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PREFACE

Several aspects of Structural Dynamics
as they relate to the Finite Element Method are sur-

veyed.

In Section 2 the variational principles
of elastodynamics of both displacement type and st-
ress type, on which rests the foundation of dual
mathematical modéZs of finite elements. In Section
3 the bases required for an eigenvalue analysis of
a structure. In Section 4 the derivation of the
classical algebraic form of eigenvalue problem
using either displacement or equilibrium finite

element models.

The presence of kinematical modes in
the structure requires generalizations of some con-—
cepts, such as the one of flexibility matrices,

which ave dealt with in Section 5.

Section 6 discusses accuracy of the low
frequency model analysis resulting from methods for
reducing the number of degrees of freedom; it also
describes bounding algorithms to assess this accu-

racy.

Section 7 contains numerical applica-

tions to plate like structures.



Preface

Sections 1 to 7 were written by GERADIN

and FRAEYS de VEUBEKE.

In Section 8, Huck compares several
methods for the numerical computations of transient
response. Particular emphasis i1s put on the modeg,
acceleration method that exploits a low frequency

mod@l analysis.

Udine, July 1972



1. Introduction

Linear structural dynamics is one of the many
field problems of engineering that can receive a variational
formulation, The classical approach is the kinematical one, and
the discretization of the Hamiltonian variational principle in
finite elements results from a polynomial approximation of the
displacement field inside each separate region. Continuity will
be secured through identification of a suitable set of genera-
lized interface displacements, in which case the kinematical
elements are said to be conforming., Integrating the kinetic and
potential energies of the finite elements leads to lagrangian,
or so-called coherent, mass and stiffness matrices.

The first really satisfactory formulation of a
dual principle, in which the kinetic energy is transformed
through satisfaction of the dynamic equilibrium equations in
a functional expressed in temms of an impulse field, is due to
Toupin [38] . Similar approaches where followed by Crandall,

Yu Chen, Gladwell and Zimmermann [6] s [41] ) [24] . Some nu-
merical applications to beam and plate problems were presented
by Tabarrok, Sakaguchi and Karnopp [35] s [36] . Its use asan
efficient tool in finite element applications is however very
recent [19] s [21] and has still to be generalized to the three-

dimensional linear elasticity.



6 . Introduction

This presentation gives a logical derivation of
the dual dynamic principle through the canonical form in the
spirit of the Friedrichs transformation. Its discretization re-
sults from a polynomial approximation of the stress field with-
in each separate region; The diffusion of the boundary tractions
will be preserved if a suitable system of generalized boundary
loads can be chosen that may be defined uniquely in terms of the
parameters of the stress field inside each element.

This paper also discusses the general procedure
for assembling equilibrium, or statically admissible finite el-
ements, in order to implement the dual principle. It will appear
that, when starting from an assumed stress field, the expression
of the kinetic energy of an element involves only a small num-
ber of interior parameters; the equilibrium approach leads thus
in a more natural way to an "eigenvalue economizer". Zero fre-
quency modes are associated with the other parameters, which
improve the representation of the strain energy without increas-
ing the order of the eigenvalue problems. Moreover, it is shown
that there is no advantages in using the dual principle together
with the requirement of forcing orthogonality with respect to
all zero frequency modes. On the contrary, experience proves
that, by ignoring this unnecessary requirement, the computed
eigenvalues generally converge to the exact values by lower
bounds, hence giving precious accuracy by comparison with the

displacement approach, which always gives upper bounds.



2. THE VARIATIONAL PRINCIPLES OF ELASTODYNAMICS

2.1 Hamilton's principle

Hamilton's principle, or displacement variation-
al principle, states that for time fixed end values of the dis-

Placement field u, , the Lagrangian action
b2
f[U] = f (T-V)dt (2.1.1)
%

of a conservative system takes a stationary value on the true
trajectory of the motion,

T denotes the kinetic energy of the system:
T=1 0. 0. d R (2.1.2)
) 9 [t ' ote
R

and V , its potential energy, can be split into distinct parts:

The strain energy
V= W), (2.1.3)
R

results from the integration of the strain energy denSity W(e)
in the domain R . If we restrict ourselves to the infinitesim-
al strains and rotations of a linear elastic material, W can

be written as a positive definite quadratic form

_ 1 mn
W) = ¢ b, (2.1.4)
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of the symmetric strain tensor:

_ 1
(2.1.5) "';}' 3(0; u}+ D,,i u.b) .

mn
The set of elastic moduli defining the tensor CL} verifies
the symmetry conditions

mn mn nm ]
-C ¥

(2.1.6) Cp =G =G = Can -

The relation (2.1.5) show the strain energy to be a functional

of the first order derivatives of the displacement field:
(2.1.7) V= [W(D u) dr .
a ‘

Accordj.ng to the symmetry properties (2.1.6), we obtain the more

explicit expression
_ 1 mn
(2.1.8) V= “2'[% D,u;D,u, dR .

Finally, we deduce from the strain emergy density W the stress

tensor o‘i'} conjugated to the strain tensor &. through

i
the energy relation

_ W _ _mm mn
(2.1.9) o.ij," at’i.} =C

under the condition that the formal distinction between f‘i.}

i Bm™ Cij Imla o

and &, in the case i#i be kept.
Another contribution to the potential energy, v,,
is a potential energy associated to the displacements on the

part 9,R of the boundary:
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vzz-/°r(uﬂ)d0R. (2.1.10)

2R
On the remaining part 9,R of the boundary,

we shall assume that the displacements are prescribed time

functions

u; = G;(t) on 9R . (2.1.11)

For simplicity, we do not take into consideration other poten-
tial energies like that associated with conservative external
body forces functions of position (for example, gravity or e-
lectromagnetic forces).

Applying the principle

S F[u] =0 (2.1.12)

with the Hamilton's principle rules

- at the extremities of the time interval:

du.=0 for b=t and t=t, (2.1.13)

- on that part of the boundary on which displacements are
imposed:

c$l.lj =0 at all time on JR, (2.1.14)

the following variational derivatives are obtained
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(2.1.15) -pu,+0, “‘»jz 0 in R .,

They are the dynamic equilibrium conditions written in d'Alembert's
form. In terms of the displacement field alone, they become

( ' i +D(C. D = 0

2.1.15") - pU + ( i Lu) = 0.

The natural boundary conditions supplementing the essential con-

ditions (2.1.11) are found to be

(2.1.16) -n, o+ ——— = on R,

where ni. denotes the direction cosines of the outward normal.

They state that the surface tractions
(2.1.17) tj =n, a.i.j,
are prescribed functions of displacement and time
iF _+ '
t. = — =t(u,t IR.
(2.1.18) } au‘ ( ’ ) on 2

An important particular case is that of a boundary potential

energy which is a linear function of the displacement field:
(2.1.19) F(u,t) = Uj— F*(t) .

The natural boundary conditions reduce then to the imposition

of the surface tractions
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t& = F}(t) on 32R . (2.1.20)

2.2 The canonical variational principle

We follow the way indicated by Friedrichs [2]
to transform Hamilton's principle into a canonical and, later,
dual form. To this purpose we introduce a dislocation potential

A into the functional (2.1.1) that may then be written as
b2
?[u,v,e,l,a,p]:/ (T-V +4)dt (2.2.1)
by
The dislocation potential consists of three parts: a first one

- 1
A*‘[)‘t}{b‘»}'i(ni u + D‘.} "a)} dR , (2.2.2)

that removes the compatibility relations (2.1.5) as essential
conditions of the variational equations for stationarity of
(2.2.1) by means of a tensor of lagrangian multipliers AL}'

Correspondingly, the potential energy is now expressed as
V,= /W(e) dR (2.2.3)
R

The second part,

b= [ ocj{ui-aoi(t)} doR (2.2.4)
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incorporates the essential boundary constraints (2.1.11) as
natural boundary conditions through the vector of lagrangian

multipliers oc} . Finally
202. A = / . ‘:"‘U dR
(2.2.5) = ¥l })

introduces the velocity field, ‘Uj_ , as -an independent field,

and the kinetic energy is now expressed as

1
(2.2.6) T= [pv}u'}dR.

The introduction of the dislocation potentials A , and A , 1is
a classical procedure used in statics to provide a logical ap-
proach to the two-field variational principles, one of which
is the Reissner-Hellinger principle. Another two-field princi-
ple is given in reference [15} .

On the other hand, the introduction of the dis-
location potential A, is an essential step in the logical trans
formation from Hamilton's principle to the eulerian va,riational
principles of fluid mechanics [14] .

The first step in the simplification of the func
tional (2.2.1) consists in identifying the multipliers. This
results immediately from setting the variational derivatives of

&.. and U. equal to zero:
v 4

(2.207) k - —o-w— - 0
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and

p.-p v, 0] in R, (2.2.8)

and
@, -n 0. = 0 on OR . (2.2.9)

]
related to the strain tensor by the constitutive equation (2.1.9);

Hence the )"i.} tensor is identified with the stress tensor di.'

similarly, ; is identified through (2.1.18) with the surface
tractions t} on the part 9,R  of the boundary.

On the other hand, (2.2.8) shows that the Y.
vector corresponds to the momentum per unit mass.

When (2.2.7) is substituted into the functional

(2.2.1), the expression

AW
v 08..

v
that appears in the intergrand of the functional is treated as

3 -W  (2.2.10)

a Legendre transformation introducing the complementary energy
density ¢(¢), a function of the elements of the stress tensor.
This transformation is possible whenever the strains can be ex-
pressed in terms of the stresses, in which case, through differ
entiation of

&, 0, - W= ¢(0) , (2.2.11)
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the dual constitutive equations

(2.2.12) ¢ 19
*ee i~ de.
v}
follow immediately.
We thus obtain
(2.2.13) ‘ A -V, =U,-T,

with the complementary strain energy

(2.2.14) vUﬁ:/Q(o’)dR ,
R .

and A ,

(2.2.15) | F‘=./ cr.bj.}'D.L %dR

R
where account was taken of the symmetry of the stress tensor.

Also the substitution of (2.2.8) yields

(2.2.16) T+A,=-T+T,

where o .

(2.2.17) L _F3='/9 u‘.}ﬁid,R .
' R

The meaning (2.2.9) of the multipliers “i on the part 3R of

the boundary is utilized in order to transform A, into

\\‘ .
(2.2.18) 8= [ne {u -5} am.
ha v d L E
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The final result is a canonical variational principle in the

Friedrichs sense, requiring the stationarity of the function-

al

2
c[u,v, o] =f (U, +T-V,+4,-L+I,)dt (2,2,19)
Y, _

in which the various integrands are given respectively by
(2.2.14), (2.2.6), (2.1.10), (2.2.18), (2.2.15) and (2.2.17).
It can be used to develop approximate solutions based on in-
dependent discretizations of displacements, velocities and
stresses. Taking the variational derivatives of (2.2.19) res-
titutes the natural conditions of the canonical principle.
The Buler equations are respectively:

~the dynamic equilibrium equations

Di' 0"4- ?{’j,z 0 in R (2.2020)
and

ti = T}(u,t) on ,R (2.2.21)

for the variations on displacements;

~the compatibility equations (2.1.5) written in terms of

the stress tensor

1% 1
—-—=(0,u + D} u)=0 in R (2.2.22)

90’-.,; 2
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and

(2.2.23) u, = u(t) on R

v

for the variations on stresses;

—the constraints between velocity and displacement fields

(2.2.24) p(4-v)=0

for the variations on velocities.
Note that all boundafy conditions are now natural. For finite
element applications of the variational principles, it is im-
portant to recognize the nature of the transition conditions
at interfaces. Because the only space derivatives contained in
the functional are those affecting displacements, we must con-

sider that physical continuity
(2.2.25) (u), = ()

is an a priori requirement; the natural transition conditions
provided by the principle and deduced from the common variations

at interfaces are then

(2.2.26) (t),+ (t).=0.

From that point of view, the canonical principle behaves as
the classical principle of variation of displacements. Obvious
ly the interface constraints could be incorporated into the

principle through an additional dislocation potential and the
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corresponding multipliers identified. Then, just as was found
to be the case for the boundary conditions, all transitional

conditions would be cared for by the principle.

2.3 The complementary energy principle of
elastodynamics

The complementary energy principle of elasto-

dynamics can easily be deduced from the canonical principle by

specializations.

To this purpose, the functional (2.2.19) is in-
tegrated by parts with respect to the displacement field in

both the terms I and [, of the integrand.

The first transformation

r;:/mni o’iju}daR-‘[ u, 0, o, dR (2.3.1)

cancels a part of the contribution of Azz

-V,+ 4, -I= / {F(u,t) - n;o'i}u}}d_aR
R

-/ n. o.T.9dR +/u.D. o dR .
ACY i %

R

! ’ (20302)

In the second transformation,

['ra =[[# vy

by

t v

_f’/,, B udR dt (2.3.3)
b R

L] 4
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the term at the time limits appearing in the right-hand side
is dropped on the basis of the Hamilton's rule (2.1.13), and
the introduction of the new requirements

(2.3.4) 53}:0 for t =t and t=t,.

The functional has thus been modified as follows:

c[u,v,o'] = /bz[ {(Daol}" 9&}) uj} dR+U,-T

,, VR

- - [t.3 do
+/ {F(u,t) t‘.}ui} diR /t}uéd R] dt

3,R 3R

(2.3.5)

and may be simplified by making the assumption that the dynam-
ic equilibrium equations (2.2.20) are a priori satisfied; this
causes the first term to vanish. On the other hand, the inte-

grand of the term 9,R is obviously related to another Legen-

dre transformation

| aF i
(2.3.6) Y ”_“; -FU,)=6(,t)

which is defined whenever the surface tractions given by (2.1.19)

depend on the displacement field, in which case the Hessian ma-

trix
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2
0 F

[m‘} (2.3.7)
v

does not vanish. The complementary function is then such that

96 _
T- uj_ * (20308)
4
With the notations
B = t. u.(t)dar
1 [R } UJ.( ) (2.309)
4
and
B, :[RG(t},t) daR (2.3.10)

the canonical functional reduces now to one that depends only

on the stress field:
t

9[“]=/2<U4‘T‘Br92)dt (2.3.11)

¥y
provided the kinetic energy be also expressed in terms of the
stress field. The dynamical equilibrium equations (2.2.20) that
must be satisfied a priori allow precisely to express the ve-
locity field in terms of stresses:
1 L

v= ll:?o,;/b1 o, dt (2.3.12)
The time integration is avoided by introducing an impulse field,

1‘i , such that
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:-1-0 ..
(2.3.13) v - itu

Hence we adopt the definition
b

2.3.1 T.= T.. o.dt
(2.3.14) W ”*Ib4+[ i
4

which yields

(2.3-15) dij,: 'ti,j,- s

and we have to replace the requirements on the velocity field

at time limits by

(2.3.16) 87 =0 t

A convenient formulation of the complementary energy principle

of elastodynamics is thus the stationarity of the functiomal

a[t] =/”2 [f[.q, Geyp) - %;,Da 0, ":m}}dR

b4 R

_/ tT(H) dOR - f g(t;,t)daR]dt.
(2.3.17) uR WR
It depends only on the impulse field ti,j , since the asso-

ciated surface tractions can be written as

(2.3.18) t;t =n, i-.} .
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The variational derivatives of this principle are

d ¢

dt 9t

o}

that, in view of (2.3.15), (2.2.12) and (2.2.20), are easily

1
+ g(oa O Tai* 000 %) =0 (2.3.19)

J,l‘lll'l‘l\v

interpreted as the time derivatives of the compatibility con-

ditions (2.1.5):

: 1
.- —(D. v. .v.) =0, .3
a% 5 (o, v+ Dva) (2.3.20)

The natural boundary conditions are seen to be

1 d — -

- DL 'Bi'} + a‘ U*(t) =0 on 04R (2-3021')
1 d a6

- — D T.. — — = 0 a R . o Je
p " TAEFTIFEN N (2.3.22)

Both are easily interpreted through (2.3.13) and (2.3.8) as
expressing the continuity of the velocity field on boundaries.
In the special case where the imposed surface tractions (2.1.19)
do not depend on the displacement field, the Legendre trans-—
formation (2.3.6) yields a G function that is identically zero;

the boundary requirement
t, = t}(t) on 9,R (2.3.23)
becomes then an essential condition in the complementary energy

formulation, Similarly, because the displacement field vanishes

completely, the continuity of the impulse field (2.2.26) be-
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comes an a priori requirement.
2.4 Matrix formulation of the variational principles

Displacements, surface tractions, strains, stres

ses and impulses can be presénted as Yow vectors:
U= (u,u,u,)
t' = (t1 t, \:3)

(2.4.1) t":(&’« €2 Ess Yoz T .‘.ﬂ)

, .
i “(“« caz “33 023 “aa o’«z)

(2.4.2) TL;}: Y}-‘, = &.‘}-\- &.}." .
Then, «With. the help of a matrix differential operator
b, 0 o o Db, D,
2

o o o DO, D O

(2.4.3) p=)|0o o o Db, 0O D
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and a corresponding matrix of direction cosines for the outward

normal

N = 0 n 0 n 0 n ’ (204o4)

The basic equations of linear elasticity theory recalled in the

preceding sections take the following forms

¢=0u strain-displacement relation (2.4.5)
Dt-p i=0 dynamic equilibrium equations (2.4.6)

t=Ne¢ surface equilibrium equations (2.4.7)

The linear stress-strain relations

o= He ¢ = H'o (2.4.8)

involve a symmetric, positive - definite matrix H of elastic
moduli.

Following these definitions, the functionals of
both displacement and complementary energy principles may be

written in matrix form:
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fu] = [2[%‘/? a'ﬁdR-‘?/(Du)'H(Du)dR

+/I‘u daR] dt,

%R

b2

9] = /

by

[—‘2- ["s' H'% dR-%[%(D’r)’(D't)dR

-/(N'-'c)'adaR] dt
(2.4.10) o
in the particular case where the external potential energy re-‘
sults from the imposition of the surface tractions on 3,R.
The matrix notation adopted here is more suitabl
than tensor notations when discretizing the functionals (2.4.9

and (2.4.10) by the finite element method.

3. EIGENVALUE ANALYSIS

The computation of the eigenvalues and associat
ed eigenmodes of an elastic structure can be considered as one
of the most important goals aimed at in the dynamic analysis

of structures.

The benefit expected from a dual approach of t

eigenvalue problem is the same as that guaranteed in statics:
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a bracketing of the exact solution between upper and lower bounds
when using alternately the kinematical and equilibrium approach-
es. Keeping the eigenvalue problem under variational form is

the easiest way to derive the respective properties of both a-

nalyses.
3.1 The kinematical approach

3.3.1 The Rayleigh quotient

Under the assumption that no external load is ap-
plied to the system, the Euler equation of the displacement

variational principle reduces to
D'(H Du) -pii=0 (3.1.1)
under the a priori requirement

u=0 ' on 34 R (3.1.2)

that defines the set of admissible solutions. The natural bound-

ary conditions obtained from the principle are homogeneous
t=No=0 on azR (301.3)

As is well known, the general solution can be obtained by su-

perposition of harmonic solutions of the form
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(3.1.4) ‘ u(x,t) = u(x) cos (et +9)

obtained by separation of the time variable.

The eigen-modes and eigenvalues of the corre-
sponding self-adjoint differential system
D'(H Du) + «)zPu =0
(3.1.5)
u=0 on QR

are. denoted by

Upys Ugy s »ov s Uy ve-
(3.1.6)
2 2 2

O <O <... <O ...

We can define the corresponding Rayleigh quotient

P f(ou)'H(ou)dR
® = R(u) = = ,

(3.1.7) 4 /? u udR
u=2=0 on 34R

and by taking variations with respect to the displacement vec-
tor u , it follows immediately that (3.1.7) takes a stationary
value wz = wi for the corresponding eigenmode um

We recall the well known orthogonality properties:
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/R(nu(”)' H(DuJaR= y, 5, (3.1.8)
and
'U'. u.dR= .8.. . o1,
[?-~ @ Yep ) (3.1.9)

The generalized stiffness and mass so introduced, 1} and I3

are not independent of each other, since (3.1.7) gives

2 A
o =X

(3.1.10
Mi )
A convenient choice of norm consists thus to impose

P;zf? u'(.b)u(.b)dR =1 (3.1.11)

R
so that
) 2
/R‘(DUG')) H(Du(;,))dR= @, . (3.1.12)

Note that the possible zero frequency modes of the structure
have to be interpreted as either the rigid body modes or the
mechanism of the structure, since (3.1.12) shows that they

involve no strain energy.

3.1.2 Independent, or maximum-minimum
characterization of eigenvalues [2]
A1l minimum properties of the Rayleigh quotient

in the displacement approach can be deduced from Courant's
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theorem, often called the "minimax principle'.

To this purpose let us turn to the variational
problem of minimizing the Rayleigh quotient (3.1.7) under

arbitrary constraints taking the form of conditions of ortho-

gonality:

(s1.13) [ vjudR=0 IR BY

R

Courant's principle states that "the l'th eigenvalue of problem
(3.1.5) is the maximum value which can be given to the minimum
of the Rayleigh quotient (3.1.7) by varying the r - 1 con-
straints (3.1.13). This maximum is reached for 13}2 p u(};.

If we denote by m(v,,... vr_‘) the constrain-

ed minima of the Rayleigh quotient, Courant's principle can

thus be written as
\ A
(3.1.14) © = max m(v,, ...V, ) =m(@Uey,..-»p u(r_i))

To prove it, express the admissible solutions

as expansions in eigenmodes of the unconstrained system:

_ @
(3.1.15) u= X a e,

b=4

Thanks to the orthonorming properties (3.1.8) to (3.1.12), the

problem is transformed into
[ 2}

2 2

a: .
(,)z = ; v minimum
La

r

(30'1. 16)
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under the constraints

@
.= 0 | = ,2 .o -1 ele
i'g‘ c,b}ab i=1 r (3.1.17)

where
c..= [ v.u, dR . (3.1.18)
Or, equivalently,

® , ,
m = g a o, minimum (3.1.19)

under the constraints (3.1.17) and the additional norming con-

straint

v

:f a =1 (3.1.20)

Under given constraints (3.1.17) m takes the value
2 2 2 2 2 2 .
m= z‘:ai’wi’<w ;a.:wr (3.1.21)

for the particular set of values

a’.b:O i>r

and values of a for { < r satisfiying the constrains, which

are then reduced to
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(3.1.22) | e a=0 p=12...r-1

(3.1.23) | L a%=1

The homogeneous system (3.1.22) has always a non trivial solu-
tion (the number of unknowns exceeds by one the number of equa-
tions), that can be scaled to satisfy (3.1.23). The result
(3.1.21) being independent of the constraints, it can be con-
cluded that, whatever those may be, the constrained minimum
cannot exceed the r* eigenvalue wi . Courant's principle is
proved if a set of constraints can be produced for which the
minimum actually reaches a):, 5 it is then the maximum. of all

minimums. This is the case for the choice

v}:—.?u(p J:1,2...r-1
for then we find from the orthonorming properties

c..= §.. and, in particular %‘;:0 for { > .

lv& v J,

Thus the constraints (3.1.17) require simply that

a=0 i=12...r-1

[
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The choice

a =1 a. =0 L>r.
r L

satisfies the norming condition (3.1.20) and we find

2
ms= o .
r

3.1.3 Recursive characterization of eigenvalues

As a direct consequence of the minimax principle,
we consider the restricted class.of admissible solutions which
consists only of displacement modes orthogonal to the firstr -1

eigenvectors
f?u(pudR:O j=1,...l‘-1. (3.1.24)
Then

. 2
mttln R(u)z ., (3.1.25)

and this minimum is reached for u :'%¥Y This well known result
defines an efficient procedure for obtaining eigenvalues recur-

sively by minimization techniques [18] .

3.1.4 Minimum of the Rayieigh quotient
under constraints

The maximum minimum property of eigenvalues also
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allows to predict how the eigenspectrum will be modified by

imposing a set of independent constraints:

(3.1.26) [gludRzo R

As a first conseque inci 2 i
quence of Courax;t's principle, W, , is the
maximum value which can be given to the minimum of R(u) when

varying the r -1 arbitrary constraints (3‘.1.13):

(3.1.27) w? = max m(v,,... v
v

r-4/"

Next denote by (T)i the r* eigenvalue of the constrained
Rayleigh quotient. We may also write

(3.1.28) ":zmvax m(v,...v,_,59,...9,),

which is obviously bounded from below by the corresponding
eigenvalue of the unrestrained minimum problem.

