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ABSTRACT

This document presents the results obtained during the afore~
mentioned period concerning the linear and non linear applications of
the dual analysis technique. New formulation for finite element deri-
vation are proposed including equilibrium, conforming and hybrid ele-
ments. A new method of solution of the structural problem is based
on the stress function formulation. The slab analogies are used to
discover additional finite element families.

A useful complementary energy principle is derived for large
deformations. The stability criterion is obtained from the second
variation of the total energy.

A non linear shell theory is presented which avoids the dif-
ficulties of defining the constitutive equations.

A computer program for linear applications is documented.
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1. INTRODUCTION

The present report is written in the spirit of presenting the results
obtained after 5 years of development of finite element models and methods
of solution adapted to a dual analysis of aerospace structures.

It is subdivided in four main parts : the first covers the linear elastic
applications of the finite element method and deals primarily with the de-
velopment of finite element models and the relevant methods of solutions.
The second part presents the basic formulations of the non linear problems,
including stability. The third is devoted to a formulation of non linear
shell theory. The final section describes the general computer program that
has been developped to solve linear applications.

As regards the first part, considerable improvements uwoere achieved in
the formulation of the general theories, allowing the derivation not only
of conforming and equilibrium models but also of hybrid models based on two
field variational principles., The cases where the number of parameters is
smaller than the number of interface degrees of freedom was ruled out of
previous formulations for conforming elements or led to spurious kinematic
deformation modes for equilibrium elements. The present formulation shows
that in these cases it is always possible to derive an element but with se-
me associated constraints. Elimination of such constraints within a group
of elements appears to be a general procedure for these situations,

It justifies a posteriori and generalizes the derivation of certain pre-
viously develop elements like our conforming quadrilateral plate bending
element., The possibility of introducing internal displacement functions
(also called bubble modes) is systematically considered. It allows a better
stress representation without increasing the final number of degrees of
freedom.

The static-kinematic analogies of Southwell were used to generate families
of equilibrium elements dual of each existing family of conforming elements,
Sub equilibrium and hyper equilibrium elements have been defined as the ana-~
logues of non-conforming or over-conforming elements,

The formulation of equilibrium models in terms of stress functions opens
new avenues., In fact by discretizing the stress functions field instead of
stress field, the formulation becomes strictly identical to that of the
displacement element,., But instead of yielding a stiffness matrix, it yields

a flexibility matrix and the natural unknowns are local values of the stress '

functions instead of local values of displacements,
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In the particular case where the static-kinematic analogies apply, the
derivation of the flexibility matrix is trivial and consists simply in
using the program generating the stiffness matrix of the analogous displa-
cement element with a different Hooke's matrix. As the natural unknowns

are the local values of the stress functions and as these can be interpreted
as self stressing states of limited diffusion, one is inclined to use a
force program for the solution and take advantage of the fact that the se-
lection of the redundancies is no longer necessary.

However a closer examination reveals that the easiest solution is obtained
for a scheme similar to the so-called combined method. This idea has been
successfully applied to the solution of practical problems and its applica-
tion presented so simply rhar it has been incorporated in the general com-
puter program without any difficulty.

Important improvements were obtained by rationalizing the library of
models and by automating the algebraic operations, treatment of polynomials
and analytic formal integration. In this way, finite element families
rather than individual finite element can be programmed. The stage is rea-
ched where displacement, equilibrium and hybrid models can be generated
entirely automatically for polynomial approximations of any order, as spe-
cified by the user.

The systematic use of polynomial elements of variable degree, containing
eventually bubble modes of higher polynomial degree, simplifies considera-
bly the idealization of the structure in regions of high stress gradients.
The mesh size may remain the same as in other regions, only the degrees
of the various elements are assigned different values, Preliminary studies
of difficult stress interpretation problems including singularities have
shown that this technique allows a better, and at the same time cheaper,
stress representation.

The part devoted to large displacement formulations goes further than
Report AFFDL-TR-70-34. In this previous report an attempt was made to
develop a variational principle of eulerian type, wherein translational

and rotational equilibrium conditions would have been incorporated from
start. It would them have been an extension of the complementary energy
principle of linear elasticity and a useful tool for extending dual analysis
to geometrical non-linearities, The idea behind the eulerian formulation
was that true (eulerian) stresses do satisfy linear translational equili-

brium equations, while satisfying already rotational equilibrium by their

symmetry. It is however now recognized that, while such a principle is
4



feasible, it must be restricted to isotropic material behavior and is con-
sequently too narrow., Hence all considerations about eulerian strain mea-
sures and variations have now been dropped{

In the lagrangian formulatidn an important step was achieved by avoiding

a too early satisfaction of the rotational equilibrium. In the earlier
derivations of larée displacement variational principles, rotational equi-
librium was implicitly assumed from start by working with the symmetrical
stress tensor of Kirchhoff and Trefftz., A new approach makes explicit use
of the polar decomposition of the neighborhood transformation and so intro-~
duces explicitly the finite rotation operator, whose variation results in
Euler-Lagrange equations expressing rotational equilibrium. A new symmetri-
cal stress tensor is naturally involved in this polar decomposition; it is
formed from partial derivatives of the strain energy density with respect
to the engineering strain measures of the polar decomposition. In this way
a complete filiation of variational principles can be formulated as in the
linear elasticity case, The equivalent of the complementary energy principle
does now contain as Euler-Lagrange variational equations not only the
compatibility equations but also the rotational equilibrium conditions.

It shows that rotational equilibrium is not mandatory for the upper bound
character of the approximate solutions and can be relaxed. Furthermore,
relaxation of the rotational equilibrium, opens new avenues for the deriva-
tion of three-dimensional equilibrium finite elements in the linear case,
All the implicﬁtions of this new principle must still be evaluated and
applied in numerical analysis,

The part devoted to stability of the elastic equilibrium is an amplified
theoretical analysis version of Report AFFDL-TR-70-35, wherein the numeri-
cal applications as contained in there and in Reports AFFDL-TR-70-36 and
70-37 are not reproduced. , .

The starting point is again the second variation criterion of the total
energy, that is applicable to both bifurcation and snap through phenomena,
It can however be formulated both in the initial unstressed and in the e-
quilibrium configuration as reference configurations. Comparison between
both formulations have been further investigated and the results correlated
with the quite different intuitive approach iﬂitiated by Timoshenko.

In this way a rather satisfactory justification of the usual plate stability
criterion can be obtained.

In the case of buckling of straight rods under combined flexure and torsion

a similar discussion was performed and, in addition, a complete justifica-
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tion given for the flexure-torsion center position in relation to warping.
A considerable effort was made towards a scientific approach to non-1inear
deep shell analysis in order to provide the correct background for later
development of finite element models. The report contains a synthesis of
the available theory with probably some original features.

Particular attention was devoted to the significance of resultant loads

and moments in terms of lagrangian or Kirchhoff-Trefftz stress tensors.

The final part of the report is devoted to a description of the ASEF
Computer Program. The main function of this program is to provide a tool
for investigations of new finite elements and new methods of solution.

The second function is to provide the capability of solving large, practi-
cal problems and evaluate on them the impact of the advantages brought by
new theories or new elements. The existing library of finite elements
contains various equilibrium conforming and hybrid elements of membrane
and flat plate. The degree of most of these elements is variable, The pro-
gram works basically according to the displacement method, but additional
linear constraints, in any number and of any kind, can be processed effi-
ciently. This capability allows to solve equilibrium problems by the stress
functions method., A direct substructures method of solution can be used as
well as an iterative method based on conjugate gradients. An important ef-
fort has been devoted to reduce the difficulty of input data preparation
to a minimum, If due consideration is given to the large number of finite

element models proposed, this goal seems to be reached.
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LINEAR APPLICATIONS




2.1, Development of finite elements with internal degrees of freedom.

The concept of generalized internal dqggee‘of freedom.

The question of whether it is better to idealize a structure by
many simple finite elements or by a smaller number of more complex ele-
ments has been often discussed (Ref. 2.1, 2,2)., The purpose of this sec-
tion is to introduce a new concept in the idealization of structures into
finite elements and in the development of the finite elements themselves.,
This concept of internal degrees of freedom, coupled to that of finite
element of variable degree, leads to a reconsideration of how to idea-
lize a structure and to achieve it in a simpler as well as more effi-

cient way.

From both theoretical and experimental points of view it appears
advantageous to use the more sophisticated elements., The accuracy for a
given number of degrees of freedom is improved and the difficulties in
interpreting the stresses are reduced (Ref. 2.1, 2.2, 2,3). The practi-
cians however often state that in a large number of structural problems
the physical subdivision of the structure leads to a natural idealiza-
tion into finite elements so fine that even the simplest elements are
sufficient for obtaining a good approximation to the displacements. In
such problems, the advantages offered by sophisticated elements are al-
most evanescent since many more degrees of freedom result only in minor
improvement of the results, The use of sophisticated elements seems
therefore to be restricted to sophisticated situations or to problems
where large regions are free of physical discontinuities (like in field

problems as opposed to structural problems).

In certain structural problems however, parts of the sﬁructure
exist where many simple elements are used, while it is clear that few
more complex elements would do much better. Such a situation is typical
of regions of high stress gradient or of particular interest to the ana-
lyst. Using refined elements in the whole structure is however not a

practical procedure because it is usually too expensive,

As a result it seems desirable to look for the possibility of mi-
xing elements of different degree of complexity, while still breserving
the compétibility (or equilibrium) of the solution (figure 2.1). The de-
velopment of elements based on polynomials of variable degree, described

in the following sections, allows for this possibility, It avoids the

cost of useless degrees of freﬁgom in those parts of the structure where



stress gradients are known to be small,

From recent work, it.appears that the goal of improving the behavior
of finite element models is to be looked for in new directions. After the
in.itial, very simple, elements the evolution tendancy was to increase
the degree of the polynomial approximations in the displacement or stress
fields (Ref. 2.1, 2.,2)., It was rapidly recognized that in pursuing this
idea the number of degrees of freedom increased rapidly because the addi-
tional connections involve only pairs of interfaces instead of pertaining
to vertices where they would be shared by more elements. The same problem

is at the origin of the lack of popularity of the equilibrium models,

The trend to avoid simple interface connections appears clearly in
the derivation of conforming platé bending models, where tﬁe need for a
normal slope connection at mid-edge was present. Some authors restrained
the degree of the polynomials along the edge so that the mid edge varia-
bles are no longer necessary (Ref. 2.4, 2,5). Others have used, at connec-
tion vertices, the curvature tensor although this is not required by the
compatibility conditions and is known by its additional comstraints to
have a detrimental effect on the results (Ref. 2,6, 2.7). In both cases
the results plotted versus the number of degrees of freedom nevertheless
show an advantage : the deterioration of the results due to the addition-
al constraints is ofset by the reduction in the number of degrees of

freedom,

A closer look at the deficiencies of simple elements, reveals that
it is the stress representation that is especially poor under certain
conditions, The approximation computed for the displacements is much
better and, consequently, that of the strain energy. This holds for equi-

librium as well as for displacement models,

From a mathematical point of view this is clearly dﬁe to the fact
that the deformations are derivatives of the displacements and that the
guarantee of convergence in energy does not imply a similar rate of con-
vergence for both dispiacements and stresses, nor even a convergence of

stresses at all when singularities are present.

A possible improvement appears perhaps more clearly from the follo-
wing physical argument. Let us take the example of a cantilever deep beam
such as indicated in figure 2,2, and let us focus the attention on the
upper element in the built-in section, Even the simplest approximation of

linear displacement is already reasonnably good for the contour of the
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element., However the stress field presents a singularity at the built-in
boundary since the shear stress is zero on the free edge and has a finite
important value along the other edge. A good solution requires that the
stress or deformation field contains such a singularity or at least is
able to represent it approximately., As the approximation of these fields
is achieved by polynomials, a decent picture of the stress field will be
obtained in the vicinity of the corner only if very high order polyno-
mials are used. These considerations suggest that, if the number of gene-
ralized displacements along the interfaces is to be kept small, more in-
ternal degrees of freedom should be given to the deformation or to the

stress field.

Such a possibility was introduced first by the hybrid models of Pian
(Ref. 2.8) which can be derived by application of Reissner's principle.
In those elements, the interface displacements are approximated by simple
polynomials, the coefficients of which are determined by a (small) number
of generalized displacements, Inside the element the stress field is inde-
pendantly approximated up to any order. The more parameters the stress
field contains, the more accurate is the solution. Note that in this con-
text, the "exact" solution is that of the elasticity problem with the con-
straints imposed on the displacements along the interfaces. Obviously an
optimum exists between the introduction of additional internal parameters
for the stress field, which does not increase the final number of degrees
of freedom of the structure, and the introduction of degrees of freedom
along the interfaces or the increase of the number of interfaces. The
drawback of such models is that'even though convergence in energy is gua-
ranteed, it is not monotonic and no guideline exists in the interpretation

of the position of the results with respect to the exact solution.

The same idea can be applied to displacement or equilibrium models
with the advantage that their purely conforming or purely equilibrium
characteristics are preserved, It is possible to add to the displacement
(or stress) field defined naturally by the analytic continuation of the
polynomials choosen along the edges, other displacement (or stress) modes
of higher order but such that they vanish along all the interfaces of the
element, For such modes, sometimes called "bubble" functions (Ref. 2.9);
one can choose pblynomials up to any high'order, or even non polynomial
functions. As they are purely internal to the element, their intensities
can be computed in terms of the boundary modes by a preliminary minimiza-

tion of the strain energy at the element level of generation.
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One could compare that procedure to that of developping super-ele-
ments obtained by an assemblage of a certain number of simple elements
where the interﬁal degrees of freedom are eliminated at the element ge-
neration, It should be noted that such an elimination of internal degrees
of freedom, even if it is achieved numerically, is a cheap procedure
compared to the processing of the same number of degrees of freedom at
the structural level. The concept of internal or "bubble" modes genera-
lizes this scheme in this sense that these modes are not restricted to

those that can be represented by an assemblage of simple elements.

Coupling the idea of elements of variable degree along the inter-
faces with thét of internal degrees of freedom, a structure can now be
idealized by deciding first what contours of physical importance to re-
tain as interfaces in the analysis. One then decides what degree of the
polynomial approximation to choose for the displacements or stresses.
along each interface separately., This will depend on the particular in-
terest attached to the region or of the expected strength of the stress
gradient, One finmally decides how many internal degrees of freedom should
be used inside each element., An important practical advantage of this new
idealization scheme is that if one wishes to refine a given idealization,
it is no longer necessary to prepare a new set of input data (a bulky
task in practice). The only modifications to introduce consist in stating
in what elements one wishes to increase the degree of the approximation,

either along the interfaces or internally,

The following sections give the theoretical support for the deriva-
tion of such elements, within the framework of displacement, equilibrium

and hybrid models respectively,

2.2, Formulation for conforming displacement models.

Conforming finite element models are derived by application of the

minimum total energy principle :
§ (U+P) =0 (2.1)

where, wusing matrix notations

1
U= J W(e)dvol = 5‘] €' H e dvol (2 .2)
vol vol

11



is the strain energy expressed in terms of the strain tensor components
eij and in which H stands for a symmetric matrix of elastic coefficients;
the prime denotes transposition,

P=- I X' u dvol - f T u drg (2.3)
vol r
is the potential energy of the body forces Xi and of the surface tractions
tse The displacement vector is denoted by u and I; is that part of the
boundary where surface tractions are prescribed. The bar denotes prescri-
bed values. The case where the body forces are zero is only considered in

the following for simplicity of presentation,

This principle may be applied if the displacement field satisfies a
priori the compatibility requirements :

€., =D, u or, in matrix forme = 3 u in the volume
on 'y, which is the part of the boundary

where displacements are prescribed.

The derivation of a finite element follows the discretization of the dis--
placement field in the form of a linear combination of assumed displace-
ment modes Pik (xhg of the space variables xm

u., = k’l,.oon

i o

{; ik Pie %)

or using matrix notations :

u="Pa (204)

The n, coefficients PR grouped in the column matrix a, are the inten-
sities of these modes and can be taken as generalized (unknown) displace-
ments. Such an assumption automatically satisfies the compatibility con-
ditions in the volume,

The column of the strain tensor components is written
€ = 3P a ‘ (2,.5)

12



and the strain energy becomes

U= %-J a' 3P' H 3P a dvol = %-a' Ia (2.6)

vol

When using the minimum total energy principle, the stresses are defined
by

ow___

ag
sey; i

With the discretization adopted, the stress field is described by a set
of generalized stress parameters-denoted Bik’ or in matrix form b
b:-a—U.=Ia (2.7)
a
The knowledge of b alone would correspond to a "weak" knowledge of the
stress field, as these parameters are weighted averages of the stresses

b -~l J g' 3P dvol | a . (2.8)
vol
where g denotes the column of the stress tensor components,

The matrix I, sometimes called the integral matrix of the element is
symetric and singular. This last property is due to the fact that the Pik
modes contain the rigid body modes of the element which do not contribute

to the strain energy.

A subset a™ of the parameters a can be defined which does not con-
tain the parameters affecting the rigid body modes

a¥=pa (2.9)

where D is a matrix of constants. The strain tensor and strain energy

can be expressed in terms of a® only

e =23pF a*
(2.10)
3—1. X
U 2 a I a
13



A reduced set of generalized stress parameters can also be defined

p* - %—L’F a I% a* (2.11)

The matrix_I* is still symmetric but non singular. It involves in (2.11)
a generalized form of the stress-strain relations. A better denomination
for I is therefore an extended form of generalized stress-strain relations.

Between the two expressions, the following relations hold

I=D"1I¥D
b = D' b*

(2.12)

Turning next to the satisfaction of the compatibility requirements
along the interfaces of elements, the assumed displacement field genera-
tes along these interfaces a certain number n, of interface displacement
modes. The element is "conforming" if these interface modes are axactly
transmitted across the interfaces to guarantee the single valuedness of
the complete displaceﬁent field. This will be the case if :

- the same interface modes are defined in adjacent elements,

- the intensities of these modes are identical,

- the interface modes are independant and define uniquely the displacement
field along each interface. ,

The n, interface mode intensities are listed in a columm matrix Q. and

their expression in terms of the parameters CTER is

q, = C a : (2.13)
As the displacement field has to be unique at a vertex common to different
elements, q. always contains the local values of the displacement compo-
nents at the vertices. In addition other local values, derivatives or in-
tegrals of displacements can be used along the interfaces, The matrix C is
called the kinematic matrix of the element. It is not necessarily a square

matrix and hence not necessarily invertible,

In the absence of body forces, the virtual work T consist only in

the work done by the prescribed surface tractibus

14



r _ _

T = I u' T:-dro =a' '\ [ P’ .t_dro = a'b (2.14)
I'o i_ PO

which yields the expression of the generalized stress parameters b in

terms of the applied loads. An alternative form of the virtual work is,

using (2.13)

T = q'cgc = a'C'gc (2.15)

where 8, is another set of generalized loads conjugate to the interface
modes. Comparison of (2,14) and (2.15) yields

b=C'g | (2.16)

The transpose of the kinematic matrix turns out to be a static matrix

relating the stress parameters to the applied loads.

The problem of the derivation of the finite element can now be pre-

sented as that of finding the minimum of the functional
{-l-a'Ia-q'g } min (2,17)
2 c®c » *

subject to the constraints (2.13). Three cases have now to be distingui-
shed :

a)n =n
a c

The number of parameters of the displacement field equals the number
of interface connection modes. The matrix C is a square, non singular

matrix, This allows to solve the constraints

a=clq (2.18)
c
and hence
l ] "1' -1 [] =
s 1 2 3¢ ¢ I e = 1 8 }=0
or S { l q' K - ! } =0
2 1ce 9% T T8



which yields the familiar stiffness relation

=K q (2.19)

gC cc

between the interface modes and the corresponding generalized forces.

The latter can now be interpreted, using (2.14) and (2.18)
= ¢t P' t dr . (2.20)
g g *

They are weighted averages of the prescribed surface tractions, giving

therefore only a "weak" knowledge of the stress state on Ty

b) na > nc

In this case the homogeneous system
Ca=0 (2,21)

has (na - nc) non trivial solutions. Let si denote such solutions and

group them in a matrix S

S = (Sl, 52 csey sn -n )
a c

The non zero solutions of the homogeneous system (2.21) can be written
a=Sw

where w is any arbitrary vector. Such modes of the parametersoa i exist
with zero displacement prescribed along the interfaces. The constraints
(2.,13) can now be solved in the form

a=T q, + S a ' (2.22)

where T q. is a particular solution and S ax'the complementary solution.,
Substitution into (2.17) yields :

16



l 1 1 |} - ' =
q. + > 2 K a, +3q c qu a, q 8¢ } 0 (2.23)

=T' IS

]
~
)

Variation of 9. and a finally yields

- - -1 =
8, = (qu qu Kxx qu ) q. Kc q, (2.24)

In general the form (2.22) could be obtained numerically, by a Gauss-
Jordan elimination technique for instance. However, this operation can

always be avoided by one of the following methods :

Add to (2.13) a set of (na - nc) internal values of the displacements

9

9 = Ci a (2.25)

and form with (2.13) the non singular relation

9. C
q= = a = C*‘a
9y ¢y
a = clg (2.26)

Partitioning of (2.26) yields the definition of the particular and

complementary solutions

dee
c 1

:«-1'
¢ Cc qC *

i 4 = T 1, + S q (2.27)

Another simpler possibility arises when the displacement field can

be split in two parts

u="Pa-= Pc a, + P a (2.28)

b b

17



where the interface modes q, are uniquely defined by the modes Pc’ so

that
9 7 Cc c

and a = C-1 q (2.29)
c c ‘e

and when Pb are "bubble modes" giving zero contribution to the interface

modes, The relation (2.17) can be written

l ' l ' [] - [] "'1' =
8§ { 2 2 b Ibb ab * 2'a c Icc ac ta b Ibc ac a c Cc gc } 0
(2.30)
from which
-1' -1 -1 .
8¢ Cc (Icc - ch Ibb Ibc) cc qe l\c 9 (2.31)

When the number of bubble modes becomes important, this last form repre-
sent a significant saving of numerical work, compared to the preceding
forms (2.24) or (2.27).

c) n_<n,
The constraints (2.,13) cannot be inverted and this case was ruled out
of previous formulations. It is however possible to derive a finite ele-

ment in this case,

Considering the static relation (2.16), the number of generalized
stress parameters n, is smaller than the number ng of generalized inter-
face loads B.* This means that (ng - nb) non zero solutions exist to

the problem

c' 8, = 0 (2.32)
These solutions correspond to combinations of loads applied along the
interfaces which do not generate stresses in the element,

By analogy with the terminology adopted for equilibrium models these

modes might be called Spurious static modes".

18



To derive the finite element properties, let us split the constraints

in two parts
(2.33)

where q: is a subset of q composed of n components arbitrarily selected.
aR forms the complementary subset of q:
The matrix C is non singular and (2.33) yields

a=¢C q A (2.34)
Substitution in the expression of the minimum principle (2.17) gives

§ q C IcC q -q

T L
2 ‘e c c 8% "R gR} 0 (2.35)

with the remaining contraints

X-1 %

Introducing these remaining constraints in (2.35) affected by a column

of lagrangean multiplier A

8 {%q:' K:“:'q:' 8 - g’ 8 * A (qR-CRC*-l q:.) b=0
(2.37)
it turns out that
K™ q =g + ¢l Cy A (2.38)
gg = A
g = Cg ¢ 9

This procedure yields a stiffness matrix K:'which can be used if the

satisfaction of the remaining constraints is achieved at the structural

level. It appears sometimes in practice that the remaining constraints
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can be eliminated in a group of finite elements. This allows a derivation
of super-elements free of such constraints. The procedure was used impli-
citly in the derivation of elements by supérposition of fields in a qua-
drangle subdivided in four triangles. (Ref. 2,10, 2,11)

2,3. Formulation for stress-diffusing equilibrium models.

Stress diffusing equilibrium finite element models are derived by

application of the minimum complementary energy principle

s (¥y+Q) =0
where
y = J ¢(oij) dvol = %-I s' H-1 s dvol (2.39)
vol vol
is the complementary strain energy (stress energy). The column matrix s
groups the stress tensor components Uij and H-l is a matrix of elastic
coefficients relating strains to stresses, It is the inverse of the matrix

defined by equation (2,2).

Q= - J t' U dru (2.40)
Tu
is the complementary potential energy of the surface tractions t over the
prescribed displacements u evaluated on that part of the contour l'u where

displacements are prescribed.

This principle may be applied if the stress field satisfies a priori

the equilibrium requirements

D, g,, +X, =0 in the volume
j i 1
(2.41)
ti = lj Oji = ti on Fo wh;ch is the part of
the boundary when surface tractions are prescribedi The zj are direction

cosines of the outward normal to ro and Xi denotes the body forces. Again
the case without body forces only will be considered in the following for
simplicity. A presentation which includes them can be found in reference
(2.12),
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The part of the stress field satisfying the homogeneous equilibrium

equations can be discretized by two different procedures :

a) The stress tensor can be represented by a linear combination of assu-
med modes Mk (xm) where intensities are controlled by a set of unknown

parameters Bk

oy "I Mg O B
or in matrix form

s =MD (2.42)

These modes must be such that the homogeneous part of the equilibrium

equations (2.41) is a priori satisfied.

b) The other procedure is rather new. It might appear, at first sight,
unnecessarily sophisticated but it reveal extremely fruitfull for the
development of the finite elements as well as it provides a new method

of solution of the structural problem,
The stress tensor is derived from a set of stress functions

oij = €y ejns ¢rs,mn (ij not summed) (2.43)

where, in the three dimensional case ¢rs is a symmetric tensor of stress

functions while € is the alternator symbol, These stress functions can

ijk
be approximated as a linear combination of modes

Pk(rs) (xm) of intensity o

= 2
brs i Pk(rs) (xm) %k 2.44)
or on matrix form
r=Pa » (2.45)

Following this procedure the homogeneous equilibrium equations are auto-

matically satisfied.
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The column of stress components derived according to (2.43) is de-

noted @
2
s =09 Pa (2046)
The elements of the matrices aZP and M are in general functions of the
space variables X The number of parameters a; is always larger than
that of the Bi by the number of integration constants of the system (2.43)
which are the "rigid body modes" of the stress functions. In some cases

the parameters Bk can simply be a subset of the o but in general the

relation between the two sets is denoted
b=Da (2.47)
when D is a rectangular matrix.

The complementary strain energy y can be alternatively written

w =

N[

( - )
| erwm L v b dvol = % b' J* b (2.48)
vol

I a' asz H-1 azp a dvol = l-a' J a (2.49)

v o= >

N[

vol

where J and J ¥ are two symmetric flexibility matrices.

When using the complementary energy principle, the strains are de-
fined by
3¢ (o I)
20 - = 845
i}
With the first discretization adopted, the strain field is descri-
bed by a set of generalized strain parameters m_. or in matrix form s

bi
conjugate to the generalized stresses b

o= 2L g%y 3 (2.50)

This corresponds to a "weak" knowledge of the strain field as these

parameters are weighted averages of the strains
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L I:I e' M dvol] b (2.51)
vol

In view of (2.50) the matrix J¥ can be interpreted as yielding a generali-
zed form of the strain-stress relations, The parameters Bi are independant
and each of them represents a non zero contribution to the strain energy.

The matrix J*1s therefore non singular.

With the second dicretization adopted above, another set of genera-

lized strains, conjugate of the a, parameters, can be defined

i
=Y
Tl'a 3a J a (2.52)
¢ A2
or "a = €' 8 P dvol a
- vol

The matrix J generates another form of generalized strain-stress relatioms,
but it is singular since the parameters o, contains the "rigid body modes"
of the stress functions which do not contribute to the strain energy.

Using (2.47) the relation between the two flexibility matrices is
7=p'J3%D (2.53)
which shows that J™ is a non singular kernel of J.
Let us turn next to the equilibrium requirements along the boundary.
They concern only the interfaces as we have ruled out the body forces,
The surface tractions can be expressed in terms of the stress field by

t=Ls (2054)

when L is a matrix of the direction cosines of the outward normal to the

interface. Using the first description for the stress field (2.42)
t=LMbDb (2.55)
The surface traction modes described by t have to be uniquely determined

by a set of n, forces, denoted 8. *
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These can be simply local values of the surface tractions (2.55) or de-~
rivatives, integrals or any combinations of them provided that along each
edge the definition is unique. The expression of these generalized forces

in terms of the stress field parameters is written

g = Chb (2.56)
where C is called the static matrix of the element., The matrix C is in
general rectangular but even if it is square, the relation is singular
since the generalized forces are a priori not independant since they sa-
tisfy the global equilibrium equations of the element, Note that in con-
trast to the formulation of the displacement elements, the stress tensor
has no unique value at a vertex., Iherefore in pure equilibrium models,
they are no variables associated with a vertex and the forces g, are es-

sentially interface variables.

The virtual work consists only in the work done by the prescribed

displacements

= ' = ' a p!
T J u' t dPu j u' LMb dl"u pbb (2.57)
Tu Fu

or alternatively

T =q' 8, = q'c Chb (2.58)

where q, are the generalized displacements conjugate to~gc.

Comparison of the two expressions yields

=‘ '
p, = C' q_ (2.59)

The transpose static matrix turns out to be a kinematic matrix relating
the generalized (average) strains to the generalized interface displace-
ments.,

The problem of the derivation of the finite element reduces now to

that of finding the minimum of the functional
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*
{-%-b' J b - g'c a, } min (2.60)

subject to the constraints (2,56). It yields

and, as J* is non singular

g, =Cb=¢C *Le q, = K, q, (2.61)
which is the familiar form of the stiffness matrix for an equilibrium
element, In contrast to the formulation of displacement models, it is
not necassary in order to derive a stiffness matrix to distinguish bet-
ween to three cases mentionned there., The distinction is however still
implicitly present and necessary if one wishes to use the relation (2.61)

in practice.

Consider first the static matrix (2.56), the generalized forces gc
are not necessarily sufficient to determine all the parameters Bi'

In other words the homogeneous system
Cb=0 (2.62)

can have non-trivial solutions representing internal stress modes which
exist with zero prescribed surface tractions on the interfaces. These n,
modes are "bubble" stress modes of the element,

One could think about defining additional internal generalized forces to
determine these bubble stress modes in a similar way to the internal
displacements defined by (2.26). This is useless here since the solution
of the constraints (2.56) is not required and the bubble stress modes do
not contribute to the complementary potential energy. In fact the reduc-
tion of these modes, whatever they are, is automatically included in the

expression (2.61).
Consider next the kinematic matrix (2.59)., Non trivial solutions of

c' q, = 0 (2.63)
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or, more physically, displacement modes of the interfaces which do not
produce generalized strains, certainly exist. Among them are the rigid
body modes of the element, Let z, denote such solutions in number n,

and group them into a matrix Z
zZ = (zl. Z. esey zk) _ (2.64)

The solutions of (2.,63) can be expressed by

where w is any arbitrary vector. These displacement modes generate zero

strain and hence their virtual work is equal to zero

T = g'c q, = g'c Zw=20 (2.65)

As w is arbitrary, it implies

z' 8, = 0 (2.66)
It means that among the n, forces g.» M are non independant and related
to the others by these relations. As the solutions of (2.63) are also
solutions of (2.61), the stiffness matrix of the element is n, times sin-
gular, If the n, kinematic modes consist only in the n, rigid body modes,
the situation is normal as the rigid body modes are eliminated by fixa-
tion of the structure., The relation (2.66) simply reduces to the global
or rigid body equilibrium equations of the element, If n contains other
kinematic modes, L relations have to be kept in (2.,66) as remaining
constraints to be satisfied by the solution of (2.61).
They correspond to what has been called previously spurious kinematic de-=
formation modes, Just as in the corresponding case for displacement ele-
ments, the stiffness matrix derived in (2.61) can not be used alone, but
with these remaining constraints. Here again it appears often that such
constraints can be eliminated wituin a group of such elements, leading
to a super element free of such constraints., The procedure has been applied
implicitly in the derivation of a certain number of equilibrium membrane

elements, The advantage of the present formulation is to show that the pro-

cedure is general and that the problem- of deriving stress diffusing
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equilibrium elements is strictly the same as that of deriving conforming
displacement elements. Finally, from the preceding discussion, it appears
that the condition to fulfil  to avoid remaining constraints (or spurious

kinematic deformation modes) is

n -n, =n_ =-n
i r

The strict similarity between the derivation of the two types of
element becomes even more transparent if the second formulation, in terms
of stress functions, is used., In that case the requirements of surface
traction continuity has to be translated into requirements of stress func-
tion continuity. They certainly involve the continuity of stress function
local values but in addition, they eventually involve the continuity of
some of its derivatives (specific examples are given in the following).
Those requirements are to be satisfied by the single valuedness of m,
local values of the stress functions and its derivatives, denoted fc.
These are equivalent to the n, forces 8. They can be expressed in terms

of the intensities of the assumed stress function modes a, by

i

£, =Ta ' (2.67)
The matrix T is another static matrix of the element,
Note that the L interface connection modes necessarily define the
"rigid body" modes of the stress functions and that their number m, is
equal to the.number L In contrast with the first formulation, the gene-
ralized stress function modes fc are not necessarily interface variables
only, as the continuity requirements are often such that a single value
of the stress function has to be achieved at a vertex., This situation
is therefore similar to that encountered in the derivation of displacement

elements,

The virtual work of the surface tractions can be alternatively
written, using (2.54), (2.46) and (2.50)

T = I u' t dTu = I u' L 32P a dlu = p'a a (2.68)
Tu Tu
which yields the meaning of the generalized strains P,
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= 2., 0 )
P, I ap'L'u dFu (2.69)
Ty
Wwith (2.52) it corresponds to another "weak" knowledge of the strain field.
Another expression of the virtual work is, using (2.67)

2 n' a = f! a a' T!
T=p a b3 c dc a' T dc (2.70)

where dc are generalized interface displacements, conjugate to the gene-

ralized stress function modes fc. It shows that

a T!
pa T dc (2071)
which again indicates that the transpose static matrix is a kinematic ma-

trix relating strains to displacements,

The problem of the derivation of the finite element properties can

now be presented as that of finding the minimum of
{ l-a' Ja=f" d )} min (2.72)
2 c ¢ N

with the constraints (2.67), Note that J is singular and therefore the
procedure given in (2.61) does not apply. Comparison with (2.,17) shows
that the situation is in fact completely similar to that of the derivation
of the displacement elements. Three cases have again to be considered @

a)n =n
a c

In this case, it turns out that
a=T1!¢ \ (2.73)
and d,=T " JT £ =F f | (2.74)
where Fc is the flexibility matrix of the element,

b) n »
) a ” %

The homogeneous system

Ta=0 28 (2.75)



has (na - nc) non trivial solutions which represent bubble stress function
modes, The two procedures for deriving the flexibility matrix are formally
identical to those used for deriving the stiffness matrix in the correspon-

ding situation for displacement elements.

cdn <n
a c

The homogeneous system

T' dc =0 (2.76)
has (nc - na) non trivial solutions which represents spurious kinematic
deformation modes. In this case a flexibility matrix can still be deri-

ved if the system (2.67) is split in two parts :

(2.77)

where f: is a subset of fc composed of n components arbitrarily selected.
fcR forms the complementary subset of f:'. The matrix T* is now non singu-

lar, so that

as= Tm-1 £
Cc
and f_ =T T Lg* (2.78)

which are the remaining constraints. By analogy with (2.38) it is possible
to derive a flexibility matrix

T*-l' x=1

F = JT (2.79)

(o]

but which cannot be used without imposing the constraints (2.,78).
Again, such constraints can often be eliminated in practice within a

group of such elements, yielding a super-element free of constraints,

Finally the two formulations for the equilibrium elements are rela-

ted to each other by the following relations
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1 %*

f =¢ f : (2.80)

g, =Cb=CDT £ c

Note that although the matrix of correspondance C’&is square, it is al-
ways singular as the forces g, are non independant,
By virtual work

T=g' q = f’c C'q =f£f"' d .(2.81)
from which

a_=c*q (2.82)

which completes the analogy.

2.4, Formulations for finite elements based on two field principles

The possibility of deriving finite elements from simultaneous assum=-
ptions on the displacement and on the stress fields is well known,
Of particular concern in this chapter are those formulations where the
assumptions are introduced on one field inside the element and on the
other field on its boundaries, One type of such elements has been propo-
sed by PIAN (Ref, 2,8), It derives from the Reissner principle, A duai
formulation is also presented in the following which derives from another
two field principle proposed by FRAEIJS de VEUBEKE,

2.4.1. Finite elements based on the Reissner principle

The Reissner principle can be written

{ J [?ij Dj u; - @(oijj} dvol (2.83)

vol
L, o,

+ J lj oji (ui - ui)dI‘u - f 3 %1 ug dI’o } stat.

r
. : o
where o© 3 and u are the independant stress and displacement fields.

¢(°1j)-% s'H 's is the complementary stress energy density

L are the direction cosines of outward normal to

the boundary T
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Pu, Po are the parts of the boundary where displacements or
stresses are prescribed (the bar denotes a prescribed
vélue)

the body forces are removed for simplicity of the presentation,
Let us assume inside the element a stress field which satisfies the equi-

librium equations

D, g,, = O in the volume 2.84
3 %51 ( )

but which does not necessarily satisfy the equilibrium of the surface
tractions t, on the interfaces

i

i j ji j ji = ti on I'O (2085)

Integrating by parts the first terms of the volume integral in (2.83)
yields, using (2.84)

{ j o (oij) dvol - Jr lj oji u, dru

vol u
+ 2, (o
J 3 (_ji
Ty
In this modified principle, the stress field inside the element is discre-

- oji) u‘i drc } stationary (2.86)

tized in the form
s=2Mb (2.87)

where the stress modes Mij (xm) are selected in such a way that they sa-
tisfy a priori the homogeneous equilibrium equations. The unknown inten-
sities Bi of these modes are the corresponding generalized stresses.

The volume integral in (2.86) becomes

2
vol vol

Yy = I Q(oij) dvol = l-J s' H-1 s dvol = %&b!J b

(2.88)

where J = J M! H“1 M dvol

vol

is a non singular generalized strain-stress matrix of the element,
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On the part Fu of the contour, the surface tractions are those

generated by that stress field
t=Ls=LMDb (2.89)

where L is a matrix‘of direction cosines of the outward normal,

Just as for equilibrium models, the surface tractions can be defined uni-
quely by a set of L generalized forces 8., OO that part of the boundary.
These forces can be local values of the surface tractions or any conve=-
nient combinations. Their expression in terms of the stress field parame-

ters 1s denoted

8y ~ Chb (2.90)

where C is the static matrix relative to these forces.
The first line integral in (2.86) can now be written
-0 = o = MY T '
Q, J zj o5 U3 dr, j b' M' L' udr =b

pbu

u u
(2.91)

where Py are a set of generalized deformations conjugate to the generali-
zed stresses b, Their expression yields a weak knowledge of the deforma-

tions on T
u

Ppy = J M' L' udrl, - (2.92)
T
u
An alternative form of Qu is

- = L} = 1 ]
Qu & cu qcu bt C qcu (2,93)

if Uy denotes the generalized displaceﬁents conjugate of the forces 8cu®
Comparison of (2.91) and (2.93) shows that

= C' q - (2.94)

Phu cu

Here again the transposed static matrix is a kinematic matrix.
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On the complementary part of the boundary,I‘c s the displacements

can be independantly discretized in the form
u=~>r, qcs (2.95)

where Pij (ro) are displacement modes of the boundary PU of intensity Qg

The displacement are therefore uniquely determined in that line. The se-

cond line integral in (2.86) is now expressed by

Qo = QE * Qdu
. = rl A 2.6
with Q= Ir zj 95i Y4 dr_ (2.96)
o
= ' = o!
jF t P qcsdro 8 cs des
c
where g = I P' t dr
cs o]
r
o]

are generalized forces conjugate of the displacement 9eg® They give a

weak knowledge of the surface tractions on Fo.Then :

= - ‘ - ' | ’
Q, J by gy uy AT I ' M' L' P q_ dr
Ty Ts (2.97)

- b'

u

= - ]
bT R qcs pbs
defines another set of average generalized strains conjugate of the b

parameters

= = \ '
s = R dgg J M'L' P Al | g (2.98)
-'r

o
The matrix R can therefore be considered as another kinematic matrix re-

lative to the displacements A.g* Reintroducing the results (2.88), (2.93),
(2.96) and (2.97) into the expression of the modified principle (2.86)
yields

.:.I'.. ' - . | ' - (]
{ 5 b'J b -b'ec Uy * 8'cs Tes b' R deg } stat
(2.99)

where the independant variables are b and Ug® Their variation gives
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= '
Jb o] qcu + R qcs (2.100)

= nt
gcs R'D

As J is non singular

-1 -1

= )
b=J"cC q, * J "R 9.q (2.101)
and g =R J-1 C'q +R' J-1 R q (2.102)
cs cu cs *
Using (2.90) also yields
g =cJt ¢'q +cJIlrgq (2,103)
cu cu cs *

Grouping (2.102) and (2.103) yields the final stiffness matrix of the

element
g cile cilr q
cu cu
g = = = = K q (2.104)
v =1 v -1
8. R' J7° ¢ R' 7 R q,
C'
or k= |c wr| IJ"ll
R

It is worth recalling here that the variables related by the stiffness
matrix are of two different natures : 8cu and q., are precisely surface
traction modes and displacement modes of the two parts of boundary ru

and rc while B.s and Uy are average conjugate quantities,

A particular form of such models is the equilibrium model when all
the interfaces belong to Tye Another particular form is the hybrid model
of PIAN where all the interfaces belong to ro. In these special cases,
the stiffness matrix reduces respectively to the upper or lower diagonal
terms in (2,104).

