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This contribution is dedicated to the modeling of the end-wall flows in a throughflow model for turbomachinery 

applications. The throughflow model is based on the Euler or Navier-Stokes equations solved by a Finite-Volume 

technique. Two approaches are presented for the end-wall modeling. The first one is based on an inviscid formu-

lation with dedicated 3-D distributions of loss coefficient and deviation in the end-wall regions. The second ap-

proach is directly based on a viscous formulation with no-slip boundary condition along the annular end-walls 

and blade force modification in the region close to the end-walls. The throughflow results are compared to a se-

ries of 3-D Navier-Stokes calculations averaged in the circumferential direction. These 3-D calculations were 

performed on the three rotors of a low pressure axial compressor, for a series of tip clearance values. 
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Introduction  

The throughflow level of approximation still remains 
an important tool for designing turbomachines [2] even 
though 3-D calculations are used more and more early in 
the design process. The throughflow models heavily rely 
on empirical inputs such as 2-D correlations or end-wall 
loss models. This feature has shown to be efficient but 
lack of generality.  

Two-dimensional empirical correlations are available 
in the literature but they have generally been designed for 
classical families of blade profiles such as C4 or 
NACA-65 and are not directly applicable to the cus-
tom-based profiles nowadays used in the industry. How-
ever, it is possible to adapt existing loss correlations to 
modern blade profiles [5] or to derive correlations for an 
arbitrary profiles with the help of blade-to-blade codes [6].  

Concerning the 3-D losses, very few results are avail-
able in the open literature. The main contribution on the 
compressor side is from Roberts et al. [7, 8]. They pro-
posed correlations based on collected empirical data to 

build up 3-D distributions of loss coefficient and devia-
tion in the end-wall regions. A throughflow analysis tool 
based on an inviscid model, supplemented with these 3-D 
correlations for the end-wall losses is the first approach 
studied here.  

The second approach presented in this contribution is 
directly based on the Navier-Stokes equations with blade 
force modifications close to the end-walls to capture the 
end-wall flows. By including more physics in the model, 
less empiricism is needed and a more general method can 
therefore be devised.  

The objective of the present work is to test both ap-
proaches for the modeling of the end-wall flows within a 
throughflow model. The results are compared to a series 
of 3-D Navier-Stokes calculations performed on axial 
compressor rotors.  

Throughflow analysis tool  

The throughflow analysis tool used in the present 
work is based on the Euler equations [1, 11] and the Na 
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Nomenclature ϖ  loss coefficient 

AR channel aspect ratio, h/s θ  flow deflection 

c mean blade chord 2 1R W W= /  velocity ratio 

h mean span or mean blade height Subscripts 

s blade spacing 1 inlet 

3DS  extent of 3-D loss, in fraction of span 5 5% of span from tip at the blade outlet 

max3( )DS  location of max. 3-D loss, in fraction of span 95 
95% of span from tip at the blade out-

let 

TC  rotor blade tip clearance, in fraction of span 2D relative to a two-dimensional flow 

Greek letters 3D relative to a three-dimensional flow 

δ  flow deviation angle h hub 

δ ∗  displacement thickness max maximum location 

σ  solidity, c/s mo maximum overturning location 

φ  blade camber angle rt rotor tip 

 
vier-Stokes equations [9]. Such models allow to cal-

culate the flow field whatever the flow regime is, they are 
able to perform transient simulations and they can cope 
with 2-D flow recirculations. These approaches offer 
alternatives to the classical streamline curvature method.  

Details on the present solver are available in [9]. In 
short, the equations are solved by a finite volume tech-
nique. The inviscid fluxes are computed thanks to the 
Roe scheme and the viscous flux by the diamond path 
scheme. The time integration is performed by an explicit 
multistep Runge-Kutta scheme.  

The turbulence model is of the mixing length type and 
a radial mixing model based on a turbulent diffusion as-
sumption is used. The inviscid blade force is computed 
by an additional time-dependent equation [1], while the 
viscous blade force is calculated by a distributed loss 
model and empirical correlations. In order to avoid loss 
generation by the inviscid blade force, its direction is 
chosen orthogonal to the flow field. An adaptation of the 
inviscid blade force in the end-wall regions is therefore 
required. More details on these modifications are avail-
able in the following sections. 

3-D database  

The test-case used in the present work is composed of 
3 rotors of a low pressure compressor designed by Tech-
space Aero. For each rotor, four different tip clearance 
values were considered: 0.4, 0.8, 1 and 1.2 percents of 
the mean blade height. The database is composed of 3-D 
Navier-Stokes calculation results. For each configuration, 
two computations were run, one with flow conditions and 
blade incidence representative of an on-design configura-
tion, a second one representative of near-stall conditions. 
The mesh is made of about 1.2 million grid points and 
the turbulence model is algebraic.  

