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A  mathematical  model  to  estimate  the  spray  distribution  of 

phytopharmaceutical deposits under a spray boom is proposed.  It focuses on the 

need to  take account  of the dynamic  effects  of the forward movement  of the 

boom.  These are related both to the horizontal and vertical boom movement and 

to the influence of aerodynamic factors on the nozzle spray distribution.  

The distribution of the spray deposits is computed by multiplying the nozzle 

spray  pattern  by  the  time  needed  to  move  from  one  position  to  the  next. 

Mathematically,  this  is  expressed by a  convolution  of the  trajectory  function 

with the nozzle spray pattern function.

The model is validated through a dynamic test  bench aimed at  reproducing 

the boom movements observed in the field.  The chosen method to measure the 

distribution of the spray deposits is a chemical dosage of the sprayed potassium 

chloride  (KCl)  solution  collected  in  Petri  dishes.   A  pulse  width  modulation 

(PWM) nozzle  body  fitted  on  the  test  bench  is  used  to  generate  a  dynamic 

distribution of spray deposits from which the dynamic two-dimensional nozzle 
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spray pattern is reconstructed.  This dynamic nozzle spray pattern introduced in 

the model allows a far better estimation of the spray deposit distribution to be 

made than  the  one obtained using  the  static  nozzle  spray  pattern  which  was 

computed using filtered back-projection.  

Keywords: boom movements; spray deposits distribution; spray deposits model.

1. Introduction

Chemical spray application remains a crucial step to ensure high yields at low cost 

in  conventional  agriculture.   However,  the  increased  concern  about  environmental 

pollution and the effect of pesticide residues on human health creates a strong demand 

for more efficient  application  methods to  spray  the liquid deposits  as  uniformly as 

possible.  For a crop sprayer, unwanted vertical  and horizontal  boom movements of 

the  spray  boom  are  some  of  the  main  sources  of  an  irregular  spray  deposits 

distribution  along with atmospheric parameters.  The model presented in this paper 

relates spray deposition under a nozzle with the spray boom motion.  Such a model is 

useful  when  the  dynamic  performance  of  an  existing  sprayer  is  examined as  it  is 

needed  for  a  measurement  of  the  sprayer  quality  regarding  to  spray  application 

efficiency without time consuming spray deposits measurements.  Furthermore, it can 

be used in combination with virtual prototyping of the boom behaviour based on the 

equations  of  motion  to  evaluate  the  efficiency  of  the  proposed  design  on  the 

application process.  

The  objective  of  this  study  is  to  present  and  validate  a  mathematical  model  to 

estimate the distribution of spray deposits of phytopharmaceuticals taking account of 

the dynamic effects of the forward movement of the boom on the spray distribution. 
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For comparison  purpose, the model based on a  dynamic  spray pattern  is compared 

with the one based on static spray pattern measurements.

2.  Literature review

Many  authors  have  developed  models  for  such  a  purpose.   Usually,  the  basic 

assumption is that  the spray deposits  distribution can be computed as a sum of the 

static  spray  distribution  patterns  corresponding  to  the  positions  occupied  by  the 

nozzles  at  successive  time  steps  (Nation,  1976;  Sinfort,  1991;  Ramon  &  De 

Baerdemaeker, 1997; de Jong  et al., 2000; Tian  & Zheng, 2000).  The static  spray 

pattern  is measured under laboratory conditions  either on a  spray patternator  or by 

weighing  the  volume  collected  into  a  matrix  of  dishes  at  fixed  time  intervals. 

Eventually, a static spray pattern model is derived from these laboratory measurement 

that describes, for a specific nozzle, the spray pattern in the horizontal plane according 

to operating parameters as height, pressure or eventually twist  angle (angle between 

the spray boom and the major axis  of the flat  fan  nozzle spray).  The method was 

found accurate  to predict  the relative influence of the horizontal  and vertical  boom 

movement at very low speed (≤ 0.3 m/s) (Ramon et al., 1997) but some discrepancies 

appeared in the prediction of the actual  application rate  at  higher application speed 

(Lardoux, 2002, de Jong et al., 2000).  These last authors comment that the computer 

model does not take into account the influence of head wind because of the driving 

speed.  Indeed, this may cause the differences between the model and the laboratory 

results  as dynamic spray deposition tests  produced an altered bimodal spray pattern 

differing from the oval shaped static one for TX4 hollow cone nozzles (Smith, 1992).  
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3. Theoretical considerations

In the chosen co-ordinate system (Fig. 1), the X, Y and Z axes account respectively 

for the forward, transverse and vertical directions.  

