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ABSTRACT,

The report diséusses the strain measures for large disblacements in ooth
lagrangian and eulerian variables, Similarly, relations are established
between lagrangian and eulerian variations of fields with a view to
construct eulerian variational principles from the known lagrangian
principle of (large) displacements. Various definitions of stress tensors

are also disdussed and rélated.
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I. Lagrangian measure of strain’.
The physical concepts will be more transparent if the additional compli-

cations introduced by curvilinear coordinates are avoided. Consequently a
single cartesian reference frame will be used for positioning the points P
of’the'(elastic) body in any of its configurationa; in particular the initial
or "reference" configuration and the final configuration.

Therinitial coordinates a, (L=, 2, 3)_ of a given point will become

x, 1in the final configuration. The displacement vector components will then

i
be

= X -81_

M "X

In the so-called lagrangian point of view the final coordinates are considered

to be functions of the initial :
x, = xi(aj) -a, + uy (aj) | . (I.I)

and the geometrical relationship between a neighborhood (dai) of P 1in the

reference state and (dxi) in the final state

\

dxi - Dj X, daj = dai + Dj u, daj (I.2)
involves either one of the jacobian matrices
J= { Dj x, } ~or A -‘ { Dj u, }
Introducing the column matrices
da= { da; }  and  dx= { dx; }

equations (I.2) are eqhivalent to the matrix equations

dx = J da = (E + A) da a N (1.3)



with E , the 3 x 3 identity matrix. .
The differential base vectors of the neighborhood, in its reference state.

are represented by the column matrices

1 A 0 0]
dal 0 ’ da2 1 » da3
(0} 10 1

and, according to (I.3), become the final state vectors represented by

dx (L=, 2, 3)

(1) = Jquy 934

where J(i) denotee the i-th column of the jacobian matrix J .

The initial volume element dal da2 da3 becomes the determinant

L0y @) =y |7 130) Iy sy | 48, da, day = | T | da, da, da,

(1.4)

At any stage of a physically possible transition from reference to final
state, the volume element camnot vanish, hence we have the property

|3 | >0 | (1.5)

The square of the distance between neighboring points undergoes the following -

change
dx'dx - da'da = da' (J'J - E) da = 2 da' ¢, da  (1.6)

Expresaed‘as a quadratic form in the dai», it introduces the cartesian repre-

sentation of Green's strain tensor

"3 @I-B) =L +‘.A'A)l" ¢! @



which is the most commonly used lagrangian meésure of local deformation when
one wishes to deal with large displacements. The justification of Ga as

a measure of the strain is that if the neighborhood transformation is of a
rigid body type, the distance between any two pbints'of the neighborhood is
not altered and the elements of Ga are necessarily zero. Conversely, 1f the
elements of Ga vanish, the distances are unaltered and the neighborhood
transformation is either a rigid body type of displacement or a rigid body
displacement followed (or preceded) by a "reflection", ‘

The last case is however ruled out by condition (I.5). This is perhaps made
clearer by considering the polar decomposition of (I.3). |

If we consider the vector da to be first transformed into a vector dy by

a pure strain
dy = (E + u).da' ' H=H' | ' (1.8)
with the physical 11m1tgc1on ' i
JEsE (>0 @y

'

and subsequently dy transfofmed'into' dx by a true rotation

dy = U dx
by orthogonal matrix U
&'-wuizl‘ ‘. (LI0)
| U j‘- - | o (1.11)

(The case | U ] = -) 1is known to represent a rotation follawedior preceded

by a reflection); then we have

‘dx = U (E + H) da ‘ .

3
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and the q'_uestion arises whether the polar decomposition

| | |
J=U(E+H) | (1.12)

is always possible and unique. We note first that, because of (I.1I), (1.5)
and (I.9) imply each other, Further, in view of (I.8) and (1.10)

J'J = (E+H) U'U (E + H) = (E + H)?
and H 1is related to Green's tensor by

- Ly o :
Ga »lH ) H (1I.1I3)
Wathever be the rotation U , H determines uniquely Ga. o The converse is
also true as can be shown if we reduce the symmetricdl matrix H to Adiagona']

form by a principal axes transformation.

| hl o o |
Let | o h2 o - be the diagonal form of H in principal axes.
o . o h3_ R A h% o °
Then H2 reduces to the diagonal form - o h2 o
2
o o .h 3

and (I.I3) shows that Ga reduces to a diagonal form with elements

» \\. ygmh +ghi (L=1,23) (114
From (I.7) we have

ZGa'O-E J'J

hence also



i
|26, +E| =@y +1)(2y, + 12y, +1) = | J %> 0 (1.15)

We conplude that

.