These 3-D Navier-Stokes computations, after a 

circumferential averaging, provide the boundary condi-
tions for the throughflow calculations. Rotor blades were 
discretized in ten sections at different blade heights to 
transfer the blade camber and thickness to the through-
flow analysis tool in a rather complete way. The radial 
blade forces were neglected.  

Inviscid annulus end-walls formulation  

The first approach for modeling the end-wall flows is 
based on an inviscid treatment of the hub and shroud 
with a slip condition. The effect of the viscous flow de-
veloping along the end-walls is (partly) reintroduced by 
adding a 3-D distribution of deviation and loss coeffi-
cient on the top of the 2-D distributions:  

2 3D Dϖ ϖ ϖ= +               (1) 

2 3D Dδ δ δ= +                (2) 

Figure 1 illustrates the 3-D distributions obtained with 
Roberts correlations [7,8] for a rotor. The usual evolution 
of the deviation with an overturning at the hub and an 
overturning followed by an underturning at the tip is ob-
served. The loss coefficient distribution also shows a 
classical shape at both end-walls.  

The expression of Roberts correlations is reproduced 
hereafter in order to highlight the main parameters driv-
ing the loss and deviation generation.  
Correlations for 3D losses at shroud :  

3
3 1( ) 0 25tanh 10D max rt TCϖ δ ∗

, = . ⋅        (3) 

3
3

( )
( )

2
D max rt

max rtDS
ϖ ,

, =            (4) 

3 3( ) 2 5( )rt max rtD DS S ,= .             (5) 

Correlations for 3D losses at hub :  
2

1
3( ) 0 2 tanh 15( )D max

AR

φ δϖ
σ

∗⋅
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⋅
       (6) 
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3( ) 0 1maxDS = .                 (7) 

3 32 5 ( ) 0 25maxD DS S= . ⋅ = .            (8) 

Correlations for 3D deviations at hub :  

95 2= −Δ                   (9) 

 
0 85hh = .                  (10) 

Correlations for 3D deviations at shroud :  
3

5 130 tanh(10 )TCδ ∗= ⋅Δ          (11) 

1 25mo = − .Δ               (12) 

0 15moh = .                (13) 
 

 
Figure 1:  Original 3-D correlations of Roberts 

These correlations allow to describe the distributions 
of the 3-D loss coefficients and deviations using only a 
few parameters, the latter being obtained from the 
flow-path geometry, the blade geometry and the inlet 
boundary layer displacement thickness. These parameters 
however do not allow to obtain the whole distributions 
along the span but only some typical points of these dis-
tributions. Additional information must be provided. The 
following curves (Gaussian law, 1-D damped oscillator 
equation and parabola) have been used to connect the 

points provided by the correlation of Roberts:  
2

2

1 ( )
( ) exp

2 2

x
f x

μ
σ π σ

⎛ ⎞−= −⎜ ⎟⎜ ⎟
⎝ ⎠

     (14) 

[ ]0( ) exp cos( ) sin( )d d
x

f x f x xω β ω
τ

⎛ ⎞= +⎜ ⎟
⎝ ⎠

  (15) 

2( )f x ax bx c= + +         (16) 

A last remark has to be added before presenting the 
results obtained with this approach. The loss coefficient 
in the tip region obtained from the 3-D Navier-Stokes 
computations does not always follow the classical distri-
bution shown on Figure 1(a). Distributions with no peak 
are obtained when the value of the tip clearance is low 
compared to the boundary layer thickness, as shown on 
Figure 2, which gives the loss coefficient distribution for 
different tip clearance values, for one of the rotors con-
sidered in this work. These distributions with no peak 
have not been included in the database. Clearly, another 
way to characterize the loss coefficient distribution for 
low tip clearance values is needed.  
 

 
Figure 2:  Radial distribution of loss coefficient obtained from 

3D calculations 

Applying the original correlations provided by Rob-
erts to the rotors considered in the present work failed to 
reproduce the averaged 3-D Navier-Stokes results. A 
calibration procedure was performed on the parameters 
of Roberts correlations so as to fit the 3-D Navier-Stokes 
database corresponding to the first rotor blade. Figure 3 
compares the loss coefficient distributions in the tip re-
gion obtained with the original correlation, with the cali-
brated one and with the 3-D averaged one.  

Unfortunately applying this calibrated correlation to 
the other two rotor geometries failed to reproduce the 
flow characteristics for these rotors, as shown on  Fig-
ure 4. This figure shows one of the parameters of Roberts 
correlation, 3 max( )D rtϖ , , i.e. the peak in the 3-D loss 

coefficient, versus a combination of the clearance gap 
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and the boundary layer thickness. These results are re-
lated to on-design operating points only. 

