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We give several parametrizations for the elastic scattering and radiative capture
cross sections for low neutron bombarding energy and discuss the relationship between the
corresponding resonance parameters. We then perform an extensive investigation of the
valence radiative capture model of Lane and Lynn. This model is formulated here in
the frame of the shell-model approach. We exhibit the similarities and differences
between our results and those derived from the R-matrix approach by Lane and Lynn
on the one hand and from the optical-model approach by Lane and Mughabghab on
the other hand. Particular attention is paid to the choice of the average potential well in
the shell-model approach, in relation to the proper way to identify theoretical quantities
and phenomenological parameters. We show that practically equivalent results can be
obtained from a complex average potential well and from a suitably chosen real potential
well, respectively. The following topics are investigated formally and numerically:
dependence of the various theoretical expressions on the choice of the (real or complex)
average potential well; relative importance of external and internal capture; dependence
of photon widths and background cross section on mass number (for thermal energy
and for E = 100 keV); dependence of the resonance parameters and background cross
sections on energy, for 4 = 60; comparison between experimental data and theoretical
values for radiative capture on *Fe and “Ni. We discuss the conditions of validity
of the valence capture model. In particular, we investigate the role of the giant dipole
resonance and of the closed channels. We argue that the success of the valence capture
model is intimately related to the importance of external capture. The contribution of
the low-lying excited target states is investigated formally and numerically; it increases
with mass number and tends to diminish the correlation between neutron and photon
widths, which is implied by the valence capture model.

* On leave from University of Lidge, Belgium.
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129 VALENCE MODEL FOR RADIATIVE CAPTURE

1. INTRODUCTION

Recently, theoretical interest in the radiative capture of low-energy neutrons has
been strongly enhanced by the accumulation of experimental evidence for devia-
tions from the standard statistical assumptions. These phenomena have been
interpreted in the frame of the valence capture model of Lane and Lynn [1-4]. In
their pionuneering work, these authors used the R-matrix theory of nuclear reac-
tions. Most analyses and theoretical contributions have since been carried out in
that formalism. The main purpose of the present paper is threefold: (1) In view of
the current interest in another approach to nuclear reaction theory [5, 6], it is
desirable to investigate how the valence capture model can be formulated in that
framework, and the relationship between the corresponding results and the work
by Lane and Lynn [1-4]. We show formally and numerically that under suitable
conditions all formulations lead to the same results. (2) We investigate in some
detail the main physical predictions and characteristic features of the valence
capture model. (3) We study the origin of the validity of the valence capture model.
In particular, we investigate the role of the closed channels and of the giant dipole
resonance. We illustrate the discussion of these three main topics by numerical
examples in the region 40 < 4 < 80.

Our discussion is centered on the shell-model approach to nuclear reactions [51,
which is closely related to Feshbach’s unified theory [6]. The formal extension of
these theories to the discription of photonuclear reactions was carried out in [7-9],
and (partly misleading, see Section 3) numerical results concerning radiative
capture at low energy have been given in [10, 11]. Some important questions
remained unanswered by these papers. In particular, the mutual relationship
between the R-matrix [1-4], the optical-model [12], and the shell-model expres-
sions [5-11] has not yet been discussed in detail. In particular, the following
problem exists, as recently emphasized by Lane and szwmcmwmc [12]. In [10, 11],
the background and resonance parameters have been calculated from a real
average single-particle potential. This appears to be at variance with the original
prescription of Lane and Lynn [2-4], which involves a complex optical-model
potential. Recently, a (largely) framework-independent derivation of the Lane-
Lynn result has been given [12]. Hence, it appears necessary to study under what
conditions the shell-model expressions, which at low energy involve a real potential
well, are compatible with those of Lane, Lynn, and Mughabghab [1-4, 12]. The
understanding of this point is of intrinsic interest, since the use of a complex
potential at low ehergy does not appear to be necessary in view of the facts that
the inelastic channels are closed and no average over energy is taken.

The present paper is organized as follows.

(1) We discuss, in Section 2, the relationship between several parametriza-
tions for the elastic scattering and radiative capture cross sections at low energy.
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This is of interest for three related reasons: (a) Apparent differences between
theoretical formulas for the “partial widths” may simply reflect the fact that the
expression “‘partial width” is associated with different quantities. (b) The iden-
tification between theoretical resonance parameters and phenomenological values
implies that both refer to the same parametrization. (c) The statistical properties
of the resonance parameters are in general sensitive to their detailed definition.
The latter point was emphasized by Feshbach [13], who wrote that “one must bear
in mind how the data were analyzed and in particular how the potential scattering
was described.” We will see that radiative capture at low energy offers a very
instructive illustration of this warning.

(2) In Sections 3.1-3.4, we formulate in the shell-model approach the valence
capture model of Lane and Lynn [2-4]. The content of these sections completes
some results given in [11]. In particular, we compare the shell-model and R-matrix
expressions, and we usually consider the X-matrix rather than the S-matrix para-
metrization. These sections also contain an improvement of a numerical (fac-
torization) approximation made in [11], which turns out to be grossly inaccurate
in the calculation of the (most important) contribution of the surface region to the
capture process.

(3) In Section 3.5, we discuss the connection between the complex optical-
model potential and the results derived in Sections 3.1 and 3.3, which involve a
real @oﬂ@sam_ well. The EoEwB of the best choice of the latter single-particle
potential is discussed: It is Eﬁ:umﬁoa\ related to Feshbach’s remark ([13] cited
above).

(4) In Section 4, we give a number of numerical results, with four main
aims in mind. (a) We compare theoretical and experimental values for the photon
widths in the cases 5Fe(n, v) and Ni(n, y). (b) We investigate and illustrate a
number of relationships discussed in the preceding sections. (c) We study the
dependence of the calculated partial widths and of the theoretical background
cross section on the choice of the (complex or real) single-particle potential. (d) We
show the dependence on mass number of the photon width I, and of the ratio
I/, , where I'y,, is the partial width in the neutron channel, for thermal energy
and for F == 100 keV, respectively.

(5) 1In Section 5, we investigate the dynamical origin of the success of the
valence capture model near the peaks in the neutron strength function. In
particular, we study the relative importance of the closed channels and of the giant
dipole resonance. We show that the external capture and the dependence of the
scattering length on mass number play a central role in the understanding of the

‘conditions of validity of the valence capture model.
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2. PARAMETRIZATIONS

In the present section, we study the relationship between several parametric
forms for the collision matrix. We restrict (see, however, Section 2.4) the discussion
to the case of only one open particle channel (s-wave neutron) and neglect the
damping due to photon channels. In Sections 2.1 and 2.2 we consider parametriza-
tions in terms of the poles and residues of the reactance matrix and of the collision
matrix, respectively. Then we turn (Section 2.3) to expressions that involve a model
background potential scattering phase shift 6. In the present section, we need not
specify the nature of ¢; in R-matrix theory, 8 usually will be taken as the hard
sphere scaitering phase shift; in the shell-model approach,  normally is associated
with the phase shift due to some average (real) potential well. In Section 2.4 we
discuss the connection that exists between the correlation between photon and
neutron partial width amplitudes on the one hand and the average of the scattering
matrix on the other hand. The one-level approximation is considered in Section 2.5,
Finally, the identification between theoretical and phenomenological resonance
parameters is discussed in Section 2.6.

2.1. Reactance Matrix

For simplicity, we ignore antisymmetrization and write the scattering wave-
function in the form

W, = (s E) @1

where i, is the target wavefunction and r is the radial coordinate of the incoming

s-wave neutron. We restrict the discussion to a 0t target state and do not write

explicitly the spin part of the wavefanction. In the literature, two slightly different

normalizations are in current use; they are associated with the following asymp-

totic behaviors, 4
23\ )
whrs B) ~ () L7 — Spaeitr, 2.2)
and g
u(r; E) ~ Aﬂmmv [sin kr -+ K, cos kr], 2.3)

respectively, and are related by
wt(r; E) = —2i(1 — iK,,)  u(r; E). 2.4

‘We call d the dipole operator, suitably normalized (see Section 4.1). The reactance
matrix K and the scattering matrix S are given by

14 ik,
Son = TR Sur = Py | | eh, @5)
2iK,,
Koy = zwaN\w |d| ¥e, Spr = MIHW.MNN! » (2.6)
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where ¥, is the wavefunction of the state reached after photon emission. The
reactance matrix K is real.

Lane and Mughabghab [12] assume that one can write
K, = k91 1y _ L .
Ko + NM o E @7
where all quantities are real and independent of energy. From Egs. (2.4) and (2.5)
we find ’
_ o Lo I
Koy = Ko + 5 M Nﬂill.w, ) (2.8)

where K, and I'}* are real quantities. We note that in general K, also has

complex poles, so that Eq. (2.7) represents a plausible model rather than a general
form.

2.2. Scattering Matrix

In the spirit of the work of Humblet and Rosenfeld [14], we write

.Wﬁ: = .m%cv — i Lan
n NM F_ e - ,WN,E\/ , AMOV
1/2 1/2
S, = ,m%cv ) Win Wyy
S VA NMNI T (2.10)

The complex resonance parameters appearing in these equations are not indepen-
dent of one another because of the unitarity property of S. This drawback is
partly compensated by the fact that the poles of S are closely associated with
metastable states [4].

2.3. Model Background Phase Shift

In the R-matrix [4, 15], Feshbach’s [6], and the shell-model [5] approaches,
one writes

S = exp(i6)(1 + iK)(1 — iR)~* exp(io), (2.11)

where oxm@h.mv is some (usually diagonal) background scattering matrix and K is
the associated *“model” reactance matrix. In the present one-particle channel case,
Eqg. (2.11) becomes

1-+iK,,

T (2.12)

21 exp(if) ﬂﬂ%%:« . (2.13)

Spn = exp(2i6)

S nf

I
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Here,
Ky ~— tan @ o A o
E,, = T T g’ R,; = Kycos 6 + K, sin 8] (2.14)

are real quantities that can be parametrized as follows (see Eqgs. (2.7) and (2.8)):
ol
Run = Ky, M @ S (2.15)

\w F1/2
R, = K9 + M H (2.16)

In general, there exists no simple relationship between the resonance parameters of
Egs. (2.7) and (2.8) on the one hand and of Egs. (2.15) and (2.16) on the other.
However, in Section 2.5, we give such a relationship in the important case of the

one-level approximation.
The practical usefulness of the introduction of a background phase shift §

derives from the fact that it can be chosen for instance, in such a way that

SO — exp(2i6). (2.17)

In [11, 16], the following parametrizations were used

- O Dan
S = exp(2i6) T leifillm — “ (2.18)
. ~1/2 172
o : 0 _ Whn Wy
Sy = exp(if) T,E, NM]iecl!till.m ek T % 2.19)
with "
By = Wy, @y’ = exp(—if) wi®. (2.20)

2.4. Correlations and Average S-Matrix
The average S-matrix in an energy interval of size I centered on E is given by
[15]:

(8 = (S(E + iD)}. 2.21)
We write .
=S8R 4-i8!,  (S) = (85 + KSD; (2.22)
we use similar notations for K and <X>. From Eq. (2.11) (with § = 0), we find
_ 201 A+ <SPH)KSH
KD = 1788 F S0 F SOEDs @.23)
= 2 — 1 (2.24)

KD = T 78R T8I T BB ETS
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The usual assumption of a locally uniform distribution for the partial width
amplitudes yields

(Ko = $a| DX o>y (2.25)

where D is the average distance between adjacent levels, and ¢ ), denotes an
ensemble average. Hence, Eq. (2.24) relates the average S-matrix to the correlations
between partial width amplitudes. The existence of such a relation was emphasized
by Lane [17]. We may conclude that the problems of finding a dynamical descrip-
tion of the correlations and of deriving the expression of the average S-matrix are
largely equivalent. In [15, 18-20], for instance, the DWBA was “derived” from a
model for the correlation between the partial width amplitudes; the same attitude
was adopted in [2-4] in the case of radiative capture. Conversely, an expression
for the correlations has been derived from the DWBA in [12] in the case of radiative
capture. In the latter case, Eq. (2.24) yields

R PERE NERTS!
oy = CSLoF T + Sy 2.26)

Similar relations may be written easily in the case of the tilded quantities of Sec-
tion 2.2. We find, for instance,

(Kppy = [—c0s O{<Sud((Shay + cos 20) + {Sh>((Sh,> + sin 26)}

+ sin O{—{SE((Sand + sin 26) 4 (Sp SR + cos 20)}]

X [({Snny -+ 08 26)2 + ((Sha> -+ sin 20)%]L @.27)
Although this expression appears to be more complicated than (2.26), it may
yield a simpler result in certain cases. For instance, most doorway state models [13]
lead to a Lorentzian distribution for the average of the partial widths I, , i.e., for
(K3,,>, while the distribution of the average of the quantities I, is less simple.
2.5. One-Level Approximations

We write Egs. (2.7) and (2.8) in the form

o 1 T

Kon = K2+ 5 Yy (2.28)
” HN,;EN.;\N

Kpp = K& R (2.29)

We assume that the quantities K1 and K{7 are independent of energy in the
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energy region of interest and introduce similar assumptions for the tilded quanti-
ties of Section 2.2. We find the relations

K = MW% MWMV , (2.30)

£y = E, w 1 WWMNMMMV ’ @31
FUYTLE — cos 6 — sin 0K == (cos 6 + sin 0K, {ohy1 (2.32)
K = o0 W MH, T (2.33)
Fue = TH2 . sin OTHER S (2.39)

From Egs. (2.32) and (2.34), we obtain
FU2e — (THATH2 — sin 1, R F)(cos 0 — sin 0K, (2.35)

An

This result shows that the correlation between the tilded partial width amplitudes
T2 differs from that between the I'¥2 yalues. In particular, the tilded partial
,S&ww generally are correlated if the H: 2 are uncorrelated and conversely (provi-
ded that K = 0). Correspondingly, Eq. (2. 34) shows that Iy, does not vanish
when [, = o In the latter case, Egs. (2.32) and (2.34) yield

K& tan 0
R tan 6 — 1

Fil/2,
‘N\_>§ >

NJH\N

the radiative capture cross section then vanishes at E = E, (see Eqgs. (2.6)~(2.8)).
Examples of physical situations where this can occur are given in [21-23].