2y, +15>0 L=, 2,03) T (1.16)

because if we consider the transformation from initial to final state to.
take place continuously (I.I5) must be true at any intermediate stage and
none of the factors (2 Yy + 1) , which are equal to 1 at the beginning,
can become negative without passing through zero. In such a case however
the volume element would become zero at some intermediate stage, which is
physically impossible. " '

The solution of (I.I4)

hi = w1+ /1% 2'y£ 1=1, 2, 3) (1.17)
is then always real, while thebpoaitive sign before the radical must be
chosen in order that

1+h

>0 W=, 2, 3) (1.18)

at any stage of the transformation., This is necessary and sufficient, -

: T 7. - .. 4+ 1. in order to satisfy at all stages the
requirement (I.9). Hence for any physically possible Ga matrix, equation
(I.I3)has a unique real physically acceptable solution for H . Moreover
from (I.9) and (I.I2) we can then calculate

\ U=J (E+H)!

and verify easily that U satisfies (I.I0) and (I.II).

The matrix H 1is a cartesian representation of another lagrangian strain
tensor, which can also serve as a measure.. of the local deformation. It is
however more difficult to use, since, in the case of Iarge displacements it

is not so directly expressible in terms of displacement gradients as Ga .
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In fact it requires the solution of the principal axes problem to be deter-
mined. For very small strains however both measures are identical, since the
elements of HZ become negligible before those of H .

If we add the assumption of small totations to that of small strains, the

rotation matrix U can be written as

UsE+K

where the elements of K are very small, Then
U'U=E ' becomes - (E+K')(E+K)=E

or, neglecting the second order elements in K'K , K' + K= 0 ., In other
words K 18 ‘an' - ' antisymmetrical matrix. We then have from (I.I2)

J=E+A= (E+K)(E+H)=E+K+H+KH

Again, neglecting the second order elements in KH ,

+

\ A=K+ H

Hence'_ S ', H= %-(A +A")

which is the usual approximation of linear elasticity theory.

Tﬁe polar decomposition gives a further important information concerning the
physical significance of Ga and H ..The order in which.the straining and
rotation operators is taken shows that Ga and H are the representations
of tensors in the cartesian reference frame if everything is described in the
reference or initial configuration. In the final configuration they are the
representations of the same tensors in axes which have been locally turned by
the material rotation. Should we desire to have their representations in the
final configuration for the cartesian reference frame, we should invert the

order of the operators in the polar decomposition

BS7
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J=U(E+H U'U= (E+ UHU') U= (E+H) U (1.19)
and it appears immediatly that
q - ' pa - ' . ‘
H = UHU G,=UG, U | | (1.20)

are the required answers. Also, from (I.I9) it follows that

e

. P
ol

J3' = (E+ AYE + A') = (E + )2

and Ea-ﬁ+-;-ﬁ2--%(A+A'+AA') | (I.21)

In other words the "rotated" representation of the Greenktensor is as easily

expressed in terms of the displacehﬁnt gradients as G# itself,

2. Eulerian measure of strain. _
‘In the so-called eulerian point of view, the reference coordinates are

considéred to be functions of the final coordinates

\

ai = ai (xj) - xi - “1 (xj) (1 - l. 2-’ 3) (201) .
Between neighborhoods we have the relation ' ;
. - dag -_aj a, dxj - dx, - aj u, dx _ (2.2)

S
or, in matrix form |

d'a--_l'idx-.(E-x)A dx o (2.3)
with the inverse jacobian matrices

M= (2

j a, } and X= { aj ug }



MI = JM=E - (2.4)
or . A-X=AX= XA . (2.5)

Inveétigation of the alteration of distances in a neighborhood, expressed

as a quadratic form in the dx ¢

-~

dx'dx - da'da = dx' (E - M'M) dx = 2 dx" G_dx (2.6)

-

t

introduces an eulerian measure of ‘the local deformation known as the strain
tensor of ALMANSI : .

Gy -';‘ (E = M'M) --;- (X +x'-%x'% o aan

More correctly, Gx is the ;epresentation,of an eulerian tensor for a giver
reference frame in each of the initial or final configurations. From its
preceding derivation we must expect the reference frame to be the carteaién
frame in the final configuration, In other words . G, must be in one-one

correspondence with 6a + Indeed, from
: v

(B+2G) = S (28)
follows

€+26) = g s auMeE-20, (249)

The order of the Opergtoré is the inverse one, described by (I.I8), or,

expressed in terms of a polar decomposition of M
M=Jl ey (+ @) L. (2.10)
Conversely, the direct order of operators



Me @+ W)U (2.II)

becomes related>to

Ld

G =v e U ’5_;. (E - (MU)' MU) -.2!. (E=- (E+H)7%) (2.12)

Hence ax describes the eulerian strain tensor in the cartesian frame for

;he reference configuration and is 19 a m_le-oné correspondence wit;h_ Ga
E~2C = (E+ H)™? = (E +2 ca)"l B (2.13)
Since from (2.1I) we‘have
M = _(E'+ )2
then {t follows that

ax-%(E_mt)--;-(x-rxl _xx') . ‘ (2.14)

3. Some useful formulas for the strain tensors.

From the definitions (I.7), (1.20), (2.7) and (2.I14), the elements of the

lagrangian and eulerian strain tensors can be written as follows

G =({a )} 2 a -Dmx -5m‘-Dmun+Dnum+Dmuibnui (3.1)

1 0y Xy

(2}

]
“—
R
(-
N
=]

]

D, x D
Yy X n

i xn"-,smn-'nm Uy ¥ up ¥ Diu Dy (3.2)

i
¢ -.{E } 'zem-‘cm-amaianai.amun"anum-am,uianqi (3.3)

Ce= (8 } 2¢ -cm—aiamaian-'ani“n+an“m-a:l'umai“n 0."')



