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ABSTRACT

The second variation test for the algebraic constrained minimum problem can be
placed in eigenvalue form by the introduction of a norm in the space of coordinate
perturbations. It appears then as a Jacobi type of accessory minimum problem. A simi-
lar objective can be reached in the control problem, where the constraints are of
differential type, by norming the weakly varied trajectories in the neighborhood of
the optimal. If the norm is expressed in terms of control perturbations only, the eigen-
value type of second variation test and the optimum linear feedback control problem
are very closely related. The case of broken extremals is considered and solved by the use
of total perturbations, involving a shift in the independant variable. The rate of shift
is introduced as an additional control. The eigenvalue test remains applicable to

_ extremals containing singular arcs and constitutes a different approach to the ones
" attempted previously. An example of such a case is treated in detail.

1. ALGEBRAIC CONSTRAINTS

1.1. First order conditions for a constrained minimum

Let the coordinates (¢4, ..., g,) of a vector g satisfy m algebraic con-

straints
g&@ =0 (@(=1....,m<n) (1.1)

and consider the problem of finding a point ¢4 = § where a function f(q)
presents a relative minimum. It will be assumed that the functions fand g;
are twice differentiable at 4. Let dq denote the column matrix of the small
increments in the coordinates. The constraints (1.1) will be satisfied to first
order in the neighborhood of § if

g@d=0 (G=1...,m (1.2)

and gi8q =0 (=1,....,m (1.3)
' 189
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where gf denotes the row matrix (aﬁ e ey O%; ) evaluated at 4. Only the
0q: 0g,

case where the m row matrices in (1.3) are linearly independent will be con-
sidered; otherwise the problem is “abnormal”. The assumption amounts
to stating that all the constraints are “effective” at §; then, the set (1.3) of
linear homogeneous equations has (n—m) independent and nontrivial
solutions for dq, defined except for a scale factor. They are the admissible
directions for the variation of coordinates. To the first order

AG+89)—f(§) =fdq (1.4)
and the first order requirement for a minimum will be that
fi18q = 8f=0 (1.5)

This requirement will not be satisfied if the row matrix f¢ is linearly inde-
pendent from the row matrices g7, for then the m+-1 linear equations (1.3)
and (1.5) would have a matrix of maximal rank m+1 =< n and a nontrivial
solution d¢q could be found for any arbitrary value of df. Hence f? must be
expressible as a linear combination

fo = _'"; hugf (1.6)

of the m independant row matrices of (1.3). Postmultiplying by ég and
taking (1.3) into account, there follows

fidg=8f=0 1.7
The first order condition (1.6) is usually expressed in the equivalent form
oF .
6_q,-—0 (i=1...,m) or F1=0 (1.8)
after introduction of the “augmented function”
m
F(q) =f+21: 28; 1.9)

The m+n conditions (1.2) and (1.8) constitute a set of m+n algebraic
equations to be satisfied by the n coordinates and the m Lagrangian multi-
pliers ;. It will be appreciated that the solution for the multipliersis unique,
otherwise, by difference of two solutions we would obtain a statement
_of abnormality (linear dependence of the g rows). The stationarity condi-

tion (1.7) is thus necessary for a minimum. To aim at a sufficiency condi-
tion, the left-hand side of (1.4) must now be calculated up to second order:

fa+89)~fd) = 13+ dq'f2bg (1.10)

with fZ denoting the (nXn) matrix of partial second derivatives at §. It
would be incorrect to suppress the first term by invoking (1.7). Second
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order terms, stemming from the requirement to satisfy also the constraints
to second order:

1.,
g,ﬂ¢3q+7 dq 82 6g =0 (1.11)

would be lost. In fact, combining (1.6) and (1.11), there comes a second
order evaluation for this term

m 1 , m
frog = ~32efdq =0 (; ljgjg) dq

Substitution of this result into (1.10) gives, in view of the definition (1.9),
the second order expression

Ra+86)~id) = 5 da'F3 g (112)

1.2. The second variation test as a Jacobi accessory minimum problem
The second variation just obtained

1
¢ = 5 8q'Fidq (1.13)

is a quadratic form to be evaluated for the admissible variations defined
by the constraints (1.3).
A convenient compact formulation of these constraints is

Géq =0 (1.14)
introducing the (mXn) matrix

(2}
G=\|--.
&h

If, for some admissible nonvanishing variation, ¢ takes a negative value,
g is certainly not a point of minimum for f. A sufficient condition for a
relative minimum is that ¢ be strictly positive for all admissible nonzero
variations. If ¢ is only nonnegative, the second variation test is not conclu-
sive and higher order estimates become necessary. It was already observed
that admissible variations can be arbitrarily scaled. In fact, if the admissible
variation &g gives to the quadratic form the value ¢, the admissible varia-
tion «dq (« real and nonzero) gives to the quadratic form the value a2¢.
Hence scaling does not alter the property of dq to yield a positive, a negative
or the zero value to the second variation. Consequently the second varia-
tion test is not altered by the addition of an imposed norm on the scaling,
such as the Euclidian one

%aq' 8q = ds? (1.15)
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In fact the test is simplified by restricting the scanning to the admissible
directions of variation. Another advantage of the introduction of a norm is
to reduce the test to the solution of a Jacobi-type of accessory minimum
problem. Instead of scanning all the admissible directions we try to find the
most critical one: the one giving to ¢ its minimum value. If the minimum
value of ¢ is negative, the test has failed; positive, the test is successful;
zero, the test is not conclusive. '
The accessory problem

% 0q’Fiéq minimum

under the constraints (1.14) and (1.15) can be solved by the Lagrangian
technique of section 1.1. Set up the augmented function

% 8¢'F1 3q+b'G dg-+L(de? —% 3q' 3q)

where ' b =By, -.-58m

is a row matrix of Lagrangian multipliers and obtain the necessary first
order conditions by equating to zero the partial derivatives with respect to
each dq;. The resulting equations can be written in matrix form as

F23q+G'b ={dq (1.16)
The problem (1.16) and (1.14) can now be placed in the form
(FZ-UE G') (34) =0 (1.17)
G o/ \b

where E denotes the (nXn) identity matrix. It is an eigenvalue problem for
the Lagrangian multiplier {, associated to the norming constraint. It is also
self-adjoint and its n—m eigenvectors for dq, denoted by 4,, constitute an
orthonormal basis from which an arbitrary admissible variation can be
expanded:®

dg="Y ah, | (1.18)
1
with hh, =0 and h;th, =0 for r#s (1.19)