The existence of bubble modes or kinematic modes can also be put in

evidence in these models following the standard procedure of examination

of the static-kinematic matrix, The global kinematic matrix of the element

can be taken as
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c f (2.105)
If the homogeneous system

c*q=0 (2.106)
has non-trivial solutions

qQq=2Zw (2.107)

when Z is a base matrix of these modes and w an arbitrary vector, then

the virtual work vanishes for such solutions
Tag'q=g'2Zw=0 (2.108)

and therefore, as w is arbitrary, the forces g are non independant but

satisfy the relations
Z'g=0 (2.109)

Among these n relations are certainlylfhe n, rigid body equilibrium

equations of the element. The other relations (if any) are additionnal
constraints that have to be kept together with the stiffness matrix at
the structural level to avoid exciting the corresponding kinematic de-

formation modes (2.107)
If on the other hand the homogeneous static system
cC*'b =0 (2.110)

has n, non trivial solutions, these are bubble stress modes

b=Yw (2.111)

where Y is a base matrix of such modes and w still an'arbitrary vector,
Just as for the equilibrium models, the bubble stress modes are automati-

cally reduced by the procedure of derivation of the stiffness matrix.
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A finite element is free of additional constraints if the relation

n -n = ng -0 (2.112)

is satisfied when n, denotes the number of the stress field parameters.
If there are additional constraints to check the kinematic deforma-
tion modes, the procedure of elimination of these constraints in a group

of elements can still be applied.

2.,4,2, Finite elements based on the Fraeijs de Veubeke principle

Another two field prinéiple, proposed by Fraeijs de Veubeke
(Ref. 2.6) is

{ J [w(eij) - aij eij ] dvol + I zj cji u, dru } stat
r

u (2.113)
where o,. and eij are independant stress and deformation fields

W(e,.)= %e'H € is the strain energy density

ij
Ej are direction cosines of the outward normal to
the boundary T
Pu, Fo are the parts of the boundary where displacements

or stresses are prescribed (the bar denotes a

prescribed value)

The body forces are again not considered for simplicity.
Inside the element we assume that the deformation field satisfies the
compatibility (or integrability) conditions

e;j = Dj u, . in the volume (2.114)

but it does not necessarily satisfy the compatibility conditions on the

boundary

=y on T (2.115)



Integrating (2.113) by parts, after substitution of (2,114) and remembe-
ring that the stress field satisfy the equilibrium conditions we obtain

{ J W (eij) dvol - f lj 3}1 uy dI‘0 + I zj oijfag-ui)dru } stat

v
° u (2.116)

In the modified principle, the displacement field inside the element is

discretized in the form
u="Pa in the volume (2.117)

where the displacement modes Pik (xm) contain also the rigid modes.
Their unknown intensities o are the corresponding generalized coordina-
tes. The volume integral in (2.,116) becomes

U = J W (e,.) dvol = %-3'1 a ' (2.118)

3

v
where I= I oP' H 3P dvol

v

is a singular generalized stress-strain relation matrix.

On the part rc of the contour, the displacements are those generated
by the assumed field (2.117). Their modes along the corresponding inter-

faces can be described uniquely by a set of L interface modes
q =2Ca (2.119)

where C is a kinematic matrix relating these modes to the general ones.,

The first 1line integral in (2.116) can now be written

j c’ji as

Ty T (2.120)

- = = = ' = '
Ig J L. ui ch I t' Pa dro b a

where bas are a set of generalized stresses conjugate to the generalized

displacements a.

= ' ‘
bos j P' t d_ (2.121)

r
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They yield a weak knowledge of the surface tractions on Tge

An alternative form for Hs is

'.a._=8"_Ca ' (2.122)

- = g
s Cs Cs CcSs

where Bes denotes interface generalized forces conjugate to the interface
displacements 9 e Comparison of (2.122) with (2.120) shows again that the

transposed kinematic matrix is a static matrix

. e
bcs c 8. (2.123)

On the complementary part of the boundary, Fu, the surface tractions

can be indepefldantly discretized by
‘ t=3S gcu (20124)

where the generalized surface tractions 8.y 2are selected in such a way
that they define uniquely the surface tractions on Fu'

Introduction of the assumptions (2,117) and (2.124) in the second line
integral of (2.116) yields

= T o = [ v - o
Hu J lj cji'(ui ui)dru I [ g' ey S'u-g cu S P a-] dI‘u
r r

= ] - ] = 1] - v
g q g Ra=g cu eu b ay 2 (2.125)

where q =J S$'u dr (2.126)
are the average displacements conjugate of the forces Beu? and where

R = I SP dI‘u (2.127)

r
u

is a matrix whose transpose is the static matrix relating the generalized

stresses b to the generalized loads g
au cu

= R! :
bau R 8w . (2.128)

Reintroducing the results (2,118), (2.122) and (2.125) into the ex-

pression of the modified principle (2.,116) yields
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ai

—~—
=

- ! ' - o!
Ia-g s C3*8 cu Jeu = 8 cu R a } stat,

(2,129)

where the independant variables are a and Beu® Their variation. gives

Ia=C'g +R'g

Ccs cu

(2.130)
qcu = R a
Recalling (2.119) we can define a global kinematic matrix R¥* for the ele-
ment by

q-= = a=R a (2.131)

deu R

If the total number n, of interface displacements q is equal to the number
n, of displacement field parameters a, that matrix can be inverted and

(2.130) can be transformed into

Bes -1 »_1
g = = ﬁ“ IR q=Kgq (2.132)

Bcu

which defines the stiffness matrix of the element.

A particular form of such models is the conforming displa-
cement model where all the interfaces belong to Fc and R™ reduces to C.
Another particular form is the second type of hybrid model proposed by

PIAN where all the interfaces belong to Fu and R” reduces to R.

In the case where n, is not equal to n_, R* cannot be in-
verted, However the various treatments exposed in the case of the confor-
ming displacement models are still applicable,

Again if the homogeneous system

RFa=0 (2.133)

has n, solutions (bubble displacement modes), the condition for the deriva-

tion of a stiffness matrix free of additional constraints is that
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n, -n, =n | (2.134)

If the static homogéneous éystem
R¥* g =0 (2,135)

has n, solutions, n,

ness matrix. Their elimination within a group of element is usually pos-
sible.

additional constraints have to be kept with the stiff-

2.5. Methods of solution of the global problem using equilibrium elements

Most of the applications of the finite element method have been ba-
sed on displacement elements for which the displacement or direct stiff-
ness method (Ref. 2.2) is the most natural and efficient algorithm of so-
lution of the global problem. The force method (Ref. 2,13) has received
relatively few applications due to the difficulty of obtaining a cheep al-
gorithm of selection of the redundancies when other elements but bars and
shear panels are used. The combined method (Ref, 2,14) has not received

application due to the large system of equations it involves,

For equilibrium elements, practically all the applications have also
been solved by the classical displacement method (Ref. 2.1). However the
nature of assumptions in these elements suggests that generalized stresses
might be a better choice as unknows, This section shows that the stress
function formulation offers a possibility. The method proposed can be
viewed as a particular and efficient form of the combined method. It pre-

sents important advantages for certain types of boundary conditions.

The formulation of the global problem using the two formulations of
equilibrium elements can be presented as follows:
The complementary energy of the assembled structure WS is the sum of the
contribution of all the elements k :
£
k Jk b (2.136)

k

1 '
¥ Zlfb

if the first formulation (2.48) is used, or
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a'' ' J a

=1
¥s =3 k Ik

=1z
. 5 i £', F £ (2.137)

z
Kk k
in the stress function formulation (2.49), (2.74).

Assembling the elements is achieved by stating that along each interface
the sum of the generalized forces equals the external loading which is

expressed by

g=IL g (2.138)
k

where Lk are the localizing matrices of the elements, Using (2,56) and

(2.80) this relation can be transformed into

g=12L C b (2.139)
k
or *
g=f L C f (2.140)

The solution of the structural problem can finally be presented as that
of finding the minimum of the total complementary energy under the cons-
traints represented by the connection equations,

Depending of the variables used, this is written

,...
Nl

' *
b Jk b

k - g' q } minimum (2.141)

z
Kk k

with the constraints (2.139) or alternatively

- ' 1
kak g' q } minimum (2.142)

1
{5z £
2 K k

with the constraints (2.140).

Taking the first formulation (2.141), the connection constraints

can be satisfied by substitution of g into the potential energy

E S

, .
b K Jk b

~—
N

z - ' ] v ] .
. k(@b c' L k) q } min.

which yields



As Jk are non singular matrices, this turns out to be,
g=:L C b =1L C Il Q
K k k k k 'k "k k k
k
= ' =
g i L K Kk Lk q=Kq (2,143)

where K is the global stiffness matrix obtained simply by localization

(or addressing) of the element stiffness matrices. This system is solved

for the displacements q. Hence the stress field is obtained in each element

by substituting the displacements in
%*_]

b =1J c' L'

K K K E d (2.144)

This procedure is the well known displacement or stiffness method as appli-

cable to equilibrium models (Ref. 2.6, 2.1).

The second procedure consists in solving first the constraint equa-
tions (2.,139) by finding a particular or isostatic solution and a complete

set of non zero solutions of the homogeneous system. This is written
= [

where x are the intensities of these non zero solutions which have the
physical meaning of generalized hyperstatic unknows or self stressing
states, The minimum principles becomes
l-x' F x+g'F x-g'q} min,
2 XX gx

(2.146)

* v »
where Fgg i P K Jk Pk Fxx z Q. J,. Q

= 1] g - L}
Fox : Pl T Qe = Flyg

It yields by variation of the self stressing state intensities

"F _x + F' = 0
XX gx
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x==F  F (2.147)
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and by variation of the loads

=F +F x 2.148
e=F e+ T ( )

the
This procedure is wellVknown force method (Ref. 2.13) where two types of

numerical problem have to be solved. The first is to find the self stres-
sing states in (2.145) and the second is to construct and solve the linear
equations (2.147) and (2,148).

The third procedure is to transform the problem (2,141) into an
unconstrained minimization problem by the Lagrange multipliers technique.
If 2 denotes the column of the multipliers applied to each constraint, the
problem becomes

W
b'k kak-g'q+l'(g-EL

1
{51 b,) } min. (2.149)
2 K K k

x Sk

which yields

q=-1

g=-1 Lk Ck bk =0
k

This allows for finding both the stress and displacement fields in one

operation by solving the linear system

= (2.150)

where J:‘and Cs denote the global or assembled flexibility and static

connection matrices, while b is a column matrix grouping all the b, para-

k
meters for all the elements.

The last procedure has been named the combined method (Ref. 2.14),

The relative advantages of the three methods are now fairly well
understood, In simple structures like trusses or thin walled structures

modelled with simple finite elements,
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the force and the displacement methods involve a comparable amount of com-
putation. Each of them has its own type of pathological problems depending
of whether the static or the kinematic connection matrices are ill-condi-
tionned. When the degree of hyperstaticity of the structure or the refine-
ment of the elements grows up the displacement method takes the advantage
because the number of hyperstatic unknowns comes closer and closer to that
of the displacements. As mentionned above, the combined method is not used

in practice due to the large number of equations it involves.

Consider now the case where the problem is formulated in terms of
local values of the stress functions., The first observation is that, as
formulated in (2.142), the number of unknowns f is significantly larger

than in (2.141) for, in each element, f, contains the number of "rigid

body" modes of the stress functions. Hoiever all these modes can be arbi-
trarily prescribed as they do not generate stresses, This reduces the num-
ber of unknowns to exactly the same number as in the preceding formulation.
Obviously the same three methods could be applied in which case no advan-

tage is gained by using these variables.

However if a closer examination is given to the connection rules
between elements, an important simplification can be introduced in a
large class of problems where the number of externally loaded interfaces
is small. Indeed in the absence of external loading along the interfaces,
the connections can be directly expressed by identification of the corres-
ponding stress function modes fk without recourse to the generalized
forces 8y

In this case it is convenient to define for each element a locélizing

matrix L: which achieves these identifications. Note that the L:'matrices
differ from the L matrices as the topology of the connections between

k
stress function modes and surface traction modes is obviously not the

same, If £ denotes the column of all the unique local values of the stress
functions, the connection equations are written

*
= 2
£ =L f (2.151)

In this process the "rigid body" modes of the stress functions in each
element are automatically given the same value as these of the global,

piecewise defined and continuous stress function field.
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The remaining global rigid body modes will be fixed arbitrarily afterwards.

Across these interfaces where an external loading is to be applied,
the stress functions are not singlevalued (Ref. 2,15, 2,16) and the loa-
ding is precisely measured by the discontinuity. Such loads are introdu-
ced by disconnecting the stress function modes along the loaded interfaces.,
This is achieved in practice by giving a different numbering to the cor-
responding stress function modes of the elements adjacent to the inter-
face. Then the previous definition (2,80) of the loads pertaining to that

interface are used as connection equations

- -— x*
g=IL C f (2.152)
k
Note that'E now contains only the non zero prescribed external loading

unstead of all the external generalized forces. The localizing matrices

Lk are the corresponding reductions of the matrices Lk’

The minimization problem (2,142) becomes when reformulated by using
(2.,151) and (2.152)

l-_ er 1 ¥ *¥ . - =
( > f L Fk L f -g' q) minimum (2.153)
with the constraints
> = 1 0* *
or ( -%- f! Fs £ -3 q ) minimum (2.155)
- 4
with g=C f (2.156)

s

where Fs and C;Fdenote respectively the global flexibility matrix and the
global constraint matrix obtained by localizing the corresponding element
matrices. E'denotes the reduced column of the displacements conjugate to
E. The number of independant parameters f in (2.155) can be much smaller
than in (2.,142) and indeed the smaller the number of loaded interfaces,
the larger the reduction in the size of the problem, |

The three methods of solution described above can be applied to the mini-
mization problem (2.155) but their relative advantages from the numerical

point of view appear to be rather different in the case where the number
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of external loads is small. The first method is to satisfy the constraints
(2.156) by substituting g in (2.155) which yields

%f" P_E-£'C T (2.157)
which 15 minimum for
R
Fs f = Cs'_q (2.158)

If the global rigid body modes of the stress functions have been arbitra-
rily fixed, Fs is a non singular matrix so that (2.158) becomes

-1 ¥, -
£ Fs Cs (2.159)
_s * = *-1 *'_n—-
from which g Cs f Cs Fs Cs K q (2.160)

The final linear system is thus reduced in size to the number of external
loads. However the inversion of the global flexibility matrix is in gene-
ral required to obtain K. But, as Fs‘couples all the elements it has to
be inverted in whole as opposed to invert each element flexibility matrix
in turn like in (2.143). The result is a large fully populated matrix
which make this procedure, which is analogous to the so called displace-

ment method, numerically inefficient.

The second method proceeds like the force method by firét solving
the constraint equations (2.156). The number of these constraint equations
is much smaller than in the previous application (2.142) and the number of
unknows f is at the same time smaller than the number of unknows b due to
the many connections already expressed. The search for the self stressing
states requires consequently much less numerical work. This work can be
even more drastically reduced by the following observations.
In that part of the structure that has no external loading each of the
stress function modes, which have been taken as unknows along the inter-
faces, can be interpreted as a self stressing state., This interpretation
of the stress function modes was introduced in reference 2.15. It also
provides the interpretation of the displacements d conjugated to the stress
function modes f and defined in (2.70) as generalized cuts relaxing the

hyperstaticity of the structure., If all the stress function modes of the
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structure are given zero value except for one of them, it becomes evident
that the diffusion of this mode is limited to the elements adjacent to the
interface where the stress mode is defined or to the elements having in
common a vertex, if the stress mode is defined by a local value at this
vertex, Therefore the choice of the stress function modes as self stres-
sing states or generalized redundancies has the adﬁantage of reducing to a

minimum the coupling between the redundancies in the structure.

This brings about an important simplification in the application of
the force method (Ref. 2.15, 2.,16). In the constraint equations (2.156) the

column f of the stress function modes is partitioned in

£ = | (2.161)

where fg groups all the stress function modes pertaining to the loaded
interfaces while fo groups all the others, The constraint equations obvi-

ously do not depend upon the fo modes and (2.156) can be reduced to
g=c*¢ (2.162)
which is solved for fg yielding

where P g is a particular solution and Q x the general solution, x being
a column of self stressing state intensities additionnal to the states fo.
In many practical cases the system (2,162) is so simple that it could be
solved by hand. Expressing the complementary energy with the help of (2,161)
and (2,163) yields

- 1 1

,lv ,_];-v| -t - ! 0!
¥ 2f st 2gP Fgng-ﬁ-szFoofo-O-zx.Q Fgng

[} o ' ey '
+x'Q Fgg Pg+ f 0 Fog Pg+ f 0 Fog Qx

(2.164)
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where Fgg' FOO' Fog denote the submatrices of Fs corresponding to the
partitioning defined in (2.161).
pifferentiation with respect to all the self stressing states x and fo

furnishes their value in terms of the applied loads.

'F 'F x 'F P
Q gg Q Q go Q f:4:1

= - g8
Fog Q Foo £, Fog P X

(2.165)

Only a small part of the global flexibility matrix Fs has to be modified
to yield this system of equations which is usually better conditionned
than the one obtained using the generalized forces g as unknows (2.147)
because its largest part Fbo is narrow banded instead of being fully popu-
lated.

Finally however the most efficient method of solution is to use the
so called combined method by introducing the constraint equations into the
minimum principle using Lagrange multipliers. This presents the problem
(2.155) in the form

(ZE F £-FT7+7 (E-Ck 6 ) ninimm (2.166)
The solution is
F c* £ 0
S S .
- (2.167)
c* o q B

Compared to (2.150) this system is-much smaller because most of the cons-
traint equations have already been used to reduce the size of Fs' Indeed
in most practical applications the size of the system (2.,167) is of the
same order as the number of redundancies f of the structure., Obtaining
this system is also very simple and consists merely in the localization

of the element flexibility matrices and a few connection matrices.

However two types of localizing matrices are required to assemble

the connection matrices. One corresponds to the topology of the connection
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between the stress function modes, the other to the topology of the con-
nection between the generalized forces, From the next section it appears
that for plate bending or membrane stretching problems, these localizing
matrices are particularly simple to generate in a computer program utili-
zing conforming and equilibrium elements and working by the displacement

method,

2,6, Finite element families for membrane stretching and plate bending

Families of conforming displacement finite elements have been reco-
gnized by many authors (Ref. 2.,17) for membrane stretching. For plate
bending, a small number of purely conforming elements have been proposed
(Ref. 2,10, 2,5, 2.4) but they are unrelated to eachother and their deri-
vation appeared rather complicated., Families of hyper-conforming elements
have also been recognized (Ref., 2,17, 2,20, 2.21).

For stress diffusing equilibrium elements, a certain number of iso-
lated eléments have been proposed (Ref. 2.1, 2.6, 2.7). The difficulty
of finding a stress field free of kinematic degree of freedom is reflected
by the small number of such elements, That limited library has been an

obstacle to the practical use of equilibrium elements.,

The stress function approach provides an alternative and often easier
way of discovering equilibrium elements as well as a sometimes more econo-
mic method of solving tﬁe global problem as was outlined in the preceding
section, For membrane stretching and plate bending, an additional guide
is provided by the reformulation of the slab analogies in terms of finite
elements (Ref. 2.16), More recently these analogies have allowed to define
families of triangular and quadrangular equilibrium membrane elements and
at the same time of conforming displacement plate bending elements (Ref,
2,9). The families of plate bending equilibrium elements appear also as
the analog of those of conforming displacement membrane elements.

In addition, sub-equilibrium and hyper-equilibrium membrane elements are
recognized as the analog of non conforming or hyper-conforming plate
bending elements. All these new families are described in the following,

after summarizing the slab analogies,

2,6,1. The slab analogies

Eirst analogy 49



In plane elasticity the derivation of an equilibrium finite element by the
stress function approach is based on an Airy stress function ¢ such that,

in the absence of body forces

2 2 2 ‘
=22 -8 -2 (2.168)
Ox 2 Oy 2 Txy
dy ox 9x9y

The stress diffusitivity consists in obtaining surface tractions‘on and
Toe (n and t stand for coordinates normal and tangent to the boundary)

which are continuous across the interfaces and this is achieved if
¢ and %ﬁ- (2.169)

are continuous across the interfaces (Ref. 2.15, 2.16). The problem of
finding a polynomial for ¢ is therefore identical to that encountered

in the Kirchhoff plate bending theory for finding the deflection function
of a conforming displacement element, Indeed the analogy between the de-
rivation of the flexibility matrix of the equilibrium element for plate
stretching and the derivation of the stiffness matrix of the displacement
element for plate bending can be established at all steps. The generalized
displacements, deflections and slopes, have to be taken as the local stress
function values and the moment-curvature relations have to be replaced by
the strain-stress relations for plane elasticity. It follows that each
éonforming element for plate bending yields as analog an equilibrium
element for plate stretching and vice versa, The same computer program can
be used to generate both of them if the change in constitutive equations
is built in., '

A second analogy exists between the equilibrium solution of the
plate bending problem and the conforming displacement solution of the
plate stretching ﬁroblem. The derivation of an equilibrium eleﬁent for
plate bending by the stress functions method requires (Ref. 2,15, 2.16)
two stress functions U and V such that, in the absence of distributed

transverse loading

a—al -2—11\ s-léy- -al
My Ay My 9x Mxy 2 (ay * 8x), (2.170)
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The model will be stress diffusing if, across an interface of outward
normal n, the normal bending moment and the Kirchhoff equivalent shear

force

M

it

M and K =0Q + (2.171)
n n

n
are continuously transmitted and if, at a common vertex i, the jumps of

twisting moment

in tne different elements sum up to zero. These stress diffusitivity con-
ditions expressed in terms of the stress functions are met by requiring

continuous values for U and V across the interface,

The problem of finding the stress functions U and V and of expressing
their continuity across the interfaces is therefore identical to that en-
countered in the derivation of conforming displacement elements for mem=-
brane stretching. This second analogy states that to each conforming dis-
placement model of membrane corresponds a stress diffusing equilibrium
model for plate bending and vice versa, If the generalized displacements
of the conforming model are taken as the local values of the stress func=-
tions in the equilibrium model and if the stress-strain relations are repla=-
ced by the curvature moment relations, the stiffness matrix of the confor-
ming element becomes the flexibility matrix of the equilibrium element.
Therefore the same computer program can easily generates both of them.

The extension of the analogies to thin shell elements has also been pre-
sented (Ref., 2,22, 2 23). The finite element library of existing programs

is easily duplicated through systematic use of these analogies,

2.6.2, Equilibrium finite element families for plate bending

The first three members of the family of conforming membrane ele-
ments of triangular shape are represented on figure 2.3. They are based on
displacement functions U and V which are complete polynomials of the first,
second and third degree respectively. Using the second analogy recalled
above these elements are recognized as the first three members of a fami-
ly of equilibrium plate bending elements., If the stress function approach

is followed the generalized variables used are formally identical to the
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membrane problem but have the meaning of stress functions local values,
If the generalized surface traction approach is followed the variables
can be defined as indicated on the right hand side of figure 1 and have
the meaning of local values of normal bending moments, normal Kirchhoff
shear forces and corner loads. The second element of the family was the
first discovered using the generalized forces approach (Ref. 2,1, 2,18)
and rediscovered using the stress function approach more recently (Ref.
2.24),

The topological advantage of the stress function approach is evident by
the fact that two variables belong to a vertex instead of one,'In the
first two members of the family, all the stress function parameters are
determined by the connection modes denoted fc in the theory. In the third
element, as well as in all the higher degree elements, internal stress
modes or bubble modes are present., In the stress function approach, they
are indicated by the local values of the two stress functions and, in the
generalized forces approach, local values of the bending moments Mx and
My' These internal variables have been interpreted as generalized redun-

dancies internal to the element,

In figure 2.4 the first three members of the family of equilibrium
plate bending elements of parallelogram shape are presented. They are
based on bilinear and bicubic polynomials respectively. The two types of
variables are shown and are self explanatory. Internal stress modes appear
already in the second member of the family., However due to high symmetry
of the stress function field they can be easily suppressed, if so desi-
red, by dropping certain symmetric crossed x, y terms in the polynomials.
It is obvious that the reduces the quality of the element and that a
better procedure is to keep these modes as bubble modes but eliminate
them at the element generation stage by a preliminary minimization with

respect to them,

2,6,3., Equilibrium finité element family for plate stretching

The application of the first analogy, between conforming plate
bending elements and equilibrium membrane elements, presents some inte-
resting peculiarities., The simplest equilibrium membrane element is the
constant stress triangular element (Ref. 2.6). It is represented on figure

2,5 (b). The stress field depends upon three parameters,
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ST B Ty T B T T - (2.172)
The interface surface tractions are uniquely defined by their two cons-
tant components along the three edges., The number of interface generalized
forces is six. As they are three global equilibrium equations and no in-

ternal stress mode, the balance of the number stress field parameters
n, -0, =n -n (2.173)

is correct and the model is free of additional constraint or spurious

kinematic mode.

If one tries however to built the conforming plate bending analog,
that is to derive the same element by the stress function method, the pro-
cedure fails, The stress function has to be a complete second degree poly-
nomial which depends upon six parameters. The continuity of the function ¢
and its normal derivation ¢n requires the definition at each vertex of the
local values of ¢and the two slopes ¢x’ ¢ as indicated figure 2.5 (a).
Nine interface variables are requered, and a model free of additional
constraints cannot be derived. This simply restates the well known fact
that for plate bending no simple polynomial fits in the triangular geome-
try if strict conformity is required., The failure of the procedure is ho-
wever not so surprising. One recalls first (Ref. 2.25) that the connection
of equilibrium membrane elements can be visualized by pin-jointing their
skeletons represented in dashed line in figure 3 (a). This due to the fact
that the generalized displacements conjugated to the interface forces Fx,
Fy are ;he simple averages of the displacements u and v along that inter-
face, If the element is fixed by one interface, a rotation of the skeleton
is still possible., This can be interpreted as an external kinematic mode,
or equivalently, as an additional relation to be satisfied by the loading.
Three such modes exist in the element, The analogous situation in the con-
forming plate bending element is that along the three edges, the two values
of ¢ and the two values of ¢n cannot be chosen independantly to define the

parabolic shape of ¢.

It was noticed at the beginning of the use of equilibrium elements

(Ref. 2.1, 2.25) that a structure cannot be modeled by an assemblage of

such triangles because each cell of four triangles behaves as a four bar
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linkage, inf%ducing therefore an inter-element kinematic mode. To avoid
these modes a procedure consist in using quadrilaterals subdivided by

their diagonals as building blocks. In this case, if the internal modes

are not loaded, it can be shown that the inter-element kinematic mode

is not excited, Therefore a bar can be added to lock this mode without
modifying the teh;vior of the assemblage. A more convenient procedure
consists in building directly a stress field for the four regions of the
quadrilateral such that no kinematic mode exists. This is achieved (Ref.
2.11) by chosing in the triangle I of figure 3 (d) a constant stress field.

e nTB8 T Th
Then the stress field in the triangle II is chosen a priori in equilibrium
with I along ¢ = O, Therefore only

°n = By
can be chosen independantly as c; and v have to remain identical for

tn
equilibrium at the interface. In triangle IV by symmetry

o] = BS

can be chosen independantly, while in triangle III the three parameters
are defined by the equilibrium conditions with the two adjacent triangle.
The stress field defined in the quadrilateral contains 5 parameters and
using (2.173) one can check that it is free from spurious kinematic modes.
This quadrilateral element has been used successfully for structural ana-
lysis (Ref., 2.1, 2.11).

However if one tries to build the same element by the stress function
method, the procedure still fails due to the same reason as for the tri-
angle.Indeed the quadrilatéral still has four external kinematic modes.
The reason for which it can be used in practice is that either the boun-
dary conditions (or the stiffeners added to the structure) are such that
they usually restrain éutomatically the kinematic modes, just as in struc-

tures idealized with bars and shear panelé.

The use of the first member of the family of quadrilateral membrane

equilibrium elements is therefore always precarious,
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The second element of the family is in fact the first one which does

not present difficulties in practical use, It is also the analog of the
first member of the family of conforming plate bending element. The stress
field is assumed to be linear and to satisfy the homogenheous equilibrium

equations

o = 81 + BZ X + 83 y
gy = B4 + 85 X - 86 y (2.174)

Txy = 87 - 66 X - B2 y
It contains 7 independant parameters, The surface tractions along an inter-
face are linear and require therefore two generalized forces to define

each of their two components. Using the relation (2.173) one observes

that a triangular element such as indicated figure 2.6 (b) is subject to
two additional constraints or contains two spurious kinematic modes. The
interpretation of the forces transmission by pin-jointed skeleton trian-
gles still allows to visualize these modes : if one skeleton in figure

(2.6 b) is fixed, the two others are still free to rotate around the cen-

tral pin-joint.

By the stress functions method, a complete cubic is the corresponding
assumption., It contains 10 parameters. The 12 local values of the Airy
stress function and its derivatives which are necessary to insure stress
diffusitivity are indicated on figure 2,6 (a). These variables are the
analogs of the deflections and slopes used in the conforming solution of
the plate bending problem. The conclusion analog to the existence of the
two kinematic modes is that 2 of these 12 variables are not independant,

A special element can be derived such as indicated on figure 2.6 (c)
where the normal derivatives ¢n are not used along the edges 1-2 and 2-3,
By itself such an element is not convenient because in the assembling pro-
cess an additionnal constraint equation has to be written each time an
edge without ¢n is met. This suggests however the general procedure»which
consists in preassembling a set  of such elements so that all the edges

where a variable is non independant fall inside the assemblage.

The procedure is illustrated on figure 2.7 (a). In that case the 3
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constraints written to insure the continuity of the normal derivative of

the Airy stress function along the 3 internal interfaces allows the elimi-
nation of the 3 variables défined at the internal mode O. The 12 remaining
degrees of freedom are therefore independant. The application of the same
procedure in the method of generalized forces is illustrated on figure

2,7 (b). The way the 6 rigid body modes lock each either is self explanatory.
One notes that the choice of the point O is completely arbitrary. )

The same super-element can be obtained by direct constructdon in the
3 regions of a stress field or a stress function field which satisfies the
required continuity. If the complete cubic stress function is assumed in
each of the 3 triangles and if the 10 parameters so defined in the region
I are considered as independant, the continuity requirements along the
interface I-II introduce 4 constraints leaving only 3 independant parame-~
ters in region II, Doing the same along the interface I-III reduces also
to 3 the number of parameters in region III, Finally the continuity along
the interface II-III introduces again 4 constraints reducing the total

number of the stress function field parameters to 12,

The same procedure fails if applied to the building of four tri-
angles into a quadrilateral., The reason is that there are 4 interface con-
tinuity conditions to express and only the 3 internal degrees of freedom
attached to the internal mode can be eliminated. However if the 4 trian-
gles are defined by the diagonals of the quadrilateral as indicated figure
2,7 (c) and (d), the 4 interface conditions reduce to 3. This allows the
building of quadrilateral super-elements free of additional constraints,
Indeed the derivation of the element represented in figure 2.7 (c) has been
published as that of a conforming plate bending element (Ref, 2,1, 2,10).
The derivation by the method of generalized forces (figure 2.7, d) can be
found in references 2.26, 2.27. The triangular conforming plate bending
element corresponding to the equilibrium membrane element of figure 2.7 (a)
is similar to that presented in reference 2.5, but it retains the mid-

edge normal slopes as variables.,

The third couple of elements of the same family is derived from the

assumption of a second degree stress field
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2 2
ox=81+82x+63y+84x +Bsxy+86y

2 2
Oy = B7 + 88 X + 89 y + Blox + Bllxy + B4 y (2.175)

Txy - Bl2" Bg X =By - ';'311"2'264 Xy = %Bsyz
or of a complete quartic for the Airy stress function. The interface va-
tiables required in a triangular element are indicated on figure 2.8 (a)
and (b). Just as in preceding elements, there are additional contraints
to satisfy. Indeed the interpretation by skeleton triangles indicates
clearly that in all triangular elements of higher degree the same kinema-
tic will be present which consist in a free rotation of the 3 skeletons

close to the vertices,

Again however a set of 3 such elements is free of spurious kinematic
modes. It is illustrated in figure 2.8 (c) and (d). An additional pecula-
rity of this super-element is the introduction of internal stress modes

which can be interpreted as hyperstatic internal unknows.

In the same element derived by the stress function method and repre-
sented in figure 2.8 (a), 3 interface degrees of freedom are not indepen-
dant. They can be taken as the 3 variables defined at a vertex. In the as-
sembling process of the 3 such elements into a triangular super-element
such as represented in figure 2.8 (d), 6 relations are therefore not auto-
matically satisfied, which leads to eliminate 6 other internal degrees of
freedom. One can choose to eliminate the 6 internal normal derivatives ¢n‘
But then the 3 mid edge local values of ¢ still remain which define 3 in-
ternal modes (bubble modes) of the Airy stress function. They are elimina-

ted at the element generation.

The analog reasoning in the method of generalized forces is that the
assemblage of skeleton triangles represented figure 7 (c), can be construc-
ted by adding to the central isostatic cell of 3 triangles denoted A, the
couples of triangles numbered 1 to 6., The assemblage remain isostatic,

But the 3 elements denoted H are then obviously hyperstatic members.

The assemblage of 4 triangles (a) or (b) into a quadrilateral is
illustrated on figure 2,9 (a) or (b). Again the element is free_of kine-

matic mode only if the diagonals are taken as interfaces. The derivation
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of this element is given in reference 2.28,

The existence of the 3 couples of elements described above indicates
clearly that the procedure can be applied up to any degree. In fact the
method of assembling elements where the number of interface variables
does noﬁ match the number of parameters, is not restricted to the parti-

cular cases presented here.

This family provides therefore conforming plate bending elements or

stress diffusing equilibrium membrane elements up to any desired degree.

Let us turn now to the topological advantage of using the stress
functions method in solving membrane problems by equilibrium elements,
This advantage is more important than for plate bending problems due to
the fact that 3 variables are attached to a vertex if one uses the stress
functions, while all the variables belong to the edges if one uses genera-

lized forces.

2.6.4, Sub-equilibrium and hyper-equilibrium elements

The difficulties encountered in developping conforming displacement
finite elements for plate bending coupled to the desire of simplifying
the derivation and avoiding the connections expressed along the edges, led
to the development of non conforming elements. Some of them were success-
full in providing accurate and convergent results (Ref. 2.4, 2,5). They
are characterized by a lack of continuity of the normal slope along the
adges., The bounding properties of conforming elements are evidently lost,
However, if the advantage of such models is established in practice, the
same ideas can be épplied to equilibrium models.
In figure 2,10 the sub-equilibrium (or non stress-diffusing) membrane
element analog of.the CLOUGH-MELOSH non conforming plate bending element
(Ref, 2,19) is represented. The analog of the lack of conformity of the
shear component of the surface traction. When the model is derived by
using generalized forces, only one tangential force, equal to the average
shear stress, is defined per interface instead of two required for the

stress diffusivity.

On the other hand, the need of more refined elements coupled to the
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desire of keeping the topological advantage of the connection expressed

at the vertices and of avoiding the apparent complexity of super-elements,
led to the development of hyper-conforming plate bending elements. One
element of that category has been proposed by BOGNER (Ref. 2,21). It can

be derived either from hermitian interpolation formulas or from a bicubic
deflection field. It is illustrated in figure 2,11, The sixteen coefficients
are defined by the local values of the function, its two slopes and the
twist at each vertex. The transmission of the twist not only unsures the
required compatibility, but introduces a non necessary constraint making
the model hyper-conforming. If the corresponding equilibrium membrane ele-
ment is derived using the generalized forces method, the shear stress com-
ponent has to be used at each vertex as variable. This represents a non
necessary counstraint on the stress field. The model is therefore called
hyper-equilibrium. It is obvious that a family of such elements is obtained
by raising the degree of the Airy stress function to biquartic, biquintic,

etCeee

Another hyper-conforming plate bending triangular element has been
proposed which is based on a complete quintic deflection field (Ref. 2,20,
2,29). At each vertex the deflection, the two slopes and the three compo-
nents of the curvature tensor are taken as generalized displacements,
while the normal slopes are also used along each interface. The element
is illustrated in figure 2,12, Its equilibrium membrane analog uses as
generalized forces the whole stress tensor at each vertex in addition to
the four interface generalized surface tractions., Although very good
results have been reported using this element, no comparison has been
made with conforming elements of the same level of refinement nor in
really tests of stress interpretation. The fact that the whole stress
tensor is identical in each element meeting at a vertex is not necessari-
ly an advantage since all the discrepancies, which have anyhow to exist
in regions of high stress gradient, have to appear between interface
stresses, These discrepancies can be larger than when avoiding the addi-

tional constraints.,
Clearly since the topology of the connection is the main advantage
in these elements, they are interesting as equilibrium membrane elements,'

only if the stress function method is used.
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2.6.5. Hybrid membrane elements

In the theoretical presentation of ﬁhe models based on Reissner's
principle in section 2.4.1.; it is stated that the choice of the assump-
tions for the internal stress field and for the interface displacement
field are independent. This is however limited by the requirement of sa-
tisfying the relation (2.112) between the number of stress field parame-
ters and of interface generalized displacements, When this relation is
not satisfied, either bubble stress modes or kinematic deformation modes
are present., In the latter case the use of the model fis pfecarions as
the additional constraints corresponding to the kinematic modes cannot

usually be eliminated within a group of elements,

In the case of the families of membrane elements of triangular and
parallelogram shape, the figure 2,13 indicates the combination of degrees
for the stress and displacement fields which can be used without kinema-

tic mode. The number of "bubble" modes n, is also given. The equilibrium

stress field of degree ranging from O toi4 is in both cases assumed to

derive from an Airy stress function represented by a complete polynomial

of degree 2 to 6., If a computer program is developped for such families

of elements, the cases with kinematic modes have obviously to be restricted.
The figure 2,13 alsolindicates that in all cases but one, internal

stress modes (or "bubble" modes) exist. It should be remembered when

appreciating the results obtained with these elements that the numerical

work involved in the derivation of the stiffness matrices is strongly de-

pendant of the number of such modes. For a given degree of the displace-

ments along the interfaces, the comparison with other models should

only be achieved if the number of internal modes is equal,
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2.7. NUMERICAL APPLICATIONS

Convergence of higher degree elements

The help that the dual analysis can bring in the solution of structural
problems has been presented in previous publications (Ref. 2,1, 2,7, 2.9,
2,11). The simple box beam problem studied in reference 2.3 has been reana-
lyzed using the new higher degree elements, The structure is defined in
figure 2,14, By symmetry only one quarter need be considered. The boundary
conditions represent bending and torsion. The spar elements have been
avoided as in practical structures they are usually not applicable. There-
fore the vertical web and horizontal skin are idealized by the same general
quadrilateral membrane elements of increasing degree,

The strain energy values are indicated on figure 2.14 and plotted in
figures 2,15 and 2,16 versus the number of unknowns which is roughly pro-
portional to the computational effort,

It appears from these comparisons that constant stress or constant
strain elements yield so crude results and converge so slowly that their
use should be avoided as much as possible, This is however not always pos-
sible in hiély complicated structures where the number of unknows becomes
rapidly prohibitive.

