energy of nucleon matter as a function of the 
baryon density p. The long-dashed line refers to kinetic energy con- 
tribution (3.8). See text for detail 

with 

1 [~2 E(p, 
E~ym(P)=2~ - ~ -  fl))p =0" (3.4) 

The total energy can be divided into (average) kinetic 
energy and interaction energy 

E(p, fi)= ~r(p, fl)+ p(p, fl). (3.5) 

Likewise, the symmetry energy can be split into 

Esym(p) = (T) (V) Esy m (p)  "-F Esy m (p). (3.6)  

In our calculation, the average kinetic energy is 
roughly the same as for the free Fermi gas, which, 
at T =  0, writes 

T(p, fl)=�89 TF(p, 0)[(1 + fl)5/3 +(1 _ fi)5/3], (3.7) 

giving 

(T) 5 -- Esym(p) = ~ Tr(p, 0), (3.8) 

Assuming the quadratic dependence (3.3) to be valid 
up to fl = 1, one can simply write 

Esym(p) = E(p, 1)--E(p, 0) (3.9) 

which allows us to determine the symmetry energy. 
This can be an approximate value only since T(p, 
fl) departs from a pure quadratic form. Assuming a 
quadratic dependence for Vonly, one then gets 

E,ym(P) = ~ "FF(P, O)+ V(p, 1)-- V(p, 0). (3.10) 

The numerical values are given in Fig. 5. Once again 
our calculation agrees fairly well with the results of 
[5] and at p =Po,  with the phenomenological value 
[15] of E~ym. Very similar results to ours have been 
obtained [16] in a relativistic calculation at smaller 
fl values. Figure 5 also shows that the difference be- 
tween expressions (3.9) and (3.10) is quite small, in 
favour of a good accuracy of the quadratic fi depen- 
dence up to ]ill = 1. We also investigate the tempera- 
ture dependence. Typically, Esy m is lowered by 2-  
3 MeV (between 0.1 and 0.2 fm -3) when the matter 
is heated to 10 MeV. 

One can try to characterize very simply the equa- 
tion of state. This can be done by looking for the 
simplest analytic form (in a restricted region). For 
0.5 Po < P  <4p0 ,  one can tentatively write 

Ko ( p - - p o )  2 
(3.11) E(p 'O)=--B~ 18 PPo 

In the same domain, a plausible form for the energy 
of the neutron matter is 

K1 (p--p0) 2 
E(p, 1)= --Bt  -~ ~-A(p--po ). (3.12) 

18 PPo 

The two expressions can be fused into a single form 

(p,/~) = - B (#) 4 
k(/~) ( p -  po) 2 

18 PPo 
- - +  A(fl)(p--po), (3.13) 

with the following expected fi-dependence 
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B(fl)= - Bo + (Bt - Bo) fl 2, K (fl)= Ko + b fl 2, 

A (fl)= a fi 2. (3.14) 

From Fig. 5, one can deduce that K ~ - K o , ~  
--100 MeV (=b), and a ~120 MeV fm -3 (valid for 
po/2Gp<2po at least). This agrees with the general 
softening of the neutron matter, compared to nuclear 
matter. 

We now turn to the isospin dependence of the 
single-particle mean field. If we write the latter as 
a function of z, i.e. twice the isospin component of 
a nucleon travelling in a medium of asymmetry fl, 
we can decompose it as a term which represents the 
average field inside nuclear matter (fl=0) plus an 
extra-term, depending upon fl: 

u (k, ~, fl) = u (k, ~, 0) + A U. (3.15) 

Because of symmetry U(k, ~, 0) does not depend upon 
and the simplest fl-dependence of A U upon fl is 

the linear one, in accordance with expression (3.3). 
We thus write 

U (k, r, fl) = Uo (k) + ~-~ U~ (k), (3.16) 

which is nothing but the Lane potential [17], with 
the usual parametrization [-18]. Equation (3.16) gives 

Ul(k)=4[U(k,  1, 1) -U(k ,  1,0)]. (3.17) 