A simple proof of this is obtained by reducing the problem to the classical
one of the simultaneous reduction of two quadratic forms, one of which is
positive definite, to their diagonal form. This is achieved by the nonsingu-
lar transformation in the variations

3p) - (G) 1.20
(dr V. éq (1.20)
where the n—m rows of the submatrix ¥ are taken to complete the already

linearly independent rows of G. The constraints (1.14) reduce to
p=0 or 8p;=0 (i=1,....,m) (1.21)
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The inversion of (1.20) can be written in the form
8q = Adp+ Bér
and the admissible variations are
8q = Bor

The second variation test reduces to that of positive definiteness of the
quadratic form

= % 8" B'F1B 8r | (1.22)

The Euclidian norm that was imposed on dgq is transformed into the norm-
ing constraint on the admissible variations:

de? = % 8r'B'B 8r

The eigenvalues {, of problem (1.17) are those of the n—m dimensional
problem '
‘ (B'FIB—({B'B) 8r = 0

which has the classical form announced (BB is positive definite). The
eigenvectors u, of this problem are related to the A, of problem (1.17) by
h, = Bu,

whence the orthogonality properties (1.19) are evident. Substitution of the
expansion (1.18) into (1.13), use of the orthogonality properties (1.19) and
of norming constraints

h Feh, = b, = 2(de)®t, (r=1,...,n—m) (1.23)
on the eigenvectors gives the following structure to the second variation

¢ = (de)? ), o, (1.24)

1

From (1.18) and (1.23) follows also that the coordinates «, of a normed
admissible vector are related by

Ya2=1 (1.25)
To examine the result in the spirit of the Jacobi accessory problem, the
critical direction (minimum of ¢ under (1.25)) is obtained for
o« =1 ;=0 i=2...,n—m

assuming of course that {; is the smallest eigenvalue. The failure, success or
inconclusiveness of the second variation test is equivalent to the property of
the smallest eigenvalue to be negative, positive or zero,



194 B. F. DE VEUBEKE

In practice it is most convenient to obtain the eigenvalues from problem
(1.17) as roots of the algebraic equation
F—E @

G 0

The algorithms of Routh and Hurwitz can also be applied to test the posi-
tive character of all the eigenvalues. As a final observation, the Euclidian
norm is not mandatory and was used for simplicity. Any positive definite
quadratic form will serve; it may modify the critical direction but not the
outcome of the test.

An example of application of this eigenvalue type of analysis to an opti-
mization problem will be found in the article by P. Beckers®. It plays there
an important role in eliminating many solutions provided by the simple
stationarity conditions.

=0 (1.26)

1.3. Inequality constraints

The algebraic minimum problem with inequality constraints is important
in view of its applications to the maximum principle with bounded controls.
In addition to the algebraic constraints (1.1), let the minimum problem for
f(g) be further constrained by a set of inequalities

a@=0 k=1,...,.M (1.27)

At any point ¢ = § where relative minimality is to be tested, only those
inequality constraints for which ¢;(4§) = 0 need be considered. To first
order then, assuming the functions (1.27) to be differentiable at 4, we have
a set of inequalities in the increments

c(G+dg) = ctdg=0 k=1,...,K<M (1.28)

It is again convenient to make a nonsingular transformation of incremental

variables
ép G
(8r) = ( V) 8q (1.29)
8s 14

The submatrix ¥ is chosen to generate, together with G, a set of maximal
rank m+ 9 =<<nin the linear forms (1.3) and (1.28). W, required if m+o < n,
is taken to obtain a nonsingular transformation. The algebraic constraints
(1.3) are eliminated by substitution of (1.21) into the other forms. Hence,
the inequalities (1.28) can now be written in the form

adr=0 k=1,...,K=p (1.30)

o being the rank of the set of linear forms, and the first order minimality

condition can be written as
fror+fsds=0 (1.31)
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Proposition 1. A necessary first order condition for relative minimality is
that the row matrix f* be identically zero. This is obvious since ér = 0 and
ds arbitrary, represents an admissible set of variations and, unless f*= 0,
ds can always be so chosen that f*ds < 0.

The condition f* = 0 is equivalent to stating that

8 =7 dp+fr or = (f°G+f"V) 8q

is a linear combination of the linear forms (1.3) and (1.28), since itis a
linear combination of a set of maximal rank in these forms. This justifies
the following.

Proposition 2. First order necessary conditions for a relative minimum
are thatatg = ¢

oF ,
F1=0 or 55‘-0 i=1,...,n (1.32)
m K
where F=f+)Y Agi+ Y peck
. 1 1

This proposition, extending the technique of Lagrange to inequality condi-
tions, is more constructive as a first step towards the search for coordinates
where a relative minimum can occur. The y; are the Kuhn-Tucker mul-
tipliers. It should be realized that, for a given point § where (1.32) is satis-
fied, the set of multipliers need not be unique.

However, if the augmentation of the function is restricted to take into
account only those constraints which yield for (1.3) and (1.28) a set of
maximal rank, then obviously the corresponding set of multipliers is

unique. Letting
ki, ..., ko

denote the set of indices k corresponding to a set of maximal rank, we ob-
tain by virtue of (1.32) and (1.3)

6f=—;ykc,‘§6q k=ki ...,k

Then, by virtue of (1.28), the first order condition for a minimum is seen to
require that the Kuhn-Tucker multipliers be nonpositive

=0 k=ky,... . ke (1.33)
A particular and frequent case is that where the complete set of linear forms
(1.28) constitutes with (1.3) a set of maximal rank, so that there is a single
augmented function and a unique set of multipliers.

If, furthermore, the Kuhn~Tucker multipliers turn out to be strictly nega-
tive, the first order minimality criterion is strongly verified (8f = 0) for

cgdég=>0 k=1,...,K
and weakly verified (6f = 0) for
cfdg=0 k=1,...,,K (1.34)



196 B. F. DE VEUBEKE

Then, either m+ K = n, and (1.3) plus (1.34) have only the trivial solution
8q = 0; or m+ K < n and there are nontrivial solutions. In the former case
the minimality of fat g = § is proved. In the latter case the proof of mini-
mality still requires a second variation test

1,

under the first order algebraic constraints (1.3) and (1.34). The technique
of section 1.2 is applicable to this purpose.