The elements of higher degree yield much better results and it appears
that the gap in sirain energy can be reduced at will., The improvement
shown by the quadratic stress elements is small when plotted in terms of
number of unknowns. This suggests that for problems of this nature the
linear stress approximations are the best compromise. It also appears that
conforming and equilibrium elements of corresponding degrees converge appro-
ximately at the same rate with a slight advantage for the equilibrium ele-

ments in certain cases.

Solution by the stress function method

The reduction of the number of degrees of freedom involved in equili-
brium analyses that can be achieved by using the stress function method is
illustrated in figure 2,17, The number of unknowns necessary to analyse a
square plate in bending and stretching is presented. The mesh size is
10 x 10 and elements with linear stress or linear strain field are chosen,
For membrane stretding the conforming element is the TYPE 4 quadrilateral
of second degree if one refers to the description of the finite elements
library used by the ASEF-20 computer program and given in the appendix.
The equilibrium element is the TYPE 16 quadrilateral in the generalized
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forces method and the TYPE 15 in the stress function method. For plate
bending the elements used are respectively ﬁhe TYPE 15, TYPE 13 and TYPE 4,

In the equilibrium solufion of the membrane stretching problem, one
notes that the reduction in unknowns using the stress function method is
particularly important, reaching 34 7. Indeed if compared with the con-
forming solution the use of equilibrium models becomes more economical by
15 % while it is always more expensive in the classical approach (here by
13 Z). The topology of the connections in the plate bending problem leads
to a less spectacular reduction of unknowns.

The practical use of the stress function method requires to express
the boundary conditions in terms of constraints on the stress functions.
This is illustrated in figures 2,18, 2,19 and 2,20 for the bending of a
cantilever U beam and in figures 2,21, 2,22 or 2.23 for the bending of a
centrally loaded, point supported square plate. Taking first the cantilever
U beam, figure 2,18 represents the boundary conditions which are used in a
classical equilibrium analysis formulated in terms of generalized forces
and solved by the displacement method. These boundary conditions expressed
in terms of normal and tangential surface tractions n, t are translated
into boundary conditions expressed in terms of curvatures of the stress
function F(x,y) as illustrated by figure 2,19, On the same figure the ar-
bitrary fixation of the rigid body modes of the stress function is also
indicated. Note that F stands for §§‘etc. From these boundary conditions
it is easy to derive the set of constraints represented on figure 2,20,
The input data corresponding to an equilibrium analysis of this cantilever
U beam by the two methods are given in the set of problems illustrating
the use of the ASEF-20 computer program in appendix.

Turning next to the plate bending problem, the boundary cond1tions
in terms of surface tractions are indicated in figure 2,21, They are
translated in terms of stress functions in figure 2,22 where the fixation
of the rigid body modes is also indicated. One notes that the introduction
of a concentrated load inside the plate requires to impose a dislocation
of the stress functions along a line arBitrarily selected from the load
to an external boundary. The angle of the opening due to the dislocation
is proportional to the load. The deformed shape of the stress function is
indicated by the dashed line. A

On figure 2,23 the detailed expressions of the constraints correspon-

ding to the concentrated load are represented. The upper part of the figure

indicates the general conditions to satisfy by the stress functions on
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both sides of the dislocation, The lower part of the figure illustrates
the application in the case when the dislocation is bordered by triangular
elements with a linear stress function field. It appears that the final
form of the constraints expressed point by point is extremely simple

and that all constraints can be introduced with a very limited number of

elementary constraints applying between 2 nodes or 2 interfaces,

Stress‘representation in plate bending problems using conforming and

equilibrium elements

The usefulness of the dual analysis in cases of difficult stress inter-
pretation is illustrated by the following examples of dual analysis of
plates in bending. Figure 2.24 presents the convergence of the central de-
flection and of the strain energy for a square clamped plate under uniform
distributed loading. The conforming quadrilateral TYPE 15 is opposed to the
equilibrium triangle of TYPE 13, Both have linear bending moments and consis-
tent loading is used.

The oscillatory convergence of the central deflection using the con-
forming model confirms the theoretical conclusion that the comparison of
local displacements in dual analysis or simply in convergence study may
not be substituted to comparison of strain energy. The convergence of the
latter is very satisfactory and the agreement between the two solutions is
almost perfect for 200 degrees of freedom, If the bending moments and shear
forces are compared for the same fine mesh, the agreement is also extremely
good as illustrated by figure 2,25, Note thatisthis example the convergence
of the equilibrium model is slower than that of the conforming element,

Figure 2.26 illustrates the results for a simply supported plate ske?
wed at 30° under uniform distributed loading. This problem is known for the
strony singularity present at the obtuse angle, Although it is clear that
the exact representation of the singularity cannot be expected by a finite
elexent solution using simple polynomials, it is important to know if the
accuracy of the results away from the singular point remains satisfactory.,
The convergence of the central deflection reveals here a much better accu-
racy for the equilibrium element., For the finer mesh sizes, the strain
energy of the conforming solution still differs by 24 7 of the equilibrium
one., No exact solution is available but the analytical approximate solution
reported here and due to MORLEY is probably very accurate. It differs of
the equilibrium solution by only 3 7,

More imporatnt is the comparison of the principal bending moments at
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the center as illustrated in figure 2.27., The superiority of the equili-
brium solution is important and in fact the convergence of the compatible
solution is still problematic even for 1000 degrees of freedom. The distri-
pbutions of bending moments along a half diagonal and obtained by the two
dual finer mesh sizes are compared in figure 2,28 with the analytical solu-
tion. The superiority of the equilibrium solution appears more important

as the singular point is approached. A more detailed treatment of the pro-
blem can be found in reference 2,7,

It should however not be concluded that the stress representation
given by equilibrium models is always.better. In regions of high stress
gradient, depending of the specific nature of the boundary conditions
the interpretation of the stress output can be as difficult as with confor-
ming elements.

The physical importance of the singularity mentionned above has been
studied by a refined plate bending theory, due to HENCKY, which takes into
account the shear deformations. It is similar to the REISSNER theory but
modified to allow the derivation of a purely conforming solution., In this
theory,2 different idealisations of the simple support can be proposed as
the rotations ¢s of the cross sections are independant of the slope %% of
mean plane. Therefore along a simply supported edge one can impose

w=0 ' ¢s =0
or

wa=0 ¢s #0

The same skew plate has been analyzed using the conforming plate bending
element of TYPE 8 in the ASEF-20 comput~r program and the two types of
simple support represented. The non dim@sional shear deformability is :
E, t2
E

= 5.1072

PR,

where E1 is the Young's modulus in bending and E2 the transverse shear
modulus. The hending moments along a half diagonal are represented on fi-
gure 2.29 where it is clear that the singularity at the obtuse angle is as-
sociated with the condition of support imposing ¢s = 0 and disappears if
it is relaxed. Figures 2,30 and 2,31 present the distribution of shear
forces and transverse rotation along an edge and a half diagonal, The im-
portant differencés between the 2 support conditions indicate that in pro-
blems where the detailed stress distribution is important,close to the
obtuse angle, it is essential to take into account the stiffness of the

support against a rotation dg e (Ref, 2.7)
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Effect of internal degrees of freedom

It has been stated in the theory that the behavior of finite elements
can be improved by the introduction of bubble modes or internal degrees of
freedom (D.0.F.). The influence of these bubble modes has been compared
using the PIAN hybrid membrane parallelogram and the conforming membrane
parallelogram., The first example is illustrated in figure 2,32, A single
element is used to idealize a cantilever beam of aspect ratio equal to 2
and submitted to bending by a constant distributed shear force. Consistant
loading is used. The degree of the displacements along the boundary is
kept constant and equals 2 so that the final number of degrees of freedom
o.. the problem is always 16, The strain energy is plotted versus the num-
ber of internal D.0O,F. which is.also a measure of the computational effort
to derive the stiffness matrix of the element.

The degree of the stress field in the hybrid element has been increa-
sed up to 8 and corresponds to a complete polynomial for the Airy stress
function of up to the 10th degree. The internal displacement modes of the

conforming element are given by 2 functions, identical for u and v, of the

form :
x2 2
1-% a-%e, (xv
a b
ith TP, (x,y) = (a, + + x2 + +a xn)
wi 5 Xy a4 *a, X +a, e n+l

2 n
(B) + By y + By ¥ + aes *+8 ., 7)

The degree mentionned on figure 2,32 is n. Note that n = O corresponds
to P2 = constant which implies one internal mode., The degree n - 1 corres-
ponds to dropping this mode,

The results of a very accurate dual analysis of this problem invol-
ving more than 2000 D,0O.F, are given as reference solutions.

It appears clearly from this comparison that the solutions obtained
by increasing the number of internal D,0.F. in the two models converge
very rapidly toward an "exact" solution which is that of the bending of
the cantilever beam with the constraints of quadratic boundary displace-
ments. The 2 models become practically identical for more than 30 internal
D.O.F.

It is also clear that the behavior of both models is strongly influ-
enced by the first few internal D.O,F. but that over, say, 20 D,0.F, the

benefit becomes marginal.
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Another important point is that, referring to figure 2,13, it is im-
possible to use the hybrid model with a first degree stress field due to
the presence of 6 kinematic deformation modes, Indeed the table 2,13
mentions that even for stresses of the second degree, one kinematic mode
is to be expected, If a result can be given here, this is due to the type
of boundary conditions which locks this mode. But in general the first
hybrid model that can be used without restriction has a 3rd degree stress
field. Such a model should be compared with the conforming element derived
with n = 2 as they involve the same number of internal D.O.F. and therefore
the same computational effort. Otherwise the comparison is not fair.

Obviously 2 complementary convergence curves could be obtained for the
same problem by using an equilibrium élement and the other type of hybrid
element where the surface tractions on the boundary would be kept linear
and the number of internal D,0.F, increased. The convergence would be toward
an overestimated strain energy corresponding to the "exact'" solution of
the problem with the constraints of linear surface tractions,

Turning new to the stress representation, the results for both models
with only one element are just as good or as bad depending of the stress
component one considers, '

The longitudinal stress due to bending is correctly represented even with
very few internal D.O,F., But the shear stress remains very poor as it is
influenced by the presence of the singularity at the built in. In all
cases however the average of shear on the whole element is correct, but
the local values computed are practically useless.,

The advantage of the introduction of internal D.O,F, appears more
clearly in a finer analysis. Figures 2,33 and 2.34 present the stresses
obtained for the same pioblem by a dual analysis using a 10 x 10 grid.of
equilibrium or conforming elements with linear stresses or linear strains
but without internal D,0.F. They involve respectively 880 and 682 D,O.F,
The problem being symmetric, on the upper half of the beam the curves of
constant o, are drawn while the lower half presents the curves of constant
shear stress 1__. These curves have been obtained by averaging the stresses
computed at the vertices of the elements and at the centroids. A computer
graphic program has been used which interpolates linearly between these
points. . .

Comparing the two solutions, it appears that the representation of Oy
coincide almost perfectly everywhere as well as that of r*y in the central

section. Close to the 2 ends, the details of the txy curves become very
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different. As a reference solution for this problem, a very fine analysis
has been achieved using a grid of 20 x 40 2d degree conforming elements
and involving 5042 D.O.F. The res?lts are presented in figure 2,35 using
the same procedure. The form of the Txy field is now very well represented
in the neighbourhood of the singular point.

The same problem has been solved using a grid of only 4 x 4 3rd degree
conforming elements with an internal displacement field defined as above
with n = O and n = 4, It corresponds to 200 interface D,O.F, plus 32 and
400 internal D.O.F., respectively., The stresses are presented in figures
2.36 and 2.37. For n = O the shear stress is still relatively poor close
to the built in,while for n = 4 it corresponds almost perfectly with the
reference solution. As it involves only 200 D,0.F. instead of 5042 the
advantage appears very important in terms of coce storage requirements
and computer time. The extra cost of eliminating the 400 internal D.O.F.
can be roughly evaluated by comparing the total computer time for the 3
solutions : for the 4 x 4 grid, with n = 0 : 18 sec., CPU; with n = 4 : 96
sec, CPU; for the 20 x 40 grid : 1020 sec. CPU,

The introduction of internal D,0,F., could evidently be coupled with
the use of element of variable degree., These 2 techniques appear promi-
sing for the improvement of the stress results in region of high stress
gradient with any type of finite element model. This certainly deserves
further study.
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IDCALIZATION INTO FINITE ELEMENTS AROUND A CUT - OUT
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Idealization using only linear displacement elements -

o ¢ nodal point with 2 degrees of freedom

Total : 61 geometric nodal points
122 degrees of freedom
62 elements
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Idealization using elements of variable degree, giving

the same accuracy

(:) : internal degree of an element (it is reduced
automatically along interfaces with simpler elements)

o : nodal point with 2 degrees of freedom

Total : 44 geometric nodal points
114 degrees of freedom
32 elements
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IDEALIZATION OF A CANTILEVER BEAM
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LINEAR STRESS FUNCTIONS U,V CONSTANT BENDING MOMENTS

FAMILY OF EQUILIBRIUM TRIANGULAR
PLATE BENDING ELEMENTS

VAN

QUADRATIC STRESS FUNCTIONS U,V LINEAR BENDING MOMENTS

CUBIC STRESS FUNCTIONS U,V QUADRATIC BENDING MOMENTS
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b ) QUARTIC AIRY STRESS FUNCTION
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Airy stress function
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SUB EQUILIBRIUM -MEMBRANE ELEMENT
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Bi cubic airy stress function
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HYPER--EQUILIBRIUM MEMBRANE ELEMENT
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HYPER EQUILIBRIUM

¢u,,~ MEMBRANE ELEMENT
itﬁr ‘Z‘ax’
ta=> -

b,
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Airy stress function
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HYBRID MEMBRANE ELEMENTS

TRIANGLE Degree of the displacements
1 2 3 4 5
Degree 1 n, = 4 n 2 n n 4 n, 0
of
internal 2 n, = 9 n, = 3 n n n 5
stress
field 3 n, = 15 n, = 9 n, = 3 n, n
4 n, = 22 n, = 16 ng = 10 n, = 4 n, 2
o
PARALLELOGRAM Degree of the displacements
1 2 3 4 5
0 n 2 n, 10 n 18 n 6 n 4
Degree 1 n, = 2 n, 6 n, 4 n 2 n, 0
of
internal 2 n, = 7 n, n n 7 n 5
stress
field 3 n, = 13 n, = 5 n 1 n 9
4 n, = 20 n, = 12 n, = 4 n, n, 2

o

n, = number of internal stress modes (bubble modes)

n = number of kinematic deformation modes
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STRAIN ENERGY BOUNDS IN A BOX BEAM

Idealization by quadrilaterals
Mesh:sizes identical in ABCD and CDEF

]
(4

[

‘L’*-P i n=1 [::::::] n=2 [::I::]
e} n=3 [:I:]E]
n =4 E n=6E
n =10 EIHEI;;

E = 7.500 Kg/mm®

v =,3

NT = number of unknowns for~% of the box beam by the displacement method.

CONFORMING DISPLACEMENT ELEMENTS - LOWER BOUNDS TO THE STRAIN ENERGY

Strain energy
n NT
Bending Torsion

2 21 1,057 1,099
Linear 3 28 1,730 2,088
displacement 5 42 2,602 3,566
field 4 55 2,245 2,859

6 77 2,862 4,140

10 121 3.336 5.380

1 29 3,133 5.278
Quadratic 2 47 3.609 6.306
displacement 3 65 3,662 6.431
frald 5 101 3.697 6.520

84 Figure 2.14.A,




STRESS DIFFUSING EQUILIBRIUM ELEMENTS - UPPER BOUNDS TO THE STRAIN ENERGY

Strain ener
n NT gy
Bending Torsion
2 26 4,438 9,052
3 37 4.224 8.915
Constant stress field 5 59 43136 8.845
4 84 3.948 - 7.106
6 122 3.848 7.012
10 198 3.803 6.971
1 30 4,106 6,980
Linear stress field 2 52 3.792 6.658
3 74 3.749 6.620
5 118 3,731 6.602
44 3.820 6.685
Quadratic stress field 78 3.736 6.607
110 3.726 6.595

85 Figure 2,14.B
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t{embrahe stretching problem

Conforming displacement element 3

Stress diffusing equilibrium elemen

generalized forces

stress functions

Plate bending problem

Conforming displacement element

>

Stress diffusing equilibrium elemen

generalized forces

stress functions

COMPARISON OF THE NUMBER OF
UNKNOWNS  (NT) USING DIFFERENT
TYPES OF ELEMEUTS.

(without application of the
boundary conditions)

(linear strese or linear strain assumptions)

- - NT = 6682
.' -
" |
t s -
! _ NT - 880
I
- (IR
i O b NT =583
-— '/' ~.‘~4 -
\ ! '
(linear moments or liacar curvatures)
A | {
~~?s~~‘ /v"'
H o _o”
¢ - /.»&\ - NT = 583
4"' \\\~
] [ 1
t
- X -
[ 1 |
- X x NTr = 731
8 .
! ] )
= - NT = 682
- [}
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CANTILEVER U BEAM

BOUNDARY CONDITIONS

IN EQUILIBRIUM ANALYSIS

i
E
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n=0 % tyy ; n=0
—bp | - ! <G
t=0 { //Ar i § t=0
- '
1 r J ¢ ! r J
t=? E : t=2?
44— ! —p
n=0 E n n=0
<
n=0 n=0
!
—vrtz? —_— t=7? e ¥4
lﬂ. ? l N=? .
hs’
v ' FIGURE 2 18



b) BOUNDARY CONDITIONS IN TERMS OF STRESS FUNCTION F(x.y)

I;'y‘:o Fiy:o f;,:a
== hy =0 => fy =P =D Ry =0
: ,
H
i
[}
[}
H
]
i
s I S £ S
v i
: ,
= ¢=L
Fax =0 (:) Fa Fop =0
Fy =0 A | Fay =0
xy xy
0F
xx" F, H | F, xx =
Xy ; xy
[] .
< ! c=>
Fx =0 i Fex=0
e ceeeceeeemen SRS SO I
i
;
[}
:
i built in
=D Fy=? =>F, =2 =g, =?
| l
Fyy=? Fyy =2 Fyy =2
ey —> Ly tyy — Fux tyy —> -Fuxy
k=0
F=0 & F=0
>4

FIXATION OF

THE RIGID BODY MODES
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POINT SUPPORTED SQUARE PLATE

CENTRAL CONCENTRATED LOAD

dﬁ i My LMy -y
X 148 o % , 3% __,_,
oM, + auz = W oX or
oP a oY ,
Kn - Vn <+ a”sn
| A Y Z; = -
ﬁr > i Msni".e Msn,-_c
< a >
a)BOUNDARY CONDITIONS IN TERMS OF SURFACE TRACTIONS
M, =0 My =0
Z,=0 y
- 7 -
3 Ty 77 2
=My y
7 H '
M, =0 Y x ] M -
alt = e
x=o| *WZA | Ky =0
Gvy E .
i
Zp =0 Jomcmmcmeccm e e e e B e 2. =0
8 (]
97 79 =P ;
[)
1~
Ky =0 E K, =0
010 K,
{
(]
4 1 -
Z, =R, 15 z, = R
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FFIGURE 2.21
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b) BOUNDARY CONDITIONS IN TERMS OF STRESS FUNCTIONS U AND
M = iV_ =V K = =U
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Y% = P

254-27 =0

U,v linear in X,y

~4 10
CONSTRAINTS
{ = ’o 3' 5
p = Viag
AWy _aUy - L%y _ oUs or  Zy = Z,
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CLAMPED SQUARE PLATE
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’.5 B 2
EQUILIBRIUM
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CLAMPED SQUARE PLATE: UNIFORM LOAD p
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CHAPTER III

NON-LINEAR THEORTIES




3.1, Large displacement formulations

All the difficulties inherent to large‘diSplacement formulations are
due to the existence of finite material rotations., The strains will be
kept of a very small order of magnitude (10'-3 for example) in order to
deal with purely elastic material behavior. Furthermore cartesian refe-
rence frames only will be used since this restriction does not affect any
of the physical principles involved in the theory. The additional compli-
cations stemming from the use of general curvilinear coordinates, as ne-
cessary for instance in shell theory (see section 4 ), can be separately
introduced afterwards. ‘
It is for large displacements that the distinction between lagrangian and
eulerian coordinates becomes effective, The lagrangian coordinates are here
the cartesian coordinates a; (i =1, 2, 3) of a material point in a so-cal-
led "initial" or "reference" configuration of the elastic body. The eule-
rian coordinates X (1 =1, 2, 3) are the cartesian coordinates of parti-
cles in the "final" or "displaced" configuration.

The cartesian components of the displacement vector are then

u, = x, - a,
From the lagrangian point of view one writes

X =%y (aj) =a +u (aj) 3.1).
From the eulerian point of view

a, = ai (xj) =x, - u (x.) ' (3.2).

i J

The reference configuration will be assumed to coincide with a stress free
configuration and the stress-strain characteristics to be defined in this
configuration from a knowledge of the material properties and, when the
case may be, its oriented fiber type reinforcements. It must be stressed
that, in case of anisotropy, the stress-strain characteristics in the fi-
nal configuration do depend on the local finite rotations and cannot be de-
duced without solving the field equations and boundary conditions of the
problem. This rules out in practice the formulation in eulerian coordinates

as initiated by eqs. (3.2). It is only for isotropic relations, which are

then independant on the rotations, that such a formulation becomes possible,
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Because of this limited usefulness the treatment will be here restricted
to the lagrangian formulation; for considerations on the culerian point of

view reference can be made to (3.1).

3.1.1. Lagrangian measures of strain

Differentiating (3.1) we obtain the geometrical relationship bet-
ween a neighborhood (dai) of a point P in the reference configuration and

its neighborhood (d xi) in the displaced configuration :

dx, =D, x, da, = da, + D, u, da, (3.3)
i j i j i 3

5 1

where summation is understood for repeated subscripts and
D, = 3/3a,
] J

In matrix notation, the column matrices da = { dai } and dx = { dxi } are

thus related by
dx = J da = (E + A) da (3.4)

where E denotes the identity matrix and J and A the jacobian matrices
i row subscript

j column subscript

1 da2 da3 in the reference

configuration becomes in the displaced configuration an oblique parallelo-

The elementary rectangular volume element da

piped with volume equal to | J | da, da, da, ; where | J | denotes the
determinant of the jacobian matrix. The square of the distance between two
neighboring points is da'da in the reference and dx'dx in the final confi-
guration, According to (3.4) this alteration can be expressed as a quadra-
tic form in the dai

dx'dx - da'da = da' (J'J - E) da = 2 da' G, da (3.5)
introducing the cartesian representation of the Green strain tensor

1 ' = '
G, =75 (J'J-E) =G' (3.6)
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which is the most commonly used lagrangian measure of local deformation.

Using the jacobian matrix A = J - E in place of J, there follows
G =3 (a+ar+an (3.7)
a 2

Ga is a measure of local strain since, when the meighborhood transforma-
tion (3.4) is of a rigid body type, the distances between neighboring
points is not altered and the components of Ga are necessarily zero., Con-
versely, if the components of Ga are all zero, the distances are unaltered
and the neighborhood transformation is either of rigid body type or con-
sists of a rigid body displacement followed (or preceded) by a reflection
with respect to a plane, Hence it must still be shown that reflections are
ruled out by physical arguments. Polar decomposition of the transformation
(3.4) is one of the methods to explain this; it has furthermore the ad-
vantage of relating the Green strain tensor to another lagrangian measure
of strain, which is closer to the usual engineering definition. In the po-
lar decomposition the transformation is split into two successive opera-

tions, first a pure strain transformation

dy = (E + H) da H=H' (3.8)
followed by a finite rotation

dx = U dy UU' = U'U =E o] =1 (3.9
The restriction to orthogonal transformation matrices U of determinant
equal to unity implies that one has a "true rotation" and not a rotation
accompanied by a reflection, as would be the case for | u | =-1,
From (3.8) and (3.9) follows, by comparison with (3.4)

J=U(E+H) and |J|] =] E+H | (3.10)

and it will be shown that this decomposition is always possible and unique.
We first obtain from (3.10) and (3.6) that

1

1 ' lg.l 2 _1
Ga 2(E-!-H)I.IU(E+H) 2E 2(E+H) 2E
=H+%ﬁ ‘ (3.11)
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1
Hence, wathever be the rotation U, the strain tensor H determines uniquely
the Green strain tensor. Conversely Ga determines H uniquely as can be seen
by a principal axis transformation where H reduces to diagonal form with
diagonal elements.hi, whence, by virtue of (3.11), Ga is reduced to diago-
nal form with diagonal elements
i1=1, 2, 3 (3.12)
Given the Yoo the solutions for hi are real and unique

hy = -1+ /142y, (3.13)
provided one can justify the restrictions

1+ 2y, >0 L+h >0 1=1,2,3)  (3.14)

Indeed, from (3.6) and (3.10) we have

2 _
lal1°=126,+E] (1+2v,) (1+2v,) (1+2y,) (3.15)

| 3] =] E+u|

(1+h1)(1+h2)(1+h3) (3.16)

Physically the transformation from initial to final configuration takes
place continuously. At any intermediate stage none of the factors appearing
in the right hand sides of (3.,15) and (3.16) may vanish without making the
volume element vanish, a physical impossibility. Hence since they satisfy
conditions (3.14) at the start (y1 = 0, hi = 0) they must keep their sign

and still verify those conditions at the end. In particular we have
| 2 G, +EL | >0 | 3| =]E+H]| >9 (3.17)

he argument is valid for finite strains; in the case of very small strains
equations (3.13) are immediatly obvious. Given J satisfying (3.17) and once
H uniquely determined as shown above by the relation
2

Ly

1 ' v = -—
5 ('T-EF) =H+5

the orthogonal matrix in the polar decomposition (3.10) is uniquely deter-
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mined by

U= J (E + H)-l

and is that of a pure rotation.
In a principal axis system the principal strains of H have the usuyal engi-

neering definitions

2 2
dx, - da, dx, - da dx, + da,
Yi - i i_ i i . i i . (3.19)

2
2dai da1 2dai

The advantage of the Green strain measure is that it can be expressed im-
mediatly in terms of the jacobian matrices J or A as shown by (3.6) and
(3.7). The effective computation of the engineering strain measure H re-
quires a cumbersome principal axis transformation . Both measures become
however equivalent in the case of very small strains as shown by the rela-
tion (3.11) where the components of H2 become negligible by comparison
with those of H,

If we add the assumption of very small rotations to that of small strains,

the rotation matrix can be written as
U=E+ K

v

where the components of K are of the same small order of magnitude as

those of H, The orthogonality condition U'U = E becomes
(E+K'Y(E +K) =E or K'+K=0

if we neglect the second order quantities represented by K'K., Hence to

this approximation K is skew symmetrical., Then from (3.10)
J=E+A=(E +K)E + H)

which, after neglecting again the second order quantities represented by

KH, yields the usual approximations of linear elasticity theory

A=K +H Hav-zl-(A+A'_) K=-%-(A-A') (3.20).
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Inversion of the order of polar decomposition is simple
J=U(E +H) U'U=(E + UHU'")U = (E + H)U (3.21)

The rotation, which comes now first, is unchanged; the straining, which

comes second, involves a matrix H related to H by

ﬁ =UHU'= ﬁ' (3.21)
This suggests that H and ﬁ are in fact representations of the same tensor
in two different reference frames, It is clear from the first polar decom-
position that, if an observer uses the initial configuration as a frame
to describe the distribution of strains incurred by the configuration
change, the matrix H is the representation of the local strain tensor for
the actual cartesian axes. If he uses the final configuration as frame, H
is the representation of the local strain tensor for cartesian axes as
turned by the material rotation; H would be the representation of the same
tensor for the original orientation of the cartesian axes., Using the Green
measure for strains, the same statements apply respectively to Ga and to

-~

G =UG U'=H+ i-H2
a a 2

= LQI-E)=RArATHAAY)  (3.22)

(3.11) (3.21)

From (3.7) and (3.22) we deduce the following expressions of the Green

tensor components

ZYmn = Dmxian - Gmn = Dmun + Dnum + DmuiDnui (3.23)

2Ymn =D meixn - amn = Dmun + Dnum +D umDiun (3.24)

i

3.1.2. The a, as convective coordinates
i S

Let 33 denote the unit vectors of the cartesian reference frame.
Then, for the position vector of a point P in the reference configuration
£=a, e
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and for the same point in the displacement configuration
> >
R=x, e - 3.26
I A ( )

In this last configuration the surfaces a; = constant define a set of con-

vected curvilinear coordinates with local base vectors

<>

> ->
Gi = DiR = (Dixj) ej (3.27)

The fundamental metric tensor of this set of curvilinear coordinates is

> > > >
Gmn = Gm°Gn = (Dmxi)ei . (anj)ej = Dmxiani = Gmn+zymn

(3.28)

This relationship with the components of the Green tensor further justifies
their use as a measure of deformation. Let us now investigate the Christof-

fel symbols of the second kind defined by

Or, preferably,taking the scalar product of both sides with the local base
vectors, the symbols of the first kind

> > n » n
G0 Gy = T cn.Ep =T % = Tupt (3.29)
Using (3.27) to evaluate the left~hand side
I . =(Dx,)e, « (DD,x )e =D x,DD (3.30)
mpi pxj ej * Yni%e’ % pxj m ixj *

where the symmetry with respect to the subscripts m and i is noticeable.

As one can easily verify, (3.30) can also be written as

rmpi =Dy, *+D D Yim (3.31)

pi " “i'mp T Yp

3.1.3. Gradients of the rotation and compatibility equations

Introduce the elements %m of the finite rotation operator U
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i row index

U={a 8

aimajm = ij *im*in = Gmn

}
im m column index

(3.32)

and those of the engineering strain tensor H = { hjm }

h, =h . (3.33)

(6 + 0 L) (3.34)

Our purpose is to analyse the gradient of the neighborhood transformation
(3.4) as we proceed from a particle P, of coordinates aq, to a nearby

particle P' of coordinates aq + daq. Beginning with the rotation
U(a +da ) =U(a ) +D Uda
( q q) ¢ q) q q

where DqU is the gradient of the rotation operator at P. This we write in

so that the rotation in the nearby point P' is effected in two successive
steps : first the small incremental rotation exiéting between P and P',
then the finite rotation in P. )

According to the known structure of a small rotation operator, U'DqU must

be skew symmetrical and this obviously results from
D (U't) =0 -+ U'DU+ (DUY)U=0
q( ) q ( q )

Introduce the following notation for the elements of U'DqU, the rotation

gradients

a, Da, =% QY =-9 (3.36)
in'q im nm mn nm

Take now the gradient of the complete neighborhood transformation operator
(3.34)
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DJ,. =DD,x. =Da 19
q 1ij q3ii q im (

+h.,)+a,Dh
m im

mj q mj

]

and look at it, as was done in (3.35), from the viewpoint of a reference

frame in P turned by the material rotation.

= = 4
aianJij aianDjxi w - (ij + hmj) + thnj (3.37)
It is obvious from the middle term that the right-hand side is symmetrical

in the subscripts q and j; this provides a means of eliminating x,:

9 (5 .+h )+Dh. =3y (5 +h )+Dh
nm - mj mj q nj nm = mq mq j nq

(3.38)

This relation may be considered as the result of eliminating X by cross
differentiation between equations (3,34), together with an interpretation
in terms of rotational gradients.

The particular form
9% . +ph =34 +Dn (3.39)

that approximates (3.38) for very small strains, is similar to the Beltrani
type of equations one obtains from the linear elasticity approximation
(3.20) or

Djxn = Loy + hnj | K= { o3 }
By cross differentiation
D +Dh ., =D + D.h 3.40).
7“n) T “qnj T Ti%q T Timq (3.40)

Both sets (3.39) and (3.40) can be manipulated to yield the independant

components of qunj
first (3.39), then rewriting it with the cyclic change of subscripts (qnj)

or qmnj in terms of the strain gradients. Considering

to (jqn), then a third time with (n j q), adding the two first and subs-
tracting the third, there comes, with due consideration to the symmetry of

q
hnj and skew symmetry of mnj’

j
=] -
(-l)qn nhqj thnj (3.41)0
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Similarly for the set (3.40)

D, =Dh -Dh. 30420
i%n ~ "nqj T “q'nj (3.42)

The Beltrami equations (3.42) yield the partial derivatives of the small
rotations of linear elasticity theory in terms of the derivatives of strains.
A second elimination process by cross differentiation of the rotations pro-
duces the linear local compatibility conditions to be satisfied by the

strains :
D (Dh, -Dh =D, (Dh =~Dh 3,43
p ( n qj q nj) j ( n qp q np) ( )

They are trivially satisfied for p = j, or n = q; in fact only six of
them are known to be distinct.

The situation is different if one tries to eliminate the rotational gra-
dients in the set (3.31)., Returning to the definition (3.36), and applying
(3.32)

= = q
c‘jnmiana'im anjm 0‘jn wnm

Differentiate the last equality :

_q A
Dquajm wanpajn * ajnDp ( wnng ’

observe that the left-hand side is symmetrical in p and q :

q q =P P
“nm Dpajn + 0'jnDp ( wnm) wanqajn + ajan ( wnnp

multiply this by q
obtain

jr and use definition (3.36) and properties (3.32) to

q P q =P q P

“am  “rn * Dp ( wrm) “am “rn ¥ Dq ( wrm) (3.44).

This is the equation that, for gradients of finite rotations, replaces

the simple relation D D w__ =D D w__ in linear elasticity. A substitution
p qrm qprm

of (3.41) into (3.44) yields the compatibility conditions for very small

strains in the presence of finite rotations :
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(O h_-D h )D h_-D h )+D (D.h =-D h )=
n gqm m qn’ *r pn n pr P r qm m qr

(O h_-D h )D h_ =D h )+D (D _h_=-D h_ )
n pm m pn’'r qn n qr qQ 'r pm m pr

(3.45).

They differ from (3.43) by the non linear terms in the first derivatives
of strains; the same equations hold for the Yo Peasures of strain, which
do not differ practically from the hmn'
The general compatibility equations for finite rotations and strains will
be derived here for the sake of completeness. Some preparatory work will
be necessary. We introduce a convenient notation for the element of the
inverse jacobian matrix

-1 m rows

J " ={293, a } 3, = 3/3x,
J j colummns ] J

and note the corresponding properties

9. a D x., =286 and 9, a D x, =3§,, (3.46).
j mn7j mn j 'm m i ji

They are used to express the reciprocal of the fundamental metric tensor

given by (3.28). First

next aj ap aj am Gmn = a D x. =286 ,

95 3p Py X5 = O

from which we conclude that the reciprocal metric tensor can be written

oP? o

= Bj ap aj an (3.47)0

Note that since from (3.28) the elements of Gmn are expressible in terms
of the strains Yon? the same is true of the elements of the reciprocal

G

We now use (3.30) to obtain an expression for the second derivatives of X,

r (3_a_ D x.) Dm Di X

mpi = r % p ¥y j = Dm Di xr (3.48)0

9_ a
r p

—
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Differenciating (3.30)

Dq rmpi = (D{1 Dp xJ.)(Dm Di xj) + (Dp xj)(Dq Dm Di xj) R

exchanging the subscripts q and m

Dm qui = (Dm Dp xj)(Dq Di xj) + (Dp xj)(Dm Dq Di xj) ’

and substracting the results to eliminate the third derivatives, while

substituting all second derivatives by means of (3.48)

Dq Pmpi - Dm rqpi = aj ar aj as rqrp rmsi

- aj a, aj a Fmrp qui : ’

we can finally introduce the reciprocal metric tensor and obtain

TS (r  r . -T T .) (3.49)

DT - . .
q qrp msi mrp gsi

. D T =
mpi m qpi .

] s _
or Dq rmpi Dm qui Fq P rmsi + rm p qui =0
In differential geometry this result expresses that the space referred
to the convected (curvilinear) coordinates is Euclidean; its curvature
tensor is zero., It also constitutes the local compatibility conditions
for the strains since from (3.28) and (3.31) everything in them is expres-

sible in terms of the Yon and their derivatives.

3.1.4. Stress tensors

From the viewpoint of an observer using the initial configuration
as reference frame, the lagrangian stresses are defined per unit original
area and referred to their cartesian components,For instance a facet of
direction cosines (1, 0, 0) for the outward normal gives surface traction

components (t da2 da3, t da2 da3, t., da da3). Their virtual work in

11 12 13 772
a material infinitesimal variation Guj of the displacement components is

thus (t1j Guj) da, da,, For all the surface tractions on the facets of an

273
elementary parallelopiped this virtual work becomes

Di (tij éuj) da1 da2 da3
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1f external body forces, defined per unit volume in the initial configura-
tion, and having cartesian components denoted by Aj’ exist, their contri-
bution to the virtual work is A.j Guj da1 daé da3 and the energy balance

equation reads

Su,) + A, Su (3.50)

SW =Dy (e55 Sup) + Ay Su,

where W is the elastic energy per unit initial volume,
In translation modes, where each Guj is an arbitrary constant, there is no
energy increase and (3.50) reduces to the translational equilibrium condi-

tions

Di tij + Aj =0 (j = 1, 2, 3) (3051).

The expanded form of (3.50)

SW = Su +A) + t,., D, Su,
i j

D, t,

3 Potyg T A * by Dy

can thus be simplified; moreover, since the material variations & are
taken under constant values of the lagrangian variables, the operators Di
and § commute and the simplified form of the energy balance can be

W = tij § (D (3.52)

1Y)
From this it appears that the lagrangian stresses can be considered to be
the partial derivatives of the energy W, considered as a function of the

nine displacement gradients D o This is made more precise by considera-

u
i7j .
tion of the rotational equilibrium conditions. Consider a displacement

variation field, again of rigid body type, but representing now an infini-

tesimal rotation

- X, 6w

Swy = x, Suy

Gul = x3

Guz = x1 6w3 - Xy 6w1
503 =X, Gwl - x Gwz .

Note that those additional displacements must be taken from the actual
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coordinates X of the particles and that the energy increase must again
vanish, Then, substituting this field into (3.52) and equating separately

to zero the coefficients of the infinitesimal rotation angles 6wi, we obtain
the rotational equilibrium conditions to be satisfied by the lagrangian

stresses @

ti3 Dy X5 = ty9 Dy x4

"
O

t D, x
i

1 Di X, =0 (3.53)

37 %43 1

"
o

tip Dy ¥ "t Dy %

in
scripts m and n and not the stress tensor itself, The substitution

They clearly express that the tensor tim D, x_ is symmetrical in the sub-

t. =s, D x (3.54)
im ip pm
satisfies the rotational equilibrium equations
sip Dp X Di x, = sip Dp_xn Di X (3.55)
provided the new stress tensor be symmetrical :
=S . (3056)

s,
1ip Pl

This is immediatly seen by exchanging the dummy subscripts p and i in the
right hand side of (3.55). This somewhat artificial definition receives a

strong foundation through the following consequences : (3.52) becomes

Sim Dm xj 5 (Di xj

SW = Sim Dm xj § (Di uj) =
or, exchanging the dummy indices i and m,

SW = i Di xj $ (Dm xj).