We now discuss the connection between the correlations as discussed in Sec-
tion 2.4 on the one hand, and Eq. (2.35) on the other. From Eq. (2.14), we obtain,
with the notation of Section 2.4,

(REy == (K> (cos 0 + <K sin 8) — (K> sin 0CK70)

% {(cos 8 + (K2 sin 0)2 + ((Kh,» sin )72 (2.36)
If we follow Lane and Mughabghab [12] and make the identifications
ANAS:V Mﬂwv s AN = Mwwv 5 Aww\\m.v

we obtain from Eq. (2.36) a relation that differs from Eq. (2.35) by the presence of
the term (K!,>? sin? 6 in the last braces in Eq. (2.36). A related difference exists
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between Eq. (2.33) and the one that gives (K> (Section 2.4 and Eq. (2.36)). These
differences show that the identifications (X%.> = K2 on the one hand and

(RE> =R, (REy=R%, (2.37b)

on §.o other hand, are not equivalent (see Section 2.7). In practice, however, the
meaningful values of 6 are small; the two sets of assumptions are then almost
identical.

We now turn to the S-matrix parametrizations, (2.9) and (2.10). From Egs. (2.5)
and (2.6), we find, with obvious notations,

o 1k K
.M_A | (o) .
nn 1 — N‘\AM«MV ’ rw = 2i 1 — NNAQMMV » ANwwv
Sw\m H\NE + (K, Asvv HL\N E\Kw — twﬁ . R&Mq : (2.39)
_ g oL KeT,
= B + 2TE Qﬁwvlw ) (2.40)
S\ﬁ% — N._tmu_: ?ciw *M%v — Ni\m +1Ni\m Aav (2.41)

We give the parametrization, (2.18)—(2.20), only in the s
pecial case (see Eq. (2.17
S8 — exp(2if). Then, we have ( @@

Spn = exp(2i0) 11 — i “
pQib) [1 — i — 2] (2.42)
1/2, 1/2
Spp = exp(if) | S — j A D
p = exp(id) | e %L (2.43)
&{0) 0 ) ~
S5 = 2K (KD, = wy = @y, (2.44)

If I'Y% and I'y? are not correlated, Eq. (2.41) shows that wi? and w!* are cor-
Hm_mﬁma. In P:coimﬁ we have

()
I 1/2 _ 1/2 ASV 1/2 Ko7
m wyr = [Re wy’] Kny' = IhiE- 1T QAE; 5 - (2.45)
A relation oac?&m.:n to (2.45) was derived in [11] in the frame of the shell-model
mnwnowor. Our derivation shows that this relation is a direct consequence of the
unitarity of §, so that the “correlation” between Im w,/* and I'}/2, as expressed by
Eq. (2.45), can be considered as somewhat trivial. Eoiﬁ\mﬁ it may have some

bearing with phenomenological correlations, as we discuss in the next section.
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2.6. Analysis of Experimental Data

The formulas derived in the preceding sections illustrate the importance of
Feshbach’s warning [13] recalled in the introduction: The statistical properties of
the resonance parameters depend on their detailed definition. The results of
Sections 2.1-2.5 enable us to relate the correlation properties in different para-
metrizations.

In general, the neutron elastic scattering data are analyzed with the help of
Eq. (2.42). The phenomenological neutron partial width can then be identified
with w, = I, for the particular choice

§ = tan~t K2 . (2.46)

which corresponds to K == 0. Thus, the theoretical neutron partial width is equal
to the phenomenological one only if the model potential scattering phase shift is
equal to the observed background phase shift. This establishes a condition for the
choice of the interaction radius in R-matrix theory, or of the choice of average
potential -well in the shell-model approach. We return to this point in Sections 3
and 4.

The value of the phenomenological photon width is usually obtained from the
value of the area 7 under the resonance peak, after subtraction of the background.

If we neglect the contribution of the skew-symmetric term to the area in | S, %, we
obtain, from Eq. (2.43),

st o |y | — wf*Im iS5 247
= |y | — ST en
In first order in the background, we find .
NJFK,NNJH\N\AMQMVN\MSV
o = || o= Lo —2 >_ %.\Qﬁsvmx . (2.48)

nn

For the choice (2.46) of the background phase shift 0, Egs. (2.32) and (2.34) show

(e0)

that, in first order in K7,
[an| = Loy = Ty — T sin wmﬁmv . (2.49)

From Egs. @z.ﬁviﬁ.%v“ we see that the phenomenological photon width is closer
to | wyy | = Iy than to Ty .

2.7. Discussion

In Sections 2.1-2.3, we considered various parametric forms for the elastic and
radiative capture cross sections. The parametrizations given in Sections 2.1 and
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2.2 involve the poles and residues of the reactance and scattering matrices, respec-
tively. In this sense, they are “model independent.” In practice roéomﬂ m is
o.mo: of interest to analyze the data with some prejudice oosﬁwgwnm the aowo.i -
tion of the background, particularly in the elastic scattering channel. This oom-
Hw%osgm to the introduction, a priori, of a model scattering phase shift § and gives
rise to the parametric forms studied in Section 2.3. .

F.En case of an isolated level, the resonance parameters of Hma various para-
metrizations can be related to each other (Section 2.5). Then, it is found that the
ooﬂ&mmos properties (for instance) of the partial widths depend on the parametri-
zation that has been adopted, in particular, on the choice of 6. This was emphasized
by Feshbach [13] in the general case. The problem of the “best choice” for § may
appear to be nonexistent if one takes into account the relationship between the
resonance parameters (Section 2.5). In practice, however, it is convenient to owoowo
¢ in such a way that it leads to the standard way of analyzing the experimental
%.;m (Sections 2.5 and 2.6), although this is not necessary as far as the @woﬁos
widths are concerned (see Sections 4.3 and 4.5). We discuss below that this choice
of # may be more delicate for the background cross section.

In Section 2.4, we showed that there exists a direct connection between the
correlation of the partial widths and the average of the S-matrix (Eqs. (2.24) and
(2.25)). Furthermore, Eq. (2.23) gives the background cross section in H.ma.a of the
average S-matrix provided that an assumption is made, namely Eq.(2.37a) or
Eq. (2.37b). These assumptions are much more model dependent than m@ (2.25)
because they essentially amount to an assumption that the cmowmno:sm o.aomm
section underlying one isolated level arises from the “far-away” levels only [4]. If
the model phase shift § varies rapidly with energy, Eqs. (2.32) and (2.34) mr.os
that the corresponding mean partial widths also may be very dependent o.b energy;
w:mﬂ.“ mmm%M%aMM Mwmqgr may be quite inaccurate. This will be illustrated mm

ections 4.4 and 4.5. By the same token, one reali i :
(2.37b) are not compatible for large 6. tzes why assumptions (2.372) and

3. VALENCE CAPTURE MODEL

In the present section, we deal with the dynamical interpretation of the resonance
parameters introduced in Section 2; in other words, we discuss their identification
with quantities derived from a nuclear model. In Section 3.1, we give expressions
for the elastic and capture cross sections in the frame of the shell-model approach
H:mmo expressions differ from those presented in {8, 11, 16] in two main Sm@mﬁmu
@ We are chiefly concerned here with the reactance matrix representation éEow
presents several advantages over the S-matrix parametrization; it E<o~<mw fewer
parameters, embodies unitarity, is similar to the R-matrix approach, and is close
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to the phenomenological parametrization; and (ii) we make use of the convenient
projection operator formalism of [8, 24-26].

In Section 3.2, we briefly recall, for comparison, the main features of the R-
matrix approach. In Section 3.3, we formulate a model equivalent to the valence
capture model of Lane and Lynn [1-4, 12], in the shell-model approach. We show
that a numerical approximation used in [11, 16] is inaccurate in the (quantitatively
important) surface region, and ‘we construct a more accurate approximation. We
exhibit in Section 3.4 the close analogy between our results for the valence capture
model and those derived earlier by Lane and Lynn [1-4] from the R-matrix
approach. Finally, the relationship [3, 4, 12] between our expressions, which
involve a real potential well and the optical-model quantities is discussed in

Section 3.5.

3.1. Shell-Model Approach

Following Feshbach [24-26], we introduce the projection operators P and Q ==
1 — P, with the understanding that we work within some truncated Hilbert space
of functions. The operator P is defined in such a way as to contain at least (see
below) all the channel states. For definiteness, we shall often use the shell-model
representation [5]. We call H, the independent particle Hamiltonian, 8, the cor-
responding potential scattering phase shift in channel ¢, and ¥ the residual inter-
action. The index ¢ refers generically to all channels; the entrance neutron channel
is denoted by n. We call ¢; the normalized bound eigenstates of H; and yz° its
scattering eigenstates with the asymptotic behavior, for s-wave neutrons,

;2
Xg" ~ ﬂﬂ.&ea

12
v sin(kr + 8,) s - (3.1)
We take here

J
0=3% b5 P=Y [ B x>t + T 1 dudiml (G

mf

Below, we shall see why it may be convenient to introduce some (in practice at
most one) bound states ¢, in the P-space (see, however, Section 5.6). The full
standing wave Wy is the solution of the Lippmann-Schwinger equation [5}:

Py = xz + (E — Hy? V5. (3.3)

1t has the asymptotic behavior, in the neutron channel n,

. A V:N [sin(kr -+ 8,) 4 K costier -+ 8,)] b - (3.4)

THU,
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One finds [24-26]:

Py = [1 + P(E — PHP)™ PVP]xz" -+ [l + P(E — PHP)"* PHQ]
[E — QHQ — QHP(E ~ PHP)™ PHQJ™ QHP[l + P(E — PHP)
PVP]ys" (3.5

We introduce the effective interaction
V=V + VP(E — PHP)"* PV, (3.6)

and assume for simplicity that # is the only open channel. We diagonalize the
matrix contained inside the square brackets in Eq. (3.5), and thereby obtain the
energy eigenvalue ¥, , the eigenstates £, and the partial width amplitudes

w\wﬁmv QuyEE | V| xam. 3.7

All of these quantities are real. The scattering matrix can be written in the form
(compare with Eq. (2.12))

oy L
Sun = 0xp(2i8,) A K. 68)
with
J
I,
Ron = RO+ M Yo 2 (3.9)
KO = —alyzm | V| s (3.10)

To Emm_mw explicit formulas, we assume henceforth that V,,¢ = e’ | V| by and
Vige = {xe"| V1 xg> can be treated in first-order perturbation theory. This
assumption can be lifted easily. We obtain, after a few manipulations

Wy = xa" + L [ dE(E — BV Vigs + . (E — B Veeh

ANﬂQlH\m NJH\N
E— E,

+M

A=1

~HM> 1_1 Mau,“ dE’ Am. — .M.QXHANS\VY.:N H\QANWVXM + ML &§VA$§ _NW\_ m.\»v ;*

(3.11)
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The radiative capture amplitude is given by Egs. (2.13) and (2.16), where § is
replaced by 8, and where

RY = —(W 1 d| x> — ¥ [ dE (B — BV VECE, | d] xy

f

T = e, | d 1 & + 7 Y [ dE (8 — EY THE)

X Pl dl xe) + QMY (E — Ep)™dm | VIEXE 1 d| .
" (3.13)
To obtain the S-matrix parametrization, on which the discussion in [11, 16] was
based, one replaces E by E -+ ie in Eq. (3.5). By diagonalizing the résulting matrix
(in the brackets), one gets complex resonance energies e, — 3iw, and complex
resonance states £2, . The S-matrix is given by Eqgs. (2.18) and (2.19) with & replaced
by 3, and with

BYHE) = 2mM%xsm | V120, (3.14)
SO = 1 — 2y | V] x5, (3.15)

SY = =21 [\ di s + 3 [ dE (B — BV VERE, 1d | xi)),
. (3.16)

l

BN = Q" [P 11 Q0 + 3 [ dE (B — BV @m)™® GE)

X CH | d] xED + 3 (E = En)@my 1] ddlbm | V12D
" " (3.17)

Here, we have assumed that E,, << E. This is in keeping with the assumption that
the energy dependence of @,,(F) is weak and with our forthcoming choice of the

states ¢,, (Sections 3.3 and 5.6).

3.2. R-Matrix Approach

Let a denote the interaction radius [15] that separate$ the internal from the

external region. In the case of only one (s-wave) neutron channel, the R-matrix

expansion for the standing wave ¥y (Eq. (3.4) with 8, = —ka) is given by [15, 23]:
. 2 \1/2 o 1 .

¥, = Ailuv WNF TE k(r — a) + 5 cos k(r — a) M sw.zﬂ.mwim;

TrhY ER

fi1/2

) T52g

A

(3.18)

IR
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The lower indices ER and IR indicate that the corresponding expression differs
from zero in the external and internal regions, respectively. We put a tilde on the
R-matrix eigenvalues and partial width in order to exhibit later the close analogy
between the R-matrix and shell-model expressions; we also changed the conven-
tional sign of z»w\wv for the same reason.