The model is based on the assumption that  the spray deposits  distribution  is the 

result  of  the  time  spent  by  the  nozzle  at  the  successive  discrete  positions  (space 

interval).  As the proposed model is based on a constant space interval, it differs from 

the classical spray deposits modelling approach, that consider a constant time interval. 

For each space interval, the contribution to the global spray deposits  distribution is 

calculated by the product of the time spent at this position with the two-dimensional 

spray pattern of the actual nozzle condition such as pressure, height, twist angle.  This 

is represented in Fig. 2 by ellipses of different size and grey levels under each dotted 

position along the curve describing the trajectory.  The contributions at each location 

are  then  summed.   Mathematically,  this  is  expressed  by  a  convolution  of  two 

functions.  The first function describes the solicitation applied to the system while the 

second characterises the system (this function is usually called the impulse response). 

For the spray application process, the time interval represents the system input while 

the spray pattern describes the system behaviour.

 The time interval  spent  by a nozzle at  the position (x,y) can  be expressed by a 

function  ( , )k x y  in  s/m².  The  time  interval  notion  introduced  here  for  a  two-

dimensional  trajectory is analogous  to  the inverse of speed for an  one-dimensional 

trajectory.  
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In other respects, under the hypothesis of a stationary distribution of the spray, the 

spray pattern can be characterised by a function along x and y axis ( , )D x y  in ml.m -2.s 

-1: 

The  two-dimensional  convolution  of  these  two  functions  results  in  a  two-

dimensional function R(x,y) in ml/m²:

( , ) ( , ) d d ( , )D x y k x y R x y   
� �

� �

  �� (1)

where  ξ is a space shifting variable along the X axis,  ψ is a space shifting variable 

along the Y axis and D(x,y) is a function describing the two-dimensional spray pattern 

distribution.

The implementation of the model implies a knowledge, on one hand, of the two-

dimensional  spray  pattern  distribution  of  the  nozzle  for  the  operating  conditions 

D(x,y) and, on the other hand, of the input function  k(x,y) calculated from the nozzle 

trajectory.   Operating condition  modifications  that  occur  during spray  process  (i.e. 

height, pressure, spray liquid properties, nozzle twist  angle, wind, evaporation) must 

be  taken  into  account  using  the  pattern  characterised  for  these  particular 

circumstances.   Furthermore, the  spray  pattern  must  be evaluated  for each kind of 

nozzle or even each nozzle if they present a significant variability.

4. Materials and methods

4.1.Dynamic test bench
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A  laboratory  test  bench (Fig. 3)  was  designed to  measure  the  dynamical  spray 

deposits  distribution of the nozzle in controlled conditions avoiding perturbation by 

environmental factors.  At the upper side, a nozzle was mounted on a small beam (1) 

that  could  be  moved  horizontally  along  a  linear  translation  table.   The  linear 

translation along the forward direction is controlled using a computer, an electronic 

controller  (2)  (Compax-s, Parker,  Belgium)  and  a  servomotor  (3) 

(HDY92C4-44S1, Parker, Belgium).  This system was able to control the speed of the 

nozzle in the range from –2 m/s to +2 m/s.  The nozzle was connected to a hydraulic 

circuitry similar to that used in sprayers with the pressure kept constant by a pressure 

controller  and  controlled  using  a  precision  digital  manometer  (0  -  16 bars 

E813, Bourdon Sedeme, France).  Up to five nozzles could be fitted on the spray boom 

but only one Teejet XR11003VK nozzle (4) was mounted at the centre in the study. 

Spray collectors (5) were laid on a spray table with adjustable height and slope (6).  

The nozzle was mounted in a pulse width modulation (PWM) nozzle body (Fig. 4). 

The PWM body was a prototype model furnished by Teejet.  This technology, initially 

developed for anti-drift  and  precision  agriculture  purposes,  offers  the  possibility  to 

control the opening and closing of the spray nozzle with a very short delay without 

affecting the spray characteristics (Giles & Comino, 1990).  In our case, it allowed the 

operation of the opening and closing of the nozzle spray using electronic controls.  