Hence

2 ~ 2 .
(301.29) ‘,)l‘ < (l)r
Now let us also vary the 3 imposed constraints (3.1.26): the
maximum value that would be reached by the minimum of R(u) if

all r+ %-1 constraints could be varied is equal to

2
(301030) w‘.* = max m( 4"“’3'._4 3G9 500 gg)
' v,9 ' »

Hence we obtain the second inequality
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® <o, (3.1.31)

We have thus established Rayleigh's theorem on constraints:
"If 9 arbitrary constraints are imposed on a vibrating
system of which eigenvalues are given by (3.1.6), then
the new eigenvalues (7): separate the old ones in the
sense that

] 2 2

W, oSO < B (3.1.32)

for every r=n -»

Note that the discretization of the eigenvalue
differential system (3.1.5), as it reduces the class of admis-
sible functions to a finite set of displacement modes, may be
considered as an imposition of additional constraints to the
eigenvalue problem. Rayleigh's theorem guarantees thus the up-
per bound character of eigenfrequencies computed from a kinema-

tical approach.
3.2 The equilibrium approach
3.2.1 Self-stressing and vibration modes

The variational derivative of the complementary

principle (2.4.10) is
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(3.2.1) -H'% +0(_‘_D’-c) =0
?
and its natural boundary condition
(3.2.2) - lpes+L g0 on
dt a‘R

to which we must add the a priori boundary condition

(3.203) t = N"'.C=0

In the spectral analysis problem we set

on aQR

(3.2.4) (z,t) = t(x) cos(wt+ )

whereby the Euler equation (3.2.1) takes the form

(3.2.5) RE D(l?-D' t)= 0

The Rayleigh-type quotient appears in the form

P

JEXCOEELY
R

(34246) ® =R() =

/«H zdR
- VR

in which the amplitude'vector‘tﬁx) must satisfy the a priori

boundary condition

(3.2.7) Nt=0

2, R
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As in the kinematical approach @'=0 belongs to the spectrum
of eigenvalue problem (3.2.5) and (3.2.6). It appears clearly
on (3.2.6) that the eigenmodes pertaining to this eigenvalues

satisfy

D=0 (3.2.8)

together with (3.2.7). They are statical self-stressing modes,
that is stress distributions in equilibrium without external
forces; thus capable of existing without inertia forces. In
contrast however to the kinematical approach, their number is
infinite for a continuum (finite but large after a discretiza-
tion), while the kinematical modes are finite in number and
even non existent if the structure is at least isostatically
supported.

The self-stressing modes will be denoted by O}D
and will be supposed to be referred to an orthonormal basis

' -1

The other eigenmodes will be denoted by T and ranged in

increasing order of their eigenvalues

HORBMOREEARI I
2 2 (3.2.10)

(01 sﬁ)a ...s&)n s
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We may assume without loss of generality that, in addition to

(3.2.9), we dispose of the orthonorming properties

’ |
(3.2.11) ‘[ o'(i)H T () dR=0
[] -4
(3.2.12) J{ m(r)H T () dR = §,
' ] ' 2
(3.2.13) ./;(D ) D' %y dR= @ 8

3.2.2 Properties of the Rayleigh quotient [I3] , [20]

As a consequence of Courant's principle, the
Rayleigh quotient will theoretically furnish an upper bound to

the eigenvalue n)f , provided ¢ is orthogonal to all self-

stressing modes of zero frequency.

It is of interest to note that it is quite pos-
sible to construct impulse distributions that are orthogonal

to all the self-stressing modes. Orthogonality means

/e 8dR=0
dl. (i)

» A
where dho is any self-stressing mode, and & is the strain
distribution associated with the orthogonal stress distribution

through the constitutive equations. A sufficient condition to
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implemenit (3.2.14) is to make the strain distribution compati-

ble:

o
"
o
c>
=
o)

(3.2.15)

with the homogeneous boundary condition

G = 0 on 04R . (3.2.16)

Indeed one obtains then from integration by parts

A - ] A
/R'crmadR_ ‘[%(D 4) dR
) A ) »A
_/a;(n o)’ dR-‘/R‘(D o)l dR ,

and the right-hand side vanishes in view of (3.2.7) and (3.2.8),
which are applicable to oy, , and in view of (3.2.16). The
condition is also necessary as can be shown by satisfying (3.2.8)
with the help of stress functions, integrating (3.2.14) byparts
and using the arbitrariness in the stress functions to show that
the strains have to satisfy the integrability conditions for the
existence of displacements.

In view of

Tz He= H(D G) ) (3.2.17)

the Rayleigh quotient becomes expressible entirely in terms of

A
the auxiliary displacement field u
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/ L(oHody@EHod)ar
R

(3.1.18) R@) =
f(n )" (D G)dR
R

This new Rayleigh quotient, that leads immediately to the non
zero eigenvalues of the problem, has the same kinematical bound
ary conditions (3.2.16) to be satisfied ab initio as (3.1.7),

but in addition the transformed boundary conditions (3.2.7)

(3.1.19) N'H(D 4) =0 on J,R.

An interesting inequality [13] relates (3.1.7) to (3.2.18). To

prepare its proof consider the following obvious inequality

(3.1.20) | /(V‘“a- )(V_'a v_)dR;O

valid for any value of the scalar A . Expanding it gives
(3.2.21) /9 a'adR-Zh/a'bdR-a—Xzf;fﬁbdR;O.
(3 R R

and the minimum of. the left-hand side is reached for

fa'bdR
R/

(3.2.22) A= .
/‘-b’bdR
R ©
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Hence, after substitution

[% p a'adR- {[%a‘b cm}2 {lzléb'bdR}';o (3.2.23)

setting

a=u (3.2.24)
and

b=D'(H DU) (3.2.25)

we already identify two of the integrals as the denominator of
(3.1.7) and the numerator of (3.2.18).
For the third integral

1 ) 1 Aavps A
L dR:/— D'(H D
/;Zab [ &0° Dd)aR

:A%(N u)'H (D G)ds-L[%(DG)‘H(DG)dR

=-f%@®mm®w
(3.2.26)

since the surface integral vanishes on account of (3.2.16) and

(3.2.19). We obtain thus the inequality

2 A2

wks(')a

where 6)2 denotes the classical Rayleigh quotient (3.1.7), and
(:): s the quotient (3.2.8). This means that whenever a dis-
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placement field is chosen, that satisfies both the kinematical
and the stress boundary conditions, the classical Rayleigh quo-
tient is always a better approximation than the one derived from
the stress approach with orthogonality to all zero frequency
modes. However, as numerical experience shows, direct applica-
tions of (3.2.18) usually under-estimate the frequency and con-
verge through lower bounds when the number of degrees of free-
dom is increased. This is of course due to the fact that the
assumed stress modes do not satisfy orthogonality with respect
to all the self-stressing modes. Unfortunately there is no guar-
antee of this property of lower boundness, and further theoret-

ical research is necessary to be able to incorporate this into

the formalism.

4., FINITE ELEMENT MODELS

4.1 The displacement approach [Ii] s [Zﬂ

Element stiffness and matrices

Consider the simply connected domain E of an
element bounded by its surface 9E  on which it will be con-
venient to assume, for the time being, that all surface trac-

tions are specified.

The displacement field within the element will
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in general be discretized in terms of polynomials contained in

a 3 xn(a)matrix P(x)

u(x,t) = P(=)a(t) (4.1.1)

where a(t) is a column matrix of unknown time dependent coef-
ficients. It is important for purposes of connections between
elements to distinguish between the displacement field along
the boundary of the element and in its interior. The boundary
displacement field will be determined unambiguously by a set
of generalized boundary coordinates. When those are chosen, we

always obtain their values in termms of the set of coefficients
q(t) = Ma(t) (4.1.2)

We shall assume, temporarily, that the homogeneous adjoint e-
quation

M'g= 0
has but the trivial solution zero. This ensures that the q can
be chosen independently and that the general inverse of (4.1.2)

is of type

a(t) =Q q(t)+ Bb(t) (4.1.3)

where the first term is a particular solution, the second is
the general solution of Ma =0 and contains the arbitrary co-

lum matrix b . Substitution of (4.1.3) into (4.1.1) yields



(4.1.4) u(x, t) = QA=) (L) + B(=) v(L)

with

(4.1.5) Q(x) = P(x)Q 8=V

The Q(xz) are the "shaping functions", the B(x) <the “oukk
functions" so—called because they vanish at the bPoundary, s

the boundary displacements are, by assumption, uvniqgquely Qe

mined by the q coordinates. When there are bubble functs
the shaping functions are not unique, they can e mModifs;
arbitrary additions of bubble functions; this is howeve
essential for the developements to be presented here,

strain field can be represented indifferently oy

g(x,t) =D u(=,t) = KD P(x\\ a (V)
(4.1.6) = (0 a) a + (0 BE) ey

Discretization of the strain energy is similarl

’ 1 \
(4.1.7) v, ftw(e.) dE= = L&. 3
A JaK a

2 A

' ) A \
(4.1.8) = Jz—q quq-\- qQ qu‘o-\- —;ib ¥
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In general

Kaa:/E(D P(m:))'H(D P (”)) dE (4.1.9)

is easier to compute and
K= \[ (DQ(::))'H(DO(&)) dE
qu:‘/E.(DQ(x))'H(DB(x))dE [ (4.1.10)

K“:A(Ds(x))'n(oa(x))da |

instead of being calculated from the derivatives of shaping

and bubble functions can also be obtained from (4.1.3) and K.,

-1 [y r_ 1 »
V4--5(bB +qQ)K_(0qg+ Bb)

1 ] U
qu =Qa K“Q qu =Q K“B :Kbq (4.1.11)

K,= BK, B

Similarly the kinetic energy discretization



(4.1.12) T=3 ‘/;? G udE = A WEOH™M A

(4.1.13) M= f? P (=P (=) AE

instead of being expressed in terms of a consistent mass ma

trix Maa » can also be expressed in terms of consistent

matrices for the boundary velocities and internal velocix

T= T AEOIM_At) + QCHIM B + L ECOM
(4.1.14)
M_= JE' (=) A(x)dE = Q' M _Q
(4.1.15)

M, = JQ? QE) BGx) dE =AM B = W

M = f ¢ BI(=) B(x)dE=8'M_8

While

are certainly positive definite,
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bq bb

are only non negative because the rigid body modes of the ele-
ment, which must essentially be included in (4.1.1), are not
associated with any strain energy,

Discretization of the extermal potential energy

introduces a natural definition of the "generalized loads"

/ u' T ddE=q'¢" | (441.16)
13
where

* —
g = Q(x) t dOE (4.1.17)
14 .

There are no generalized loads conjugate to the bubble coordi-
nates b , because the bubble functions precisely vanish a-
long 9E . The starred notation for the generalized loads
conjugate to ¢ .indicates that they are linear functionals
of the surface traction distribution and consequently provide
only "weak" information about this d-istribu.tion..

The functional (2.4.9) of the displacement prin-
ciple can now be dispalyed in its completely discretized form .

for the element as
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46
b2 1 ) \
[ -2-{q (Kq@+ K D) + B(K, q+K,, )
A
- §'(M G+ M B) - D'(M, +M, Blat
3
-/’q' g*dt .
by

(4.1.18)

Its variational derivatives with respect to q and b are

.o e *
(4.1.19) quq-i-qub-l- quq+qub =g
(4.1.20) Kb\qq +K, b+ Mbqéi + M&B =0

In view of their contribution to the kinetic energy, the bubble

coordinates are not as easily eliminated as in statics, where

we can always write
-1
(4.1.21) b =- Ky Ky @

because bubble functions necessarily represent independent de-
formation modes of the element and involve a positive definite
K bb matr;'Lx. If however, as is generally the case, we are

mainly interested in the low frequency dynamic behaviour of the

structure, we are entitled to assume that the bubble coordinates



Displacement approach 47

follow statically the boundary motions as in (4.1.21). Then,
sustituting (4.1.21), not in equation (4.1.19), but directly

into the kinetic and potential energies, we obtain equations

of motion of type

K,q+M4q = g: (4.1.22)

with "reduced" stiffness and mass matrices [Zﬂ

4

K=K -K K K (4.1.23)

E dqd qb bb ' bq

ME = M -M bebeq- K K M q-u- quKbebbeb Kb
This procedure is a particular case of a general reduction meth-
*
od to be presented in section 7. In (4.1.22) q, and g  stand
*
respectively for q and ¢ . When the bubble coordinates are
not eliminated we still consider (4.1.22) as representing the

equations of motion of the element, but here
' [ ) ® ¥
g,=(@ b) g/=(g" 0)

and

M M
qq qb qq 9b

Ky K Mo My,



4,2 Structural stiffness and mass matrices

The principle of assembling the elements con-
sists in stating that corresponding boundary displacements
should have common interface values, implementing as shown

earlier the exact transition conditions

u=-u along interfaces

If w denotes the column matrix of all independent generalized
displacements at the structural level, the identification of
displacements is achieved by means of Boolean, or incidence,
matrices LE (often called the element localizing matrix)

addressing the elements of q, to the proper ones of w:
(4.2.1) q, = L w

Equating the sum of the virtual work of all extemal forces
acting on each element to the virtual work performed by the
forces 5" conjugate to w , which are external to the assembl-

ed structure
' ¥ ’ [N (3
Equ‘gs_w SLEgE-wg
and observing that this must hold for arbitrary w

(4.2.2) y'= LU, g,
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Substitution of (4.1.22) yields finally

*

Kw+ My = y (4.2.3)
with

K = g L'E KL, (4.2.4)

M= L: LML, (4.2.5)

4.3 Dependent boundary displacements. Superelements

We turn to the case where equation (4.1.2), re-
lating the time dependent coefficients of a(t) and the boundary
displacements q(t) required to implement correctly the transi-
tion conditions, is such that

M 'g =0 admits non trivial solution

Let g =Yc with arbitrary ¢ denote its general solution (the

colums of Y are independent). Then

Y'q=0 (4.3.1)

is a necessary and sufficient condition for the inversion of
(4.1.2) and the boundary coordinates q are no more independent.

This case typically presents itself in trying to set up con-
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forming plate bending elements respecting the Kirchhoff-Love
asspmption of zero transverse strain [9] s [33] .

It can be solved by constructing a superelement,
that is assembling a small number of elements, each of which
suffers from dependency relations between its boundary dis-
placements, in such a way that independence is obtained for the
boundary displacements at the assembled level. Suppose that
the coordinates of each component element are adressed either to
the boundary coordinates q (b) of the superelement or to its

interface coordinates q(i)

(4.3.2) 9= Fs It GE 9y

and consider the dependency relations

Ye Q. = (Y E Fﬁ)lq(b) + (YE Ge) cl(i') =0

(40303) E=1,2 ...,N

Then, the complete set of dependency relations

Y!F Y, G
.. =0 F = _'l_‘ G = A
(4.3.4)  Fag,+Cag, Y. F Y.,

must be solvable for q(i) . Thus the rows of G must be linear

ly independent. Then we can express
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9;,=Wgq,+Bb (4.3.5)

where the columms of B represent possible "assembled" bubble

modes for the superelement. From the inversion properties

F+GN=0 and GB=0 (4.3.6)
we deduce
Y.F+Y . 6W=0 ad  YGB=0  (4.3.7)
£E=1,2,...,N
so that
q, = (F,+GW)q, +GBb E=12,...,N (4.3.8)

obviously satisfies the dependency relation (4.3.3). A partic-

ular solution of
M, a =(F +G6W)q, +GBb
is thus available for arbitrary 9py and b
a=Qgq,,+P b+ B b, (4.3.9)
the last term containing the eventual bubble modes of the com-
ponent element.

The situation is now comparable to that of a

simple element. The only difference is the necessity of extend-
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ing the integrals required to compute stiffness and mass to the

union of the domain E , or to the boundary of this union,

4.4 The equilibrium approach. Element flexibility
and inverse-mass matrices [12],[13],[2]].

The impulse field is discretized as follows
(4.4.1) t(x,t) = R(x)c(t) +S(=)a(t)

The stress distributions adopted are thus divided in two types:
a) In S(x) each colum is a set of stresses in equilibrium

without body loads. Thus
(4.4.2) D'S(x)= O

b) In R(x) each colum corresponds to a stress distribu-

tion that requires a non zero distribution of body

loads

(4.4.3) D' R(x) = wv(x)

In general R(x) and S(x) together constitute a complete repre—
sentation of <(x,t) in terms of polynomials up to a given de-
gree and ¥(x) contains at least the inertia loading due to a
rigid body motion of the element.

The intensities C(t) and s(t) of the stress dis—
tributions are the unknown time functions to determine so that

deformation compatibility be satisfied in some '"best" sense.
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Extremization of the functional (2.4.10) is a convenient tool
to use for that purpose.

Along each facet aaE of the boundary of an ele-
ment, the assumption (4.4.1) generates a set of independent sur-
face traction modes. To each surface traction mode a time de-
pendent intensity is attached. The set of intensities consti-
tutes a colum vector g (t). Hence if N, denotes the direction
cosines operator for 9 E and Ta(a:) the identified surface trac-
tion modes, the following identity must hold for arbitrary C(t)
and o(t)

N. R(z) ¢ + N S(x)s = T (=) g, (t) on 9 T (4.4.4)

The elements of g“(t) are called generalizedloads;
in contrast to the kinematical approach they give strong infor-
mation about the surface tractions distribution, that can bbe re-
constitued from the knowledge of their values. Each time a choice
is made for the measure of intensity of a surface tractionmode,
this measure becomes related to the values of ¢ and 4 . Con-

sequently we dispose of matrix relations
go(t) =G c(t) + Cpa(t) for 9,E

Denoting by g(t) the colum of all independent g,(t)defined on

the partial boundaries, we finally obtain
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(4.4.5) g(t) = 6 c(t)+Ca(t)

and this equation plays a role very similar to (4.1.2) in the
kinematical models. The matrices G and C are called the load
connexion matrices.

The virtual work of surface tractions on pre-
scribed boundary displacements can now be subjected to a dis-—
cretization coherent with (4.4.1) and (4.4.4). On the partiai

boundary 9 E

(4.4.6) [EG'tdal-:zfauEU'Ta(m)g“(t)daE:q:’ga(t)

where

¥ - ' -
(4.4.7) Qe T'(z) U doE

Qe

Again, collecting in q*(t) the independent q;(t)defined on par-
tial boundaries, the virtual work of surface tractions receives
a canonical scalar product form
(4.4.8) / Gt dOE = g'(t) g"(t)

(13
The quantities defined by (4.4.7) are linear functionals of the
boundary displacement field and provide only a weak knowledge
of this field. It will be observed that from the viewpoint of

strong and weak knowledge the roles of displacements and forces
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is here reversed as compared to the kinematical models.
We are now in a position to discretize completely
the complementary variational principle (2.4.10):
l/%’H"% dE= L C'F ¢+ e'F 5 +~3F 5  (4.4.9)
2 ¢ 2 cc [+] 2 EX]

with a positive definite flexibility matrix

FCC FCQ
F= (4.4.10)
FﬁC FQ’)

F = [ R'(x)H R@)dE
g f )H' Ra)

szfR'(:c) H'S(x)dE
I-'M:/S'(m) H' S(x)dE

and

L ‘[ -;-'-(D"c)'(D"r)dEz%c'Nc (4.4.11)

which introduces a positive definite "inverse-mass" matrix

N :f-1-(D'R(:n))'D'R(:c)dE:jlu’(:c)v(:n)dE
e P e P (4.4.12)
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Substituting (4.4.9), (4.4.11) and (4.4.8) into the variational

principle (2.4.10), the variational derivatives, with 8¢ and 6%

vanishing at the time limits, yield

(4.4.13) -(F ¢ +F_ 3)-Nc+Gq =0
(4.4.12) -(F €+ F, 3) +C'g" =0

They are the compatibility conditions looked for.

4.5 Solution of equilibrium approach in terms of unknown
displacements

The use of unknown generalized displacements for
assembling finite elements at the structural level by localiza-
tion is a convenient procedure that is also applicable to equi-
librium types of elements. The only difference is that the general
ized displacements aré "weak' and are essentially of the interface
typee. Hence interface identification of weak displacements will re—
sult in equilibrium of conjugate generalized loads, Since those how-
ever are "strong" theywill enforce complete interface equilibrium
of surface tractions, which was a requiremént of the complemen-
tary variational principle at the structural level. The weak
displacements on the boundary, q*( t) , were already defined
but we have still to attach weak conjugate to the body loads
generated by (4.4.3). This is again obtained by virtual work
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considerations. The body loads are given by

D't =-D'R(x) ¢ =- v(x)c (4.5.1)

Their virtual work, put in canonical form,
—/u'D'%dE:p*'é (4.5.2)
E

yields
P = -/ v'(x) u dE (4.5.3)

linear functionals of the internal displacement field.
Now - D' T also represents the inertia forces - [ u . Consequen-
tly, considering the kinetic energy,

d

1 ) ., ey o 124)°
— =cNc = = E
dtchc c'Nc [(?u)udE [(DR)ud

= e'fw(z)m:-e'.s*
E

and, comparing,

*

b :-NC (40504)

The introduction of p* as conjugate to € also

furnishes an interpretation to

c=-N" b* (4.5.5)
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In view of (4.4.18) the compatibility equation (4.4.13) and

(4.4.14) can be written together as
(4.5.6) Fe = C,

in terms of the elements complete flexibility matrix (4.4.10)

and a complete load comnexion matrix

G C
(4.5.7) c, = “
I O
Noting that (4.4.5) can be written in the form
¢ g
(4.5.8) ¢, | ) = | .
3 E ¢ E

differentiating and substituting in this the solution of (4.5.6),

we find

g q
(4.5.9) . = Ke .

¢ € P E
with
(4.5.10) Ke=C Fe C;_

the stiffness matrix of the equilibrium element. Introducing

now the mass matrix of the element, defined as
0 O

(4.5.11) ME: 4

0O N

The system (4.5.9) is finally presented in the same form as

that (4.1.26) of a kinematical element
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o ¥ e
q q g

Kel ., ] * M| .., ]| = (4.5.12)
P E P E 0 E

However, while in the former case it was a discretized form of
the dynamic equilibrium equations, in the present case it is a

discretized form of the compatibility conditions (2.4.5).
4.6 Kinematical freedoms of equilibrium elements

A set of weak displacements
¥

q

*
= u
*

p

that produces no strain energy is one for which
*) * LR U= VP .
uTK u = (C u)F(Cu) =0

Since F is positive definite, such weak displacements are all

found as non trivial solutions of the homogeneous system
' *
C,u =0 (4.6.1)

or, in view of the structure (4.4.21) of C,

[ ¥

Cqg=0 p=-6 ‘:l“E (4.6.2)

Attention can thus be focused on the first of equations (4.6.2).

For any non trivial solution it furnishes for the boundarypart



60 " Finite element models

q * , the second equation furnishes the corresponding internal
part p* . Rigid body modes of the element must evidently pro-
duce solutions. They can be found by inserting rigid body dis-
placements fields for U into the definitions (4.4.7). Any non
trivial solution other than rigid body modes is a kinematical
freedom of the element; it is an undesirable feature, the ex-
act converse of the non independence of generalized boundary ;
displacements in kinematical models. Indeed it can be viewd as
an undesirable dependence constraint on the generalized loads.
Equations (4.6.1) is he homogeneous adjoint of (4.5.8) and pro-
vides the necessary and sufficient conditions for (4.5.8) to
be invertible. More simply, the non trivial solutions (f of

the first of equations (4.6.2) provide the conditions
*) .
(4.6.3) u(g-6¢)=0

for 5 to be expressible in terms of g and ¢ in (4.4.5).

As long as erepresents a rigid body mode, the
conditions (4.6.3) merely express the required global equilib-
rium between forces applied at the surface of the element and
inertia loads. But if there are additional kinematical freedoms
the set of g forces is submitted to further restrictions. It
is also interesting to note in (4.4.5) the possible existence

of non trivial 3 = h vectors, such that

(40604) C h = 0
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The corresponding states of stress
v =S(=)h (4.6.5)

do not produce surface tractions and are in equilibrium with-
out body forces. They are really self-stressing states within
the element. By analogy with the kinematical models they could
be called stress bubble modes.

