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Discontinuous Galerkin Methods

« Main idea
— Finite-element discretization

— Same discontinuous polynomial approximations for the
» Test functions ¢, and
 Trial functions o¢
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— Definition of operators on the interface trace:
« Jump operator:[e]=¢" "

o+—}—o_
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« Mean operator: (s) =
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Discontinuous Galerkin Methods

 Continuous field / discontinuous derivative
— No new nodes

— Weak enforcement of C’
continuity

— Displacement formulations
of high-order differential.
equations

— Usual shape functions in 3D (no new requirement)

— Applications to

* Beams, plates [Engel et al., CMAME 2002; Hansbo & Larson, CALCOLO 2002; Wells
& Dung, CMAME 2007]

Field

* Linear shells [Noels & Radovitzky, CMAME, 2008]

« Damage & Strain Gradient [wells et al., CMAME 2004; Molari, CMAME 2006;
Bala-Chandran et al. 2008]
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Kirchhoff-Love Shell Kinematics

« Deformation mapping
F=V&o Ve~ with

odb

o

Vb=g oE & g =VPE =
* Shearing is neglected

@1 A P2 t,a - )\l;(lo,p
t— — .
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* Resultant equilibrium equations:

1 - 1 - -
=~ (jn™)  +nt =0 & 5(jm“).al+/\t+m“4:0
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/ og“det (V@) de?

hmino

— in terms of resultant stresses: e =

hrnaxo
/ Sogdet (V) de?

hnlino

1 hnlax[]
l = :_/ ogidet (V&) de¢?
] hmino

\.
— and of resultant applied tension »* and torque ="
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Linear Shells

« Assumptions

« Resultant strain components

terminu,

— Small displacements #.=oa+u. = t(u)zto

— Test functions u, and trial functions éu are C°
— Linear constitutive behavior
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« Elastic constitutive bghavior
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Linear Shells

« DG formulation of linear Kirchhoff-Love shell

— Definition of a functional 1. (v enas: pras:

a’,m, A) accounting for

discontinuities in At [Noels & Radovitzky, CMAME, 2008]
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Linear Shells

« DG formulation of linear Kirchhoff-Love shell
— Minimization of the functional = new weak form
— Introduction of the stabilization parameter

1 1 ‘ 1 1 -
/A (59004 “Up s+ iuh,'y : ‘100,5) Hg375(5900,a : 516,,3 + 5900,,3 . 5u,a> Jod A+
h
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] [6AL (u)] - <900>7H§,;576 (soo,a CAE (wp) 5+ Wi g to?_‘s) jo> Vs dOA +
OrApUOA i

ﬁs [0AL] - povy (HoD jo ) [AL (up)] - poary dOA

O?Q OQ// ./ A sea;AiaAh h
— Properties for polynomial approximation of order k

« Consistent, stable for g >Ck
« Convergence rate: k-1 in the e-norm, k+1 in the L?-norm
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Linear Shells

* Pinched open-hemisphere

8-node bi-quad 16-node bi-cubic
1.5 : ‘ : ‘ 1.5
7] gx 1t
3 g
= ©
S
E, S05
0 L ‘ 3
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10° . . — pB= 1Oi 10° - 0.000 0.465 0.950 1.40 1.96
— B=10
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c S 102 cey
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[ L
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10° o if #> 100000 (cubic)
107 10" 10° 102 ) 10° .
he/ R he/ R — Convergence in L2 norm: k+1
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Non-linear Shells

« Material behavior
— Through the thickness integration by Simpson’s rule

— At each Simpson point - o o
C=gi-9;9029) =2 9% 9y

det (V@) OW
det (VP) Og;

* Internal energy W(C=FTF) with <

o=07 g wg; =2 gi © g

-

max — ‘fmin

* |teration on the thickness ratio A\ = in order to reach

hmax 0 — hmin 0

the plane stress assumption &°3=0

r

. y hmaXD
— Simpson’s rule leads to the ne — l_/ g det (V) de?