A spray solution of potassium chloride, KCl 0.7 g/l in tap water, was used in the 

study.  Measurements showed that the static spray pattern was not affected by the salt 

at  this  concentration.   The spray  deposits  collected  in  55 mm diameter  glass  Petri 

dishes were measured using gravimetry.  The spray process was repeated to collect 

sufficient volume (about 5 ml) in the Petri dishes.  Depending on the trial speed, up to 
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300  passes  were  performed  on  the  dynamic  test  bench  to  conduct  a  single 

measurement,  with  an  automatic  control  of  the  opening  and  closing  of  the  nozzle 

using the PWM nozzle body.  The collected spray was dried to a constant  weight at 

105°C in  the  drying  oven  and then  measured  analytical  scales  (Ohaus  Adventurer 

AV-65, USA) with  0.1 mg accuracy.   The spray deposits  were computed from the 

weight differences of the Petri dishes after and before the trial.  This method allowed 

an accuracy of 1% together with an reduced time analysis.  

4.2.Nozzle spray pattern

In  this  study  focusing  on  the  effect  of  nozzle  speed  on  the  spray  deposits 

distribution, a single Teejet XR11003 flat-fan nozzle always mounted with the same 

twist  angle  was  chosen and the pressure  was  kept at  2 bar.  To model the process 

correctly, the impulse response must  be estimated for the different  values  taken by 

these operating parameters.

The static two-dimensional spray pattern was estimated with 2500 mm² resolution 

for 300, 500 and 700 mm heights using filtered-back projection algorithms from one-

dimensional static spray pattern measurement (Lebeau et al., 2002).  

In parallel, a new method was developed to estimate a dynamic spray pattern taking 

into account the effect of speed which induces ballistic and aerodynamic effects.  The 

two-dimensional dynamic spray pattern is computed from transversal and longitudinal 

spray deposits distribution measurements, as explained below.  The transversal spray 

deposits distribution was measured at different speeds (from 0,1 to 2 m/s) and heights 

(30 to 70 cm) on the dynamic test  bench.  Figure 5 illustrates  the transverse spray 
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deposits  distribution  at  50  cm  height  for  the  different  speeds.   The  shape  of  the 

distribution  is  affected  by  the  speed increase.   The  spray  pattern  observed at  low 

speeds evolves progressively toward a marked bimodal distribution.  This is mainly 

caused by an aerodynamic effect on the smallest  droplets.  As a matter  of fact,  the 

central  part  of the spray pattern  of the flat  fan nozzle is mainly formed from small 

droplets,  while  the  outer  part  contains  more coarse  drops  (Lund & Matzen,  1996). 

This property is confirmed by measurements performed with a Phase Doppler Particle 

Analyser.  Figure 6 shows that  the diameter for 10 (D0.1), 50 (D0.5  or  VMD,  volume 

median  diameter)  and 90 (D0.9) per cent  of the spray by volume are  smaller  in  the 

centre of the distribution.  With the movement of the nozzle, the small droplets tends 

to  leave  the  central  part  of  the  spray  under  the  influence  of  the  drag  force  and 

therefore diffuse in a plume effect, which alters  the shape of the spray pattern.  The 

shape modification is complex but is seems that the phenomenon stabilises once the 

nozzle reaches a sufficient speed.

The estimation of the speed effect on the longitudinal spray pattern (in the forward 

direction) was  performed on the dynamic test  bench by opening the moving nozzle 

with  the  PWM nozzle  body  for  a  distance  of  50  mm using  a  specially  designed 

electronic  circuitry.   The  spray  deposits  distribution  under  the  opening  zone  was 

measured  in  a  Petri  dishes  matrix  layout.   Figure  7 presents  the  result  of  such  a 

measurement at a speed of 1 m/s and a height of 50 cm where the sampling points are 

highlighted.   The  spray  deposits  distribution  is  displaced  a  few  centimetres  in  the 

forward  direction  (X axis)  from the  nozzle opening interval  (-25 mm < x < 25 mm). 