“When some of the Kuhn-Tucker multipliers turn out to be zero, we have
the following weaker statements:

Proposition 3. If the first order conditions (1.32) are satisfied with a
unique set of multipliers and if the K-T multipliers are nonpositive, the
first order minimality condition is satisfied.

Let  denote the second variation
1.,
Y= 8q'F2 8q

with the constraints on the variations 8q restricted to (1.3) and those of
(1.34) whose K-T multiplier is strictly negative. Then the strong second
order condition

p=>0 (1.35)
is sufficient for relative minimality, but the corresponding weak condition
p=0 : (1.36)

is only necessary when at most one of the K-T multipliers is zero.
Proof: If no K-T multiplier vanishes, the proposition is equivalent to
the result obtained before. If one K-T multiplier, which can be taken to be
U1, is zero, the first order minimality condition is only weakly satisfied for
cf éq = 0.
It becomes necessary to extend the admissible variations in the second
variation test to those satisfying

fdg=0 | (1.37a)
adg=0 k=2..,K (1.37b)

Let ¢ denote the values that the second variation can assume under these
conditions. By disregarding (1.37a) we reduce the test to the y test of
Proposition 3. But, since the set of admissible variations has been thereby
further extended, ¢ is positive definite with v and (1.35) is sufficient.
Further, if a critical variation 8q = da, satisfying (1.37b), is found to render
v negative, the same will be true of 8¢ = — da. But then either the first,
or the second, will also satisfy (1.37a). Hence the possibility that p < 0
implies the possibility of ¢ < 0 and (1.36) is necessary.
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1f mofé than one K-T multiplier vanishes, the extension of the proof of
sufficiency of (1.35) is obvious. The following counterexample shows that
it is useless to attempt a proof of the necessity of (1.36):

f=4d1—-4}
c1 = a1q1+aisqa= 0
c2 = anqi+asg:=0

The first order conditions (1.32) are satisfied at point §; = §s = 0 with
u1 = pe = 0. (In fact fis stationary there on its own.) The second varia-
tion test v is given by

p = 8q7—0q3
with free g1 and dqs, it obviously can assume negative values. The ¢
test is
¢ = 8q3—0q3

a116q1+a128g2 =0
a210q1+ as2dge =0

but ¢ can only assume positive values if, for instance, @11 > 0, a11+a12 <
< 0, az; > 0 and az;—az; > 0. A necessary condition is that the second
variation be nonnegative under conditions (1.34) since they are more
restrictive than (1.37a and b). These tests are helpful in that they can be
conclusive, but if they are not we must examine the more general second

variation test on

x= —;— 8q'F} dq (1.38)

with a set of inequalities
cgdg=0 k=1,...,tsn-m (1.38a)

corresponding to the zero K-T multipliers of one of the solutions of (1.32),
and a complementary set of equalities

gdg=0 j=1,...,m cfdg=0 k=1+1,...,K (1.38b)

As the intersection of half-spaces and hyperplanes the admissible variations
dq form a convex set. Since furthermore «dq is admissible, if and only if
dq is admissible, and « = 0, it is a convex cone C with vertex at g = 0.
On the other hand 4= 0 is a convex cone I'y with its anticone I's (since
an arbitrary change in scale and sign does not alter the sign of y). Convex-
ity results from the following:

Let g = da belong to I'y so that y,= 0; let also y,= 0 so that
dq = &b belongs to either I'y or I'y. Then for ég = ada-+ b we find

% = a®a+Bs+of 8a’FI 3b



198 ' B. F. DE VEUBEKE

If da’F? 6b > 0 we consider 6b to belong to I'; and then ada+B6b belongs
to I'y (y = 0) for arbitrary « = 0 and 8 = 0 (convexity), while —ada—B3b
belongs to I'y. If 6a’F 6b < 0 we must consider — b to belong to I';.

From a geometrical standpoint the second variation test consists in
verifying that the convex cone C is contained in either of the convex cones
I’y or I's. Obviously it is sufficient to this purpose to verify the sign of y
for variations lying along the ridges of C. The development of an algo-
rithm to obtain the ridge variations will not be developed here.

2. DIFFERENTIAL CONSTRAINTS

2.1. Tightly controlled systems

Consider now trajectory or control problems wherein the coordinates of
a system are subject to differential constraints

Gi =fq1, - s Gns £ V1, -5 0)) (i=1,...,n 2.1)

to boundary value constraints
Ujlg(@), t(@), ¢, (A1 =0  j=1,...,p <2n+2 2.2
and the cost function to be minimized is
I[q(), t(=), 9(B), 1(B)] (2.3)
An optimal trajectory of this problem will be denoted in parametric

form as
q,=é,(0) i=l,...,n

t = #(6)

For a given state and time, equations (2.1) constitute a mapping of the set
{vs, ..., v} of admissible control vectors into the hodograph space. The
range of this mapping, or the set {gi, ..., d,} of admissible velocity
vectors may be nonconvex. In this case, however, chattering of the controls
extends the set of attainable velocity vectors to the convex hull of the
range.®® This merely requires the functions f; to be differentiable with
respect to state and time. It will be assumed that, by the addition of
appropriate, sectionally linear, artificial controls, chattering has been
“regularized”® or, equivalently, the variational problem “relaxed”.®> The
extended set of admissible controls will map into the convex hull and the
optimal controls (71, ..., 9,) will be sectionally continuous functions of
the independant variable .