J S hmino

hmaXO

resultant stresses: { e = % / Sogtdet (V) de?
hoing
1 hmaXD
[ = j/ og’det (Vd) dg?
h

k minQ
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Non-linear Shells

» Discontinuous Galerkin formulation
— New weak form obtained from the momentum equations
— Integration by parts on each element ~7° but ot is discontinuous

(I (en)) . '5@d«4+/ nA - dpjd A+

e
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Non-linear Shells

* [nterface terms rewritten as the sum of 3 terms

— Introduction of the numerical flux h
[ G ) stndvdd— [ st (Guai)t . Gt vy ) dA
Or Ap Or Ap

* Has to be consistent: h(Anjm.c, JAME et Vo) = AniMiaaciVa

 One possible choice: " ((jkhm“)+, (JAn®) ", va) = Vo (JAnm?)
— Weak enforcement of the compatibility

/ [t (on)] - (6 (GAurin®)) v dOA
ar Ap

% / )-GoHp 7 (Op - ts+ @ -0t s) 5+ iAm™ - @ 5 0p 5) v, dDA
ar Ap

— Stabilization controlled by parameter g, for all mesh sizes hS
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/ ool s { 2TV 6] 04
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Non-linear Shells

e New weak formulation
/ jno‘ (‘Ph) : 56,0,ad¢4 +/ j’ﬁ’ba ((ph) . (515),5)106 dA +/ jl Ot dA +
Apn Ap 4 An

o

[t (on)] - GoHo " (Bp s - ts + @ - 0t s) 0.5+ JAm® - 5 dp ) v, ddA
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* Implementation
— Shell elements
« Membrane and bending responses
« 2x2 (4x4) Gauss points for bi-quadratic , - -~~~

(bi-cubic) quadrangles ! '5
— Interface element -
3 interface contributions el

— @ —

* 2 (4) Gauss points for quadratic (cubic) meshes
« Contributions of neighboring shells evaluated at these points
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8 (m)

Non-linear Shells

stzp O t=0/2 oit=001

* Pinched open hemisphere

— Properties:
* 18° hole
 Thickness 0.04 m; Radius 10 m
* Young 68.25 MPa; Poisson 0.3

— Comparison of DG method
» Quadratic, cubic & distorted el.

and literature

20
T 9% 0 Vg linear 0.000 |, 255+ Equgbg%;noj\[ﬁll e 5,002-+005
— -5 Yg: 12 bi-quad. el.
15} 1 — 3 Xp 12 bi-quad. el.
— =3 Vg 8 bi-cubic el.
38 Xy 8 bi-cubic el.
10 N o o -8Yg 8 bi-cubic el. dist.
x O Xy 8 bi-cubic el. dist.
o 8V Areias et al. 2005
5 N _ o 83X, Areias et al. 2005
% 200 400 600 800
P (N)
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Non-linear Shells

* Pinched open hemisphere

Influence of the stabilization Influence of the mesh size
parameter
10 ‘ ‘ ‘ 10"
8,
107"} 1

& (m)
i o
Error on §
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w
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10™%
— -3 Vg 12 bi-quad. el.
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-3 Y, 8 bi-cubic el. 1
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— Stability if 5> 10
— Order of convergence in the L2-norm in k+1
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Non-linear Shells

sten O 1=0/1 ct=0005

* Plate ring
— Properties:
« Radi6-10 m
* Thickness 0.03 m
* Young 12 GPa; Poisson 0
— Comparison of DG method
» Quadratic elements
and literature

20+ 1
=B — 52,, 16x3 bi-quad. el.
» 15¢ — 5 Zgs 16x3 bi-quad. el.
+ 82z, Sansour, Kollmann 2000 rlgldd(TZ,2E)
10; % &2y, Sansour, Kollmann 2000 0.000 7.50 15.0
5 x O Z,, Areias et al. 2005
o & Zgs Areias et al. 2005
o
0 2000 4000 6000 8000 10000 12000

a (N/m)
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8 (m)

Non-linear Shells

« Clamped cylinder

— Properties:

* Radius 1.016 m; Length
3.048 m; Thickness 0.03 m

* Young 20.685 MPa; Poisson
0.3

— Comparison of DG method
e Quadratic & cubic elements

and literature

— 82, 12 bi-quad. el.
<32y, 8 bi-cubic el.
o 82, Ibrahimbegovic et al. 2001

500 1000 1500

step O =041 ci=0.005

Thiclknzss
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Conclusions & Perspectives

* Development of a discontinuous Galerkin framework for
non-linear Kirchhoff-Love shells

— Displacement formulation (no additional degree of freedom)
« Strong enforcement of C° continuity
« Weak enforcement of C' continuity

— Quadratic elements:
* Method is stable if § 2 10
* Reduced integration

— Cubic elements:
* Method is stable if 3 = 10
» Full Gauss integration

— Convergence rate:
* k-1in the energy norm
* k+1in the L2-norm

* Perspectives: plasticity, dynamics ...
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