The scattering matrix is given by Eqs. (2.12) and (2.13), with

R =0, RY=(¥1d|Sihder, (3.19)
Mo = Tir + T, (3.20)
Cbr = —TUXY 1 d] Copdun s T3 = Q)™ 1d | X . (3.21)

Here, we have introduced the single-particle wavefunction

. N H\N . ﬂ\m
So= (=) sink(—a),  Cp= A%!@v cosk(r —a).  (3.22)

3.3. Valence Capture Model in the Shell-Model Approach

In the valence capture model [1-4, 12], it is assumed that the radiative capture
process is dominated by those configurations (in ¥ and in ¥,) that correspond to
the target in its ground state (,) coupled (in our example of s~wave capture) to a
nucleon in a s-wave state (for %) or in a p-wave bound state (for ¥)). For ¥,
these configurations are, in the shell-model approach, Xz (all £) plus, in practice,
at most one bound state ¢,, . For nuclei with mass number slightly larger than the
peak of the 3s giant resonance, for instance, a weakly bound 3s-neutron orbital
exists for a standard choice of v, (see Section 5.6) and should be treated on the same
footing as the scattering configuration y2 . We denote by ¢,, this weakly bound
3s single-particle state, coupled to the target state by

The expression of the radiative capture amplitude in the valence capture model
is given by Egs. (2.13), (2.16), (3.12), and (3.13), where only the contributions of
¢, and of yz. are retained. To obtain explicit formulas, we make use of the short-
range nature of the residual interaction V. In the open neutron channel, the follow-
ing expression holds, for » > ' (see Section 5.5),

[ BB~ BV X0 + (B = B | byl
= —mCer) $ () (3.23)

Here, we write explicitly only the radial coordinate (r o,a r’) of the valence neutron.

The function Cg"(r) is the single-particle distorted scattering state with the asymp-

fotic behavior (compare with (3.1) and (3.22)), :
2

_\N
9§2 AN@V cos(kr + 8,). (3.24)
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The usefulness of Eq. (3.23) stems from the short-range nature of ¥, which restricts
the radial coordinate in Eqgs. (3.12) and (3.13) to the internal region, for all matrix
clements involving V. Because of the long-range nature of the electromagnetic
interaction, the external region, in contrast, can provide the main [30] contribution
to (W, | d|xs> (see Section 4). Egs. (3.11)~(3.13) and (3.23) yield the following
values for the contribution of the external region to the radiative capture para-
meters:

[lap = — K d] Ce"ber » (3.25)
(B for = —<P; | d| Xegr + 7VEKP, | d| Ce"eur » (3.26)

where ER indicates that the integration runs over the external region only.
To obtain the contribution of the internal region (IR), we use the factorization

approximation [4],
(e = FB, EYxehiw s S, E) = L. (3.27)

The accuracy of this approximation has been checked by several authors [27-29].
In [28, 29}, it was applied to radiative capture in the region of the giant dipole
resonance. There, the contribution of the ER is small and Eq. (3.27) can be used in
all space without any significant loss of accuracy. This is not true for low-energy
neutrons, particularly in the region of the peak in the s-wave neutron strength
function. There, the ER dominates the radiative capture amplitude [30] (see
Section 4). Then, approximation (3.27) must be confined strictly to the IR. This
was not recognized in [16].

We use approximation (3.27) for the matrix elements of ¥ and for the contribu-
tion of the IR to the matrix elements of 4. This yields the following contribution of
the internal region to K and I/

[BOYp = —<¥; | d| Xeom(l + FVER) — (E — En)™

X LA pudirlPm | VI xE™s (3.28)
(M = +TH2EC, 1 d | e + QMHE — Ep)™
X Lpm | V] E<¥: 1 d| dmiir » (3.29
where
F= % dE' (E — E-1f¥E', E). (3.30)

Since ., is normalized to unity in all space, the last term on the right-hand side of
Eq. (3.28) and of Eq. (3.29), respectively, remains finite when (£ — E,,) — 0. We
return to this point in Section 5.6.
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It is convenient, to introduce the following normalized single-particle states,
where 5,2 denotes the spectroscopic factor of the final state

b= 57 | Peo, g = tg" = (| x5™, (mhr = e | brdir
wg = (Cg"er — (F/m)(tg"x - (3.31)
Egs. (3.25)-(3.29) take the form

RO = —s5, [ty | d] 15y — wVEKL, | d | wed] — (E — Ep)

X e | d ] tadirlPm | V| x5™, (3.32)
TP = —s, 0 1 d | we) + QIaHE — Epy b | V1 €<t 1 d | tudin -
(3.33)

For simplicity, we kept the notation d for the dipole operator sandwiched between
two single-particle states.

The expression for the parameters of the reactance maitrix (see Egs. (2.5)—(2.8),
(2.28), (2.29)) can be obtained from Eqgs. (2.30)-(2.34), in the frame of the one-level
approximation. The quantity K7 appearing in Eq. (2.34) can be expressed in
terms of K{; by means of Eqs. (3.32) and (3.33). For simplicity (see Section 5.5),

we drop the last term on the right-hand side of these equations. Then, we find

R = —s,[<t [ d] 157 + Rty | d | wal, (3.34)
TP == T2l —<t; 1 d | we) cos 8, — <t, | d| t> sin 8,]. (3.35)

Note that the channel-channel coupling V3 does not appear in these relations.
The @mowmgsma part S5 of S, is given by Egs. (2.38) and (3.32)~(3.35). If the
average potential v, is chosen in such a way that &2’ = 0, i.e., in such a way that

the shell-model potential scattering phase shift §,, is equal to the observed back-
ground phase shift, one finds

S8 256ty | d 15D s . (3.36)

In other words, the background cross section is then equal to the direct capture
cross section, in the frame of the valence capture model.

Proceeding along the same lines, one can obtain the expression for the complex
photon width &,; (Egs. (2.19), (2.20)), defined in terms of the residues of the S-
matrix. One finds, when neglecting the contribution of ¢,, in the internal region

arPlalt = sl—etp | d| heyag — ity | d | teor] + Ws {tpldltem (3.38)
S—its 1 d |ty — s 1 d| we), (3.39)

I
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where A is the single-particle distorted wave with the asymptotic behavior

S,Sz Amwmv: ,N exp(ik). aév

Note that the imaginary part of the ratio @;7/@;. is given by the first term on the

right-hand side of Eq. (3.39), in which the integration runs over all space. The

square of this quantity was plotted versus 4 in [16], for a specific choice of v, . We

REB to the latter point in Section 4. The real part of expression (3.39) is identical
U212 (see Eq. (3.33)).

3.4. Valence Capture Model in R-Matrix Theory

Equations (3.19) and (3.21) give the external region contributions to K{? and
e Rm%ooné? The close analogy with relations (3.25) and (3.26) is apparent in
the case V2% = 0, which corresponds to K} = 0. The main difference is that C»
in Egs. (3.25) and (3.26) is distorted by QD@ average potential vy, while the hard
sphere value (3.22) appears in Eqgs. (3.19) and (3.21). The contribution of the inter-
nal region to 2 is given by Eq. (3.21). Its explicit form in the valence capture
model requires a Boa& (intermediate coupling model) for the spreading of a single-
particle state (analogous to yz") among the R-matrix eigenstates X, [2-4]. This

leads to the introduction of optical-model wavefunctions.

3.5. Relationship with Optical-Model Quantities

In Section 2.4, we discussed in general terms the connection between the average
S-matrix and the correlation between partial width amplitudes. In the case of
radiative capture, this connection was first pointed out by Lane and Lynn [2-4],
and a simple derivation has been given recently by Lane and Mughabghab [12].
These papers also deal with the background cross section. The main purpose of
the present section is threefold. First, we extend the derivation of [12] to the model
reactance matrix, i.e., to the (tilded) quantities introduced in Section 2.3; this is
quite easy but will be useful later. Second, and most important, we derive, in the
frame of the shell-model approach, expressions for the ratio of the photon partial
width to the neutron width, and for the background cross section. Finally, we
show that these expressions, which only involve a real potential well, are at least
formally compatible with those derived by Lane, Lynn, and Mughabghab [2-4, 12],
which involve a complex optical-model potential. The quantitative equivalence
between the two approaches will be discussed in Section 4.

Henceforth, the index opt refers to optical-model quantities. We call uopy the
scattering wavefunction with the asymptotic behavior

:S;QSH A!wt

1/2
- \Ev (sin kr - tan Sopt cos kr). (3.4
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Lane and Mughabghab [12] make the assumption that (Bq. 2.3)

Uopt(E) = u(E + iI). (3.42)
Then Eq. (2.6) yields (see Eq. (2.22))
(Kpy = —s,Im<t; | d | tiope). " (3.43)
Since
Axﬂm:v = Im tan Sopt , 3.4

Egs. (3.43) and (2.25) give

(IrLErye o Im<t; | d | uopty
{Dany 7 Imtan Sept

A corresponding relation can be derived for the quantities I'Y? appearing in the
model reactance matrix (Section 2.3). We have, from Eqgs. AN.EVU

(3.45)

_ Ky €08 Bopy
By = i (3.46)
ANNzSV = ﬁmDAwoun — %vu ) Awm_.\d
NJH\N.NJH\c o .
m&lmwu\,ﬂwiv* = —§; {Im { —oM“AMoMHvMOMVm Dt [Im tan(Sep — )] (3.48)

Note that the derivation of these relations is based on two assumptions. First, the
valence model was used when retaining only the entrance channel component of
e - Second, Eq. (3.42) requires a specific choice among the family of optical-
model potentials that reproduce the average value <S,,> of the scattering matrix.
Nevertheless, the derivation can be regarded as fairly general, in the sense that it
does not explicitly involve any detailed microscopic description.

The shell-model expression (3.33) yields, when neglecting the contribution of b
to the internal region,

DTN = 5t d | we, (3.49)
(LT Ty = —spte | d | wip. (3.50)
From Eq. (3.35), we obtain

THTHS Do = ~55Kt, | d | wgd cos 8, - <ty | d| > sin 8,).  (3.51)

‘Egs. (3.33) and (3.35) show that there exists a full correlation between I1/* and

T2 or between I'1? and I'}/%. This result is more specific than (3.48).

An 2
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The relationship between Egs. (3.45) and (3.51), or between Egs. (3.48) and
(3.50), becomes clear if we retain only the external region (ER) contribution to
T'¥2 (or to [}/*, and assume that one can use the asymptotic forms (3.1), (3.24),
and (3.41). Then, we find the same result from Egs. (3.45) on the one hand and
from Eq. (3.51) on the other hand, namely

H\w
T g TH2 Ty = —s; Aﬂw&v (sl d) cos krdgr . (3.52)

From Egs. (3.48) and (3.50), we obtain, under the same conditions
1z e 2 \2
T8 her T Doy = =5 (S5) * <trl d ] cosller + 8.)en . (3.53)

If 8, is replaced by the hard sphere scattering phase shift, Eq. (3.53) reduces to a
formula first obtained by Lane and Lynn [2-4]. Eqgs. (3.52) and (3.53) can also be
obtained directly from Egs. (2.3), (2.6), and (2.7) (see Section 5).

Finally, -we turn to the background cross section. By definition, this requires the
use of a one-level approximation. Lane and Mughabghab make the identification
(see Eq. (2.37a)) KL = (KE,>. Then, Eqs. (2.38) yield the relation {12],

) _ .. Retr | d ] topty
Sy = —2is, T— 7 Ro tan Sog; ° (3.54)
Alternatively, one can tentatively use assumption (2.37b) (see, however, Sec-
tion 4):

R = (RE>, (3.55)

which yields

Re{{t, | d| tiopt cos Bopt/cos(Bopt — mvvﬂ

1 — i Re tan(Sopt — 0) (3.56)

St = —2ie's,
The shell-model expressions can be derived from Egs. (2.30), (2.33), and (3.34). If
one uses assumption (2.37a), namely, K2 ~ (KX, > == Re tan 8ypt , one finds
MAsv —2is{<t; | d | tg(cos 8, -F sin 8, Re tan Sopt)
— (sin 8,, — cos 8, Re tan Sept){t; | 4| wedH{1 — i Re tan opi}*  (3.57)
If one uses assumption (2.37b) instead, one obtains

S — —2is,e™{{ty 1 d | 15y + <t ] d| we> Re tan(Sopt — 8,)}
% {1 — i Re tan(Sops — 8,)} L. (3.58)
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For a choice of v, such that

Re tan(Sopt — 8,) = 0, (3.59)

one retrieves Eq. (3.36): The background and direct cross sections are then equal.
At very low energy, Eq. (3.59) is tantamount to choosing v, in such a way that it
reproduces the experimental scattering length.

It is of interest to write down the contribution of the external region to S{2.
From Eq. (3.57), we obtain

o 2
[Sn S5 Jmm = KNN&A

ﬂmavtm {1 — i Re tan opt}Kt, | d | sin kr

-+ Re tan Sopt CO8 krdpg ; (3.60)

Eq. (3.58) yields

. 2\12
S5 Ten = —2is, (=5=)  €™{1 — i Re tan(Bopy — 8,)}*

ahiv

X Lty | d| sin(kr + 8,) + cos(kr + 8,) Re tan(Sopt — 8,)0gr - (3.61)

While expression (3.61) depends on the choice of v, (via §,), the value (3.60) does
not. This reflects the dynamical difference between assumptions (2.37) and (3.55).
Note that Eq. (3.54) yields the ER contribution (3.60), while Eq. (3.56) gives
Eq. (3.61).

We have seen that the contributions of the ER to the expressions involving
optical-model quantities are identical to those involving shell-model quantities.
We now discuss the relationship between the two approaches in the internal
region. From Eqs. (3.11) and (3.27), we find, in the internal region and when
omitting the contribution of ¢,, (which could be included easily by a slight modifi-
cation of the definition of F),

[Eeralm = [tzlir {1 — (F/m) tan(Bops — S} (3.62)

We also have

gy = 08 Bomt
¢ cos(Sopt — 0,) "

(3.63)

If we assume that Eqgs. (3.42) and (3.55) hold, we find

_”20@&5 = _”Nmuzﬂ ,MOOwAmoc» ;I mgv et Qq\s‘v w»ﬂ@og — msxv sec Awoa« . Aw.mmc
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Hence, we have

[Im wopthr = [telir (sin 8, — (F/m) cos 8,) Im tan Sopt , (3.65)
[Re uopthr = [telir {c0s 8, + sin 3, Re tan dops
-+ (Ffjm)[sin §,, — cos &, Re tan Sopt]}. (3.66)

Egs. (3.31) and (3.65) show the equivalence between the IR contributions to
expressions (3.45) and (3.51); Eq. (3.66) relates the IR contributions in expres-
sions (3.54) and (3.57). Similarly, one can related the IR contributions in expressions
(3.48) and (3.56), and (3.50) and (3.58).

