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Spaces S”

Context

o Multifractal analysis: study of signals (Holderian regularity,
spectrum of singularities, wavelet decomposition, ...).

e Introduction of spaces S” (S. Jaffard, 2004).

Definition
An admissible profile is a map v : R — {—o00} U [0, 1], increasing,
right-continuous and s.t. amin := inf{a € R : v(a) > 0} is finite.

Some notations
* amax = inf{a € R:v(a) =1} € RU{oo},
* A := Ujen, {(j k): ke {0,...,2j — l}},
e Q:=CM
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Definition and properties of spaces S”

Definition
The space S” is the set of all ¢ € Q s.t.
Va e R,Ve > 0,VC >0,3J € Np :
(ko |cji| > €27} <2+ > g,

Properties

o Metric spaces: topological vector spaces (tvs), separable,
complete, Schwartz, non-nuclear.

o If
po := min {1, inf 8+V(Ot)}

aminga<amax7
with 0Tv(a) = liminf,_q+ w then
> if pg >0, S is “exactly” locally po-convex;
» if pg =0, S” is only locally pseudoconvex.
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Diametral dimension
Let E be a tvs and U be a basis of 0-neighbourhoods.

Definition
The diametral dimension of E is

A(E) = {g eCo VU el, 3V eU,V C U, st. &5V, U) — o},

with 0,(V,U) :=inf{d >0:3LC E, dmL<n, st. VC§U+ L}

Remark
A is a topological invariant characterizing Schwartz and nuclear Ics.

Theorem (J.M. Aubry, F. Bastin, 2010)

If S¥ is locally p-convex, then

A(SY) = {5 e CMo s > 0,6,(n+1)"° = o}.
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When v is concave... it's nice!l ©

Definition (Besov spaces)
For p >0 and s € R,

L [P 1/p
B = € Q: [[Elss . = sup |27 [ S [gulP <
Jj€No k=0

Proposition (J.M. Aubry, F. Bastin, S. Dispa, S. Jaffard, 2006)
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nlen)
SV = ﬂ ﬂ bpnp,noo ’

neN meN

where 7 : p > 0 — info>q,, {ap — v(a) + 1}.



Introduction: spaces S” and diametral dimension The concave case Local p-convexity

When v is concave... it's nice!l ©

Definition (Besov spaces)
For p >0 and s € R,

L [P 1/p
B = € Q: [[Elss . = sup |27 [ S [gulP <
JeNo k=0

Proposition (J.M. Aubry, F. Bastin, S. Dispa, S. Jaffard, 2006)
If (Pn)nen is a dense sequence of (0,00) and €, — 0T, then
nlen)
$"= 1 b "

neN meN

where 7 : p > 0 — info>q,, {ap — v(a) + 1}.
For us: (pp)nen = QT and ey =1/m.
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When v is concave... it's nicel ©
Topology defined by

(1) 21 1/pi
npi) 1
Pr(n)(e) = sup sup 2< Pi P Vm>f Z ¢ k|P

iel jeNg k=0

when | C N is finite and m € N.

Numbers for weights
I
1

Jj=2 (270) (271) (272) (2a3)

j=0

(1,1)
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When v is concave... it's nicel ©
Topology defined by

21 1/pi
1) (’]( -1 ¢
@ =supsp 2054 (Dl
iel jeNg

when /| C N is finite and m € N.

Numbers for weights

Jj=0 0

J{ Scale j associated to the number n: j(n) s.t.

j=1 1 2

2 1 < p< oMl g
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The concave case
A first property

Proposition
If I C Nis finite and if kg > m,

(ekg—em)i(n)
On <BP£Q’ BPET{)) < 2\ &k —EmULN)

Reminder: 6,(V,U) :=inf{6 >0:3L, dimL <n, st. VC§U+ L}

Proof: 7, : S¥ — S projection on the first n ﬁ} (from ao)) and
ceB
Plo "
| n(p; 2-1 g
P,(,,)(E— n(C)) < sup sup 2(”0’””)12(
iel j>j(n)

,775,(0

< 2(5k0_5m)j(”)P(l)( c) < 2 (exg—em)i(n)

= &= €— n(&) + mn(€) € 2k —emi(n) By +ma(SY). W
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A first property

Proposition

If | CNis finite and if kg > m, d, (BP(,), BP(,)> < 2eg—em)i(n)
ko m

Corollary

{g e CNo Vs >0, Ep(n+1)"° > 0if n— oo} C A(SY).