4.7 Structural assembling of equilibrium models

Turning back to equation (4.5.9) after partionning

the stiffness matrix

. - -* - *
9e = quE 9e +quep E (4.7.1)
I * % . ¥
CE- quEqE+Kppzpf_ (4-7-2)
we substitute
- e
Ce=-N_p, (4.7.3)

and localize the weak boundary displacements by

q =L, w (4.7.4)

From (4.7.2) we then obtain a first set of dynamic equations

\
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TS o ¥ - ¥ _
(4.7.5) -N_P, = KPqELEw +K P £E=1,2...N

If there are no interface and external boundary inertia loads

(4.7.6) Y L'Egt =0

Time differentiation of this and substitution of (4.7.1) and
(4.7.4) produces

(4.7.7) (ZLK L) w* + LUK b= O

qE

The structural eigenvalue problem is finally reduced to the
standard form

(4.7.8) (K- o M=x=0

where = is a vector of amplitudes of the weak displacements
¥ ¥ * *

P,> Pys---P,, w and
K, O o o K. L, |
0 Koo 0 0 Kogel 2
K= 0 0 -—— 0 0
0 0 0 K, o Kby
l I ' ]
L LK, LK, O LK. ZL Koqel e |
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Because of the absence of any inertia attached to the w* part
of the displacements (the last row and column of M are zero),
it is possible to eliminate w‘ statically by using the equa-

tion (4.7.7). The degrees of freedom of the eigenvalue problem
are thus reduced to the set of all internal degrees of freedom
p: . Because this number is usually quite low compared to a
kinematical approach of equivalent idealization, the equilib-
rium approach to dynamics appears as a natural "eigenvalue e-

conomizer",



5. EIGENVALUE ANALYSIS IN THE PRESENCE
OF KINEMATICAL MODES

5.1 Introduction

The problem of determining the natural frequencies
and mode shapes of structures by matrix iteration on the linear

system
(5.1.1) Kx= oMx

becomes complicated when the stiffness matrix K , instead of
being positive definite, is only non negative. This situation
prevails in free-free beams, for instance, or, more generally,
whenever the structure is capable of undergoing displacement
modes without storing deformation energy. Such modes will be
indifferently referred to as kinematical or rigid body modes.
The matrix K being singular, a commonly proposed procedure [3]
consists in applying a spectral shift o¢ and solve the modified

problem

(5.1.2) (K + otM) 2 = (" + )Mx

In an improved version of this procedure the spectral shift is
obtained by separate elementary modifications to the stiffness
and mass matrices in order to eliminate the presence of the

kinematical modes [14] .
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The technique discussed here consists in genera-
lizing the concept of a flexibility matrix to positive semi-
definite stiffness matrices. It was first proposed in [8] and
can be modified in order to obtain a symmetrical iteration ma-
trix., When applied to an analysis in finite elements, it re-
quires the non-trivial preliminary operation of determining the
kinematical modes. This can be achieved by applying the Gauss
inversion algorithm to the original stiffness matrix. Such a
numerical procedure, using a Choleski factorization, was first
applied by Craig and Bampton [5] . However advantage can be
gained from the Caussian inversion ability to preserve the
symmetry of the original matrix while selecting at each stage
the largest pivot on the diagonal. Moreover the latter proce-

dure is characterized by a minimal growth of round-off errors

[35] » 4] -
5.2 Kinematical modes and deformation modes

K is positive but only semi-definite if there

exists non trivial solutions of

K= O (5.2.1)

They may ohviously be considered as modal shapes of problem
(5.1.1) associated to a zero eigenvalue. We denote a fundament-

al set (linearly independent and complete) of such solutions by
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® = ug (t=1,2... ?) and refer to them as the kinematical
modes. The other eigensolutions of problem (5.1.1) are modal
shapes associated to non zero eigenvalues. A complete set of
those will be denoted by x = :r.(r)(r =1,2... 0') ; they are re-
ferred to as the deformation modes.

Modal shapes belonging to different eigenvalues
are known to be orthogonal with respect to both the stiffness
and the mass matrix. Modes belonging to the same eigenvalue can
always be rendered orthogonal to one another. Consequently and

without loss of generality

U(i‘) M U(J,’) = 6"} m“)M w(r) - 80\’
(5.2.2)

]

l'l(i.) M x(r-)

"
o

) 2
K= @8,

Relations like :!:("_)Ku(i‘)= 0 and uEpKum:O are only weak conse-

quences of the equation
satisfied by the kinematical modes. Equations (5.2.2) show ad-
ditionally that the modal shapes were normed to unity with re-

spect to the mass matrix.

Introduction of the modal matrices

U:{U(”...U(P)} x:{xo)...&(o)}
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allows .to present the same information in matrix form

Ku= 0 (5.2.4)
U'MU = E? (5.2.5)
X'MX = E_ (5.2.6)

U'MX=X'MU=0 (5.2.7)
X'KX=A (5.2.8)-

where EP and E_are identity matrices of dimensions @ X p and
o X o respectively, while A is a diagonal matrix of the
eigenvalues w’r

(U X) being a base matrix (square with linear-
ly independent columns) any vector % admits of a unique modal

expansion

x=Ua+ Xb (5.2.9)

e

whose columms of coefficients are immediatly obtained by appli-

cation of the orthogonality relations as

a=UMx b=XMb (5.2.10)
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Similarly, M being positive definite,(MU MX)
is a natural base matrix for the unique expansion of an arbitra-

ry force amplitude vector

(5.2.11) p=MUc+ MXd
with
(5.2.12) c=U'p d=Xp

The modal expansion (5.2.11) is in terms of the inertia force

distribution pertaining to each modal shape.

5.3 Static equilibrium conditions

Let us momentarily turn to the more general e-

quations of motion
(5.3.1) Ka+Mig=p(t)

from which problem (5.1.1) is derived by setting p(t) =0 and
assuming harmonic free vibrations (q=x cos wt ). Introducing

normal coordinates

4 [ 4
(5.3.2) a(t) = Lty + L g (1) x

equations (5.3.1) are transformed in a set of uncoupled single

degree of freedom oscillators, governed by the "mormal equations"
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,=uf,p(t) L=1,...,9) (5.3.3)

a):_ E + Er::cz'_)p(t) (r=1,...,0) (5.3.4)

If the external load vector P is static (independent of time)
the normal equations show clearly that the necessary and suf-

ficient condition for the existence of a static response are
! .
UgyP =0 (t=1,...,9p) (5.3.5)

Each condition expresses the nullity of the virtual work per-
formed by the static load on a kinematical displacement mode.
They are a reminder of the fundamental theorem of statics through
virtual work and are fully equivalent to the conditions of glo-

bal equilibrium.
5.4 The projection operator A. Pseudo-inversion of K.

The static equilibrium conditions (5.3.5), that

can be summarized in the matrix equation

U P= 0 (504.1)

show, by reference to (5.2.12), that the modal expansion of the
static load p should not contain the part pertaining to the

inertia loads of the kinematical modes (¢ =0).
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0 ———
Then, to any arbitrary locading Vecoctoxr © cox—
responds a modified loading vector © savisfying the g®lco=0
eq‘_;;i.].:i.b:-r:‘\_\.nn conditions (5.3.1)

P =P -—MUc =p-MUUp

oxr - .
(5-4-2) * =Rv
with

(5.4-3) A=E-™Mu\y

( E denotes here the jijdentity matrix for TYhe complete vVeotoxr
space of dimensions ¢ + © dy.

As a verification we f£find

(5.4.-4) U S =URp=0
because
(5.4.5) U'A =V - 'MW =0 -8 =0

Moreover we find

(5.4.6) Xp =%XA

because

(5.4.7) O XR=X-(MW Y =
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(5.4.5) and (5.4.7) are equivalent to the selective properties

of the projector operator A :

AU=z0 or Au,y= O ((=1..,0) (5.4.8)

AXzX or Az, =0  (r=1,...,0) (5.4.9)

Moreover, we have.

ANMU=0 or AMug; =0 (5.4.10)

AMX=MX or AMx, =Mx, (5.4.11)

~

The relationship (5.4.2) has a well known dynamical interpreta-

tion that becomes apparent when it is reformulated as

A ]
P=p- z-.:(“m P)Mug,

and use is made of the dynamic equations (5.3.3)
P=p- ; 7, Muyg,

The application of the arbitraryvstatic 1oading p induces ac-
celerations in the kinematical degrees of freedom. Suppressing
the deformation modes, the addition of the induced inertia load-
ings to p , as in the right-hand side, yields according to

d'Alembert's principle a self-equilibrated system.
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By introducing (5.4.2) we have now insured the

existence of a solution to the modified static problem
(5.4.12) Ka =Ap

for arbitrary p . The solution is however not unique; to any

particular solution q = ﬁ)p , we can add a general solution

to the corresponding homogeneous equation. Thus
(5.4.13) q=F,p+Ug

where § is arbitrary. As any g can always be represented in
the form

g =R'p

by a suitable matrix R' , the general solution can be placed
in the form

(5.4.14) a=(F,+UR)p

This solution is a generalized pseudo-inverse of the singular

static problem
(5.4.15) Kp=p
(5.4.16) F=F +UR

is a flexibility matrix that is a generalized pseudo-inverse

of the singular stiffness matrix



Unicity of a pseudo-inverse 73

In [8] it was called a matrix of extended influ-

ence coefficients. Substituting
qa=Fp (5.4.17)

into (5.4.12) and noting that p is arbitrary

KF= A’ (5.4.18)

This pseudo-inverse relationship replaces the classical inver-
sion

-‘ N

KK = E

valid in the absence of kinematical freedoms.

5.5 Unicity of a pseudo-inverse.

Isostaticity constraints.

The whole problem of finding a pseudo-inverse to
K consists in obtaining a particular solution F to equations
(5.4.12). The practical answer to this problem is precisely re-
lated to the introduction of additional requirements that re-
move the arbitrariness in F . Suppose that we require of the
pseudo-inversion (5.4.17) that the solution q be orthogonal

to the kinematical modes for arbitrary p

U'Mg =0 (5.5.1)
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Then, substituting (5.4.13) and using (5.2.5)
U'M Fp+g=0
hence
q=(F,-UU'MF)) p
This solution of (5.4.12) will be denoted by
(5.5.2) q=6p

and the pseudo - inverse

(5.5.3) G = F,- UU'MF, = AF,

will be shown to be independent of the particular choice Fo.
Indeed it is readily apparent from (4.16) that any other par-

ticular choice F, is related to F, by
- )
F,=F,+ UR

where R is some fixed matrix. But then, in view of (5.4.8)

AF, = AF,

The pseudo — inverse G is not only unique, it is also symmet-

rical. A simple proof consists in transposing relation (5.4.18)

and post multiplying it by F , then

F'KF = AF = 6
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and in viéw of the structure of the left-hand side, symmetry
is obvious. Except for the fact that orthogonality is here de-
‘fined in terms of a positive definite matrix M and not the
identity matrix, G coincides with the mathematical pseudo -
inverse of K as defined by Penrose [31J . It can also be shown
[8] to coincide with the spectral expansion of the dynamic co-
efficients matrix (K- © M)-4 , amputated of the terms cor-

AN

responding to the kinematical mode shapes:
<1
)
6= X P (5.5.4)

The unicity of (5.4.17) follows more generally from a set of
additional constraints of type

Sq= 0 (5.5.5)

provided S"U be anon singular pxep matrix., Indeed, sub-

stituting (5.4.13) we must have

S'Fp+S Ug=0

and then

g=-(S'U) 'S'F, p

whereby

q=F-U(s'U)'s'Fp
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and a more general pseudo - inverse

(5.5.6) F=(E-U(s'U)'s")F, = PF,
Unicity is proved by the same technique

PF, = PF + PUR = PF,
because

PU=(E-U(su)'s)u=0

Constraints such as (5.5.5) can be qualified by their property
to suppress the kinematical freedoms; for if we restrict dis-

placements to the kinematical modes

gq=Ua

and apply the constraints, there follows

S'Ua =0 s implying a=0

since S' U is non singular. Consequently we can conceive of
(5.5.5) as physical constraints linking the structure to asolid
reference frame in an isostatic manner. The structure can ‘then
accept an arbitrary static loading P and a unique flexibility

or influence coefficients matrix Giﬂ,can be produced such that
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GLoo is symmetrical and has for instance the elementary
structure
: -1
G Kdd 0 ( )
L = 5.5.7
3
vd0 0 0

when assuming that suitable constraints are obtained by pre-
venting the ' last displacement components to take place. An
automated selection of the constraints will be presented in
section 5.7. When the arbitrary loading p is replaced by A‘p,
the structure becomes self-equilibrated without the reaction
loads due to the constraints. As a matter of fact, since they
are isostatically determined, they can but vanish and we can

conclude that
q= Gi.:oA P

is a possible displacement vector of the unconstrained .struc-
ture. The role played by the constraints is reduced to the de-
termination of a particular set of displacements without the
indeterminacy contained in (5.4.16); the unicity of pseudo -
inverses of type (5.5.6) is thus physically clarified. More-

over the solution found

F=6_ A (5.5.8)

is now quite easily obtainable. It also furnishes a new direct

proof of the symmetry of
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(5.5.9) G = AF = AG_A'

5.6 Iteration in semi-definite eigenvalue problems
The deformation modes %oy s which satisfy
Kx . = o M
Xm= O Mx,
will also satisfy the system
' - 2 )
F Km(r) = 0 F'M )

where F'is the transpose of a pseudo - inverse of K.
Considering the transpose of the property (5.4.18) and using

(5.4.9), this can be written in the form

(5.6.1) FMx = A

(5.6.2) A= 0

and suggests the use of F'M in a power iteration scheme to

solve the new eigenvalue problem

(5.6.3) F'Mx= Ax
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Because of (5.6.1) this problem admits precisely the unknown
deformation modes as eigensolutions. There remains however to
investigate the nature of the 9 still missing eigensolutions.
They can be termed '"parasitic solutions" because the kinematic-
al modes, though eigensolutions of the original problem (5.1.1),
are generally no more solutions of (5.6.3). It is a remarkable
property of pseudo - inverses F obtained through the use of
isostaticity constraints that they induce in (5.6.3) parasitic
solutions of zero characteristic value XA, which are thus wip-
ed out at the very first iteration. To this purpose we must

prove that

FMw=0 (5.6.4)

admits @ non trivial linearly independent solutions. Indeed,
when the construction of F is based on (5.5.5), we have ob-

viously

S F=0 or F's=0 , (5.6.5)

a property that is also easily verified on (5.5.6). Thus

w=M=Ss (5.6.6)

is a non trivial solution of (5.6.4) for arbitrary 9 and, the
P columns of S being linearly independent the proof is com-
pleted. Observe that when F is taken to be symmetrical G ma-

trix, corresponding to the constraints (5.5.1), the parasitic
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modes

w=M (UM s=Us

are the kinematical modes themselves, whose natural frequency
zero has thus been shifted to infinity. As a final conclusion

the problem (5.6.3) in which F is of type (5.5.8) or

(5-607) AG oMx:lx

[T

is well adapted to power iteration and will provide initial

convergence towards the deformation mode of largest character-
istic number A (or smallest natural frequency). Classical de-
flation algorithms [11] B [21]_ are applicable to the successive

determination of modes of higher frequency.

5.7 Numerical computation of kinematical modes

Suppose that rows and columns of the original
stiffness matrix are ordered in such a manner that suppression
of the ¢ last degrees of freedom, q? , suppresses the kinema-
tical degrees of freedom. The other & =n -p degrees of free-
dom may thus be interpreted as generalized deformation coor-
dinates.

Hence the singular static problem (5.4.15) ad-

mits of the partitioned form
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K K q

go d? - pd‘

; (5.7.1)

q P

K K
| 54 134 9 ?

the static equilibrium condition to be verified by the i‘ight-
hand side vector will be explicited further.
Performing ¢ Gaussian inversion steps leads to

the set of equations
-1
U = Ko g (Py - deq?) (5.7.2)

and substitution of this into the second equation (5.7.1) trans-

forms the initial system as follows:

K -K, - K Py Ay

b (5.70 3)

-1 -1

“pa Koo Yop™Ypu Kaa Map| (%] |%

From a computational point of view, it is essential to point
out at this stage that the symmetry of the initial matrix will
be preserved by the following changes of sign

-1 -1

~Kea Koo " Kag qu 9%

-1 -4
K’w' Koo KP?. Kpd Koo’ Kd? -4

(5.7.4)
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. . 1 . . .
Next consider the submatrix K?P KP o K oo K op which, in view

of the positive semi-definite character of the initial matrix,

is expected to vanish. The proof follows by setting the linear

homogeneous problem (5.2.1) into the partitioned form

Kdd Kd’) qd
(50705) . - 0 ’
K K
po pp %%

the solution of which are the ki_ﬁematical mode shapes. Indeed
the first equation (5.7.5) associates to any arbitrary choice
of the kinematical degrees of freedom qe, the set of depen -

dent generalized coordinates
(5.7.6) U =~ Kyo KO’Pq? )

Introducing (5.7.6) into the second equation (5.7.5) yields

K -K K. . =0
( 99 ?d go KO'?) q?

for any q o terminating the proof.
The static problem (5.7.4) reduces thus to the
form
5 K' .k
- Kcra oo’ a’? -pd qo‘
(50 707) ' = [
K - 0 -q -p
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from which one deduces the expected global equilibrium condi-

tions

-1
Kyc " KgaPs = p? . (5.7.8)

As another consequence of (5.7.6), the modal matrix

ot |
- Kdd. Ko’p

(5.7.9)
E
¢

defines the linearly independent set of kinematical modes as-
sociated to a unit displacement of each kinematical degree of
freedom successively. These modes still have to be orthonormed
in order to verify the assumed properties (5.2.5).

On the other hand, setting the [ arbitrary in-
dependent coordinates qe equal to zero provides a particular

isostatic reference frame. Hence (5.7.7) also yields
6.0 | . (5.7.10)

The numerical inversion procedure will thus be organized as
follows:
1. The pivot element is chosen at eabh inversion step as
the largest term of the diagonal which has not yet been
utilized: say

k“ = rniax k‘.}’.} j_:‘l,.».. n . (5.7.11)
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2. The other elements are transformed according the follow-
ing rules:
* 1
; W ST
u
(5.7.12)
* * k k . .
- k. =k, 6 = —+ =z % -'l:t
b & kK :
(5.7.13)
* » k.. . k .
- k. =k, =k, - "t 2t
i gy b k’oi. b ¥
(5.7.14) .
-k - ke, - ki
8} k

3. The procedure is restarted until all non zero terms on

the diagonal have been inverted.

The symmetry of the initial stiffness matrix

has obviously been preserved by the sequence of operations (5.7.

11) to (5.7.14), and the algorithm may thus be performed even

when limiting the memorization of the K matrix to its lower -

or upper - half triangular part. Note that other procedureslike

Choleski factorization [5] or Gauss-Jordan elimination [2i] do

not permit the pivot selection anywhere on the diagonal when

storing the initial matrix under triangular form. As a conse-

quence of this symmetry property of the Gaussian inversion al-

gorithm, the associated growth of round-off errors is minimized
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when choosing the best pivot element at “ES et ﬁﬁr&s,gqn7§t_egoo\get:3;ke

[39] » [40] . =
At the end of the inversion procedure, the kine-

matical modes are obtained on rows and columns associated with

the zero diagonal terms. Setting then equal to zero the same

rows and columns gives the symmetric matrix G." o ° Both oper-

ations needed have thus been performed together.
5.8 Obtention of a symmetric iteration matrix

Consider first the change of variables

x=Tx (5.8.1)

where T denotes the upper-triangular matrix resulting from the

Choleski decomposition of the mass matrix:
Mz=TT (5.8.2)

The transformed kinematical modal matrices

U=TU
verify the simpler orthonormal relations

u'u= £, (5.8.3)

and the eigenvalue problem
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(5.8.4) AG _A'Mz = Ax

has to be rewritten as
(5.8.5) TAG, AT= = AX

If we still introduce the new projection operator

(5.8.6) A=I-UU

(5.8.5) changes into

(5.8.7) AG. Az = Az

130

with the transformed flexibility matrix

(5.8.8) G. =TG, T'

V50 v50

Note that the matrix product (5.8.8) does not involve a larger
number of operations than (5.6.5) if taking into account the
triangular form of T . Finally, the pre- and post-multiplica-
tion by the projection operator reduces the operation of obtain-
ing the iteration matrix to a sum of dyadic products

S = KE%

20

(5.8.9) -6, -UU'G, -G._ UU
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The use of (5.8.9) extends to hypostatic structures the pos-
sibility of reducing the memorization of the dynamic flexibi-

lity matrix to its upper or lower triangular part [21] .

6. THE REDUCTION METHODS

6.I. Introduction

It is economically unrealistic to solve eigenval-
ue problems involving more than a few hundred degrees of free-
dom on present day computers. As acceptable finite element i-
dealizations of aerospace and civil engineering structures gen-
erally involve thousands of degrees of freedom, it becomes nec-
essary to reduce the size of the eigenvalue problems by methods
that preserve the accuracy of the low frequency spectrum.

A first approach outlined in this paper uses the
classical elimination [27] R [43] based on the assumption that
a certain number of degrees of freedom may be reduced by static
considerations. Use was made of the Kato and Temple theorems
[28] ) [37] on bounding of eigenvalues to improve the algorithms
by adding the possibility of computing bounds to the error in-

troduced by condensation [li] . Coupled with the finite element
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method, the elimination algorithm allows an easy step build-up
of the whole structure (substructures in series). The results ob-
tained in treating large scale applications show that the loss
of accuracy for the lower frequency modes is negligible.

An alternative, briefly discussed in this paper,

concerns the method of coupling substructures in parallel and

consists in treating the whole structure as an array of sever—
al sub-regions already separately condensed.

In both cases it is agreed to limit either the
deformation modes of the structure, or qhose of its.constitu—
tive parts, to some known modes, TGy ° smaller in number than
the one n of the degrees of freedom of the initial idealiza-
tion. They are chosen as the most representative of the low

frequency behaviour of the structure.

The possible motions of the structure, Qq , are

. thus restricted to the form

(6.1.1) 9=Ra
where R denotes the (n% M)matrix collecting the selected modes
{OR

Expressing that the potential energies associat-

ed with a displacement mode are restrained by (1.1) gives

(6.1.2) U=1 a(RKR)a
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2
= % a(RMR)a , (6.1.3)

where K and M denote the structural stiffness and mass ma—
trices respectively. One thus intr:oduces the reduced matrices
K=RKR (6.1.4)
and -
M=R'MR (6.1.5)
defined in the new system of generalized displacements a . ,
The various reduction methods [4] R [23] R [26]‘
(elimination of variables, coupling of substructurés s branch
modes) éncountered in the literature do not essentially differ
from each other, except by the choice of the deformation modes
Tay - The influence of this choice can however be a deciding
factor on the accuracy of the process, as well as on its flex-

ibility in dealing with practical applications of various sizes.

6.2 Static condensation of variables

Consider the matrix equation governing the natu-
ral frequencies and modal shapes of the global structure in the

form

KqzwMg (6.2.1)
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One possible technique, due fo IRONS [27] , for reducing the
size of the matrices involved consists in making a choice of a
subset q, of coordinates to be eliminated; the complementary
subset being denoted by g, (coordinates to be retained). Equa-

tion (6.2.1) is thus partitioned as follows
2
(6.2.2) Ker 9 + Kpc9c= @ (Mg a,+ M. )

2
(6.2.3) Keg g *+ Keg 9= @ (Mg 9+ Mo %)

Imagine q. to be split into two contributions
(6.2.4) Q. = 9+ q,

where the "static!" part q is given by
(6.2.5) A= - e Kep 9p

as if in (6.2.3) one neglected the inertia forces, and a "dy-
namic" part q, which is then governed by the transformed (6.2.

3) equations

2 —
(6.2.6) (ch" @ M.)q,= ' Mcr9r
with
- -4
(6.2.7) Mg = Mer™ Mee Kee Ker

The static condensation method consists in neglecting q, and
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substituting directly for q, the right-hand side of (6.2.5) in-
to the kinetic and strain energies, which then become quadratic

forms in q, only with "reduced" stiffness and mass matrices

= -1
Ker = Ko~ Kee Kee Ker (6.2,8)

Mog= M =M K K ~K K M +K KM K K. (6.2.9)

-] -
= M - MRcch KcR Kec Kee MCR (6.2.10)

The eigenvalue problem is reduced to the condensed one
K -w M, )a, =

The procedure is of course a particular case of (6.1.4) and
(6.1.5)
with
I
R= (6.2.12)

First order correction [2]
The validity of the condensation algorithm depends

of course on the extent to which q, is really negligible. To

investigate the conditions under which this is true, consider

the eigenvalue problem
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2
(6.2.13) (Ke= WM, )q.=0

to which the original problem reduces by applying the constraints

(6.2.14) q,= O

Let
2 2 2
}"1\< }lz\<'"<pm

denote its eigenvalues with attendant orthonormed modal shapes

(6.2.15) ¢, M. ci = s.‘}

An arbitrary vector Q. as a unique expansion
m
q = 24: «, .
with coefficients determined from (6.2.15) as

oG =< Mcc Qq

Thus
o 1]
qc = <§: % t"i, Mcc) 9

and, since Q. is arbitrary, we obtain the spectral expansion

of the identity matrix
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m m ,
I= 21: c,c. M. .= 21: c.(M_ c) (6.2.16)
Noting that the eigensolutions verify
pi M. c = K. .c (i=1,2,...m) we have also
o
v

The following results derived from (6.2.16) or (6.2.17) will be
of interest:

m 2
2 - - @ "
® ch Mm- Z c;cLMcc

- ;: (6.2.18)
m
!
Kee = & (Keee) (Mg ) (6.2.19)
2. - Z 0)2 ’
® MRC- , ? (MRCCL)(KCCC.& (6.2.20)

We are now able to show that the range of validity of the con-

densation algorithm is that for which holds

2
%:e <<1

(6.2.21)
4

¢ being the order of magnitude of the errors we are prepared

to accept in the low frequency modal shapes. In other words the
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low frequency spectrum of (6.2.1) will be accurately represent
ed by the eigensolution of the condensed problem (6.2.11) up
to eigenvalues @  satisfying (6.2.21). To show this we discuss

the solutions of (6.2.6), which we put in the form
2, ~1 2 -1 =
(6.2.22) (I-0 K Mg = @K M. a

and (6.2.2) in which we substitute (6.2.4) and (6.2.5) tobring

it into the final form
(6.2.23) (RRR- wzﬁ") q, = ((onR )q + (o Kcha odr

If @ is such that (6.2.21) holds we can observe by comparing
2 1

(6.2.18) to (6.2.16) that @ Kcc Mcc is a matrix whose ele-

ments are of order & compared to the unit matrix. As a matter

of fact (6.2.21) with &§<11is sufficient for the convergence

of the expansion

(1- mK cc) I+¢oK M, +(me cc)+...