Equation (3.65) and (3.66) shed some light on the implications and limitations
of the dynamical approach. The ambition of the approach consists in using a real
rather than a complex potential well, thereby reducing the number of parameters
in the theory. This leads to the appearance of the quantity . When p, is changed,
all the quantities on the right-hand side of Egs. (3.65) and (3.66) vary. Hence, it is
likely that the latter relations hold only for a specific choice of v, . This appears
natural (see Section 2.7), since they rely on assumption (3.55). However, it must be
kept in mind that even the expressions that do not involve v, , like (3.54) for
instance, rely on a rather stringent assumption, namely relation (3.42), which heed
not be true in the internal region for the phenomenological optical-model poten-
tial. Note that relations (3.65) and (3.66) imply that Re uops and Im uopt should have
the same zeros in the TR. This is not the case for local optical-model potentials,
but may well hold true for nonlocal ones.

3.6. Discussion

In the preceding sections, we derived various expressions for the photon width
and for the background cross section, in the frame of the shell-thodel formulation
of valence radiative capture; we also showed that our results are consistent with
those of Lane, Lynn, and Mughabghab [1-4, 12]. Section 3.1 contains general
shell-model expressions, which are specialized to the valence capture model in
Section 3.3. We consider the various possible parametrizations described in
Section 2. The comparison between our results for the contribution of the external
capture to the photon width with that obtained from R-matrix theory (Section 3.2)
shows that a close similarity exists between the two approaches (see Section 5.2).
To compare the contributions of internal capture to the photon width in both
approaches, one must relate the shell-model expressions, which involve a real
potential well to optical-model quantities, since the latter appear in the results of
[1-4, 12]. We show that the results obtained from these two choices for the average
potential well are at least compatible with each other. We will see in Sections 4.3
and 4.5 that this formal consistency between apparently different expressions for
the photon widths is also numerically very accurate.
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The derivation of explicit expressions for the background capture cross section
on¢ requires, in all approaches, the use of at least one additional dynamical assump-
tion, namely (2.37a) or (2.37b). We recall (see Sections 2.4 and 2.7) that these two
assumptions differ in the case when the model potential phase shift is large. In
Section 3.5, we derive the expression for the background cross sections from
assumptions (2.37a) or (2.37b), in the frame of the shell-model afid of the Lane—
Mughabghab approach. Thus, we obtain two couples of expressions, one that
corresponds to assumption (2.37a) (Egs. (3.54) and (3.57)), and another that is
derived from assumption (2.37b) (Egs. (3.56) and (3.58)). We will see in Sections
4.4 and 4.5c that the shell-model and optical-model expressions are numerically
completely equivalent, but that they depend on the use of assumption (2.37a) or
(2.37b), as expected from the discussion in Section 2.7. ’

4. NUMERICAL RESULTS

4.1, Introduction

In this section, we present numerical results on the valence capture model, in the
vicinity of the 3s-peak in the neutron strength function, ie., for mass number A
close to 60. Our purpose is manifold. (1) In Section 4.2, we discuss the best choice
for the single-particle potential well in the shell-model approach. We will see that
this is an important, delicate, and instructive topic. (2) We compare the numerical
values obtained from the two main approaches described in the previous sections,
namely, that of Lane, Lynn, and Mughabghab [1-4, 12], which involves optical-
model quantities, and the shell-model approach, which uses a real average poten-
tial well. (3) In Section 4.3, we study the dependence on mass number of the photon
width Iy, and of E\o ratio I,/ I, of the photon and neutron widths, for thermal
energy and for £ = 100 keV, respectively. We also compare several definitions of
the partial widths, i.e., definitions in terms of the residues appearing in the reactance
matrix K (Section 2.a), in the “model” reactance matrix K (Section 2.3) and in the
“model” scattering matrix S (Eq. (2.19)), respectively. This also illustrates
Feshbach’s remark reproduced in Section 1. We study the sensitivity of the results
on the choice of the (real or complex) single-particle potential. (4) In Section 4.4,
we investigate the dependence on mass number of the background cross section
o®%, at thermal energy and (mainly) at E = 100 keV, respectively. We use several
expressions and single-particle potentials. (5) In Section 4.5, we discuss the depen-
dence on energy of the oS and of the partial widths, for 4 = 60. Here again, we
compare the results of several approximations and single-particle potentials.
(6) Section 4.6 is devoted to the comparison between theoretical and experimental
values in the cases %Fe(n, y) and **Ni(x, y).
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It is convenient to summarize here and to simplify somewhat our main previous
results. Since in the valence capture model I'2* and I'}/? are proportional to each

other, we write
Ty The = (P KT0)? = (DK sns 4.1
7D = 2(Im tan Sopt)(L /). 4.2)

I

The dipole operator contains trivial kinematical factors that can be factorized. In
the case of the s — p single-particle transition, we write thus

N;i . dor € 2573 2

7= 5 oo T 11 @2
2

4EG — wlﬁﬁ T P i |17, (4.4)

where in the matrix elements / and J the operator d is replaced by the radial
distance r (see Eqgs. (4.5)~(4.12) below); E, denotes the photon energy. Henceforth,
we set the spectroscopic factor s;2 equal to unity, except in Section 4.6, where we

compare theory with experiment.
Bouations (3.45) and (3.48) yield J and 7 in terms of optical-model quantities:

With obvious notation, we have
J == HB AM\.. _ r _ QOU&V\HB tan MOH; y Ah.‘wv
J = [Im <ty | r | topty cOS Sopt/cOS(Sopt — 8)][m tan(Sops — 8,174 (4.6)

where the normalization of wops is specified in Eq. (3.41), while 8, is the model
potential scattering phase shift. In the shell-model approath, we have (see

Eqgs. (3.50) and (3.51)):
J =ty | 7| wep o8 8y, - (8| F | 1) sin 3, .7
J=<tlriwe, (4.8)

where wy and 1, are given by Eqgs. (3.1), (3.24), and (3.31). By analogy with R-
matrix theory, we call a the radius of the internal region (IR) introduced in the

factorization approximation (3.27).
The value of 7 in terms of optical-model guantities is given by Egs. (3.54) or

(3.56), depending on the basic assumption that is made (see Egs. (2.37a) and
(2.370))

— [Re {47 | 7 | uopid ][] — i Re tan Sopel™, (4.9)
I == {Re [{t; | 7| toptd €08 Sopt/cOs(Bopt — S)B{1 — i Re tan(Sopt — 3,171 (4.10)

-
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Egs. (3.57) (based on Eq.(2.37a)) and (3.58) (based on Eq. (2.37b)) lead to the
following shell-model expressions; respectively

I={{t; | r|tp)(cos 3, -+ sin §, Re tan Sops) — (sin 5,

— €08 8, Re tan Sopt){ty | | wedH1 — i Re tan Sopi}?, “.1D
I={{t; | r|te) + <t;| | we)> Re tan(Sops — S, )H{1 — i Re nmbowoi S L
4.12)
We mentioned under Eq. (3.40) that
wﬂmmswww\ga\wv :N\NJ\,H\W“ Abmwv
Im Dy o —tp | 7 | 15, (4.14)

4.2, @:%?%Ql%k Potential

In all previous calculations based on the shell-model approach, the single-
particle potential v, was taken equal to, or at least very close to, the real part of
some phenomenological optical-model potential [5]. In particular, and in the
present context, this was the case in [10-12]. This choice is related to the fact that
this v, is Qomo to the Hartree-Fock potential, which makes the matrix elements
Va™ and Vg (see below Eq. (3.10)) vanish. However, the choice v, = Re (OMP)
may lead to HE&SQEQ or erroneous results [10, 117 in the case of radiative capture
at low energy, as we now discuss. In connection with Eqs. (3.34) and (3. 35), we
noted that the channel-channel coupling V¢ plays no essential role in the valence
capture model. Hence, it is not essential to choose v, in such a way that i
vanishes. In fact, this choice may not be convenient in some cases: It yields &%) — o
(see Eq.(3.10)) but also gives, in general, K2’ % 0 (see Section 2.5). %mmm is
because (see Egs. (2.7) and (2.28)) K{3' contains, besides K% the contribution of
the tails of the “far-away” levels (i.e., of those other than A). In other words, the
background potential scattering phase shift in general differs from the Bvoai
scattering phase shift 8, if v, is chosen in such a way that K% = 0. This was
emphasized by Lane and Mughabghab [12].

In the present context, there exist two main reasons to prefer a single- particle
potential v, such that K7 = 0 or, equivalently, that §, — Re Sopt . The first one is
that, according to Eq. @.w@ (or, equivalently, Eq. (4.12)), the background cross
section is then equal to the direct capture cross section. The second, more impor-
tant, reason is that (see Section 2.6) it is only for this choice that the partial width
I, can be identified with the phenomenological neutron width. We return to these
points in Sections 4.7, 5, and 6. However, we will see in Sections 4.3-4.5 that
accurate results can also be obtained from the choice v, == Re OMP. This is
related to the importance of external capture (see Sections 3.5 and 5.2).
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At low energy, i.e., approximately below 100 keV, the condition §, = Re Sgpt
essentially amounts to the requirement that the single-particle potential v, repro-
duces the experimental scattering length as. . F.Em. 1, we show the dependence

T T T T T T

Mo\
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Fic. 1. Dependence of the scattering length on mass number. The short dashes represent the
hard sphere value 1.3 4*/%. The curves labeled (a) and (b) are computed from the OMP of [31]
and {33}, respectively. The Jong dashes are obtained from the real part of the OMP of [31]. The
full dots show the experimental values, taken from [33].

upon 4 of the scattering length ase , defined as the limit for k£ — 0 of the quantity
—k~* Re(Sopy), calculated from several optical-model potentials. In the case of
[31], we used for the real part of the OMP that given by Ross ef al, and
add a volume absorption part with strength 3.36 MeV, as in [3]. For simplicity, we
refer below to this complex OMP as to that of [31]. We also used the OMP of [32],
but do not show the results it order not to complicate Fig. 1 too much. Note that
ase becomes infinite (and changes sign) for a real Woods-Saxon potential with
constant depth (see long dashes) and standard radius. This is incompatible with
the experimental data (dots), which lie close to Curve (b) (with, however, rather
large error bars). Hence, a real potential well with radius r,4'/* and constant
diffuseness can reproduce the experimental ase only if its depth varies with 4. We
have taken the typical values [31] ry == 1.3 fm, a = 0.69 fm and have calculated
numerically the depth V, of a real Woods-Saxon potential, which yields the same
scattering length as the phenomenological OMP. The dashes in Fig. 2 give the
values of ¥, that reproduce the values ase of the OMP of [33] (i.e., Curve (b) in
Fig. 1); the full curve in Fig. 2 corresponds to Curve (a) of Fig. 1, i.e., to the OMP
of [31]. We mainly use the latter since it was adopted in [11, 12] and since it gives
reasonable values of F,. Below, we call 1 and P2 the real potentials, which
correspond in Fig. 2 to the full and dashed curves, respectively. Note that the
depth ¥V, first decreases when 4 grows. This cannot be extrapolated for all 4
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Fic. 2. Dependence on mass number of the depth of a real Woods-Saxon potential (radius
1.3 A4*7, diffuseness 0.69 fm) which yields the same scattering as the OMP of [33] (long dashes)
and of [31] (full curve), respectively.

without loss of meaning, since for 4 ~ 60 a new 3s-bound state should be pulled
inside the single-particle potential v, , if it has to make any physical sense. Hence,
we need to admit a discontinuityin the dependence of ¥, on A4; however, despite this
discontinuity, the scattering length remains continuous. Note that the discontinuity
is quite large (20-30 MeV). We will see that it does not affect the calculated values.
The exact value of 4 where the discontinuity occurs is somewhat arbitrary. We
recall that the dependence of V;, on 4 shown in Fig. 2 corresponds to the contribu-
tion to the scattering length of the tails of the distant levels.