This  can  be  attributed  to  the  ballistic  effect  of  the  nozzle  speed.   Indeed,  Fig.  8 

illustrates  the  displacement  of  the  longitudinal  spray  deposits  distribution  as  a 

function  of the  speed at  a  height  of 50 cm.  The mean  displacement  of the  spray 

deposits distribution along the X axis, computed from the marginal mean, respectively 
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reaches 10, 27, 45, 67, 69 mm for 0.1, 0.5, 1, 1,5 and 2 m/s.  The same kind of effect is 

observed  with  increased  height,  the  displacement  at  a  speed  of  1 m/s  reaching 

respectively, 16, 45 and 63 mm for a height of 30, 50 and 70 cm.   

Theoretically,  if  the  aerodynamic  effects  were  similar  in  continuous  and 

discontinuous spraying, these last measurements could directly be used to compute a 

dynamic spray pattern taking into account the effects of speed.  As a matter of fact, 

this trial strictly corresponds to an unit impulse input, which gives a direct estimate of 

the transfer function for a linear system.  Unfortunately, the aerodynamic effect on the 

transverse  spray  pattern  observed  in  Fig.  5  does  not  fully  appear  in  the  case  of 

discontinuous spraying as illustrated in Fig. 9.  It  is therefore necessary to combine 

the results  of the two kinds of measurements to get dynamic spray patterns  Dvz(x,y) 

including both aerodynamic and ballistic effects for each speed v and height z.  This is 

done in three steps.

(1) In the first step, the nozzle flow is multiplied by the transverse spray pattern 

measured  for  a  trial  at  a  constant  speed  and  height.   This  results  in  a 

dynamic transverse spray pattern.  The relative frequency fvz(y) is calculated 

from the measurement of the dynamic transverse distribution Tvz(y),  

( )
( )

( )
vz

vz
vz

T y
f y

T y


 (2)

where  Tvz(y) is  the  transverse  spray  deposits  distribution  ml/m²  for  continuous 

spraying. 

The  nozzle  flow  rate  is  multiplied  with  the  relative  frequency  to  estimate  a 

dynamic transverse spray pattern tvz(y),

( ) ( )vz vzt y q f y t (3)
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where q is the nozzle flow rate in ml/s.

(2) In the second step, the measurement of the two-dimensional spray deposits 

distribution  Lvz(x,y)  obtained with the 50 mm impulse for the same speed 

and height is used to calculate a longitudinal relative frequency lvz(x,y)  for 

each position along the Y axis.  

( , )
( , )

( , )

vz
vz

vz

L x y
l x y

L x y dx
t

t



 (4)

where Lvz(x,y) is the spray deposits distribution for impulse spraying in ml/m².

(3) In the last step, every point of the transverse spray pattern is multiplied with 

the longitudinal relative frequency at the corresponding y co-ordinate to get 

the  two-dimensional  dynamic  spray  pattern  for  one  particular  speed and 

height Dvz(x,y), what is computed with a convolution :

( , ) ( ) ( , ) dvz vz vzD x y t y l x y 




  (5)

where  is a space shift variable along X axis. 

This method neglects some aerodynamic effects on the longitudinal distribution but 

any  other  identification  method  should  lead  to  a  tedious  convolution  process  and 

numerous measurements.  
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For  numerical  calculus,  the  two-dimensional  dynamic  spray  pattern  was 

interpolated for 50 mm discrete height intervals and for discrete speed classes;  [0-0.2], 

[0.2-0.4], [0.4-0.6], [0.6-0.75], [0.75-1.25], [1.25-1.75], [1.75-2.25] m/s.

5. Results and discussion

Three repetitions of the spray deposit distribution measurement were performed for 

three different trials: constant speed and constant height; variable speed and constant 

height; and constant speed and variable height.  The absolute variability between the 

three repetitions approached 5% (between 3 & 7.6% depending on the trial).  These 

results  were found consistent  with the results  of Smith (1992) for a similar flat  fan 

nozzle  where the  three repetitions  present  a  variability  of the  same amplitude  (the 

variability was also found of the same amplitude when the spray deposits of the KCl 

solution were measured by spectrophotometry for trials with only one pass over at the 

test  bench).   As  no  diminution  of  the  variability  was  obtained  by  increasing  the 

number of passes of the nozzle, it appears that the spray pattern of flat fans nozzle is 

not  perfectly  stable.   This  is  confirmed  by  the  measurements  of  the  static  two-

dimensional spray pattern, either by filtered-back projection method (Holterman & de 

Jong, 2000) or by collection in Petri dishes.   