Comparing (6.2.19) and (6.2.20) and making the natural assump-

tion that the vectors

Mmci’ and M"c‘

are of the same order of magnitude, and similarly for

cc v



Static condensation . 95

then, under (6.2.21)

2
@ M, of order ¢ compared to K (6.2.24)

and also

2,1 - 2 1=
©'K M. = 0(¢) WK M =0(&)  (6.2.25)
The zero order solution of problem (6.2.22), (6.2.23), fully

equivalent to (6.2.1), is then given by

- —_—— - -
(KRR- ® Mna) q,= 0 q,= 0 (6.2.26)

-2
where ® is some eigenvalue of the condensed problem satisfy-
ing the low frequency requirement (6.2.21) and q_, the associ-

ated modal shape of the retained coordinates, while

- -1 - -

¢ cc chR = cls'

Equating now the terms of order & in both equations

- pre G =
0q, = @K M _q (6.2.27)
= -2 _ 2= = -9 A= -
(KRR- ® MRR) 8qR =80 MRRqR KR«:(s qD+ ® KRcch MchR

(6.2.28)

where 8qn and 5qR are the first order corrections for modal
shape and 8«)2 an eventual first order correction to the eigen-
value. The first order value of P is explicit in (6.2.27).

Observing that it causes the last two terms of (6.2.28) to can-
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cel

(6.2.29) (KRR- M )8q =00M_ g

This is a singular system to calculate 5qR and the necessary
and sufficient condition the right-hand side has to satisfy for
a solution to exist is obtained by premultiplying by T:]’R, which
will make the left-hand side vanish by virtue of (6.2.26)

0=50'q, M7

RR "R

MRR being positive definite, the conclusion is that

bl

30)2:0

The conclusion that the eigenvalue correction is at most of
second order was to be expected by virtue of the stationary
character of the eigenvalues obtained from Rayleigh quotients.

The only solution of (6.2.29) is now

8a, = dxd,

where Joc is a, still undetermined, small scalar. There is no
loss of generality in taking 8o =0 since this will merely
change the scale of the eigensolution, correct to second order,

by a factor (1+8o:)—1 and since

q,(1+ Sof'= 8q (1+ 60)'= §q - 8¢ 83 ... 28q
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neglecting second order terms, this will not change (6.2.27).
To summarize: if the spectrum of problem (6.2.1) is to be de-
termined accurately up to some definite frequency, the coor-
dinates to be condensed should be numbered and chose, in such
a way that the smallest eigenvalue, pi of the constrained
problem (2.6.11) sufficiently dominates the highest eigenvalue
@’ of the condensed problem (6.2.7) that fits into the re-

quired spectrum. The ratio

w/p = e (6.2.30)

determmines the order of approximation to which the modal shapes
of the condensed problem represent the exact modal shapes with-
in the required spectrum. The first order correction on the mo-

dal shapes is given explicitly by

8q,=0 dq, =0q, given by (6.2.27)

The eigenvalue correction is of second order,
As a last observation, if the structure has ki-
nematical freedoms (rigid body modes or mechanism) they should

not be inhibited by the choice of condensed variables.

6.3 Bound algorithms [29] > [30]

"In problem (6.2.1) define the successive iterates

of an arbitrary starting vector q
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(6.3.1) q =K'M qP

p+1
and the corresponding Rayleigh quotients

qa_Ka,  a_Maq_
(6.3.2) ?2P= : 3 P - ‘P " p—1 > 0
qP qP qP qP

Further developments necessitate the definitions of the zero

order Schwartz quotients

qlp M 9%
(6.3.3) Pap1™ >0

Q. Mq
P P+1
and of the bilinear forms

(a_-eq , YK@-Pa_.)
(6.3.4) A (e ,p)= — .

qP+1 K q P+1

(a - xq ,,v)‘M(q =Pa_.)
(6.3.5) B (a,p)= ——=E"__F 7

P +1M qp-\-ﬂ

We have

(6.3.6) AL, B) = ¢, Qo @ Mg v oh

(6.3.7) BP(“’ m = ?2\;*1. ?2p+'z-(°‘+m?z‘m+“p
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Noting that AP (6c, ) and Bp(oz ,0&) are positive definite

2
?Zp ’ ?Zpﬂ- 2 ?Zpﬂ to > 0 (6. 3. 8)
?2p0-1 : ?ZPJ-Q ?2P+2 + “ 2 0 (6' 3. 9)

and those expressions take their minimum value respectively

for

= PZPH and = 92p*2

For those values the inequalities (6.3.8) and (6.3.9) go into

the well known Schwartz inequalities

92p 2 92p+1 2 92p*2 (603010)

Krylov-Bogoliubov bounds

Let the unique expansion of qP in eigenmodes be

‘ qi>= zn: 3,9
Then, since

1
K M U = _Eq(n) .

the expansion of the next iterate will be

p+ n

ot = X e Uy
n
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and, under the ortonormality relations
M =3 ' Kq, .z 8
cl(m) q(n) ~ Tmn q (m q(n) - wr\ mn

we find

Zﬂ: uzn(wi - ) (wi -p)
(6.3.11) A (x,) = I

a
=
@ = wn)

Setting [ =& and comparing with (6. 3.8)

2
Yo (w0 -«
2_ n "( n ) ., 2 2
92p .Pip'l-i - 2“?2':'-\-1 ta= = mtn(wh-a)

Yo
n n

‘whatever be ot , there is an eigenvalue wi , closest to o ,

and corresponding to the right-hand side minimum., Setting
« = ?2P" 4 which is known to give its minimum value to the

left-hand side, we find

2

P2p+1(?2p - ?2p"“|) > (")3.' 92p+1)

which yields the Krylov and Bogoliubov bounds

?2p+1 - V?QPM(QZP- 92,,41) < (ﬂ: < 92p¥l+vp?p*'\(?2p- ?2p+‘|)

(6.3.12) . :
In particular for any trial vector o

(6~3013) ?1- b?‘.(Po - 94) S‘D; S?{’-‘?‘I(?O- 91)
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and if q o 1s known to be a reasonable approximation to a modal

shape (6.3.13) furnishesbounds to the corresponding exact eigen—

value of the discretized structure. Since discretization is

known to give itself upper bounds to the eigenvalues of the
continuous structure, the upper bound of (6.3.13) isvalid for
the continuous structure. There is no similar guarantee for the
lower bound.

Iterates with large values of q , based on (6.3.1),
will produce close bounds (6.3.12) for the first eigenvalue wf
of the discretized structure, since the iteration process con-
verges to this value. However, applying deflation techniques
that shift already computed eigenvalues to zero, Krylov se-
quences of iterates can be produced v:hose quotients 0 2 and
P2p+1 converge towards the next w; . In this case (6.3.12)
can produce close bounds for it. It should however be observed

that in this case the upper bound is clearly worse than. the

simpler one

W <9, (6.3.14)

Temple-Kato bounds

Let o and B lie in the interval between two con-

secutive eigenvalues, then it is clear from (6.3.11) that

AP(“’p) = Pzp' Popat™ (“+ﬁ)92p+4+°‘p>0 (6.3.16)
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Take first o = .

2
(603017) QLS 92P+1<p < ‘.)i,b‘l

Sustitution into (6.3.16) produces the bounds

L IR
(6.3.18) 2041 B - Prpen i < Q2pu

If, for instance, 92P” comes from a Krylov sequence that con-
verges to (oz the upper bound is "naturally" verified and all
that is needed to obtain the lower bound to (o: is a knowledge
of some lower bounds 8 to the next eigenvalue ")2i,+i,
The Krylov sequence can be pushed far enough for ﬁ-gzp “>0to be
satisfied. If q, is merely an approximate modal shape associat
ed to (.oi , the inequality (o: <0, is satisfied but, for i >1
there is no guarantee that the iterate q,= K-‘Mqo will yield
w’i’ > 0 . Thus if we only work with iterates based on the
original K—1M dynamic matrix it is preferable to consider q,
to be the approximate modal shape in order to secure m§> 0,
and work backwards to compute @ from q,= M.‘K q, . Even in this
case it will not always be possible to know a lower bound f} to

&)2~ . that verifies [5 > 91 in order to have the lower bound

ﬁ‘?o 2
91—13_94 > (01

Had we worked with B(,p) instead of A(x,f}) we would have found
that (6.3.18) holds also with 2p+1replaced by 2p+2 and 2p re-
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placed by 2p+1. In other words if

2 2
©, < Qo < p <o,

(6.3.19)
h- 14 2
q
Paaa - < wi < ?q+1
a ﬁ’ PqM
holds for any two consecutive Schwartz quotients.
Take next J =(D:and
2 2
O SX <P, <O
Then, (6.2.16) gives
- o
2 PZP
PZP‘” < (l)i’ < 92p+1 - o (60 3020)
92p+1

and this bounding algorithm also holds for any two consécutive
Schwartz quotients. It is of a less practical value. It pro-
duces an upper bound to a given eigenvalue, from the knowledge
of one of its lower bounds (?2P*4) and of an upper bound.@%)to
the preceding eigenvalue. A simple way of obtaining the inequal
ities (6.3.19) under which (6.3.20) holds is of course to take
for a a higher Schwartz quotient from a Krylov sequence con-

2 ,
verging to ©_ . Then, provided p and q are high enough

2 fp = Preg |
< -_— (60 3021)
?P” Pp+1- 9p+ q
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Introducing the convergence estimator

(6.3.22) k, = \/ P 1
9q+1

of a Krylov sequence.

The Temple-Kato bounds yielded by (6.3.18) for

the lower and (6.3.20) for the upper, can be put in the form

2 k2
0 - 11—2111- <@ < P 1 + L P
A ﬁ - ?q+1 ' a+ 9q+1_ x

(6.3.23)
6.4 The substructure technique [I6] , [2I]
The concept of substructure

The method of substructures may be conceived in

two different manners, as shown on Fig. 6.1.

a) THE WHOLE STRUCTURE c) SUBSTRUCTURES IN SERIES

b) SUBSTRUCTURES IN PARALLEL

remaining d.o.f. (g
condensed d.o.f. (¢
fixed d.o.f. Q¢

boundaries between
substructures

|noo

Fig. 6.1. The method of substructures
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If the substructures are considered in parallel,
reductions are processed separately in each of them. One then
expresses transition conditions at interfaces in order to as-
semble the whole structure. It is required, when analizing the
separate substructures, to keep the degrees of freedom in terms
of which connections are expressed. The procedure is illustrat-

ed in figure 6.1a: in fact, it has to be interpreted as a
method of coupling substructures thap will be discussed briefly
further. It may reveal successful when transition conditions
between substructures involve a relatively small number of de-
grees of freedom.

On the other hand, substructures in series are
defined in a slightly different manner, as shown in Fig. 1.c.
A substructure.results here from the addition to the preceding
one of a certain number of finite elements. A degree of free-
dom can be eliminated when it is ho longer required for assem-
bling the remaining elements. One generally prefers this latter
technique, since it gives a smaller maximal band with when an-
alyzing structures that do not split naturally into strongly
uncoupled subregions,

Organization of the elimination algorithm

The Nbh substructure is defined as that part of
the whole structure that has been assembled at the end of the
preceding assembling operation. In the last step it represents

the condensed form of the whole structure.
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Let us denote by:
th
- N, the number of elements to be inserted in the N sub-

structure;

kaand m , the element stiffness and mass matrices

3; , the localization operators of the elements;

Kh‘and Fﬂ_d, the reduced stiffness and mass matrices of

the preceding structure;

L , the localization matrix of the preceding substructure
formally considered as a "super-element" for the next
assembling sequence,.

For each substructure the following set of operations, which

is also described by the first flow chart, defines the elimina

tion algorithm:
1) The K and M matrices of the preceding substructure are

readdressed attending to their localization operator:

(6.4.1) ,
L

L
N N-1  N-1  N-i

X|

(6.4.2)
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3) Reduction is achieved using the matrix R defined by (6.2.12):

R'K R
RR (6.4.3)

R MR

K

k4|
n

RR

It reduces the size of the K. and M matrices, allowing space

for the assemblage of the elements of the next substructure.

At this stage, a displacement q can be eliminated if it satis-

fies the following conditions:

- it has not been specified in the list of the remaining dis-
placements q,

- all elements in which this displacement appears have already

been included.

The last reduction operation produces the reduced matrices KRR

and ﬁRR of the whole structure, for which we solve the eigen-

value problem (6.2.4).

The approximate modes obtained can be restituted
into the whole set of structural displacements by recalling for
. . -1
each substructure, in reverse order, the matrix chv Kcn‘

These are stored on a disk unit during the elimination proce-

dure,

. =~ Ke Ker 9g (6.4.4)



Error measure: computation of the first iterated vector
17l . [e1]

Bounds to the error produced by the condensation
are obtained by applying the algorithms (6.3.13) and (6.3.23),
provided the Rayleigh and Schwartz quotients can be computed
for the approximation of each eigenmode 9)

First the Rayleigh quotient @, associated with

the approximation q of qG)
(60405) qo = R q“)

is simply equal to the eigenvalue 53: of the reduced system:

1 ]
quqo _ qR(i)KRRqR(L) _‘32

(60406) ?o = ' - ] — - I
9, Ma, ey Mrr ()

Next, the computation of the Schwartz quotient requires the
formation of the first iterated vector, to which a slightly

different definition is given from fhat of section 6.3:
~1
(60407) ?1 = ?OK M qo

The Schwartz quotient takes thus the form
1
9, M g,
(6.4.8) Pr= Q0 0 -
q,Maq,
The static problem (6.4.7) should obviously be solved without
assembling again the whole structure. This is possible if, when

assembling the whole structure, we store on peripheric devices
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all the elements needed to compute (6.4.7).
Indeed the first iterate q, is the solution of

the linear system

KRR KCR q1R gR
. (6.4.9)

KRC KCC q1C gC

where the loads ¢ appearing in the right-hand side of (6.4.9)

are the inertia loads associated with the approximate mode q,:

gR MRR MRC qon
g = =W . >(6o40 10)
gC MCR MCC qOC

From the second equation in (6.4.9) we obtain the condenseddis-

placements Q. of the first iterated vector in terms of the q :
=K' (g.-K
Qe = Peel9c ~ Rer qm) (6.4.11)

By introducing equation (6.4.11) into the first equation in

(6.4.9), we obtain

-1
(KRR- KRCK_‘;‘CKCR) U = gR-KRc' Kee 9c (6.4.12)
UNIVERSITE DE LIEGE

or Laboratoire d'Aéronautique
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V] _ =2
(6.4.13) Kna Qg = @ Maa Yok

by use of equations (6.4.10) and (6.4.).
Therefore the displacements retained take the
same value for the first iterated vector q, and for the fun-

damental solution q,
(6.4.14) Qe =

this has already been pointed out in the error analysis of the
elimination process. The formula (6.4.11) used to compute the
condensed displacements shows that their expression is correct
ed by the influence of the inertia loads g, that were neclect
ed in the zero order approximation. In order to compute the

Schwartz quotient (6.4.8), we also need the inertia loading

(6.4.15) g=p,Mgq,

for the whole structure. It will be restituted by the following
recurrence process: if we denote by g, the reduced inertial

load

- -_—0 ==

(6.4.16) 9p = O Meplp
the loads g, and g are given successively by

-2
(6.4.17) gc = W (Mcgqog + MCC qOC)
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and

9g = aa"' Kae Kec 9¢ - (6.4.18)

To compute the first iterate (6.4.7) and the error measure co-

efficient
2 9o
k = — -1 (6.4.19)
P4
. . -9 -4
it will thus be necessary to recall the matrices K 0’ ch KCR,
M cR and ‘Mcc for each substructure. This is achieved at best

using direct access data set.

The second flow chart sequence gives the ‘deta:iled
organization of the program sequence that achieves the recur-
sive procedure described by equations (6.4.4) and (6.4.9) to
(6.4.19). We define q, as the eigenvector restituted in the
complete set of degrees of freedom. Its components that are re-
tained or eliminated in a specific substructure are collected
in the vectors /qoa and q, respectively; the same notations
hold for the first iterate q, and the inertia load g . The
transfer operations from q, to q and qg (depoted by an
arrow in the flow chart) are performed by recalling the local
ization vector of the substructure: it gives the address of
each component of q or Quin q,.

Finally it is important to note that the error
measure coefficient, k? , will only be used to produce lower

bounds to the exact eigenfrequencies; indeed we have establish
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ed in section 6.2 that the computed eigenfrequencies @*% are

the most accurate upper bounds to the eigenvalues of equation

(2.1.1).
6.5 The coupling methods

When solving approximately the eigenvalue problem
of large strﬁctures by synthetising the results of a parallel
analysis of the constitutive parts, the difficulty lies in the
choice of the deforﬁaxion modes to be adopted for representing
the motion of the different subregions.

Indeed these modes must satisfy two essential conditions:
- to give an accurate representation of the internal be-
haviour for each subregion;
- to allow an easy expression of transition conditions
along interfaces.

When using the method of substructures in paral-
lel, the generalized displacements of each substructure are
split in two categories:

- the boundary degrees of freedom, q,

- the interior degrees of freedom, q,.
By analogy with the assembling process of kinematically admis-
sible elements, an accurate representation of the static be-
haviour of a substructure interacting with the adjacent ones

implies that the conformity of the displacement field along
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the interface is preserved. In other words, we have to include
all deformation modes generated by any sollicitation of inter-

faces. They are collected in the modal matrix
R = = v ] (6.5.1)

We superimpose to the boundary modes (6.5.1) a certain number
of interior deformation modes selected as the most representa-—
tive of the substructure considered. They may be restricted

without loss of generality to the form

0
R, = (6.5.2)

which is obtained by imposing zero boundary displacements.

Hurty's method [26]

When the interior deformation modes ¢1 chosen
are part of the vibration modes <I>“ of the substructure, one
obtains the method of substructures coupling proposed by HURTY
[26]and used in conjuction with the finite element method by

CRAIG and BAMPTON [5] .

The normal modes <I>N are solutions of the interi-

or eigenvalue problem

2
K, &= @M (6.5.3)
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and the reduction matrix takes the fomm

One obtains for each substructure the reduced stiffness and

mass matrices

_ _ e
K 0 M o
- LL - LL
NN v NN
with the submatrices
-1
K= Ko KLIKII Ki
- ]
KNN- q’u KII <I>“
-— 1 ]
(6.5.5) Mu= Mu."' QLMII ¢, + Muq’L"'(Mu (DL)

bl 1
M= My = @ M@+ M, @,

=é¢ M ¢

NN N II N
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Hurty's method seems particularly well adapted to the eigen-
value computation of, for instance, a complete aircraft struc-
‘ture as a combination of the eigenmodes of each part analyzed
independently. Indeed, the eigenmodes of each part of the whole
structure are strongly uncoupled from each other, as it is
genefally observed experimentally from vibration tests. This
is due to the fact that the eigenfrequencies of the fuselage
are very different from those of the lifting surfaces.

The use of static modes

The vibration modes used in Hurty's method are
specific of the high frequency behaviour of the substructure.
It can therefore be pdbjected that the method does not lead to
a correct representation of the quasi-static behaviour of a
substructure considered as a part of the whole structure., Re-
fining the subdivision into substructures reinforces this weak-
ness.,

Hence another way of reducing the internal dis-—
cretization of the substructure consists to admit, as a first
approximation, that the intermal deformation modes selected
are those obtained by static application of the inertia loads
generated under rigid body motion, |

In other words, the set of normal modes proposed
by Hurty are replaced by the set of static modes obtained by

application to the substructure of the inertia forces conjugated

to its rigid body modes.
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This latter procedure also presents the advantage
of avoiding the solution of the eigenvalue problem for each sub-
structure successively, and replacing it by a static analysis,

the cost of which is much reduced.

Its application to plate structures [Zi]hasshown
that an important reduction of the number of degrees of freedom

can be achieved without any significant alteration of the lower

frequency spectrum.
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Assembling and restitution flow charts
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7. NUMERICAL APPLICATIONS OF THE DUAL ARNALYSIS TO
PLATE LIKE STRUCTURES

The numerical applications presented axre Yirwmivced

to Tthe dual analysis of <Tthin plate structures. The correspondimne

oZTate bendinsg finite elements are illustrated om Tiguxe 7 .\. The
conforming displacement elements are derived as shown Yy Tiguxre
.2 by assemblinsg TCtTriangular subregions Tto form =a sSsupeYx <=)lementc

27 - [33] - I each subregiom a cubic polynomial represents
the derlectior. The degrees of freedom are TtThe Adeflectcion and

two slopes at each vertesx, and the slopes nmnoxrxrmal to The exXcexrn—

a2Z dnterfaces.

COMPATIBLE QUADRILATERAL EQUILIBRIUM PARALLELOGRAW

W.y
w 5‘”-::

LOMPATIBLE TRIANGLE EQUILIBRIUM TRI\ANG\LE

Fig. 7.1. Plate bending finite elements for dual analysis.
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Wy

In the equilibrium WE-oWx wloWx
models, parallelogram m
and triangle shapes T\ W
are used. A linear '
variation of the bend

ty
ing moment is as-— !

bo_x
sumed, as shown by z 77 -

A Fig. 7.2. Kinematical plate element as an assembling of three

the figure 7.3. The triangular regions

variables are concentrated loads at vertices, bending moments
and Kirchhoff shear load along interfaces, plus the internal
degrees of freedom corresponding to the inertia forces which

correspond to the three rigid body modes of the element.

PARTICULAR
SOLUTION

CONJUGATED GENERALIZED _DISPLACEMENTS
W, = DEFLECTION AT VERTICES
Wi = MEAN DEFLECTION

W, ET Wy, = MEAN SLOPES
W = MEAN DEFLECTION

Wy T Wy = MEAN SLOPES

} ON EDGE i-k

} ON THE AREA

Fig. 7.3. Equilibrium plate element



7.1 Cantilever square plate

Figure 7.4 illustrate the application of the
dual analysis principle to a cantilever plate of uniform thick-
ness. It has been analyzed first with only one element for the
whole plate, and then using finer and finer grid up to 36 ele-
ments which corresponds roughly to 200 degrees of freedom in
the kinematical approach conforming quadrilateral element de-
noted CQ ., Two subdivisions of the elementary square mesh in-
to equilibrium triangular elements (EQT) have been adopted for
the dual approach. The finest idealization - note that it cor .
responds to the 3 X3 subdivision - involves 600 degrees of
freedom, from which 216 only contribute to the kinetic energy,
and hence are retained in the eigenvalue problem.

One can appreciate the monotanic convergence
properties of the finite element solution, and the effective-
ness and usefullness of the bounds computed to the eigenfre-
quencies. With relatively few elements, good approximations of
the five first eigenfrequencies are obtained, and the gap betwen
bounds has been reduced so that their average value represents
for practical purposes an exact solution (difference less than
0,2% for the five computed eigenfrequencies). It is also worth
pointing that equilibrium models yield for crude idealization

better results than compatible elements.