In summary, it appears of interest to compare values calculated from three
different single-particle potentials: (a) a complex OMP [1-4, 12}; (b) the real part
of a standard complex OMP [10, 11, 22]; and (c) a real potential the depth of which
depends discontinuously on A, as shown in Fig. 2. In the following sections, we
mainly use as potential of Type (a) the OMP of [31], its real part as potential of
Type (b), and the well £1 corresponding to the full curve in Fig. 2 as potential of

Type (c).
4.3. Dependence of Partial Widths on Mass Number

4.3.a. Thermal energy. In Fig. 3, we plot the quantities I",;/I",, and 7/ D at
thermal energy. They are calculated from Egs. (4.5) and (4.2). The curves labeled
(a) correspond to the OMP of [31]; the OMP of [32] yields the curves labeled (b). In
each case, the bound 2p} single-particle state 7, and the photon energy E, are
calculated from the real part of the corresponding OMP. We see that the results
are rather sensitive to the choice of the OMP, although the overall behavior of
Curves (a) and (b) is the same. A closer look at the details of the numerical results
shows that the main origin of the difference between Curves (a) and (b) is fairly
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Fic. 3. Dependence on 4 of the quantities Iy;/Iy, (left-hand scale) and #I)/D (right-hand
scale) at thermal energy, as computed from Egs. (4.5) and (4.2), respectively. The curves labeled
(a) are calculated from the OMP of [31] and those called (b) are from the OMP of [32]. See
note added in proof.

trivial: It lies in the factor E,® appearing in Eq. (4.3). In other words, the quantities
J (Bq. (4.5)) are about the same for the OMP of {31] and [32]. In particular, the
mumerator of expression (4.5), and therefore, the reduced photon strength function

E;* (DD (see Eq. (4.2)) is fairly insensitive to the OMP. Note that the values of

E, calculated from the OMP of [31] are more realistic. In practice, £, is taken from
experiment, rather than from the calculated energy of the bound 2p-orbital (as we
did in Fig. 3). Hence, the comparison of the experimental and theoretical values of
I/ Ty, does not crucially depend on the choice of the OMP. We return to this point
in Section 4.3b. :

At thermal energy, the background scattering phase shift vanishes. Hence,
there exists no difference between the tilded and untilded reactance matrices
(Section 2) when 8, = Re Sopt = O (see Eqgs. (4.5)~(4.8)); moreover, then one has
Im @}/&Y2 = 0. However, if one takes v, = Re (OMP), then &, 5= Re dopt and
expression (4.6) can be very different from (4.5) (see Section 2.7). We illustrate
this difference in Section 4.3.b. Finally, note that the neglect of the damping due to
the photon channels is not justified above 4 == 60, at thermal energy.

4.3.b, Partial widths at 100 keV.

In Fig. 4, we plot the quantities [/1, and «I',/D versus 4, at 100 keV. The
conventions are the same as in Fig. 3: We use Egs. (4.2) and (4.5), with the OMP
of [31] (Curves (a)) and [32] (Curves (b)), respectively. By comparing Figs. 3 and 4,
we see that the ratio I'y,/I'), is about 10% times smaller at 100 keV than at thermal
energy. This is mainly due to the increase of I',,/D with energy (see Fig. 14 below);
indeed, we see that the quantity =I',,/D has the same magnitude at thermal energy
as at 100 keV. We return to this point in Sections 4.5 and 5 (see Figs. 16 and 20).
Note that #I,;/D shows a bump at about 4 = 60, followed by a plateau or a
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Fig. 4. Dependence on A of the quantities I'\/I, and wly/D at E = 100 keV. Same con-
ventions as in Fig. 3 for the curves labeled (a) and (b). The short dashes are calculated from
Eq. (4.6), with 8, computed from the potential P1 of Fig. 2. See note added in proof.

Fie. 5. Dependence on A of the quantity | J| (Eq. (4.5)), for the OMP of [31] (Curve (a))
and of [32] (Curve (b)), respectively.

small decrease. Since the level distance is a rapidly decreasing function of 4, this
implies that Iy, i.e., the photon width in the valence capture model, first in-
creases, reaches a maximum for A4 somewhat smaller than 60, and then decreases.

As we mentioned in Section 4.3.a, the main origin of the difference between
Curves (a) and (b) in Fig. 4 lies in the binding energy of the 2p#-level, which is
larger in the case of Moldauer’s OMP [32]; this difference between the £, values
increases with 4. In Fig. 5, we show the values of | J | (Eq. (4.5)) for the OMP of

. [31] (curve (a)) and [32] (Curve (b)), respectively. We see that, as stated previously,

these two curves are rather similar for the two OMP, particularly in the domain of
interest (45 << 4 < 65). We now turn to the tilded partial widths (Eq. (4.6)). In the

E=100keV (b) PL- Sez F&\ﬂ nxum_,mm.ro\
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FiG. 6. Real part of Sop for the OMP of [31] (Curve (a)) and of [32] (Curve (b)) at 100 keV,
versus 4. The long dashes show the values of 8, calculated from the real part of the OMP of [31].

present case, Re Sopi takes small values as shown in Fig. 6. Hence, the values of §,
at 100 keV, calculated from the real potential PI shown in Fig. 2, barely differs
from Curve (a). The short dashes in Fig. 4 represent the values of I/ 1, and of
wl, /D as computed from Eq. (4.6), when §,, is calculated from potential P1 of
Fig. 2, while the optical-model quantities and E, are obtained from the OMP of
[31]. We see that the dotted curves in Fig. 4 differ only little from the full Curves
(a), Le., that the tilded and untilded partial widths are about the same for this
choice of &, .

The shell-model expressions for I'y,/ I, and ',/ [, are given by Egs. (4.7) and
(4.8), respectively. The function wy (Eq. (3.31)) involves the quantity F (Eq. (3.30))
which has been calculated [11] only for 4 = 56 and 4 = 60 and for the special
choice v, = Re(OMP). However, we will see in Section 5.2 that the external
capture dominates in the valence capture model, for the mass numbers of interest,
Hence, we set here F == 0 in Eq. (3.31). We first discuss the values obtained when
v, is identified with the real part of the OMP of [31], as was assumed in [11, 22].
The full curve labeled (a) in Fig. 7 shows the values of I');/I), as computed from
Eq. (4.7). Note that they are quite similar to those shown in Fig. 4, despite the
wild variations of &, with A (see dashes in Fig. 6). We recall that the IR is defined
by the cut-off radius «; here, we have set g = 1.34%3. To gain an idea on the
importance of internal capture and of the dependence of our results on a, we have
also set @ to zero, i.e., considered the whole space as the external region. Then, we
obtain the values represented by Curve (b) in Fig. 7. We see that it is only for
A > 70 that they differ appreciably from those represented by Curve (a). This
implies that expression (4.7) is not sensitive to the choice of the cut-off radius a.
The ratio [/ 1, calculated from Eq. (4.8), with @ = 1.34/%, is represented by
the dash-and-dots in Fig. 7. We see that it differs very much from I}/, in the
vicinity of 4 = 60, i.e., when | 8, | &~ =/2. Note here that the values calculated in
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Fic. 7. Dependence on mass number of the quantities Ih/I, and [/l . All curves are
computed from the real part v, of the OMP of [31]. Curve (a) corresponds to I'),/Iy, as calculated
from Eq. (4.7) (F = 0), with the radius a of the IR taken equal to the potential radius (1.3 41/3);
Curve (b) is also calculated from Eq. (4.7), but with ¢ = 0. The dash-and-dots show the values
of /I, , as obtained from Eq. (4.8) with a = 1.3 41/3,

[11] correspond to J = {# | r| ;> and are meaningless since the factorization
assumption (see Eq. (3.27)) is incorrect in the (important) external region. Also
recall that I, does not correspond to the phenomenological neutron width when
8, differs from Re Sopt , as is the case here for 4 close to 60 (see Fig. 6). Hence, no
physical meaning can be directly attached to the dash-and-dots in Fig. 7.

In Fig. 8, we turn to the case when v, is identified with the real potential well P1
(see Fig. 2). The full curve labeled (a) in Fig. 8 shows the values of I'y;/I"), obtained
from Eq. (4.7), with this choice of vy and with F = 0; the dashes labeled (a) cor-
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Fie. 8. Dependence on 4 of I'y/Iy, and of I/l in the shell-model approach, when v,

" corresponds to the potential P1 in Fig. .2 and a = 1.3 4*/3, The full curve labeled (a) represents

Eq. (4.7) and the dashes labeled (a) represent Eq. (4.8) (F == 0). The full curve (b) is obtained by
dropping the contribution of the IR in Eq. (4.7).
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respond to Eq.(4.8) (F=0). In both cases, we took a = 1.34%/3, The curve
labeled (b) is also obtained from Eq. (4.7) (F = 0) but now taking only the ER,
i.e., limiting the integration over r to r > 1.34%/%.-Note that the ER dominates and
that the values of I'),/I, calculated from the OMP and from the shell-model
approach are in fair agreement (compare Figs. 4 and 8).

Finally, we show in Fig. 9 some results concerning the ratio @)//@y7. Its real
part is equal to I'y%/I'\/%. The full curves in Fig. 9 represent the values of — J as
calculated from Eq. (4.6); the OMP quantities are obtained from [31]. The full
curve labeled (a) has been calculated with the phase shift 6, corresponding to the
real potential well P1 of Fig. 2; full Curve (b) corresponds to v, = Re OMP [31].
The dashed curves labeled (a) and (b) represent the right-hand side of (4.14), for
these two choices of v, . Note that in the more meaningful case (a), the imaginary
part of @/%/é@};” is much smaller than its real part. This implies that % can be
identified with the phenomenological photon width (see Section 2.7).
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Fic. 9. Real (full carves) and imaginary (dashed curves) parts of &ww\&ﬁw, after dividing by

the kinematical factor contained in the braces in Eq. (4.3). Curves (a) correspond to the single-
particle potential P1 of Fig. 2, while Curves (b) are obtained by taking v, equal to the real part
of the OMP of [31].

4.4. Background Cross Section

The background cross section is given by Eq. (4.4), where the quantity  can be
expressed in four different ways (Eqgs. (4.9)-(4.12)). In the present section, we
compare these various approximations with one another and also use several
(real or complex) single-particle potentials. As in Section 4.3, we give results at
thermal energy and, mainly, at 100 keV.

4.4.a. Thermal energy. At thermal energy, Re 8ops = 0 and expressions (4.9)
and (4.10) are identical if 8, = Re Sopt . If, however, §,, is calculated from the real
part of some standard OMP, it can reach large values (see Fig. 6) and expressions
(4.9) and (4.10) then become quite different (see Sections 2.7 and 3.6). This is
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Fic. 10. Dependence on 4 of the background cross section, from several theoretical ex~
pressions. The full curves labeled (a) and (b) represent expression (4.9), with the OMP of [31]
and [32], respectively. The two dashed curves correspond to I = <{#;| | #z> : The long dashes
are obtained by identifying v, with the real part of the OMP of [31]; the short dashes are obtained
by taking for v, the potential P1 of Fig. 2.

illustrated in Fig. 10. Here, Curves (a) and (b) refer to Eq. (4.9), with the OMP of
[31] and [32], respectively. Note that in the latter case the background cross section
is negligible above 4 = 55. The large difference between Curves (a) and (b) beyond
this value is related to the quantity 7 (Eq. (4.9)) and not to a trivial kinematical
factor as in Fig. 3. The long dashes are obtained if one takes 7 == {t; | r | tz), with
v, identified with the real part of the OMP of [31]. This dashed curve is proportional
to the quantity called | S | in [16]; it cannot be identified with the background
cross section oB% since K2 5 0 [12]. The short dashes correspond to Eq. (4.12)

where one takes for v, the potential P1 of Fig. 2. Note that the latter curve is in
fair agreement with Curve (a) (see also Section 4.5.c).

4.4.b. Background cross section at 100 keV. The full curve labeled (a) in
Fig. 11 represents o% at 100 keV, as calculated from Eq. (4.9), with the OMP of
[31]. The full curve (b) corresponds to Eq. (4.10), with §,, = Re Sopt and the OMP
of [31]. The long dashes give the direct capture value (3.36), for the cases when v,
is the real part of the OMP of [31]. The short dashes represent Eq. (3.36), for the
potential P1 of Fig. 2. In other words, the short dashes correspond to the shell-
model expression (4.12) in which one makes K2 = Re tan(Sppt — 8,) ~ 0. We
recall that for the choice v, == Re OMP made in [11, 16, 22], one has §, == Re Sopt
(see Fig. 6) and Eq. (4.11) (or Eq. (4.12)) bas to be used. The full curve in Fig. 12
shows the expression (4.11) in this case v, = Re OMP, for the OMP of [31]. We see
that the overall agreement with the curves of Fig. 11 is good. This reflects the fact
that the ER dominates (see Section 5.2), combined with the remark made under
Eq. (3.61) that the ER contribution does not involve v, if the asymptotic form of
the scattering states can be used. This does not hold true for Eq. (4.12) (see Eq.
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Fic. 11. Dependence of the background cross section on mass number. The full curves
labeled (a) and (b) are obtained from Egs. (4.9) and (4.10), respectively, with 8, = Re 8opt and
the OMP of [31]. Eq. (3.36) is represented by the long dashes in the case v, = Re OMP and by
the short dashes when v, is equal to the real potential P1 of Fig. 2.
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"4.5.a. Phase shifts. We mentioned in Section 4.2 that three single-particle
potentials are of interest, namely the OMP, its real part, and a real potential such
that its phase shift 8, &~ Re 8opt (see Fig. 2). In the present section, we take the
OMP of [31]. In Figs. 13 and 14, respectively, we plot the real and imaginary parts
of the quantity tan(Sepi — 8,). The full curves correspond to §, = 0; the long
dashes correspond to 8, equal to the phase shift 8, computed from.v, = Re OMP;
the dots are obtained when calculating 8, from the real potential P1 of Fig. 2.
Fig. 14 shows that for E < 200 keV the quantity Im tan(8,ps — §,) does not
crucially depend on the (real) value of 6, . We recall that this imaginary part
appears in the ratio [/, (Eq. (4.6)). Therefore, we expect that the latter ratio is
rather independent of &, , for 4 = 60 and in the energy range E << 200 keV. This
is in agreement with the results shown in Fig. 4. We note that Re tan (Sopt — 5,,) is
quite different from Re tan(Seps) if 8, = §, (compare long dashes with full curve in
Fig. 13). Hence, the background cross sections computed from Eqs. (4.9) and (4.10),

E=100 keV -

Fic. 12. Dependence of the background cross section on mass number. The full and the dashed
curves are obtained from Egs. (4.11) and (4.12), respectively, for a single-particle potential v,
equal to the real part of the OMP of [31].

(3.61)), which is represented by the dashes in Fig. 12, for v, taken equal to the real
part of the OMP of [31]. Clearly, Eq. (4.12), or equivalently Eq. (3.38), leads to
meaningless results in this case. This can be interpreted in terms of the difference
between assumptions (2.37a) and (2.37b) (see Sections 2.7 and 3.6). Assumption
(2.37b) is not satisfactory for 8, calculated from v, = Re OMP since Re tan
(Sopt — 6, 1s then a wild function of 4 (see Fig. 6), in contrast with the experimen-
tal data on the scattering length (see Fig. 1).