The reciprocity between.the jacobian matrices J and M is expressed by
JM=E or 'Dj x; 9, 8 -8 | (3.5)
HJA =E -or | a.1 a, Dr X, =6, N (3.6)'

Between the Green and Almansi tensors we hgve the relations

. - _ . ) v i |

M'G_ M ‘Gx or S S ar & aj a Erj . (3.7)
' - . ) - A ‘ ’

J3'6, I =G, or Ery Dp %, D Xy = 0y (3.8)

' = . . = M' ; ) o
J6, GaM ~or . G J. MGa or aram crj s Xy

. or a_ D_x, (3.9)

Formulas (2.9) and (2.I3) are equivalent to

and show that for very small strains - Ea and Gx are equivalent, G; and
Ex. likewise. If we add the assumption of small rotations all the gradients

D, ug and 3m uy become smgj.l ancl_

§

) o |
%n " %m -3 (Dm,un-O- D, um)

become equivalent to

Em ,Emn 2 (am “n + ?n um) . . ‘

. 10



4, Lagrangian and eulerian variations.

Consider a familly of configuration changes which depends on a parameter

e ¢ ' ' '
" xi'?‘i(ﬂj.e)

A lagrangian variation of the configuration that'fakes‘place for ¢ =0 1is

defined by

caxi-dc (‘Sre-o . (4.1)
As the notation suggests, the lagrangian coordinates aj are kept constant
and the variation represents the change in coordinates of a given point P 4
or particle, originally located at (a a, a ) when passing from the final
configuration for ¢ = O to the one where € is given a small increment

de o+ It 18 -therefore also called "material variation". Since.
=8 ( j s € )
we note that | ' \

) (4+2)

: 63 x, = §a u,
If the familly of configuration changes 1s presented in the form
ag=a (x,¢)
an eulerian variation is defined by
6x 81 ( % )c -0. ‘ o (403)

Here, the final coordinates -are kept unchanged and the variation represents
the change in label of the particle that will finally occupy the same posi-
tion. With respect to the final configuration it is therefore also called

11



'

a "local variation". Since

a, = x; = u, (a.1 s € )
we note that ¥
'sx ai == ‘sx ui . ‘ (4.4)

Similarly, any function which is attached to a particle but also depends on

the parameter ¢ , can be subject to a material variation
. af | _
8o £ = de ( ae)a | (4.5)

where the particle label (a‘, a8, aa) i‘abun'changed. If. on the contrary,

2
we keep the final coordinates unchanged

6y £ -5, f + D1 £ S, 8 (4.6)
COnvérs_ely, considering - £ to be a finction of the x, and ¢

A B

8g £ =8, £+, £65, % ° (4.7)

Formulas (4.6) and (4.7) applied fespectively to xj 'and a, , yield

-

3 x:I + Di j =8y xj =0 ({0.8)
8y a‘1 + aj 65 Xy -'53 °j -0 ‘ (4.9)

They 1\"e1at:_e the material and lpcal variations of the coordinates. In matrix
form they are

céx-l-ch.a-'O_ ‘.Gx'.l"‘MGax',o _ (4.10)

12



. |
In view of (4.2) and (4.4) they can also be written

6a - Di 3 6x Yy

uj or 68 u=yJ Gx u (4.1I)

s_

x “j =93, a 63 ug or ; Gx us M Ga u (4.12)

1)

It is important to observe that, since the application of the operator 6a
does not change the aj » it may be commuted with the application of the
operators Di : :

Ga D, f=1D 'Ga f o (4.,13)

i i
Similarly the operator Gx is taken with constant xj and commutes with the

operators 31 H

§ 9 £=2, 6 f ' . (4.14)

i i

We still need to investigate variations of the volume elements; Let

d Ra = dal daz'da3
denote the volume element in the reference configuration. According to (I.4)
the volume element in the final configuration is

dR = l3]ar, . (4.15)

and we proceed to calculate its material variation, that is the change in
the volume occupied by the same collection of particles when the final confi-
guration is slightly altered. Obviously 6& d Ra = 0 and

§g dR_=dR & l,q | | (4.16)