The model was  used using both the static  spray pattern  (described as the ‘static 

model’) and the dynamic spray pattern (described as the ‘dynamic model’) to estimate 

the spray deposits distribution for the nozzle movements of the three different trials.  

In order to quantify the accuracy of the predicted spray deposits model, the value of 

the  typical  absolute  deviation  between  the  model  estimation  and  the  measured 
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application rate was used.  This parameter V which facilitates the comparison between 

the different trials was calculated as following:

1

1

ˆ

ˆ

n

i i
i

n

i
i

d d
V

d











(6)

where V is the typical absolute deviation; id  is the modelled application rate in ml/m² 

at one point;  îd  is the measured application rate in ml/m² at one point; and  n is the 

number of measurement points.

This last  value was also a good criteria to compare the modelling errors with the 

spray deposits variability.

5.1.Constant speed and height

The spray deposit distribution were measured and simulated at the constant speed 

of 1m/s and height of 500 mm.  The application rate was uniform along the  X axis. 

Figure 10 presents the application rates (spray deposits) modelled and measured every 

70 mm along the Y axis (three repetitions).  It appears that the transverse spray deposit 

distribution is badly predicted by the static model.  It was overestimated in the central 

part  of  the  distribution  (-250 < y < 250  mm),  reaching  25 ml/m²  when  the  mean 

measured maximum only reaches 17 ml/m².  On the contrary, it was underestimated 

for the outer edges.  These errors result in a high values of V (32.6%).  It is clear that 

these  errors  are  systematic  and  exceed the  variability  of  the  spray  deposits.   The 

dynamic  model  furnished  a  far  better  estimation  of  the  transverse  spray  deposits 

distribution  and  the  remaining  variability  was  contained  within  the  spray  deposits 

variability  between  the  three  repetitions.   This  was  attested  by  the  value  of  V 
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decreasing  to  5.9%,  which  is  of  the  same  order  of  magnitude  as  the  observed 

variability between the three repetitions.  

5.2.Speed variation and constant height

The  spray  deposit  distribution  was  simulated  for  sinusoidal  speed 

[1+0,2π sin(2πt)] m/s and constant height of 500 mm. This movement (amplitude of 10 

cm at 1 Hz frequency) is representative of energetic boom movements such as those 

created by an obstacle on the field.  It  was chosen to validate the model in extreme 

conditions.  The spray deposits distribution was measured on a 1 m by 1.4 m surface 

(corresponding  to  one  sinusoidal  cycle)  using  a  100 mm  spacing  square  grid. 

Figures 11a to  11c present  the application  rate  measured and modelled.  The spray 

deposits  distribution  was  best  estimated  by the  dynamic  model, as  the  value  of  V 

decreases  from  26.2%  to  11.1%.    Longitudinally,  the  higher  application  rates 

corresponded to  the  lowest  speed in  the  forward  direction.   Figure 12 presents  the 

mean application rate along the  X axis.  When the static  model is used, a small lag 

appears, caused by the ballistic effect.  The lag is bigger when the mean application 

rate  decreases,  which corresponds to  the highest  speeds.  When using the dynamic 

model, this phase lag disappeared but a slight smoothing affected the curve.  Figure 13 

presents  the mean application rate  along the transversal  Y axis.  As in the constant 

speed trial with the static  model, the application rate is overestimated in the central 

part  of the distribution and underestimated at  the edges.  The effect was again well 

compensated by the dynamic model.

5.3.Constant speed and variable height
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The spray deposit distribution was simulated at  constant  speed ( 1m/s) and rapid 

height variation (linear variation from 700 to 300 mm within 2.5 metres).  The spray 

deposit  distribution  was  measured within  a  trapezoidal  surface,  the largest  smallest 

edges  corresponding  respectively  to  700 and  300 mm height.   Figures  14a  to  14c 

present the application rate measured and estimated using respectively the static and 

dynamic models.  The effect of the height variation was well predicted in both cases 

but  here again, the application rate  was best  predicted with the dynamic model, the 

value of  V decreasing from 25.9% to 11.5%.  The aerodynamic effect  of the nozzle 

speed is again the main source of errors with an overestimation of the deposits in the 

nozzle axis, as illustrated by Fig. 15a presenting the differences between the measured 

and modelled application  rate  using the static  model.  When the dynamic  model is 

used, the differences decrease and are more randomly located (Fig. 15b).