Under the usual assumption that the f; functions are differentiable with
respect to the control variables, the relations between weak control varia-
tions and the correspondingly small changes in the velocity vector are

a<0=<§ 2.4
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given, in matrix form, by
8¢ = F év 2.5

where dv and dq are column matrices and F is the Jacobian matrix F =
(9f;/0v;). If the optimal trajectory contains a segment along which the
equations

Fév=0 (2.6)
admit a continuous non-trivial solution, the set of optimal controls is not
well determined in the sense that, neglecting second order changes, the
same trajectory can be generated by appropriate first order modifications
in the control history. This situation cannot prevail if, along the optimal,
F is of maximal rank and this rank equal to the number r of controls
(which implies n==r). In this case the system will be said to be “tightly
controlled”. This concept means, intuitively, that the system remains
sensitive to any combination of small changes in the control variables. It is
essential to set up a metric in the space of weakly varied trajectories in
terms of control variations only. Such a metric is for instance defined by
the norm

8
laN|2 = f 8v' M 8v dt @7

where M is a matrix of constant or variable elements, everywhere positive
definite. If the system were not tightly controlled along the optimal, one
of the axioms of distance would be violated: any weak control variation,
consistent with (2.6), would produce a nonzero distance between the
optimal trajectory and itself.

2.2. Change of control variables

Up to now we have disregarded possible constraints arising on the
control variations, due to boundedness of certain of the controls. In a
relaxed variational problem the domain of admissible controls in E" has
no isolated point, it has only interior points and boundary points. More
than often optimal trajectories contain segments along which the control
vector lies on the boundary; its variation is then restricted by a set of
equations of the form

yidv =0 k=1,...,p<r (2.8a)
yodv=0 k=p+1,...,K (2.8b)

In a wide variety of problems a change in control variables
v; = V(g t; W) @.9)

can be devised mapping a domain D of the new controls (wi, ..., W)
(often the whole E™ space) onto the set of all admissible controls {v1,
..., v,} and such that the boundary points used along the optimal trajec-
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tory become interior points of D. One has then the advantage that the
weak variations éw on the new controls are unconstrained. In fact the

relation between weak variations is
év =V éw V = (0v;/ow) (2.10)

with the (rXm) Jacobian matrix ¥ evaluated along the optimal. Since the
transformation is only required when constraints on dv prevail, we are led
to assume that the set of linear equations

Vy=0
has non-trivial, linearly independent solutions,
Y= k=1,...,L (hence L=<r)

so that the equations (2.10) can be solved for dw if, and only if,
wov=0 k=1,...,L 2.11)

Then, provided the set of row matrices y; be equivalent to a set of inde-
pendent row matrices y} of (2.8a and b), arbitrary éw variations generate
only admissible v variations. In fact they generate a restricted class of
admissible variations, since the more stringent equality sign prevails for
(2.8b). Thus, while the transformation to new control variables does not
restrict.the overall controllability of the system, it does restrict the class
of weakly varied trajectories about the optimal. To some extent this may
increase the existence possibilities of weak relative minima for the cost
function. However a weak relative minimum is of little practical signifi-
cance and nothing should be changed regarding the existence of strong
relative minima.

Special care should be exercised in introducing a norm of type (2.7)
when changing control variables. The system remains tightly controlled
in w if m < r and if ¥ has maximal rank ¢ = m, for then the equations

Vdw =0 (2.12)

possess only the trivial solution éw = 0, while L = r—m. But if either
p<m<rorg<r=<m, (2.12) has m—p independent non-trivial solu-

tions, while L = r—og.
A suitable metric when the system is no more tightly controlied in w
is of course directly provided by

B
||dN||2=j SWN dwdt (2.13)

where o N=V'MV (2.19)
With respect to dw it is in fact a semi-norm, but it guarantees that |[dN]| =0

implies a truly varied trajectory.
A simple illustration for a change of control variables is the following.

Let (v1, v2) be controls which appear linearly in the f; functions of a
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problem so that the system is certainly tightly controlled. Let them be
constrained by ,
v3+v} < F?

They could be the thrust components of a single rocket engine in a plane
motion problem, F being then the maximum thrust.
Along a segment of fully thrusted trajectory, the variational constraint is
:1\71 801+’32 61)2 =0
The transformation of control variables

14cos wy
2

Vg sin w;

=F

does not restrict the controllability of the system and the complete Eucli-
dian space of the w controls is mapped onto the admissible » controls.
But the matrix:

/(14 cos wg) sin wy COS Wy Sin wy

V= —

—(1+cos wg) cos wy sin wy sin wy

degenerates in the follo'wing cases:

(1) For cos wg = 1 (full thrust) it has rank 1 and restricts the variational
constraint to
D1 601+02 603 =0

while, simultaneously, ¥ éw = 0 admits the solution dw; = 0, dwe
arbitrary. The system is no more tightly controlled. First order changes
in the thrust orientation are possible but not a change in the thrust
level.

(2) For cos we = —1 (zero thrust) it has rank zero and introduces arti-
ficial constraints dv; = 0, dva = 0. The system becomes completely
insensitive to first order changes in the w controls. (This situation
stems of course from the fact that we cannot modify the zero thrust
level; that we cannot change the thrust orientation becomes then
immaterial.)

2.3. Total variations. First order conditions

The small changes incurred by a state variable or a control, when passing
from the optimal to a neighboring trajectory, are usually stated as differ-
ences measured for the same value of the independent variable (time).
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These isochronic variations dq and dw can be generalized to differences
involving a time shift s. Such total variations will be denoted by

x = 8q+4s  for state variables (2.15)
u = éw+ws  for controls. (2.16)

The notation, which is purposely simple to alleviate the formulation of
subsequent analytical developments, should not lead us to forget that x, u
and s represent small quantities of the same order as dg and dw. Total
variations, already useful in handling problems with variable end values
of the time, yield essential simplifications in the presence of broken extre-
mals. Indeed, if an optimal trajectory contains a certain number of control
discontinuities, an important part of the controllability of the system by
small perturbations is involved in advancing or retarding the epochs of
such discontinuities. If s(r) denotes the time shift of a discontinuity in the
control vector, occurring at £ = 7 along the optimal, the isochronic varia-
tion éw is not defined in the interval between 7 and 7+ s(7). In this interval
the difference in the control vectors is finite (Fig. 1). One way to reduce

|

| Nominal control
: —— - — Perturbed control
1

|
|
|
t tes(t) T T+s(7) t

F1G. 1. Isochromic control perturbation dw(¢) and total control perturbation

u(t) involving a time-shift s(¢). At the epoch ¢ = 7 of a control discontinuity

along the nominal trajectory the time-shift s(z) is that of the discontinuity.
Then u(t) is a sectionally continuous first order perturbation.

this case to small perturbations is to allow first order discontinuities in
the state variables at ¢ = 7 (see section 2.7). But, by far the simplest way
is to consider only the total variations based on the actual time shift.
The total variations in state variables are continuous, the total variations
in the controls are well defined as sectionally continuous functions of time.
In principle the time shifts need only be known at the ends and at the
epochs of control discontinuities along the optimal,
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However one of the purposes of extending the optimum linear feedback
control theory,’® based on the second variation, to the case of broken
extremals would be to obtain a time shifting rule all along. Some results
of first order optimality must first be recalled.