Cantilever square plate

UNIVERSITE DE LIEGE
Laboratoire g’ Adronddt, -

non dimensional circular frequency

Service Prof. Fraeijs de v
Rue du va) Benoit 75 - 4., '

o - wa®
‘D a
m
m= mass/unit of area
D = bending rigidity a
DISPLACEMENT APPROACH

’MODEN'I1X112X2I3X3 4 X 4 |5XS5]|6X6

I 1 I 3.489 IJllS I 3.479 | 2.476 3.474 | 3.472

l 2 I 9.222 I 8.606 I 8.535 | 8.518 8.513 O.""

r 3 I 26.96 I 21.50 21.38 21.33 2.9 21.30

I 4 I 35.29 127.63 27.39 27.28 27.24 272.22

[ 5 I 43,75 I .97 31.27 31.08 31.02 30.99

EQUILIBRIUM APPROACH

2 SUBDIVISIONS: [v x v ]2 x 2 ]33 x 3 |s4X4
v I MODEN’I 7] X 6 X B8 X
" I 1 I 3.447 | 23.453 | 3.462 3.466 | 3.467 | 3.469 | 3.468
I 2 I 7.850 | 8.246 | 8.410 | 8.470 | 8.475 | 8.494 | 8.492
I 3 I20.7A 20.76 | 21.16 21.21 21.24 | 21.26 | 21.26
I’ I 4 IZS.O7 26.73 | 26.89 | 27.07 [27.10 | 27.16 | 27.16
'. [ 5 120.86 28.92 | 30.14 | 30.72 | 30.7S | 30.89 | 30.87

Fig, 7.4, Square cantilever plate
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Figures 7.5 and

7.6 represent the — QL W+ — — AL O~

‘eigenmodes obtain

1 = 4 1
ed from both ap- 7

proaches, as well oé
—

[
&
2

as the convergence —4.4.4

4 . 4

associated with ' 0|+ os| | ]*

both types of

€l
€l
~

models when in-
1200 1800
. 1100

creasing the num- 1000 MODE 4 eon MODE §
900
600 1200
ber of degrees of 700 " 1000 N
600 L+———————— 800"
10 25 50 100 200 10 25 50 100 200

freedom. MODE 4 MODE 5

2716 <Wj <27.22 3089<W;< 3099

The modes obtain-
ed by using equi- Fig. 7.6. Square cantilever plate
“1librium models correspond to a 'weak knowledge" of the displace
ment field., It is thus necessary to compute .(from the knowledge
of the generalized displacements conjugated to the inertia forces
only) an average displacement of the element as a rigid body.
The discontinuities of the nodal lines translate the mathematic
al concept of dislocation which is specific of equilibrium

models.

7.2 Point supborted plates

As the point support represents for plate bend-
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EQUILIBRIUM CONFORMING
MODE | TYPE 4 X & 8 x 8 12 x12 4 X 4
1 s$-§ 19.594 19.596 19.596 19.616
2 s-S 23.335 23.368 23.380 23.426
3 S-A 31.540 32.323 32.642 33.175
4 A -A 33.658 34.659 35.074 35.489
5 S-A 35.087 35.214 35.283 35.917
6 $-S _ $4.077 55.365 59.714
NON DIMENSIONAL FREQUENCY w a?

yA

!

|

—a —

i

t
o | o

o
o
.

|
T
i

a/y

L e

i
Fig. 7.7. Bounds to eigenfrequencies by dual analysis point
supported square plate.
+1
V\\ g
N 05 ,
\ 4
\‘ 7
-1 108 -05! 41
/ \
L/ 0.5 N
’,/ Ts~a .~
+1.
MODE 1
+1. -1
v ~ AN 7
4 ~ \ N /
+osf” 105 ; o5 4
/’/- \\°~ 05 -05]
0.
L-// 0.
0.5 +0.5
-05}, o5 ; -05. /
\\ ,” ) // \\\
-1 +1. -1
MODE 4 MODE 5

ing problem a severe test
due to- the singularity
at these bending points,
the accuracy obtained by
finite elements has
therefore been tested on
a square plate point sup-
ported in the center of
each quarter plate (fig-
ures 7.7 and 7.8). Two
grids of finite elements
have been used: 4 x4 and
8 x8 in the case of e-

+1. -1

+05 Y-05

+0.54

+1.9 Y HR S

\)
1y ) v+

Fig. 7.8. Vibration modes of a point supported square plate.
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quilibrium models, 4 x4 and 12 X 12 in the case of conforming
models. The finer CQ subdivision involves 541 degrees of
freedom, and account was taken of the symmetry to solve the
eigenvalue problem. The same remark holds for the second equi-
librium approach, since it counts 2133 generalized displace-
ments, from which 768 contribute to the kinetic energy.

The very good agreement between the dual analysis,
which yield very narrow brackets for the exact eigenvalue solu-
tion, allows to be vefy confident in the behavior of these ele-

ments in the case of point support.

7.3 Cantilever skew plates

Figures 7.9 to 7.14 illustrate the dual solution
of a cantilever plate for various skew angles.

In the displacement analysis by CQ elements, the
finest grid corresponds as before to 231 degrees of freedom,
from which 27 are fixed, The results collected in the figure
7.9 confirm the upper boundeness guaranteed by the kinematical
approach. Note that the finite element solution deteriorates
for increasing skewness. | |

The equilibrium approach (figure 7.10) underlines
the same phenomenon. The finest mesh uses now 50 elements and
420 free generalized displacements., Only 150 of them appear

in the eigenvalue problem, Note that in some cases the computed
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non dimensional circular Frequency

0
—_— 2
T 5 _us
a D
m
J m = mass/unit of area
a \\4 D = bending rigidity
DISPLACEMENT APPROAGH
1x1 | 2x2 | 3x3 | 4x4 | 5x5 | 6X6
3.652( 2.602] 3.591| 3.587| 3.586 | 2.585
9.376| 3.872| 6.765| 8.731| &.717 | 8.710
15° | 27.88| 2266 2242 | 22.32 | 22.28 | 2226
3521 | 2678 | 26.52 | 26.41 | 2637 | 2636
47.42| 3544 | 3438 | 3440 | 23399 | 3394
44159 3968 | 3954 | 2943 3.938 | 2938
1012 | 9683 9532 | 9480 | 9.456 | 9.443
20° | 2072 | 26.22| 265.75 | 2556 | 2547 | 25.41
40.09 | 27.08| 26.36 | 2612 | 26.03 | 25.99
6733 | 42.03| 42.06 | 41.67 | 41.52 | 4145
5.070| 4.722| 4.624 | 4532 4.560| 4547
1209 | 147 [ 137 | 132 | nao | nae
45° | 3142| 2043 | 2265 | 22.37 | 27.25 | 278
4897 | 3415 | 3262 | 3218 | .98 | .65
22.04| 5691 | 5235 | 5138 | 51.04 | 5090

division

with the skewness of the plate.

Fig. 7.9. Skew cantilever plates.

frequeﬁcy appears
now to be an upper
estimation. Hence
we conclude that
the lower bound
properties expect
ed from the equi-
librium models
can fail when the
discretization
adopted reveals
too crude for a
correét represen—
tation of inertia

forces.

An other important factor is the type of sub-

adopted for triangular elements: its influence increases

A1l these remarks strike up from the examination

of the figure 7.11 and 7.12 which represent, for modes 1 and 2,

the convergence as a function of three factors:

- The number of degrees of freedom in terms of which the eigen

‘value problem is solved;

- the skewness of the plate;

- for triangular equilibrium models, the type of subdivision
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EQUILIBRIUM _APPROACH

3 TYPES OF
SUBDIVISION
2x2 8 2x2 Q 2x2 §
1 X1 2X 2 I X3 A X 4 §XS

N|RIR V(R QR R(RA|R| Q&

3.378 | J.400| 3.502| 23.537 | 3.549 | 3.567 | 3.567 | 3.565| 3.570| 3.576 | 3.574| 3.579
7.3% | 7.733| 8.096| 8.377| 6.476 | 8.583| 6.571| 8.607| 8.651| 8.632| 68.649 | 8.667
15° 11.82 | 16.02 | 21.46 | 21.2) | 21.64 | 21.97 | 21.84 | 22.00 | 22.13 | 22.05 | 22.11 22,6
22.35 | 20.18 | 24.03 | 25.60 | 25.56 | 2593 | 25.93 | 26.2 | 26.24 | 26.13 | 26.25 | 26.29
39.37 | 47.97 | 3246 | 3.7 | 3254 | 33.03 | 32.89 | 33.32 | 33.59 | 33.41 | 3360 | 33.7

337 | 3562 3.709| 3.758 | 3.348| 3.830| 23.857| 3.892| 3.906| 23.669| 23.907| 3.91%
7917 | 8.681 | 8.884| 8929] 9.169| 9.257| 9.166| 9.297| 9.338| 9.266( 9.338| 9.36S
30° | 10.95 | 1947 | 22.89 | 22.07 | 24.05 | 24.56 | 23.91 | 24.76 | 24.97 | 24.57 | 24.97 | 25.09
221 21.08 | 25.08 | 2510 |25.33 | 2553 | 2532 | 25.63 | 25.73 | 25.60 | 25.78 | 25.85
37.92 | 4515 | 36.79 | 34.88 | 40.02 | 40.33 | 39.14 | 40.82 | 41.03 | 40.34 | 41.03 | 4148

3044 | 3942 4.084 | 4002 | 4.321 ( 4370 | 4.235| 4.406 | 4.432| 4.335| 4.441 | 4.460
8.302 | 10.26 | 1043 | 1034 | 11.00 | 11.06 | 10.62 | 11.14 [ 11.16 | 11,00 | 11.13 | 11.20
4s° 11.66 | 2335 | 26.27 | 22.69 | 2557 | 26.01 | 24.67 | 26.35 | 26.53 | 25.56 | 26.60 | 26.72
2.30 | 2683 | .56 | 25.83 | 30.37 | 30.40 | 28.54 | 30.84 | 30.98 | 29.87 | .06 | 3147
4031 | 43.01 | 40.71 | 3532 | 48.09 | 48.79 | 46.37 | 49.97 |50.27 | 4616 | 30.41 | 50.56

Fig. 7.10. Skew cantilever plates
adopted.

In order to facilitate the interpretation of the
diagrams, the curves associated to different skew angles have
been shifted horizontally.

The deterioration of the eigenvalue solution with
the skewness of the plate becomes evident. Note also the con-
siderable influence of the type of subdivision adopted.

The figure 7.13 represents the modes 1 and 2
for ©=45" ; those corresponding to equilibrium models

b

have to be interpreted in the same way as described for the

square plate (section 6.1).
Finally the results reported on figure 7.14 allow

‘a comparison with analyses realized by other authors. Among
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Nad
N\
D =
s
<.
CQ 6x6
N
N
A MODE 2
N 1120<W,< 1129
N

Fig. 7.13. Skew cantilever plate 45°.

EQT sxs ’

others, note that
the experimental
eigenfrequencies
given by Barton
[1] , even after
the correction
compensating the
additional iner-
tia due to aero-
dynamic forces,
are not bracketed
by the bounds ob-
tained from the
dual analysis.
The advantage
offered by a dual

analysis appears

clearly in this case, as it allows a better understanding of the

discrepancies between experimental results and an analysis, The

difference between experiment and numerical approachis very like

ly due to the difficulty to achieve a perfectly clamped support,

The comparison with other numerical results also

underlines that non conforming kinematical elements [43] do

not guarantee upper bounds to exact eigenfrequencies.



Fig. 7.14. Skew cantilever plates camparison of results

t and

of

18 d.o.f. ):

Solids ‘and Structures,
equilibrium approaches with CQ and EQT elements.

1968 .

Cantilever skew plates 131
[THEqRsTIcAd v:sv(v)] eSS ° [oawe ] ZENUEWIEZ [ ca ex e o] ear == sca | awzca)

3.60 338 3.44 3.59 3.57 353 3.58 o.2

. 8.87 8.63 8.68 8.71 8.60 8.7 8.67 0.5

15 - 21.49 - 21.59 21.75 2226 2216 .5

- 26.04 - - - 26.36 26.23 0.3

- 33.07 - - - 33.94 33.71 0,7

3.96 3.82 3.38 3.95 398 393 3.91 0.5

- 10.19 9.23 9.33 9.42 9.19 .44 9.37 o8B

30 - 24.51 - 25.56 24.56 25.41 25.09 1.3

- 25.54 - - - 2599 25.85 0,6

- 4%0.64 - - - 41.45 41.18 o7

%.82 4.26 4.33 4.59 .67 4.55 4 .46 290

13.75 11.07 11.21 11.14 11.01 11.29 11.20 o8

%5° - 26.52 - 27.47 27.56 27.18 2672 1.7
- 30.13 - - - 31.36 117 22
- 5019 - - - 59.90 56.56 o7

(1) Theory ( RAYLEIGH-RITZ) and experiment
BARTON., Jnl App. Mech., 1951.
(2) Parallelogram element (4 x 4, 75 d.o.f.):
DAWE, Jnl of Strain Analysis. 1966.
(3) Triangular element (8 elements,
ZIENKIEWICZ, Int. Jnl
(4) Displacemen
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8. TRANSIENT RESPONSE METHODS BASED ON MODAL ANALYSIS

8.1 Introduction

When a linear elastic structure has been ideal-
ized into a discrete undamped system, by means of the finite e-
lement method or any other discretization procedure, the basic
equation governing its motion under external time dependent

forces is:
Mg+ Kgq=F(t) (8.1)

where M and K are the symmetric mass and stiffness matrices,
respectively; q and § are the generalized displacements and
acceleration vectors, respectively, and f(t) is the generalized
force vector,

The mass matrix Mis positive definite while the
stiffness matrix K may be only non negative if the system has
internal mechanism or rigid body degrees of freedom.

In order to solve the basic equation (8.1), two
major classes of methods can be used:

The first alternative consists in the direct integration of the
coupled equations of motion (8.1) by means of finite differences
or any other numerical integration procedure.

The other one is based on a preliminary modal analysis of the
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system leading to the uncoupled equations of motion which may
the be integrated separately in order to get the general Solu—
tion of equation (8.1) by superposition of the displacements in
each eigenmode shape.

In spite of strong difficulties relative to sta-
bility and convergence, especially when response is to be com-
puted over a large time range, the direct method seems to be
often preferred to the modal decomposition one, It avoids a rath
er extensive modal analysis that may reveal prohibitive, for
large systems, mainly when high frequency excitation is signif-
icant,

The purpose of the present paper is to show that
such a choice is not always justified and that methods, based
on a partial modal analysis including a sufficient number of
significant low frequency modes, can be used successfully in

many transient response problems.
8.2 Modal analysis of linear elastic systems

Free vibrations of a discrete linear elastic sys-—

tem are governed by the homogeneous form of basic equation (8.1):
(8.2) Mg+ Kq=0

which has particular solutions of the form:
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L@t 9)
q=zze (8.3)
leading to the eigenvalue and eigenvector equation:
(K- @’M)xz=0 (8.4)

the solutions of which are the N eigenmodes and the N associat-
ed circular eigenfrequencies . of the system, N being the num-
ber of degrees of freedom.

Mechanisms and rigid body modes are the.mnon

trivial solutions of the equation
Ku=0 (80 5)

and may be considered as particular eigenmodes with correspond-
ing zero eigenvalues.
The following important orthogonality relations

hold between the different normal modes:

”(.-)M“(p :pi 8"1 (j:j, )
Ku(pzo (r=1, ...,m)
2 Mu, =0 G=1,...,m (8.6)

(b=m+1,...,N)
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::(Q)M:n(.b)z B.d, (v=m+1,...,N)

%, Kx;= 1,8, - (a=m+1,..,,N)

where M and f; are the generalized mass and stiffness, respec-
. . . - th
tively, associated with the ¢ normal mode shape and are relat-

ed by the relation:

(8.7) Y, = o)

5;’} being the Kronecker's symbol.

If the system has no mechanisms nor rigid body
degrees of freedom, its stiffness matrix K is non singular and

equation (8.4) may be rewritten as:

-4 1

3

showing that the eigenmodes x(i.) are the eigenvectors of the ma-

trix -
(8.9) D=K M
associated with the eigenvalues
v 1
L - ")?

The matrix D , which plays a very important role in structural
dynamics, is called the dynamic flexibility matrix of the sys-

tem, The extension of the motion of dynamic flexibility matrix
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to hypostatic systems was first carried out by Fraeijs de Veu-
beke [1] who demonstrated that the extended dynamic flexibility
matrix of an hypostatic system is given by:

D=GM (8.10)

with
G:AQMA' (8.11)
where
. u.. M
nele- B i 12
& (;)

is a projection matrix with selective properties:

Au(r):O (r=1,...,m
(8.13)
Az, = =, (a=m+1,...,N).
G. denotes a symmetrical static flexibility matrix obtain-

130
ed by imposing to the system any isostatic reference frame,

Assuming the symmetrical form, or equivalently, the orthogona-
lity to all zero frequency modes, yields the particular extend-
ed static flexibility matrix G given by (8.11).

The following pseudo-inversion relations hold

between the K and G matrices:

"
>

KG (8.14)
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Finally, equation (8.8) becomes, for any hypostatic system:

Ku. =0 (3=1,5...,m)

(8.15)
(b =m+1,...,N)

The mode displacement method

The orthogonality relations (8.6) show that the
eigenmodes (u(p,mm) are linearly independent and form a com-
plete set in which the general solution of basic equation (8.1)
admits a unique expansion: |

(8.16) Q= L S;(t)'uw#z 7,(t) =g,

1:1 b=m+d

so that (8.1) can be rewritten as:

mo .. LI
8.17) B SMu L @M+ g Kg) = K(E)

=1 (& i=me

Successive premultiplication of (8.17) by (U('r) ,F=1,...,m),
(m(o) ,d = m4+1, ...,N) , with use of the orthogonality relations

(8.6), yields then the uncoupled normal eugations of motion:
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g _ Yo F(t)
-gr-T (r=1,...,m) (8.18)
:r}5+ (o:'qo= ﬂ%(tz (¢ =m+1,...,N)

which may be easily solved, by use of the Laplace transform and

convolution theorem, into:

Wz U(,.)‘/‘(t_ ) F(t)dv (6=1,...,m)

(8.19)
- X04) . _
7, = —/mnwﬁ(t-r)f(f)dz (3=m+1,...,N)
@, Py o
providing zero initial conditions are assumed:
$(0)=8(0)=0 (r=1,...,m)
(8.20)
7,(0) = ,(0) = 0 (3=m+1,...,N).

Hence, the general solution of (8.1) is given by:

q(t) = ji u(")}l—:(‘)/(t -t) f(v)dr

-x—m—(‘-)/omco(t -1) F(t)de
v=m# &)i pl' o

(8.21)
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And the equivalent static force which would at each time, pro-

duce the actual stress field is:

N 3
g(t):.K Q) = i.gu M_(}i")x_'(i'_)wi‘/ﬁ.ln(oa(t-r)f(t)dt
(8.22) ' o

Equations (8.21) and (8.22) give the complete solution of basic
equation (8,1)providing all the normal eigenmode-shapes of the
system are known., If this is not the case, and it will never
occur practically with large systems for which a complete modal
analysis would be prohibitive, only the first N normal modes
are known and can be used to compute dynamic response,

The problem is then to determine under which
conditions an incomplete n-fold set of low frequency normal
modes will be sufficient for computing of djsplacements and
stresses with satisfactory accuracy by truncation of the expan-
sions (8.21) and (8.22) to their n first terms. To this pur-

pose, let us suppose the transient external loads are of the

type:
(8.23) F(t) =p- @(t)

where P is a constant vector modulated by time history
&(t) (it should be noted that this is not a restriction since
any general load can be expressed by a superposition of such

terms). He have now to check the convergence of the expressions:
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n ) b '
ML RIOLI /oin o, (t -7) &(r v (8.24)

vemed }l‘l' 0)" A
and
n M L ) t .
z Z TGP w;/oln o, (t -7) &(v)dv (8.25)
v=med Pb o

when N is increased. It can be seen that each term of the ex—

pressions (8.24) and (8.25) is a product of two different terms:

a static temm:

() %) P or M=) P
Hi M

which depends only on the static force P and a time dependent

spectral term:

1 4in o, % &(t) or w sin ;t » ®(t) which depends only

v
which depend only of the spectrum of the time history o(t).
Hence two types of convergence can be expected:

a) a pseudo-static convergence which will oecur if n is
large enough to allow a good representation of the static
force p by means of this expansionin the n fold setof
the known modes, that is to say that p must be ortho-
gonal to the (N - n) unknown modes which will con-

sequently not be existe,

b) A spectral convergence which will occur if the time his-

tory @(t) is such that the convolution integrals
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(l_i.oin ot « d(t) or @, sinwt »@(t)converge to zero

when { is increased so that the component of the res-
ponse in the unknown high frequency modes may be ne-
glected in comparison with that in the known low-fre-
quency modes
If we consider for instance the step loading
®(t)= v(t)

sinw, t »P(t) 1-cos ot

®: (,)2.

v v

we obtain a spectral convergence with rate i%; for the displace
b

ments but no spectral convergence for the equivalent static

force and hence no spectral convergence for the stresses,

Let us now consider an harmonic loading:
&(t)=sinmt

sinw, t #®(t)  w sinwt-wsine;t
W, - 0, (0 -w?

v

provided w; is great compared to @@ we get again a spectral con-
vergence with ratelfg-for the displacements and, again no spectr-
al convergence for tﬂé stresses.

It should be noted that, while the quasi-static
convergence is valid for both displacements and stresses calcu-
lation, spectral convergence of the displacement solution does

not at all imply convergence for the stresses.
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If convergence is insured, we may write the mode
displacement approximations for displacements and equivalent

static force, which are:

q(t)zfl ﬂi-’i‘i-’/(t-r) F(v)de
=1 B %

n . ' t
. L LG T / sin & (t - %) f(x)dv (8.26)
v=m+i (l)b}]" o

WA OLIO ui |
g(t) = ¥ ZWEE wi/aln w,(t-t)F(v)dr  (8.27)
o ’ ‘

b=m#4 ’.l;'

The mode acceleration method

This method, generally attributed to Williams [2]
(see also [3] , [4] ), was in fact, already presented by Lord
Rayleigh [5] (V, 100) in a slightly different, but equivalent
manner,

Basic equation (8.1) is a dynamic equilibrium
equation in which three different forces are involved:

the applied force : F(t)

the equivalent static force : g =Kgq

the inertia forces - ra=s Ma

If inertia forces were removed from the system, the solution
of (8.1) would be the quasi-static solution, which is, with

assumed nonsingular stiffness matrix:
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(8.28) a(t) = K K(t)

and can thus be obtained independently of any modal analysis.
If inertia forces are to be taken into consideration the exact
solution is obtained by adding to (8.28) the static displace-

ments they produce:
- -1
(8.29) q(t) =K (1) -K a

Thus, as pointed out by Williams, only the inertia forces need
to be expanded in the incomplete N fold set of the known modes,
but neither the applied force nor the equivalent static force,

as done is the mode displacement method. We shall now write ac—

cording to (8.16)

(8.30) q(t) = K—‘{f(t) - LM “(i)}

=1

Using (8.18) and (8.19) we get:
). 3
(8.31) = E}T(:—){f(t)-to;,/t"ﬁn ot -v) f('c)dr}

and the new approximate solution of (8.1) becomes:
- 3 Muxg,x,
q(t):K'{f(t)- Yy ——WTe
[ )
(8.32)

that is with use of (8.8)

[f( t) - w;‘/hsin(t -T)f('i:)d‘t]}

v
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| n . ’. b _ n . >
Q(t): 2 m(l)_-m(”/ﬁi.n(ﬂi(t "c)f(f)d“t'fl-{K 1_ 2 x(;)x“)}f('r)
A2 S O Py
(8.33)

In a quite analogous way, Lord Rayleigh started from the un-
coupled normal equations of motion (8.18) and pointed out that
the normal inertia force may be neglected in comparison with
the normal stiffness force, when the period of the considered
mode becomes small when compared with that of the operating
external loads. If this is true, except in .the n first modes,

we may rewrite the normal equations (8.18) in the form:

. :r.'; f(t) 1
7+ 0z —H—— (t=1,...,m)
]‘b (8034':i
R :
(o: - x(n}.() ({=m+1,...,N)
i

thus we get:

7. = &/ﬂn ot-v)i)dr  (i=1,...,n)

v ®. |
o | (8.35)
]
x F(t) .

i:—‘ﬂ%T' (l=n+1 ,...,N)

and the approximate solution of (8.1) is:
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3

a(t) = > M/ain «)-b(t-r)f(-r)d—ﬁ{ti "(Lg)mfa)}f(t)

v=1 wl’ }.ll' A =n+{ (0’ }l“

(8.36)
Equivalence of (8.33) and (8.36) is obvious since the stiffness
matrix K is equal to its spectral expansion in the complete N

fold set of the normal modes:

K= i Km(ic)x’(i-) K
X S RLE )

(8.37)

and was assumed to be non singular, Thus, pre-and post-— multi-
-1

plications of (8.37) by K , with use of relations (8.6) and

(8.7) yields:

N []
- X(i) (i)
(8.38) K= & otw,

hence

n ' N ]
-1 (i) X(i % (i) T (i)
(8.29) K- B 290y L=
v=1 (OL ’.l;' L=n# (l)i' ],li'
Rayleigh's approach, which does not involve the static flexibi-

-4 .
lity matrix K , is directly extensible to hypostatic systems

with singular stiffness matrix K , and we get in this case:

& ue) U'(j) b
q(t) - E _ﬁt‘f)f(T)dT+
}:4 }l} o
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onom) ®H L
+ /otnmi(t-r)f(v)d-r+

t=m# (t)i' Pi b
N . N
+{_2 20 26 } E(t) (8.40)
L=n+d (')i, P

But we may now write, remembering the definition of the extended
static flexibility matrix G given in section I and using the

analogy between equations (8,8) and (8.15):
N '.
X (i) X
G = 2 .L)?ﬂ (8.41)
b=m (n)i' Pi
So that the most general expression for the mode acceleration
approximate solution of basic equation (8.1) with n known norm

al modes is:
b

q(t) = % M/(t -%)f(v)dT +

I
) t
T %) sitn @ (t-<)F(z)dT +
e R TRLO
n ’
_ "X (i) (i)
+{G i,;m« oy, }f(t) (8.42)

The equivalent pseudo-static force being now given by:
b

RN My xh: '
g() = L —E0TO /sin o, (t - 7)F(T)d+
(4]

t=me Hi

n - '. )
+ <A'- Y M) F(t) (8.43)

v=m# Hi
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S

(pseudo-static because Aw(t)contains the additional inertia
forces involved by the rigid body accelerations).