After adding the two formulas, using the symmetry property (3.56), the

components of the Green strain tensor appear through (3.23) :
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28W = s D x, D

inm 8 ( m7j i xj) or oW = Sim GYim (3.57)

This result shows that W is a function of the displacement gradients
through the six independant components of the (symmetrical) Green tensor.
The symmetrical "Kirchhoff-Trefftz" stress tensor is made up of the partial

derivatives of the energy :

11 3Y11 22 3y22 33 8733
(3.58)
12 3n12 23 3n23 31 3n31
where the shearing strains
M2 Y2 YY1 M3 T Va3t Y32 M3 T V3t Vpg
(3.59)
were introduced for convenience. The compact formula
oW
s,, = =——— (3.60)
ij ayij

for describing the stress—strain relations (3.58) is also acceptable,
provided one distinguishes between Yij and in as in (3.59) and applies
the chain differentiation rule.

The translational equilibrium equations satisfied by the Kirchhoff-Trefftz
stresses were given by Signorini (3.2), from (3.54) and (3.51) they are

Di (sim Dm xj) + A.j =0 (3.61)

A straightforward geometrical interpretation of the Kirchhoff-Trefftz
stresses is obtained when transforming the surface tractions successively
by (3.54) and (3.27)

-> >

> >
ty = timen " Sip Dp X €n = Sip G (3.62)

The Kirchhoff-Trefftz stresses result from the decomposition of the la-

grangian surface tractions in the metric induced by the convection of the

lagrangian coordinates,

;24.



We are now in a position to check on the validity of the following inter-

pretation of eq. (3.52)

£y, = W/3(D, u,) (3.63)

ij 3

where the explicit dependance of the energy ‘on the displacement gradients
is to result from its dependance on the Green strain tensor and from (3.23).

oW

- ’ 1
tij - aymn aYmn/a(Di xj) 2 smn (Gmi Dn xj * Gni Dm xj)
= l-(s D x, + s D x,) = D x
2 “in j mi m 7j in "™m 7j

which is confirmed by (3.54). In the form

- x W
ij n " j aYin

it can be considered as the constitutive equations for the lagrangian

stresses incorporating rotational equilibrium. Since from (3.11)

1
= + - . .
Ym = P * 2 Pmp Ppa (3.65)
the energy can also be conceived as a function of the six components hmn
of the engineering strain tensor H and a corresponding symmetrical

stress tensor defined :

r,

From the rule of chain differentiation we obtain readily

- yma _ 1 1
ri.j Smn ahij Sm (Gmi nj 2 hjn mi 2 mi nj)
_ 1 1
- sij *2 Sin jn 3 Snﬂ mi (3.67)

or, in matrix formulation,

R=S+%(SH+HS)=-;'-S(E+H)+%(E+H)S (3.68) .
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[}
It appears that the difficulty encountered in expressing H in terms of Ga

has here its counterpért in the difficulty of expressing the Kirchhoff-
Trefftz stresses S in terms of the stress tensor R,
Looking to the relationship between R and the lagrangian stresses, we can

introduce into (3.54) the polar decomposition (3.34)

(s +h )

t =8 a
im ip 'mq “qp qp

and, premultiplying by - obtain the components of S (E + H)

a _t, =5, (§_ +h_)
mr im ip “rp rp

whence follows

(3.69)

1

= - + -
%13 T2 %5 %im Y 2 %ni Sym

Here again it appears difficult to solve for the lagrangian stresses,

As a consequence there is no simple way to state the translational equi-

librium equations satisfied by the R stress tensor. On the other hand it

is obvious from the relations between the various stress tensors that they

are practically equivalent for the case of very small strains.

3.1.5. Variational principles for large elastic displacements

The best known is that which states that the total energy, strain
energy plus potential energy of dead loads, is stationary with respect to
arbitrary, kinematically admissible, variations of the displacement field.
It is important to mnote that the rotational equilibrium conditions are
incorporated ab initio in the principle by considering that the energy
can be expressed in terms of the Green strain tensor; otherwise the proof
of the principle is merely a reformulation of our previous energy balance

considerations.,

W-4, u) dR_ - P. u, dR_ stationary(3.70

Ig ( h| J) a I Py a y( )
R, AR,

For simplicity the region Ra occupied by the elastic body is assumed to

be simply connected. On its bounding surface aRa either the surface trac-

tions pj are imposed, or the displacements uj (the kinematical boundary
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conditions), The surface integral only includes contributions of those
areas where surface traction components are specified., The integrations
are performed with respect to the lagrangian coordinates and dRa stands
for da, da, da, in our cartesian reference frame. In view of the assump-

1 2 3
tions made

oW 1 1
W Y. 6Yim sim 665 Di xj Dm xj -'Esim)
im
=5 1l (D, x, 6D x, +D x, 6D, x,)
in 2 i7] m m ] i7j
Or, in view of the symmetry of the stresses
W = Sim Dm xj 6Di xj = s Dm xJ D (du )
Hence, for the variation of (3.70),
JR (s1m Dm xj D (Guj) - Aj Guj) dRa
a
- P, Su, d 3R_=0
J Py %% a
R
a
with Guj = 0 there where uj was specified. Integration by parts yields

] (1i Sim Dm xj - pj) Guj daRa
aR

a
- IR { Di (sim b xj) + Aj } Guj dRa =0
a
The Signorini equations (3.61) are seen to be the Euler equations of this
principle, while the natural boundary conditions

1i Sim Dm xj = pj (3.71),
where 1 denote the direction cosines of the outward normal in the initial
configuratlon, express surface equilibrium between the stress field and
the imposed tractions.

A generalization of the principle of variation of displacements to a two-

field principle is possible by the Friedrichs method (3.7).

127



We will consider the energy density to be a function of the components

of the Green strain tensor but, instead of expressing those a priori

in terms of displacement gradients, we raise them to a status of indepen-
dant variables by incorporating equations (3.23), considered as differen-

tial constraints,:into the principle :

—

1
IR { W(y) + Sim (-2- D, x
a

3 Dm xj - E'Gim - Ying-Aj uj } dRa

- J P. u, d9R_ stationary(3.72)
o 4 J a
a

Here, the quantities Sim denote independant lagrangian multipliers, whose
Euler equations restore the differential constraints. It is already clear
from the Euler equations (3.61) and natural boundary conditions (3.71) of
this principle relative to variations on the displacements, that the set
of multiﬁliers has the nature of lagrangian stresses. This is further con-
firmes by the Euler equations (3.60) that are obtain from variations of
the strains.

This very general three-field variational principle allows independant
approximations to be made on strains, stresses and displacements. This
considerable freedom makes it difficult to apply in practice. When the
Euler equations (3.60) are accepted a priori, that is if the multipliers
are already identified with the Kirchhoff-Trefftz stresses, the principle
can be reduced to a two-field one by elimination of the strains. Assuming
that the stress-strain relations (3.60) can be solved for the strains, one

introduces the complementary energy density

¢ (s) = Sim Yim = W (3.73)

This Legendre transformation has the property

oW
‘ ? (sim ) 372; ) inm + Yim dsim = Yim dsim
9¢

‘ a -
or Yim = -as—- (3.74)
im

of inverting the stress-strain relations (3.60). It furnishes a two-field
principle discovered independantly by E., Reissner and B. Fraeijs de Veu-
beke (3.5). ‘
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1 . -
IR { % Sim (Di ::.j D xj - Gim) - ¢(s) - Aj uj }~dRa

a .
- P, u, d9R stationar
jaR pj h| a y
a . (3.75)

While the Euler equations (3.61) and natural boundary conditions of this
principle are unchanged the Euler equations'due to variations on the
stresses are now a combination of (3.74) and the original differential
constraints (3.23)

2 x; Dy % = 8,0 =3¢ /a8y, (3.76).
While in the linear elasticity case a variational principle for stresses
only, the so-called complementary energy principle, is easily derivable
from (3.75), finite rotations introduce serious difficulties.

To take the case of zero body forces for simplicity, the tramslational
equilibrium equations can be solved for the lagrangian stresses by means
of stress functions A ¢

3

t = e

iy (eiré’ the permutation symbol)

3.77)
and this indeed allows to modify principle (3.75) into one that does no

irs Dr Asj

more involve explicitly displacements, However the differential constraints

Sim Dm x.j =e . Dr Asj (3.78)
derived from (3.77) are still implicitly coupling the choice of Kirchhoff-
Trefftz stresses to the displacements, It is therefore generally recogni-
zed that there is no variational stress principle available in presence of
finite rotations (3.6).

We shall now explore new variational principles based on the polar decom-

position method (3.34). We start from the principle
W (D -4, u drR_ - P. u, d3R_ stationar
JR{ (1“;1) Jj} aLRpJJ a y

a

suggested by (3.52) and whose Euler equations and natural boundary condi-

tions are Di tij + ?5 =0 and 1i tij = pj'
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It contains also implicitly the rotational equilibrium conditions if the
energy density is a function of the nine displacement gradients through
the six Green strain tensor measures.,

We now remove the nine differential constraints

(s

D, x, - a

j i im * hm ) =0

mj i

equivalent to the polar decomposition (3.34), by means of nine lagran-

gian multipliers t

ji
IR { W () + tji Dj X = tji % (ij + hmj)-Aiui} dRa
a
-[5 33 uj d3R_  stationary (3.79)
9R

The strain energy density is naturally taken to be a function of the six

liberated strain measures hij’ while three additional degrees of rotational

freedom (Euler angles for example) are contained in the liberated L to

match the original nine displacement gradients, In taking variations with

respect to the strain measures, we are not allowed to distinguish between

hmlj and hjm' so the corresponding Euler equations are
W W
ahmj ahjm Jji Tim mi "ij
W 1
g Tng =7 (E5q %ym ¥ Tpp %4y) (3.80)

Comparison of this with (3.69) justifies the notation of lagrangian stres-
ses utilized for the multipliers, and this is further confirmed by the
translational equilibrium equations and natural boundary conditions they
satisfy as a result of variations on the displacements, When taking varia-

tions on the rotations account must be taken of the property

%m %in = 6mn

from which follows

in.  Tim im in
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Hence we can introduce the skew symmetric variation

6umn = ain Gaim == 6“‘)nm

or, equivalently, express the variation of the rotation matrix in terms

of those three independant variations :

6aim = ain Gmmn (3.81)

This furnishes as last Euler equations of principle (3.79)

(5 . + hmj) -a (5, + hn ) =0 (3.82)

%n 51 mj im %51 °nj j
One brings this back to the original form of the rotational equilibrium

conditions when multiplying by apn aqm and using (3.34) :

®p 05 %q T f3q O3 % = °

It can finally be concluded that the variational principle (3.79) is very
general althoiiggh somewhat complicated because of the 21 independant quan-
tities that can he varied independantly; It contains the 3 translational
equilibrium conditions through Gaim’ the polar decomposition constraints
through variations on the 9 stresses and the 6 stress-strain relations
(3.80) through variations on the strains.

Amongst the possible simplifications of the principle, consider the follo-
wing group of terms in the volume integrand

W(h) - (Gm + h

g %m Oy * Byy)
Playing on the symmetry of the strains this can be written

1

W) - (8, +h.) 3 (tji mt tmi “ij)

mj mj

= W) - (6nlj + hmd) rnlj

and suggests that we accept (3.80) a priori, solve for the strains in

terms of the stresses r_, and introduce the complementary energy density

mj
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¥(r) = (ij + hmj) Thi T W‘ (3.83)
This has the propert&

W . :

arhﬁ Gnu * hnd, . (3.84)

We consider however the rmj to act only as auxiliary quantities defined

by the second equality in (3.80). The modified variational principle

IR (tji Dj Xy - [T A1 ui)dRa - [aR Py u; daRa stationary
a a

still contains as independant quantities subject to variationms, the 3 usy

the 9 tji and the 3 Gmmn related to the rotations. We now substitute

Dj x, = Gji + Dj u,
and integrate by parts with respect to the use Then, assuming that we can
manage to satisfy a priori the translational equilibrium equations and

natural boundary conditions, the principle reduces to

IR ( y- tjj) dRa - Iag 1j tj1 u, daRa stationary (3.85)

and is very similar to the complementary energy principle of linear elasti-
city. Taking the simple case of no body forces, the translational equili-
brium equations are easily satisfied by stress functions as in (3.77).

The complementary energy density is then a function of

D A, +e

1 :
r 2 (ejrs %im “r “si mrs aij Dr Asi)

nj (3.86)

While the term

t = e

33 T %jrs Pr Asj

goes immediatliy to the boundaries by integration, The Euler equations ob-

tained from variations of the stress functions are

ers Dr { aij (6jm + hjm) }=0 (3.87)
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and are clearly fulfilled when the polar decomposition is used :

®mrs Dr Dm = 0
This shows that, since (3.87) result from elimination of the displacements
between the polar decomposition equations, they can be considered as in-
tegrability conditions for such displacements, '
Variations on the LT produce again a form of the rotational equilibrium
conditions,
In practical applications.the complementary ehergy form of this new prin-
ciple allows the translational equilibrium equations to be rigorously
satisfied; the ﬁeight of the approximations falls on the integrability
conditions for displacements (explaining why displacements as such have
disappeared from the principle) and on the rotational equilibrium condi-

tions.
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3.2, Elastic stability problems

This section discusses first the classical energy criterion of elas-
tic stability, based on the second variation test of the total potential,
It leads in general to a linear eigenvalue problem. The cases of perfectly
straight plates and rods under perfectly centered loads are considered
next with special emphasis on the mathematical justification of the usual

approximations.

3.2.1¢ The second variation criterion

Let U= ] W(y)dr
R a

denote the strain energy expressed in terms of the Green measures of

strain as given by (3.23). In the elastic range we take explicitly

W= cPd

7 Con Ymn ¥ (3.88)

mn ' pq
where the elastic moduli have the folldwing symmetry properties

cPd o P9 o 9P o gm0
mn nm mn Pq

Application of (3.60) gives the stress-strain relations

oW Pq
s, = et = (G 3.89
i " avg; T % e (3.89
3

As we postulate that the strains are smail, in fact of the order of 10~
in order to remain in the elastic range of usual materials, those stress-—
strain relations are the usual engineering ones. However, because the rota-
tions can be large, the stresses are the Kirchhoff-Trefftz ones defined in
section 3.1.4. They are defined per unit area in the initial (unstressed)
configuration but decomposed in the metric induced by :he deformation.

The loads are assumed to be "dead" loads, they are not affected by the
change in configuration and their potential energy is a linear functional
of the displacement field :

'Xm u dR_ - LR Em u_ dOR_ (3.90)

P () - -|

R
a
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Denote by u; a displacement field 1in a configuration of equilibrium with
respect to the applied loads and consider a perturbed field

= ° 4
u =u +el (3.91)
where ¢ is a small parameter, that satisfies the kinematical boundary
conditions for all values of . Hence ﬁm = 0 there where the displacement

u, was prescribed on the boundary. Expanding the strains in powers of ¢

o .. (D

1 2 (2)
Yoo " Ymm Y € Ym TZT € Y (3.92)

gives

(1)’ i -~ -~ o ~ o ~
Ymn 2(Dmun*Dnum"DmuiDnui+DnuiDmui)
(3.93)
@ s o os
Ym Dm ui Dl'l ui (3094).

Substitution of (3.92) into (3.88) gives

R Pq o M, 1 2 pq (1) (1)
We=w *ecmnyqumn*'Ze {CmnYmn ole

Pq o _(2)
* % Y'pq Ymm !

where higher powers of ¢ were neglected and

o__]_-_ PqQ .o °
w ZCmnYmanq

is the strain energy in the equilibrium configuration. Introducing the

stresses at equilibrium

° = P4 o
& m = Cm Y P (3.95)
and the strain energy density calculated from the strains Yg)only
1) .1 e (1) (1) :
W 5 Con Yo Yoq (3.96)
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the total potential, expanded in powers of € up to second degree, reads

U+P=I W® dR_ + P (u®)
R a

a

° (1) - '
+e{[Rasmydea+P @ 1}

+ 24 J ¢ v . -;- s yg)) ar_ ) (3.97)
R

a
A necessary condition for a minimum of the total potential is the vani-
shing of the first degree term under all kinematically admissible pertur-
bations ﬁm’ or
o (1)_ - a - - -~ =
IR (s m Ymn Ai ui) dRa JaR p; G daRa o
a a

In view of the symmetry of the stress tensor, the result of a substitution
of (3.93) can be written

° o -~ __ -~
jR {s m (Gni + Dn u i)Dm 4, A1 4, } dRa
a

- P. G, dOR_ =0
IBRa i1 a

After an integration by parts this produces the field and boundary condi-
tions

stating that the field u°i is one that satisfies equilibrium as was assu-
med. It is observed that the vanishing of the first degree term in the ex-
pansion (3.97) is equivalent to the vanishing of the first variation of

the total potential as discussed in section 3.1.5. on vaﬁiational principles,
A sufficient condition for the minimum of the total potential in that the
coefficient of ez, the second variation of the total potential, be positive

definite under all kinematically admissible perturbations
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@) 1 . (2)
IR w +5smvm)dRa>0 (3.98)

a

This positive definitness criterion will be adopted for the elastic stabi-
lity of the equilibrium configuration. Clearly, if satisfied, external
energy is required to maintain any kinematically admissible disturbance.
Conversely, should the second variation be negative for some admissible
disturbance, the energy release would have to be absorbed to hold it sta-
tic. Inspection of the functional (3.98) shows it to be quadratic in the
displacement disturbance field, hence, coupled with a linearized kinetic
energy functional, one obtains a linear small oscillations problem; It has
real eigenfrequencies if (3.98) is satisfied. Stability criterion (3.98)
is valid for both bifurcation and snap-through phenomena (3.8, 3.9). This

generality is one of its advantages,

3.2,2, The stability criterion as an eigenvalue problem

The stability criterion (3,98) is an inequality for the sum of
two quadratic functionals,

The first
oy o [ L opa (D) (D)
£, (@ JR 7 o Yoo Ypq drR_ (3.99)
a
is by nature positive definite, It vanishes if and only if the first

order strains

W, 1 o "
Ymn 2 (6n1 + Dn u i )Dm ui
1 “yp &
+ 3 (Gmi + Dm u 1) Dn a, (3.100)

vanish everywhere, In that case the displacement disturbance field ﬁi
only modifies the equilibrium strains by second order quantities; it may
be suspected that this disturbaﬁce field is in the nature of a small ri-
gid body motion. Confirmation of this is found by an interpretation of
Y(:nr)n = 0 in the metric induced by the equilibrium strains. Consider the
relations

°

X%, =a, + u°; (aj)
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as a change of lagrangian coordinates and introduce the notation
= o
2, = 8 Max°; )

One has then formulas such as

and the first order strains (3.,100) can be written as

MW _L . o i e . .
Y =3 (Dn x°, Dm x P + Dm X%, Dn x » ) ap a, .

Multiplying both sides by ar a as a and using the reciprocity formulas

o
ar an Dn x i = 6ri

WL o +a )

we find LN dg a vy s U, e Ug

Hence the vanishing of first order strains entails that the structure of
the disturbance field is that of a small rigid body motion expressed in
the new lagrangian coordinates, as suits the fact that it follows the equi-

librium straining.

Uy oy *uy Xy -ug

L] o

Uy Top *wg X7y =y X7y

] = o - o
U3 o3 Yo Xy Ty Xy
Of course the kinematical boundary conditions might be such as to prevent
one or more of those six degrees of freedom.
The second functional

£, (3) = ] 1. v ar (3.101)

R mn mn a
a

has in general no definite sign. Let

6 @ =£; (8 +£, (@
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be the value of the complete functional., To prove its positive character
under all admissible disturbances it is tempting to seek the sign of its
minimum value., However, since the kinematical conditions imposed are homo-
geneous, if ﬁi is admissible, so is a ﬁi and ¢ (a @) = az ¢ (G), where a
is an arbitrary real scalar. This similarity rule shows that it is mea-
ningless to look after an absolute "critical" disturbance that would give
its minimum value to ¢, however it shows also that the stable (¢ > 0) or
unstable (¢ < O) character of a disturbance is not altered by scaling.
Hence it is appropriate to look after a critical disturbance "shape" by
adding a norming constraint to the disturbance scale., Because of its posi~-

tive definite character
£, @ = u? a fixed quantity (3.102)

is a suitable norming constraint, It insures that the disturbance will
involve additional strain energy and not merely superposition of a small
rigid body motion. The problem of finding the minimum of ¢ under the nor-
ming constraint is Jacobi's accessory problem €311). With (3.102) as nor-
ming constraint Jacobi's problem is clearly equivalent to that of finding

the minimum of the ratio

£, (9)
A= ?I-Tgy (3.103)
that is independant of scaling.

A necessary condition for a relative minimum is that the variation
§ { f2 @ -1 f1 @ }t=o0 (3.104)

for all kinematically admissible variations of the disturbance field.
Expanding this condition produces

1o (2 _, @, () .
IR (2 $°m Sy m As mn S vy m ) dRa 0

a
s o cpa (D)

Y

where
mn mn ° pq

Substitution of (3.94) and (3.100) and use of the symmetry of the stress

tensors gives
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dR_ =0
a

o a _‘ (1) [} ~
IR (s mn Dn ui A s mn (Gni * Dn u i) } Dm <sui

a

Hence in addition to the homogeneous kinematical boundary conditions the

critical disturbance shape must satisfy the field equations

e . (1) . .
Dm {s mn Dn i - As m (Sni + Dn u’y )} =0 (3.105)

and, there where surface tractions are imposed, the boundary conditions

1 (s° 0 g =258 +p w ))=0 . (3.108)
All the equations are homogeneous of the first degree in the ﬁi, hence non
trivial solutions, defined except for scaling, will only exist for a
spectrum of eigenvalues of A, If ﬁi is an eigensolution and A its eigen-
value, we find after scaling to satisfy the norming constraint (3,102)

and using (3.103)

$(0) = £, (@) + £, (@ = A+ 0

Consequently the stability criterion will be satisfied if the smallest

eigenvalue is larger than -1,

3.2.3. Stability boundaries

The previous analysis furnishes a way to test stability under a
fixed set of dead loads. In many cases one wishes to evaluate the stability
margin of a structure and therefore to increase the loading up to the
appearance of the critical value A = - 1, where A is the smallest eigen-
value, Topological investigations (3.9) show that the appearance of this
critical value can have several meanings : loss of stability, asymmetric
bifurcation to a stable continuous post-buckling equilibrium path, stable-
symmetric bifurcation possibility and unstable-symmetric bifurcation. The
equilibrium paths of the structure are followed by assuming a similarity
law for the loading distribution that results in a single load scaling
parameter o, The general case is fairly complicated because the equilibrium
stress distribution s"mn depends non linearly on the load parameter ¢ and
incremental analysis becomes necessary. )

Direct access to the critical situation becomes possible when the initial

equilibrium path can be dealt with by the linear elasticity approximation,
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that is when both rotations and strains remain very small,

Then all displacement gradients remain very small at equilibrium
| (]
IDm uy | <<1 (3.107)
and (3.93) can be approximated by the formulas
MW 1 a -
Y =3 (Dm g + Dn qm) (3.108).,

Consequently the equilibrium equations for the Kirchhoff-Trefftz stresses

have valid linear approximations

and the scaling operation on the loads becomes equivalent to a similar

scaling on the equilibrium stress distribution :
s =g S g >0 (3.109)

where Smn is a fixed distribution.
According to the analysis of the previous section the stability condition

becomes
ou>-1 (3.110)
1! (2)
3 S v dR
JR mn m a
where y = min p 2 (3.111)
_;_ cPd Y(l) Y(l) dR
Jg W ' ma pq a
a

We now distinguish between two cases.

CASE1l : uy >0 There is obviously unconditional stability; ¢ can be as
large as the limitations on the elastic behavior of the
material will permit.

CASE 2 : u <O

we then set H = o e ¢} >0 (3.112)
cr
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and the stability condition (3.110) becomes equivalent to

0 <0, . (3.113)

o=0.. being the critical situation. Moreover with u replaced by (3.112),
(3.111) becomes equivalent to

1 pq (1) _(1)
2 IR cmn Y mn Y Pq dRa

o = min 2, (3.114)

cr
-1 (2)
2 [R S ¥ m dRa

a

and the determination of the critical load parameter has been turned into
an eigenvalue problem. The presence of the minus sign in the denominator
accounts for the fact that positive values of 0. are normally associated
with compressive stresses, If Or as.determined by (3.114) turns out to

be negative, Op =~ az, it is easily found that az = u as given by (3.111),
Hence, while (3.113) becomes meaningless, we are in a case of unconditional
stability.

With due consideration to the simplified expressions (3.108), the Euler
equations and natural boundary conditions to be satisfied by the critical

disturbances of problem (3.114) are

Dm Tmi =0 in Ra (3.115)

1m T;=0 where Py specified on 3Ra> (3.116)
- P4 ~ ~

Tmi c i Dp uq + Oy Smn Dn g, (3.117).

3.2.4. The equilibrium configuration as reference configuration

Up to now the unstressed configuration was used as initial or refe-
rence configuratioh; The stability anélysis can however also bevcarried
out by choosing the actual equilibrium configuration to be tested as refe-
rence. This may present some advantages when the prevailing state of stress
is not due to extérnal loading but to interhal reasons like thermal effects
or self-stressing. To be clear it is necessary to distinguish between the

original cartesian coordinates a, of the particles and their coordinates

i
at equilibrium
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xiaa

(-]
i + u i (aj) (30118)
Note that x°i is not to be confused here with an eulerian coordinate but
represents a new lagrangian coordinate that will be used in formulating
the stability analysis. Hence (3.,118) is in the nature of a change of
lagrangian coordinates. Then with the notation 9

incurred in a disturbance ¢ Gi (xg) from the equilibrium configuration

(= a/axi, the strains

are given by

2

an €2 (am n + an um) + 2 am Yy an ui
or, to prepare further calculations,

s mes® L @ (3.119)

m ¢ P m "2 mn ¢
with B m =3 (Bm 1 + an um) (3.120)

(2 _ . o . s
8 mn am ui an ui

The energy per unit volume in the new reference configuration is denoted

by wx and will be a function of the strains (3.,119), From a Maclaurin

expansion
aw 32w
wx = wox * an (aex ) + %'an qu (38 = 9B )
m . mn Pd o

The stresses defined as partial derivatives of the energy will be

awx 32Wx

o (—-) +B ( )
9 9 ]

mn an . P4q B qu .

Substitution of (3.119) into

S ° l.rq
w:c W X to mn an * 2 Emn an qu
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and grouping of powers ing yields

W = w° + € (o° B(l)) + e ( qu (1) (1)
*x mn - mn m ®m ® pq

Lo 5(2)
*2%m mn) T

Since the new reference configuration is in equilibrium, the first varia-

tion of the total potential vanishes under all kinematically admissible

disturbances and we easily obtain the equilibrium equations

where i; and a; are the prescribed applied forces described in the new
geometry and n, the direction cosines of the outward normal to the new
boundary surface aRx. The stability criterion is now

1 pq (1) (1) (2)
2IR(E B B +mnm)dR>o

X

It bears very close ressemblance to the old form and can in fact be shown
to be identical if due account is taken of all effects due to the change
(3:118) in lagrangian coordinates. It has apparently the advantage that
the expressions (3.120)of the first order strains are simpler than their
counterpart (3.93) and analogous to their simplified values (3,108)., In
general however this advantage is more than offset by the necessity to
apply the boundary conditions to a distorted configuration,

In the case discussed under 3.2,3. where the linear elasticity approxima-
tion is adequate to follow the equilibrium path up to a critical situation,
both formulations of the stability problem are identical. In the first for-
mulation the first order strains can be approximated by (3.108), in the
second one may simply ignore the change in lagrangian coordinates and

perform all operations on the unstressed configuration.

~
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3.2.5. Stability of membrane loaded flat plates

The assumptions are that the plate structure is perfectly symmetri-

cal with respect to the middle plane a, = O and similarly for the applied

3
set of external loads and kinematical boundary conditions. Then we are in

a case where, provided we remain in the elastic range of material behavior,
(3,107) and (3.108) are valid to determine the set of equilibrium stresses,

(1)

The energy density W has the classical structure of linear elasticity

in the perturbation displacements ﬁi' Moreover, because of the assumed sym-

metry, it must be independant of a change of orientation of the a, axis.
Only y(ig and y(;g do change sign with the substitution - a, for ass hence

(¢))

in the quadratic form W those strains are not coupled with the other
ones and the quadratic form is a sum of two independant positive definite
forms in each group of variables :

v @) (1) (1) 1) 1

1
W s 6 v v e v a6 PG can

In order to establish with mathematical accuracy the considerable simplifi-

cations that can be introduced in the stability criterion, it will be suffi-
cient to introduce the simplest assumptions on the structure of the pertur-

bation displacement field : '

G =vy @y 3)) + a5 0 (3, ay)
G, =v, (al, az) +aja, (al, a2) ] (3.122)
ﬁ3 =w (al, az)

They produce the following strains

1)

Y33 =Dy Uy=0
W -y s o
Y109 =D vy vaz Dy
(3.123)
(1) = 4 =
Y g2 =Dy Uy =Dy v, +a;D, a,
W _ . . .
2Y439=D) G +D, 4 = (D) o, +D,a;)ay
+ (Dl V2 + D2 vl)
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(1) - -~ -~
2y 13 D1 u3 + D3 u1 al + D1 w

(3.124)

1)= -~ -~
93 =Dy Uy #+ Dy U, =0, +Dyw

ZY(

Integration across the thickness 2h(al, az) of the plate, induces uncoupling

of terms due to their even or aodd dependance on ag @

h
J B d33 = Bv (Dlvl, D2v2, Dlv2 + DZVI)
=h
+ Ba (Dlal, Dzaz, Dla2 + D2a1) (3.125)

h

J A da W, O
=h

Similarly we assume that the equilibrium membrane stresses have the follo-

= K (al +D + DZW) (3.126)

3 1 2

wing simple structure

-] (-] . o
§°11 (@10 3)) $°12 (a5 2)) s%9p (a0 3y)

whence that part of the stability criterion that depends on the equili-

brium stresses reduces to the volume integral of

0 (2) (2)

o o (2)
11711512712

1 1
78 Y2522 Y2

where, in accordance with the previous assumptions,

) _ 2 2 2
Y1 (Dlv1 + a, D1 al) + (D1 v, + a, D1 az) + (Dlw)
Y(Z) = (D,v, + a, D, a )2 + D, v, +a,D,a )2 + (D w)2

22 21 37271 2 "2 3 72 2 2
Y(Z) = (D,v, + a \5 a )(D v, + a, D, a)+(D,v, + a,D.a,)
21 1’1 37171 21 37271 12 37172

(DZY2 + a, D2 a2)+(D1w)(D2w)

Again, integration across the thickness of the plate produces uncoupling

of terms
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.
l -] 2) -] (2) o (2)
zj [311 Y2 ee, v ey, v | de

=h
=S +S + 8§ (3.127)
v o w
where S =hs?°. { (D,v )2 + (D,v )2 } +2s°.h
v 11 11 1°2 12
{ D,v,D,v, + D.v.D,v, } + s°,.h { (D,v )2+(D v )2 }
117271 12272 22 21 2°2
(3.128)
1.3, 2 2, .2 .3,
Sy =3 h'sy; { (Dlal) +(D102) } o+ 3 h’s°,

1.3, 2 2
{ Dlu1D201+D1a2D2a2 } + 3 h™s 92 { (Dzal) +(D2a2) }

= (-] 2 (-] [ 2
Sw h s 11 (Dlw) + 2h s 12 Dlw Dzw + hs 22(D2w)

The general stability criterion (3.98) thus assumes the form

IJ (Bv + Sv) da1 da2 + JJ (Ba + Sa) da1 da2
+ “ (K + Sw) da1 da2 >0 (3.129)

where the integrals are extended over the area of the plate.

The first term depends only on the "in plane" perturbations v, and ) and
is decoupled from the other two. It will now be shown that this first term
can be canceled because its contribution is always positive,

We first examine the particular case of in plane perturbations only where

D1 v1 =0 D2 v2 = 0 D1 v2 + D2 v1 =0

and consequently Bv = 0, The in plane perturbation field is then of rigid

body type

v1 = b1 -w a2 . v2 = b2 + w a1

and the contribution of Sv to the criterion is, after computation, found
to be

= 2 [-] (-]
JJ Sv da1 da2 w IJ h(s 1 +s 22) da1 d32 .
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Should this be negative, the criterion would be violated at any load level
and the problem would not make sense. This case must be ruled out, either
because the kinematical boundary conditions do not allow the small rigid
body rotation w, or, as we shall see, by a condition imposed on the exter-
nal loads. Indeed, the equilibrium equations

h
o ° =
D1 (2hs 11) + D2 (2hs 12) + J Al da'3 0

_ -h
D, (2hs®,.) + D, (2hs®,,) + h A da, =0
1 12 2 22 N 2 3

multiplied respectively by a; and a, added and integrated over the area
of the plate, yield

2 IJ { a, D1 (h s°11) +a; D2 (h s 12) + a, D1 (h s 12)
° } da, da, = h A+ aA)
+a, D, (hs®))) } da da, '”J (aA) + a4,

-h

da da2 da

1 3

Transforming the left-hand side by integration by parts and noting that

h
° o = -
2 h (21 s 11 + 22 s 12) I p1 da3
=h
° ° = oy
2 h (21 $°12 + 12 s 22) Jh P, da3

-h
(-] o
there comes 2 j[ h(s 11 + s 22) dal da2

h U h - -
= JJI (a1A1+a2A2)dal da2 da3+ ¢>A(a1p1+a2p2)da3 ds
N - (3.130)

and the stability condition in the absence of kinematical boundary condi-
tions is that the imposed 1loads give a positive Qalue to the right-hand
side of this equation.

Returning now to the general case where all the in plane strains D1 Vis

D2 vy and D1 v, + D2 v, are not zero, the contribution from Bv is positive,
It can be counterbalanced by a negative contribution from Sv only if there
are equilibrium stresses of appropiate sign and of an order of magnitude

equal to that of the elastic in plane moduli. Thus some of the corresponding
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equilibrium strains would have to be of an order of magnitude equal to
unity, contradicting assumptions (3.107). The contribution of the first
term in (3.,129) is thus positive in any case and the criterion can be re-

duced to the one
JJ (Ba + Sa) da1 da2 + JJ (K + Sw) da1 da2 >0 (3.131)

involving only the skew symmetric disturbances ajp @ and w.

2
In a similar manner it will now be shown that the contribution from Sa

may be disregarded. Again consider first the special case where

D1a1=0 D2a2=0 D1a2+D2a1‘0

so that Ba = 0, The disturbance field is now of the form

4, =a, (c1 - ¢ az) 4, = a, (c2 + ¢a1)
and represents rigid body motions of sheets parallel to the middle plane.
The contribution from Sa can be worked out as due to the twist ¢ between

sheets only
1.2 3, °
3 [ JI h™ (s 11 +s 22) da1 dazl (3.132)

and will be compared to the contribution from K. To this purpose we take
a typical form of K
1

2 2
K E-G 2h (al + az)

where G is an average shear modulus between the sheets. Then

JJ K da1 da2 = G IJ {h (c1 - ¢ az)2

2
+h (c2 + ¢ al) } da1 da2

The minimum of this for a twist ¢ is found by adjusting < and c, so that
the center of twist is located at the center of gravity of the middle

plane. The cartesian axes have their origin at this center if
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IJ h al da1 da2 =0 JI h az dal da2 =0 .

The minimal contribution is then

: 2 2 2
JJ;K da1 da2 ¢ G IJ h (a1 + az) da1 da2

This is positive and much larger than (3.,132). In fact, if s denotes the
order of magnitude of an equilibrium stress, h the average half thickness

of the plate and p the radius of gyration of the middle plane

2 2 _= 2
JI h (a1 + az) da1 da2 = h p~ Area
the ratio of the two terms is

(11_)2 <<1 .

1
3 P

2] [

Thus the contribution from Sa is negligible compared to that of K.

In the case that the strains D1 ey D2 a, and D1 o, + D2 o, are not all
zero, the same arguments as between Sv and Bv show that the contribution
from Sa can be neglected before that of Ba'

The stability criterion thus finally reduces to

]J (K + Ba + Sw) dal da2 > 0 ( (3.133)
K + Ba is in f.ct any of the classical flexure energies per unit plate
area including shearing deformations. Under the Kirchhoff hypothesis we

would have furthermore

o + D1 w=20 ay + D2 w=20

so that the shearing energy K would disappear also, and the flexure ener-
gy Bu would be classically expressed in terms of the second derivatives
2 2

D1 W, D2 W, D1 D2 w of the transverse disturbance,

3.2,6. Other derivations of the plate stability criterion

Another method for deriving the plate stability criterion makes
use of the equilibrium configuration as reference configuration; our

lagrangian coordinates are here the<x°i. The criterion states that the
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increase in strain energy due to a kinematically admissible disturbance
must be larger than the additional work performed by the external loads.,

Consider then a transverse disturbance field

= (] o - (-] (-]
u = ea; o (x 10 X 2) u, = €aya, (x 10 ¥ 2)

= (-] [-] = o
u, ew (x 1 X 2) (note that a; = x 3)

The in plane components vanish in the middle plane a; = 0 so that no addi-
tional work is performed by the external in plane loads. It will however be
seen that the additional strain energy is not neccessarily positive and
that the stability criterion requiring it to be positive is meaning ful. A
first part of the additional strain energy is the bending energy (it is not
coupled to the membrane energy). |

Neglecting terms of order 54 it can be calculated from the linearized strain

measures

€11 9 U "€ 333, 0) €y, =) u, e agd,aq

260, =3y uy + 3, u =eay () 0y +3) 0

2e13 = 31 u, + 33 u =e¢ (a1 + 31 w)

2€,, = € (a2 + 32 w)

23
and will be denoted by ez B. B is in fact the equivalent in the equilibrium
configuration of our (Ba + K) da, da, of section 3.2.5.

1 72

Although the linearized in plane strains vanish for a, = 0, the exact mem-

3
brane strains induced by the disturbance field do not. In fact the membrare

strains calculated from the Green strain measures are easily found to be

1 2 2 1 2 2
Y].]. 'i' € (aIW) 722 - E € (32w)
2 @y =0

1
712 = 2 € 31 w 62 w

Those strains are easily seen to be additive to the equilibrium strains
YoaB' because they are induced by a displacement component that is absent

in the equilibrium strains. Thus the new value of the membrane energy
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would be (the greek summation indices run from 1 to 2)

1 A o 12 ‘ o 12
5 IJ EaB (YaB + 5 € Bu w BB w)(YAu + 3¢ axwauw)dx1 dx2

Or, neglecting again term of order 54, an additional membrane strain energy

(interference energy) of order ez appears equal to

Zl Au ° o
€ 3 jJ EaB (YaB ax w 3u w o+ qu 3a w 3B w) dx1 dx2 .

or, using the symmetry properties of the elastic moduli,

21 AU o
€ 3 JJ EaB qu aa w BB w dx1 dx2

2
=c

=

o
IJ o] B 3a w 38 w dx1 dx2

Thus, if there are compressive equilibrium stresses, the transverse displa-
cement w can actually relieve the membrane strain energy. If this energy
release is higher than the bending energy, the stability criterion is viola-
ted. This means in general that the plate will "bifurcate" in a new stable
equilibrium configuration involving bending. As a matter of fact the stabi-
lity criterion that has been found 1is, after suppression of the factor ez

1

1 °
o+ 2 IJ oaB 3a w BB w dx1 dx%‘> 0 (3.134)

completely analogous to (3.133)., It becomes identical to it when, as was
shown to be licit, one ignores the change in metric induced by the change
(3.118 ) of lagrangian coordinates.