Reminder;
A(E) = {5 eC¥ VU e, 3V el,V CU, st &0,(V,U) — o}.

Proof: If kg > m,

ko

because n < 2i(m+1_2
<25 Cho(p+ 1) . N
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And for the other inclusion?
We need another assumption...

Lemma (L.D., 2017)

lim M = Qmax-
p—0t p

Reminders: 7(p) = infa>a{op — V(@) + 1}, max = inf{a € R : v(a) =1},

Assumption:

Examples

e When S§" is locally p-convex, aimax < 00.

Pseudoconvexity, with amax < 00
(blue) and amax = oo (orange).
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Construction of the I.'s

We fix e € QF.

1. Because amax < 00, dig € N s.t.

0<p<py= n(p)  n(pi)
P Pio

<e.

NB: p >0+~ @ =infa>an. {a + %}O‘)} is decreasing and
(Pn)nen = Q.

1 .
2. HeNgsit. le< — < (¢+1)e. For k =0,...,¢, we define iy € N by

o

30 1= {igy oy ig}-
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The main property of the I.’s

Proposition (L.D., 2017)
If mneNand ce S”,

j 1/pi
2/—1
nlp) 1, .
€11 aton)/on—<m < SUP SUP o (M= remen)i 3" JgiulP
Pn ;o0 iE/g jENo —

Proof: Admitted. W
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The concave case

Consequences

Proposition
Let m, ko € N be given, kg > m. If I. C J C N, J finite, then,

On (BP£;>, BPEP) > (e —em—e)i(n)

Proof: Follows from:

Proposition (A. Pietsch, 1972)

Let (E,||.||) be a normed space, with closed unit ball U, and B be
bounded. If 3 P: E — E proj. with ||P| <1,dimP(E)=n+1,
then

36> 0:6UNP(E)C B = 6,(B, U) > 6.

Here: U =B B = B, P = mh41 projection on the first n+ 1

P’(Tis )1 o

ej7 and § = 20k —em—e)i(n)



Introduction: spaces S¥ and diametral dimension The concave case Local p-convexity

Thesis

2(8k0—6m—5)j(”)8p,(,:s) N 7rn+1(5V) < B'Dl(q?

N P/E(_)I)(E») S 2(€m+5—€k0)j(n) P’(T{E)(E) VE 6 7Tn+1(5y)'



The concave case

Thesis
2k em =N 1) N mpy1(S”) € B
m ko

& P(@) < 2lemt == VMPLN(E)  VE € Ty (SY).
But, by last Proposition, if ¢ € mp41(S")

51 1/pi

n(p)
-1 +8 Ek
(c)<sup sup 2( ° E Icj k|
i€ls jeNg Jk
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Thesis
2(5ko_5’"_‘5)j(n)BP,(n/5) N ’/Tn+1(5V) - BP(J)
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But, by last Proposition, if ¢ € m,;1(SY)

1/pi
n(pi) 21

(c) <'sup sup 2( Pi
i€le j<j(n)

+€ Eko
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Thesis
2(5ko_5’"_‘5)j(n)BP,(n/5) N ’/Tn+1(5V) - BP(J)

& PO(e) < 2emt==li WP e € myiy(SY).

(9}

But, by last Proposition, if ¢ € mp41(S")

PR /AL L S
Pl((:)((_:') < 'sup sup 2(5m+5*5ko)12( i P ””)J Z |cj k[P
icle j<j(n) k=0
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Thesis
2(5ko_5’"_‘5)j(n)BP,(n/5) N ’/Tn+1(5V) - BP(J)
N P/E(_)I)(E») S 2(€m+€_€k0)‘j(n)Pr(r£E)(E) Vae 7Tn+1(5y)'

But, by last Proposition, if ¢ € mp41(S")

; 1/pi
(J) ~ R . (71(Pi)_i7: )_] 21 .
P, (C) < sup sup p(emte—cig)ip\ o o Em Z |cj i |P
0 i€l j<j(n) —o

) (pi) 1 _ i
S 2(€m+5_€k0)1(n) sup Sup 2<%_;’ Em)l Z ’Cj7k|pi
i€l j<j(n) k=0



The concave case

Thesis
2(5ko_5’"_‘5)j(n)BP,(n/5) N ’/Tn+1(5V) - BP(J)
N P/E(_)I)(E») S 2(€m+€_€k0)‘j(n)Pr(r£E)(E) Vae 7Tn+1(5y)'