If we compare the results of the mode displace-
ment method (8.26) with those of the mode acceleration method

(8.42), we see that they differ by the term:

(8.44) a(t) = {6-5"3 m(_;))zm } F(t)

Lam+ . .
v v

which is the product of the applied load by the deflected ex-
tended flexibility matrix and represents the pseudo-static dis-—
placements in the (N-m)fold set of the unknown modes where in-
ertia forces have been neglected.

The mode acceleration method will generally éfve
better convergence than the mode displacement method since the
expansion of the single inertia force can be expected to con-
verge more rapidly than that of the whole operating forces, It
can be seen that there is no longer problem with pseudo-static
comvergence since the method is statically exact., Furthermore,
the mode acceleration correction (8.44) provides a useful cri-
terion to check the pseudo-static convergence of the mode dis-
placement method, In order to check the spectral convergence

of the method, let us again consider the step loading: >

&(t)= w(t)

sin @, t #P(t) 1-cos wjt
= 2

(l);l (')."

x5
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it can be seen that in an unknown mode (i) the exact contribu-

. 1-co0s @ t

tion —m——

w; 1

placement method is now replaced by o which represents its
i

mean value over a period, but no significant improvement of the

which has been neglected in the mode dis-

spectral convergence has been obtained.

For hamonic loading:

d(t)=sin o't

sin @yt *»#(t) _ osinot-onet
- 2 2
o, w; (0] - ©)

the difference between exact contribution of the unknown mode

(i) and the assumed contribution -o—m—‘;‘u is:

v
® o330 ot - w, sinw; t

2 2 z
(I)L (l)i' -®
so that the spectral convergence rate is now é’ for the dis-
. b
placements, hence 15 for the stresses, provided @; is high
v

enough compared with ® .
| Thus, in the harmonic case, we get a significant
improvement of the spectral convergence when using the mode ac-

celeration method.

Numerical results
Several examples have been chosen in order to
illustrate the methods described here, including an extension

of the mode acceleration method to systems with small orthogonal



154 Transient response methods

viscous damping (see appendix I). Results are compared with
those of Houbolt's direct recurrence method [6] (see appendix
II) or those of an exact analytical method. The modally un-
coupled precise integration operator recently presented by
Dunham, Nickell and Stickler [7](see appendix III) has been
checked and was found to be of great interest when analytical
integration of the normal equations of motion (8.18) becomes
prohibitive,

The first example deals with a three dimension-
al frame submitted to a concentrate step load which is removed
after a short time T::1dzsec. The frame (see figure 1) has been )
idealized with sixteen Euler's beam element of the third de-
gree leading to a discrete system with fourty-eight degrees
of freedom.'Since the load is applied during a very short time,
only the mode displacement method is suitable but the pseudo-
static convergence can be checked by means of the mode ac-
celeration correction (8.44). Figures 1 and 2 show the time
histories of the most representative displacement and bending
moment obtained by the mode displacement method, with twelwve
modes, and by the Houbolt's method with time step At=510 ;ec.
Agreement between the two methods is excellent, Figure 3 il-
lustrates the convergence of the maximum strain energy (occur-
ing at time t= 0.035sec.) versus time step At for the Houbolt's
method and versus the number n of used modes for the mode dis-

placement method: stabilization of the mode displacement solu-
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Numerical examples
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tion with twelve modes and progressive bracketting when n is in-
creased and At decreased are to be outlined.

The second example consists in a uniform pinned-
beam overcrossed by a concentrated load Pwith constant veloc—
ity v. Exact analytical solution has been computed by expansion
of Navier's eigenfunctions and finite element'analysis has been
carried out by idealizing the beam with twenty Euler's beam of
the third degree leading to a system with fourty degrees of
freedom. Discretization of the travelling load and integra-
tion of the normal equations of motion are somewhat laborious
to be detailed here. A velocity equal to the second critical
speed has been assumed. Figures 4 and 5 show the time history
of the mid span deflection and bending moment while figures
6 and 7 give the deflection and bending moment distribution at
the maximum mid span deflection time. All these results were
computed analytically,by the Houbolt's method with time step
At=5 10-‘ sec., by the mode displacement method and by the
mode acceleration method with the five first normal modes.
Excellent agreement between the different methods can be again
noticed. Furthermore, this problem has been chosen to check
the modally uncoupled precise integration operator of Dunham,
Nickell and Stickler: integration of the normal equations of
motion by means of this operator was carried out with time
step At :510-Lsec. and no significant difference with analytic-

al integration could be noticed over a zero to 0.5 sec. time
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range,

The third example illustrates the extension of
the mode acceleration method to hypostatic systems by means of.

a free-free beam under mid-span concentrated step loading.
Analytical solution was obtained by expansion in Duncan's ei--
genfunctions while finite element analysiswas made with twenty
Euler's beam element of the third degree giving‘a system with
forty two degrees of freedom. Mode displacement and mode ac-
celeration solutions were computed with the five first sym-
metric modes., Figure 8 shows the mid-span deflection history
over three periodes and Figure 9 the mid-span bending moment
history over the first period. Excellent agreement for the de-
flection and satisfactory bracketting of the bending moment
can be noticed.

The fourth example is a simply supported square
plate under mid point harmonic excitation with 3% assumed or-
thogonal viscous damping ratio, Analytical solution was ob-
tained by expansion in Navier's eigenfunctions. Finite ele-
ments idealization was made with sixteen Kirchhoff's plate
elements of the third degree for a quater of the plate lead-
ing to a system with eighty degrees of freedom, Amplitude and
phase of the forced harmonic respohse were computed by the
mode acceleration method, with eleven symmetric-symmetric mo-

des, for several excitation frequencies including resonance

frequencies., Figure 10 shows the frequency history of the mid
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Fig. 7. Pinned-pinned beam under a load travelling at 2nd critical speed bending moment distribution
at time t = 0.22 sec.
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Fig. 8. Free-free beam under mid span step loading time history of the mid-span deflection
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point deflection amplitude up to the third resonance peak and

outlines agaj.n‘ the good accuracy of the mode acceleration meth-

od.

Conclusion , ‘

‘As announced in the beginning methods based "on
modai analysis are seen to give very satisfactory transient
response although only a generally small number of significani:
low frequency modes needs to be taken into consideration. Both
mode displacement and mode acceleration methods have a simple
finite element formulation and are easily extensible to sin-
gular systems.

The mode acceleration method was seen to b'e a
simple improvement of the mode displacement method by means of
the quasi-static contribution of the unknown modes which pro-
vides also a suitable criterion for checking the convefgence:
is this contribution small s, so both mefhods are valid with ad-
vantage when using the mo_de acceleration method. Is this con-
tribution not small so the number .of known modes is unsuffi-
cient and both methods fé.il since the fact that the mode ac-
celeration method will generally give a better result that the
mode displacement method does no longer imply that this re-
sult will be good. When comparing the mode displacement or the
mode écceleration method with direct methods, like Houbolt's

method, it is seen that a substantial economy is due to the
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fact that only n second order linear differential equations
are to be solved instead of iterating the complete (N x N)
coupled system. Of course, the cost of the modal analysismust
be taken into consideration but it must be kept in mind that

a single modal analysis allows the treatment of any number of

response problems.
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Appendix I

If viscous damping is assumed, basic equation

(8.1) becomes:

Mg+ B q+Kg= F(t) (8.45)

where B is a symmetric non negative damping matrix, Assuming
(8.16) leads then to the following coupled normal equations

of motion:

N
.e ’ L] ’ [l
| P E [x(r) B m(i.)] P P P 'm(r)f(t) (8.46)
These equations show that damping generally coﬁples the normal
modes of the associated undamped system. If damping is small
and if coupling of modes may be neglected a great simplifica-
tion of (8.46) occurs when assuming the following additional

orthogonality relations:

e B Tay = 2 t’r ®, ¥, 5r‘i. (8.47)

where c;is the ratio of critical damping in the ibh mode,

It must be noted that hypothesis (8.47) is rather restric-
tive, since neglecting coupling of the modes, and is to be
considered only as an occasionally valid approximation,

If (8.47) be assumed, (8.46) becomes:
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x5y F(t)

.o . 2
(8.48) 1, + 2&., O+, = "
: r

the solution of which is, with assumed -zero initial conditions:

) b
7.(t) = X (r) /e'ar""rg"t)oi.n[ 1-5|,4o,(t-*c)]f('r)d*c
(8.49)  p, V-6, @ 5

leading to the following mode displacement response:

q(t)- x(»)-’ﬁ(b) / - & w;(t- ) [‘/1 ew(t 't)]F(‘r)d‘r
=1 V—‘(ﬂ

(8.50)

Now, if damping is small, both inertia and damping forces may
be neglected for higher modes when compared to the correspond-
ing stiffness and applied forces. Thus, by analogy with the mode
acceleration method for undamped systems, we may use here a mode
velocity method and improve (8.50), by means of the quasi-static

contribution of the unknown modes,. into:

t
(t ) _ ‘ (i) :r.(',) / - & @;(¢- Oain [ 1- 6:; wi’(t -‘t’)] f(‘i’)d‘i’

(8.51) V—— ©,

+[ 2 %)%) ] ()

(I ) Pl.




Appendix II

If a cubic curve is assigned to pass through four
successive ordinates with abscissa step h , the following dif-

ference equation holds:

1
q,~= F"'- (2qn_5qn-1+4qn-2-qn-3) (8-52)

Setting (8.52) into basic equation (8.1) with time step At =h
yields the Houbolt's backwards difference algorithm (see refee-

ence).

2 2
h h 5 1
M+ 3K,z 5 hrM(F 9,729, 70) (.59

which is unconditionally stable but subject to spurious damping.
Iteration must be started with a special proce-

dure using the derivatives at the third of the four points:

&n: ;—h(an+4+3qn-6qn_1+qﬂ_z)
= g (a, - 20,4 9,.) (850
Hence, with zero initialv conditions:
%=0 (8..55)

q,= 0



168

Appendix II

we get the following starting procedure

b h oyt
(8.56) : 9= 5 (M + aﬁ—K) (F,+2F,)
q,= O
2 -4



Appendix III

When numerical integration of the normal equa=-
tions of motion (8.18) is required, the following modally un-
coupled precise integration operator, due to Dunham, Nickell

and Stickler (see reference) can be successfully used:

7, ¢ +a0)] [ (t)
. _ . x () F(t +At)
q, t+at) | = A(w,, At) - | (L) | + g, , &) - —}J',_—
[’ia t+ At) 7, (t)
with
ain(e; At) sin(@;At) 1 [sin(w;Ab)
w; At : @; ;{ oAt _coo("}“M
_ | cos(e@;At) -1 1. cos(w;Ab)-1
A(w, , At) = — cos(w;At) Py sin (o, Ab) + oAt
®; sn(w;At) . : sin(w;At)
- ————— - @sn(w,At) cos(wAlb)- bt

L At
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and

.
1 [1_ si.n(m;At)]

I N N P AL)
9(w, ,At)= Y [1 coo(w,’At)]

Oirn((d;,At)
(oi,At

This operator is unconditionally stable with no spurious damp-

ing or error in vibrational period,
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PREFACE

The steady state heat conduction pro
blem is formulated in terms of the basic physical
quantity attached to this kind of boundary value pro

blem: a dissipation functional.

Dual minimum principles are derived
from which respectively upper and lower bounds to
the dissipation functional can be obtained from cor

responding models of finite elements.

The temperature and heat flow models
are derived and tested from the viewpoint of numeri-
cal effectiveness. For the latter, either the heat
flow itself is discretized, or this is done through

a heat stream function.

' Numerical bounds are presented for
the dissipation funetional of certain problems where

both types of models were applied.

Udine, July 1972



PART 1

LOWER BOUNDS TO A DISSIPATION FUNCTIONAL BY
TEWPERATURE COMPATIBLE FINITE ELEMENTS

1. THNTRODUVWVCTION

Finite element methods are best known from their
applications to limear lasticity theory. Dual single-field va—
riational principles, like the principle of minimum total ener-—

gy and Tthe principle of minimum complementary energy, were shown

“o be advantageous in the construction of mathematical models of
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finite elements and in the numerical estimation of the accura—
cy of the approximations [1] , [2] s [3] .

Non structural continuum problems have received
less attention and only recently [4] R [5] has the dual formu-
lation been presented for other field problems where variation
al principles are available.

'In the present paper attention is focused on the
steady state heat conduction problem, although other boundary
value problems, like steady seepage through porous media, elec
trostatic and electromagnetic fields, isoenergetic flows of i-
deal fluids can benefit from similar treatment.

The basic dual theorems can be derived either
from variational manipulations [5] or from inequalities based
on thermal behaviour of the continuum. The latter approach
starts from an integrated thermal balance of the continuum and
is analogous to the virtual work principle of elasticity. It
stresses the fact that the variational character of the theo-
rems is not essential for their use in conjunction with the
finite element method. The basic physical quantity of steady
state heat conduction, i.e. the dissipation functional, is in-
troduced and the two minimum theorems are derived fromits pos-
itive definite character. Special emphasis is given on the na-
ture of the transition conditions required when the domain is
subdivided into finite subdomains. The dual character of the

theorems extends to the benefit of the dissipation functional
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a numerical estimate of the convergence by upper bounds (tem-
perature approximations) and lower bounds (heat flow approxi-
mations) when no heat sinks are prescribed. When the body is
in contact with a uniform temperature bath, taken as zero ley
el, the role of bounds is reversed. The general case of a mix
ed boundary value problem where both sinks and non-uniform ex
ternal temperature prevail can be treated by superposition if
convergence estimates are required.

The following sections are devoted to the con-
struction of mathematical models of finite elements of the com-—
patible temperature type based on the first minimum theorem
[6] . The particular concepts of shaping and bubble functions
are introduced for the temperature field.

An original treatment of the convection bound-
ary of the continuum is presented which is necessary to obtain
correct bounds in a dual analysis. Some numerical examples show
practical use of 2D -~ and axiSym - temperature finite elements

‘in solving heat conduction problems.

2. FIELD EQUATIONS AND BOUNDARY CONDITIONS

The heat conducting body occupies a volume D
bounded by a surface OD , the outward normal of which has di-
rection cosines n;(i= 1,2,3) . Let T(x) be the steadybut

non uniform temperature distribution referred to cartesian co-
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ordinates.
The temperature gradient is denoted by
aT
9.7 = —
(2. 1) [ axi,

and heat flow q; is governed by Fourier's law

(2.2) | q; =- kT

where k;; is a symmetrical heat conductivity tensor. When the
principal axes of this tensor have constant orientation from
point to point and the cartesian axes are taken parallel to

them, the simpler law prevails
(2.3) q,=-k,0,T q,=-k, 9,T Qs =-k;0,T

If Q denotes a heat sink distribution per unit

volume, the heat flow balance requires

(2.4) qui+0: 0]

Boundary conditions of various type are considered,
If the body is in contact with a heat bath, whose temperature can be
maintened at a pfescribed level T, , the body'surface temperature

will depend on the outgoing flux n;q;

1
(2.5) T=T, + £nq

If the convection exchange coefficient h tends to infinity,
this reduces to a prescribed temperature condition. If it tends

to zero, we have an adiabatic wall condition.
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Should we write (2.5) in the equivalent form

njq; = h(T-T) =q, (2.6)

the right hand side is an equivalent surface heat sink. We can
then think of the rate of heat absorption Q. to be a prescribed
quantity; in which case the bath temperature T, must be adjust
ed to conform with the temperature reached by the body's surface.
The concept of a heat temperature can be extend-
ed, as a useful artifact, to interface transition conditions.
On each interface A between two heat conducting bodies we can
distinguish between two faces; conventionally denoted by A+and
A_ (Fig. 1). The conditions generalizing (2.5) can then be

written as

- 1 . 4.
'+
(2.51)
_ .
T.=T,+ h ni- q}_

If the interface temperature T, is prescribed,
each condition is independent of the other and there is, properly

speaking, no transition condition. There is an interface heat

sink

N+ qj_++ nj.-qj.- = h+(T+-Te) +h-(T-_Te) =q, (2.6')



180 Lower bounds to a dissipation functional ...

whose intensity has to be reg-
ulated to comply with the sur-
face temperatures T, and T_.
Should we prescribe g, in-

stead of T, , this last value

must be adjusted to

Fig. 1. Interface transition conditions

T = h, T,+h T _-q,
¢ h+h_
In this case, eliminating T, between the.two conditions (2.5'),

the conditions can be written
1
T+- —h' n j—*

+

S
9,2 T.= 4 nj.a

(2.7)
MbeQjat Nj-9-% e

Those are real transition conditions. Introducing an equivalent

transitional convection coefficient h , defined by
1 1 1
_— — ¢ —

(2.8) T T

they can be put into the equivalent form

’ h
nj'*qé-:'_: h(T+- T_)+—Eq¢
(2.7")

- - h
n._qi_.. h (T T+)+ h,

¥ e
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Usually the prescribed heat sink value is zero; there is heat
flow continuity and only the transitional convection coefficient
h need be known.

If the interface is an artificial one, introduced
for the purpose of numerical analysis by finite elements in a
homogeneous body, we can let h_and h_ tend to infinity in the
first of equations (2.7) and obtain the transitional requirement

of temperature continuity.

3. VIRTUAL POWER AND HEAT SINK POTENTIAL

A vector field
e, =T (3.1)

satisfies integrability conditions for the existence of T

d,e,-de,=0 33e4-04e3 =0 d,e,- 9,e=0 (3.2)

analogous to the compatibility equations a strain field must
satisfy in order to integrate a displacement field.

Inasmuch as non—compatible strain fields do
occur for certain types of approximation in elasticity theory,
we are led to introduce the concept of 'generalized temperature
gradient field". Such a field is composed of e, fields, that do

not necessarily satisfy (3.1) in each subdomain, and of surface
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temperature discontinuities, either at interfaces or at the

outer boundary; it will be symbolized by e .
Let q symbolize an independent heat flow field,

piecewise differentiable in each subdomain. We then construct
a "virtual power functional"

(3.3) (e,9) ""/e;,q‘»dn */"‘.CI;(T' T,) dS
D

S

analogous to the structure of a virtual work in elasticity
theory. S denotes the outer boundary plus the set of both
faces of each interface and we recall that T, has the same
value on both faces of an interface.

If e is such that the vector field e obeys to
(3.2) in each simply connected subdomain and a temperature
field can be constructed, whose surface values coincide with
those introduced in (3.3), it is called "compatible" and de-

noted by the symbol OT . Then, by simple integration by parts,

we find

(T, q) :fTOLq-bdD-/n-hqi'TedS
D

S

Let us now denote by Q and q, the heat sinks

required to balance the flow field q , that is

ntql"-'- qe on OD



Heat sink potential 183

(n,q,), +(n,q;)_=q, on A

We then obtain an identity between virtual power and a heat
sink potential:
(OT,q):-[TQ ao- [ 71, 9,45 (3.4)
b A+ 9D

In the heat sink potential, each heat sink intensity is multi-
plied by its corresponding temperature. This result is analo-
gous to the identity between the internal form of virtual work
and its external form (product of external forces by the con-

jugate displacements) when the strain field is compatible.
4., SCALAR PRODUCT AND DISSIPATION FUNCTIONAL

The result of section 3 makes no use of Fourier's
law nor of the nature of the boundary conditions; it relies only
on the concepts of compatibility for temperature gradients and
balance, or equilibrium, for heat flow.

To any flow field we can now associate a gener-
alized temperature gradient field, through Fourier's law

q,=- kLi ei (4.1)

and the heat convection equations
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(4.2) nq =h(T-T)

applied on the totality of S . Substitution of this into (3.3)

would create confusion by having the same symbol for the gener-
alized temperature gradient field already present in (3.3) and
the new field "conjugate" to q . For this reason we denote the
latter one by & , and obtain

(4.3) (e, &) = fk'»,i e €dD+ Sh(T-Te)("i'-Te)dS
b

This expression is clearly in the nature of a scalar product

between two generalized temperature fields; in particular

(4.4) (e, &)=(8e)

Conversely, inverting Fourier's law

(4.5) SERLTLH

where r}kis a heat resistivity tensor, reciprocal to the heat

conductivity one,

(4.6) Kip T = S

and using (4.2) in reverse, we are able to express the same

scalar product in a dual form as

A A ni, i, n. .
b s
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In fact, since there is a one-one correspondance
between a generalized temperature gradient field and its con-
jugate flow field, those fields represent the same element in
function space. Thus, when we use the symbol F , it will re-
present either one of the conjugate fields. In this case (4.1)

and (4.2) are analogous to the stress-strain relations.

5. THE DUAL VARIATIONAL PRINCIPLES

The definition of a scalar product induces a
Hilbert space structure in the generalized temperature gradient

fields (or their associated flow fields) provided
(F,F)=(e.)=(a,9)

be positive definite. This is however a valid assumption, based
on physical considerations related to the second law of thermo-
dynamics. If © denotes the absolute value of the reference tem-
perature, from which the (small) temperature excursion T are

measured, then (I",F)/G)2 is the (linearized) rate of increase of

entropy of the body and its surroundings. We shall call
%‘(f,f) the dissipation functional

It will prove convenient to use the property of
a Hilbert space to be a metric space. If furnishes a conceptof

distance between two fields, the square of which is defined by
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A

(F-F,F-F)=0

and the poéitive definite property ensures that if the distance

vanishes then f = f .

Consider now a heat conduction problem where the

volume heat sinks are specified
(5.1) Q=Q in D

and the boundary conditions are mixed. More precisely, we sep-

arate S in two subsets
S1U 52 =S
and A+ dD in two corresponding subsets
B1U B2 =A+0dD

The set B, is the set S, where both faces belonging to the same
interface have been merged. The heat sink temperatures are pre-

scribed on B4
(5.2) Te = TT; on B1

The set B, corresponds similarly to S, and the heat sink flow

rate is specified on it

(5.3) q,=q, on B,
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Let 9T, denote a fixed temperature gradient
field with an integrated temperature distribution T (=) ineach
subdomain and surface temperature discontinuities T -'T'e on B,.
Let 9T denote an adjustable (containing unknown parameters)
temperature gradient field, with integrated temperature distri-
bution 'Al'(:t) in each subdomain and surface temperature discon-
tinuities T -0 . Then, by the principle of superposition,
9( T+ To) will be an adjustable temperature gradient field,
with integrated temperature distribution 'T' +T° and surface
temperature discontinuities T+ T - Tc on B,.

| Similarly introduce a fixed heat flow field, de-
noted by ¢, , which balances the heat sink rates Q in D and

q, on B, . Introduce also an adjustable heat flow field/t:] which
balances zero heat sink rates in D and on B2 . Then, by super-
position, a +q, will be an adjustable heat flow field in equi-
librium with the perscribed heat sink rates.

If the squared distance
A A A A
(T + 9T -q-q_, aT + 3T°- q -qo)> 0

happens to be zero, we have

0'1'+0To: q +4q

]

and both fields become the conjugate of one another and repre-
sent an exact solution to the problem. This solution is unique.

Indeed if s, and s, are two solutions, s,- s, must be a temper-
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ature gradient field with T = O on B, , that is of type oT

Again s, - s, must also be a heat flow field in equilibriumwith

Q@ =0 in D and q,=0on B, , that is of type § . Thus
(s,-s,,s,-5)=(0T,d)=0

in view of equation (3.4). This establishes that S,-S,.

In numerical analysis the number of adjustable
parameters is generally insufficient to produce an exact solu-
tion., A useful form of best approximation is then furnished by
trying to minimize the squared distance between a temperature

gradient formulation and a heat flow formulation:

(07 +9T,-3-4,, 0T + 9T -G -q,) minimum

In view of the result
(5.4) (@T, @)=0

this is equivalent to

@T+0T,-q,, 07+0T,- )+ (3 +q, - 9T, d +q,-9T)

(5.5)
~(a,- 9T, , q,- 0T)) minimm

The first term is non-negative and depends only on the adjust—

able parameters OT, the second is also non-negative and depends
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only on the adjustable parameters in { , the last one being

fixed can be discarded. Consequently we may minimize separately
the first and the second term, which procedure will furnish im-
mediately the two most important variational principles govern-

ing steady heat conduction.