This new derivation of the simplified stability criterion for plates cer-
tain ly showns it to be neccessary. But, inasmuch as it ignores other types
of disturbances, it does not prove it to be sufficient, although engineering
intuition is perhaps enough to convince that the addition of displacement
disturbances of membrane type is necessarily stabilizing.

It is rather amusing to record how, by adding in fact displacement distur-
bances of membrane type, Timoshenko (3;10 ) obtains the same criterion by
a devious way. Since the transverse disturbance produces membrane strains,

and v,. We should

let us cancel them by suitable membrane displacements vy 2

then have that

1 2,1
31 v]. + 2 (al vl) + -2- (alvz)z +-]é-€2 (31 w)z =0
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2

! 1 2 1 2 2 _
0y vy + 7 Qv+ 5 Gy v)) " +5en (B, W) =0

2
31 vy + 32 v1 + 31 v1 32 v1 + 31 v, 82 v, + € 31 w 32 w=20

However it is accurate enough to write

1 2 2 1 2 2
31 vy=-3¢ (31 w) 32 v, = =3¢ (32 w)
(3.135)
2
31 v, + 32 vy -.€ 31 w 32 w
since it appears from this that the neglected terms are of order 34. To be
quite precise it is necessary to recall that the material rotation
31 v, - 32 vy is of the same order of magnitude as the linearized strains,

so that all gradients aa v, are of the same order,

]
So doing, the additional membrane energy is now canceled and the additional

energy in the criterion consists of eZB alone, However we have now introdu-

ced an additional work performed by the external loads
T= [J (&) vy + Xy vy dx dx) + }kp1 vy ¥ Py V) ds
and the stability criterion is now

2B >T (3.136)

In the expression for T we substitute from the equilibrium equations

= - (-] - o Z - o - o
X 9 911 " 3% 91 X, 9) 9712 = 9 9y,
; =n ¢° +n, ¢° T = ° °

1171 2y, Py =1y 0y ¥y 079y

and perform an integration by parts in the first term, then
= o (-]
T IJ (0% 9 vy * 0%, (v, + 3, vy
‘ (]
* 0%yp 9 vy }dxy dx,
or, using (3.135)

1 2
T s e .1
T > € JJ o] 8 9w 38 \ dx1 dx2 (3.137)
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Thus, when substituted into (3.136) we fall back again on (3.134),
In this way Timoshenko is able to introduce a potential energy of the ex-
ternal loads in the second variation of the energy, although it is by na-

ture absent in the general criterion (3.98).

3.2.7. Stability of axially loaded beams

Critical loads of space structures have been discussed in several
other publications (3.12,3.13 , 3;14)., Here the conditions of stability
are first derived from the general energy criterion in an attempt to
bring out clearly all the assumptions underlying the usual simplified ver-
sion of the stability analysis. In particular the reduction of torsidnal
rigidity due to axial stresses is taken into account; it is significant
when the members of a frame are of thin-walled open sections. This feature
has been investigated both analytically and experimentally (3.15,3.16 ,
3.17,3.18 ,3.19 ,3.20 ) and can be incorporated easily in a finite element
solution,

The first assumption is that a space frame member has a perfectly straight
axis of centroids and is perfectly axially loaded in the equilibrium

state, This restriction gives direct access to the critical point and
avoids the iterative or incr‘mental procedures that become necessary other-
wise (3.20). Instead of the notations of the general theory we shall use
here (x, y, z) for the lagrangian coardinates in the unstressed configura-
tion. The x axis is the line of centroids, the y and z axes are principal

of inertia in each cross section; thus

II y dy dz =0 II z dy dz = 0 II yz dy dz = 0 (3.138)

The disturbance field is resolved in terms of rigid body motions of each
czpss section (two translations ev(x) and ew(x) and a rotation e¢(x)
Gbout the (convected) x axis plus an axial disturbance field eu(x, y, 2z)
that is able to take into account axial translations, bending rotations

and warping. From the total displacement field

u, = u® (x) +eu (x, y, 2)
Ve =€V (x) +y (cos €ep = 1) - z sin €¢
w,=ew (x) +y siﬁ €e¢ + z (cos ¢ - 1)
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follows after expansion in powers of ¢

-~

G=u(x,y,2) V=v(x)=-2¢(x) @=w(x)+ys (x)

: . (30139)
In contrast to the assumptions of the general theory, eq. (3.91), there
are also ez and higher order terms in the displacement disturbances for
v, and w3 they have however no effect on the second variation,

t
We assume the following strain energy density

E G
W 2 5x 7 2 (v Y

=G Y

1. =2Gy¥Yy .. =G Yz Tyz vz

Xy xy Xz
and are related to an isotropic material together with the Saint Venant's
semi-inverse assumptions oy =0 o, = 0.

Calculation of the first order strains

é‘i’= 3G/5x = 2u/ox

Y(1)

¥ oG/9y + 3¥/ox = 3u/dy + v -z ¢

y(iia 3/9z + 3W/3x = Ju/Iz + w +y ¢

y(;;= 29/3z + 98/3y = 0O
(a dot denotes the derivative of functions of x alone), gives as first

term of the stability criterion

1 du, 2 ou  ° °.2
fl--z-J{E(ax) +G(g+v-z¢)
au L] ,02
+G (3; +w+y¢)” )} dx dy dz (3.,139)

The second term requires the determination of the coefficient of %-52 in

the axial Green strain measure
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duy o g 2 _1_'(&)2
9x

t t
w T2 Gx) t2 G 3
this turns out to be
(2)5;3-!2 L] 02 . 02
€y (ax) +(v=z¢) + (w+y9) .
The second term of the stability criterion is then

£, ‘%I { s(X)(\'I -z ;)2 + s(x)(t; +y ;)2 } dx dy dz
(3.140)

where s(x) stands for the axlal stress ¢° (x) at equilibrium and where
the term involving (3u/3x) has been neglected by comparison with the si-

milar one in f, because | s | << E.,

3.2.8. The contribution of warping to the critical disturbance

We wish to solve the problem up to its formulation in terms of
functions of x alone. To this effect the nature of the u(x, y, z) distur-
bance must be elwcidated. Since it concerns only the functional fl' we have

by taking variation of f1 with respect to this unknown function

du 3 du . ° d
I {E 2% % Su + G ( 3y +V -z ¢) 3y Su

+G(-§-‘zl+w+y¢)g—zsu}dxdydz-o

After integration by parts it turns out that u should satisfy the follo-
wing partial differential equation »

2 2 2

g2Y ., 28,2y (3.141)
2 2 2
ax oy 9z

the lateral boundary condition

Ju (30142)

3n+—1(v-z¢)+—n(w+y¢)=o

where (3y/9n, 3z/3n) are the direction cosines of the outward normal to

the cross-sectional boundary, and the end conditions

gg»éu =0 inx =0 and x=1 (3.143)
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The lateral boundary condition, which expresses tangency of the shear

stresses, suggests that we set

u--'yv’-ZW+¢X(y,z)+w(x,y,z) (3.144)

The warping function X would then satisfy

2 2
AX,3X_, © (3.145)
ayz 3z2
X,y _ 02
with . 52 - % 3n Y 3a (3.146)

while the "residual" warping function w would satisfy

2 2 2
E2L 40 Bl el cEy v+ B2 -XEF  (3.147)

axz ay2 azz
with 3w/3n = 0 (3.148)

In (3.144) the first two terms represent rotation of the cross-sections
that keep then orthogonal to the neutral fiber, X (y, z) will be later
recognized as the free Saint-Venant warping under twist. From (3.147) it
appears that the”residual warping is induced by the rates of change of
curvature and by the third derivative of the torsion.

At this stage it might be possible to further amplify the definition of
warping by introducing transverse shear warping functions B (y, z) and

C (y, z) and a secondary warping function under twist A (y, z) satisfying

differential équations and boundary conditions like

2 2 2 2

e i N I - S
dy 9z dy 0z
2 2

c(a—‘;a,a—‘;)-r.x
9y 9z

aB/an = 0 a¢/on = O

9A/9n = 0

Then setting w =¥ B + WC - § A
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One would satisfy (3.147) and (3.148) except for terms involving the
fifth derivative of v, w and ¢.
In what follows we will be satisfied with the approximation that neglects

the residual warping w. Then introducing the moments of inertia

2 2
Iy = II y dy d=z Iz = JJ z dy dz ,

the polar moment of inertia
I =1 +1I »
Py z

the cross-sectional area

ae [ o o ,

the integrals over the torsional warping function

P = JJ X2 dy dz Q= IJ Xy dy dz R = IJ Xz dy dz

(3.149),
and the free torsional rigidity
X 2 X 2
J JJ { 3y " z)" + 65; +y)" }dy dz (3.150),

the stability criterion appears in a form involving only functionals over
functions of x alone
.2

"Eq 02e1 02ergto2n0B-2R0% 4
2 O Y L @ ) ¥ W X

L [ ] L L] [ ] L]
+I %Jézdx-&f %(Av2+Aw2_+Ip¢2)dx>0

0 0 (3.151)

For ¢ = 0, w = 0, s(x) = s constant, E Iy = E I constant and A constant,

this turns into the classical stability condition for the Euler strut

L L .
%L j VZ dx + %é'J v2 dx > 0

For v=0, w = 0, P, J and Ip constant, one has the purely torsional

buckling problem
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2 2 2
0 o) 0

L L . sl L
Ep J 32 dx + & J ¢2vdx + ——B-I ¢2 dx >0

If one deals with a massive cross section or a box beam, J is of the

same order of magnitude as Ip so that in the elastic range where | s| << G,
the criterion for pure torsion is always satisfied. For the same reason
the last term of the last integral in (3.151) caa be dropped in the
general problem. It is only for thin-walled open sections that the order
of magnitude of J becomes so small that purely'totsional buckling is a
possibility.

The P term takes approximately into account the restraints against tor-
sional warping due to end conditions and changes in the rate of twist
presented by the critical disturbance. For instance if the section x = O
is not allowed to warp, the kinematical boundary condition ; ) =0

must be applied. This condition is $(0) = O if it is free to warp.

We shall now investigate the significance of the § and R terms that
produce coupling between bending and torsion apart from the coupling that
could accrue from the end conditions.

It will be necessary therefore to recapitulate briefly the properties of
the torsional warping function X (y, z) by reference to the de Saint-

Venant torsion problem (3.21).
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3.2.9. The torsional warping function and the flexure-torsion center

In the Barré de Saint-Venant torsion pfoblem all quantities are
independant of x, all stresses are zero except for Txy and Tz The
twist rate 9 being constant, one usually introduces the Prandtl torsion

function O(Y z) in order to free the equilibrium equations in volume

. 20 oo 20

The complementary energy is then

S (et e a - e | [(%3)2+<§§)2]dy .

Setting the displacements v = O and w = O in section x = O and
v==L6z w=+L®6yin the end section x = L , the complementary

potential energy is

2 90 30
- JJ ("Lez'txy + Le}"rxz)dydz LG JI (y-a? + z az)dydz

The total complementary energy (divided by the constant LGez)

90,2 90,2 90 90 .
[ ( ) ( > -5;*'232] dydz min

should be minimum under the additional assumption that the surface

equilibrium condition

=3y . L3z = : .
£ Txy + mez on xy an sz 0 (3.153)

be satisfied along the outward limiting contour o and along the inner

contours ¢y of inside cavities, if the section is multiply-connected.

s A ., 22 ST A A .
ince v + 58 v - _ (3.154)

and in view of (3.152), this is equivalent to requiring

— =0 along o and ¢y

Without loss of generality one can take
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©o=0 along c

0
0= a unknown constant along ¢ (3.1555
The minimization of (3.153) produces the Euler equation
2 2
20,38 ,7a.9 (3.156)
3y2 822

and the natural conditions stemming from the variation of the unknown.

constants ai

3 2 + z2
L (e+I—=>-)a =0 (3.157)
on 2
¢y .
Altogether (3.156), (3.155) and (3.157) determine uniquely the Prandtl
torsion function. Its relation with the warping function X (y, z) under

torsion about the x axis is obtained by considering the displacements

u = 60X v = - xz6 w = + xy0 (3.158)

and computing the stresses

du v Ju ow
Txy ¢ (3y ¥ Bx) Txz ¢ (Bz * Bx)
Comparison with (3.152) yields
90 _ X 30 _ aX
- 3y - bz +y 52 5y -z (3.159)

Those equations are easily put in the form of Cauchy-Riemann

2 2 2.2
2{_3_3__ L_"’_Z 31{.:-8_ & \
3y - 3z ( o+ > ) 5z 5y (© + 5 ) (3.159)
and (3.156) follows by elimination of X, while we obtain (3.145) by eli-
mination of 0 ., Also, multiplying (3.159)' respectively by dy/9n and
9z/9n, adding and using (3.154)

X _3, 3y _ . 2

on 3s *%n Y om along ¢, and ¢,
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This reduces to (3.146) since © is constant along the contours, Finally

multiplying the same equations by %ﬁland - %ﬁ and adding

2 2
9 y *rtz __3X
3 (O P
Hence conditions (3.157) are transformed into the univalueéd ness condi-

tions fbr the axial displacement

9s
¢y

J Xgs=0 (3.160)
If the torsion takes place about the axis y = Yor 2 = 2 the warping
of the cross-section is modified by addition of a rigid body motion

*— -
X =X LR + Yo 2

this is easily verified by replacing (3.158) by

uaex* va-x(z-zo)e w=x(y-yo)9

The actual position (yo, zo) of the torsion center under a built in end

condition u = O was defined by Weinstein (3.23) as furnishing a least

square property

II (X - z, ¥ + Yo z)2 dy dz minimum (3.161)

With due consideration to the assumptions (3.138) and definitions (3.149)
it gives

Q=12,1 R =- Yo Iz (3.162)

Which relate Q and *R to the "built in" center of torsion, and also
determine implicitly the arbitrary axial translation contained in X.

The Weinstein definition may look somewhat arbitrary, it is however ba-
cked up by the faét that the same center is obtained as flexure center,
that is as the locus where shear forces are to be applied to obtain fle-
xure without torsion (3.21). Our definition of flexure without torsion is
not the unhappy one of Timoshenko (3.22), that gave rise to so many mis-
understandings, but that of Trefftz (3.24) whose object was to make

flexure and torsion energies additive., Thus if ?xy and ?xz denote the

shear stresses due to flexure and ( 3.152) those due to torsion, the
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condition of additivity is the vanishing of the interference energy

” (‘%xy-g-f-‘ixz-gf) dy dz = 0 (3.163)

Integration by parts

2z 3y a?xz a?x
~ - -~ d + - - =
J (Txy on  'xz an)0 s IJ G e -?Ego dydz = 0
CO'CI
Consideration of (3.,154) and of
3T 3T ~ "
xz _ " xy 3 (oW _ v 3 -
— - A0 e (e = =) = ——
3y 3z ax (ay az) 26 ax “x
modify this to read
- o(r, dy + T__ dz) + 2G 4 oW dydz=0
) Xy Xz dx X

Now, considering (3.155), the first term generates the quantities

3T 3T
2 gy +3 dz = Xz _ _ xy
[ Exy T Txg 92 JJ ( ay k4 ) dydz
Ci Q

i

d -

ZGH IJ wxdydz
i

where due account was taken of the negative sense of description of the

contours c around the inner cavities Q) within which the displacement

field ¥V and & is analytically defined. The condition of additivity of the

flexure and torsion energies can thus be placed in a kinematical form

discovered by Fraeijs de Veubeke (3.21)

IJ e} ﬁx dydz = 0 (3.164)
Q
the integral being extended to the whole domain  limited by S and where

0= o, inside the cavity @

i
D=0 elsewhere,
The Timoshenko condition corresponds to

=0 inside the cavities

=1 elsewhere,
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Using (3.159), condition (3.163) is also

.. . X . . X
JJ (y Tz = 2 Txy) dy dz + JI (Txy 3y * i, az)dy dz =0

The first term is’ the moment M of shear stresses with respect to the
origin; the second will be modified by integration by parts

- - a 9y .=~ 232z
M I (Txy on + sz an) X ds
CyeCy
a?x a?xz
+”x(—1+—-)dydz

The contour integrals vanish by virtue of (3.153), the surface integral

can be calculated by reference to the axial equilibrium equation

3T 9T a8 T T
Xy, Xz ___X__JY,__2
oy 9z ox Iy Iz

where the variation of the axial stress distribution is expressed in

terms of the shear loads Ty and Tz. Thus

T T
M= - Tx JI Xydydz - -z-JJ X z dy dz

I
y z

or, introducing the coordinates of Weinstein's center of torsion (3.162),

M= - z, Ty + Yo Tz

showning that this point is also the center of flexure,
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CHAPTER IV

NON-LINEAR SHELL THEORY




4. NON-~ LINEAR THEORY OF SHELLS.

1. Coordinate system.

We begin by considering a shell to derive from a flat plate through a
finite geometrical transformation, Let xi (L =1, 2, 3) denote cartesian
coordinates of a point in the flat plate configuration, x3 = 0 being the
middle Pl;ne, In the shell configuration the same point has cartesian coor~
curvilinear coordinates for the shell. From the position vector of a point
of the shell

dinates y (xl, xz, x3). We can conceive the xi as lagrangian or convective

t - ye
where e, are the cartesian base vectors, follows the definition of the base
i

vectors assoclated with the curvilinear coordinates
2. =D2=(yh 2 D =2
j j j i

and the corresponding fundamental metric tensor

i n-> > i i
3jm. Djy Dmy ei°en Djy Dmy
A considerable simplification of the aﬁalysis will be obtained by requiring
that the base vector §3 remains everywhere orthogonal to gi and Eé.

This condition, expressed by

11 ~
‘ 83(! D3y D(ly 0 (o=1, 2) ) (1.1)

can be satisfied by adopting the following structure for the geometrical

transformation of coordinates

i

S P00 S SO

plxl, x?) (1.2)

and setting

pt (Dari +x Dabi) =0 (@ =1, 2) (1.3)

Since this should hold for all x3 values within the thickness boundaries

of the shell, we must have separately
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pl Dari =0 (a =1, 2) (1.4)

bl Dabi =0 (a =1, 2) (1.5)

The general solution of (l.4), considered as a linear system in the bi, is

i

b 0.5 ¢ @&, %9 (1.6)

= (o4 P17 Dy

where eijk is the permutation symbol and c (xl, xz)_an arbitrary function.
Simultaneously (1.5) requires

i

=b b1 = constant 1.7)

833
Without sacrificing generality, the constant can be set equal to unity.
Then, substitution of (1.6) into (1l.7) determines the function ¢ through
the equation
q

rj D tk D rp

2
1 =c" ejik ®1pq D1F Dof Dyr Dor

- 2 2 P q q _ P q p q
c (Dlr Dlr D,r D2r Dlr Dlr D,r" D,r’)

In conclusion the functions bi are éompletély determined by the geometrical
transformation yi = ri (xl. xz) of the middle plane of the plate into the
middle surface of the shell. This derivation justifies the classical choice
of curvilinear coordinates for shells :

R RS I T S (1.8)
where ; is the position vector of a middle surface point, and where 33 can

be chosen such. that

a T=0 =1, 2 1

ay . Dar (@ =1, 2) (1.9)
> -> _

33 . a3 =1 (1.10)

2. Base vectors for surface and space tensors.

In what follows the greek letter indices will always refer to the surface
curvilinear coordinates xl and x2, the latin indices to the complete set of
space curvilinear coordinates xl, x2 and x3.

170



The base vectors, tangent to the middle plane x3 = 0, are given by
-> > .
a = Dar (2.1)

They generate the surface metric tensor

> >
38 ° %" % 7 % (2.2)
and are the coefficients of the first fundamental form
at.df = a , ax® dx? (2.3)
The conjugate base vectors a" are related by
;B = aa83° or ZG.EY = 6: (Kronecker symbol) (2.4)

and generate the conjugate surface metric tensor
a,mB = Z“.:B (2.5)

The surface metric tensors are used to raise or lower indices of surface

tensors.
The determinant of the surface metric will be denoted

aB a
The first fundamental form being positive definite a is a positive quantity.
Let eaB

- a
one strict component €19 € (521 = -¢ ), Hence if e ©

aaB

(2.6)

denote a twice covariant antisymmetric surface tensor, it has only

B denotes the

corresponding permutation symbol(e12 =1, ez‘1 = -], e = ey = 0) we have

EB'Ee

a aB

The twice contravariant components of this tensor are related by

= YH o YH
€8 aaY aBu € (aay aBu e'No

where o is the strict component of e™ (o = elz). The quantity between bra-

ckets is e _a. Hence, comparing the two expressions of ¢

aB aB

€ =0 a (2.7)

Further we have

a
eBe =oeea8

aB eaB = 20¢
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and since this is obviously invariant, it can be equated to a fixed quantity.
From the invariant ge =x and (2.7) we conclude that all antisymmetric second

order surface tensors are of the form

c Y eaB - _eaB
aB aB a

where a is the determinant of the surface metric tensor. The usual e~

tensor for the surface corresponds to the choice x = 1 :

€15 = Ja (2.8)

aB Ba

edB = _GBG 612 = 1/ /-a-

Like the space metric tensor it enjoys the property that its twice covariant

and twice contravariant representations are reciprocal : eaB EBY = 6: .
The unit vector 33 = 33 being normal to the surface

> 0 _ > 2> > >

aj.a 0 a3.aa 0 ajea, 1 (2.9)
It can be defined by

> al > > > > > !

= = .0
a3 =€ a x 3 a, xag=c¢e . a, (2.10)

as 1s easily verified by scalar multiplication by 3& and 35.

Turning now to the base vectors for space tensors, they are defined by
g, = DR (2.11)

In view of (1.8) they are related to the surface base vectors through the

following equations

-+ > 3 -+

g, au + x Daa3 (2.12)
-+ -

83 % 33

and generate the fundamental metric tensor
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> > 3 3.2 .
By*8g " 843 = 3,5 2x baB +_(x ) L (2,13)
> > . .

By'B3 = By3 = 0 (2.14)
> >

33083 = 833 =1 (2.15)

(2.14) and (2.15) follow directly from (2.9). (2.13) contains the definitions

of the following, obviously symmetric, surface tensors

- > > > )
=2, = 3;°Dgd3 * 25D 2, (2.16)

> >
B Daa3.DBa3 (2.17)

Simpler formulas for the first are obtained by transformations such as

Zx’m.l)BTaT3 = DS(&’G.?%) -3 DBEQ =-3;. DBZa
justified by (2.9) and also

DB;a = DBDa? =03, | (2.18)
there comes

Pag = 3y« Dgiy = - 3, « Dghy (2:19)

The elements of this tensor are the coefficients of the second fundamental
form

B

- dr o da, = b, dx® dx

3 af
They appear also when expressing the surface derivative of the unit normal
vector to the surface
>0
a

=S
D,a, = -b

823 a8 (2.20)

This formula is immediatly justified by (2.4), (2.9) and(2.19) when taking

scalar multiplication with the surface base vectors. Substituting (2,.20)

into (2.17) it is found that the coefficients of the third fundamental form
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day . ddy=c . ax®* dxP (2.21)

are expressible in terms of those of the second

c.=b b_a .3 =b b a€=>bb (2.22)
af Yo €8 Yya €B o €B

It is obvious from the geometrical signifiance of (2,20) or from its equiva-

lent formulation in mixed components,known as the differential equation of

Weingarten,

D333 = - bg za (2.23)

that the surface tensor generated by the second fundamental form characterizes
completely the curvature of the middle surface., With respect to a change of
curvilinear surface coordinates, the fundamental invariants of this tensor

are

H=L (2.24)
2 o

the so-called mean curvature, and

b (2.25)

eAu o B

the Gaussian curvature.

3. Covariant surface derivatives.

The surface Christoffel symbols are defined by the following decomposi-
tion of the derivatives with respect to the surface curvilinear coordinates

of the surface base vectors themselves :

o3
DEd =Y T + F (3.1)
B a rB a Y rB a 3

In view of (2.18) the Christoffel symbols are symmetrical with respect to

the lower subscripts. Scalar multiplication of (3.1) by 35 and consideration

>

of the orthogonality of a, with respect to the 3} and of (1.10) yields

03 >

+'=
I‘Ba’a « D a b (302)

3 B a aB
as shown by (2.19). Hence (3.1) will be replaced by

> '°y+
DBaa 2 uaY + baB 23 3.3)
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In this form it is known as the differential equation of Gauss. The remaining
Christoffel symbols can be calculated from the derivations of the fundamental
metric surface tensor. Indeed, scalar multiplication of (3.1) by ;; produces
°Y o

a .Da =T r
3¢ "Ba B avye Bea

However the left hand side is also

-»> -+ -»> > °
DB(ae . aa? a . DBae DBaea rBae
Hence by comparison,
r r 3.4
= + .
DBaea rBae rBea (3.4

+
uaBe raeB aBe
Combining those relations and using the symmetry properties of the Christoffel
symbols

- + = .
Dhaba DeadB DaaBe 2 rBea (3.3

In this formula, the central subscript can further be raised by multiplica-

tion by the reciprocal surface metric tensor aeY. producing

[
27 Y =Y @ - +D 6
rBa a (Baea DeaaB aaBe (3.6)
Consider now a vector defined on the middle surface
T = da(xl. x2) a o+ u3 (xl, x2) a
o 3
and calculate its surface derivative
Du= ()3 + (Mud) i + @D % + ud A
B B a B 3 B a B3
Substituting (2.23) and (3.3) and reorganizing the terms
-+ a > a. >
Du= (W| -b u3
QU (u ||B 8 u3) a + (DBuB + baB" ) a, (3.7)
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where

Q| o @, Y Za ,
u IIB DBu +u PB Y (3.8)

is, by definition, the covariant surface derivative of u®,

In a change of curvilinear coordinates on the middle surface, 33
> g 3 o
Bu, bBaa, DBu and baBu are obviously once

.’
covariant and the same must then be true for u°'||B a . Consequently

and u3 are invariant, D

uallB is a mixed surface tensor, _

Let us now look after a formula analogous to (3.1)for the surface
derivatives of the dual surface base vectors. Scalar multiplication
of (3.1) by at yields in view of (2.4) and (2.9)

°€=->€ > e _ > +¢=+ >g
FB S A DBaa Dséa a .. DBa a .+ Dga (3.9)
> € _ _ 7€ >

while a3 o DBa a . DBa3

or, considering (2.23)

> ** _.a > € _ L0 E _ L E
33 . DBa bB aa ¢« a bBGU bB (3010)
Finally (3.9) and (3.10) are equivalent to the required formula
D2 == 2% 4+pt 33 (3.11)
8 B a 8 ’

and use the-results (3.11) and (2.20) (33 = 33) there comes

) 3%+ (guy + 0%u) 23 (3.12)

Du= (u 3 8

B al|B - u3ba8

[

gl = r;auY (3.13)

where u“lIB =D u
is a twice covariant surface tensor : the covariant surface derivative
of u,. Equations (3.8) and (3.13) can be generalized to express the co-
variant surface derivative of a surface tensor of any order. Take the

particular case of the twice covariant fundamental metric tensor a_’
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o °
=D - Y - Y
aea”B Baea I‘B eaya I‘B aaey
This is equivalent to

(] ]
aeallB - DBaea rBae- I‘Bem. 0 (3.14)
by virtue of (3.4). This result is known as Ricci'g Lemga. The same result
is easily established by direct calculation for a and €aB* It shows
that those tensors behave as constants when calculating surface covariant
derivatives.
Another important result concerns the covariant surface differentiation of
the baB tensor. From direct application of (3.13)

b =Db T b =T1Fp (3.15)
aB| |y Y aB Yy aeB 'y B ae .

If we now differentiate (2.20) and use‘(3;11)

>0 % € 03
= - - - +
D DBa3 Dybaea baB ( ryea b )
the result can be put in the form
° 3
D Dgd; = - b a®-r®p 3%- a
Ba3 a8lvy * T Ty gae vs 2

The left-hand side and the two last terms of the right-hand side are symme-
trical with respect to the subscripts Bandy. The same must then be true of the
remaining term. This establishes the Mainardi-Codazzi equation

= . 6
ag Iy ™ Par] I8 010

Should we have started from (2.23) instead of (2.20) we would have obtained

€ = hE
bBIIY bYIIB (3.17)
That this 1s an equivalent formulation of the Mainardi-Codazzi equation is
obvious when (3.16) is multiplied by a®® and use made of Ricci's Lemma.

The Mainardi-Codazzi equation shows that the curvature tensor b , of a sur-
face imbedded in euclidean space is not independant of the surfgee metric,
From this viewpoint we should consider the system of differential equations

of Weingarten (2.23) and Gauss {3.3) and investigate all the integrability
conditions to be satisfied for the existence of a field of surface base vec-
tors. In this light the Mainardi-Codazzi equation appears as the integrability
condition for the unit normal vector.

The integrability conditions for the other base vectors is obtained by a
similar statement of symmetry of second differentials.

Differentiating (3.3) and repeating the use of (2.23) and (3.3)

o >
DD3 =({Dr% +T°F ¢ -b b %313
Y Ba { YBa rs a aBy } ¢
]
+ €E+Db a
{ bYe FB a DY aB} a
Considering the symmetry of the left-hand side, the brackets in the right-
hand side should also be symmetrical with respect to the interchange of B
and g« That this is true for the bracket of a, is immediately seen by substi-
tuting its second term from (3.15), producing™
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Oe Oe °€

+ +
baBllv rB a bye ry a bBe * ry‘B bae

While the group of the 3 last terms is clearly symmetrical with respect to
the interchange of Bandy , the same is true of the first term by virtue of
the Mainardi-Codazzi condition. The symmetry condition applied to the first
bracket ylelds after rearranging terms.

¢ _ % _ pt
aBbY baYbB R-ayB

¢ - °¢- °¢ °€°¢-°e°¢
where R'GYB DY PB a DB FY a+ PB e Ty e FY a PB e

b

(3.18)

depends only on the surface metric. Premultiplication by aaw. producing
V. ¢ V. ¢ ¥
b’ - = .
bB Y bY bB R"YB (3.19)

brings out clearly the antisymmetry with respect to the pair of upper and to
the pair of lower indices. As a consequence there is only one scalar condition
1.2 1.2 21

K b1 b2 - b2 b1 =R .21 (3.20)
This is celebrated equation discovered by Gauss from which it appears that
the Gaussian curvature depends on the surface metric only and is consequently
accessible to measurements made on the surface only. It appears here as the
second integrability condition placed on the curvature tensor baB'

4, Covariant space derivatives.

The space Christoffel symbols appear as the covariant or contravariant
components of derivatives of the space base vectors

> h - -h
= = 4,1
Dy 8 = Ty g8 =Tyy8 (4.1)
Since Dj §i = Dj Di R = Di §3 they are also symmetrical with respec; to
2 ¥y apeska

their first and last subscripts. Furthermore, from D 0,

we obtain

> -k >k -> >k -h kh k
gi.ng -g ‘ngi - thi g o8 - thig rj n

or equivalently,

D (4.2)

Then
_ > > = 2 > > > _
ngih = Dj (gi.gh) gi.Dj gh + gh‘ngi I’jih + I‘jhi (403)
from which follows by the same type of linear combinations as used in the
surface case?

=D (4.4)

2Tyin = Dy81n = Dy84n * Dndyy

rf =gt

jh jih

Consider now a space vector defined by its contravariant components

> i+
u=u g1
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Its derivative formulated by means of (4.1) is
-+ i > :
Dju=uly g (4.5)
i i i k .
where u Ij = Dyu + rj U (4.6)
is defined as the covariant space derivative of ui,aamixed*ﬁpace tensor,

The same vector defined by its covariant components u = W4 ylelds for the
same derivative, using (4.2)

> >k
Dju = uklj 8 (4.7)

with Y|y = Djuk - iji u (4.8)
The extension of formulas (4.6) and (4.8) to form covariant derivatives

of tensors of higher order is immediate.

Clearly, since (4.5) and (4.7) represent the same quantity, expanded first
in the system of covariant base vectors and later in the dual system, we
must have

i
“ely T Bkt ¥
However the left-hand side is also
i i i
(Beg WD) |y = Beg|y U * By lj

From the comparison and the arbitrariness of the vector : it can be concluded
that

This is Ricci's Lemma for the space case. Its direct computational proof
relies on (4.3)

m m
Binls = P38ih ~T5 1 8uh ~ 75 h Bim

=D 0

38th ~ Tyht = Tyn =
Let eijk = eijk denote the permutation symbol, equal to unity 1f ijk 1is
some even permutation of the sequence 123, to minus unity if the permutation

is odd , to zero for all other cases. Any completely antisymmetric tensor is
of the form

€13k T € ®1k

where e= 512 is the only strict component of the tensor. Similarly the
contravarianz form of this tensor will have a single strict component ¢

¢™P o ge™P g =el?

The relation between the covariant and contravariant forms

mp C - mnp
8mignjgpk o(e 5mignjgpk )

€ = ¢

13k
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becomes equivalent toe =0g, when the quantity between brackets is recogni-
zed as the expansion of the determinant g of the fundamental metric tensor

™P = e

8ni Bnj Bpk ~ 1jk 8
Furthermore the product of the strict components is easily recognized to be
an invariant

ge = -1‘ eijk €
6 1jk

All completely antisymmetric tensors of this type differ only by the value
of this invariant. For the choice oe = 1, corresponding to

€ = /E o=1/ /E
we have the usual definition of the space €- tensor :
- mp _ 1 mp
€4k g eijk € 75 e (4.,10)
An equivalent definition is
= > > > mp = m n -bp
€ 44k (gy x 3j)°3k € (8" g)eg (4.11)

justified by the complete antisymmetry of the mixed products and the fact

that when the base vectors are cartesian, g = 1 and (4.11) reduces effectively
to the permutation symbol.

In conjunction with (4.1) or (4.2) the expressions (4.11) are convenient to
compute derivatives of the € tensor.

D, € =@§ XE).E +@ xDE): +G “E .])'>
h ©1jk h81 ~ 85 kT 81T PpByleBy 1 8 “nBk
= Gy x BB+ Gy % B DE ¢ (B X B DR

m m m
®5km Th 1 * Ckim Th § * S1jm 'h k

This result is equivalent to stating that the e~tensor also obeys Ricci's
Lemma

(4.12)

In fact we need only consider the case { = 1, j = 2, k = 3, whence, retaining
only the non zero terms on the right hand side

2 3 m

*eq2Th 2 €123 Th3 = €123 o m (4.14)

1
Dpe1as = €231 Th 1
a result that will be useful later,

5. The structure of space metric in terms of surface metric for a shell,

Between space and surface base vectors exist the following relations
deduced from (2,12) and (2.23)

> B »
ga ua aB (5.1)
g = 23 (5.2)
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where although dependant on x3,

uB - GB - x3 P
(] a

[0 } (5.3)

i{s a mixed surface tensor, i.e. exhibiting the covariant and contravariant
behavior associated with a change of curvilinear coordinates on the surface.
The correspondant relations between metric tensors are

B A :
Bag = Yo Mg (5.4)

equivalent to (2.13)
Taking the determinant on both sides and noting that

g = Igij |= I%msl in view of (2.14) and (2.15)
2
g'ua (5.5)
where u= |u1| =1-2H x3 + (x3)2 K (5.6)
as is easily verified by direct expansion of this determinant from (5.3)
and consideration of the definitions (2.24) and (2.25). We also need the
tensor reciprocal to "I and denote it, following Naghdi, by
-18 _1_ B v_Ll, .8, 3.8 B
u - = o= b® = 2 H 07
(u )a Sy He T3 { Ga x ( . Ga)} (5.7)

Then from (5.1) in succession

“lja > _ B> _»
(u )Y 8, §” a a

y B Y
-lia +> - _ “lia e _ “lie _ =
(@ )Y 8, 8 (wu )Y GQ (u )Y aY &F and finally
-1
Fo=uEw (5.8)
+3 >3 Y+ >
while g =a (= a, = 33) (5.9)
The reciprocal space metric tensor becomes
gt = (u'l)s (u'l)i art (5.10)
£3=0 g =1 (5.11)

We now proceed to calculate the space Christoffel symbols :

Y = > -ba -IY* €
r, g = B .2'5 g (u )A 2 . 9: ( Mg 3 )
- ~ly A, e 2
(u )A {Da uB*'uB r, E}

Use was here made in succession of (5.1), (5.8) and (3.1) and (2.9).
The expression in brackets is modified to introduce the surface covariant
derivative

A ' A e A A% e
=D + -
uBII“ auB uB Fa € Me Pa B
This produces
rY' '(u-l)y AL X%e =%y -lyul
o B 2§ Msllat e r, 8 } T, 6 Cu N e
(5.12)



Finally, in view of (5.7) and (5.3) this can be placed in the form

3 3,2
Y oY X 3y pY,, LX) LY LA
l"a 8 .I'a 8~ T (1 -2Hx) bBHG T b)‘ bella (5.13)

where the dependence on x3 is more apparent. In particular, as the notation

suggested '
2y Y

r = (T )

a B a B x3 =0

Moreover the symmetry in the subscripts aandB is guaranteed by the Mainardi-

Codazzi condition (3.17).

Next calculate

3 >3 > >3 € >
r = . = .
«pg"8 DagB a Da ( uB ae)

Expanding the derivative and using the orthogonality between ;; and ;3,

3 e*3 , %A > > €
r, g = Vg 3 (T, 2 +b a3) = g b (5.14)
or, as explicit function of x3,
3 € 3.¢ 3
Pa g = bae ( 68- X bB) = baB - X ¢y, (5.15)

For PBa3 =r° we have

38
a _2 > _ o =liax Yy >, A -lia
or again as an explicit function of %
3 3
a 1 -2Hx a x A .o
FB3 -_u_—-bB-u_bB b)‘ (5.17)

Finally it is easily verified that the remaining space Christoffel symbols
vanish

o 3 3
I'3 3 0 l"3 8 0 I'3 3 =0 (5.18)

6. The .divergence operator and the divergence theorems.

The divergence theorem

! (n.a) ds =I div 2 dv (6.1)
s v

applied to a vector field a within a volume bounded by a simple closed
surface S, provides an intrinsic definition of the divergence operator

(n.a)ds
diva = lim J—S— (6.2)

dv -0 dv

that can be used to obtain its formulation in general curvilinear coordinates.
As elementary vglume1 we takf thg pafallelopiped built onthe three infinite-

simal vectors g, dx, g, dx", g, dx, issued from the point P where the diver
gence of the field is to be calCulated,
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The surface vector (§1 x Ez) dx1 dx2 proportional to the aera of one of the

facets of the parallelopiped through P, is oriented as the inward normal to
this facet. Hence the entering flux of a through this facet is

> -> 1 .2 i 3 1.2 » >, >
(8, x 8)) dx” dx” . (a” gy) = & dx dx" (8] x B,)e8,

1.2 3
dx” dx" a €123

The outgoing flux through the opposite facet is

1.2 3 1.2 .3 3
dx” dx~ a €123 * dx~ dx° dx D, (a 6123)

and the net contribution to the .outcoming flux is

1.2 .3 3
dx” dx~ dx D3 (a 5123)
Taking account of the analogous contributions from the two other pairs of
facets and dividing by the volume of the parallelopiped

1 2 3 > >\ > 1 2 3
dVv = dx~ dx dx (g1 x gz).g3 = dx dx  dx €123

the application of definition (6.2) yields

D (a1 €q0n)

div 2 = X .