H(, g, t; w) = Vf(g, t; w) (2.17)

is the variational Hamiltonian built up from the functions f; of egs. (2.1)
(except possibly for a transformation of control variables) and from a set
of Lagrangian multipliers represented by the row matrix A’. An equivalent
form of equations (2.1) is then

4§ =H, (2.18)

where the subscript notation indicates the formation of a column matrix of
the corresponding partial derivatives. Similarly the superscript notation
will indicate the formation of a row matrix. When the Hamiltonian or
derivatives of it are merely considered as functions of time, by substitution
of the arguments 4, g and w as time functions along the optimal, the nota-
tions

H H, etc.

will be used. As an immediate example the equations (2.15) should be
written as

x = 8q+sH,; (2.19)
The adjoint differential system is, in general,
A= —H,
and, considered along the optimal, gives
d »
—El = —H, (2.20)

We shall not consider abnormal problems, where the set of optlmal mul-
tipliers 1 is not uniquely defined (except for scale)
First order optimality conditions are: the maximum principle

W = arg sup H(}, §, t, ) .21
and the transversality conditions '
j'\("‘) = j¢(¢) i(ﬂ) —jﬂ(ﬂ) (222)

He) = —Juw H(ﬂ) Jior

where J is the augmented functional
J(ae), 1@, 9B, 1B) = I+ 3. wUy (2.23)

At a discontinuity of the control vector, the Weierstrass—Erdmann corner
conditions are equivalent to continuity of the multipliers and of the Hamil-
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tonian. If control variations are unrestricted, (2.21) implies
H,=0 (2.24)
in which case (2.18) and (2.20) have the consequence that

d
In the sequel we shall assume that the control variables are such that they

have unrestricted variations along the optimal and use equations (2.24)
and (2.25). The transversality conditions are equivalent to

(Vx—Hs)E = —8J (2.26)
where 8J denotes the first order variation of the augmented functional
8J = Ja@x(a) + J1@s(x) + Ja@x(B) + J®s(B) (227

The first order conditions result in dJ being zero to first order, so that 67
is also zero to first order if the variational boundary constraints 6U; = 0
are satisfied to first order.

2.4. Second variation
To introduce easily a continuous time shift the parametric form of the
differential equations is useful. Along the optimal
dg o
20 = 3/ @ 5w
and, for a neighboring trajectory,
dj dx df
+ (do o

0T @= )f(q+x, f+s;w+u)

Subtracting, and identifying 6 with the independant variable, we find

X = f(g+x, t+s5; WH+u)—f(g, t; W)+5(G+x, t+5; W+u) (2.28)

All total variations and the time shift s are now considered as functions
of the time. Retaining only first order terms, we obtain the linear pertur-
bation equations with time-varying coefficients :
% = fax+fis+frutsf
= Hix+His+HAyu+sH,

To calculate the effect of perturbations on the functional to the second
order we combine equations (2.28) in the single one

V& = HQ\, §+x, t+5, W+u)—HQ, §, t, W) +5HQ, §+x, t+5, W+u)

(2.29)
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and expand the right-hand side up to second order terms:
Ix = Aix+A's+Avu+sA (first order terms)

. + A2H +5(Hox+H's+Hvu)  (second order terms)
where
MH = 4x'Hix+4sHis+ 3w Hou+x' Hyu+ sHix+sHyu  (2.30)

Then, inserting A” = 0 and integrating along a segment ¢ = 7, t0 Tpy1
along which the optimal controls are continuous

f " Wk —Hs)dt = f N Bax+ A's) di + D? (2.31)
where D? = f A 4 §(Box + HYs)) di 2.32)

Tm

is a second order quantity. The left-hand side is manipulated by partial
integration and use of (2.25) and (2.20)

Tl a e (5, Tm+1 Twtrf d A d -
£ (lx—Hs)dt—(lx—Hs) —L (x Z;A—s%}]) dt

m Tm

A Tm+l Tm+1l -
= (l’x —Hs) +f (Hax+H's) dt

Tm m

when this result is substituted into (2.31), there comes
(i’x —Hs) " pe

This formula may be extended to the whole trajectory by simple addition,
remembering that, even at the level of control discontinuities, 4 and A
are continuous and x and s are required to be continuous. Hence, combin-
ing with (2.26) we obtain the second order estimate

8y = (i'x—m)”= f NOHFs@ex+ s dt (2.33)

What we are really aiming at is the second order estimate of the increase
in the functional I:
I =8I+ (2.34)

where, in the Taylor expansion of
1[§(e) + x(a), #(ex)+ (), G(B)+x(B), {(B)+s(B)]

&I and 2] are respectively the groups of first and second degree terms in
the perturbations. 6%7 is clearly of second order, and so must be 87 since
it vanishes to first order. Indeed

81 = 873 u;3U;
1
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and because the boundary conditions must also be enforced to second
order :

: 8U; = —8%U;
so that finally

81 = 87+3 w80,
1

Substitution of this into (2.34) yields
AT = 3]+ 820 (2.35)

where the second order estimate of §J is given by (2.33).

2.5. The Jacobi accessory minimum problem
A necessary condition for a relative minimum is that
A2r=0

for all perturbed trajectories satisfying the linear perturbation equations
(2.29) and the perturbed boundary conditions

8U; =0 j=1,...,p (2.36)

The idea of the accessory problem is to determine the most critically per-
turbed trajectory, the one that minimizes 421, As in the algebraic case this
problem is meaningless because any admissible perturbed trajectory can be
scaled arbitrarily (including negative scale factors) without ceasing to be
admissible. -

This change of scale affects the value of the functional but not its sign
(it is homogeneous quadratic in the perturbations). No most critically
perturbed trajectory can exist since a more critical can always be found
by a change of scale. In fact the accessory minimum problem is generally
deviated from its original purpose towards a search for conjugate points.
Its original purpose can be restored by introducing a concept of distance
between the perturbed trajectory and the optimal one. There is then gener-
ally a most critically perturbed trajectory lying at a prescribed distance
from the optimal; if the minimum it provides for 42/ is positive or zero, the
necessary second variation condition is fulfilled ; if this minimum is negative
the extremal is not a relative minimum.