5.1 The principle of variation of temperatures

Minimization of the first term in (5.5) is equi-

valent to

FOT,0-(T,q,) mintmm  (T=T +7,) (5.1.1)

Explicitly, using the definition of the scalar product and (3.4):

‘?/k.. a.Ta.Tdo+—fh(T T)dS+—/h(T 1Y ds
D

(5.1.2)
fTQdD +/q Td3+fq TdS min.,

The last term, that contains the fixed heat sink rates q,, ba-
lancing the particular flow field q, on >B4 , can be discarded
as constant. The Euler equations and boundary conditions of

this principle of variation of temperatures are found to be

- 9.°(k.4 01T)+ﬁ=0 in D (5.1.3)
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stemming from volume and surface variations of the temperature
field T . It must be understood that, according to whether parts
of S, or S, belong to A or A_, hand T must be replaced by h,
T, or h_, T_ respectively.

An additional result is obtained from the arbi-

trary variation of the unspecified heat sink temperature 'l'e on 52:

(5.1.6) -h(T,-T)-h(T-T)+§, =0
or
(5.1.7) -h(T-T)+q,=0

according to whether @, is at an interface or at the outer bound
ary. The correctness of equations (5.1.3) to (5.1.7) can be veri
fied from the considerations developped in section 2.

An analysis of the limiting case, when a convec-
tion coefficient goes to infinity, shows that the corresponding
contribution of the integrals on S,or S, in (5.1.2) must dis-
appear; in compensation the corresponding face temperature must

be set equal to Tc if it belongs to S, , to T,if it belongs to

S

2 °



5.2 The principle of variation of heat flows

Minimization of the second term in (5.5) is equi-

valent to

%(q ,4) - (3T,,49) minimum (a=8+49,) (5.2.1)

Explicitly, and since for T  the heat sink temperature on B,is

2
1/ qq. 1_f£"_q> /-
2‘D/r”qbq&d0+2 A b dS+° Q'l'odD

T,,
+fqu¢dS +/q‘T¢odS min,

e
B, B,

(5.2.2)

The third and fifth terms, which are fixed constants, can be
dropped.

In this "principle of variation of heat flow'",
analogous to the complementary energy principle of elasticity
theory, the heat flow vector may not be varied unrestrictedly.

It is constrained a priori to verify the heat balance equations:

2.9.+Q=0 » D
}q}-l- in (5.2.3)

(n q) qQ:)_ =4 on B, (5.2.4)

e

(J-J-
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-r

or

n-q-=4q
J'qJ 9

Similarly, in the B, integral of (5.2.2) q, must be understood
to mean (n} q})++ (niq})- or nj q} , according to whether the part
of B, considered belongs to A or to 9D, ;
This complementary variational principle can also
be obtained from the temperature principle through a classical
FRIEDRICHS transformation [5] . In so doing one also obtains

useful two-field variational principles as intermediate steps.

Those will not be considered here.

6. BOUNDING OF THE DISSIPATION FUNCTIONAL

To obtain a guaranteed upper or lower bound to
the dissipation functional by approximations based on the pre-
ceeding variational principles, it is necessary to split the
general heat conduction problem in two parts.

In part 1 we keep the given data Q in D and qQ,
on B,but set Te=0 on B,.

In part 2 we do the reverse, set @ =0 in D and q,=0
on B,but introduce the data T, on B,.

By the principle of superposition, the general
solutions is then obtained by adding the solution of parts 1 and
2,



6.1 Bounding of the dissipation functional in

problem 1
Setting Te =0 on B, means that we can dispense

with the particular field To and approximate the solution of

problem 1 through either one of the variational principles

lz(a?, a1)-(0%,q,) minimum (6.1.1)

lz'(q,Q) minimum (6.1.2)

Take (6.1.1) first and assume a solution
A ~
T=o0cT,. (6.1.3)

~
where the summation is finite and the T(L ) temperature fields
have assumed distributions. Then (6.1.1) goes into the prob-

lem of minimizing a quadratic form in the unknown coefficients
1 o o0 (0T, 9%.)- (0T, q,)
IR R AN ORI ¢Y W%

The coefficients are determined by solving the linear system

o (076, 9Tg,) = (3%, 9,) (21,2, ..,0)(6.1.4)

Denoting by © the best approximate temperature field obtained
by substituting those coefficients into (6.1.3), we see that

(6.1.4) can be written
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(0%, , 26) = (o?m, q,) (i=1,2,..,n)

Multipliyng each of these equations by the corresponding coef-

ficient and adding

(6.1.5) (3@,3@):(09,(]0)
This property is analogous to the Clapeyron theorem of elasti-
city theory. It is obvious that it holds true also for the ex-

act solution

(6.1.6) (s,8) =(s,q,)

We recall that the symbol s for the exact solution, represents

either the exact heat flow field or its conjugate temperature

gradient field., Then the property
(s,s -q,) =0

equivalent to (6.1.6) follows directly from (5.4), because s
as a temperature gradient field, is of type 0? and s -q,
as a flow field is of type Qq (balancing zero heat sink rates
in D and on B,). Since the approximate solution will not, in

general, allow the minimum of (6.1.1) to be reached, we have

‘3 (26, 28) - (90,q ) = % (s,9)-(s,a)
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Then, in view of (6.1.5) and (6.1.6), we obtain the boundings

(s,5) = (98, 06) (s,9) =(08,9)  (6.1.7)

Turn next to (6.1.2). Since again any best ap-
proximate solution p obtained from this variational principle,

will not as a rule reach the absolute minimum:
(P,pP) =(s,s) (6.1.8)
Thus

(39, 98) < (s,s) <(p, P) (6.1.9)

This bracketing of the exact value of the dissipation function-
al through dual approximate analyses is very useful to appre-

ciate the accuracy of the numerical solutions.

6.2 Bounding of the dissipation functional
in problem 2

Setting @ =0 in D and g,=0Oon B, means that
we can dispense of the particular flow field q o and approximate
the solution of problem 2 trhough either one of the variational

principles
-;— (a1, am) minimum (6.2.1)

-;—(& ,8) - (0T,,8)  minimm (6.2.2)
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Denoting by ® the best approximate temperature

field obtained through (6.2.1), it is clear that
(90, 99)=(s,s)
Again, implementing (6.2.2) by a finite expansion
q= ﬁ;a(;’)
we find that the best approximation a ='B has the property

(6.2.3) (., p) =0T, ,p)

analogous to the Pasternak reduction theorem in structural ana-
lysis. This property is shared by the exact solution of problem

2
(6.2.4) (s,s) =(QdT,,s)

because s , as a flow field, is of type q and s -OTo,as a tem-
perature gradient field, is of type aT.

Furthermore
~ A A 1
= (3,9 -(3T,, D) = 5 (5,9-(@T,.9)
Thus, in view of (6.2.3) and (6.2.4), we obtain

(535)?(ﬁ36) (aTo’S)?(oTo’ﬁ)

The bracketing of the approximate analyses is now seen to be

reversed
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(p,P) < (s,s) < (90,20) (6.2.5)

which explains the necessity of splitting the genreral problem

when it is wished to make use of this type of convergence cri-

terion,

7. MATHEMATICAL MODELS OF TEMPERATURE
FINITE ELEMENTS

These two minimum theorems may now be applied
to the construction of mathematical models of finite elements
either of the compatible temperature type or of the balanced

heat flow type.

In this paper we shall restrain the discretiza-
tion of the continuum problem to the most widely used way [6]
i.e. discretization of the sole temperature field, continuous
and piecewise differentiable,

The corresponding discretization of the temper-
ature gradient follows through rigorous application of (2.1)
and the whole weight of the approximation falls on the balance
equation (2.4) which is only averaged as in a Galerkin process
on each finite element domain by the shape functions chosen
for the temperature field. The same is true for heat fluxbound
ary specifications (5.3) which are translated into equivalent

generalized fluxes and there are discontinuities in heat flow



\

198 Lower bounds to a dissipation functional ...

transmission between adjacent elements, the heat flux being
soleley constrained [6] s [7] . On the other hand temperature
boundary specifications (5.2) can be accounfed for exactly if
expressible in terms of the dito shaping functions.

The procedure is then to minimize the functional
(5.1.2) (dissipation functional plus heat sink potential of
prescribed thermal loads) with respect to the finite temperature

degrees of freedom.

7.1 Temperature elements generation

Hereafter matrix formulation (%*) will be used
for brevity and simplicity. The temperature field is discretized

by assuming
(7.1.1) T(x) = mT('r.)a = a m(x)

within the domain E of the finite element and on its boundary
dE . The boundary consists of several parts q’E(d’:1, cee s S)
corresponding to adjacent elements or to parts of the external
boundary 9D .In (7.1) a and M are column vectors collecting

respectively the parameters <tho be determined by the minimum

(#) Unless otherwise specified, a small letter denotes a column
vector, a capital letter denotes a matrix and superscript T de
notes the transpose operation.
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condition (5.1.2) (so that heat balance be approximated at best)
and the assumed independent spatial modes Mi(x)- usually poly-
nomials — of the temperature field. Both the o - and M’sarein
finite number n .

Temperature gradients are readily

e=3T =D (x)a - (7.1.2)

where 9 is the matrix differential operator

T ) 0 0
9 =
(0x4 ’ 9%, ' dx,

and D a (3 xn) matrix of modes derivatives.

7.2 Local boundary temperatures and
shaping functions

Continuity requirements for the temperature are
still to be satisfied between elements. For this sake the be-
havior of T(x) is analyzed on each face 0 c'E of the boundary
d E : this furnishes the number of degrees of freedom of T(x)
on each i)o,E and a local temperature coordinate is attached to
each such degree of freedom. Local coordinates pertaining to B
i) GE are collected in the column matrix t o Which determines
completely T(x) on it. Transition conditions are then satisfied
along OG,E provided the same boundary modes exist for the ad-

jacent element and the associated t, take the same value a-

cross the interface. Local temperatures here upon are related
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to the parameters of the field by

(7.2.1) to,: Ro,a

Identification of temperature distribution along OGE furnishes
T, . T ¢ g 2 E
m(x)a= pd(x) s or x €3,

where the elements of pbgn)are the boundary temperature modes

on OG,E . This relation is valid for any a so that
T
(7.2.2) m(x) = R 4Py (=)

The set of relationships (7.2.1) for all the parts OdEl of the

boundary results in the global matrix relation
(7.2.3) t=Ra

where t collects the nbboundary local temperatures (some of
them are readily common to several faces in order to insure u-
niqueness for temperature at vertices). This states that the
knowledge of a determines completely the temperature on the
boundary OE of the element but the question is now: does some
value of a always correspond to an arbitrarily given t ?

The simplest case is that of a non singular ma-
trix R implying that the number n of parameters be equal to
the number n, of boundary local temperatures. Inverting (7.2.3)
and substituting into (7.1.1) there comes a translated discreti

zation of the temperature field
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T(x) = p'(x) ¢ (7.2.4)

(R") "m(x) (7.2.5)

where p(x)

are the shaping functions of the temperature field. In other
words the independent boundary temperatures are sufficient to
determine the temperature wii:hin E . This is the case when the
elements M, of the spatial modes matrix m(x)are the complete
set of coordinates polynomials of degree N =<2, for finite

elements of the 20-triangle of 3D- tetrahedron type.

7.3 Local internal temperatures and bubble
functions

The case where R is a non square matrix of rank
ng is still simple. In other words there are more field para
meters o, than local boundary temperatures (n >"b) and the way
to by-pass this difficulty is to choice (n-n =n;) local in-
ternal temperatures ¥ to complete the set of n, relations

(7.2.3) by
v=Sa (7.3.1)

. T
where the row L of S corresponds to the row vector m (T-i,)

s:(t>-:(R>a:Na (7.3.2)
v S

The system
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can now be solved to give the general solution since the (n X n)

matrix N is non singular. This furnishes
(7.3.3) a=Ps=Ut+ Vo

and after substitution into (7.1) there comes

(7.3.4) T(@) = px)t+q(x)v
where p(x) =U'm(x)
(7.3.5) .
(7.3.6) q(x) =V (x)

are respectively once more the shaping functions and the bubble
functions. The latter represent indeed intermal temperature

fields which vanish on the boundary of the element.
7.4 Generalized heat fluxes

At this point all the required conditions but
temperature bbundary specifications are satisfied to invoque
the minimum principle (5.1.2). In this appears the heat sink
potential which introduces natural definitions for the genera-
lized fluxes. The part due to internal heat generation gives

in vue of (7.3.4)
- T T
(7.4.1) fQT(x)dE=t Fo+ v
E
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where

fb:[u p(x)dE fv:[Q q(x);dE (7.4.2)

are defined as generalized heat fluxes conjugated respectively
to the local temperature sets t andv . They appear as linear
functionals where the actual prescribed heat generation is
weighted by the shaping and bubble functions. Similarly for
the (normal) heat flux at the boundary -
f q T(x)dE=t"g, (7.4.3)
aE

gives the definition of the generalized fluxes conjugated to

the sole local boundary temperatures

» 954% p(x) dDE (7.4.4)

The approximate solution to the temperature distribution using
principle (5.1.2) will be shown depend only of the values of
the generalized fluxes (7.4.2), (7.4.4) and many actual heat
generation distributions and heat flux specifications can pro-
duce the same approximate answer., This is the announced charac
teristic feature of temperature finite elements models where
the knowledge of the generalized heat fluxes corresponds to

only a weak knowledge of the actual heat sink distribution.



7.5 Element conductivity matrix

"Turning now to the dissipation term of principle
(5.1.2) it can be computed directly for the element in terms of

the parameters from the initial discretizaion (7.1.1) as

3

(7.5.1) F.= %—/;Jc e dE:%a’Kua

where FL denotes the internal part of the dissipation func-

tional and

Kaa:[DT(x)C D (x)dE c :(k;'i)

and thereafter transformed through (7.3.3) in a quadratic form

in the local temperatures

- 1 T T 1 T
(7.5.2) F;-‘Et Kt+v Kubt+—2-vau‘or
with
T
Kn= U K aU
K=VK U
ot
T
K =VK V
L 10 aa

It can also be obtained directly in the form (7.5.2) by per-
forming integrations on the basis of the expansion (7.3.4) of

T in shaping and bubble functions; in this case the genera-
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lized conductivity matrices are

6, = [PF@] clar]e

=[0G il

K, = / [0 d@)]" c[aq'(z)]ee

This last conductivity matrix is never singular because a bubble
temperature function necessarily involves non zero temperature
gradients within E. ; this allows the associated local internmal
temperatures to be eliminated at the element level; indeed the
minimization to be performed from principle (5.1.2) is finally
in view of (7.4.1), (7.4.3) and (7.5.2) - i.e. without convec-
tion effect:

1,7 T 1 T 1 T
-2—t K t+v K t+ > KoyU+ t(F+g )+ F

minimum
The minimum conditions are
Kut-l- KW_‘IJ'z-ft-gt (7.5.3)
Kpt+ Kvw=-f (7.5.4)

Solving the last one with respect to the internal temperatures pro
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duces

-
v=- Kw(Fu"' Kvl;t)

and the conductivity relation

(7.5.5) Kete = Fe+ g
with

(7.5.6) Ke = Ky~ KwK:uKot
(7.5.7) Fo==f e K KL
(7.5.8) 9:=-9,

Relation (7.5.5) describes the discretized thermal properties
of each element with respect to boundary temperatures tE =t
but the case of the boundary part li of the dissipation func-

tional need still be treated.

7.6 Specific convection boundary elements

This case is no longer treated by generalized

fluxes [6] but results in essentially different ele
ments as follows: an external degree of freedom Te
is allocated to the boundary and a fictituous ////// //

element is considered out of the actual body

. ) Fig. 2. Specific convection
(Fig. 2). The local temperatures sequence fOr  poundary element
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this element comprises the set of temperatures pertaining to

the boundary itself plus the external one T,

t=('T) (7.6.1)

The external part I'-'C of the dissipation functional becomes

then a quadratic form in these local temperatures

2

where 9,E is the part of the convection boundary S, allocated

2 1,7
F h;.le h(T-T,FdoE- Lt KL, (7.6.2)

to the element. The minimization to be performed from principle

(5.1.2) is in the present case
1,7 T ..
> t, K. t .+t g minimum

where g_ is defined in a similar manner to (7.4.4) on 9.E
The discretized thermal properties of those specific convection

boundary elements are then summarized in

K. t.=-9. (7.6.3)

7.7 Thermal properties of the assembled
elements

The principle for assembling the elements is well

known and fully described elsewhere [3] . Let us simply recall

that it consists in stating which boundary temperatures must
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have common values at interfaces to implement the continuity
requirements. The way to gather generalized fluxes follows from
thermal balance at the interface. At this step it should be
note that, while f, and g, (7.5.7), (7.6.8) are boundary gen—
eralized fluxes for the element, the @.'s are internal thermal
loads for the whole body: this is clearly seen from the defini
tion (7.4.2) of the fgs where the generalized fluxes are com—
puted from the known heatvgeneration distribution while the
boundary heat fluxes defining the g;s by (7.4.4) are unknown.
Eﬂeméntar conductivity matrices are also assem-
bled in a master conductivity matrix and the thermal way of

life of the whole body reads
(7.7.1) Kot =g

which can then be solved for the set of local temperatures t,
after due account is taken of the prescribed ones (boundary

and external).

8. NUMERICAL EXAMPLES

The genéral method to derive temperature finite
element models has been successfully applied [6] ) [7] to sev-
eral types of geometry ( 2D - triangle and quadrangle, AXISYM-
triangle and 3D- tetraedron). The detailed matrices will not

be presented here as long as the procedure to be followed is
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the standard one previously described.

Preference is given to some numerical illustra-
tions which stress the efficiency of the method in solving

steady state heat conduction problems.
8.1 Human body thermal model [8]

The thermal behavior of the human body has been
modeled to simulate the major aspects of the heat transfer with
in the living tissues. The purpose is to develop thermoregula-
tory systems for protective suits used in current extravehicular
activity space units. These systems must remove the metabolic
heat generated by the body which was achieved in the most recent
Apollo space suits by a network of water-cooled tubes in direct
contact with the skin. The modeled human body is a set of rec-
tangular strips (Fig. 3A) whose width is the half distance be=-
tween cooling tubes. The depth is divided into three layers:
an outer layer of skin, a skeletal muscle and a constant tem-
perature inner core.

The tissues were considered to be isotrqpic and
the thermal properties were taken as conStant. The human body,
in the vicinity of the parallel cooling tubes in contact with
the skin, will be modeled as a parallelepiped with rectangular
cross section. The thermal gradient parallel to the tubes will

be considered zero so that the problem becomes two-dimensional
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2pa cooling tube (G,)
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% 94,5

Fig. 3.a. Representative strip

90

7
muscle
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CHARACTERISTIC DATA 855

By = 0,008 | FT.

B, = 0,065 | FT.
81

A = 0032 | FT.

Ky = 0,242 | BTU/HR-FT-°F

765
Ky = 0,311 | BTU/HR-FT-oF | ===
Q, = 1398, | BTU/HR-FT? 72
Ge = 1696. | BTU/HR-FT2
6725 N ‘ﬁ
63
[
5 58,5 s
b4 ——> "
49,5 \
4505 A

L.l
T=381 cooling B=1

area
Fig, 3.b. Temperature distribution § = .1

in rectangular coordinates. The thermal field perpendicular to

the tubes will be taken as symmetrical and the lines of sym—

metry which are located at the center of the cooling tubes and

halfway between the tubes, are adiabatic boundaries. Since all

the heat developed inside the body is assumed to be removed



Numerical examples 211

through the part )3 of the skin surface (prescribed heat flux),
the remaining uncontacted part is also considered adiabatic.
The inner boundary (interface core-skeletal muscle) is given
the essentialiy constant temperature of the human body core
(99,7° F).

Such simplifications are necessary to reach the
limited data on the parameters involved and it is clear that
the following numerical results are not immediately reiiable

for biological purposes.

Nevertheless we performed such a simplified nu-
merical work through a 2D- finite element mesh of 82 parabolic
T _field elements (Fig. 3.B). The temperature distribution is
mapped for a case of high total metabolic rate (2600 Btu/hr=
760 watts). From a physiological viewpoint it is noteworthy
that the required minimum skin temperature for the removal of

2600 Btu/hris 38,1°F which is very low from a comfort stand-

point,
8.2 Pressure vessel temperature distribution

As a second example, an axisymmetrical type of
geometry is involved in computing the temperature distribution
in the pressure vessel of a nuclear reactor (Fig. 4.A). The
temperature map due to critical conditions is required for fur

ther thermal stresses analysis. Fig. 4.A presents an axial sec-
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-885 00 202 386 53 676 74 84 Z
(cM)
h = 33672 w/em?-oc T, = 3170 %
35
I
414 :
44 B K, = 0.19037 w/cm®e
51
"’ I
585 ‘
T, =287.4 ° Ky = .40543w/cm-°c
h=.22594 wiem?2 ¢
Nb. FINITE ELEMENTS = 202
Nb. DEGREES OF FREEDOM = 475
s /TN
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Fif. 4.a. Pressure vessel characteristics
tion of the hollow cylindrical type pressure vessel. The inner
part‘ noted I is occupied by a hot fluid and the corresponding
boundary suffers convective heat transfer., The situation is
analogous for part' IT of the boundary with a colder fluid. The
rpmainder of the outer surface is considered adiabatic and the
vessel isotropic and homogeneous, but for a bottom ring of dif

ferent material.

Fig. 4.B presents the tem
perature map resulting
from a treatment using
a 202 finite element mesh

of the parabolic temper-

ature-type. In addition

Fig, 4.b. Pressure vessel temperature distribution

38 specific convection
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PART II
UPPER BOUNDS TO A DISSIPATION FUNCTIONAL BY
BALANCED HEAT FLUX MODELS

1. INTRODUCTION

A dual formulation of the boundary value prob-
lem of heat conduction was presented [1] B [2] and was shown
to provide a numerical estimate of the accuracy of approximate
solutions.

In this paper two ways of constructing mathe-
matical models of finite elements based on the second single-
field variational principle, i.e. principle of variation of
heat flow, are described. The more direct way is to discretize
balanced heat flow fields. Another way is to introduce a heat
stream function,whereby the heat flow continuity at interfaces
is obtained in a manner that is completely analogous to tem-
perature continuity in temperature models. In both cases the
knowledge obtained for the temperature field is weak since it
will be based only on values of a finite number of functionals
of that field. This does not appear to be a severe limitation
since those weighted values are sufficient to give a realistic
picture of the temperature distribution. Heat flow models en-
able numerical estimates to be made of the dissipation func-
tional that bound the exact value from the opposite side to
the estimates obtained from temperature models. This important

evaluation of convergence is illustrates on several examples.



2. SUMMARY OF THE BASIC PRINCIPLE

The basic variational principle was obtained
previously as

' 2
1 1 (n,q;) = .
(2.1) 3\/r.v}q.bq}d0 + 3/—TLdS-v:/q¢T¢dS min
D s (Y
with q, = (“J_ q"}h + (n‘; qi)’
(2.2) on B4
or simply 9.= M 9q;

We recall that B, is the set of interfaces or boundary sur-
faces where the heat sink temperature is prescribed. The heat

flow vector in (2.1) must be constrained to satisfy "a priori"

(2.3) qui+ Q- 0 in D
(n;q,), +(n, 9;).=q,
(2.4) _ on B,
or simply nJ- q; =q,

where B, is the set of interfaces or boundary surfaces where
the heat sink intensity is prescribed. Because of (2.3) and
(2.4) the admissible heat flows are balanced heat flow fields.

Recuperation of the temperature field occurs in

principle through the generalized temperature gradient ‘field
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e. = -

that can be obtained by inverting Fourier's law. However it does

not in general comply with the integrability conditions
d,e,-de,=0 e -9e =0 de,-%,e=0 (2.6)

required to construct a pointwise defined temperature field T,

such that

e; = aiT (2.6)

The boundary conditions for T are
L on B4 (2.8)

. ma
or simply T = Te-I-}Tq*

and similar conditions on B, , except that there T, is not

prescribed but unknown.