This quantity is shown in Fig. 6, for three densities. 
The comparison with phenomenological data is rath- 
er uncertain, since nonlocality, geometry and Cou- 
lomb effects should be disentangled [-18]. However, 
besides of the uncertainties, it seems that, in nuclei, 
U~ ~ 130_+ 20 MeV when extracted from proton elas- 
tic scattering on series of isotopes. On the other hand, 
(p, n) reactions yield U a ~ 120 MeV. These values cor- 
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]Fig. 6. Isovector part (3.17) of the nuclear mean field in nucleon 
matter  at three densities 
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Fig. 7. Background nucleon effective mass  as a function of the Fermi 
m o m e n t u m  in neutron and in symmetric nuclear matter. The stars 
(fl = 0) and crosses (fl = 1) give our calculation. The lines correspond 
to the effective masses obtained in the relativistic mean  field theory 
(RMFT) of [19]. The upper horizontal scale gives the density for 
the case of nuclear matter  

respond more or less to nucleons slightly above the 
Fermi momentum, for which we predict U~ ~ 120- 
130 MeV, which is in fair agreement. 

Equations (3.1) and (3.17) also suggest the follow- 
ing form for the effective mass  

1 1 zfl 1 
F - - - -  (3.18) 

m* m* 4 m*' 

where 

1 l d U o  ldU~  
m~oo = 1 + k d-k-' 1 /m*-  k dk " (3.19) 

From Fig. 6, one finds 1/m*~ -0.25,  --0.33, --0.30 
for the three cases under consideration, respectively. 
These figures should be understood as average values 
over k = 0 to k ~ 1.5 kv approximately. Along the same 
lines, one can look for average values (0 < k < 1.25 kv) 
of m* for various densities and for f l= 0 and f l= 1. 
The average values, of course, neglect the peak struc- 
ture observed in Fig. 4, but may be anyway helpful 
for comparison purpose. Indeed many calculations 
do not include this structure, which comes from the 
energy dependence of the mass operator. Figure 7 
shows such average m* values, in comparison with 
relativistic mean field predictions [19]. The general 
trend is the same, but substantial differences exist. 
The physical nature of these, however, is hard to trace 
back, since the effective mass in relativistic theory 
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comes from the "o--meson" only, whereas in our ap- 
proach all contributions (provided they can be attrib- 
uted to specific mesons) come into play. 

4. Applications to Neutron Stars 

To push further the comparison with previous works, 
we also investigated neutron star properties. Unfortu- 
nately, our neutron matter calculations are not very 
reliable above --~ 3.5 P0, for which, the numerical ac- 
curacy starts to deteriorate. Furthermore,  Brueckner 
approaches are not on save grounds in this range 
of density. We then extrapolate our equation of state 
for larger densities, which in this domain, can take 
the form of the following pressure-density relation- 
ship: 

p=pt( P---I ', (4.1) 
\Pt /  

with Pl = 1035 dyn/cm2, Pl = 1015 gr/cm3 and y =2.65. 
To give sense to this procedure, we also considered 
two other extrapolations, giving a harder and a softer 
equation of state, with 7~3.91 and ~=2.14, respec- 
tively (these should be considered as very extreme 
extrapolations of our results). By the same token, this 
will allows us to test the sensitivity upon the equation 
of state. For  small densities (<  1013 gr/cm -3) we used 
the Negele-Vautherin equation of state [203. We 
solved the Tolman-Oppenheimer-Volkov equations 
E21, 22] for calculating the neutron star mass as a 
function of the central density. The results are shown 
in Fig. 8. We can see that our results are very close 
to those of E5]. Figure 8 also shows that the maxi- 
mum mass is sensitive to the equation of state for 
large densities (p>4po),  since the three full curves 
correspond to the equations of state differing from 
each other in this region only. An interesting question, 
not investigated in this paper, is to know whether 
or not the maximum mass is strongly influenced by 
the detail of the equation of state at moderate density 
(po<p%4po). If any case, our calculation appears 
consistent with the observation made recently by 
Glendenning [10, 23], in a slightly different context, 
and favours a rather stiff equation of state. Indeed, 
neutron stars with masses up to about two solar 
masses are known to exist. To take the most reliable 
data [24], the mass of the neutron star 4 U 0900-40, 
(1.85_+0.35) M o ,  can be considered as an upper limit 
(strictly a lower bound for this limit). This figure can 
be explained by a sufficiently stiff equation of state 
only. The stiffness cannot, however, be characterized 
simply by a compression modulus, since the latter 
refers to the curvature close to Po, whereas, as it is 
evident from Fig. 8, the stiffness we are discussing 
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Fig. 8. Neutron star mass  as a function of the star central density 
p~. The full lines correspond to the equation of state obtained from 
the results of Fig. 1, with the extrapolations described in the text. 
The intermediate full line is the more reasonable extrapolation. 
Other curves are obtained with the Bethe-Johnson [-28] or the Ur- 
bona v14 [-15] (including or not  three-body forces (TNI) interactions. 
The small vertical bars indicate the threshold values for the appear- 
ance of the superluminar sound (see text) for the intermediate full 
curve and for the dashed line 
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Fig. 9. Neutron star mass (M)-radius (R) relationship. The full curve 
corresponds to the results of Fig. 1 (with the extrapolation associat- 
ed with the intermediate full curve in Fig. 8, see text). The other 
curves refer to other potentials (same convention as in Fig. 8). The 
dots indicate the experimental data. See text 