4.5. Energy Dependence for A = 60

In the present section, we study in some detail the energy dependence of the
photon width and of the background cross section for 4 = 60. The comparison
with experiment is postponed until Section 4.6.
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Fie. 13. Energy dependence of the real part of tan(8op: — 38,), for the OMP of [31]. The full
curve corresponds to 8, = 0, the long dashes represent 3, (==8,) computed from v, = Re OMP
and the short dashes correspond to 8, calculated from the real potential Pl of Fig. 2.
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Fic. 14. Energy dependence of the imaginary part of tan(Sops — 8,), with the same conven-
tions as in Fig. 13.
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respectively, are quite different for v, = Re OMP; this was already apparent in
Figs. 11 and 12. However, recall (see [12] and Section 4.4) that this choice v, =
Re OMP is unwise. In contrast, the potential shown in Fig. 2 yields a fair agree-
ment between the shell-model and the optical-model approaches (see Sections 4.3,
4.4, 4.5b, and 4.5.¢). ‘

4.5.b. Photon width. 1o the present section and in Section 4.6 below, the bound
state 1, is calculated from the real part of the OMP of [31] and we take the experi-
mental value of E,, namely E, = E + 7.60 MeV.

In Fig. 15, we show the energy dependence of the ratio [',/I', . The values
calculated from the Lane-Mughabghab formula (4.5) and from the shell-model
expression (4.7) coincide and are both represented by the full curve. Here, we took
(in Eq. {4.7)) v, = Re OMP, with the values of F given in [11]. The values of
/T, calculated from Eq. (4.6) on the one hand or from Eq. (4.8) on the other
hand (for v, = Re OMP) also coincide and are represented by the long dashes.
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Fic. 15. The full curve represents the values of I'y/I', as calculated from Eq. (4.5) with the
OMP of [31]; the difference between these values and the results obtained from Eq. (4.7) (with
vy = Re OMP) is so small that it cannot be shown on the drawing. The short dashes represent

Iy T', as obtained from Eq. (4.6), with 8, (== Re 8op) calculated from the real potential P1 of A

Fig. 2. The long dashes show I/, as obtained from Eq. (4.8) with v, = Re OMP; these values
cannot be distinguished graphically from those obtained from Eq. (4.6), with 3, calculated from

Re OMP.

Finally. the short dashes show the ratio [\, as obtained from Eq. (4.6), where
3, is calculated from the real potential P1 of Fig. 2, i.e., from a Woods-Saxon
potential with depth 52.8 MeV. Note that all three curves take about the same
values. Furthermore, the values calculated from the real potential P2 of Fig. 2,
i.e., from a Woods-Saxon potential with depth 28.0 MeV, coincide with the short
dashes in Fig. 15. These findings correspond to the remark made above in con-
nection with Fig. 14 and to the fact that the ER dominates (see Section 5.2).
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By multiplying I/, by Imtan Sop or [y/0, by Im tan(Sopt — 8,), we
obtain the curves shown in Fig. 16. As discussed at the beginning of Section 4.3.b
(in connection with Figs. 3 and 4), we see that I'y;/D is approximately constant
below 200 keV. It then decreases fairly rapidly. However, the more meaningful
quantity I,/D, which is represented by the short dashes in Fig. 16, decreases less
rapidly. We recall that the long dashes are not directly related to the usual empirical
definition of the photon width. We return to these results in Section 5.7.
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Fic. 16. Photon strength function =,/ and =Ih,/D, with the same conventions as in Fig. 15.
See note added in proof.

4.5.c. Background cross section. The full curves and the short dashes in
Figs. 10-12 show that the background cross section is very small for 4 = 60 below
100 keV. This makes one expect that ¢S in this region can be very sensitive to the
details of the potential or to the theoretical approximation which is used. In the
present section, all optical-model quantities are computed from the OMP of [31].
The full curve in Fig. 17 shows the energy dependence of oPC calculated from the
Lane-Mughabghab formula (4.9); the open squares are obtained from the cor-
responding shell-model expression (4.11), where 3, is computed from the potential
v, = Re OMP. The dots are obtained from Eq. (4.11), with #z, w;, and 8, cal-
culated from the potential P1 of Fig. 2 (F = 0). Note the very good agreement;
the deviation at low energy arises from the fact that the quantity 7 in Eq. (4.11) is
then more sensitive to the value of the separation radius a (Eq. (3.31)). As expected
from the dominance of the external region and from the discussion appearing
below Eq. (3.61), these results are not sensitive to the choice of v, or of 8, . This is
not true for the value of o®¢ calculated from Eq. (4.10) or from the corresponding
shell-model relation (4.12): When calculating §,, from v, = Re OMP, Eq. (4.10)
yields the dashes and Eq. (4.12) yields the crosses in Fig. 17; the agreement between
the two expressions is again very good, but the difference with expression (4.9) (or

(4.11)) is large. As discussed in [12] and in Section 4.4.b, this choice of 8, is not

satisfactory, and it would be more realistic to calculate the value of (4.10) with
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FiG. 17. Energy dependence of the background cross section for A == mo. In all cases, the
OMP of [31] is used. The full curve represents the background cross section o&oim.aa from
Eq. (4.9). The open squares are calculated from Eq. (4.11), where 75, wg, m:.m 8, are obtained from
vy = Re OMP. The dashes and crosses represent Egs. (4.10) (4.12), Rmnom:,a_%. Hwo. full dots are
obtained from Eq. @.11), with g, wg , and 8, calculated from the potential P1 of Fig. 2 (F = 0).

5, — Re Sops or the value of (4.12) with the real potential P1 of Fig. 2. The results
omﬁmmumm in this way are shown in Fig. 18 (note the enlarged scale é:.s respect to
Fig. 17). The full curve in Fig. 18 is obtained from Eq. (4.10), where 3, is .om_oimﬂma
from potential P1 of Fig. 2; the long dashes show the values of expression 3“ 12),
with F =0 and 5, corresponding to P1; the short am.w?wm represent the direct
capture cross section (3.36), as calculated from P1. The difference between the long
and short dashes above 10 keV is due to the mm.oﬂ that Re tan(Sopt — 8,) does sw_h
exactly vanish above a few keV, while the ratio p = [{t; | r | we)l/{<t; | Q tpdl is
large: p is equal to about 100 at 10 keV and to about No at Noo _8.<‘ The difference
between the short dashes in Fig. 18 and the full curve in Fig. 17 is due to the fact
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Fig. 18. Energy dependence of the background cross section for 4 == 60, The full curve is
~ FEM%&.@OS Eq. (4.10), and the long dashes are calculated from Eq. (4.12), with 8, calculated
wWOB the noﬁsm& P1 of Fig. 2; the OMP is that of [31]. The short dashes represent the direct

capture cross section (3.36), calculated - from P1.
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that Re tan(Sept — 8,) increases above 100 keV (see Fig. 13). The difference
between the long dashes and the full curve in Fig. 18 below 100 keV has the same
origin as the difference between the squares and the full curve in Fig. 17. Note that
the cross section is very small in all cases and that the difference between the
various theoretical expressions is of the same order as the differences that appear
when using Eq. (4.9) (for instance) with different phenomenological OMP.

4.6. Comparison with experiment

In the previous sections, we compared with one another several expressions for
the partial widths and for the background cross section. We showed that the shell-
model and the optical-model approaches lead to practically equivalent results,
provided that one makes a sensible choice for the model scattering phase shift.
Once. this is established and understood, one can rely on the most convenient
approach for practical calculations. In Tables I and II, we compare the optical-
model values (4.5) with experimental data in the cases *Fe(n, v) and ®Ni(n, v),
respectively. In the first column, we show the resonance energies, as quoted by
Jackson and Strait [34]. The second column lists the experimental neutron [35]
widths. In the third column, we quote the experimental photon widths given in
(a) [34] and (b) [36], respectively. The fourth column gives the theoretical photon
width I, , as calculated from Eq. (4.5). The spectroscopic factors are obtained
from [37]: 5,2 = 0.39 for Ni and s;* == 0.55 for *Fe. The fifth column contains the
values of I, as calculated from Eq. (4.6), where 8, is obtained from the potential
P1 of Fig. 2, i.e., with a potential of depth 52.8 MeV for %Ni and 37.5 MeV for
5Fe. We took for E, the observed photon energy in both cases. Finally, the last
column shows the values calculated in [38] from the R-matrix approach; their
connection with the optical-model approach is discussed in [12], where it is men-
tioned that the values listed in the last column of Tables I and I should be corrected
to take into account the finite diffuseness of the Woods-Saxon potential and the
proper normalization of the scattering state ; these two corrections approximately
cancel each other [12]. Note that the quantity v}, listed in [39] slightly differs from
those given in Columns 4 and 5 of Table II because of their different definitions.
Finally, we recall that the factor Z24-? appearing in Egs. (4.3) and (4.4) arises
from the rather crude assumption that the effective charge of the valence neutron is
—eZ]|A4. In view of this, we can conclude from Tables I and II that a fair agreement
exists between the valence capture mode! and the experimental data, in both cases.
More precisely, the significant fact is that the valence capture model of Lane and
Lynn [1-4] yields the correct magnitude for the photon width. This indicates that
the very small admixture of the valence configuration in the compound nuclear

‘resonance dominates the dipole trapsition probability. We discuss this point in

Section 5.
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TABLE I

Resonance Parameters for Fe(r, y)

NJ\C, A®<v B
Ex T exp Iy (eV) r (EV) Iy (eV)
(keV) (keV) (a) (b) (Eq. “.5) (Eq. (4.6)) [38]
27.9 1.52 0.112 0.17 0.46 0.47 0.127
74.0 0.54 0.082 0.24 0.89 0.97 0.021
123.5 0.014 0.119 0.002 0.002 0.006
130.0 0.66 0.105 0.056 0.074 0.083 0.018
141.0 2.27 0.068 0.072 0.232 0.270 0.081
169.0 0.76 0.066 0.12 0.064 0.076 0.022
188.0 3.20 0.423 0.42 0.248 0.305 0.096
TABLE 11

Resonance Parameters for *Ni(n, v)

B Lo Do (V) Loy (V) Ty (V) Liy (V)
(keV) (keV) (exp) (Eq. 4.5)  (Bq.(4.6) [38]
12 1.91 0.367 0.570 0.590 0.390
43 0.14 0.018 0.021 0.023 0.006
98 1.07 0.102 0.095 0.115 0.045
108 1.75 0.209 0.140 0.175 0.030
162 5.30 0.166 0.296 0.450 0.051
186 5.70 0.062 0.274 0455 0.227
190 3.50 0.557 0.168 0.280 0.114

4.7. Discussion

In Sections 4.3-4.6, we used three widely different average potential wells,
namely a complex optical-model potential (OMP), the real part of this OMP, and
finally a real potential well (P1) which reproduces the same scattering length as the
complex OMP. Our numerical results lead to the following conclusions, which
will be interpreted in Sections 5 and 6.

(a) The three potentials lead to practically the same values of the photon
width Iy, (Bq. (2.8)). However, the relations derived in Section 2.5 must be used to
derive T, from the “model” photon width I, . We recall (Section 2.6) that [y,
(see Eq. (2.16)) is closest to the usual (empirical) photon width, provided that 6
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(which corresponds to 8, in Egs. (4.6)-(4.8)) is taken equal to the real part of
tan opt . Since Re tan dopt € 1 at low energy (see Figs. 6 and 13), the difference
between this I, and I, is small in practice.

(b) All three potentials lead to practically the same value for the background
cross section if one uses the same dynamical assumption (Eq. (2.37a) or Eq. (2.37b)).
When the model background phase shift is large (which also impties that it varies
rapidly with energy for fixed 4 and with mass number for fixed energy), assump-
tion (2.37b) is not substantiated by the experimental data (see also Section 2.7). If
one uses in the shell-model approach a real potential well that reproduces the
observed scattering length (see Fig. 2) the background and the direct radiative
capture cross sections coincide.

(¢) The photon width calculated from the valence capture model shows a
maximum somewhat below 4 = 60. It is approximately independent of energy
below 100 keV, and then decreases.

(d) External capture appears to dominate in the valence capture model
(see Fig. 8).

5. VALIDITY OF THE VALENCE CAPTURE MODEL

5.1. Introduction

In the present section, we discuss the conditions of validity of the valence
capture model. This problem has been investigated recently by Lane and his
collaborators [17, 41-43] in the frame of R-matrix theory. These authors studied
two main questions [43]:

(a) Why is the whole dipole strength not contained in the giant dipole
resonance (GDR) [42]?

(b) Why do the low-lying excited states of the target apparently play a
negligible role in the capture process, at least for certain ranges of values for
A [40, 4117

We organize our discussion as follows. In the present section, we make a brief
comment on the nature of Problems (a) and (b). In Section 5.2, we show quantita-
tively the extent to which external capture dominates in the valence capture
model [2-4, 17, 30]. As before, we study the region 40 << 4 < 80 as a specific
example. We discuss Problem (a) in Section 5.3. In Sections 5.4-5.9, we turn to

~ Problem (b). Besides discussing the latter problem quantitatively in the frame of

the shell-model approach we endeavor to establish some contact with the R-matrix
theory. Section 5.10 contains a brief discussion.
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The nature of Problem (a) is the following. The schematic model [44] predicts
that practically all the dipole strength at low energy is transferred to the GDR.
This is confirmed by detailed shell-model calculations. How can this be reconciled
with the success of the valence capture model that shows that part of the strength
may remain located near neutron threshold (at least)? This is discussed in Sec-
tions 5.3 and 5.10. .