 

 
 

Figure 3:  Loss coefficient distribution at rotor tip 
 

 
Figure 4:  Clearance effect fitted on 1st rotor data 

The above results demonstrate the need for including 
extra parameters in the Roberts correlation in order to 
take into account additional effects such as the blade 
loading. Indeed the main drawback of Roberts correla-
tions is that they do not rely on quantities representative 
of the aerodynamic loading (to the exception of the blade 
camber for the maximum loss at hub).  

From that observation, it was decided to test several 
functions depending on the loading, the velocity ratio or 
the flow deflection in order to derive the sought correla-
tions. This was performed systematically for each vari-
able to be modeled by the correlations. The obtained re-
sults are presented hereafter.  

Figure 5 illustrates the results obtained for the peak of 
the loss coefficient distribution in the tip region, for sev-
eral rotors and several clearance values. The function 
used to approximate it is of the following form :  

( )( )3 1( ) tanh 1000a b
D max rt A R TCϖ θ δ ∗

, = ⋅ ⋅ ⋅      (17) 

where A, a  and b  are the parameters determined 
by the calibration process. The results are thought to be 
good. The 3-D Navier-Stokes distributions for which no 
peaks are observed have also been added on the same 
figure. For these distributions the maximum of the loss 
coefficient has been used instead of the (non-existing) 
peak. These values have however not been used to build 
the correlations.  

 

 
Figure 5:  Loss coefficient peak at tip 

Figure 6 illustrates the same quantity for the hub re-
gion and again illustrates the quality of the results.  

It is recognized that the database used here is far to be 
sufficiently dense to allow drawing general correlations 
such as those devised by Roberts. 

 
Figure 6:  Loss coefficient peak at hub 

More operating points and more geometries should be 
considered and tested. However, the proposed procedure, 
based on loading criterions and on 3-D numerical simu-
lations seems to be promising and should be easily ex-
tended to a larger database.  

Viscous annulus end-walls formulation  

However, it must be recognized that the previous 
method essentially based on empirical correlations lacks 
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of generality. An improved method for capturing the 3-D 
flows, inspired from Gallimore [4], is proposed hereafter. 
In the frame of its viscous Streamline Curvature method, 
Gallimore proposed to modify the blade force (its 
circumferential component more exactly) in the end-wall 
regions. The modification he proposed for the blade force 
is based on experimental observations of the blade wall 
static pressure field, noteworthy the observations of 
Dring [3]. These results show that the circumferential 
component of the blade force varies smoothly across the 
span and does not exhibit rapid changes as one ap-
proaches the end-walls contrary to the circumferential 
momentum jump across the blade row. This is an illustra-
tion of the well known fact that the pressure field does 
not vary much across a boundary layer in the direction 
orthogonal to the wall.  

From that observation it seems possible to extrapolate 
some information across the span to model the blade 
force in the end-wall regions. A simple model for the 
evolution of the circumferential blade force in these re-
gions is proposed hereafter for a rotor:  
� for the hub flow, the circumferential component of 

the blade force is kept constant over a given portion 
of the span, starting from the hub, 

� for the tip flow, the blade force is set to zero in the 
gap. The blade force is also kept constant from a 
given spanwise position to the tip gap. It was found 
that this last modification is necessary in order to 
obtain the correct level of underturning in the tip re-
gion. It is in agreement with the experimental obser-
vations of Gallimore [4] and Dring [3].  

This is a rather simple model and more elaborated 
prediction of the evolution of the blade force inside the 
boundary layer can be devised (see the model of Galli-
more [4] for example). The purpose here is to evaluate 
the benefit that such a method could bring on the 3-D 
loss and deviation predictions.  

In the regions where the inviscid blade force is modi-
fied, the flow does not follow any more the camber sur-
face. In order to avoid the generation of numerical losses, 
it is important that the blade force remains orthogonal to 
the flow. For this reason, it is not possible to work di-
rectly on the modulus of the blade force. To avoid im-
posing a constrain on the modulus of the force, the modi-
fication is performed on its circumferential component 
only. The other components are computed so that the 
resulting blade force is still orthogonal to the flow field.  

The modification of the blade force is tested hereafter 
on the first rotor studied in the previous section. The flow 
path is shown in Figure 7, together with the mesh used in 
the present study.  

The modification of the blade force has been per-
formed over about 15 % of the span. This extent has been 
chosen more or less arbitrarily in order to influence the 

flow field over the correct fraction of the span. This ex-
tent could be determined automatically with a criterion 
based on the boundary layer thickness for example. 