5.4.Discussion

These results still need to be extended to other speeds, pressures and other nozzles 

but the effect should be present for other flat  fan nozzles as their spray pattern and 

droplets  sizes are similar.  Similar effects  should also be observed for other nozzle 

designs if a significant proportion of fine droplets is present in the spray.  The effect of 

adjacent nozzles on a spray boom should also be investigated.  Their interaction could 

affect  the result  of the spray deposits  distribution even if the twist  angle limits  the 

crossing of the sprays.  Most probably, the effect of the nozzle speed should be present 

as the related plume effect is classically observed in field spraying.  

Furthermore, as the method used to measure the dynamic pattern of the nozzle is 

quite work intensive, it would be interesting to model the effect of the nozzle speed on 

the static spray pattern.  A patternator measurement would probably be insufficient to 

predict accurately the dynamic spray pattern, as the aerodynamic effects are linked to 

the  droplets  diameter,  but  the approach could reveal  successful  if  the effect  of the 
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nozzle  speed is  accounted  separately  for  each  diameter  class,  i.e.  on  the  basis  of 

granulometer measurements.   This method could finally be further extended to take 

into account drift effect.

6. Conclusions

A mathematical model of the spray application process is proposed.  Using constant 

distance  intervals  along  the  nozzle  trajectory,  the  spray  deposits  distribution  is 

calculated by a convolution of the two-dimensional spray pattern with the time spent 

in each position interval.  The application of the model states that, on one hand, the 

trajectory of the nozzle is available and, on the other hand, that  for the operational 

parameters the two-dimensional spray pattern of the nozzle are known.  When these 

conditions  are  met,  the  use  of a  dynamic  spray  pattern  instead  of  the  static  spray 

pattern improves the quality of prediction for the three basic movements applied to the 

spray nozzle. This improvement is included between 80 % for the constants speed and 

height trial and 55 % for the speed variation and height variation trails.  The remaining 

errors may notably be caused by the interpolations, the model spatial resolution and 

the spray pattern variability.  This last  cause was found to be particularly important  

for  this  flat  fan  nozzle  what  leaves  few  margins  to  further  improve  the  model. 

Furthermore, the variability between the three repetitions of the same trial was found 

close of the dynamic model error amplitude.  The dynamic model allow a prediction of 

the spray deposits under a moving nozzle with a precision of about 10 %.  
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Notation

îd  measured application rate at one point, ml/m²

id  modelled application rate at one point, ml/m²

( , )k x y function  describing time interval  spent  by a nozzle at  the position (x,y), 

s/m²

D(x,y) function describing the two-dimensional spray pattern, ml/m²s

lvz(x,y)  longitudinal relative frequency for each position along y axis, m-1

tvz(y) relative frequency calculated from the measurement of the dynamic transverse 

distribution, m-1

D0.1 diameter for 10 % of the spray by volume, µm

D0.5  diameter for 50 % of the spray by volume, µm

D0.9 diameter for 90 % of the spray by volume, µm

dtvz(y) dynamic transverse spray pattern, ml/ms 

Dvz(x,y) function describing the two-dimensional dynamic spray patterns including 

both aerodynamic and ballistic effects for each speed v and height z, ml/m²s

q nozzle flow rate, ml/s

R(x,y) spray deposit distribution, ml/m²

Lvz(x,y) spray deposits distribution for impulse spraying, ml/m²

Tvz(y) the transverse spray deposits distribution for continuous spraying, ml/m²

V typical absolute deviation 

v nozzle speed, m/s

n number of spray deposit measurement points

x, y & z co-ordinates along the forward, transverse and vertical directions, m

 space shifting variable along y axis, m

  space shift variable along x axis, m
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Fig. 14.  Spray deposit distribution for a speed of 1 m/s and a linear height variation 

from 700 to 300 mm within 2.5 metres; (a) Measured, (b) Modelled using static spray 

pattern, (c) Modelled using dynamic spray pattern
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Fig. 15.  Difference between measured and modelled spray deposit distribution for a 

speed of 1 m/s and a linear height variation from 700 to 300 mm within 2.5 metres; 

(a) Modelled using static spray pattern, (b) Modelled using dynamic spray pattern
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