Problem (b) can be phrased as follows. We decompose the final state ¥, reached
after photon emission (see Eq. (2.6)) into configurations where the target appears
in its ground state i, (see Egs. (3.1) and (3.31), spectroscopic factor s,), in its
first excited state s, (spectroscopic factor s,), etc. As before, we ignore antisym-
metrization [40]:

Wy = spfuts + sty + (5.h

Only the configuration with “large” spectroscopic factors needs to be retained in
this expansion. In the valence capture model, only the contribution of the first
term on the right-hand side of Eq. (5.1) to the dipole transition probability is taken
into account. At first sight, this appears unjustified in the cases [41, 43] where
5% > 5/% (for instance).

5.2. Dominance of External Region

It has been emphasized repeatedly in the literature [2-4, 17, 30, 43] that external
capture dominates in the valence capture model. In other words, the photon is most
often emitted while the neutron is outside the nucleus, i.e., in the external region
(ER). To obtain a quantitative evaluation of the importance of external capture, we
have calculated the ratio of the contribution of the internal region to the full
contribution, for the background cross section (dashes in Fig. 19) and for the

"
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Frc. 19. Ratio of the contribution of the internal region to the full valence capture value.
The long dashes (left-hand scale) correspond to the background cross section calculated from
Eq. (4.9). The full curve (right-hand scale) corresponds to the photon width (Eq. (4.5)). The
OMP is that of [31].
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photon width (full curve in Fig. 19), respectively. We used the Lane-Mughabghab
expressions (4.5) and (4.9), and the OMP of [31] (with the imaginary part of [3]).
The peak in the dashed curve near 4 = 62 simply reflects the fact that oS vanishes
there, and is of no interest in the present context. Note that more than 99 %, of the
photon width arises from external capture. Below, we argue that this is sufficient to
explain the success of the valence capture model (see discussion in Section 5.10).
However, other factors may, play some role as well; a model embodying the
possible coexistence of several effects is being investigated presently by Lane
[43, 45].

Note that the contribution of the ER to the photon width (Eq. (3.52)) can be
obtained easily [2-4] without recurring to any particular formalism. From Egs.
(2.3) and (2.7), we have, assuming that the asymptotic form is valid in the whole
ER,

— 2 VR (©0) 1 Iy,
QQ.“ va == A%v _Hw:\w kr | NA.:S cos kr + M M>“ x@M«H:\!@l COS \ﬂ\“— AMNV
Egs. (2.6) and (2.8) then yield
. N 1/2
I = —s; (=) Xty 1d ] cos krdex - (5.3)

5.3. Decoupling from the Giant Dipole Resonance

The derivation of Eq. (5.3) shows that the valence model contribution I'{5® is
unavoidably present, regardless of the existence of a GDR. In other words, the
GDR can concentrate all the dipole strength available in the IR but can do nothing
about the external region part, which is dominant in the valence capture model.
Another way to state this is the following. In the schematic model the particle-hole
nuclear interaction is replaced by a dipole-dipole force. In view of the short-range
nature of the residual nuclear interaction this model is meaningful in the IR only.
Hence, we believe that the dominance of the ER alone is sufficient to explain that
the dipole strength corresponding to valence capture remains located at low energy.
This does not exclude the possible existence of other effects [42, 43]. From Figs. 15
and 16, and also from Sections 5.4-5.8 below, we see that this *“‘residual” dipole
strength is restricted to the vicinity of the neutron threshold, and therefore only
gives a very small contribution to the dipole sum rule. Finally, Figs. 4 and 5 show
that the valence capture contribution reaches a maximum near the peak of the
neutron strength function. We return to this point in Section 5.10.

Precisely because of this decoupling from the ER, the GDR plays an important

role in the success of the valence capture model at low energy. Indeed, the GDR

transfers most of the dipole strength contained in the IR to higher energy, so that
the contribution to the photon width amplitude of the first term on the right-hand
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side of Eq. (3.13) can be small compared to the valence model value, i.e., to the
entrance channel contribution to the second term on the right-hand side of

Eq. (3.13).
5.4. Contribution of the Low-Lying Excited States of the Target to the Photon Width

The contribution of the excited state i, of the target (second term in Eq. (5.1))
appears in Eq. (3.13) and reads

TP = 7 s Y(E — &), (5.4

where ¢, is the threshold energy (excitation energy of i), while

YE—e) = | 4B (E — E)) F(E), (5.5)
F(E") = NV xpoigs Ld] 1, (5.6)
B = E . .7)

Here, we assumed for simplicity that no bound state ¢,, need be introduced (see

Section 5.6 below).
The main properties of the functions Fy(£") and Yi(E — ¢;) are the following

[46], in the one-particle case:

() The quantity F(E") behaves like (B’ — €)***/% for the Ith partial wave in

[

Lgn -

(i) The function ¥y(E — &) — 0 for E — —co if F{(E") is square integrable.

(iii) The function Yy(E — &) is continuous at £ =¢; .~

(iv) For [ =0, dY,/dE is discontinuous at E == ¢ . It is infinite for E —
¢, — 0 and finite for E —> ¢, -+ 0; the derivative d Y,/dk, , where

ky = {QMF)| E — e [}/, (5.8)
vanishes for E — ¢, 4 0 and differs from zero for £~ ¢; — 0.

These properties are interpreted and illustrated in Sections 5.5, 5.7, and 5.8
below. They are reminiscent of those of the shift function (%) in R-matrix theory.

5.5. Coordinate Space Representation

The basic expression for the photon width amplitude in the shell-model approach
is (3.13). In keeping with the findings of Sections 5.2 and 5.3, we restrict the discus-
sion to the contribution of the external region (ER) to the matrix elements of the

CUGNON AND MAHAUX 172

dipole operator in Eq. (3.13). We assume that the compound state £, is entirely

contained in the internal region. Then, the contribution of channel ¢ to I'}? reads

THAED = Qpmy || 4B By 1 d i vendat | V1 €l — B

+(E— E )™ 1 d] dudprlPm | V€D, . (59

since in practice at most one bound state ¢,, is associated with ¢ (see, however,
Section 5.6). The central quantity is thus the Green’s function

QM&AW“ \\v == P .‘,mS dE’ Am. — Nw:vip Xm\VAXM‘ -+ Am. - Nws.blu .&,SVAA\VS . AmHOv

m@ (5.10) gives the bilinear expansion of the Green’s function. Another R@Bmmim,.
tion of G’ was used in Eq. (3.23), for an open channel (E > ¢,). We first return to
this case and then discuss the example of a closed channel.

(1) In an open channel, we write, with standard notation, in the one-particle
case

2M ug(re) Celrs)

Gelr<> 1) = S5 T Gy G

where we dropped the channel index and introduced the wronskian

W, ) = f(dgldr) — g(df |dr), ‘ (.12)

which is independent of the value of r, where it is calculated since here both fand g
are solutions of the radial single-particle wave equation with a local potential. In
Eq. (5.11), ug(r) vanishes at r == 0, and C;; is proportional to cos(kr -+ 8) at large r.
Note the normalizations of uz and of Cj; are arbitrary. Two normalizations are of
interest.

(i) We take, as in Egs. (3.23), (3.24), and (3.31),

Colr) ~ Alm,v:m costkr +8)  (r > a), (5.13)

arhiv
ug(r) = tg(r) (r < a). (5.14)
Then we have (see Eqgs. (2.1) and (5.13)):
Wiug , Cg) = —2M/(w?), (5.15)
Gelr, 1) = —7Cy(r,) tulr.) (5.16)

as stated in Eq. (3.23). This normalization corresponds to the shell-model expres-
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sion for I'{®) and appears best suited for the treatment of the (dominant) ER in
the elastic channel, provided that the potential v, is suitably chosen (see Sections 4.2
and 5.6).

(ii) We normalize uz(r) to unity in the internal region (r < a) and call this
function Xz(r), by analogy with: R-matrix theory [15]. In the internal region, the
quantities Xz{r) and X;'(r) are approximately independent of energy in an energy
interval small compared to the depth of vy, i.e., over a few MeV (see Eq. (3.27) and
Section 5.8). We take

Cg ~ cos(kr + 8) for r-— oo, 5.17)

We assume that this asymptotic form can be used for r > a. This yields, for r_ < a
and r, > aq,
2M sin(ka + )

e X(ro) cos (krs + 8). (5.18)

Gelr, r') =

For k - 0, we have
8 ~ —kay, (5.19)

where g, is the potential scattering length corresponding to v, . Eq. (5.18) confirms
statements (i) and (iv) of Section 5.4. It has the merit of displaying the threshold
behavior more explicitly than Eq. (5.16) or, equivalently, than Eq. (3.23).

The difference between the two forms (5.16) and (5.18) of the single-particle
Green’s function is reminiscent of the difference between the treatment of con-
tinuum states in the R-matrix and shell-model approaches, respectively. In the
former, one introduces a set of normalized states in the IR; one then diagonalizes
H in that region and extrapolates toward the ER. In the shell-model approach, one
normalizes the scattering states at large distance (see Egs. (3.1y and (5.13)) and
extrapolates towards the IR. We return to these similarities and differences in

Section 5.9 below.

(2) In a closed channel, we call « the quantity

k= | k| = {QM/#%)(ec — E)P~. (5.20)

We use the functions
up(re) = Xu(ro), (5.21)
Ce(rs) ~e™>  (ry —> 0). (5.22)

As before, X}, is normalized to unity in the IR. We assume that the asymptotic form
(5.22) holds for r, > a. By analogy with R-matrix theory [15], we introduce the

notation
B = (aXg[Xt)rea &F = —ka. (5.23)
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We find, for r, >aand r. <a,
Gulr, r') = —(2Mali®)(B — &)W X(r)/X(a) e ">, (5.24)

Before comparing the closed channel with the open channel contribution to the
photon width, we devote a brief section to the choice of v, and the role of the bound
states ¢, (see Eq. (5.10)). v .

5.6. Bound States ¢,

The Green’s function (5.11) contains the influence of the bound single-particle
states (see ¢, in Eq. (5.12)). That is the main reason why we treated ¢,, on a
separate footing from ¢, in Eq. (3.2). However, these states ¢,, only have a small
influence on Gg(r, r’) in an open channel, provided that £ — E,, > a few MeV.
This is derived from the fact that the states ¢,, are normalized to unity in all space.
Thus, for E — E,, > a few MeV, we can treat the bound states ¢, on the same
footing as the ¢; while still using expression (3.23) (or (5.16)) in an open channel.
Treating ¢, and ¢; on the same footing would also provide a better description of
the compound states &, (see Eq, (3.7)), although this makes little difference in
practice. In a closed channel, Gg(r, r') has a pole at E = E,, ; this is related to the
factor (B — &) in Eq. (5.24). We encounter here a problem entirely analogous
to the one associated with single-particle resonances in the shell-model approach
[5.47]. This bound state pole is spurious, in the sense that it is cancelled by poles
that appear elsewhere, for instance, in the quantities £, and I, in Eq. (11).
However, in the present context, it is not necessary to discuss this problem further
for the following main reason. We saw in Section 4.2 that the most meaningful
choice for v, for the description of radiative capture at low energy is such that
4y = as. . Then, no weakly bound state ¢,, occurs close to threshold (see Fig. 2
and also Section 5.8 below).

5.7. Energy Dependence of the Photon Width

Here we discuss the dependence on the distance of the resonance energy from
threshold of the channel contributions to the photon width amplitude. We first
discuss the open (elastic) channel contribution and then that of a closed channel.

(1) Let n denote the open (elastic neutron) channel. As in Sections 3 and 4,
we usually drop this channel index, unless useful. Since X(r.) is independent of
energy in the domain of interest (a few hundred keV above threshold), and since k
is small, we can use Eq. (5.19). Fig. 13 shows that this is accurate up to about
200 keV. We find that the contribution to the ER of the elastic neutron channel #

“to the photont width amplitude has the form

Iy = ﬁi&? — ag){t; | d| cos k(rs — a)>pg - (5.25)
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Here, K{™ is a quantity that depends on the structure of £, but not on resonance
energy: It plays a role similar to that of the reduced neutron width amplitude in
R-matrix theory [15]. The characteristic feature of the right-hand side of Eq. (5.25)
is that it is independent of energy as long as

| k(a — ag)| <€ 1. (5.26)
The lowest order correction to (5.26) is ?owo&o:& to k% and reads
[1 — §k¥a — ag)?Ki; | d |1 — $K(r) — ag)De (5.27)

where (r} is the value of r where the integrand of <z, | d| 1) is maximum. Eq. (5.27)
shows that | I'}/% | drops with increasing energy. Its derivative with respect to k
vanishes as k — 0, in keeping with Staterent (iv) of Section 5.4 and with Fig. 16.

(2) The contribution of a closed channel 1 (with threshold energy «,) to the
photon width amplitude can be written as follows (Eqgs. (3.13), (5.5)~(5.7), and
(5.24)):

= 1A GE ) T D
I = K{Pa (B, — )ty | d | expl—ry(r — O)gx -

I

Since B, is nearly independent of energy, we can evaluate it at r; == 0. This

yields
By = af(a — ay). (5.28)

Thus, the quantity B, is independent of the channel index. Eq. (5.27) becomes

W = KiPsi(a — apll + (@ — a7t | d | exp — sy(5— @) -

Note that K" contains a factor [X(a)] that has a pole for a == g, , so that I3

remains different from zero for a —a,. For K{" = K{™ and s, = s5,, we have

I = I'M% at k == «, == 0 (see Property (iii) of Section 5.4). We write

Iy = o [+ xy(a — a1 My (5.29)
where
. My == {t; | d] expl—wy(r — @)Dpx . (5.30)

Expression (5.29) fulfills Statement (iv) of Section 5.4 since

_;tm lllANl&:xlavvmn
MHEM( &H.i.u\&xLane =y —a AT (5.3D)

Af1

Typically, the integrand in {#,| d| 1) is maximum for r — a =2 2.5 fm. Eq. (5.31)
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and Fig. 1 show that the decrease of | I';/% | with increasing distance from threshold
is significant for 4 < 60 (a5, << a), but becomes much slower for 4 > 60 (2, > a),
when v, is chosen in such a way that a, ~ ay (see Section 4.2). This will be con-
firmed in Section 5.8 below by a few numerical examples. Hence, we expect that
the role of the closed channels increases with increasing A. Above 4 ~ 60, each
of these closed channels may contribute as much as the elastic channel to I}/, for
comparable spectroscopic factors and distance from threshold. For 4 ~ 50 on
the contrary, Eq. (5.30) shows that the damping (due to the distance from thres-
hold) of the closed channel contribution to the photon width amplitude is, for

liala — ag)l <1, (5.32)
given by the quantity
) =1~ iqf{a —ap) + ) — @)l = 1 — 1,(<r> — ap), (5.33)
with () =~ a - 2.5 fm.