 

 
Figure 7:  Typical  mesh for Navier-Stokes calculation 

Figures 8 and 9 present the results obtained in terms of 
deviation and loss coefficient distributions. For both 
quantities, two calculations are presented: one with the 
blade force modification (TF NS 3-D) and the other one 
without (TF NS 2-D). These two calculations are com-
pared with the distribution obtained from the 3-D Na-
vier-Stokes calculation which represents the reference 
solution.  

Figure 8(a) shows the deviation in the hub region. 
Thanks to the constant blade force through the boundary 
layer, the overturning is predicted both in location and 
magnitude. At the tip, the underturning is also predicted 
but with less precision, as shown on Figure 8(b). It is 
globally underestimated except very close to the tip gap. 
A way to improve the result would be to decrease the 
blade force in that region instead of keeping it constant. 
This would be in agreement with the experimental results 
obtained by Storer and Cumpsty [10]. The improvement 
brought by the modification of the blade force compared 
to the 2-D solution is clearly demonstrated.  

Concerning the loss coefficient, the blade force modi-
fication has only a slight effect on the flow development 
at the hub (Figure 9(a)). Indeed the proposed modifica-
tion of the inviscid blade force does not model the loss 
generated by the interaction of the blade and the annulus 
end-wall. For the tip region (Figure 9(b)), the situation is 
different, as canceling the blade force in the tip gap in-
duces some friction forces at the tip of the blade. The 
resulting loss coefficient is more similar to the one ob-
tained by the 3-D Navier-Stokes simulation but with a 
lower intensity: some flow features such as the loss gen-
erated by the tip vortex flow is not modeled in the 
throughflow.  

In conclusion, the 3-D deviation is relatively well pre-
dicted by the blade force modification model. This is not 
the case for the 3-D losses as the mechanisms that gener-
ate those losses are not modeled (at the exception of 
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some parts for the tip region). Away to model these losses 
would be to rely on the characteristics of the captured 
3-D deviation. Indeed, as it is (partly) the same phenom-
ena that are responsible for the generation of the 3-D 
losses and the 3-D deviation, it should be possible to de-
termine the 3-D loss coefficient from the captured 3-D 
deviation. 

 

 
(a) deviation at hub vs normed radii 

 

 
 

(b) deviation at tip vs normed radii 
Figure 8:  Impact on the deviation of the blade force modifica-

tions in the end-wall regions 

 
(a) loss coefficient at hub vs normed radii 

 
(b) loss coefficient at tip vs normed radii 

Figure 9:  Impact on the loss coefficient of the blade force 
modifications in the end-wall regions 

For example, the maximum underturning at the tip is 
probably well correlated with the maximum loss coeffi-
cient at the tip. This is also true for the spanwise extent of 
the 3-D deviation and 3-D losses effects.  

This approach for the 3-D loss correlation has been 
developed and the results are illustrated by Figure 10. It 
gives the maximum of the loss coefficient distribution at 
the shroud in function of the maximum deviation ob-
served at the same location. The obtained relation is of 
the following form:  

1
3 max 5( ) tanh

c
a b

D rt A R
AR

δϖ θ,
⎛ ⎞

= ⋅ ⋅ ⋅⎜ ⎟Δ
⎝ ⎠

     (18) 

Here again A, a, b, c are the parameters of the distri-
bution. 

These parameters have been determined in the previ-
ous section to fit the parameters in the database. The pre-
diction is considered to be sufficiently accurate.  
 

 
Figure 10:  Maximum loss coefficient in function of the ma-

mum deviation 

Conclusions  

The first approach solving the Euler equations does 
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not need any refinement of the mesh in the vicinity of the 
hub and the shroud, resulting in moderate calculation 
efforts. However this first approach does not capture the 
complexity of the flow physics in the end-wall regions as 
the no-slip condition cannot be imposed, and therefore 
relies on empirical inputs that must be tuned or may suf-
fer from a lack of generality.  

The second approach solving the Navier-Stokes equa-
tions is less dependent on empirical inputs as more phys-
ics is included in the model, but at the price of a denser 
mesh and higher computational efforts. Figure 11 shows 
the improvement brought by theNavier-Stokes formula-
tion over the Euler one for the radial distribution of the 
axial velocity at the outlet of the first rotor. More realistic 
distributions are indeed found with the Navier-Stokes 
model.  

 

 
Figure 11:  Comparison of non-dimensionalized axial velocity 

distributions 

It is believed that the combination of both approaches, 
i.e. the Navier-Stokes approach with captured deviation 
and 3-D losses coefficient computed through calibrated 
functions (equation (18) for example) is a promising way 
to remove a part of the empiricism included in the 
throughflow model. 
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