The distance can naturally be defined directly in terms of a positive
definite integral over some quadratic form in the perturbations of state
variables.This would however modify the adjoint equations of the perturbed
problem. A simpler correlation between the accessory minimum problem
and the optimum linear feedback control problem is achieved by stating
the distance, or the norm of the perturbed trajectory in terms of the control
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perturbations alone:
. (]
de? = f (' Nu+3o?)dt @.37)

To account for broken extremals (control discontinuities occurring along
the optimal) the total control perturbation u, which is sectionally continu-
ous, is used instead of éw. As already observed, N is taken positive definite
for a tightly controlled system but is a suitable non-negative matrix if the
transformation to new control variables, required to free the control pertur-
bations, destroys tight control. Furthermore, a new perturbation control o
has been introduced to govern the time shift; it is defined by the additional
perturbation equation

§=0¢ (2.38)

To reduce the accessory minimum problem to the same Mayer standard

form as the original one, we further introduce the new state variables 4
and n, governed by the differential equations

h = A2H+o(Hx+H's) (2.39)

n = 3u'Nu+1o? (2.40)

So that the functional to be minimized becomes
AT = 82T+ h(e) — h(B)

and the augmented functional
D
F = A1+ Y v; 8U; —([n(B) —n(«)] (2.41)
1

As in the algebraic case, the constant multiplier { associated with the norm-
ing condition (2.37) will play the role of an eigenvalue parameter. Denote
by p the column matrix of adjoint multipliers associated with the pertur-
bation equations of state (2.29); by y the adjoint to 4, by p the adjoint to
n and by 7 the adjoint to s. The variational Hamiltonian will be

K = p'(Afx+HAis+H}u+H,0)
+y(A2H+oHA%%+0H's) +4o(w' Nu+02) +no (2.42)
Two of the equations of the adjoint system are elementary:

. 0K _ . 0K _

y_—-aT—O and ¢ =. 5;-—0

Hence v and p are constants that can be found from the transversality

conditions:
: _OF  OF _ 1

V= on) T T on@)
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which serves to scale the adjoint variables and

__oF ___oF _,
= )~  onB)

identifying o with the eigenvalue parameter. The remaining equations of
the adjoint system are then

p = —K,= —Hlp—Alx—Aru—His— Ao (2.43)
= —K, = —Hlp—Hix—-Atu—HAis—Aoc (2.44)

The multipliers p are obviously the perturbations of the A and equations
(2.43) the perturbed adjoint differential equations (2.20).

It will be observed that the adjoint equations donot depend on the eigen-
value parameter; they differ from the classical perturbations of the adjoint
equations of the original problem‘® only through the presence of the terms
involving time shift and rate of time shift. The adjoint variable 7 is seen
to become constant for autonomous systems. The remaining transversality
conditions, supplementing the variational boundary conditions (2.36), are
easily obtained from the partial derivatives of the augmented functional
and will not be written in detail; they are also homogeneous of the first
degree. In fact, because equations (2.39) and (2.40) are ignorable and all
the others are homogeneous of degree one, the critical perturbations will
only exist for a spectrum of values of the parameter .

2.6 Critically perturbed trajectories

The notion of critically perturbed trajectories implies of course that, in
order to minimize the second variation, the control perturbations are
optimal. Necessary conditions therefore are

K, =0 and K, =0
or, explicitly, the homogeneous equations
Alp+(A*+IN)u+Aix+His =0 (2.45)
Ap+Aix+Hs+ol+n =0 (2.46)

The last equation contains the first order perturbation of the Hamiltonian
which is related to the adjoint to the time perturbation, just like — H is
the adjoint variable to the time. In principle, unless { is zero, the optimal
rate of time shift can be calculated from (2.46). The optimal control pertur-
bations can be obtained from (2.45), if the matrix (A% {N) is nonsingular.

The optimal control perturbations are generally discontinuous at pre-
cisely the same corner points as the broken extremal tested. This is due to
the discontinuities occuring in the coefficients of the various time-varying
matrices. Conversely, at points of continuity of the matrices the optimal
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control perturbations remain continuous and are uniquely determined by
the eigenvalue. Hence it is not conceivable to introduce strong variations
in the accessory problem and the maximum principle does not apply.
Note however the strong Legendre-Clebsch condition that A% should be
negative definite; in which case the optimal controls will indeed maximize
the Hamiltonian K for { = 0. This case corresponds to the optimum linear
feedback controls of guidance theory.‘® But in the critical perturbation
theory, the optimal controls need not maximize the Hamiltonian when the
eigenvalue parameter is different from zero.

For a similar reason the Hamiltonian K is not required to be continuous
at the corner points; the position of those in time on the perturbed trajec-
tories is not a free variation. Instead, it is the continuity of the adjoint
variable to the time shift, 7, that plays the essential role in determining
this shift at the corner points (see section 2.7).

The main significance of the eigenvalue parameter is obtained through
the following tedious but straightforward calculation. Compute the time
derivative

d,,
)

by substituting equations (2.29, 38, 43 and 44). Group the terms propor-
tional to ¢ and those postmultiplying #’ and substitute  from (2.46) and
Hp from (2.45). After cancellations and consideration of (2.39 and 40),
the result can be written in the form

d ., _ -
E(px+ns)— 2h—2nC

Integration along the trajectory and application of the norming condition
(2.37) gives
(p'x+ns)E = 2h(x) —2h(B) —2{(de)

The left-hand side can be evaluated from the transversality conditions and
the Euler theorem on homogeneous forms to produce

—282T =Y v,6U; = 2h(«) —2h(B) —2{(de)?
Finally, considering equations (2.36)
I = 8J+h(x) —h(B) = {(de)? (2.47)