To calculate the material variation of the jacobian determinant, introduce
C.p » the cofactor of D_x in | 3| ; the expansion rules of a determinant
allow us to write

13



!J ‘ Cr'm Dr xj L lJ l ij

tultiply this by aj a, and use (3.6) to find

c-rmsir-lJlésmj 3 ay

or % 131 3, 8 (4.17)
We now expand

6a l J I T 6& (Di xm) - -cim pi (63 xm) " l J | aﬁ ai Di (6a xm)

C
or, finally,
S | I =t 3| o, (6, x) (4.18)
This result and (4.I5) substituted into (4.I6) gives
,Ga d Rx - .d Rx am (aa xin) ) - " (4.19)
From completely similar caléulaticns applied to
‘dR‘-|H|de ’ v(4.20)
we find that
L | M| = | M| Dm (‘S_x am) (4.21)
and . Gx d Ra = d Ra Dm (5x am) _ ' : ‘ ‘(4.22)

\

The variation of volume integrals does not present special difficul_tieé.

’

Consider the integral

1, - / -.fa dRrR ; _- adne (4.23)



|
Its lagrangian variation is obviously

|
1 .
’ -
8, I, /R (5, £,) d R (4.24)
a o -
Its eulerian variation can be processed - as follows, using (4.6) and (4.22),

Sx Ia - !R Gi (fa d Ra) - IR (Ga'fa + Di fa 6x & * fa Di 6x ai) d Rl
' a a )
- f (aa fa) dR_ + f. D, (fa 8, ai) d R,
R R .
_ a a .

The last term is in the form of a divergence integral and is converted to ra
surface integral over the boundary surface aRa that limits the reference
.configuration. If (21) denotes the direction cosines of the outward normal

on 9JR H
a
'5x Ia -‘sa Ia + .IQR fa (zi 8y ai) d aRa (4.25)

A similar transformation can be’ applied to volume integral extended to the

final configuration
=/ £ dR | (4.26)
on the one hand

. I - /R (5% £ d R (4a27)
X

on the other hand, using (4,7) and (4.19),
\ |
&a Ix - j 6a (fx d Rx) - <j (Gx fx * ai fx 6& X + fx 31‘6a xi) d Rx

R R
X x

’-,;R (cxfx)dnx+»f 2y (£, 6, 'x)dR
X x- .

or, finally, with (ni) denoting the direction cosines of the outward normal
to 3R )

15



I | - - | |

! s L = I+ [ £ (s x)daR - (4.28)
_ f R, , ,

Note that ’Ia = Ix‘ if fx - | M l'fa or f‘ -'l q | fx . Hence,‘by comparing

(4.25) and (4.28), . o :

.jaR fa (gi 84 ai) d a-Ra + lak | ¥ | fa (n1 6a'xi) d 3 Rx = 0 (4.29)
a X < ' '

or, in view of (4.2) and (4.4)

I3R £, 0y 8, u)dayR = ‘IaR | M| fa'(n1 8, ui) d 3R (4430)
a : x ' ' : :

5. Stress tensors. .

Conceptually; the simplest stress definition is by reference to the carte-
sian metric in the rgfetence state of the elastic body. The force fi on a
facet which was originally perpendicular to the cartesian axis of subscript
i, 1is divided by the original area of the facet and the fesulting cartesian
components denoted by - tij o Thus, for a facet whose outward normal in the
reference configuration has the direction cosines (1, 0, 0) , the surface
traction has the components -(tll da2 daa ’ tlz da2 daa . tls da2 daa) .

The virtual work produced by this surface traction in a material variation of
the displacement field 1s (t 4 8, “j> da ‘da « The virtual work of all
surface tractions on some element, occupying the volume of a parallelopiped

in the reference configuration, is then equal to

D' (t 1j ] uj) da da da - D (tij 8, u ) d R

v |
External forces distributed in the volume of the body; defined per unit volume

in the reference configutation, will have cartesian componentu denoted by Aj
‘and will p:oducé a virtual work '
A.1 $a "j d Ra -

If W‘ denotes the internal energy per unit volume in the reference configura-

16



| .
tion, the statement of c0nsetvation of energy for a hyperelautic body will be

c"a W, =D, ("1,1 s‘ uj) + Aj 8 Yy

(D +A)+ ¢

IR S TR LR T (6, uy)

In translation modes, where each Ga uj is a constant, there is no energy
increase and consequently - -

[ 4

t,, +A =0 (=1, 2, 3) (5.2)

Dy ti5 * 4

i
When these translational equilibrium equations, satisfied by the "lagrangian"
stresses tij » are taken into account together with the commutativity |
properties between the operators Di and L equation (5.I) becomes

63 Wa -t (D (503)

1y 82 0y uy)

*

Hence the right hand side is a total differential and suggests that the energy
per unit reference volume should be considered a function of the nine displa-
cement gradients Di uj and the lagrarigian stresses as the partial derivati-

ves of the energy with respect to such variables.