But, by last Proposition, if ¢ € mp41(S")

. i1 1/pi

o(npi) 1

PIE;I)(E) < 'sup sup oemtecio)ig("5 5 n)] > leiul”

i€l j<j(n) k=0
) 1/pi
2 -1
) () 1 P
S 2(€m+5_€k0)1(n) sup Sup 2<%_;’ Em)l Z ’Cj7k|pi
i€l j<j(n) k=0

= p(emte=e0)imM pl) (2).
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If v is concave and amax < 00,
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Reminder;
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Proof: OKIl
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Diametral dimension and spaces S”
Theorem (L.D., 2017)

If v is concave and amax < 00,
A(SY) = {g e CNo Vs > 0,60(n+1)"5 — o} .
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Theorem (L.D., 2017)

If v is concave and amax < 00,
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But, by last Proposition,
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Theorem (L.D., 2017)
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The concave case

Diametral dimension and spaces S”
Theorem (L.D., 2017)

If v is concave and amax < 00,
A(SY) = {g e CNo Vs > 0,60(n+1)"5 — o} .

Reminder;
A(E) = {g e WU eu, 3V eld,V C U, st E0,(V,U) = o}.

Proof: OK!
5 € A(S”), s > 0. We take me Ns.t. ¢, <s/2and ¢ :=¢p,.
By def., 3kg > m and I. C J C N, J finite, s.t.

gn(sn (BP,E(J))’ BP,(,.{E)) — 0.

But, by last Proposition,

On (Bpg» Bpg:a) >279 > (1) (2 —1<n). @
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Property (ﬁ)

Definition
A Fréchet space E, with a fundamental system of semi-norms
(l-Iln)nen. has the property (Q) if

Vm 3k Vj 3C > 0: (||><’Hi)2 < CIXIMIXT; X' e E

where ||.||* is the dual norm of ||.||m.
m



The concave case

Property (ﬁ)

Definition
A Fréchet space E, with a fundamental system of semi-norms
(l-Iln)nen. has the property (Q) if

Vm 3k Vj 3C > 0: (||><’Hi)2 < CIXIMIXT; X' e E
where |[|.||%, is the dual norm of ||.||m-

Characterization
A Fréchet space E, with a basis of 0-neighbourhoods (Up)nen, has
the property (Q) iff

VmEIijEIC>0:Uk§rUj+§Um Vr > 0.

~ “Property (2;q)"
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Property (ﬁ) and spaces S”

Theorem (L.D., 2017)
If v is concave and amax < oo, then S” has the property (Qiq).
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Property (ﬁ) and spaces S”

Theorem (L.D., 2017)
If v is concave and amax < oo, then S” has the property (Qiq).
Proof: We fix m € N and /,, C N finite.

Jko s.t. €k, < €m/2: we put Iy = I U I, with € 1= €,/2 — &4,.
Thesis If jo € N and [j; C N, /; finite, then

1
B CrB )+ -B_u, Vr > 0.
Pi;ko) - P;(:’O) r o PS™

1 1
1. fr<i, BP(/ko) - BPI(T:",) - FBP,(J’") - er(’f'o) + FBP,(J’")'

ko Jo
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2. 1fr>1.3J€Ngst. 277 < r<2FUH,

For ¢ € BP(/kO),
ko
J 2i-1 co 2-1
- o —
a = g Cj.k €k and &= g E Cj.k €k
Jj=0 k=0 Jj=J+1 k=0

So, since I; C Iy, and € = €15/2 — €y,

J
n(p;) 2-1

(I') - - —l_-‘ré‘—&" j .
Pj0’° (a) < sup sup 2< i P J°)J Z |cj kP
icle j<J k=0
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2. 1fr>1.3J€Ngst. 277 < r<2FUH,

For ¢ € BP(/kO),
ko
J 2i-1 co 2-1
- o —
a = g Cj.k €k and &= g E Cj.k € k
Jj=0 k=0 Jj=J+1 k=0

So, since I C Iy, and € = €1,/2 — €4,

) 2j_1 1/pi
. npi) 1 . .