€123
Expanding the derivative and using our previous result (4.14)

123

> i i m i
div a D1 a“+a'r,; =a |1 (6.3)

This allows to write the divergence theorem in the form

1 1
(n,a’) dS = v (644)
IS ni IVa li

where n, are the covariant components of the outward unit normal to the
surface., A similar result will prove to be useful for the flux Yf surggce gectors.
Let an elementary parallelogram be drawn from the vectors 31 dx~ and 22 dx

in a tangent plane to the middle surface of the shell, and let R=h 3&

be a vector field defined on this middle surface. We calculate the outgoing
flux _ »
v g ds, where 3 is the outward unit normal to the contour of the

parallelogram., Along the sidez1 dx1 the contribution 1is (31 x 33) dxl.
e 2 o oa.l w2 (2 >y 2> . 1.2

h aa dx” h (a1 x a3).a2 dx" h €19

where use was made of

-> -> -+
which is a direct consequence of (2.10), Adding the contribution from the
opposite side, the net result is 1.2

2
dx™ dx D2 (h 512)0
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Finally, adding the analogous contribution from the other pair of sides :

1,2 a > >
dx~ dx Da (h 512) = L v.,h ds (6.6)

The next result is a direct consequence of (2.23), (3.3) and (2.9) :
~ B

a ©12 €12 Ta g

It constitutes also the verification that € , obeys Ricci's Lerma for the
surface derivative. Substituted into (6.6) 2@ gives

B

D =D {(Z1 x Zz).Z3 } = (6.7)

> > a  ° a 1,2
Tz v.,h ds (Da h™ + Pa 8 h™) €12 dx” dx
S0 1 2
h IIa €1, dx dx (6.8)
Then, by the usual argument of decomposition into elementary cells, we

obtain the surface divergence theorem

{:ah° ds = IA h“lla da (5.9)

relating a contour integral to an integral extended over an area A of the
middle surface. The surface element is indeed easily observed to be

1 2
dA = €12 dx~ dx (5.19)

7. Three-dimensional elasticity in curvilinear coordinates.

The approach towards a shell theory will consist in reducing the general
three-dimensional elasticity equations to two-dimensional ones by suitablg
assumptions concerning the structure of the problem with respect to the x
coordinate, normal to the curved middle surface., Consequently the three-~
dimensional elasticity equations in curvilinear coordinates will play an
important role and will be briefly recapitulated hereunder,

The basic stress definition will be lagrangian in nature., This implies that
infinitesimal forces, that have to be defined as acting on infinitesimal

areas of the strained elastic body, are kept invariant but, for the purpose

of defining stresses, are manipulated in the metric of a "reference configu-
ration". In the reference configuration, also called initial configuration, the
body is by definition unstrained. The geometrical considerations to follow
will then apply essentially to the reference configuration,

An oriented surface vector is defined in general as the cross product

> -> - -+ i -»> j
dr(l) x dr(z) (g1 dx(l))x (gj dx(Z))

between two infinitesimal vectors. In modulus it is proportional to the area
of the parallelogram constructed on these vectors; in orientation it is
normal to the plane of the parallelogram,

Consider now an elementary tetrahedron, three lateral facets of which are
generated by infinitesipa] vectors taken along the local base vectors and
issued from a point P,
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The fourth facet, called the "inclined" facet, is half the parallelogram
constructed on the vectors
> -> 2 > 1 > > 3 -
dr(l) 8, dx” - 81 dx dr(z) 8, dx™ - 8, dx
and has an oriented surface vector that, considering the antisymmetric pro-
perties of the cross product, can be written in cyclic form as

1.

> > A 1.2 > > 2 .3
dr(l) x dr(z) (glx gz) dx™ dx” + (g2 x g3) dx~ dx
+ (§3 x §1) x> dxt (7.1)

Each term on the right represents the surface vector of one of the lateral
facets; moreover, if the orientation of the surface vector of the inclined
facet is outwards, those of the lateral facets are inwards. Hence (7.1)
expresses that the sum of all outward surface vectors of the tetrahedron
vanishes, A

In (7.1) the left hand side can be replaced by 2 n dS, where n 1s the unit
outward normal and dS the area of the inclined facet, while the first term:
in the right-hand side can be replaced by

+3
El x EZ dx1 dx2 = €93 dx1 dx2 ES = 2 7533 dS3
g

since §3/ /23313 obviously the (inward) unit normal, dS, denoting the area,

of 3

the lateral facet generated by El dx1 and gé dx2. Thus (7.1) becomes

»>1 >

g 82
>
n ds = ds, + ds, + ds
11 "1 22 "2 33 73

or, introducing the covariant components n

»3
8

1 of the unit normal ;
n=n, gt (7.2)
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and identifying
dSi ='/gii ny ds (without summation) (7.3)

Now. let :.and gi denote respectively the stress vectors acting on the inclined
facet and on the lateral facets. Imagining the tetrahedron to be convected in
some strained state of the body, those stresses are defined as the ratio of the
force acting in the stained state on each facet to the area of the unstrained
facet, Hence the translational equilibrium condition of the tetrahedron is,
the resultant of ma;qAbeing negligibly small,

orces

tas = ¢t ds, (7.4)
The substitution of (7.3) into (7.4) suggests that a lagrangian stress tensor

tij be defined according to equation
VARSIl g | (7.5)

so that the equilibrium‘condition is now expressed by

> _ ij »

t = nit gj (706)
It follows that the tij are not physical stress components . The physical com-
ponents derived from definition (7.5) are given by

g
/ -{% 1 (no summation) (7.7)
g

If the points of the strained body are submitted to an additional small
displacement field 1 2 3
du (x7, x, x ), the statement of energy conservation is

I t.6u dS + I X.60 dV = J’ &W dV (7.8)
s v v

where surface and volume integrals are taken in the initial configuration.
W is the elastic strain energy and ¥ the body force field per unit volume
in this initial configuration. In curvilinear coordinates this becomes

ij J
(n,t"” §u,) dS +[ X“ Su
Is i IV

3

3 dv = fvaw dav (7.9)

When the surface integral is transformed in a volume integral by the diver-

gence theorem (6.4), the local statement of conservation of energy (per unit

volume) is .
8 6u.)y, + x3 6u, = 6w (7.10)

k! i

If the additional displacement field is of a rigid body type, there is no

energy increase; this can be used to extract from (7.10) the translational

and rotational equilibrium equations. In the translational case

>y _ >j .
Di ( Guj g’) = Gujli g =0 or 6u 0 (7.11)

jlt
so that (7.10) with 6W = 0 reduces to

(tijli + Xj) Guj =0
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and, on account of the arbitrariness of the translation vector

1 ot =0 G =1, 2, 3) (7.12)

Those equilibrium equations satisfied by the lagrangian stresses are linear;
they allow a first simplification of the energy equation (7.10)

1j

t sW (7.13)

u =
8 jli
For the rotational case we can write the additional displacement field as

su =dy x (X + ) (7.14)

where d: is a constant infinitesimal rotation vector and u the already pre-
vailing displacement field from the initial configuration. Then

6-» d-;X (-> +D+)
Dm u - mu or
+

+i- P P -»X
Sujin 8 (6 + vl awxg

Scalar multiplication by}j and transformation of
> > -> r , » > r
dw o2, = . =
(do x g )egy = do (B x Ep) By = eppy d
furnishes
a P P r
S1m ™ fxpy (o * Wl b 7.15)

For this value of the covariant derivative of gu,, the energy increase
vanishes again in (7.13) and, since the an are ;rbitrary

, PJ 13 Py =
€rpj (7 + 7 u|)) =0 all r and j

Considering the complete antisymmetry of ¢ this rotational equilibrium

rpj
condition is satisfied if and only if the tensor between bracket is symme-
trical in the superscripts p and j. This produces the final rotational equi-
librium equations connecting the lagrangian stress tensor ¢omponents

0 R & “pli - 1P “jli R + tIP | (7.16)

There are only three distinct ones, since they are identically satisfied for

P = j. They reduce to a statement of symmetry of the lagrangian stress tensor
only in the case where the covariant derivatives of the contravariant displa-
cement tensor are negligibly small compared to unity (geometrical linearity).
A method for automatically satisfying (7.16) consists in writing

et = ¢ si sul] ) s® wien s% - oM | (7.17)

The new symmetrical stress tensor sqi is that of Kirchhoff and Trefftz,
it transforms the energy equation (7.13) into

qi. 3 ~
s su +u su = §W
( qi lq jli)
or, making use of the symmetry of the new stress tensor

1l dq ] j -
5 8 (suqu + 6ui|q + u h Gujli +u g Gujlq) W (7.18)
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Because the formulation is lagrangian, the order sequince of the § operator
and the derivatives with respect to the coordinates x may be interchanged.
It is then recognized that the tensor between brackets 1is a perfect differen-
tial, provided one also recognizes, e.g. by applying Ricci's Lemma, the equi-
valence

j
v Ii Gujlq

In fact, introducing the symmetrical tensor

=u Gujl
q

ilt

1 3
= e + + 7019
Yar =7 (gt * Ueq g )0 (7.19)
the energy statement (7.18) reduces to
o <Al .

It shows that the definition (7.17) is not altogether artificial since it
now appears that the strain energy density is a function of the displacement
gradients through six distinct combinations of them only, the components of
a symmetrical tensor Yqi’ and that the Kirchhoff-Trefftz stresses are the

corresponding partial derivatives. Obviously the Yqi must represent strains,

they are in fact the most commonly used lagrangian measures of strain and are
usually derived from a statement of conservation of distance between neigh-
boring points in a rigid body displacement, It is easily verified that

d® + W) .d@® + U) - dB.a8 = 2 dxd dx? (7.21)

While the lagrangian viewpoint offers many advantages, the hybrid nature of
the stress tensor definitions it requires is well illustrated by the Kirch-
hoff-Trefftz tensor. They can be interpreted as the same lagrangian stress
vectors but decomposed in the metric of the strained body. The base vectors
of this metric are naturally defined by

-> -> > h| -> hi j >

G =D (R+1u) =g +u = (7 +u 7.22

q = Dgf ) =8, Iq gy = (8 Iq) 8 (7.22)

Then, starting from definition (7.6) of the lagrangian stress tensor and
substituting (7.17)

ra i J b pa qi

t=mn s (6q +u |q) gy =my s Eq (7.23)
which proves the-assertion, This geometrically hybrid character is reflected
in the nature of the translational equilibrium equations they satisfy, the
Signorini equations, which depend on the displacement field :

s+ 6t u«"|q)|i +xi =0 (7.24)

Due to the symmetry of the Kirchhoff-Trefftz stresses, (7.20) shows that
the energy density is in fact a function of the six strain measures.

and  ny, = vy Yy

Y110 Y220 Y33l
N3 = Y3 * Y3,

31T Y31t Y (7.25)
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with the following general form of the stress-straln relations
11 _ oW S )

(1#3) (7.26)
ASTI My

1f, however, it is agreed to distinuish Yij from y,, in (7.25), the

ji

3enera1 formula ;
ij oW

oM = Fo

. 1

holds true by the chain rule of differentiation.

In writing down an explicit form of the energy density we shall limit

ourselves to the generalized Hooke situation (physical linearity).
The energy is then a homogeneous quadratic form in the components of the

strain tensor :

(7.27)

_ 1 _ijkl
W > E

Because the tensor of elastic moduli is symmetrical with respect to the
pair of indices 1j and kl and also with respect to the interchange of those
pairs, its total number of independant components is not larger than 21,

In the isotropic case, the energy is explicitly

1l - 2
W=20G T-_Z\)- Il - 2012 (7.29)

with G the shear modulus and v Poisson's ratio. The invariants I1 and 12

are obtained as coefficients of the powers of y in the expansion of the

determinant.
' 1 2 3
Yl i ¢ Yl Yl
1 2 3
Yy YT Y Y, ==y +ILy - Iyt I
1 2 3 _
Y3 Y3 Y3 Y|

1.2, .3_ .1
1=V Y Yt Y3T Yy

[}
]

12 23 31 21 32 13 1] joi )

1
T, = yqvg * Ya¥3 Y Y3Yp T YpYp T Yav3 T vaYp =3 gyt vivy

Going back to the doubly covariant components of strain

= 1] : 1lmi nj _

and applying formally (7.27)

P9 = gP? 13 Yij " with

i
gPULI _ ggPl g0 4 gPI ol 2y e 13 (7.31)
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8, Stress assumption for shell theory.

The basic stress assumption will be that the direct Kirchhoff-Trefftz 033

normal to the middle surface is zero; it generalizes the assumption common
to plate theories, Then, in cartesian local axes, the third axis being orien-

ted 11ke‘33, the isotropic stress—strain relations reduce to

1__E 1, 2 2 __E 2, 1 3

o1 T2 (vt w0y T Gy vy ) s 03 =0
E

od = (1=v)y3 (143)

157 .2 1

where E is Young's modulus. Building up the corresponding energy density by
meanshClapeyron's theorem
o

=13
" i

o

. i
Y3

the resulting expression is easily put in the form
E

2(1 - vz)

It is clearly valid also in the curvilinear system of coordinates of the shell
in view of the invariance of the different terms with respect to any change in
metric not involving the third axis.

Turning then to the covariant strains measures

E
aB 2 aB - LOA _Bu -
{(g YuB) +2(-) g Ya3'38 (1-v)g™"g (YaAYBu YauYBAz} (8.1)

W=

[(YZ)Z + 2(1-\))73 yc; - (I-V)(YSYE - YSY(BI)}

W = e——m—

2
2(1-7)
By taking formal derivatives it is found that

. —
P8 . 2 [ng)‘“g“B + (1) (82" + gwg"“)}

2(1=y")
Ex3a3 =26 gAa (8.2)
guad _ o 2633 333, 23333,

9, Displacement assumptions for a shell theory.

Following the basic stress assumption 033 = 0, there are, like in plate
theory, different ways open for reaching the goal of reducing a shell theory
to essentially two dimensions. Further assumptions can be made on stress dis-
tributions, generalizing E. Reissner's approach to the plate bending formula-
tion. Displacement assumptions can be used instead , as in Hencky's plate ben-
ding theory, or both systems can be mixed to take advantage of two-field
variational principles,

We shall here discuss a displacement formulation, first because it is more
widely in use, secondly because it can be specialized to include a discussion
of the Kirchhoff-Love hypothesis., The simplest assumption is that of linearity
across the shell thickness of the displacement vector :

-> ->

U=ty X U 9.1)
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where the two component vectors depend only on the middle surface coordinates.
Covariant components of surface displacement tensors are consequently introdu-
ced by the definitions

Yoy = Vg +wa (942)
gy = ¥, . p 3 (9.3)

The v, are middle surface displacements, w is a transversal displacement normal
to the middle surface, the w, are sectional rotations and finally p is a
transverse "pinch". The pinch component is usually omitted; it is however es-
sential to preserve the ability of (9.1) to represent a finite rigid body ro-
tation and moreover it lends more symmetry to the subsequent derivations. We
next introduce the surface tensors generated by taking surface derivatives of
the component vectors

>y =Y 2
Dgioy = Mygd * b3 AL 3, * $gas (9.4)
> - >y +3 _ Y2 > :
Dgu(1) = Papd * Vg3 = Pg 8, *+ Va4 (9.5)

where, from application of formula (3.12), we find

AYB = VYIIB - bYB w (9.6)
DYB = WYIIB - bYB P 9.7)
4g = Dgw + b§ v, (9.8)
Vg = Dgp + by W_ (9.9)

To prepare the computation of the Green strain tensor, we calculate the
various derivatives u

t]q°
rs > € * 3 >y 3 (>3
= .D = o —
Ul T ButPpt T Mg gt L Oyg  Xeyg)al + (9 xTyg)a ]
=Y +x
M, (AYB x po)
> > € 2> > €
.D = ° =

ua|3 Bt T My ety T My e

-> _ > > _ 3
u3|6 g3.DBu = a3.DBu ¢B + x wB (9.10)

=2 D >_ > > -
u3|3 g3. 3u 3300(1) P ]
Similar calculatiéns, using (5.8), produce
| 2w e oY 4 13,
u lB (u )Y (A.B X p.B?
u""|3 = (u‘l)g we ‘ (9.11)
u3| =u
B 38

3
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Substitution into the definitions (7.19) gives then

—

€
ZYaB AaB * ABa * AeaA.B * ¢a¢8

+

3,2 €

+

(9.12)

2Ya3

RS

2p + p2 + wewe

3 € .- € €
+ - - + )
x (paB pBa ba AEB bB Aea pea\B

_nE - €
(=) ( bapeB beea * peap'B +waw6)

+tp

eBﬁa

MR AR

+ + € & + x2(p - bEw  + € 4+
Va ¢a weA‘a p¢a x (wa awe wep'a pwa)

Some additional physical interpretation of the surface tensors in equations
(9.4) and (9.5) can be derived in the case of small material rotations. The
incremental displacement field in some infinitesimal neighborhood of a point
can then be analyzed, following Helmholtz, as a superposition of a pure strain

and a small rotation :

T2 q o -
du wxdﬁ+yiqu g with y o = vy

(9.13)

The rotational component can be explicited, either by introducing an antisym—

metrical tensor wiq

> > q i
w x dR miqu g

“at T T “1q
or a pseudo-tensor
G=u g
m
Then N > m.q- N n
wxdR=guw dx" g xg =¢ w dx

Hence the relationship

w =€ o
rq “mqr “

(9.14)

(9.15)

(9.16)

(9.17)

The antisymmetrical tensor is more convenient because its dependance on x

is simpler. Inserting (9.15) into (9.14), replacing

au = Dqﬁ ax?

and comparing coefficients of dxq, there comes
> >1
Du= (w,, +
gt = (ugp YiB) 8

> »>1
u

Dyu = (ug3 + v4q) 8

Scalar multiplication of those equations by g and evaluation of the left-
hand sides as in the previous computation of 1he strain components, yields
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Wyg * Yo T Uy (g ¥ XPp)
3
“3p T Y3 T % T XV

“g3 * Vg3 T Hg¥e

Y33 =P
From here, playing on the symmetry characteristics,
e 3 € 3 -W
ZYaB Yo (AeB tx peB) * uB (Aea X pea)
20g = g+ KU+ W, (9.18)
2Y33 = 2p _
and
€ 3 € 3 ]
20 .= u (A _+ xp - u_ (A__+xp
o o €B eB) B €0, eo) (9.19)
3 €
Zugg = bg* X Wp = MgV,

Expressions (9.18) can be recognized as the linearized versions of (9.11),
(9.12) and (9.13); they are formed from all the linear terms of the general
strain components. The surface tensor of the "rotation of the normal" is,
by definition

1
(w == (¢, =w,_ ) (9.20)
3e)x3,0 2 %8 '8
while the "rotation about the normal" is
_1 =L -
(“’12)x3_o =3 Q2= X)) =3 (2 = Va0 (9.21)

The rate of change in the direction of the normal of the rotation about the
normal, or "mormal twist", plays an important role in plate theory where it
can be shown to be responsible for boundary layer effects, while it vanishes
under a Kirchhoff-Love hypothesis. Its expression in shell theory can be de-

fined from ‘
3> 3, >
D3 (w'83) (DBU ) 83

as measured by D3w3. Since according to (9.17)

w,, = € w3 = /g w3 » ‘ ‘ (9.22)

21 312
and in view of (5.5), (5.6) and (2.,24) and (9.19)

3 € €
21 7 Mot X Py T Pyp T Byhg *BpAy)

Zr/a(l-ZHx3 + (:-:3)21()(»3 = A
3,2 €
- &) (bZQel - b1952)

3 3 33 3,23
w =W (0) + X W (1) + (x ) w (2) + see
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where 2/a w3 =)\, = A

(0)  "21 12

bEA . + boa

3 3
2/a (- ZHo gy + W (qy) = Poy TPy~ ByA g+ BiA,

LN )

Hence for the normal twist on the middle surface

3 - 1 € € €
wiry Tva ( By gy = Ap) +eyy = pyp = byrog + ByA,)
(9.23)

- 1 _ € _ wE - l afB €
372 L P21 =~ Prp ¥ Pydy ~ By b = e (eg + b Ag)

The Kirchhoff-Love hypothesis requires YB3 = 0, It can be satisfied in the
linearized case by setting
w =-¢ = - Dw- by 9.24
B ‘¢B B B e ( )
thus relating the sectional rotations to the middle surface and transverse

displacement, Also we should have

wB - bewe = ])Bp =0 (9.25)

a condition identically satisfied by suppressing the pinch component in the

original displacement assumptions. Under those conditions

= = e - e
Pa1 = Va1 T " PP T ¥ |
and
= LE _ nE € _ L€
P21~ P12 T PV |2 T P2Vel|2 * Ve Cryj2 T P20
The last term vanishes by virtue of the Mainardi-Codazzi coadition, hence,

using (9.6)
€
biA

= b =Py

P21 ~ P12 el

3 __1 € _ 1€
“1) " 2/a { b1 (AeZ A 25) bZ (Ael * Alc)}

=1 aBe
5 ¢ ﬁaa (g *Age ) (9.26)

Hence, under a Kirchhoff-Love hypothesis, there remains a normal twist due to
the curvature of the middle surface. Substracted from (9.23) it furnishes the
"additional normal twist"

1

3 aB €y 194
Aw = = - .
(1) 25 (pB b Aee (9.27)



Again, in view of the antisymmetry of eaB and the Yainardi-Codazzi condition,
this can be put in the form

3 - _1 a8 _ 1€
Aw(l) 2 € (WB bB Ve)l |°‘ (9.28)

10 The Lagrangian Stress Resultants.

Let O, P and Q be three points in the middle surface, O; is taken along the
coordinate curve x = constant, 06 along the coordinate curve x1 = constant.
The "inclined" side of the triangle, Pa s an element ds of a contour drawn

on the middle surface. Erecting normals to the middle surface in those three
points, and measuring equal distances x3 and dx3 on each, we define a trian-
gular slab of which the translational equilibrium will be expressed. Obviously
at the limit when both P and Q tend to coincide with O, the only forces to

take into account will be due to the stresses acting on the lateral sides of
the slab., The first lateral side has a surface vector. §1 x §3 dx1 dx3 =

- Vg EZ dx1 dx3 oriented outwards. The stress vector on this is ?2 and the re-
sultant force applied to it

- /E ngz ?2 dx1 dx3.= - /E'tzj Ej dx1 dx3

Similarly for the second lateral side with outwardly oriented surface vector
3

' - EZ x §3 dx2 dx3 = - /g El dx2 dx

on which the resultant force is

- /§ ¢311 tl dx2 d§3 = - /g tlj Ej dx2 dx3
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Then, if df'denotes the force acting on the third (inclin:d) lateral side,

equilibrium demands

af = (t2j gj dxt + ¢

1 gj dx? ) dx

(10.1)

Let, as in section 5, V denote the outward normal to a closed contour described

in the positive sense on the middle surface,

'\?dssdé’xa’3=(-§ dx

1

= va ( ;2 dx

or, introducing the covariant components of G'by

> >0
v =V a
o]

and comparing

\)1 ds = /dez

This result can be substituted into (10.1) after using (5.5)

T 2j 1lj, » 3 aj >
df u(vzt + vt ) gj dsdx uvat gjdsdx

or, in view of (5.1) and (5.2),

df (v t +
=
uliv a v t

uBY

+ 51 de)

v, ds = Va dx

By 2 o3 35) ds dx

(10.2)

(10.3)

In order to see what are the stress resultants to introduce, we form the sca-
lar product of this elementary force with the incremental displacement vector

corresponding to the assumptions (9.1), (9.2) and (9.3)

&u = (év_ + x36w ) at
€ €

then integrate over the thickness of the shell

h
with the membrane resultants

h
N%E = j uuetade3
-h B

the bending and twisting moments

h
MY = J uuetande3
-h 8

the shear loads
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h ' .
J df. 60 dx> = (v N%6v +y M%€qw + y Q%w + y P%p) ds  (10.4)
- [0} € [0 ] € a [0}

(10.5)

(10.6)

(10.7)



and pinching loads

h .
p% = J ut"",’ < dx (10.8)
-h

If (10.4) is integrated over a closed contour (c) on the middle surface and
transformed into an integral over the enclosed area A by means of theorem (5.9)
the contribution of the stresses to the energy increase per unit initial area
of the middle surface is obtained in the form

§F = ( N“‘.ave + M"eme + @ w + P*p) (10.9)

Ha
There is also a contribution from the externally applied loads, either through
body forces, or through surface tractions on the faces x3 = * h, of the form

§F, = Neave + M‘:swe + Qsw + PSp (10.10)

From the energy equation 6F = 6Fl + an the equilibium equations and the consti-
tutive equations can be deduced by a procedure analogous to that of the general
three dimensional equations in section 7.

An additional displacement field is of translational type 4if

D3 63 : 0, which implies ch =0 and §p = 0 (10.11)
* .

D_S8u = 0, which implie = -b =0 10.12

8 =0, plies &1 , ‘Walls 0 ( )

and =D ¢gw + bégv =0 10.13

_s¢B a$ 8 ( )

The energy equation can be reduced to the form

6F = N  sv + b N¥€gw + Q% 6w - Q"bSSv_ + NFev + Q8w
[ e ca a a e €

and, since 8F = 0, equating separately to zero the coefficients of Gv; and 6w

Nae”a - Qaﬁz + Ne =0 (e=1, 2) (16.14)
o Qe
qQ lla + beaN +Q =0 . (10.15)

In an expanded form of (10.9), the covariant derivatives of the membrane
forces and transverse shear forces can now be substituted from the equilibrium
equations (10.14) and (10.15). If, likewise, the covariant derivatives of the
incremental displacements are taken from the incremental form of definitions (9.6),

§§&7%§(g;8) oF = Naedkea ¥ Maespea +'(qu o bZPa ¥ Me)swe
) ¢ o) " M Q€ .
+ Q 6¢a + Pogy + (Palla + bea% + P)ép (10.16)

It is now necessary to derive the particular values taken by the incremental
displacement parameters in a small rigid body rotation superinposed on the
strained state of the elastic body._Starting from (7.14) and separating the
contributions with respect to the x” distribution

> > > . >
su (0) = dw x (r + u(o)) (10.17)
88 (1) = & x (@3 * U y,) (10.18)
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In these equations we substitute (9.2) and (9.3), together with

£= 03, + e 2

3
dw = dwt 3.+ dw 2,
WAy 3
and make use of
Foxd e D Doxdy e,
» %0 Baa AT Ene
Then, comparing covariant components
3 A o a 3
= + AR {
Vg = gy (£ 4 W) d"A g (7 * V) o
=€ (r® + v%) dy
sw = (1+p) du +c uldu
B BA af (10.19)
§p = ¢ Wadwx

Ao

Next, taking partial derivatives with respect to xB on both sides of (10.17)
and (10.18) and remembering (9.4) and (9,5)

3

=A%, dy

AP
83 3" * 89,3 g

> > >
x a + dw x a
8 a " %

3

FA +3 I > > O
GpYBa GwBa R.B dy x ad + wsdw x a3
where, for concision, the following notations were introduced
a a a
o, = + Ao ﬁ = o.t - b 10,20
From those equations we deduce N
a 3 A
GAYB anA,B dw™ + eyl¢6 dw
o A
S0 = Exqftop W (10.21)
GDYB eayBgB dw™ + eyAwB duw

- \
6¢8 CXQBHB dw J

The results (10.19) and (10.21) are to be inserted into (10.16) and since 6F =0
again, while dw is an arbitrary constant vector, the following general conditions
for rotational equilibrium are found :

b.l. equilibrium about the normal to the middle surface, obtained by equating

to zero the coefficient of dw3

€ [1 aBpy 4 aPBRY stY] =0 (10.22)
Y8 a o
with the definition

$# =n “BI o bzpa + 1B (19.23)

Considering the antisymmetry of € B this is equivalent to require the
symmetry of the bracket in (10.22) with respect to 8 and y.
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NTg + ™y 48T (14 p) - QY - PRI -’ =0 (10.24)

(y=1, 2)
with the definition

T = p% +b M* +p
[|]a ™ “ea

As in the case of the general three-dimensional equilibrium equations sa-
tisfied by lagrangian stresses, the lagrangian resultants obey linear trans-
lational equilibrium conditiond (10.14) and (10.15), but theilr rotational
equilibrium conditions (10,22) and (10.24) also involve deformations.

An attempt to calculate §F directly from the general result (7.13) and the
relation

WAV = W/g dxldx’dx> = SWu/a dxldx’dx> = SWudx>dsS
or
h 3
6F = udW dx
=h
gives, in view of definitions (10.5) to (10.8) and results (9,10)
= nBY BY B B B
§F = N MYB + M GPYB +Q 6¢B + P Gws + S &we + Tép (10.26)

which is similar to (10.16) and shows that the tensors defined by (10.23)
and (10,25) are also resultants

h h
sb = J w? 3% axd T = ] w33 ax (10.27)

-h ¢ -
They do not, however, constitute internal loads, since they involve lagran-
glan stresses which are defined at interfaces between shell pieces.
As a matter of fact, the rotational equilibrium con%ition,about the displa-
ced normal to the middle surface does not contain S® nor T.
To show 1t we calculate the base vectors in the deformed metric from (7.22)
and (9.11) obtaining

¢ = (Af ‘x5
Y Y

E3 3

The displaced base vectors on the middle surface are then given by

3
R’EY) 38 + (¢Y+ X ;py) 33 (10.28)

= weZe +(L+p) a (10.29)

KY = /&Yze + ¢Y;3 (10.30)
L =wd + (Q+p)a,=2¢ . (10.31)

3 A 3 3

Thus, if we denote by RYB the bracket in (10,22) and by R' the left-hand
side of (10.24)
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3 Y., A
r'B +e¢ Rdy =0
EYB dw YA

is the general rotational equilibrium condition, while for a rotation d93
about the Aiw_ .aced normal K3

dw w>‘d§23 dw3 = (1 + p) d2

and the corresponding condition 1is

3

L A Y =
(1 + p) e RtV ek =0

or symmetry of

(1 +p) R® + wBRY

In this linear combination SP and T do precisely appear in symmetrical groupings

(1 +p) (wYSB + wBSY) - TwaB
and may consequently be dropped leaving the condition

1+ p) N%0Y & wB¢ N e (1w p) uPPRY 4 waaM“Y
¢ B (10.32)

-Q wBAY - P% symmetrical in (3, y)

The equilibrium conditions (10.24) can now be incorporated into the energy
equation (10.26) by using them to eliminate S” . This gives

= NBY - __l__ By 1
§F = N (GAYB T+ ¢ Sw ) + M7 ( GpYB T pr GwY)
8 1 Y _1
+ 07 ( 6¢B T+ A &w ) + P ( Gwa T R Gw )
+T ( opr T sty) (10.33)

This new form of the energy equation cannot be expected to turn into a canonical
form similar to (7.20), from which constitutive equations can be rationally de-
rived, untill the last rotational equilibrium equation (10.32) can be solved

and the constraint it constitutes between the lagranglan stress resultants can be
liberated.

11, Kirchhoff-Trefftz stress parameters,

Since the Kirchhoff-Trefftz stress tensor contains implicitly the rotational
equilibrium conditions in its property of symmetry, an immediate solution to our
problem consists in transforming the definitions (10.5) to (10.8) by means of
the relations (7.17). In our case, considering equations (9.11), we can substitute

taB = saB + uB|
B

AY + XBOcYE) sea + (p-l)Ystw

]
+
~
=
!
-
~r
~

tm3 = sm3 + u3| B 4 u3|3s

B
.3, (6, + x3w3)s8“ + ps®
t3a - s3a + ualBsB3 . ua|3s33 (11.3)
= s o HE oY, v x Vst + ThY W'Y
3333, |B 33 u'|3s33
- s gy vy s e ps? page 200



The lagrangian stress resultants are then expressed in terms of the following
Kirchhoff-Trefftz stress parameters

h
naB - J ugaedx3 - nBa

h
mo‘B = us Bx3dx3 mBa
-h
oB [ b aB, 3.2 3 B
1%° = | us?P(x)“ dx” = 1°¢ (11.2)
-h
[ h
qB - usB3 dx3
J-h
n
pB = J 583 x3 dx3

There comes

N% = A% n'® + R? mya + weqa
Y Y
M€ = 25 m'™™ + R 1YY 4 WSp®
Y Y (11.3)
Q¥ =@+p)®+4 "y o'
Y Y
P = 1 +p)p*+4p m* 4y 17
Y Y
and also
S = A? ¢ @apa + an

(11.4)
a a
+ + 1
T =(l+p)n 9,3 * ¥ .p
It is easily verified that all the rotational equilibrium conditions (10.22)

and (10.24) or (10.32) are thereby satisfied. Furthermore the energy equation
(10.26) takes the canonical form

o 1
6F = n¥%y_ + m'%y  + 1%y

Yya YY Y Yo
. (11.5)

2q%y . + 2p%6y . + b
* 2078y, * 2P 8y, 5 * nbygy

where the strains are the coefficients of the powers in x3 of the Green strain
tensor (9.12)
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As a matter of fact, this result is equivalent to a straight forward application
of a Rayleigh-thrzc";ceBs:sed on the displacement assumptions (9.1) to (9.3) to the
expression

h 3

§F -I uéW dx

-h
where 6W is given by (7.20). Applied to the form (8.1) of the energy density it
introduces the following rigidity coefficients for the shell :

h
" T2 I %5700 ax®  (m = 0,1,.004)  (11.6)
1-v -h
coB E h aB ,. 3m . 3
(m) - — wg -~ (x7) dx (m = 0,1,2) (11.7)
1-v =h

Taking due account of the symmetries, the total number of rigidity coefficients
of type (11.6) is 6 x 5 = 30, of type (11.7) 3 x 3 = 9,
The energy per mit area is then expressible as

- aA Bu o o - [-] °
2F=D (0) { YarYay + (1-v) Yau¥Ba }

al Bu , ° 1 oy o1
*2D (1 { vYaAYBu + (1-v) YauYBA }
aX Bu ° 2 11 Yy o2 oyl 1
+D (2) ¢ 2vYaAYBu * vYaAYBu *+ 2(1-v) YauYBA + (1-v) yauYBA }
(11.8)

al Bu 1 2 -y 1l 2
+20D 3) { YYarY gy + @-v) Yau'8A }

p*A Bu . 2 2 ) 2 3
* 0Ty (T, V) Y Yy

B ° 1 8 1 1
+2(1-v) {c® (o) Y 3vB3 +2c° 1)Ya3"83 * C (2)Ya3p3 !

The constitutive equations of the shell follow by taking the partial derivatives
of (11.8) as indicated in the total differential (11.5).

In particular, since (11.8) is independant of Y330 Ve find n = 0 in accordance
with the assumption o33 -0,

The integrals in (11.6) and (11.7) are not easily carried out in closed form be-
cause of the complicated dependance of the reciprocal metric tensor (5.10) on the
coordinate x3. They can be evaluated by numerical quadrature methods or expanded

in powers of a (small) parameter,
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It follows from (11.5) that the Kirchhoff-Trefftz stress parameters are
internal conjugate variables to the arguments of the strain energy per
unit surface :

nYu - a—F—- mYG = a—F—--- IYQ = L
o
ayya A a}ya a;ya (11.9)
2qa = = 2pa = k n B e—
a3 M3 33

If those arguments as given by (9.12) are expressed through definitions
(9.6) to (9.9) in terms of v , w , w, p and their derivatives, it is‘ea-
sily found by the chain rule® %f differentiation and by the.results
(11.3) and (11.4) that

aF = NP oF = MBe
W

Malls Malle
E__ Lo .:F_. - p° (11.10)
w

[a Plla
E.r- byg MO8 E_. b% PE + 5°
op awa
) S by NoB aF b: Q® (11.11)
W ava

Equations (11.10) can then be considered as the constitutive equations of
the shell in terms of Lagrangian resultants. Since they involve (11.3)

and (11.4) they automatically satisfy the rotational equilibrium equations.
They also allow to apply in a simple fashion the variational principle

s { I FdS - I (N“va + M.“wu + Qu + Pp)ds + Fa}=0
S s (11.12)

where F, denotes the potential energy of external loads applied at the
boundary, From (11.10) and (11.11) there comes

Ba Ba
RN TPRL  AT
S

+ Q%w,, + P%
B e Plla
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a € Qa a a € a
+ (b, Q- =N) sv + (S +b P -M) 6w

' aB aB
~@Q+bN) 6w+ (T-b M -P) 8 }ds+éF, =0

B

After integration by parts, the following Euler-Lagrange equilibrium
equations are obtained

for 8v_ - NB“I s * b‘: - =o0 (11.13)
aﬁa - MB"“B +5% + b3 P° - M =0 (11.14)
sw - Q%[ - Q- by, 8 a0 (11.15)
sp = B%| | * T by 8 _pao (11.16)

Associated with boundary conditions resulting from the variational equation

5%, + ¢vB(NBa6va + #%u_ + Q%w + P%6p) ds =0 (11.17)

In equations (11,13) and (11.15) we recognize the translational equili-
brium equations already obtained in (10.14) and (10.15), while (11.14)
and (11.16) are respectively equivalent to the definitions (10.23) and
(10.25) of S® and T.

The field equations of the two-dimensional non linear shell problem con-
sist of the 6 linear equilibrium equations (11.13) to (11,16) together
with the 15 resultants-displacement derivatives equations (11.10). Those
are to be worked out by using in succession (11.8), (9.12) and (9.6) to
(9.9). The total number of unknowns is also 21 : the 6 displacements

(va, LA p) and the 15 components of resultants in
N“B, MaB, Qu, Pa, Sa, T because of the identities
3F b: 3F bz oF
3Va 3¢€ awl le
and e I
ow aqu avallﬁ

stemming from (9.9) and (9.6), equations (11.11) must not be counted in
the constitutive equations.
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THE ASEF COMPUTER PROGRAM - VERSION 20

Al General description

ASEF stands for "Analyse des Structures par Eléments finis",

The version 20 is the result of the evolution over 6 years of a computer
program for static, linear dual analysis of structures. The main function
of the ASEF program is to provide a research tool for investigations of new
finite elements and new methods of solution. The second function is to
provide the capability of solving occasionally large, practical problems
and evaluate on these examples the impact of the advantages brought by

new theories or new elements. Compared with other existing programs, ASEF
presents the following peculiarities or advantages :

- It is written in FORTRAN IV G for a relatively small computer
(IBM 360-44), The programming methods are completely machine-independant.
The minimum configuration to run the program requires 200 K bytes or 25 K
words (double precision on IBM 360) of core storage, 10 sequential files
on tape, disk or drum and an operating system similar to the IBM-0S-360,
The overlay feature is obviously mandatory. The version of the program
accompanying this report is specifically adapted to an IBM=360-65 using
a 256 K bytes memory, 5 disk drives 2314, 8 disk drives 2311, It was
tested for the 0.S. Release 17 working in MFT mode.

- Variable dimensions are used for the core storage allocations. Hence
it is possible to take advantage of the multiprocessing capabilities of
modern computers (by using small partitions to solve small problems). This
is controlled by changing two statements only.

- New elements of any type : conforming, equilibrium, hybrid, membrane,
plate, shell, three dimensional etc, are very easy to introduce.

- The existing library contains various finite elements for conforming,
equilibrium and hybrid analysis of membrane and flat plate structures,

The degree of these elements range from the simplest to the most sophisti-
cated.

- It is possible to idealize a structure using conforming elements of
variable degree (see section 2,1)

- Although the program works basically according to the displacement
method, additional linear constraints in any number,of any kind,can be
processed efficiently (like in the combined method).

- The modular presentation allows easy modifications to suit special

problems.
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- It is possible to solve problems of up to 5000 degrees of freedom on
a 256 K bytes machine, 8 to 10 000 degrees of freedom on a 512 K bytes
machine.

- The input data are easy to prepare if due consideration is given to
the large number of finite element models proposed,

- Comprehensive Ehecks for input data errors are incorporated.

- The possibility is provided to subdivide a solution in steps allo-
wing partial checking, recovery in case of'error or modification to the
problem during the solution.

-~ A direct method of solution (Substructures method) is proposed as
well as an iterative method based on conjugate gradients., Very good accu-
racy is obtained with both methods due to the systematic use of double
precision (on IBM 360).

- Running cost of the program is relatively cheap

- An interface program is available for a graphic computer program
using a BENSON-FRANCE tracing table,

- Another interface program is available for a dynamic analysis pro-
gram DYNAM-5 (Ref Al)
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A2, Organisation of the progra

A general flow diagram is presented on figure Al, Figure A2 displays
the detailed organisation of the overlay structure. The names of the 8

"overlay" statements,

branching points are indicated after each of the
while the names of the 225 subroutines or common areas appear after the
"insert" statements of the different sections.