tyy = 3 W, /3D u . (5.4)

The nature of wa as a function of the gradients can be made more precise

by considering that 8, Wa = 0 also whep the 8, u.j field is one of a rigid
rotation. In expressing the rigid body rotation field due consideration must
be given to the fact that it must be superimposed on a configuration where fhe
particles até already displaced from ‘their reference configuration. Hence

68 u = x, 8 w, = X, § w, 8y u, = x § Wy = X4 8 w, _
(5.5)

17



where ’ S oXgmagtuy ‘aj)

Equating to zero the ccefficients of 6«»1 ) 602' and 6"’3 in the righ't-hand
side of (5.3) produces the rotational equilibrium equations

t. D.x =0 t, D,x.-t, D, x =0

b3 Dy X T b Dy Xy = Tl T T Tt B D -
. A - (5.6)
ti.z Dixl-f'h Dixz-o_'

whichmust ' '

be satisfied by the lagrangian stresses. They show that those stresses -
are not symmetrical and, in the matrix Ta which represents the lagrangian
stresses in the cartesian reference frame, we must distinguish the row index

i and the colum index § -

Equations (5.6) are then equivalent to a statement of symmetry of the matrix
J Ta .
)

8 '_r;)' =T I =JT, )

They can also be interpreted as a statement that the energy Wa is a function
of the displacement gradients through the elements Crn of the Green's strain
matrix. If, for instance, one substitutes (5.4) into (5 6), the three resul-
ting partial differential equations of first order for W . are easily selved
by the-method of characteristics and indicate that W= Wa (“m) « More
directly, introduce a new stress matrix Sa‘- { 840} by .

i3 T D xj | . _ (5°§)

- ' |
‘ Ta Sa J'"  or : t
so that, ‘by‘virtue of (5.7) S, is symmetrical, Substitute into (5.3)
8q wa " %4m m j Sa (Di. uj) “ %m Dm Ry 6q (ni xj)

18



Exhange the summation indices 1 and m R IR

(D x

j)

8a Wa " 8y Dy % 8,

-

and add the two formulas using the symmetry property of ;1m H

6 Wa .'% 8m ¢ (D xj i xj)'- 8m %a aim —_— -(5'9)

It is now clear that Wa is a function of the six elements

011 (i " 1 20 3)

+ag (1 # m)

%im

-and that the Kirchhoff-Trefftz stresses s are the partiﬁl derivatives

im
8y " 9 Wala @y 1=1,2,3) »
. i : , (5.10)
Sy = W2 (g o) sy, (1)
The symmetrical general notafion
8im " 9 wa/a Oym (S.II)'

is not ambiguoug if we specify that ayn and B although.equal, should
be treated as independant variables. The equilibrium equations satisfied by
the symmetrical Kirchhoff-Trefftz stresses were given by SIGNORINI; from
(5.2) and (5.4) they are ‘

Dil CH xj) + Aj.- 0 =1, 2, 3) ’ (5.12)

The Kirchhoff-Trefftz stresses can be interpreted geometrically as defined by
unit surface in the reference configuration but decomposed in the metric indu-
ced by the deformation. In the initial configuration a set of unit vectors

19



parallel .tof the cartesian axes in P becomes, in the final configuration, Aa. '
set of local base vectors §j of cartesian components Dj L each repre-’

_ senting a column of the jacobian matrix: J as already observed in section I .
The force Fl .on the facet of initial outward normal (1, 0, 0) 1is then

resolved as follows

> -> "' <> >
Fy=(s,,8 *+8,8,*+8,8) da, da,

and similarly for the other facets. Projecting this vectorial relation on the
cartesian axes and remembering the definition of the lagrangian stresses :

one obtains :

t =g D x +8
1 1

D x + D x
1 "n 2 13

12 1 3 1

+ +
t,=8,D0 x,*+s8,D x,+8,D,x

t -‘suDlx szl)zx D3x

+
13 3784 8

3 13 3

. This agrees with the previously introduced general definition (5.8).

Thé two stress tensors encountered so far are fundamentally of lagrangian
nature. Stress tensbrs'of eulerian nature can also be used. The most obvious
one is the "true stresses tensor" in which we consider an elementary paralle-
lopiped vith facets perpendicular to the cartesian axes in the final configu~
ration. The true stresses are then defined per unit final area and resolved
along the cartesian axes; we denote them'by '111 . The,gnergy conservation

principle is then formulated as follows

@R ‘ _ .
1 a Y - :
Tﬁ; 8q Mg dR) dR_ 6 Ya M| s Wy =23y (tij 8 uj) + xj 8a Yy

\ - - ’T o L (5.13)
vhere X, are the body forces per unit final volume .