refers to a domain of much higher energies. Let us 
remind once again that we are explicitly looking at 
the dependence upon the properties of the equation 
of state for p > 4p 0. If, nevertheless, we use parametri- 
zation (4.1), with the indicated values of Pt and Pl ,  
a mass of 1.8 M o can be possible if 7>2.3. Note that 
in such a medium the sound becomes superluminar 
at p ~ 1 0 p o .  This is indicated in Fig. 8 by the little 
bars. Let us mention incidentally that the neutron 
star masses could be limited by the requirement that 
the medium not be superluminar, i.e., ultimately, by 
causality. However, this question is probably more 
delicate since, at large densities, relativistic effects are 



J. Cugnon et al.: Neutron Matter Properties 415 

important. Relativity reduces thermal pressure and 
also modifies interaction pressure. This seems to help 
to construct an equation of state without superlumin- 
ar sound and with large maximum neutron star 
masses [19]. 

Finally, in Fig. 9, we present the mass radius rela- 
tionship for our equation of state, as well as for two 
other ones. We confirm that this relationship is much 
more sensitive to the equation of state than the maxi- 
mum mass. Unfortunately, the radius of neutron stars 
is not known. Only indirect indications exist, based 
on the analysis of X-ray bursts [25, 26]. They give 
(8.5_+ 1.5) km or (10.5 + 1) km for a 1.4 M o neutron 
star, depending upon the analysis. Clearly, these data 
are too preliminary to enable us to discrimate be- 
tween various equations of state. However they seem 
to indicate a need for the presence of three-body 
forces, although other effects, like the presence of hy- 
perons, may give non negligible changes [27]. 

5. Summary 

We have calculated the binding energy and several 
single-particle properties of neutron matter, using our 
Brueckner approach at finite temperature [6]. The 
calculation has been performed for the Paris potential, 
supplemented by a three-body force arising from the 
n- and p-exchanges between three nucleons, one of 
which is excited to the A-resonance in the intermedi- 
ate state. It is gratifying to see that our results for 
the binding energy are quite similar to those obtained 
by Friedman and Pandharipande [5], using the so- 
called v14+TNR interaction in a variational ap- 
proach. We paid particular attention to the single- 
particle mean field and to the nucleon effective mass, 
which presents and enhancement close to the Fermi 
level. The temperature dependence of this enhance- 
ment is exhibited. Comparison is done with relativis- 
tic mean field calculations. We also calculated the 
symmetry energy, as well as its density-dependence, 
and analyzed the asymmetry dependence of the mean 
field. Finally, we used our results to calculate the mass 
of the neutron stars. Our neutron matter equation 
of state turns out to be rather stiff, capable of produc- 
ing neutron stars with masses up to 1.8 solar mass. 
We confirmed the observation of Glendenning [10], 
saying that the nuclear matter equation of state 
should be much stiffer than suspected in [7, 8], in 
order to comply with the observed neutron star 

masses. Finally, we exhibited the mass-radius rela- 
tionship for the Paris potential. 

We are very grateful to the FNRS, Belgium, for providing us the 
opportunity of using a Cray-XMP computer. We acknowledge an 
interesting discussion with Dr. P. Grang6. 
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