The execution of the program is subdivided into 6 main phases indica-
ted by the circled numbers in the general flow chart. The names of the
main subroutines controlling each phase is also indicated on figure Al. A
normal execution starts by the phases 1, 2, 3, then either 4A or 4B, and
ends by phases 5 and 6., These phases are grouped in two sets : the phases
1, 2, 6 which share the characteristic of using long and numerous subrou-
tines but requiring a relatively small working space in the core storage,
and the phases 3, 4, 5 which use smaller subroutines but require the lar-
gest possible core storage working space for the solution of the system
of linear equations. The common areas named ASEFCQ - and BSEFCO are the
corresponding core storage areas used as working space in these two main
sections, The various arrays are dynamically allocated in them by the
program itself,

The function of the different phases can be described as follows :
PHASE 1 : INPUT DATA PREPARATION
The input data given in the simple form detailed in the next section are
first listed as card images. Comprehensive checking foiloWs for their
consistency. Various additional data are next deduced as described in the
section dealing with the details of each phase, It is also checked that
the core storage allocation is sufficient for the solution of the problem.
The output of this module in another set of card images (much larger than
the primary input) stored on the unit of symbolic name U5. In a normal
execution, this data set is transmitted as input for the next phases. An
optional exit exists for partial checking of these "prepared data" or

their "manual" modification.

PHASE 2 : ELEMENTS GENERATION

From phase 2 to 5 the input data are read sequentiallj on unit U5 which
simulates a card reader. They have been sorted in the required order by
phase 1, in phase 2, for each element of the structure, the subroutine
corresponding to the type of element specified is selected in the elements

library. The stiffness matrix in global axes is stored with its localiza-

tion vector on unit 2, All the informations necessary to compute the

21Q



stresses are stored on unit 4 for use in phase 6. The consistent loading
corresponding to body forces, temperature distribution, transverse loa-
ding on plates or condensation of internal degrees of freedom is computed
and stored on unit 13, When necessary the particular solution for the
stresses and the corresponding potential energy term due to those body
forces is also computed.,

The load vector (s) is (are) assembled by combining the external loading
with the consistent loads eventually computed in phase 2, due to body
forces. The degrees of freedom fixed are read from unit 5. Then the diago-
nal terms of the global stiffness matrix are checked to determine their
minimum and maximum values which are printed for checking purposes. If
zero diagoanl terms are found, they are automatically fixed, but a warning
message is printed.

PHASE 4 : DEPENDING OF THE OPTION SELECTED, THE SOLUTION IS EITHER BY AN
ITERATIVE METHOD (PHASE 4A) OR BY A DIRECT METHOD (PHASE 4B).

Phase 4A : Iterative method
The conjugate gradients method is used which is at the same time an ite-
rative method and an exact method, if n steps are achieved,n being the
ord;;cg;stem (Ref, A2, 23), The algorithm used takes advantage of the pos-
sibility not to assemble physically the stiffness matrix when iterative
method are used (Ref. A4). As it is only necessary to compute products of
the stiffness matrix by a vector, the stiffness matrix of each element
in turn is multiplied by the selected terms of the vector and the results
addressed correspondingly.

The element stiffness matrices are first read from unit 2, scaled in
such a way that the diagonal terms of the global stiffness matrix are all
equal to unity, and stored on unit 3 in a compacted form in which all fi-
xations have already been applied. The iteration algorithm works only
from this compact set of matrices., The precision is controlled by the ma-
gnitude of the square of the residual vector and the iterations stopped
when a given level of precision or when a given maximum number of itera-
tions is reached. As starting vector, the standard option is zero, but if

a better approximation is known, it can be put in optionally from unit 1.

Phase 4B : Direct solution |
The classical substructure method is used (Ref. AS). The algorithm used

for the inversion of the sub-matrices is due to Crout-Banachiewicz-Cholesky

(Ref. A6), The solution of the final system of equations uses a Gauss
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algorithm. As the Cholesky method may not be used if zero diagonal terms
are present,a situation which can occur when additional constraints equa-
tions are considered, special care has to be taken in introducing the cons-
training elements to avoid it. This is treated in detail in the section
describing the elements of constraint.

The dimensions of the various substructures can be defined in different
ways : the user can group. the elements into substructures "manually".

In this case the program checks that their dimensions do not exceed the
available Eore storage. A second possibility is to order the elements in
such a way that the cut in the structure always contains less degrees of
freedom than the maximum number allowed by the core storage allocation.

In this case the program choses a subdivision in substructures such that
their dimensions are as close as possible to the maximum.The third possi-
bility is to input an optimum dimension for a substructure, but less than
tnhe maximum dimension. The program tries to satisfy this requirement as
much as possible. Subdivisions are in fact decided duréng Phase 1,

While it is only possible to solve for one load case when the iterative
method is used, with the direct method many load cases can be treated
simultaneously and economically. This is achieved hbwever at the expense

of a reduction in the maximum dimension of the substructures.

PHASE 5 : PRINTING OF THE DISPLACEMENTS

The only displacements printed are those for which a non zero stiffness
has been found. The standard output yields at each node and along each
interface the values of the various dispiacement components. The word
component is taken here in a generalized sense : it means each genera-
lized displacement attached to a node or to an interface in the conventio-
nal sequence indicated for each particular element used. In addition the
second member (s) is (are) recomputed by multiplying the original stiff-
ness matrix by the computed solution. This result is printed with the dis-~
placement components and allows a very efficient checking of the accuracy

of the solution,

This phase is quite independant of the preceding ones. It is possible to
interrupt the program after phase 5 to achieve partial checking and to
restart it for phase 6 afterwards. For each type of element a particular
subroutine is chosen which selects the displacements pertaining to the
element and, using the informations stored on unit 4, computes the stresses,

moments or fluxes and prints them. Local axes are always used. They are
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defined conventionally for each type of element depending on the order of
numbering of the nodes. The program does not allow to combine the stresses
for different loading cases.but it is easy to store the output for such

an operation.

Partial execution of the program

With the purpose to allow slicing the execution of large problems into
steps of reasonable length and to achieve partial checking during the
execution, four entry points and five exit points are provided. The pro-
gram can be started by phases 1, 2, 3 or 6; the exit can be started after
phasesl, 2, 3 or 6. Eventually the final condensed stiffness matrix of the
last substructure can be saved with the corresponding loads to be used
either in another program (such asvin dynémics) or as an input for another

execution.
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A3. Input data preparation

This section describes the input data required for a normal execu-
tion of the program., They are read during phase 1 only.
The input data are grouped in six categories. To each of them corresponds
an input data form represented in figures A3 to AS8.

The meaning of the variables indicated on these forms is the following :

FORM 1 : General informations and control variables

The first card for an execution contains the control variables :

ISTART : Defines the entry point of the program and can take the values
1, 2, 3, 4 only. The corresponding entry points are : before
phase 1 (normal execution), between phases 1 and 2, between
phases 2 and 3, between phases 5 and 6.

ISTOP : Defines the exit point and can take the values 1, 2, 3, 4, 5
only. The corresponding exit points are : after phase 1, after
phase 2, after phase 5, after phase 6 and eventually treatment
of the next problem (normal execution), after phase 6 without
considering. another problem that might be stacked behind.

N.B.: If ISTART equals 4, ISTOP is set to 5

IUS FORTRAN symbolic number of the unit on which the input data are

to be stored between phase 1 and 2, This unit contains card ima-
ges. In case ISTART = 2, the unit IU5 can be the card reader
(standard option : IU5 = 5), Otherwise the standard option is
IU5 = 10,

These 3 variables are given once only for an execution while the set of
all the others can be repeated as many times as there are problems to be

executed in the run,

TITLE : Any title to be printed in front of the output and composed of 2

cards of 80 alphanumeric characters.

The next card furnishes general informations for the problem. None of
these informations is strictly necessary : a standard option exists for all

of them. If none is specified a blank card must however be present.

NDC : Defines the number of displacement components along an interface
in global, three dimensional axes, This variable is only used for
conforming membrane elements (triangle, quadrilateral, parallelogram

or bar). It corresponds to a general indication that the particular

data of the elements can override. (This is the case when variable
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degree elements are used). NDC can take the values 0, 3, 6, 9, 12
only which correspond to displacement fields in the elements which
are linear, quadratic, cubic, quartic or quintic along the interfaces.
If NDC is given another value, it is set equal to zero.

For elements other than conforming membranes and bars, this varia-
ble is set by the program to the correct value according to the

type of elements used, no mather what NDC is on the input data card.

IFO : Must be 0 or 1 (if different, it is set equal to 0). IFO = O speci-
fies that no body forces are considered in the problem, overriding
eventually the specifications given in the elements characteristics.
IFO = O specifies that the consistant loading corresponding to the
body forces specified in the element characteristics is to be compu-
ted,

IGRAD : Must be O or 1 (otherwise it is set equal to 0).
IGRAD = O specifies that the direct method of solution is to be
used,

IGRAD = 1 specifies that the conjugate gradients method is to be

used,

If IGRAD = O the following three variables are ineffective.

NITER

Maximum number of iterations for the conjugate gradients method.
If NITER ¢ O, it is set equal to the largest number given to a
degree of freedom in the problem.

LPREC : Defines the level of precision required in the conjugate gra-
dients method. It must be such that 1 ¢ LPREC ¢ 8 otherwise it is
set equal to 5. The iterations are stopped when the square of the

scaled residual vector becomes less or equal 10-2 exponent LPREC.

IDEP : Must be O or 1 (otherwise it is set equal to 0).
' If IDEP = O the initial vector in the conjugate gradients method
is zero.
If IDEP = 1 the initial vector is read on unit 1.
N,B.: IDEP = 1 implies that ISTART = 2
NS : Number of substructures (If not specified it is set equal to 1).

If NS = 1, an automatic subdivision into substructures is achie-
ved if necessary. Their dimensions depend upon the dimension of
the common area BSEFCO and upon the variable NCSOPT.
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NTO

NC

NCSOPT

NOPi

.o

Number from which the numbering of the degrees of freedom is to
be sﬁarted. This number is arbitrary. However it must be mention-
ned that some of the working spaces in the common area ASEFCQ and
BSER0 are proportional to the largest number given to a degree

of freedom. This option should therefore be used only when diffe-
rent structures have to be joined which were computed separately

and otherwise NTO is set equal to zero.

Number of boundary conditions on the displacements, If NC = O,
it is set equal to l. For each type of boundary condition all

the fixations and loads have to be redefined.

Optimum maximum dimension for a substructure, If NCSOPT = O, the
maximum dimension allowed in the common area BSEFCO is taken.
NCSOPT has only to be specified if the automatic subdivision in
substructures is used and if it is desirable to use substructures
smaller than the maximum dimension allowed by the common area
BSEFCO, If in a substructure the program finds that it is impos-
sible to keep the dimension smaller than NCSOPT, it uses the
smallest dimension between NCSOPT and the maximum dimension.

If it is impossible to keep the dimension of a substructure
smaller than the maximum dimension, an error message is printed

and the program skips to the next problem.

Printing option in the various phases of the program.

NOPi = O corresponds to printing only the results and ®ome in-
termediate output allowing to cheék that the execution
is normally echieved

NOPi = 5 corresponds to printing all the intermediate results
including many matrices v

1 < NOPi < 5 corresponds to printing only a part of the interme-

diate output

NOP1 applies to the phase 1

NOP2 applies to the phase 2

NOP3 applies to the phase 3

NOP4 applies to the phases 4 and 5

NOP5 applies to the phase 6

For large problems (more than 20 elements or more than 200 de-

grees of freedom) the maximum printing options are not allowed

and set equal to O automatically.
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E, NU, T, DA, DB (one card, eventually blank)

These are 5 characteristic data applicable to a large number of
elements in the problems In most types of element they represents :
E : Young's modulus

NU : Poisson's ratio

T : thickness or cross section

DA : distributed load per unit area

DB : distributed load per unit of length or temperature

For certain special elements the informations carried by these
variables are different (see details in elements description).

When these characteristic data are applicable to an element they
need not to be repeated and the program prints a message : "general
data are assumed". The data given in the description of the elements

always override these general data.

Important notice : NU has an important secondary function. When set to a

negative value, it indicates that a solution by the
Southwell analogies is required. In this case a war-
ning message is printed. If a solution by the stress
function method is desired with the Poisson's ratio
equal to zero, NU has nevertheless to be given an arbi-
trary non zero negative value in the general data and
then specified equal to zero in the elements characte-

ristics.

FORM 2 : Nodal points coordinates

All the nodal points defining the geometrical structure of the finite
elements have to be given at this step. In addition a certain number of
"dunny" nodal points used to define the additional constraints (if any)

have to be included. (See details in the section dealing with the constraint
elements). The numbering of the nodal points is arbitrary and need not

be continuous nor in ascending order. It should be remembered however

that the work spaces in ASEFCO are determined by the largest node number
used. The end of the nodes set is indicated by a card starting by 99999.

This card must always be present,

FORM 3:: Definition of the substructures and elements

A substructure is identified by a-card containing the substructure num-

ber NOS and the number of elements it groups, NEL.
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The different substructures must be given in ascending order and their
numbering must be continuous. If the automatic subdivision in substruc-
tures is desired, only one substructure has to be defined which contains
all the eleﬁents sorted in such a way that the cross section in the struc-
ture, virtually defined after assembling any of the elements, does not
contain more degrees of freedom than the maximum dimension allowed by the
space BSEFCO for a substructure. In other words the program is able to de-
fine how many elements to use in each substructure but not to reorder the
elements, If the order of the elements is such that it implies substruc-
tures too large for the allocation in BSEFCO,an error message is printed
and the execution stops.

Inlthe case of a solution by the conjugate gradients method, the or-
der of the elements does not matter and only one substructure can be defi-
ned. In all cases, the number of elements NEL defined in a substructure
has to be exact, In addition the end of the elements definition is indica-
ted by a separation card 99999.

One card is used to define one element. It contains the following
two groups 6f variables. The first group concerns variables which are

strictly necessary. These are :

NOEL : Numbering of the element. It is a dummy variable which is used
only to identify the element in the output. It can therefore be
arbitrary (including blank)

ITYP : Defines the type of the element according to the convention given
in the section dealing with the details of the elements,

NNO : Number of nodal points defining the elements. Note that certain
elements require more nodal points than those defining the geome-
trical contour. (This is the case for the beam element where an ad-

ditional node defines the orientation of the inertia axes).

Ni

Nodal point defining the element, given in the conventional order

indicated in the element description,

ISIMPL : If ISIMPL = O the element matrices are computed.
If ISIMPL = 1 the element is assumed to be identical to the pre-
ceding one (This means it can be superimposed by translation
only and ‘its elastic properties are identical). In this case,
the localization vector only is computed while the stiffness

matrix is that of the preceding element,
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ISTRES : If ISTRES = O the stresses of the element are computed.
Otherwise they are not,

IAD : Number of cards required to describe the particular data of the
element, If IAD = O the general data are assumed (E, NU, T, DA,
DB) . This number can be determined from the description of the
element. When ISIMPL = 1, IAD must be O.

The second group of variables on the element definition card is never
strictly necessary : standard options are always provided. The variables

which can be used in this group are defined in the element description.

FORM 4 : Elastic and geometric data of the elements

These cards contain the particular data of the elements, such as Young's
modulus, Poisson's ratio, thickness (es), cross section (s), moments of
inertia etc,

They are identified by the element number NOEL which must be the same as
on the card defining the element on FORM 3. The number of card for an ele-
ment has been defined by IAD on FORM 3,

The program checks that the card containing the particular data are given
in the same sequence as tho.se defining the elements in each substructure
and that their number corresponds to IAD, The subdivision in substructures
is not indicated. The order of the elements must be that given by the sub-
structures taken sequentially. An error causes a program interruption.
When IAD = O has been specified for an element, no corresponding card
exists in the present set, and the general data are assumed (E, NU, T,

DA, DB). The meaning of the variables used as particular data is defined
in the description of the elements.

The end of the set of the particular data is indicated by 99999.

FORM 5 : Zero prescribed displacements

The zero prescribed displacements are defined by components at a node or
along an interface. NODEl and NODE2 are the 2 nodal points defining an
interface. It is necessary that NODE2 > NODEl, If the fixation is to be
applied at a vertek, its number has to be entered as NODEL, whiie NODE2

is set equal to zero. The number of the components fixed along an inter-
face or at a vertex has'to be given according to the conventional sequence
defined for each particular element.

Eﬁgﬂgyi : for a beam element, the sequence of the 6 displacement compo-

nents at the nodal points is (u, v, w, s ¢y’ ¢z).
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If one requires to fix u, v, ¢y’ ¢z at the node number 12, the card can

read @

NODE1 NODE2 COMPONENTS

12 0 1j]6]2]5

If all the components of displacement at a node or along an interface

have to be fixed, simply enter 99999 as first fixed component.

The order of the fixation is arbitrary and the nodes and interfaces can

be mixed. If two different fixations are entered for the same node or in-
terface, the last one overrides the other.

It is important to note that the degrees of freedom for which a zero
diagonal term is found in the assembled stiffness matrix are automatically
fixed by the program. Therefore when such a situation is known in advance,
it is not required to fix explicitly such degrees of freedom, For instance,
the out of plane displacement component of a membrane element lying in a
plane of coordinates. However the program cannot detect mechanisms in the
structure, Therefore the out of plane displacement of a membrane which

is not in a plane of coordinates is not fixed by this implicit process.

If non zero prescribed displacements are to be entered, they must come
after the zero prescribed, separated of them by a card 88888 and presen-
ted according to FORM 6. Anyhow the end of the set of fixation cards

(zero prescribed and non zero prescribed) is indicated by a separation
card 99999,

FORM 6 : Non zero prescribed displacements

Load components

The identification of a node or an interface component is the same as in
FORM 5 but only one component per card is allowed. It is followed by the
value of the prescribed displacement or the intensity of the load compo-
nent.

The ordering of the load or displacement components is arbitrary. The
various loading cases are separated by a card starting with 88888, while
the end of the loads is indicated by 99999. If there are no loads (like
in problems with body forces only) one card with a dummy load component
must be present and the displacement component loaded (with zero inten-

sity) must be one for which a non zero stiffness exists,
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Input data flow chart

The order'of the input data cards is summ#tized on figure A9. The different
problems to be solved in the same run of the program are separated by a
card starting by - - = - (4 minus signs). The last problem in a runm is
followed by a card starting with 8 minus signs (- = = = = = - = ).

When an error is detected by ASEF in a problem,it tries to skip to the
next problem, The main control variables ISTART, ISTOP, IU5 cannot be re-

defined during an execution,
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A4, DESCRIPTION OF THE FINITE ELEMENTS LIBRARY

The following elements have been retained for ASEF-20 and are described
in this '

TYPE
TYPE

TYPE
TYPE
TYPE
TYPE
TYPE
TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE
TYPE

1
2

0 N O B &~ W

10
11
12

13

14

15

16

17

18

19
20

section :

¢ Frame element

¢ Bar element with variable degree of displacement field and
cross section

¢ Conforming triangular element of variable degree

¢ Conforming quadrilateral element of variable degree

¢ Not used

: Special bulkhead element for displacement analysis

¢ Conforming beam element including shear deformation

¢ Conforming plate bending element of moderate thickness
(Theory of Hencky)

¢ Equilibrium plate bending element of moderate thickness
(Reissner theory)

¢ Not used

¢ Equilibrium bar element with constant axial shear

¢ Equilibrium quadrilateral membrane element with constant
stresses

¢ Equilibrium triangular plate bending element, Kirchhoff Theory

¢ Hybrid rectangular membrane element of variable degree

: Conférming quadrilateral plate bending theory, Kirchhoff
Theory

: Equilibrium quadrilateral membrane element with linear
stresses

¢ Equilibrium bar element with linear axial shear and linear
cross section

¢ Not used

¢ Not used

¢ Conforming parallelogram membrane element with bubble func-

tions and variable degree.

In addition 3 types of linear constraints can be introduced

in the form of "constraint" elements which are identified by the fol-

lowing types :
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TYPE 51 : Constraint between the displacements at 2 nodes
TYPE 52 : Constraint between the displacement at a node and the
foundation

TYPE 53 : Constraint to reduce the degree along an interface.

For all these elements, references are given in which a de=
tailled derivation of the various matrices required can be found and,
usually, more details concerning the program. The assumptions are recal-
led and followed by a short description of the elements. The informa-
tions necessary to prepare the element definition card and to introduce
the particular data are detailed. Finally the conventions used to
compute the stresses are summafized and the names of the FORTRAN sub-

routines composing the element generation program are given,
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TYPE 1 FRAME ELEMENT

= o ' ' '
v al + a, X + az x + a, X
—1 [ . 2 " 3
w Gl + (12 X +a 3 X +a 4 X

¢x - Bl + Bz x

-~ The frame element is a straight prismatic member for which deformation
modes in extension, bending in two perpendicular planes and in torsion

are assumed, It follows the simplest engineering beam theory.

- The local axes of the element are the inertia axes with the Ox axis
oriented from node 1 to node 2 while a third node defines the local

% 0z plane of coordinates,

local axes
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- Element definition card content :
NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD
All these variables have been defined in the section A3, FORM3.
ITYP = 1 NNO = 3
IAD can only be equal to 1 or 2, otherwise an error message is printed.
The node 3 éan be any node of the structure, used to define vertices

of elements or not.

- Particular data
If IAD = 1 the following variables are read :
A cross section
RTY moment of inertia with respect to the local Oy axis
RTZ moment of inertia with respect to the local 0z axis
RJ moment of inertia in twist
G shear modulus in twist,
The Young's modulus is assumed to be that of the general data.
If IAD = 2 the Young's modulus is read on the second card.

Any one of these particular data can be zero.

- Degrees of freedom
The presence of an element of TYPE 1 in a structure causes all the
nodal points to be considered as having 6 degrees of freedom ordered,
in global axes :

(u, v, w, ¢xo ¢yt ¢z)

If the element is connected with conforming membrane elements of first.
degree, it is compatible in extension. If elements of higher degree are
used as membrane, the cross section of this element should be zero and
the extension mode of deformation represented by superimposing a bar of
TYPE 2., If a bending stiffness exists in the plane of the membrane, this
element cannot be conforming. In that case the beam element of TYPE 7
should be used, which allows conformity of the bending modes with mem-

brane elements of second and third degree.

- Stress output
The stress ouput are the 3 forces Fo» Fy’ F_ and the 3 bending and
twisting moments Mx’ My, Mz. They are always given in global axes and

in local axes.
= Subroutines used

SP1 cPl AUXPT TSBEAM (plus matrix package)
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TYPE 2 BAR ELEMENT OF VARIABLE DEGREE

- References : 2.1 or A.9

9

- Aﬁgpgption tu=a, +a, X+ a3 x2 + a4 x3 eee + X

- 1 2 10

(complete polynomial truncated at a specified degrge)

- Description
This element has only the axial deformation mode, It is intented to re-
inforce the conforming membrane elements of types 3, 4, 6 or 20 and the
-hybrid element of type 14. The degrees of the polynomial approximation
-for u and that used to represent the axial distribution of the cross
section can be fixed independantly to any value between O and 9. Analy-

tical integration is always used for obtaining the stiffness matrix.

- Local axis is directed from node 1 to node 2.

= Degrees of freedom
The length of the bar is subdivided in ND sections, ND being the degree
of the polynomial used to represent the axial displacement u. This
defines ND-1 points between the ends 1 and 2 which are numbered 3, 4
ses (ND + 1) from 1 to 2, |
The displacement sequence in global axes is :

' =
Q' = (d dydyd, weedp ;)

where d, = (uy vy W)
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Eventually, at points 3 to (ND + 1) the local axes can be specified in

which case the stiffness corresponding to v is obviously zero.

w
. i1
This specification is achieved by the phase 1 if the elements of mem-
branes meeting along the interface 1-2 are coplanar and not in a plane

of coordinates.

Element geiigi_éign_cgrg ¢ it contains

NOEL, ITYP, NNO, N1, N2, ISIMPL, ISTRES, IAD, ND, MD

All these variables, but ND and MD, have been defined in section A3,
FORM 3,

ITYP = 2 NNO = 2

ND is the degree of the polynomial used for the displacement field.

It can take the value O to 9, If ND = O the degree is fixed by the ge-
neral data NDC, If 1 € ND ¢ 9 its value overrides that given by the ge-
neral data NDC. Note that ND can be reduced if the bar is connected
with another element for which ND is smaller. The general rule during
phase 1 is to assign to the interfaces the degree of the simplest adja-
cent element. This rule overrides any specification of ND,

MD is the degree of the polynomial representing the cross section axial
variation. It can take the values O to 9,

IAD is the number of additional card containing particular data.

It must be consistent with the specification of MD : IAD = MP-E—E
(default quotient).

Rarticular data
The cross section area has to be specified at MD + 1 stations and follo-
wed by the Young's modulus. If this latter is zero, the general value is

assumed.,

Stress_output

The axial stress is computed at ND - 1 stations along the length of the
element,

Subroutines used

SP2

SPBAR2 A (plus the matrix operation package)
CONNEC
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TYPE 3 CONFORMING TRIANGULAR MEMBRANE ELEMENT

- Reference : A 9

- Assumption : u = a; +a, x*tayyta, X2+ ag Xy + ag y2
3 2 3

a; X* +ag xy + ag Xy + 0,5y

+ see *+ 015 y4 + see o0 t a21 ys

v=aqal +al x+aly+al x2 +al xy + a! y2

1 2 3 4 5 6

3

2

+ag x4 aé x°y + aé xyz

3
1]
M T

- v
+ oo alsy "’ooo"’GZI}'

(complete polynomial in x, y truncated at a specified
degree)

= Description
This element generalizes the classical triangular membrane elementin
this sense that it can be of any degree between 1 and 5 along any of
the 3 interfaces and inside, independently. The thickness is assumed to
vary linearly between the 3 vertices. The Hooke's law modification neces-
sary to use the-element by the Southwell analogies as a plate bending
element is also provided (in this case the thickness has however to be

constant) .

- Local axes_and_degrees_of freedom

ND = 3 for all edges.

‘ > x
1 4 5 2

The local axes are directed as indicated above with the axis Ox coinci-

ding with the edgé 1-2, They influence only the stress ouput.
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Each edge is subdivided in ND equal segments, ND being the degree assigned
by the phase 'l to each edge. These segments definé a certain number of
points along the interfaces which are numbéred following the same sense
of rotation as for the 3 geémetrical nodes 1.,2.3. The example given
above applies for ND = 3 on all edges. The displacements sequence is @

| q' = (d; d, d; d, dg eeu d)
where d1 = (ui v, wi) in global axes. Eventually, if along an interface,
only 2 membrane elements are connected (plus eventually a bar of type 2)
which are coplanar and not in a plane of coordinates, the phase 1 decides
to express the displacementsof the interface in special local axes.,
These axes are defined by the tangent and normal to the interface., Their
orientation is given by a reference node printed in the output, If this
node is positive the normal is directed in the half plane containing this
node, If the reference node is negative the normal is directed in the op-
posite half plane. The advantage of these special axes is that the out
of plane stiffness is automatically zero at the interface points and
therefore is automatically fixed by the program. If the 2 membrane ele-
ments are "almost" coplanar, the special local axes are selected if the

angle is smaller than .0l radiants.

If the dégree specified for the element is higher than the degree of the
interfaces, bubble functions of displacement are automatically included.
This is also the case if the degree is higher than 2 in which case internal
degrees of freedom have to be defined. They can be interpreted also as
bubble functions. The presence of bubble modes can be forced in various
ways ¢ for instance by specifying the variable NDB or by specifying a
degree higher than that of the surrounding adjacent elements. Eventually
bar elements of zero cross section can be used to force the reduction

of degree along certain interfaces.

NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD, ND, NDB, NDT, IFLUX,
IPERF,

The 9 first variables are defined in section A3, FORM 3,

ND is the degree assigned to the element. It must be smaller than or
equal 5, If ND = O, the degree is that fixed by the general data NDC.
NDB is the degree assigned inside the element. If NDB > ND it forces

the inclusion of bubble functions., If NDB = O it is assumed equal ND.
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NDT is the degree of the stresses in the output. Normally, and in parti-
cular if NDT = O, the degree of the computed stress field is equal ND - 1.
However the stresses can be computed at additional points corresponding
to a displacément field of higher degree., The additional stresses are
obtained by interpolation. This option is useful for graphic represen-
tation of the stress output. The maximum value of NDT is 5.

IFLUX is an option for stress computation, If IFLUX = 1 the fluxes are
computed instead of the stresses.

IPERF = 1 specifies that the stresses have to be punched or output on
unit 7,

Particular_data

If IAD = O the general data are assumed, The thickness is constant and
equals T. ’

If IAD = 1 the first additional card contains the Young's modulus and
the thickness at points 1.2.3 sequentially,

If the thickness at points 2 and 3 are zero, the thickness is assumed
constant and equals the thickness at point 1.

If IAD = 2 the second additional card contains the Poisson's ratio wich

.otherwise is given the general value.

Stress_output

Depending of IFLUX, stresses or fluxes (stresses times local thickness)
are computed in local axes. They aie printed at a certain number of re-
ference points, depen&ing of NDT, which are numbered as indicated below
along lines parallél to the local Ox-axis.

The figure correspondsto NDT = 3, Note that the number of points de-
creases by one along succesive lines,

When the element is used in the stress function method, the stresses

printed are in fact bending moments,

Ay

NDT = 3

—> X

Numbering of the reference points for stress output.
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SP3 BS2103
Ds21 BS2104
BS2101 BS2105
BS2102 BS2106

BS2107
BS2108
BS2109
BS10

(plus the matrix operation package)

231

BS16
BS17
BS18
BS19



TYPE 4 , CONFORMING QUADRILATERAL MEMBRANE ELEMENT

- Reference : A 9

- Assumption 3 u = a, + a, X + ay y + a, x2 + ag Xy + ag y2

3 2 2
+ a7 x ¢+ °8 Xy + a9 Xy + alO y

1

= J v 2y -
v=a ¢+ az X + a3 y + 34 X + as xy + a6 y

K} 2 2
1] 1] ] L
+ ay X + ag X'y + ag Xy + a0 Y

(éomplete polynomial in x, y truncated at a specified
degree in each triangle independantly)

= Description

This quadrilateral is a super-element composed of 4 triangular membrane
elements of type 3. The internal interfaces are defined by the diago-
nals of the quadriiateral. The internal degrees of freedom corresponding
to the internal interfaces and eventually to internal modes of the tri-
angles are eliminated by condensation. The degrees of the 4 triangles
are assumed to be identical and not higher than 3, The reduction of the
degree along the external interfaces of the quadrilateral is possible
and follows the same rules for the type 3 element., The possibility of
using the element as a plate bending element by the Southwell . analogies
~ is also provided.
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The thickness can vary linearly along each exterhal interface and is
defined by the local values at the vertices. The thickness at the diago-
nal intersection point is interpolated as follows t a linear variation
is assumed along the two diégonals. The thickness at the central node

is the average of 2 thicknesses so defined at this point. If the 4 ver-
tices of the quadrilateral are not coplanar, a correction of the warping
is achieved by defining a mean plane and projecting the 4 nodes in this
plane. The importance of the warping in NOT checked.

Degrees of freedom

The sequence of the generalized displacements is
! )
q (d; dy dy d, dg dg dy dg ees )

following the same conventions as for the type 3 element,
The selection of the special local axes on the interfaces follows

also the same rules.

Bubble functions of displacement
Such functions can be introduced following the rules defined for the
element of type 3.

Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD, ND, NDB, NDT,
IFLUX, IPERF,

The only difference with type 3 is the presence of 4 nodes.

Particular data |

The only difference with type 3 is that, if IAD > 1 the first additional
card contains the Ypung's modulus and 4 thicknesses at points 1.2.3.4
sequentially, »

Stress_output

The numbering of reference points follows a different sequence which is
indicated on the figure below for NDT = 3 Ghich is the maximum stress
output, The logic of the numbering is :

- 4 vertices,

interface points (if any),

diagonal intersection point (always present)

internal interfaces points (if any), numbered from center to nodes
1.2.3.4 sequentially,
points internal to the triangles I; II, III, IV (if any).

233



The stresses or fluxes are given in local axes defined by the Ox axis
Joining" the mid-edge 4-3 to the mid-edge 1=2 and by the Oy axis direc-
ted in the half plane containing the node 3. Along internal interfaces

of the element the stresses (or fluxes) printed are the averages of the

values computed in each adjacent triangular sub-element.

Local axes for stress output and numbering

of the reference points for NDT = 3

SP4 BS2103 BS2107 BS16
Ds21 BS2104 BS2108 BS17
Bs2101 BS2105 BS2109 BS18
BS2102 BS2106 BS10 BS19

(plus the matrix operation package)
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TYPE 6 SPECIAL BULKHEAD ELEMENT

- Reference : (A.7)

- Assumptions : u = a, + a) X + a, x2 + a, x>+ y (a5+a6x+ a7x2+ a8x3)

" 2 3 2 3
v=_g + By X + By X" + 84 X +y (85+B6x+ B,x"+ Box )

(eventually reduced to 2d degree along the edge 1-2)
- Description

The special bulkhead element is a kind of frame or spar element designed
to reinforce conforming membrane elements for out of plane bending and
for which the neutral axis is not in the plane of the membrane.

This situation is often met in the idealization of bulkheads in fuselage
analysis., The element is a quadrilateral membrane which can be connected
with the membrane elements of the fuselage skin only by the edge 1-2
along which it is conforming. The opposite edge 1s always supposed to be
free, The 2 lateral edges 2-3 and 4-1 can be connected with similar ele-
ments or with general membrane elements. This connection is stricly con-
forming only if the lateral édges are perpendicular to the edge 1-2,
Otherwise it introduces a slight lack of conformity which, for bulkhead
analysis, is not important.

It has the advantage over standard membrane elements (like TYPE 4) of a
better representation of the bending modes which include the effects of
shear deformation and shortening of the cross section, but with less
degrees of freedom. Note that connection is not allowed along the edge
3-4 due to the condensation of the 4 interface degrees of freedom along
that edge.

The high of the element can vary linearly and two different reinforcing
flaﬁges of linearly varying cross section are provided. The thickness
of the web is constant but can be different in extension and in shear
to allow a correct representation ofﬁszect of haeles in the web. The
loading can be achieved, in addition to tip concentrated forces, by a
linearly distributed line load applied on the edge 1-2 in the plane of
the web., This allows to input the pressuriéhtion of the fuselage with

the consistent loads.

- Local axes are oriented with Ox along 1-2

235



V12 21

- The angles o and B should be small,

- Element definition card : it contains

NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD, ND

All these variables, but ND, have been defined in the section A3, FORM 3,
ITYP = 6 MO = 4

IAD can take the values 0, 1, 2, 3 or 4

ND is the degree of the displacement field along the edge 1-2

It can only take the values 2 or 3, If it is equal 2 the two couples of
generalized displacements along 1-2 are reduced to one to be conforming

with the standard membrane elements of second degree (ITYP = 3 or 4)

Particular data

If IAD = O the general data are assumed for E and NU while the web
thickness is taken equal T in shear and in elongation. The
flange cross sections are assumed zero

If IAD = 1 the variables Tl (thickness of the web in elongation) and T2
(thickness in shear) are read

If IAD = 2 the second additional card contains :
EA = Young's modulus of the web

" ANUA = Poisson's ratio of the web

El = Young's modulus of the flange 1-2
E2 = Young's modulus of the flange 3-4
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If IAD = 3 the third additional card contains the cross sections of the
flanges Al2, A21, A34, A43 respectively at points 1, 2, 3, 4.
It is assumed that :
if A21 = O then A21 = Al2
if A12 = O there is no flange 1-2
if A43 = O then A43 = A34
if A34 = O there is no flange 3-4

If IAD = 4 the fourth additional card contains Pl and P2 which are the
local intensities of the distributed line load at points 1
and 2, If P2 equals zero, then P2 = Pl is assumed,

The sequence of the generalized displacements in global axes is

' =
Q' = (d; d) dyd,d,, dy))

where d, = (ui v, W if ND = 3,

i i’

If ND = 2 the triplet d21 is droped and d12 is expressed at mid-edge 1-2,
NB : When this element is connected with membrane elements of type 3 or
4 it forces on the corresponding interfaces the choice of global axes
instead of local axes (see details in the description of the elements

3 and 4)

The stress output are @

O Ty Ty computed at points 1, 2, 3 and 4

Oy °y Txy at the.diagonals intersection

;xy average of the shear stress over the element

N1, N2, N12 normal forces in the flange 1-2 at points 1, 2 and in

the mid-edge 1-2

N3, N4, N34 normal forces for flange 3-4

SP6 MC6 STS6 ~ INT6
LAND6 STA6 COR6 PINT6
cD6 TA6 MP6
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TYPE 7 _ FRAME ELEMENT INCLUDING SHEAR DEFORMATION

Assumptions : u = a; to, x+ay;x +a, x3
ve=a'+tal x+al x> +al x
1 2 3 4
w=a' +a x +al x> 4a" X
1 2 3 4
b =B, + B, x + B, x°
X 1 2 3
¢ =8 + 8! x + 8! x
y 1 2 3
.8 " ”" "2
by =By rByx <t Byx

(eventually the displacements u, v, w are reduced to

2nd degree)

Description

This element is a straight prismatic member which deforms in extension,
bending and torsion. The local axes are the inertia axes of the cross
section, As the shear deformation is included in the theory used for

bending, the displacements u, v, w are represented by modes independent
oW’
3X
The difference between the elements of type 1 and type 7 is the same as

of those used to describe the rotatioms. (¢y is not equal to ; etCeee)
between the plate bending elements of type 15 (Kirchhoff) and type 8
(Hencky) . This element should be used to represent beams reinforcing
membrane elements and which have a bending stiffness in the plane of the
membranes. The connection can be conforming with membrane elements of

2nd and 3rd degree (Type 3, 4 or 20),

All the characteristics of the cross section can vary linearly along

the element neutral axis.
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- Element definition_card : it contains

NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD, ND

All these variables, but ND, have been defined in the section A 3, FORM 3
ITYP = 7 NNO = 3 A

The third node N3 is used to define, with N1 and N2; the local Oxz plane.
This nodal point is not necessarily a node used to define the element
vertices.

ND is the degree of displacements u, v, w along Ox. It can be equal to

2 or 3 only. Note that the degree of the polynomials used for the rota-
tions is always 2. ND should match the degree of the membrane elements

to which this frame element is connected. IAD can only be equal to 3

or 4,

EaLtlc.‘.‘.li’-‘;dé.ti A
If IAD = 3 the following data are read on 3 cards, sequentially
Al, A2 cross section area at nodes 1 and 2
ARY1, ARY2 cross section area in shear along the local Oy
axis
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ARZ1, ARZ2 cross section area in shear along the local 0z axis
RJ1, RJ2 moment of inertia in torsion

RIY1l, RIY2 moment of inertia in bending with respect to Oy
RIZ1, RIZ2 moment of inertia in bending with respect to Oz

The Young's modulus is that of the general data and the shear modulus is

equal to
2(1+v)

Conventionnally, for each couple of characteristics of the cross section,

if the value at node 2 is zero, the characteristic is assumed to be cons-

tant over the length of the element, with the value given at node 1, If

both values are zero, the characteristic is zero., If it is really requi-

red to represent a triangular distribution of a characteristic, a very

small, but non zero, value should be input at one end.

If IAD = 4 the fourth card contains the Young's modulus and the shear

modulus, This latter can be zero.

Degrees of freedom

The sequence of the generalized displacements in global axes is :
@' = (dy 0y 0 dy s wy s dy) s epy)

where di = (u1 VW )
wy = Oy dyq 054 i1f W = 3.