- Xy AR = A dR, or - X = ] u.| A, - (5.14)
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The equilibrium efquations implicit in (5.1I3) are obtained by setting
6a Wa = 0 when t?he 6 a'“j ygduce to translationg |

or to rigid body rotations as expressed by (5.5). In this case, because the
partial derivatives of the variational field are taken with respect to the
final coordinates, the rotational equilibrium equations reduce to a statement

of symmetry of the tensor of true stresses :

' Tji-- T4 (5.16)
The conservation of energy, taking (5.I5) into account, is now
“ e.. |
| M| &, W ©(5.17)

a”™ Ty 3y (e;al j)

Because the.operators 31 and '5 do not commute, 1tlbecomes necessary to.

manipulate the expression, first 31 = ai a D
'|u,|sawa-fuaian (s, j)'rijaia 6g (0 Xy) (5.18)
Next we separate the .dumny subscript jJ by :lnqiuding a Kro?ecker fsymbol _ Gpj
| M| 6 W, =ty 0y a8, (O %) 6,
.Froﬁ (3.5) we can replacé Gpj D x aj n

| 1‘1\| s W, = ('l’ij 3y a ,1 an) D X, §a (Dm xp)‘

We now make use of the symmetry property of the true stresses; exchanging the

-,

dummy subscripts i and j and also m.and n ¢

a)D x ¢ (Dn‘xp)

l'M|6awa--(11j aiamaj n” m°p "a
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Addition of the two formulas and division by 2 yiéldanfinally

l M ' 6. wa. - -(."11 ai ‘m-aj an) 2 64 (Dm xp Dn xp)

- (Tij 3£ am 31 an) 68 Onn B (5019)

A direct ;omﬁarison with (5.9) is now possible and furnishes the relations
between true stresses and the Kirchhoff=Trefftz stresses ¢

|H|°nm-‘ij aiamaja o - (5420)

In matrix formulation, with 'I‘x»- { T4y } o
- MY : . - . y
| M| S‘l M '1‘x M E or _ | J | ‘l‘x J S. J* (5.21)

We have seen in section 2 that there is a one-one correspondence between the
elementg % of Ga and Em of ‘Gx « Consequently the energy density wa ’
which has been recognized to be a function of the .‘"mn must also be a
function of the Em and, as such, must generate another system of stresses
as partial derivatives. To illustrate this we can start from (3.5) in the form

Dm xj 9 8y " 5j1
and, applying the operator 8 - to it, substituﬁe'

3,8 8, (O x) = =D x, 84 (3; a) N (5.22)

into (5.18) to obtain
| M| 6qWa= = vy Dy %y 8, (31. 2,
Next spiit the dummy sub.script i by use of a Kronecker symbol 611:

| M ] 85 Wa™ = 1y Dy %y 8, (2 8) 84y
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and replace

61p - Dn X ap %a

I o I Ga wa.- - 13 Dm xj l)n * ap % Sa .(ap am)

Again, relying on the symmetry of Tij s we exchange simultaneously the pairs
of indices (i, j) and (m, n)

I M l Sa wa = 13 Dm'xj Dn_ X ap % Sa (Bp an)
and after adding and dividing by 2.

| M | 84 ¥y 43 Pn | Dy ®y _Ga -3 % % p an)

or, in view of (3.4),

-~

| M| 6, W, ™ 471.1 Da %y D%y 65 &m . - (5.23)
The stresses o . defined"by
§a Wy ™ o 84 Enn N - - (5.264)

as partial derivatives of the energy density Wa with respect to the elements

of Gx , are thus related to the true stresses by

l M I om = ‘Tij Dm xj Dﬂ xi_ (5.25)
In the notation S.x = {og }. :
|M| s, =3'"1T. 3  or I3 T m M S M ~ (5426)

The next matrix equations summarize the connexion between the various stress



systems

|
i

3T, =38, 3 =|J| T, =M 8 M . (5.27)

It is useful to recall that Sa' and Sx are generated by the partial deri-

"~

vatives of Wa respectively with respect to the elements of Ga and of Gx"

6. The partial derivatives of Wy o
From the gquality Wa d Ra - vad Rx~ follows

Wom | TV, o (6.1)
md. in view of (4.18)’
6‘8 wa- IJ I{ 63 wx+wx aﬂl (68 xm)} ) . (6.2)

Any total differential expression obtained for 5; wa can consequently be
transformed into ome for 8§, “x » provided we can-ﬁut am"(aa xh) in the
form of a total differential. This can be done as follows @

3 (68 x) = o, 85 D, (8, %) = 9y 8y 6, Oy %) = 3 ai 50 (05 %) &

=g 8y 3y, 8y Dy x5, (D) %)

exchanging the subscripts { and §, adding'§nd dividing by 2 ,

Iy (8 %) = 95 8 3y 8y 5, (3 Dy x Dy %) =3, 8 3, 8y & agy (6:3)

For instance if we cubsﬁitute into (6.2), (6,3) and (5.9) and solve for
,Ga Wx H ' :

»