PUo) (&) < sup sup ("5 reen) L
. i€lig j<J prd
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2. 1fr>1.3J€Ngst. 277 < r<2FUH,

For ¢ € BP('ko)’
ko
J 2i-1 oo -1
- o —
a = g Cj.k €k and &= g E Cj.k € k
Jj=0 k=0 Jj=J+1 k=0

So, since I C Iy, and € = €1,/2 — €4,
; 1/pi
(), - o222 0 )i (X
P (c1) < sup sup [2\5 = Mo\ Th o Z |Gj k|P
i€l j<J o
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2. 1fr>1.3J€Ngst. 277 < r<2FUH,

For ¢ € BP('ko)’
ko
J 2-1 co 2-1
— . —>
a = g Cj.k €k and g E Gk eJ k.
j=0 k=0 j=J+1 k=0

So, since I C Iy, and € = €1,/2 — €4,

1/pi
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2. 1fr>1.3J€Ngst. 277 < r<2FUH,

For ¢ € BP('ko)’
ko
J 2-1 co 2-1
— . —>
a = g Cj.k €k and g E Gk eJ k.
j=0 k=0 j=J+1 k=0

So, since I C Iy, and € = €1,/2 — €4,

1/pi
n(p,) 2-1

lig) p =
PJ.(OJO)(cl) < sup sup |25k ”0)12( Z ¢,k |P
i€l J<J

£

m ) (k) =
QTJP,((Ok")(c) (e+ew —€jp <em/2)
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2. 1fr>1.3J€Ngst. 277 < r<2FUH,
Force B (),
P 0

ko
J 2i-1 oo -1

= o

a = g Cj.k €k and g E cjkejk
j=0 k=0 j=J41 k=0

So, since I C Iy, and € = €1,/2 — €4,

51 1/pi

T 2l

) n(p,)
PU)(&) < sup sup [2(Fk0~ “0)ig (%5
i€l J<J

£

m (k) =
< QTJP,((Ok")(c) (e+ew —€jp <em/2)
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Because I, C Iy, and e, < €m/2,

1/pi
n(p; 2-1

P(”")(CQ) < sup sup (e~ )12( Pr
IEIkOJ>J+1
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Because I, C Iy, and e, < €m/2,

N AICH
P,(rf’")(c*z)s sup sup 2(%*5’")/2( i P ko
i€l j>J+1

IA
N

= (J+1)pl£’ko)(5)

IA
N e

277 < r < 2FUHY)

I

so & € %BP(/,,,).

2

1/pi
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Because I, C Iy, and e, < €m/2,

%1 1/pi
(Im)( = (eky —€m)j (n(p,—)_i_a
Pn™ () < sup sup |2 ™EmU2N P p
i€l j>J+1
—€m ] 5
<25 p)(g)
<1 P < <oruny
r
so & € %BP(/,,,).

. Lo 1
Finally, c=¢ + & € rBP%) + ;Bpgm)
Jo
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When py > 0...

Local p-convexity

Reminder: S” locally po-convex iff po = min {1,infq ;. <a<ame 0 ¥(a)} > 0.

Definition
For ¢ € 5", a,s € R,

lellos = inf {I€llog, . + 11" ls, ., €=+

where
. 1
5i_1 /po

N _1y;
HC/HbZo,oo = sup 5= gV Z |c-'7k|”° ’
Jj€No k=0

|‘C7/||b8‘c,oo =sup sup (2"‘j|cf,'k\).
Jj€No 0<k<2/—1
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When py > 0...
Reminder: S” locally po-convex iff po = min {1,infq ;. <a<ame 0 ¥(a)} > 0.
Definition
For c e S, a,s € R,

+ 116 lbe, o, 1 €=+ €7}

Elas = inf {11/ leg, .

where

) 1
5i_1 /Po

N _1y;
HC/HbZo,oo = sup 5= gV Z |c-'7k|”° ’
Jj€No k=0

|‘C7/||b8‘o,oo =sup sup (2"‘j|cf,'k\).
Jj€No 0<k<2/—1

Proposition (J.M. Aubry, F. Bastin, 2010)
The topology of S” is defined by the pseudonorms

1€l = sup [|Clla—e,a—ect@—r(a))/po> A S (—00, max) finite and € > 0.
a€cA
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Diametral dimension and property (ﬁ)

Key ideas:
e Definition of a set A, for any g > 0 (= )
¢ Gives a proof for
A(SY)={¢eCNo:Vs>0,&(n+1)"°—0}.
o If pp >0, S” has (Qi4) (L.D., 2017).
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Thank you for your attention!
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