From this can be concluded that the positive definite, nonnegative or in-
definite character of the second variation depends on the positive, zero or
negative character of the smallest eigenvalue. The method has the advan-
tage of remaining applicable to trajectories containing a singular arc
(A" singular) and constitutes a different approach to other tests devised
to this purpose.” An example will be treated in section 2.8.
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2.7. Optimal time shift

Some insight into the continuous time shift process, implicit in the per-
turbational equations, is provided by the elimination of 7 between equa-
tions (2.44 and 2.46). All the time derivatives appearing in the differentia-
tion of (2.46) can be substituted except those of w and o. Considerable
simplification occurs by noting that (2.24) can be differentiated:

d

2 Hy = Hi+ Hyd+ Hy+ Hyw

equated to zero along the optimal yields
N d_.
—AiA,+ A2A+ AL+ Hy— (%) =0

This and equation (2.45) finally puts the result of elimination of 7 in the
form:

. , d .
¢ (a+u N 7 w) =0
In the study of critical perturbations of nonzero eigenvalue, this implies

the rather simple rule:

d
6 . R
§= uN—dtw (2.48)

associating the acceleration of time shift to the control perturbations. In
the theory of optimal perturbation guidance, or in the search for conjugate
points, we have to set { = 0. In view of the preceding result we have then
to consider (2.46) as a first integral and (2.44) can be ignored as identically
satisfied. Simultaneously (2.46) does not yield any more the information
about the instantaneous rate of time shift.

Returning then to the Hamiltonian K of equation (2.42) we can observe
that it becomes linear in ¢ and that (2.46) can be considered as the chatter-
ing condition on this control. In such cases the control value is usually
found by repeated differentiation of this condition. But as we have observed
that the first differential is identically zero, we have a case where the actual
value of the control is indifferent.

Fortunately the theory still predicts implicitly the optimal time shift at
the corner points. This is due to the requirement of continuity of the adjoint
7 at corner points. ‘

With { = 0 in (2.46)

n = —6H

as already observed, and continuity requires at a corner point ¢ = 7 that
0H|:-0 = 8H| 40 (2.49)
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despite the discontinuities in the coefficient of the matrices of derivatives
of H. Considering that the perturbed trajectories are here neighboring
optimals of the original problem, and that continuity of the variational
Hamiltonian is a necessary condition, already satisfied along the original
optimal, continuity of the first order perturbation of the Hamiltonian is a
natural request and could have been justified directly.

The expansion of (2.49) taking into account the continuity of x, s and p,

gives
(A} +0) — Xz —0)p(x) + (A% +0) — A%z —0))x(7)

= —(A'(x+0)—A'(r—0))s(z) (2.50)
In particular, if the system is autonomous, the right-hand side vanishes.
To make the calculation of s(z) explicit from (2.50) we can introduce the
isochronic perturbations
dg(z—0) = x(z) — Az —0)s(7) @.51)
84z —0) = p(r)+ Hor—0)s(r)
whereby (2.50) furnishes
Ds(z) = (AMx+0) —A*z —0))8A(x —0)+ (H4(z +0) — Ha(r —0))8g(z —0)
(2.52)
where
D = A4z —0)—A'(x+0)+ A*(z+0)H (v —0) — H9(z+0) H;(x —0)
The integration of the isochronic perturbations is performed with the
simplified perturbation equations (o = 0)
8¢ = H#dq+ AYdw
8 = — A6 —A%8q—AYow
280+ A38q+ Aréw =0
the last one being solvable for éw if the strong Legendre-Clebsch condi-
tion is satisfied.

The formula (2.52) is adapted to forward integration of the perturbations.
If repeated backward integration is used to prepare a tube of neighboring
optimals in order to establish the matrix synthetizing the optimal control
perturbations as functions of the state,® we can replace (2.51) by

8q(r+0) = x(r) — Hiy(r + 0)s(z)
oAt +0) = p(r)+ H(r+0)s(v) - (2.53)
whereby (2.52) takes exactly the same form except that we replace
8A(z—0) - 8A(r+0)
8q(r—0) —~ dq(z+0)

and D remains in fact the same.
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" The jump in the isochronic perturbations as we pass a corner point is
found by noting that x and p are continuous. Then, from (2.51) and (2.53)

8M(z+0) —8A(v—0) = (H,(r+0)— A (r—0))s(z)

This can be used in forward integration in conjunction with (2.52) and in
backward integration with its indicated modification. The interpretation
of (2.54) is of course that the finite difference in the controls during the
time interval between v and 7+ s(t), which represents an impulse, can be
replaced by a Dirac measure at ¢ = 7 on the velocity vector of the system.

The interpretation of the guidance command can be put forward as
follows. Replace the nominal optimal command w by the sum of a contin-
uous vector valued function w; and a vector valued step function Ww.

The perturbed optimal command consists in replacing w; by w;+ éw and
displace from s(z) in the time scale the steps of ws.

As regards the conjugate point condition, the situation can be sketched
as follows. We start a forward integration with zero initial perturbations
on state and time (8g(x) = 0, s(x) = 0) but a nonzero perturbation vector
on the multipliers dA(x).

If the problem is not abnormal (if the set of optimal multipliers A(¢)
is unique), the system will leave the optimal trajectory to follow a neigh-
boring one. A conjugate point (to the origin) exsits at ¢+ = #(0) if, for a
suitable 6A(x), the perturbation on the state vanishes again: 6q(6) = O.
Stated otherwise: a conjugate point occurs there where the (nXn) matrix
of a fundamental system

dmq() m=1,...,n

of state perturbations, generated by n linearly independent perturbations
- 8,M«), degenerates. The implications of this on optimal perturbation guid-
ance is obvious. One can also prove, by an extension of an argument by
Bliss,® @ that the interdiction to trespass a conjugate point is necessary
for the non-negative character of the second variation. To this purpose
one takes from #(x) to #(6) the perturbed trajectory leading to dq(6) = 0
completed from #(6) to ¢(B) by the nominal trajectory itself. This perturba-
tion can be normed by scaling to (d¢)2. One then shows that

(1) the second variation is zero;
(2) this perturbation does not give to the second variation its minimum
value because a necessary condition to this effect is not satisfied.

(1) is obvious because the contribution of the first portion of trajectory
to the second variation is {(de)? and ¢ is zero.