Hence we can consider “x .-the energy density in the final configuration, to

2 | o



. | , :
be also a function of the elements of Ga s however its partial derivatives

are the quanti;ies between brackets in (6.4).
Similarly, using relations like (5.22),

iy (B Xp) = =Dy X, 8, G J)--Djx §q (ap 4)

- - Dj x D x ap y 8 (3 ’j) - Dj x Di x 6,

Ry
(=3 3 84 3 “_1)
or ¥, 6, x)= X j Xn a £q4 (6.5) .
If we substitute this and (5.24) into (6.2) and solve for 8q "x
SaWy= (| M| oy =W Dy x D %)) 8, Eq (6.6)

showing what are the partiai derivatives of W* édﬁsidered.as a function
of the elements of Ex « Finally, in view of (5.25), it is clear that the

corresponding modifications to apply to the true stresses are simply
1y " Ve 845 ¢

7. Lagrangian variational principles.
In lagrangian coordinates the principle of variation of displacements

stating that the total energy, strain energy plus potential energy of dead
loads, is stationary with respect to arbitrary admissible variations of
the displacement field is not restricted to the linear elasticity case but
"i1s applicable to the large displacement case. '

\ | ~ | | |
f .(w - A.j uj) dR - / Py Yy d3 R sta;ion. 7.1

a aRy

In this formulation, the region R, 1s éupposedly simply connected and
traction surfaces pj are imposed on the whole bqyndary aR. o Furthermore,
the energy density Wa is considered to be a known function of the elements

\
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of the Gmen'sstrain tensor G 'as defined by (3.1).
From (5.1I), considered as t‘ne equations defining the Kitchhoff-‘l‘refftz
stresses, we obtain

- Ly
S Wy ™ 84, 6, (3D "j Dy Xy =7 Sy
imZ(Diijij*'D xjcaDixj)
and, in view of the symmetry of tﬁe stresses,
6 W =8, D %y 8q (D xj) =80 xj D, (5a uj)
An integration by parts ‘_givee
G‘IR "adRa'fR (6 W) dR = [ Ly 8y Dy Xy 8,4 d 3R,
o - 9R .
a .a Ta :
-[R Di(mnmxj)c udea

. a : '
Hence the material variation of (7.I) produces the Euler-Lagrange variational

equations ¢ '

D, (em D xj) +tA =0 K¢ - 1, r. _3) | (5.12)

obtained by equating to zero the coefficients of 6, uj in the velmne integral.
They are the Signorini equilibrium equations., '
The natural boundary conditions obtained by equating to zero the eoeffieients :
of 63 uj in the surface integral are

Py = Ly Ogp Pn 3=1,2 3 7.2)
They furnish of course the definition of surface ‘traction components in terms
of the Kirchhoff-Trefftz stresses; they reduce as they should to lagrangian .
stress components (5.8) when the facet becomes perpendicular to one oﬁfs,the

o\

(‘b‘“a"‘mea

| A
% se'g\le\o
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cartesian axes, . A _

A generalization of the principle of variation of displacements to a two-field
principle is possible by the pzthod of Friedrichs. We consider w‘ 'to be

the same function q_f. the a im but incorporate the constraints

1

7 Py % Dy Xy = 8g) "0 " 0 7.3
into the variational principle by lagrangian multipliers 84m “(the similarity
in notation with the Kirchhoff-Trefftz stresses is introduced on purpose and
justified later). The generalized principle is then |

1 o
jR Wy Gag) + 8y (5 @ % Dy xp =850 =a, ) = Aju) dR
a ' . .

f faR Py U d 3R station (7.4)
a

The variations on the multipliers s, Trestore the constraints (7.3) as

Euler-Lagrange equations; the variations on the displacemeﬁts yield, as

before, the equiiibrium equations (5.I2) and (7.2); finally the variations

on the LT yield as Euler-Lagrange equations

8 " aWalaum (5.1I)
Hence our multipliers are identified as the Kirchhoff-Trefftz stresses rela-
ted through wa to the Green's tensor strains. By incorporating directly this
result into the principle (7.4), the Oy field can be completely elimi- .
nated. It is necessary to this effect to.express as a function of the 8im
the quantity

T T S A ¢ )

and this is possible if, as will be postuléted,'the stress-strain relations
(5.II) can be solved for the strains. - '

Equation (7.5) is then a Legendfe contact transformation which defines the
lagrangian complementary energy demsity ¢ (sine o Formal differentiation
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of (7.5) produces

{ 8a agp By = awa,agim? * am 8 %im .363 % .