3. MATHEMATICAL MODELS OF HEAT FLOW
FINITE ELEMENTS

3.1 Heat flow elements generation

Once again matrix formulation is used hence for

ward., The heat flow is discretized in the form
(3.1.1) q(x)=S(x)b +G(x) ¢

within the domain E of the finite element.b and ¢ are column
matrices of heat flow parameters to be determined by the mini-
mum condition (2.1). The heat sink distribution in equilibrium

with (3.1.1) must be
T T T <
(341.2) 9 q(x) =9 S(x)b+ 9 6(x)c
; .
where 0 is the matrix differential operator

go(a_ a)
9%, dx, Ix,

The elements of G(x)and.SCm)are usually taken to be polynomials

of low degree. We have then distinguished those which generate

heat flows in the absence of heat sinks, because

(3.1.3) 3's (x) = 0

and those which correspond to certain modal distributions of

heat sinks within the element
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Q(x) = 2’6 (x)c= mT(:n) c (3.1.4)

3.2 Generalized heat fluxes

The boundary of the finite element consists of
several parts 06E(a‘:1,...s) . Assumption (3.1.1) generates a-
long part 0 o’E of the boundary a set of independent heat flux
modes to each of which a generalized heat flux coordinate is
attached. The set of generalized flux coordinates for ) oE con-
stitutes a column matrix ¢ ¢ and the following identity must

hold for arbitrary b and c
"S(x)b+n G | d
ncs(m) +n, (=)c = fa(m)gc x=€d E
T T
where = [hGE ... fka(m)] zed £ (3.2.1)
T
ng = [n‘(ac) n,(x) na(:r.)] xedE

are respectively the set of k ¢ independent heat flux modes

and the outward normal components along 9 P

In fact definition (3.2.1) of a generalized heat

flux as intensity factor of a heat flux mode produces its de-
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pendence on the values of the parameters b and ¢ ; in other

words we are provided with a relationship of the form

(3.2.2) g,= Agb +B,c

and identity (3.2.1) corresponds to
T T T T
(3.2.3) nJS(x) = F Ay ndG(m):deG z e E

The knowledge of 9, determines the complete heat flux distribu
tion along BJEZ so that continuity of heat fluxes at inter-
faces can be secured simply by reciprocity of corresponding
generalized flux coordinates.

Any predetermined set of boundary heat flux
modes may be replaced by a new set of kd linearly independent
combinations of the elements of the old set. Advantage is taken
of this freedom to give simple physical significance to the
generalized flux coordinates, either as local heat flux values
or moments of various order. The set of relations (3.2.2) for

all parts of the boundary 9E results in a global relation

(3.2.4) gb= Ab + Bec¢

where the boundary flux coordinates g, are listed in g, in
some conventional order and A and B correspondingly parti-

tioned from the (k_x n) and (kcx t) matrices A and By



3.3 Generalized temperatures

The heat sink potential part of functional (2.1)
is next calculated by assuming the external temperature Te to
be defined along the whole boundary OE ; it then becomes
formally

-
n

Ef T n, q(x)ddE
6
%t = ed E (3.3.1)

N
L g, | T,fy(=) dOE

g€

We now define generalized temperature coordinates t6 along

each boundary by

_P = Eg t x€ QOE (3.3.2)

and consequently the generalized temperatures sequence along i)oE
collects, in the same order as in g, , linear functionals of
the unknown temperature such as

L= / Tt (x) dOE xe d E (3.3.3)

%t FER

where the boundary heat flux modes play the role of weighting
functions. Again if the coordinates t‘ of each boundary are

collected in a single colums matrix tb , in the same order as
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the g 's in g, , the heat sink potential (3.3.2) takes the

form
(3.3.4) P=g,t,

which summarizes in a concise way the conjugate character of
generalized fluxes and generalized temperatures.

Besides, if internal heat sink modes (3.1.4)
are considered, conjugate generalized temperatures can be de-

fined by analyzing the remaining heat sink potential
(3.3.5) /TQ dE = [/T mT(::)dE]c:tT-bc
E E

To each internal heat sink coordinate in ¢ a conjugate general-

ized temperature in ti, is thus attached, such that
(3.3.6) b= [Tm(=) dE
E

Our knowledge of the temperature field will remain the "weak"
one provided by the values taken by the linear functionals (3.3.3)

and (3.3.6). This is expected since the discretized temperature

gradient field (2.5)
e(x) =- C"q(:r.) C'= (F‘i)

will in general not be integrable,



3.4 Generalized conductivity relations

As suggested hereupon we wish to extend the prin
ciple of variations of heat flow to the situation where intern-
al heat sink distribution instead of being fixed, is variable

and depends on adjustable parameters C.

Their variations are then constrained by the

heat balance equation

316c|(==)+rrf(x)6c = 0 (3.4.1)

This condition is removed by a Lagrangian multiplier A and ad-

ded to the variation of the internal part of the dissipation
functional

cSF.b+‘/[eT 8 q(x) + A9 3q(x)+ lm‘(z)éc]dEz 0
E

Partial integration on the second term gives

6F-t+f[(e1-611)6q(a:)+1.m7(m)8c] dE

E

+/~A.nT 3q(x)d9E =0
(1

and introduces in the principle of variation of heat flow the

additional term
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(3.4.2) [/TmT(m)dE]ﬁc:tisc

E

if A is taken as the integrated gradient field e and 9Ee S,-
This is now applied to discretization (3.1.1). The internal

dissipation functional is a quadratic positive form

_1 T -1 _ 1 7.0 T 1 1 71
F.= —Z-fq(x)c q(:c)dE_?bRbbb+bRbcc+?c R, ¢

be
(3.4.3) £

with generalized resistivity matrices

U T _-1
Rbb:[SC SdE

R’ =/s’c"e dE
be ¢

(3.4.4) | | R.= /6 "6 dE
E

The boundary part of the dissipation functional leads also to

a quadratic form through the heat flux

: . ) T, ) T,.T T.7
(3e445) nc(:r.) q(m) =b Ad F6+C Bofo'
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as

_ 1 1 T 2
Fo= 3 Zo: h[g<n°q) ddE

[

I L T 2 1 T2
== bRb+ bR c+oc R..c¢ (3.6)

with additional generalized resistivity matrices

2 T
R,,= ngHvo
R =LA H B
be™ ‘g 6 6 © (3.7)
2 T
Rcc: gBOHGBo
where H = L [ f £ ddE (3.8
o- h 6 O 3- )
%E

We recall here that advantage is taken of the subdivision of
the structure in elements to incorporate eventual heat convec-
tion losses at interfaces and not only along the external bound
ary 9D .

The global dissipation functional reads now

1 .7 T 17
= b R, b+b'R, c+ > cR_c (3.9)
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if the resistivity matrices collect the separate ones as for

instance
R =R +R.
(3.4.10) bb bb+ bb

The global heat sink potential yields from (3.3.4) and (3.3.5)

T T T T T
tg,+tc=tAbs(tB ) ¢
Substitution of this and (3.4.9) into principle of variation

of heat flow and identification of the coefficients of the

variation 0b and 6c¢ produces

T
Rbbb+ Rbcc =-A tb

(3.4.11) ;
Rcbb+ Rccc =-B th'ti,

The first equation may be solved for b and substituted into
relation (3.2.4) as long as the parameters b are independent
and each of them represent a non zero contribution to the dis-

sipation functional; this furnishes
- -4 T
(3.4.12) g, + (ARLR, - B)c=-ARLA L,

which is a conductivity relation completely analogous to that
of a temperature-type element., The internal heat sink distribu-
tion is supposedly given, i.e. C is known, and the way it acts

on the discretized behaviour of the element is through internal
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generalized fluxes given by
, el ,

g, = (A Rus Roc B) c (3.4.13)

The general conductivity matrix
-4 T
Kb:-ARbbA (3.4014)

involves only part A of the heat flux connection matrix. If
an estimation of the generalized temperatures ti conjugated to

the generalized internal heat fluxes is desired, we invoke the

second relation of (3.4.11) to produce

S -(R bRbbA B t +(Rcb bb b cc)c (3.4.15)
In summary the discretized thermal relations of the element are

Kt,=9g,+9 - (3.4.16)

The way to collect elements together is then the same as for

the temperature models [1] .

3.5 Remarks on heat flow finite elements

Generalized conductivity matrices are always

singular because the homogeneous system

Kt 0 (3.501)

b b
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has amongst its non trivial solutions at least the uniform ref-
erence temperature of the element. These solutions are identic-

al to those of

(30502) A t - 0

since R;L is positive definite, and let us show that an uni-
form temperature field To is solution of (3.5.2). Indeed the
corresponding boundary and internal generalized temperatures
are obtained directly by inserting this field into the defini-
tions (3.3.3) and (3.3.6). Then, in view of the balance equa-

tion satisfied by any heat flow field

(3.5.3) 'q(x) + m(x)c=0

integrating over the finite element domain E with T, as weight

ing function, we obtain

-/qT(x) oT, dE +/Ton'(m)q(z)dae

E . /3
+{/T°n'\’(m)d|-:} c =0
E
where an integration by parts has been performed on the first
term of (3.5.3). Now the reference temperature field produces no

temperature gradient field and expressions (3.3.4) and (3.3.5) of

the associated heat sink potential furnish
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T O T O
gb tb + C t', = 0 ' (305.4)

which expresses the vanishing of the total outgoing heat flux
and is only normal because of the detailed equilibrium equa-
tions (2.3) and (2.4): it is the analogue of the overall equi-
librium conditions between generalized forces in elasticity.
Substituting decomposition (3.2.4) of the gb,'s
and noting that the relation holds for arbitrary b and c ,

there follows

T O

A tb =0 (30505)

T.0 0]
8 tb + tb =0 (30506)

This completes the proof for the uniform reference temperature
field. Usually there are no other non zero solutions to (3.5.5)
and the element is a "sound" one. If the case may be, an in-

ternal temperature field is taken from (3.5.6)

T

ti.z"Btb

and relations (3.4.11) lead to the vanishing of band c.

In other words a temperature field exists that
produces no heat flow. This is however not the case for the
family of 2-D triangles or 3-D tetrahedra elements provided

‘the approximate functions in (3.1.2) are a complete set of
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polynomials.

4. EXAMPLES AND NUMERICAL EFFECTIVENESS OF HEAT
FLOW ELEMENTS

The general method to derive heat flow finite
elements has been successfully applied [?] B [3] to several
degrees of polynomial approximation for the heat flow. The
simplest 2-D elementswill be briefly described and attention
focused on an example with internal heat sink distribution. A
numerical example shows that the generalized temperatures as-
sociated with heat flow models give a good idea of local dis-

tribution even in case of non integrable gradient fields.

4.1 Constant heat flow model (fig. 1A)

The simplest case when no internal heat sinks
are considered and when the

Q= % . polynomial degree for the heat

Lo
U= T

Te ds
IL- flow is the lowest is very easy

to handle. Heat flux at inter-

face is constant and a single
Fig, 1.a, Constant heat flow model generalized heat flux is suf-

ficient to insure perfect transmission to the adjacent element,

Consequently there is only one generalized temperature by in-

terface, which is the mean of the temperature distribution a-



Examples of heat flow elements 231

long the interface and is located at mid-edge.

4.2 Linear heat flow model (Fig. 1B)

The heat flow components are written in a form

. . s e _
implementing "a priori thg ho- G = gt o

mogeneous heat balance equation Oy = o+ ogX =Y
. . t;i = ——: Te (Lij- ) ds
and depend so far on five inde- LA

b2 Te s ds
i

pendent parameters. This time  sfeT

the heat flux at interfaces is
linearly varying and requests two Fig. 1 b. Linear heat flow model

two generalized coordinates to e-

nable identification of the whole heat flux between edjacent
elements. The conjugate generalized temperatures are once more
weighted averages of the temperature distribution along the

interface located to each third of the edge.

4.3 Heat flow model with internal heat sinks

We will derive

now a general but still simple

model according to the standard

/
procedure developed in section -/—~—-—‘—~—~—~-—x

3. It is a 2D- triangle (Fig.

Fig. 1.c. Constant heat flow model with internal
heat generation

1.C) similar to the preceding
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et

ones but we want to take into account a possible internal heat

sink distribution. The following discretization is assumed

(4.3.1) ) a

which can be identified to (3.1.1) provided

T T Q
q=(99); b=@o); cz--=

(4.3.2)
S=E; GT:(::H); m=(11)

The generalized fluxes are next calculated; assumption (4.3.1)
generates only a constant heat flux distribution along the
sides of the triangle as can be easily verified from (3.2.1);

in this case ko:1 and fo=_1' and relation (3.2.4) becomes

o
9, Yo Ty Ty Yy * Y Ty
= x b x + x 8
9, = Ysz Foe - 242 F Yo ®ay | S
9 Jis ®n yYis ¥ Y Ty

where :ni';z x, - % 'i'i.j: y; - ‘ji \,}= vertices of the triangle
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The conjugate generalized boundary temperatures are then the

means

1 1

:_ - :— T 0 -

be / T, doE ; b= / _d9E;
9

E=42 30 E=23

_ 1
ta-::/ T dOE

3g E=

as can be achieved from (3.3.3) and are identical to those of
the element described in 4.1. The additional heat sink coor-

dinate ¢ introduces a fourth generalized temperature which is

tuz/TdE
E

We possess at this point all the elements to perform the de-

following (3.3.6)

tailed resistivity matrices of the element as from (3.4.4) and

definitions (4.3.2)

A o0 Sx
kac k.
1 " v (I ]y
Rbb:E > Rbc- ’ R“-<;:+E->
S
0 i T
Yy 9

where ku,.,k‘J are the orthotropic conductivity coefficients and
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E:/dE Sm:/:r.dE S‘J:/ng

E E

: E
I,_-‘/:r.clE Ig_/ng
E

E

The conductivity relation is then detailed following (3.4.12),

(3.4.13), (3.4.14).
4.4 Numerical example

Figure 2.A illustrates a conduction-cooled tur-

bine blade having its root maintained at a uniform temperature

°cdT o CONSTANT H.F. MODEL
& LINEAR H.F. MODEL

- 1= X
x
0 L
X
| FUTE Ll TR | L
25 50 75 1
(a) (b)

Fig. 2. Conduction cooled turbine blade analysis by heat flow elements
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Ts and operating in an effective gas with temperature T;.
The tip is considered to be insulated, the body exchanges heat
with the gas by convection and the disk acts as a heat sink to
cool the blade. A finite element analysis (Fig. 2.B) has been
performed on the basis of a 24 triangular mesh of successively
constant and linear heat flow models. The temperature plotting
shows a remarkable accuracy for the corresponding generalized
temperatures versus the unidimensional analytical solution. This
attempts to demonstrate that the abstract concept of generali-
zed temperature gives a good picture of the detailed local field
even in case of non integrable gradient fields, provided some

physical sense guides the choice and interpretation of those

generalized quantities.

5. CONSTRUCTION OF HEAT FLOW MODELS BY MEANS OF
HEAT STREAM FUNCTIONS

Recourse to the concept of weak generalized tem-
peratures to assemble heat flow models may be responsible for
some lack of understanding in the real usefulness and value of
the model. As a matter of fact, if informations on temperature
distributions are desired, it is the most natural way to de-
velop the heat flow element. However, if only heat flow infor-
mation is requested, temperature concepts can seemingly be dis-
carded by using heat stream functions.

The introduction of heat stream functions allows
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automatic satisfaction of the heat flow balance in the absence
of volume heat sinks and this will be assumed to be the nature
of the problem. Two cases will be considered:
- two—dimensional flow where a scalar stream
function is sufficient to express balance;
- three-dimensional flow where a vector-type of

stream function is necessary.

5.1 Two-dimensional heat flow models based on
a stream function

The homogeneous form of the balance equation

(5.1.1) 0

9.9 =
P95

is satisfied by using a stream function y such that

(501.2) q‘ = 02“’ q2 =- 01‘11

or

(5.1.3) 9= b, Y

where 6}m is the two-dimensional alternator symbol .
The flux through a boundary of element described
in anti-clockwise sense (Fig. 3.A) is then given by
dy

(501.4) nj’q:} = &:}m nj-am\lf :n1 azﬂr-nzf)‘\y:-s?-
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We know that in the heat flow variational s
principle, q; must not only satisfy the ‘ L
homogeneous balance equation (5.1.1), where

we assumed restriction to @=0 , butalso

(n;Q)... + (n; qé)_:'qQ
an B,

or

"
¥=1]

n- q-:

For simplicity we take ae: 0 at all interfaces, consequently
discarding all artificial impositions of temperatures =|: at
interfaces. Thus we consider only as boundary and interface

conditions

(n}q;)++(né qi)_ = 0 on A set of all interfaces (5.1.5)

nq; = q, on 9,0 (5.1.6)

=

T =

e

on 010 v (50107)

[,

Considering (5.1.4), (5.1.5) can be rewritten in the form

] 0
<.a_\:_>* + <a—\£-)-: 0 on A (5.1.8)
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Noting that ds_and ds_are described in opposite senses, this
may be satisfied by simple continuity of the stream function
¢y across the interfaces. The condition, if sufficient, is
however not quite necessary since (5.1.8) obviously allows a
constant difference between the two face values of Yy . This
jump does in fact occur for multiply-comnected domains D , as
is well known and will be briefly recalled.

Take first a simply connected domain, like that
of each finite element itself. Then we have everywhere inside

satisfaction of (5.1.1) and

9. q.dD =0
[

This is, by partial integration, equivalent to

/nqu-fa'*’ds/d\y-o
aD

Thus ¥ is single valued throughout the domain. Consider now
a domain with an internal cavity (Fig. 3.B) of contour C,

Here

(5.1.9) fd\v = ‘/n;q}ds =g,
Co co

where g, is the total heat flux penetrating into the cavity,
a quantity that needs not be necessarily zero. Thus y has a
cyclic constant when the contour of the cavity is described.

The same cyclic constant is valid for any closed contour ¢ |,
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described in the domain and cir-
cling once around this cavity.
“For, if we join ¢, and ¢

by a two-faced cut 1234, the

integral

Fig. 3.b.

3 ’ 4
f dq:/dxy+/dw-fd\y+/d\y:0
12344 c 2 Co 4

because the inner domain of the contour 12341 is simply connect-

ed. However, as there is reciprocity of heat flux across the

cut, the second and last integrals cancel, leaving

[d\v =[°dw=9° (5.1.10)

For this reason it will be mecessary in the discretization pro-
cess by finite elements to isolate a sequence of interfaces pro-
viding a barrier extending from the inner cavity to the extem-
al contour, across which a constant jump in the value of y must
be left open.

The generalization to several internal cavities
is immediate.
In terms of the heat stream function the heat

flow variational principle (2.1) reads

1 1 [1 fayY Wy =
— /r.¢6 & ) e pas L inim
3 AZ‘rh‘}(z‘m{-.*ni)miy  ydD + > [h (05) ds +A TS T, ds minimum

(5.1.11)
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The continuity of ¥ holds on all interfaces except the barriers

b, ... bm whose separation make D simply connected. The
only "a priori" conditions remaining on y is (5.1.6) in its new

form

¢ -
(5.1.12) % = q, on 9,0

Before discretizing let us examine the Euler

equations and natural boundary conditions of this new princi-

ple.

Variation of the first integral

1 N
= [ r.‘} o, t..}"( i)m\y 3, oy + 0y 3m dy)dD
is first reduced to

/(r.b;e.m &, 0¥ 9 8y)dD
b

by exchanging in the first term the subscripts m and n and

also { and j and noting that ry =Tr; . In view of

e = - ri.j q‘i :-ri}t’,.}n ("

this is also
(5.1.13
- /&, ed dydD =- ‘/‘e.mnme.b&\yds */“am 9 e dydD
d s D
The second term in (5.1.13) will be set separately equal to
zero, since it is the only one containing the arbitrary vari-

ation 8y within each finite element. The Euler equation is



Scalar heat stream function 241

thus

¢, 0 e=de -de =0 (5.1.14)

It is the integrality condition for the temper-
ature field; inside each element then this temperature field

for which

e=9T (5.1.15)

will be determined except for an additive constant. Considering

further that

- - __ 9T
&.n.¢e = a.'mnmi)tT =n, 31T-n432T = - a

the remaining contribution of (5.1.13) will be

9T

and adding to it the variation of the second and third terms

in (5.1.11)

9T 1 0y _ oy = 0y
— G S i & 8—ds=0
_[(85 MH-h 5805>ds+‘[1:° as

The integrations by parts on S are obtained by circulating an-
ticlockwise around each finite element, which covers, all the

faces of S . For each element we can replace

aT oy
-5;-811: ds--/T«S-a?ds
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and obtain

1y dy = 0y
(5-1.16) [(h ‘a—s— T>8 a_SdS +\Z;T28Kd5-0

On each interface

)G

and the same holds for their variations, hence

(5.1.17) <“T + -1- %ll!';>+= <—T +1T?)—\:>_ on interfaces

which is equivalent to formula (2.7) of reference [1] . The va-
riation of dy/ds along 3,0 yields

(5.1.18) T=T on 9,D

e

Finally the variation of a\p/ ds on OZD vanishes by virtue of
(5.1.12).

The discretization of the scalar Yy follows
similar rules to that of T in the temperature models, identifi
cation of nodal ¥ values implying complete continuity of Y
across interfaces and consequently heat flow diffusivity. The
possible ﬁe distributions along 9,0 are of course limited
by the shaping functions introduced to represent VY . By con-
trast any distribution Te along 9,0 will be translated into
generalized temperatures, linear functionals of Te i'esulting
from the discretization of the last integral in (5.1.11). An ex

ample of translation of boundary requirements in terms of the
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q.n =g, Pis) = ﬁe A

heat stream function is

given in Figure 3.C. Q;n =0 Gn=o §eoo F:q,L

T=T, ¥ FREE

Fig. 3.c.

5.2 Three-dimensional heat flow models based
on a vector stream function

The vector stream function a, such that

qJ’ = a}mn aman (502.1)

where E}mn is the three-dimensional alternating symbol, al-
lows to satisfy "a priori" the homogeneous heat balance equa-

tion

(5.2.1) is equivalent to

— —>
q=rot a

and since rot grad ¢ = 0
there is an indeterminationin 3 constituted by the addition of
the gradient of an arbitrary function.

It is easily seen that continuity of 3 is suf

ficient for heat flux diffusivity across interfaces. If a face
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portion is parallel to axes 2 and 3 , the heat flux density
is q,= d,a, - 3,3, and it depends only on derivatives in

directions tangent to the face portion. More generally

0

nqg.=¢ .,

P jmn

depends on derivatives in face tangent directions, since
&}mnn. 8m is the vector product of the normal and the gra-
dient operator. v

Again in a domain without internmal cavities Y
may be taken to be continuous throughout. In the presence of
internal cavities with non zero penetrating heat flux, surface
discontinuities must be organized and the method loses much of
its interest.

Figure 4 presents some of the simplest heat flow
models with their two types of discretization; it can be easily
verified that the heat stream function approach leads to finite
elements topologically identical to the corresponding temper~
ature ones for 2-D approximations., The case of 3-D models is
slightly different: their topological analogues are the class

of the simplest 3-D conforming displacement models of elastic-

ity.
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Fig. 4. Discretization of heat flow models



6. BOUNDS TO THE DISSIPATION FUNCTIONAL

The upper and lower bound character to the dis-
sipation functional of approximations based on either the prin
ciple of variations of temperatures or the principle of varia-
tion of heat flow has been fully demonstrated in preceding de-
velopedments [1] , [2]. To obtain guaranteed bounds it is nec-
essary to split the general problem in two parts, one where the
prescribed temperature of the effective heat sink distribution
is set equal to zero (problem 1) and one where all the prescrib
ed heat sink rates vanish (problem 2). In the following two ex—
amples of type 2 will be briefly described. The awaited bounds
for this category are an upper value for temperature models and

the reverse for heat flow models.
6.1 Conduction-cooled turbine blade

A dual analysis of the blade described in sec-
tion 4.4 (Fig.2) has been performed and yields correct upper
and lower bounds. The mesh of figure 2 was used for each case
of analysis and the different models together with their as-

sociated dissipation value are listed in the table hereafter.
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-4
FINITE ELEMENT MODEL NB. DEGREES OF FREEDOM 10 D
Linear temperature field 23 20.91
Parabolic temperature field 67 20.53
Linear heat flow field 88 20.47
Constant heat flow field 44 19.55

6.2 Laminated slab (Fig. 5)

A laminated slab with orthotropic conductivities
k‘ and k2 is analyzed. The lateral surface exchanges heat
with an isothermal fluid bath at Tr except the lower edge which
is partly adiabatic and partly in contact with an external heat

source at T, . The detailed data are

10

k, = .8 h, = .9 T =1000 a

w/cm’c; w/cmz‘c; °c; cm.

"
(o)}

k2=.4 h =.5 T‘:‘IOO b

Figure 5 pfesents the temperature maps for several models of
approximations and the associated bounds are summarized in
Figure 6. The cubic temperature model-treatment is nearly ex-
act with respect to bounds bracketing. Heat flow models tend
to converge faster than temperature ones but theyvneed more

degrees of freedom for a given grid an equal degrees in the
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b
Fig. 5. Temperature distributions for the slab
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Fig. 6. Bounds to the dissipation functional
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polynomial discretization of the element since they involve

interface unknowns solely.
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