If ND = 2 the triplet d,, is droped and d,, is expressed at mid-edge 1-2,

21 12
Stress output
The resultant forces Fx Fy Fz and bending and twisting moments Mx M& Mz

in local axes are computed at points 1, 2 and at mid~length 1-2,

Special choice of local axes for_interface displacements

When the membrane elements that join along 1-2 are coplanar and not in a
plane of coordinates, the program chooses to use local axes for the inter-
face displacements (not at the nodal points 1 or 2). These are defined

by the tangent and normal to the interface. (See details in description}

of elements 3 or 4).

Subroutines used

SP7 ST7
Lcv7 ch7
MC?7 CONNEC

(plus the matrix operation package) page 240



TYPE 8 CONFORMING TRIANGULAR PLATE BENDING ELEMENT OF
MODERATE . THICKNESS (THEORY OF HENCKY)

- Reference : 2.7
- Assumptions : u =z ¢ (%, y) v=zo (x,5)
2 2
¢ = % +_a2 X + a5y + a, X + ag Xy + Gg ¥
’ |

¢ = ai +ta)x+ as y + az xz + ag Xy + aé y2

2 2
81 + 82 x + 63 y + 84 X"+ BS Xy + 86 y

€
(]

87 x3 + 68 xzy + 89 xy2 + Blo y3

- Description :
This plate bending element is derived according to the theory of Hencky
for plates of moderate thickness. It differs from the Kirchhoff plate
theory by the independence of the rotations ¢x’ ¢y of the cross section
and the slopes 3w/dx, dw/dy of the mean plane of the plate, It allows to
take into account the éhear deformation and the edge effect due to the
transverse rotation around the axis normal to the mean plane, The element
is derived with fixed degree and constant thickness. The Young's modulus
used to compute the bending energy and the shear modulus used to compute
the transverse shear energy can be independant., This allows to use the
element to model non homogeneous materials like sandwich, multi-layer
trusses etc.
The element can only be used in the X-Y plane. The sequence of the gene-

ralized displacements is, in the global XY axes.,

Q' = () b by Yy byp byp W3 043 943

V12 ®x12 by12 V21 Y23 %x23 %23 ¥32 V31 %x31 %y31 V13
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The internal degree of freedom w necessary to derive the element is elimi-
nated.by condensation.

To allow a_ correct representation 6f the boundary conditions, special

axes can be defined at the 6 points where rotations are expressed. Only
one set of special axes can be  defined per element, by giving their direc-
tion cosines in the LOCAL axes. This transformation of coordinates does

not necessarily affect all the rotations.

Element definitdon card : it contains

NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD, (ICOR(I), I = 1, 6)

All the variables, but ICOR, are defined in section A3, FORM 3

ITYP = 8 NNO = 3

ICOR(I) indicates at which points the special axes have to be used in-

stead of the global ones. Each component of ICOR corresponds to a point

in the sequence : (1, 2, 3, 12, 23, 31)

ICOR(I) = 0 specifies the global axes

ICOR(I) = 1 specifies the special axes, In this case the program checks
that IAD = 2 so that the direction cosines are efféctively

specified.
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- Particular_data

If IAD = O the 5 general data are assumed to represent :
E : the Young's modulus in bending
NU : the Poisson's ratio
T : the constant thickness
DA : the shear modulus for the transverse shear energy
DB : the transverse distributed load (per unit area)

If IAD = 1 the five variables E, NU, T, DA, DB are read

If TAD = 2 the second additional card contains CLI and CMI, the direction
cosines of the special axes in the local axes., If the trans-

verse shear modulus DA is zero, it is assumed to be given by
E .
2(1+NU)

The bending moments and shear forces are computed at the 3 vertices and
mid-edges in local axes oriented so that Ox coincides with the edge 1-2,
The antisymmetrical torsion (around an axis normal to the element) is

also computed at the 3 vertices. It is independent of the choice of axes.

- Subroutines used
SP8
COND8
SPL8B3
(plus the matrix operation package)
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TYPE 9 EQUILIBRIUM QUADRILATERAL PLATE BENDING ELEMENT
- OF _MODERATE THICKNESS (REISSNER THEORY)

- Reference : 2.7

- Assumptions : In each triangular region, the bending moment field in the
oblique axes defined by the 2 internal interfaces of
length a and b is :

= X L
Mx 81 * B2 a * B3 b

- X L
Moo= B *B53 % B %
- x b2
Meyy " B7* B3 By

A particular solution for constant distributed load p
is superimposed

psina = - gg B (a is the angle of the oblique axes)

10

- Description
This plate bending element is derived by the equilibrium theory of Reis-
sner for plates of moderate thickness., It differs from the equilibrium
formulation of the Kirchhoff theory by the form of the complementary
stress energy which includes the contribution of the transverse shear
and by the continuity requirements for the surface tractions. In this
element the bending and twisting moments are continuous across an inter-
face as well as the shear forces. There are no corner loads.
Although the form of the bending moment field is the same as in the equi-
1librium Kirchhoff plate bending element of type 13, it is impossible to
derive a triangular element free of additional constraints (or kinematic
deformation modes)due to the increased number of interface generalized
forces., The solution of building a super-element composed of 4 triangles
allows to reduce the additional constraints inside the assemblage.
The element is derived with fixed degree and constant thickness.

The Young's modulus can be independent of the transverse shear modulus.

The element can only be used in the X~Y plane. The sequence of generalized

forces is :

MM M VoMM
21 T3 ST

g'=(M M V., M
n sn 12 'n 23 To3 32

12 12 21
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M MV M M M V. M M_ )
P34 %34 "34 ", ey My Veny P14 M4 %My
A
7y
5123 p

sn4
3::;: é? y
M sn,,
n43 = Mn 0
41 ¢::=$‘\n\\\
vn M I~
M ™S
S041

The 4 internal degrees of freedom corresponding to the distributed load
in each triangle are eliminated by condensation. All the generalized for-
ces being expressed in local tangent-normal axes on each .interface,there

is no need of special coordinates transformation in this element.

NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD

- Particular data
If IAD = O the 5 general data are assumed to represent :
"E. : the Young's modulus in bending
NU : Poisson's ratio
T : the constant thickness
DA : the transverse sheaf modulus
DB : the transverse distributed load (per unit area)
If IAD = 1 these 5 variables are read on one card,.

If the transverse shear modulus is zero, it is assumed to be equal
E
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- Stress_output
The bending moments and shear forces are computed at the 4 vertices and
at the diagonal intersection point (reference point nbr 0) in the GLOBAL
X-Y axes. The values printed are the averages of the stresses in the
triangular regions adjacent to the point, in each element.
In addition the generalized forces, bending moments and shear forces,

defined along the interfaces are also computed.

SP9 STREL9 COND9
SPL9 LOCEF9
FLEXI9 CONN9

(plus the matrix operation package)
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TYPE 11 EQUILIBRIUM BAR ELEMENT WITH CONSTANT SHEAR

- Reference : 2.1

-~ Assumption : T = constant
' or N(x) = Bl + B2 x
= Description
This equilibrium bar element is stressed by a constant longitudinal

shear and two tip forCes. It is intended to reinforce the equilibrium

membrane element of type 12, The section is supposed to be constant,

1 2
_._—’.I________I._’__ax Local axis

N1 ':"" N2

The local axis is oriented from node 1 to node 2 and the generalized

forces are Ni, N2 and T. N

212 = Nioe These 3 local forces are expressed
in global axes in the sequence

8" = O Fyl le sz Fy2 Fzz Fx12 Fy12 lez ‘
Eventually, if only 2 membrane elements meet along the interface 1-2
which are coplanar and not in a plane of coordinates the phase 1 decides
to keep the local axis for the interface force. The total number of gene-
ralized forces remains the same but Fy is replaced by N, while a zero

12 12

stiffness is given to 2 other components .

- Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, ISIMPL, ISTRES, IAD
All these variables are defined in section A3, FORM 3.

ITYP = 11 »NNOS 2 JAD =0orl

- Particular data

If IAD = O the general data are assumed
E is the Young's modulus
T is the cross section area

If IAD = 1 the varaibles E and the cross section area are read,

The stresses at both ends are computed in local axes.
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CP11
(plus the matrix operation package)
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TYPE 12 EQUILIBRIUM QUADRILATERAL MEMBRANE ELEMENT
WITH CONSTANT STRESSES

- Reference : 2,1 or 2.11

- Assumptions : In each triangular regions, the stress field in the oblique
axes defined by the 2 diagonals is :
% " B1

- Description
This quadrilateral is the simplest equilibrium membrane element. It is
subdivided by the diagonals in 4 triangular regions in each of which a
constant stress field is assumed., The 12 parameters are reduced to 5 by
the constraints of continuity of the normal and tangential surface trac-
tions along the internal interfaces. The element is free of remaining
constraints (or kinematical deformation modes). However the connection
with other elements is achieved by identifying the simple averages of the
displacements along each interface which is equivalent to a pin joint.
Therefore special care has to be taken in expressing the boundary condi-
tions to avoid possible mechanism in the structure. Such mechanisms are
always avoided if the element is bordered by bar elements of type 11,
If the 4 nodes are not coplanar, a correction of twist is achieved by
defining a mean plane in which the 4 nodes are projected. The importance
of the warping is NOT checked. '

Along each interface of length %,, the generalized forces are in local

ij
cartesian axes normal and tangential to the interface
F =g o & and F = T .'2
0y n ij : tij sn ij

They are expressed in global axes in the sequence

g =(, F F F F. F F F F
12 Y12 %12 %23 Y23 %23 *34 Y34 Z34

F F F )
X1 Y41 %41
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If along an interface there are only 2 adjacent membrane elements which
are coplanar and not in a plane of coordinates, the local cartesian axes
are kept for the interface and thethird component of force is given a

zero value,
y .
A /
| .
R, 7
|

!
|
t

12 5 (in local
/' 2 n, t axes)
........... =>X

ana
(local axes for stress
output)
4 1
F \\\.\\\
x .
z 41 ~.
y S
" global axes (oblique axis) x
X

- Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD
All these variable are defined in section A3, FORM 3
ITYP = 12 NNO = 4 IAD = 0 or 1

= Particular data
If IAD = O the general data are assumed
E is the Young's modulus
NU is the Poisson's ratio
T 1is the constant thickness

If TAD = ]} the variables E, NU, T are read on one card

- Stress_output
The stresses are computed in local ecartesian axes defined by an Ox axis
directed from the diagonal intersection point to the middle of the edge
1-2 and the Oy axis directed toward the edge 2-3,
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The stresses are computed in each of the 4 triangular regions.

- Subroutines used :

BS2112
(plus the matrix operation package)
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TYPE 13 KIRCHHOFF EQUILIBRIUM PLATE BENDING TRIANGLE

- References : 2.18, 2,7

- Assumption : M = By + B, x + B3y +8,(Q=-x)x

My =B, tBgx+ Be ¥ + Bio Q-y)y

Mxy =g + 88 x + 89 y - 810 Xy

The parameter 810 controls the particular solution under a
uniform distributed load.

- Description
This classical equilibrium plate bending element is derived from a linear
bending moments field. Such a field satisfies the homogeneous equilibrium
equations. A particular solution is superimposedvhich is in equilibrium
with a constant distributed transverse load.

The thickness is assumed to be constant.

- Degrees of freedom .
The element can only be used in the X Y plane. The generalized forces
which insure the equilibrium along the interfaces (in the sense of Kir-
chhoff) are : i local values of the normdl bending moment Mn’ the cons-
tant value of the normal Kirchhoff shear force Kn = Vn + 9Mg, and the 3
9s

corner loads equal to the jump of twisting moment Z,Z = M -M .
i sn, sn

They are computed in the sequence @

g'=(, 2,2, M K M M K M M K M )
17273 "ny; 'myy By Dy3 My3 Mgy By

The internal degree of freedom corresponding to the distributed load is

eliminated by condensation.
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,,21:

. —

(local obli-
que axes)

X (global axes)

- Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD
All these variables are defined in section A3, FORM 3

ITYP = 13 NNO = 3 IAD =0or1l

- Particular data
If IAD = O the general data are assumed to mean :
E : the Young's modulus
NU : the Poisson's ratio
T : the thickness
DA : the distributed transverse load

If IAD = 1 these 4 variables are read on one card

- Stress_output
The bending moments are computed at the 3 vertices in local cartesian
axes having the Ox axis oriented along the edge 1-2, The constant shear
forces Vx and Vy are also computed. In addition the normal Kirchhoff
shear forces Kn are given along the 3 interfaces,

1]

- Subroutines used -

SP13 CP13 COND13 (plus the matrix operation package)
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TYPE 14 HYBRID RECTANGULAR MEMBRANE ELEMENT

- Assumptions : 1) u=a, +a, s +a s + a, 83+ a. st 3

1 2 3

2 2 2
z)ox.u g =u T =-M—

3y2 y oxdy

¢ (x,y) being a complete plynomial in x and y.
The polynomials for u, v, ¢ are truncated at the degrees

requested by the user.

- Description
This rectangular membrane element is derived according to the theory of
hybrid elements deducible of the Reissner principle and presented in the
chapter 2 of the present report. It covers the family of such elements
up to the 5th degree for the displacement field assumed along each inter-
face 1ndependént1y and with practically no limitation for the degree of
the stress field assumed inside. Numerical difficulties arise however if
the degree of the stress field exceeds 8. The nature and the sequence of
the generalized displacements defined along the interfaces are such that
the element can be joined indifferently to any conforming membrane ele-
ment of types 3, 4, 6, 20 and to the bar or beam elements of types 2 or
7. It should be noted that no check is incorporated that the element is

effectively a plane rectangle., The thickness is supposed constant.

- Degrees of freedom and local_ axe

8
3 ¢ ® - T 2
9 . ¢ 6
| 290°
. — . . . - ._»x
® . ]
,10 . 5 for ND = 3 on all interfaces
@ L @ 4’1
4 11 12 page 254




The sequence of the generalized displacements follows the same logic

as for the conforming membrane elements of types 3,4 or 20 : the displa-
cements of the vertices are followed by those of points defined on the
interfaces taken sequentially turning anticlockwise.

| - .
q (d, d, d5 4, dg dg dy oo dlz)

with di =- (ui v, wi)

The displacements of the vertices are always expressed in global axes
while on each individual interface the special local axes defined for
the elements of types 3 or 4 can be selected by the phase 1.

- Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD, ND, NT, ITENS
Most of the vafiaﬁles have been defined in section A3, FORM 3
- ITYP = 14 NNO=4 IAD =0 or 1

ND is the degree of the displacements along the 4 interfaces.

If it is not defined, the value given by NDC in the general data
is assumed. Eventually the phase 1 can reduce this degree along
interfaces with adjacept elements of smaller degree.
NT is the degree of stress field. It should be remembered that some
combinations of ND and NT are restricted by the presence of kine-
matic deformation modes (See figure 2.13, chapter 2), If NT is
not specified, it is assumed equal to ND,
ITENS is composed of 5 digits which mean :
1st digit - ¢ If equal to 1, the stress output are
punched

2nd and 3rd digits ¢ Degree of the stress output along the Ox
local axis

4th and 5th digits : Degree of the stress output along the Oy
local axis,.

If the 5 digits are zero, the degree of the stress output corres-

ponds to NT,. '

- Particular_data
If IAD = O the general are assumed
E is the Young's modulus
NU is the Poisson's ratio
T is the thickness

If IAD = i the variables E, NU, T are read on one card,
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- Stress output
The stresses are computed in the local axes 4in a number of points defined
by NT or ITENS and which correspond: to a regular subdivision of the ele-
ment in subrectangles. The sequence of the reference points starts at

node 4 and follows lines parallel to the Ox axis in ascending order.

SP14 SEXY14 BS1404 TCl4
NODE14 CECI14 BS1416
CONN14 R14 BS1417

(plus the matrix operation package)
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TYPE 15 CONFORMING QUADRILATERAL PLATE BENDING ELEMENT
(KIRCHHOFF THEORY)

~ Assumptions ¢ In each triangular region
"2 2
w=a + a, x + ay ¥ + a, x + a5 Xy + ac ¥

3

2
AR T

+ o, x3 + aé x2 y + &9
= Description
This plate bending super-element is obtained by assembling the 4 trian-
gular elements defined by the diagonals of the quadrilateral,
In each of these triangles the deflection is represented by a complete
cubic. The 40 corresponding parameters are reduced to 16 by expressing
the continuity requirements of the deflection and normal slope along
the internal interfaces of the quadrilateral. These 16 independent para-
meters are finally expressed in terms of the 16 generalized displacements
(w, Yx ? Vly
to insure a strict continuity of the deflection ard normal slope along

» at the 3 vertices and v along each interface) necessary

the external interface of the quadrilateral.

The element is programmed with the possibility of using a variable thick-
ness, anisotropic stress-strain relations and various special support
options. The element can be used as an equilibrium membrame element by
the stress function method. It is the Southwell analog of the element
type 16, In this case the thickness has to be constant.

~ Degrees of freedom

The element,eig/only be used in the global X-Y plane. The sequence of
the 16 generalized displacements is :

oW _ oW - oW _ 9w v oW _ ow W oW _OwW_ 0w __ 9w __ W 3w
1 3x1 ayz 2 3x2 3y2 3 3x3 3y3 4 3x4 3y4 aniz 3n23 3n34 an41

q' = (w

257

)



Oxy oblique local axes

0x ;; cartesian local axes

Oxg yg global axes

The local axes Ox is directed from O toward the middle of the edge 12,
The normal slopes wnij are expressed in the middle of each edge.
= Special options
1°/ Variable thickness : the thickness is constant unless the variable
ICHOI = 1 In this case the thickness at point O is interpolated
from the values defined along the 2 diagonals at this
point by a linear variation., The average of the 2 values
is assumed<When the thickness is variable all the other

special options are ineffective.

2°/ Anisotropy : it is controlled by the variable IANISO. IANISO = O
corresponds to the isotropic case, Four anisotropic
layers can be superimposed to the parent plate, Each of
these layer can have an independent thickness t

1 3
the bending rzisg8idity of each layer is iz E tani’

ani and



The orientation of these layers are independent and

defined by 2 nodes which are not necessarily vertices
of elements,

3°/ Internal support : when a point support is close to a free edge it is
' better to replace a generalized displacement of

that edge by a local deflection expressed inside
the element, This avoids using very small elements
in the neighbourhood of the support. This option is
controlled by the variable NAPPUI which equals 1
in case of an internal support. Anyone of the va-
riable of an unconnected edge can be changed into
a point support,

4°/ Local axes for stress_output : their choice is controlled by the
variable ISTRAX, If ISTRAX = 3 or 4
the stresses are computed in the glo-
bal X Y plane, If ISTRAX = O or 1

the local axes d;'; are used.

5°/ Special coordinate transformation for the slopes : At each vertex a

possibility exists to change the cartesian slopes
aw v

3% "3y into oblique slopes tangent to the edges

™ W where 1 < j < k. This is controlled
981y 384k
by the array IAX (4) each component corresponding
to a vertex, If IAX (i) = O the cartesian slopes
are used at the vertex i. IAX (i) = 1 otherwise.
- Element definition card and particular data

The element definition card contains :

NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD, ICHOI

All the variables, but ICHOI, are defined in section A3, FORM 3.

ICHOI controlé the combinations of the special optiomns allowed.
1, ICHOI = 0 implies ISTRAX = 3 IANISO = O NAPPUI = O
IAX = 0 . IAD=O0or1l
If IAD = O the general data are assumed
E 1is the Young's modulus
' WU is the Poisson's ratio
T 1is the thickness
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If IAD = 1 E, NU, T, DA are read on one card.

2, ICHOI = 1 implies ISTRAX = 3 NAPPUI = 0 IANISO = O
IAX = 0 IAD = 0, 1 or 2

If IAD = O the thickness is constant but the routines for
variable thickness are used

If IAD = 1 the thickness at the 4 vertices are read on one
card

If IAD = 2 the second card contains :
E, NU, blank, DA '

3, ICHOI = 2 implies IAD =1, 2, 3, 4, 5 or 6 (but not 0)
On the first card are read the variables :

E, NU, T (1), DA, IANISO, IAX (i = 1, 4), NAPPUI where T (1)
is the thickness of the parent plate (eventually zero).
This card is followed by IANISO additional cards containing

NN1, NN2, T (anisotropic layer nbr i)
where NNI, NN2 are the 2 nodes defining the orientation of
the layer and T its thickness., If IANISO = O, these cards

are omitted

If NAPPUI ¥ O another additional card follows with

NTRI, NELIM, NND

where - NTRI is the number (1, 2, 3 or 4) of the triangle
in which the internal support is to introduce

- NELIM is the number (from 1 to 16) of the generali-~
zed displacement to replace by the internal
support. This number refersto displacement
sequence given above.

- NND 1is a node number which corresponds to the
internal support (the 4 vertices have however
to be specified in the element definition
card)

If i IAX (1) = 0, ISTRAX = 3, Otherwise
ISTRAX =1,

4, ICHOI = 3 implies identical options as for ICHOI = 2 but if
I IAX (i) = O, ISTRAX = 3, Otherwise ISTRAX = 4
i
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Important : The element is used as an equilibrium membrane element by
'the stress function method if NU is negative., In this
case however the number of options is limited to ICHOI = O
which is the only possibility.

- Stress_output
The bending moments are computed at the 4 vertices and at the diagonal
intersection (reference point 5). They are the averages of the moments
computed in each triangle at a reference point, insidetle quadrilateral.
In the stress function approach, the bending moments are replaced by

stresses but the tittle in the output are not changed,

- Subroutines used

SP15 SP15B8 HOOK15 ELIM15

THC15 ABC15 COOR15 OBLI15

VAR15 LOC15 APUI15 TS15
TS15PR
T15VAR

(plus the matrix operation package)
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TYPE 16 © EQUILIBRIUM QUADRILATERAL MEMBRANE _ELEMENT
(LINEAR _STRESS _FIELD)

- References : 2.27, 2.26

= Assumptions : In each triangular region :

Ox "Byt Byx* By

Oy -84+85x‘*86y

Txy = B7 - 86 X -.82 y

= Description
This equilibrium membrane is a super-element ohtained by assembling the
4 triangular elements defined by the diagonals of the quadrilaterai. In
each of these triangles the stress field is linear as indicated in the
assumptions. The 21 corresponding parameters are reduced to 13 by expres-
sing the continuity of the normal and tangentigl surface tractions along
the internal interfaces of the quadrilateral., The 16 generalized forces
necessary to determine uniquely the linear variatiorn of the surface trac-
tions along the external interfaces are expressed in terms of the 13 pa-
rameters. As the 16 forces satisfy 3 global equilibrium equations, the
element is free of spurious kinematic modes. The generalized forces are
the local values of the surface tractions Ten® %n (times the thickness)
at each vertex, along an interface. Note that although expressed at a

vertex, they are interface variables,

The element is programmed with the possibility of using a linearly
variable thickness.
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/// N (local oblique
) 14
axes)

Vg (local axes for stresses)

(global axes)

The sequence of the generalized forces in the local axes Oxy is

(- .
g' = (Nyp Typ Ny Ty Moz Tp3 N33 T3y Nay Ty Ny3 Tyy Ny Typ Mg Ty )

where N are cartesian normal and tangential components of the sur-

T
13* "1y
face tractions multiplied by the length of the interface., These forces

are transformed in global forces

g'=(F,_ F

x F (XX} F )
12 Y12

Fz12 sz1 Fy21 Fzzl *23 %14

Eventually the phase 1 can decide to keep the local n, t axes on an inter-
face in which case the 3rd component of the global forces at each point

is given a zero stiffness. This is the case when only 2 membrane elements
meet along an interface and are coplanar without being in a plane of coor-

dinates.
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- Correction of twist
If the 4 vertices of the element are not coplanar, a mean plane is deter-
mined and the 4 nodes projected in this plane. The importance of the

warping is NOT checked,

NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD
All these variables are defined in section A3, FORM 3
ITYP = 16 NNO = 4 IAD = 0, 1 or 2

Particular_data

If IAD = O the general data are assumed
E is the Young's modulus
NU is the Poisson's ratio
T is the constant thickness

If IAD = 1 E, T1, T2, T3, T4 are read on one card
where Ti is the thickness at a vertex. The thickness at point
0 is the average of the 2 values computed at this pbint by as-
suming a linear variation along each diagonal independently.
If T2 is zero, the thickness is assumed to be constant and
equals T1.
NU is assumed to have the value given in the general data.

If IAD = 2 NU is read on the second additional card.

Stress_output

The stresses are computed at the 4 vertices and at diagonals intersection
in local axes Oxsys which have the Oxs axis coinciding with the edge 1-2,
The stresses are the averages of the values computed in each triangle
meeting at the reference points,

In addition the normal and tangentizl fluxes are computed along each

edge at the vertices,

Subroutines used

SP16 MATS16 TCOR16
QEL16 BS2116 BCBIl6
CONN16 GEOM16 DIV16

FLEX16 FLAN16 TS16PR

(plus the matrix operation package)
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TYPE 17 EQUILIBRIUM . BAR ELEMENT WITH LINEARLY
pors EENCLA
VARYING SHEAR AND . CROSS SECTION AREA

- Reference.: 2,27

- Assumptions : T(x) = B8, + B, x

2
= X
or N(x) BO + Bl x f 82 >

= Description
This bar element is intended to reinforce the membrane element of type
16, It is stresses by a linear axial shear and 2 tip loads. The cross
section can vary linearly between the 2 ends. (local) T *

v
e

X (global axes)

The sequence of the generalized forces in the local axes is
' =
g' = (M) Ny T35 Ty )

where Ni-is a tip load and Tij the local value of the shear at an end
times the length of the bar.,

These forces are expressed in the global axes in the sequence :
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g'=(¢, F F F F F T T T T T T )

1 Y1 %1 *2 Y2 % *12 Y12 %12 *21 Y21 32;1
Eventually the forces le and T21 are kept in local axes if this special
choice of axes has been decided by the phase 1, In this case, zero stiff-
ness is given to the components Tx T and T,, replaces T. in the

z ij y
sequence given above. 12 712 ij

Element definition card : it contains
NOGEL, ITYP, NNO, N1, N2, ISIMPL, ISTRES, IAD
All these variables are defined in section A3, FORM 3,

ITYP = 17 NNO = 2 IAD =0 orl

Particular data
If IAD = O the general data are assumed
E is the Young's modulus
T:is the constant cross section
IF IAD = 1 the variables E, Tl, T2 are read
Tl, T2 are the cross sections at both ends

If T2 = 0, the cross section is assumed constant and equals Tl.

Stress_output
The stresses are computed at 4 reference points wlich are : node 1, node 2,
1/3 and 2/3 of the length 1-2,

Subroutines used
SP17 EVA17
BEL17

(plus the matrix operation package)



TYPE _ 20 CONFORMING PARALLELOGRAM ELEMENT WITH
——————
VARIABLE DEGREE AND BUBBLE FUNCTIONS

- Reference : A 11

- Assumption : 'u and v are of the form

2 2
P, (x, y)+(1-§) (1-};—2)1’2 (x, )

where both functions P1 and Pz‘are

P, = (a, +a, x+a x2 + + a. x)(8, +B,y +8 y2 + +B8 vy
i 1 "2 3 *** 7 T+l 1 "2 3 *** a4l 7Y
truncated at the degree requested by the user,

- Description
This element_is a generalization of the classical rectangular membrane
elements in this sense that it is extended to variable degree polynomials
(from 1 to 9) and that it includes bubble displacement modes of degree
independently variable (from O to 9).
In this purpose the polynomials used to represent the displacements are
split in two parts controlled by the functions 1’1 and P,, P. describes

2° "1
the basic field and the interface modes while P, represents only bubble
displacement modes.

2

To allow easy comparison with other elements (type 4 or 14) the number of
terms retained in the functions P1 (x, y) corresponds exactly to the num-
ber of generalized displacements necessary along the interfaces. This
reduction of parameters is obtained by dropping in Pi the terms of power
greater or equal 2 in x AND y and the terms of-power greater than n in

x OR y, n being the degree of the displacements in the direction of the
edges.,

The complete form giyen above is always used for P2 (x, y)o

The thickness is constant and the material isotropic. The element can be

‘used as a plate bending equilibrium element by the Southwell analogies.
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nodal point sequence for ND = 3

The generalized displacements are expressed at equidistant points along
the interface, depending of the degree selected . The sequence of the
displacements, the conventions for reducing the degree along an interface,
the option of local normal-tangent axes are exactly the same as for ele-

ments type 4 or 14,

Element definition_card : it contains
NOEL, ITYP, NNO, N1, N2, N3, N4, ISIMPL, ISTRES, IAD, ND, NB, ITENS
Most of the variables are defined in section A3, form 3

ITYP =20 NNO = 4 IAD=0or1l

ND is the degree of the basic field P1 (x, y). If ND is zero the de-
gree is that defined by NDC in the general data. The degree of the
basic field is eventually reduced along these interfaces where the
adjacent elements are of smaller degree.

NB is the degree of the bubble modes P2 (x, y). If NDB is greater or
equal 10, no bubble modes are included.

Note that NB = O corresponds to one bubble mode when P2 = constant,

ITENS is an option for stress output composed of 5 digits :
1st digit If equal 1 the stress output are punched

(or put out on unit 7)
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2nd and 3rd digits : It specifies the mesh of reference points
' ' for stress output in the direction Ox.
4th and 5th digits : It specifies the mesh of reference points
; for stress output in the direction Oy.
+ If ITENS = O, the mesh corresponds to ND - 1

- Particular_data
If IAD = O the general data are assumed
E 1is the Young's modulus
NU is the Poisson's ratio
T 1is the thickness

If IAD = 1 these variables are read on one card,

- Stress_output
The stresses are computed at reference points which form a regular mesh
defined by ND-1 or ITENS and ordered in the sequence illustrated below.

The local cartesian axes for stresses have the Ox axis parallel to the
T y

10 11 12

edge 4~1.

7T decccccccccccccaccdagecccccccccccc e ccae 9
4

Reference points for stress output : 2nd degree in x and 3rd in y

When the element is used as an equilibrium‘element bv the stress function

method, bending moments are computed instead of stresses.

Note : the mesh specified for stress output is independent of the degree
specified for the displacements. Redundant values are eventually

interpolated. 269
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RECT20 POL204
CONN20 POL205
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(plus the matrix operation package)
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TYPE 51 CONSTRAINT BETWEEN THE DISPLACEMENTS AT 2 NODES

- Form of the constraint

g Ugg trop Yy T Oy

when j is the index of node 1
k is the index of node 2
i is the index of the compoment of displacement
¢ is the index of the node identifying the constraint

- Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD, I1, I2, I3, I4, IS5, I6

where NOEL is the element number, It is a dummy variable
ITYP = 51
NNO £ 3
N1 is the number of the first node subject to the constraint
N2 is the number of the second node subject to the constraint
N3 is the number of a dummy node necessary to identify the

constraint in the phase 1.

ISIMPL ¥ O specifies that the constraint is identical to the pre-

. ceding one

ISTRES is not used

IAD =0 to 6

Ii are variables corresponding to the various degrees of
freedom of the. nodes,
If Ii = O the constraint does not affect the component i
If Ii ¥ O the constraint does affect the component i.
Therefore this element can generate up to 6 constraints

at the same time,

= Particular_data :
If IAD = O the values of the coefficients for all the constraints gene-
rated by the element are :

Gj’A akt-A al-o

" where A is the Young's mbdulus (as given in the general data)
if the Poisson's ratio is positive and where A is the inverse
of the Young's modulus if the Poisson's ratio is negative, that
is if the stress function method is used.
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If IAD = 1 the values of the coefficients aj @, o, are read on one card
and are supposed to hold for all the constraints generated by
the element

If IAD > 1 it must equal the number of degrees of freedom affected by the
constraint at a nodes The coefficients of constraint aj o o

are read for each component affected on one card.

- Important remarks

1°/ 1f a, is not equal to zero, the general data IFO must be equal to 1
as this coefficient is treated as an implicit second member analog
of a body force, .

2°/ The constraints should be scaled in such a way that the coefficients
are of the same order of magnitude as the diagonal terms of the
stiffness matrix. This is the reason for chosing E or<% as the stan-
dard option. In case IAD # O the scaling is under the responsability
of the user,

3°/ The constraints must be specified after all the elements defined by

..the nodes N1 and N2, This is necessary to avoid numerical problems

using the Cholesky decomposition.

4°/ The nodes corresponding to N3 have to be defined as the other nodes
but their coordinates have no meaning. They should not be used as

vertices of finite elements.
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TYPE 52 CONSTRAINT BETWEEN THE DISPLACEMENTS AT
P ——— o
A _NODE AND THE FOUNDATION

2,12

- Reference

%5 Y51 T %
where j is the index of the node

i is the index of the component of displacement
2 is the index of the node identifying the constraint

- Element definition_card : it contains
NOEL, ITYPg NNO, N1, N2, ISIMPL, ISTRES, IAD, I1, I2, I3, I4, I5, I6
where most of the variables have the same meaning as for the constraint
of TYPE 51, but
ITYP= 52 NNO = 2 IAD = 0 to 6
N1 is the number of the node subject to the constraint
N2 is the number of the dummy node necessary to identify the constraint

during phase 1.

= Particular_data
The conventions used in TYPE 51 are applicable to this element but only

2 coefficients a and a

3 g are eventually read per card.

1°/ The same 4 important remarks formulated for the constraint TYPE 51
hold.

2°/ When only one constraint 52 is used, it is equivalent to imposing
the values of the displacement components at the node.

3°/ When 2 constraints 52 are used WITH THE SAME DUMMY NODE N3,
they are additive. If j, k are 2 node numbers and

a, u

j il
Q. =0
k ki 2,

“the two constraints identified by the same node N3, they are equiva-

= Qa

lent toone constraint of the form-

% U1 T % Ykt T % T %,

which is a constraint of type 51 if a, is changed to oy + a,
1 2
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4°/ More constraints of the type 51 and 52 can be combined following

the same scheme,
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TYPE 53 CONSTRAINT TO REDUCE ~THE DEGREE ALONG AN INTERFACE

Reference : 2.12

Form of the constraint

It is especially désigned for the variable degree membrane element.
Given the degree of the displacement along an interface it establishes
the relation_ships necessary to reduce the degree of anyone or all the

displacement components u, v, w to a prescribed degree,

Element definition card : it contains
NOEL, ITYP, NNO, N1, N2, N3, ISIMPL, ISTRES, IAD, ND, IU, IV, IW
Most of these variables have the meaning given in section A3, FORM 3
ITYP = 53 NNO = 3 IAD = O
N1, N2 define the interface
N3 is the dummy node identifying the interface
ND is the prescribed degree (> 1) '
v, IV, IW indicate on which component the constraint is effective
( = 1 means effective, = 0 otherwise)
Note that the initial degree along the interface is determined by the

phase 1 and not given as a data,

Particular data

None and IAD must be zero
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A5, EXAMPLES

The program is provided with 17 short problems waicii yields examples
of application of most of the finite elements and methods of solution.
’ ~They correspond to 3 structural problems illustrated in figure AlO,
All, Al2 and denoted :
TEST CASE NUMBER 1 : Cantilever thin walled U beam in bending

This problem is analysed in 10 different ways. In all cases, but in pro-
blem 6, the very crude idealisation illustrated on figure AlO is used.

In problem 6, each element has been subdivided in four.

Problem nbr Type of analysis Energy Bound
1 Conforming quadrilateral 0,720 lower
v lst degree
2 Idem 1.482 lower
2nd degree
3 Idem 1.492 lower
3rd degree
4 Conforming parallelogram 1.473 lower
" 2nd degree - bubble
5 Equilibrium quadrilateral 3.451 upper
Constant stress
6 Idem 1.703 upper
» Constant stress - finer mesh
7 Idem 1.500 upper
linear stress
8 Idem 1.500 upper
linear stress
solution by stress function
9 Hybrid rectangle 1.628 none
2nd degree in displacement
2nd degree in stresses
10 " Conforming quadrilateral 1,444 lower
+ special bulkhead element

TEST CASE NUMBER 2 : (Cantilever skew plate in bending

This problem is analysed in 6 different ways for which the same idealisa-
tion presented on figure All is used, The element number from 101 to 136

and the deshed lines apply only in case of triangular elements,
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anisotropic material

Problem nbr Type of analysis Theory
11 Conforming quadrilateral TYPE 15 Kirchhoff
12 Equilibrium triangle TYPE 13 Kirchhoff
13 Equilibrium quadrilateral TYPE 9 Reissner
14 .Conforming triangle TYPE 8 Hencky
15 Equilibrium triangle by Kirchhoff

stress function method

16 Conforming quadrilateral TYPE 15 Kirchhoff

TEST CASE NUMBER 3

Cylindrical shell reinforced by rings

It isbanalysed as a polygonal cylinder using conforming quadrilaterals

of 2nd degree and beam elements for the rings.
It is denoted problem 17.

With the help of the preceding sections, the input and output data of

these 17 problems should be self-explanatory.
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ASEF-20 FORM 2
PAGE :
NODAL POINTS COORDINATES
NODE | - FORMAT (5E15.6 or 5F15.6)
NBR 5§ 20} 35 50

NB : Last node must be 99999
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ASEF-20

FORM 3
PAGE :
DEFINITION OF THE SUBSTRUCTURES AND ELEMENTS
FORMAT (15I5)
NOS INEL | yyo NODE NUMBERS, ISIMPL, ISTRES, IAD etc (see manual)
NOEL | 1TYP
sl g0l 5] 2 25] 3ol 35l i «s] s  ss| so] es]  s0] s

NB : Last element must be 99999
- 285
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FORM 4

PAGE

ASEF-20

ELASTIC AND GEOMETRIC DATA OF THE ELEMENTS

FORMAT (I5, 5E15.6 or 15, 5F15.6) (For TYPE 15, also 15I5)

80|

- ——

b — - -

—————

—— e = o el - o

el et il Rl sl

T --=- 1+——

||I||l41|||l|ll'l b — —

65

- —— e ——— ]

e e I

Pt = = - - - -

-—— - - -

b e e e = e — ]

TR I N R ——

[P R ——

—_——— -

—— e - -

50

= —— e —— - -

B e

———t - - -

R

By S p——

-_——t

---— ¢

4 =~ =de-i

—— e ——

]

(see manual)
20|

|
J

DATA

T

- - -

o~ -

P I (ppp—

- -4

= -]

-_——- - -

e

ELEM
NBR

FIGURE A 6
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ASEF-20 FORM 5
PAGE :
ZERO PRESCRIBED DISPLACEMENTS
FORMAT (15I5)
Noma.l NODE| COMPONENTS FIXED :
1 2
5 10 15 20 25| 30 35 40 45 50 55 60 85 70 75]

NB

287

¢ Last card must start by 88888 if non zero prescribed displacements follow,

otherwise 99999 FIGURE A 7




ASEF-20 FORM 6
PAGE :
NON ZERO PRESCRIBED DISPLACEMENTS OR LOAD COMPONENTS
FORMAT (315, E15.6 or F15.6)
NODE NODE COMPO- INTENSITY
1 5 2 10{ NENTS 15 30

NB : Last card must be 99999 for fixation AND for loads, Different loading cases are
separated by 88888, 288

FIGURE A 8




. INPUT - DATA FLOW CHART

(for a normal exécution with ISTART = 1)

| Mmamw coNTROL cARD |

FORM 1

.- TITLE
GENERAL INPUT DATA

NODAL POINTS . FORM 2
99999 )

/

\

(s
NS

times NEL FORM 3

times | ELEMENTS DEFINITIONS |

o]

Number of /
problems 1
ELASTIC AND GEOMETRIC DATA FORM 4
99999 J
| zEro PreEscriBeD DIsPLACEMENTS | FO)RM 5
; ; 88888 1
times H :
:- NON ZERO PBE_SEBIEBEB-DISPLACFIIFNTS H
99999 if present
> FORM 6
Number | vroap coMPONENTS |
of
loading 58368
cases
if more than 1 load case
I 99999 l
/

gy Y prpepppp———|

last problem
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