Hehce,,in view of (5.1I) we conclude that

Gim bl Na/ 381m | (7 06)

In this general formulation of the dual stress-strain relations (7.6) we have
implicitly distinghiéhed,sim
pendantly. In practice this distinction is not made and oa is considered

'from~smt (for 1 ¥ m) and varied them inde~

to be a function of the six variables 8.4 and 8m (L <m) . In this °

case the strgsé-sﬁ:ain relations (7.6) must be written

’

=2a (1 <m

L + LI m ™ aoa/aoim

The variational principle (7.4) takes now the form of a two-field variational
principle, namely that
. .
IR (8407 Oy % Pm xy = sim?_' ¢, (8,) = Ay u }dR IaR Py uy d 3R
a ' a

is ﬁtstionary _ (7.7)

where a diéplacemeng field and a stress fiéld may be varied independantly.
The Euler-Lagrange equations are (5.I2) for the displacement variations;

\

1
2 D, x, D x

g Xy Dp Xy = 840 " 0 /38, o ) | (7.8)

for the stress variations. The natural boundary conditions are again represen-
ted by (7.2). | ‘
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If, instead of applying specified surface tractions pj on the boundary
3R N specified displacements uj' were imposed there, the potential energy

- . doR
' Ian 1% a
kould have to be removed but could be replaced by the dislocation potential

w e
aRa Aj (uj - uj).d 9 Ra . (7.9)
where the variation of the lagrangian meltipliers Xj permits to include
the boundary conditions “j = n: as natural conditions (i.e. provided by
the principle itself). In this case the natural boundary conditions provided

by 'Ga “3 on QRa are

1 8m m j Aj =0 , (7.10)

and can serve to identify the lagrangian multipliers. With this identifica-
tion introduced the modified principle (7.7) is

o - '
IR Uogng (g % D%y = 8,0 =0, (8,) = Ay uy }dRr,
2 .
+ [ li 8ym Do %y ("j - uj) dd R, station  (7.II)

oR
-a

‘It can be used as a two-field principle by introducing independant simplifying
assumptions on the displacements u, and on the Kirchhoff-Trefftz stresses 8im *
From it we try to deduce a dual of the principle (7.I) which would contain only a

‘field of statically admissible stresses., To this end we transform in (7.II)

A _
1 ‘ .
-2- (Di xj j - Gim) _
1 - 1 :
2 G Dm xj) Di o i'sim $im
: 1 ‘ o
- (sim Dm xj? Dy j -3 8 (61m + Dm xj L j)
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Or, finally

D

1 . .
27 %im (@ Xy Dm-xj = Sym) (84p Oy xj) Di Y T S%4m %m +8, D u (7.12)

The first term is the one that, after integration by parts, will equilibrate the

volume forces A-1 and the surface terms associated with uJ + Hence, assuming a

statically admissible stress field, we have

. 7 ) |
- f { ¢a (sim) * Sim 38, ¢a (sim) - Bim Dm Yy } dRa
Ra im

I d 3Ra '~ stationary o (7413)

+ jaRa li 8im u? Dm X
In contrast to the linear case, it is observed that the kernel of this principle
is no more the simple complementary energ& density. Moreover it still contains
éxplicitly the displacement field in Ra . '
Anothgr objection to its practical use is the difficulty of solving the Signorini

equilibrium equations which also contain explicitly the displacement field,

8. Eulerian variational principles.

From the general formula (4.,28) we can write

s, IR (W, = A u)dR, -8 jR (W, = X, u)dR + jaR (0, = X udn; 6, uy daR
‘ X

. a ' . x
This can be used to transform the variation of the first term of (7.I). For the

second,

Ga u d3Ra - f . qJ 6, uy daRx

[ »
a X

where qj are the surface tractions on BRx .

Hence the eulerian principle ;L

-

Sl G Xy e e [ L Xy un 6wy - g6, uy ) @R, =0 )
X X :

in which‘ye'should still substitute

§ x, 8 | o (8+2)

=Dy xS v, . .

a,gi
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In verifying the truth of the principle we make the assumption that the material

is homogeneous; so that from (6.6)'
wax'(IMI"i - W, D X Dj x )8, By
Using (5.25), this becomes

6 W, = (Tmn Dj x =W Dj xm)Di x 6 Eij

Them, in view of (3.4) and the symmetry in the subscripts

Gx wx - (Tmn Dj x = wx Dj xm)Di x 3 a, 3

= (Tmn D, x =W D xm)am Gx u

™ x 7§ 3

The Euler equation stemming from 'Gx uj in Rx is then

am'(Tmn Dj x, = Wx Dj xm) + XJ =0

or
9 (tr._ D,,u +1_, ,=W_D xm) +X, =0

m - mn o jn omj  x J 3

and, since (5.I5) applies, we should have

3m (Tmn Dj u - Wx Dj xm) =0

The surface terms are now given by

3R n
X

i and

i'r x j

f[{(“x = X udng = qy ) Dymy 4y (1, Dy xy = W Dy ’fm)] Sx

" (803)

(8.4).

=0
X

The wx terms are seen to cancel; there remain as natural boundary conditions

on aRx
(n, tpg = &K, udn = q) D, x; =0
which imply, more simply

L (Xr ur)ni Y
31
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