Finally, note that our estimate of A, takes into account the dependence of M,
(Eq. (5.30)) upon «; . When this (sizable) effect is neglected [41], we obtain

H
[Frdlifide]  =a—a (5:34)

Af.c Ky=0

instead of Eq. (5.31).

5.8. Numerical Results

Here we illustrate the formulas derived in Section 5.7 and, by the same token,
we check their accuracy. We drop the resonance and channel indices and use the
following single-particle model for calculating the function Y in Egs. (5.5) — (5.7):

Y(E— o = [ dE(E — YN/ ot |d) s, (539)

where the function f(r) is taken equal to
fr) = exp[—(r — 0.8a)%]. (5.36)

As before, a denotes the potential radius (1.34*/3); it also defines the size of the
IR. We checked that the shape of the calculated values of ¥ is fairly independent

of the precise choice of f(r).
The full curve in Fig. 20 shows the calculated value of Y(E — ¢) for 4 = 50,

‘when computing the scattering state ¢ from the potential P1 of Fig. 2. The value

of Yis normalized to unity at E = e. We also computed ¥ for 4 = 45and 4 = 55



177 VALENCE MODEL FOR RADIATIVE CAPTURE

E-g (MeV)

1
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Fia. 20. Plot of the function Y(£ — ¢ (Eq. (5.35)) versus | £ | and E — ¢ for 4 = 50 (full
curve) and A = 60 (long dashes). The function 75~ in Eq. (5.35) is calculated from the real poten-
tial P1 of Fig. 2. The short dashes represent a two parameter fit to the full curve, with the ex-

pressions (5.37) and (5.38).

and found results close to those shown here for A4 == 50. The short dashes in

Fig. 20 represent a two-parameter fit to the full curve, using the following expres-

sions, derived from Egs. (5.26) and (5.29) '
Y(E — ¢ = [1 + «(r) — ag]™, for E<e (537
Y(E— ¢ =1—k(a — a)* + 3> —a)], for E>e (538)

The fit yields

I

a — ay = 2.4fm; {ry — a = 2.6fm. (5.39)

These numbers are in good agreement with the value of a — «, appearing in
Fig. 1 and with the expected value of {r) (see Section 5.7). 3

The long dashes in Fig. 20 represent the calculated value of Y for 4 = 60. As
expected from the facts that (Fig. 1) a4 =~ a + 1fm and that {r) decreases with
increasing 4 (because of the larger binding energy of #;), the value of Y is almost
independent of energy for 4 == 60. For E > e, this is in agreement with the result
shown in Fig. 16 (short dashes). For E < ¢, this indicates that the contribution
of a closed channel is for 4 == 60 as important as that of the elastic channel, for
equal spectroscopic factor and for equal distance from threshold.

This situation is expected to persist for 4 > 60, since the experimental values of
ase Temain about 2 fm larger than a (see Fig. 1). The calculated values of Y for
A = 70 are shown in Fig. 21. The full curve is obtained from the potential P1 of
Fig. 2, i.e., from the one that yields Curve (a) in Fig. 1. The rise of Y(F — ¢) for
E < e reflects the existence in P1 of a bound state ¢, (see Section 5.6), with
binding energy 1.45 MeV. Note that the scattering length corresponding to Pl is
too large (see Curve (a) in Fig. 1) for 4 = 70; the potential P2 (seé Figs. I and 2)
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Fic. 21, Plot of the function Y(E — <) (Eq. (5.35)) versus | k| and E — ¢, for A = 70. The
full curve and the short dashes are calculated from the potentials £1 and P2 of Fig. 2, respectively,

gives more satisfactory values. This potential P2 is deeper than P1 for 4 > 60.
Hence, the single-particle bound state in P2 lies deeper (5.66 MeV) than in P1 and
does not influence the calculated value of ¥ near threshold, as shown by the short
dashes in Fig. 21. This supports the argument presented in Section 5.6.

In conclusion, the contribution ‘of the low-lying excited states of the target can
be as large as that of ground state for 4 > 60, if these excited states have large
spectroscopic factors. Since their contribution is not correlated with the neutron
partial width, the occurrence of nonstatistical effects above 4 == 60 is inhibited.
However, note that the valence capture model can still give the right order of
magnitude for the photon width in that region, even though the correlation between
neutron and photon width is washed out.

5.9. R-Matrix Formulation

In Sections 5.5-5.8, we expressed the threshold effects in terms of the difference
between the scattering length and the potential radius. Here, we relate these
quantities to those appearing in R-matrix theory. This may for instance facilitate
the comparison with the recent work by Lane [41].

In the usual R-matrix theory of optical-model potential, one introduces the one-
level approximation [4],

) - ¥
which is assumed to hold in the vicinity of a single-particle state with energy &;
and with reduced width »,% The quantity p is the strength function; the quantity
R is related to the scattering length by [4],

ase =~ a(l — R). (5.41)
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From Egs. (5.40) and (5.41), we obtain

~g =Byt
a4 — Ggo = Q:@m TR (5.42)
w v

(5.43)

PG, — B+ WE
In Section 4.2, we used the value [3] W = 3.36 MeV for the OMP of [31]. The
single-particle reduced width y,2 is approximately given by [48]

2 =~ 7 MeV (5.44)

for the average potential of Ross [31] and for 4 ~ 60. This yields the following

value for p at £ = & : )

Pmax = 4E\R 0.66, (5.45)

which ig about the experimental value [4]. Note that Lane [41] takes W =~ 1.5 MeV,

y;# == 5.5 MeV; in this case, we find pp,, = 1.17, which indicates this value for W
Hm too small by a factor of two. We return to this point below. For 4 ~ mc&mm
(&; — E =~ 1 MeV), we obtain from Eq. (5.42):

a - ase == 2.9 fm. (5.46)

in fair agreement with Fig. 1 and with the value (2.4 fm) determined from the fit of
the full curve in Fig. 20.

The “reduction factor” that affects the contribution of the closed channel to the
photon width amplitude for 4 o~ 50-55, and ¢ — E = 1 MeV is given by Eq. (5.34)
if, as Lane [41] does, we neglect the dependence of M on «

£

H =~ [l + k(e — ase)]™* == 0.6. (5.47)

Lane [41] uses the intermediate coupling model in the R-matrix approach; he
introduces level shift functions in Eq. (5.40). From his formula, one finds that the
reduction factor for the square of the amplitude is about } (for 4 ~ 50-55,
¢ — F = 1 MeV and when taking IV = 3.36 MeV rather than [41] W = 1.5 MeV,
see above). Hence, the reduction factor to the photon width amplitude obtained
from Lane’s formula is about (3)*/* =~ 0.4, in fair agreement with the value (5.47).
For 4 > 60, Lane [41] finds that the reduction factor in a closed chanpel remains
approximately equal to unity, in agreement with out estimates in Sections 5.7 and
5.8. Hence, the reduction (threshold) factor of the contribution of the closed
channels to the photon width amplitudes appears to be about the same in both
approaches. It would be of interest to investigate whether this reflects an identical
physical interpretation.
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5.10. Discussion

The entrance channel contribution to the photon width amplitude arises from
the external region (Section 5.2). It can dominate the value of the photon width
provided that two conditions are fulfilled:

{(a) The giant dipole resonance takes away practically all the dipole strength
in the internal region (IR). The fulfilment of this condition is in keeping with the
schematic model [44] for the GDR. We argued in Section 5.3 that it is not in
contradiction with the existence of a sizable external valence capture contribution
to the photon width.

(b} The influence of the low-lying closed channels on the external capture
amplitude is small. In Sections 5.4-5.9, we investigated this condition, i.e., the
contribution of the low-lying excited states to the external capture process. We
showed that because of threshold effects, the excited states are small for 4 < 60,
but that they become important for 4 > 60. These conclusions are similar to
those reached by Lane [40, 41] from a different approach. If one (or more) closed
channel gives as large a contribution as the entrance channel to the external
capture amplitude, the correlation between neutron and photon widths is expected
to disappear. However, this does not necessarily imply that the valence capture
model then ceases to give the correct order of magnitude for the photon width.

The results given in [2-4] and in Section 4 (see, e.g., Fig. 3) show that the valence
capture contribution to the photon strength function has the same shape as the
neutron strength function and thus reaches a maximum near 4 = 60. For 4 < 60,
it decreases because the neutron strength function decreases. For 4 > 60, the
decrease is slower, because E, increases with 4. For 4 > 60, however, the role of
the closed channels becomes important. Hence, a correlation between neutron and
photon widths is not likely to be observed in the regions 4 << 40 and 4 > 60.
Moreover, for increasing A, the spectroscopic factor s; and the level distance D
decrease, thereby leading to a corresponding decrease of the valence model value
of the photon width.

The fact that the entrance channel contribution to the photon width is nearly
independent of energy near threshold (see Figs. 16,20, and Eq. (5.27)) can bé
interpreted as follows. A low energy neutron that emerges from a compound
nucleus spends a long time in the vicinity of the target nucleus, since its velocity is
small. The time spent by the outgoing neutron outside the nucleus (and within the
range of the electromagnetic forces) is inversely proportional to its velocity. There-
fore, the contribution of the external region to the radiative capture amplitude can
be large. Moreover, it is proportional to the escape probability amplitude of the

‘neutron, i.e., to the neutron width, which contains the penetration factor ka.

Hence, the product of the two factors is nearly independent of energy. For
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L > 100 keV, the penetration factor is no longer accurately given by ka and the
photon width decreases. Thus, the importance of the entrance channel part of the
ER, and thereby the success of the valence capture model, is restricted to low
energy and is, in this sense, a threshold effect.

6. SUMMARY AND CONCLUSIONS

We recall that a brief discussion is given at the end of each section. In Section 2,
we relate several parametrizations to one another for the elastic and radiative
capture cross sections. We devote particular attention to the fact that the correlation
between neutron and photon partial widths depends on the way of describing the
potential scattering [13]. However, we show that it is possible to relate the correla-
tion properties in different parametrizations (Section 2.5). These correlations can
be calculated from the average scattering matrix (Section 2.4). ,

In Sections 3.1 and 3.3, we formulate the valence capture model of Lane and
Lynn [1-4] in the framework of the shell-model theory of nuclear reactions [5],
which is intimately related to Feshbach’s theory [6]; we derive several expressions
for the resonance parameters and for the background cross section. We discuss the
connection between our results and those obtained by Lane and Lynn [1-4] and
by Lane and Mughabghab [12] (Sections 3.2, 3.4, and 3.5).

In Sectiond, we compute the photon width and the background radiative
capture cross section from the valence capture model for 40 << 4 < 80. We show
that the various expressions derived or recalled in Section 3 yield practically the
same results. In particular, the specific choice (Section 4.2) of the average real
potential well in the shell-model approach is largely arbitrary, provided that one
uses the relations derived in Section 2.5 to refer to a specific pasametrization. The
calculation of the background cross section (Section 4.4) is somewhat more
delicate than that of the photon width (Section 4.3) because it requires an addi-
tional dynamical assamption (see Eq.(2.37a) or (2.37b)), which amounts to
postulating that the background arises from far-away resonances only (Section 2.7).
This might be regarded as a definition of the background cross section; the problem
lies in the fact that there is no very clear-cut separation between far-away and
close-by resonances. A comparison with experimental data is performed for the
cases Fe(n, ) and *°Ni(z, ¥).

The numerical results shown in Section 4 are helpful in discussing the conditions
of validity of the valence capture model. Section 5 is devoted to: the physical,
analytical, and numerical investigation of this problem. The following circum-
stances play an important role in the success of the valence capture model. (a) The
giant dipole resonance takes away from the threshold region most of the dipole
strength contained in the internal region (Section 5.2). (b) At low energy, a neutron
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moves slowly in the external region (ER) and thus, has the possibility of emitting
a photon. As a consequence of (a) and (b), a low energy neutron usually emits the
photon while being in the external region. (¢) For 4 < 60, the probability that a
neutron emits a photon while being in the closed-channel part of the ER decreases
faster than in an open channel when the distance from threshold increases (Sec-
tions 5.7-5.9). (d) The probability that the neutron escapes from. the compound
nucleus to reach the ER in the elastic channel is proportional to the neutron widih.
Hence, the photon and neutron widths are correlated, for A4 < 60. (¢) The photon
width presents a maximum near 4 = 60, since it is proportional to the neutron
width. (f) The neutron width is proportional to the neutron velocity in the ER
because of the penetration factor. The time spent by a neutron in the nearby part
of the ER is inversely proportional to its velocity. The photon width is propor-
tional to the product of these two factors and is therefore almost independent of
energy in the valence capture model (Sections 4.5.b and 5.7).

Note added in proof. In Figs. 3, 4 and 16, the factor 2= should be replaced by #/2 on the
ordinate scale. : ‘
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