(2) is also true because 6A(6—0) cannot have all its components zero
(otherwise, backward integration with also dq(6) = 0 shows all perturba-
tions to vanish identically). But 64 (6+0) = 0 and the necessary condition
of continuity of the perturbed multipliers is violated.
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2.8. Application to an extremal with a singular arc

The following example, that can be treated analytically, illustrates the
application of the eigenvalue type of second variation analysis to an optimal
trajectory involving a singular extremal. The system is described by the
differential equations:

G1=v g2 = q¢
with the boundary conditions:
qie) =4 =0 () =B=0
tx) =0 tf)=T=>A+B

The functional to be minimized is:
I = g2(B) —gq2(«) minimum.

The single control v is originally a flip-flop » = + 1. Typically the solution,
which can of course be analyzed by elementary methods,® involves chat-
tering of the control in the time interval (4, C = T—B). The relaxed
variational problem, which regularizes chattering and makes the absolute
minimum accessible, consists in extending the possible control values to
the segment v € (—1, 1). The variational constraints on the control along
the segments where v = +1 are avoided by the transformation v = cos w.
This requires a semi-norm for the metric of weakly varied trajectories:

T
2(de)? = j (sin? wy?+o?)dt
0

The optimal trajectory in (q1, t) space is shown on Fig. 2. Its characteristics,
needed to calculate the critical perturbations, are summarized below.

9,

X:}

N 7 \

[¢] A ~_- MNL7C t

F1G. 2. The three segments of the optimal trajectory in (g,, #) space. Segment
AC is a singular arc. To each eigenvalue of the necessary minimum problem
corresponds a perturbed trajectory of the type shown in dotted line.
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Segment 1 Segment 2 Segment 3
te(0, A) te(4, C) te(C,T)
cosw = —1 cosw =0 cosw =1
=A-t G1=0 G1=1t-C
= —-4-12 =0 I =@-cyp
dg= -1 22 = —1 By = —1

The perturbed equations and optimal controls will now be solved for each
segment.

Segment 1
X1 = —0c Xo =2(A—-t)x1+(A—1t)%0 Ss=0
p1=2x1+2A—t)o—ps) pP2=0 H=0
(A—t)2u =0 —p1+(A4—1)2p2-2(A4~t)x1+lc+n =0

The adjoint multiplier n will be constant along the whole perturbed trajec-
tory (the system is in fact autonomous). Differentiating the last equation
and substituting the differential coefficients from the other equations (or
applying directly equation (2.48)), we find {& = 0. Hence, if the eigenvalue
is not zero, ¢ is a constant which will be denoted by o;. The perturbed
equations are now easily integrated. Taking into account the initial values
x1(0) = 0 and s(0) = 0 needed to satisfy boundary conditions and taking
p1 from the last equation, we obtain the following end values

x1(4) = —014 s(4) = 014 pi(4) = n+Lo1

The integration of x» and p, are not required. It is also seen that ¥ must
vanish; but this does not affect the other equations. In fact, even if ¥ were
nonzero, the system, that is not tightly controlled on this segment, would
follow the same trajectory. The only real perturbation here is the shorten-
ing or lengthening of the segment by the time shift s(4).

Segment 2
This one is a singular extremal (A% = 0) but tightly controlled.
.7.61=—u § =0 ﬁ1=ZX1
—p1+lu =0 fo+n =0

A differential equation is obtained for the optlmal perturbed control by
two differentiations:

Cu =ﬁ1=2x1 Cﬁ=2)?1= —2u
We change the eigenvalue parameter by the transformation:
w? = 2/0
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and solve in succession
u = asin w(t—A)+b cos w(t—A)
wxy, = acos o(t ——A) —b sin w(t—A)
" w?p; = 2a sin w(t—A)+2b cos w(t —A)

Since 7 is constant and £ assumed non-zero, o is a constant, denoted o

and
202+0% =0 (@

Integrating s, with continuity at # = 4, we find
s = og(t—A)+014
The continuity requirements at ¢ = 4 of p; and x; furnish:
2b = 201+ 0% (b)
a = —wo14 (©
The end values of interest are:
S(C) = 6o(C—A)+0:4

x1(C) = % [a cos w(C —A)—b sin w(C — A4)]

p1(C) = a% [a sin w(C —A4)+b cos o(C —A4)]
A critical perturbation of this segment is oscillatory.

Segment 3

Segment 3 is simply lengthened or shortened as segment 1.
X1 =0 s =0 pa=0
b1 = 2x1+2(t—C)o—2(t—C)p2
(t—CPu=0 p1+(—C)ps—2(t—C)x1+lo+n =0
Again o is found to be a constant, denoted o3. Integration with continuity
at t = C produces:
x1 = (¢ —C)03+%) (a cos o(C — 4) —b sinw(C—4))

6 =({t—C)os+0o(C—A)+014

and p, is taken from the optimal control equation. Continuity of p; at
t = Crequires:

C03+17+§ (a sin (C—A4)+b cos o(C—4)) =0 (d)
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'bFinally the boundary conditions x1(T") = 0 and o(T) = 0 yield
wBos+acos w(C—A)—bsinw(C—4) =0 (e)
Bos+oy(C—A)+014 =0 )
Equations (a)—(f) are homogeneous in the six quantities a, b, 1, 01, 03 and
d3. The three first ones are easily eliminated to produce a homogeneous set
of conditions in the three rates of time shift:

o1(cos ¢ —wA sin ¢p) —o2(1+-cos ¢)+o3 =0

—ay(sin ¢+wA cos ¢)+0o3 sin p+o30B =0

c1do+osp+0o3sBo =0 (¢ = w(C—A4))

Setting the determinant equal to zero, we obtain a transcendental equation
to be satisfied by the eigenvalues and which depends on the two parameters:
B

and ¢ =F—r

4

P=C—4
sin ¢ o L
% (1+p+q—pgp*+-cos ¢(p+q+2pg)+2pqg = 0

It is easily seen to possess an infinite sequence of eigenvalues:
¢=:|:¢1,:t¢2... 0<¢1<¢2...

asymptotic to +nsm for n large.
The corresponding eigenvalues ; are all positive

¢

Although there is no most critically perturbed trajectory, the second varia-
tion test is satisfied; zero is an infimum but not a minimum of 421,

Cx"2(c A) l1>C(2=C3... =0
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